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Bloch’s conjecture for certain hyperkéahler fourfolds

ROBERT LATERVEER

Abstract: On a hyperkéhler fourfold X, Bloch’s conjecture pre-
dicts that any involution acts trivially on the deepest level of the
Bloch—Beilinson filtration on the Chow group of 0—cycles. We prove
a version of Bloch’s conjecture when X is the Hilbert scheme of 2
points on a generic quartic in P2, and the involution is the non-
natural, non—symplectic involution on X constructed by Beauville.
This has interesting consequences for the Chow groups of the quo-
tient.
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family.

1. Introduction

For a smooth projective variety X over C, let A*(X) := CH*(X)g denote the
Chow group of codimension ¢ algebraic cycles modulo rational equivalence
with Q-coefficients. Let A} (X)and A% ;(X) C A*(X) denote the subgroups
of homologically trivial (resp. Abel-Jacobi trivial) cycles. Notoriously, Chow
groups of codimension ¢ > 1 cycles are still but poorly understood. To cite
one prominent example, there is Bloch’s conjecture (which even for surfaces
of geometric genus 0 remains stubbornly conjectural, reminiscent of a castle
lying under siege for many years but showing no intention of being ready to
hoist the white flag of complete surrender):

Conjecture 1.1 (Bloch [6]). Let X be a smooth projective variety of dimen-
sionn. Let T € A"(X x X) be a correspondence such that
'=0: HP(X,0x) — HP(X,Ox) forallp>0.

Then
'™ =0: rom(X) — AR (X) .

hom hom
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One could also state a variant of Bloch’s conjecture for codimension 2
cycles:

Conjecture 1.2. Let X be a smooth projective variety of dimension n. Let
I'e A"(X x X) be a correspondence such that

=0 H*X,0x) — H*X,0x).

Then

Now, let us restrict focus to the realm of hyperkahler varieties (by which
we mean: projective irreducible holomorphic symplectic manifolds [2]). In this
case, H*(X,Oy) is generated by H?(X,Ox) which is of dimension 1, and so
Conjecture 1.1 takes on a particularly appealing form:
Conjecture 1.3. Let X be a hyperkdhler variety of dimension n. Let w €

H?*°(X) be a holomorphic 2—form. Let T € A"(X x X) be a correspondence
such that

W) =0 forallr>0.
Then

["=0: Ao (X) = Appn(X) -

We also get the following particular case:

Conjecture 1.4. Let X be a hyperkdhler variety of dimension n = 4m (where
m € N). Let « € Aut(X) be an involution. Then

S =id: FTA"(X) o FPAMX) .

Here F™"A™(X) denotes the “deepest level” of the Bloch-Beilinson filtra-
tion, which conjecturally exists for all smooth projective varieties [18], [19],
[20], [25], [26], and for which good candidates are known to exist uncondition-
ally for certain hyperkahler varieties [35], [46]. (The point of Conjecture 1.4
is that the action of ¢ on F"A™(X) is conjecturally determined by the action
of t on H™9(X) = H*9(X), which is the identity.)

In dimension n = 2, certain cases of Conjecture 1.3 have been proven:

Theorem 1.5 (Huybrechts [17], Voisin [41]). Let X be a K3 surface. Let
f € Aut(X) be a finite order automorphism that is symplectic. Then

ff=id: A*X) — A%X).
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That is, Conjecture 1.3 is true when X is a K3 surface and I' =T'y — Ax
(where I'y denotes the graph of f, and f is as in Theorem 1.5).

In dimension n > 2, certain cases of Conjecture 1.3 have been proven for
the Fano variety of lines on a cubic fourfold [15]. There is also a result for
what is perhaps the prime series of examples of hyperkahler fourfolds: the
Hilbert scheme S&! of 2 points on a K3 surface S [35, Proposition 5.2]:

Theorem 1.6 (ShenVial [35]). Let S be a K3 surface, and let X = S
Let f € Aut(X) be a natural automorphism of finite order that is symplectic.
Then

ff=id: AYX) — AYX),
Freidi o AL, (X) = A%,.(X) .

That is, Conjecture 1.3 is true for X = S and T’ = I'y —Ax.

Here, a natural automorphism is by definition an automorphism of X that
is induced by an automorphism of S. Theorem 1.6 is proven by reducing to
Theorem 1.5. The goal of this article is to go beyond Theorem 1.6, by also
considering non-natural and non-symplectic automorphisms of S,

Let X = S be a Hilbert scheme with S a K3 surface, and assume that X
has an anti-symplectic involution ¢. The involution ¢, being anti—symplectic,
has the property that

S =—id:  H*(X,0x) — H*(X,0x).

Conjecture 1.2 thus predicts that

27 9

(1) f=—ids o AL (X)) — A7 (X)) .

hom hom

Can one prove this conjectural equality?

One classical case where an anti-symplectic involution exists is that of
the Hilbert scheme X = S, where S C P? is a smooth quartic with Picard
number p(S) = 1. In this case, it is known (][9], cf. Theorem 2.21 below) that
the only non—trivial automorphism of X is the non—symplectic, non—natural
involution

v X — X
which was first studied by Beauville [1]. Our main result implies that in this

case, Conjecture 1.4 and a weak version of the conjectural equality (1) are
true:
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Theorem (=Theorem 4.1). Let S C P? be a smooth quartic with Picard
number p(S) =1, and let X = SP. Let € Aut(X) be the non-symplectic
involution of [1]. Then

= —id: AZ@(X) — Aéz)(X) fori=24;
S =id: A?j)(X) — A?j)(X) forj=0,4.

Here, A**)(X ) denotes the bigraded ring structure constructed by Shen—
Vial [35] using (their version of) the Fourier transform. To establish equality
(1) for X as in Theorem 4.1, it remains to prove the conjectural equality

2) A% (X) 2 A2,,(X) .

hom

Unfortunately, equality (2) does not seem to be known for any Hilbert square
X = S Some evidence for equality (2) is that it is true if there exists
a Bloch—Beilinson filtration on A*(X) of which the Fourier decomposition
A’(k*) (X) is a splitting; more concretely, equality (2) is equivalent to Murre’s
conjecture D for X [35, Theorem 3.3].

Theorem 4.1 has a nice implication for the quotient (this quotient is a
slightly singular Calabi—Yau variety):

Corollary (=Corollary 5.4). Let X and ¢ be as in Theorem 4.1, and let
Y := X/u be the quotient. For any r € N, let
E*(Y") C A*(Y")

be the subring generated by (pullbacks of) AL(Y) and A%(Y). The cycle class

map
Ek(y'f“) N H2k(y'r>
is injective for k > 4r — 1.

In particular, taking » = 1, we find that the subspaces

mm(A%(Y) @ A(Y) — A%(YV)),
Im(A%(Y) @ A(Y) — AY(Y))
are of dimension 1 (Corollary 5.6). This is analogous to known results for 0—

cycles on K3 surfaces [5] and on complete intersection Calabi-Yau varieties

[40], [14] (cf. Remark 5.7 below).
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To prove Theorem 4.1, we employ the technique of “spread” of algebraic
cycles in a family, as developed by Voisin in her work on the Bloch/Hodge
equivalence for complete intersections [42], [43], [44], [45]. At the heart of our
proof is a result of Voisin about the triviality of certain Chow groups of the
relative fourfold fibre product of the family of all smooth quartics, provided
the (Lefschetz or Voisin) standard conjecture is true ([42, Proposition 4.11], cf.
also Theorem 4.5 below). The most delicate part of the proof is to circumvent
recourse to the standard conjectures in Voisin’s result; in this case, this works
because we can reduce the problem to a certain relative correspondence of
codimension 2 (rather than 4).

Another case where an anti-symplectic involution exists on X = S@ is
when S is a degree 2 K3 surface (i.e., a double cover of the plane ramified
along a smooth sextic). In this case, the anti-symplectic involution is natural
(induced by the covering involution of S), and the statement of Theorem 4.1
can be easily proven for this case (cf. Proposition 3.1). Other cases where
an anti-symplectic involution exists on X = S are when S is a generic
K3 of degree 20,26 or 34 (Theorem 2.21). Proving the statement of Theo-
rem 4.1 for these cases would be interesting, but appears to be difficult (cf.
Question 6.3).

Conventions. In this article, the word variety refers to a reduced irreducible
scheme of finite type over C. A subvariety is a (possibly reducible) reduced
subscheme which is equidimensional.

All Chow groups will be with rational coefficients: we denote by
A;(X) the Chow group of j—dimensional cycles on X with Q-coefficients; for
X smooth of dimension n the notations A;j(X) and A" (X) will be used
interchangeably.

The notations A} (X)), A% ;(X) will be used to indicate the subgroups of
homologically trivial, resp. Abel-Jacobi trivial cycles. For a morphism
f: X =Y, we will write 'y € AJ(X xY) for the graph of f. The con-
travariant category of Chow motives (i.e., pure motives with respect to ratio-

nal equivalence as in [34], [26]) will be denoted Mat.
We will write H?(X) to indicate singular cohomology H7 (X, Q).

Given an involution v on X, we will write A7(X)* (and H7(X)") for the
subgroup of elements fized by ¢.
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2. Preliminary
2.1. Quotient varieties

Definition 2.1. A projective quotient variety is a variety
X=Y/G,

where Y is a smooth projective variety and G C Aul(Y') is a finite group.

Proposition 2.2 (Fulton [16]). Let X be a projective quotient variety of
dimension n. Let A*(X) denote the operational Chow cohomology ring. The
natural map

ANX) — A i(X)
is an isomorphism for all 7.

Proof. This is [16, Example 17.4.10]. O

Remark 2.3. It follows from Proposition 2.2 that the formalism of correspon-
dences goes through unchanged for projective quotient varieties (this is also
noted in [16, Example 16.1.13]). We can thus consider motives (X,p,0) €
M. at, where X is a projective quotient variety and p € A™(X x X) is a pro-
jector. For a projective quotient variety X =Y /G, one readily proves (using
Manin’s identity principle) that there is an isomorphism

h(X) = h(Y)Y = (Y,A$,0) in My ,
where A denotes the idempotent ﬁdeGFm

2.2. MCK decomposition

Definition 2.4 (Murre [25]). Let X be a smooth projective variety of dimen-
ston n. We say that X has a CK decomposition if there exists a decomposition
of the diagonal

Ax =I5 +14 + - + 1, in A"(X x X)),

such that the TIX are mutually orthogonal idempotents and (IIX),H*(X) =
H{(X).

(NB: “CK decomposition” is shorthand for “Chow—Kinneth decomposi-
tion”.)
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Remark 2.5. The existence of a CK decomposition for any smooth projective
variety is part of Murre’s conjectures [25], [18].

Definition 2.6 (Shen—Vial [35]). Let X be a smooth projective variety of
dimension n. Let AX € A*™(X x X x X) be the class of the small diagonal

AX ={(z,7,2) |z7€ X} C X xXxX.

An MCK decomposition is a CK decomposition {IIX} of X that is multiplica-
tive, i.e. it satisfies

H?oAfmo(HiXxH]X):O in A2"(X x X x X) foralli+j#k.

(NB: “MCK decomposition” is shorthand for “multiplicative Chow—Kiin-
neth decomposition”)

Remark 2.7. The small diagonal (seen as a correspondence from X x X
to X ) induces the multiplication morphism

A WX)QWX) = WMX) in Mp

Suppose X has a CK decomposition

h(X) = én; (X)) in Mg

1=0

By definition, this decomposition is multiplicative if for any i,j the composi-
tion

R(X) @ W (X) = hX)®h(X) 22 h(X) in My

factors through h'*7(X). It follows that if X has an MCK decomposition, then
setting

one obtains a bigraded ring structure on the Chow ring: that is, the intersec-
tion product sends Af;)(X) ® AZ(';.,)(X) to Afji/j,)(X).

The property of having an MCK decomposition is severely restrictive, and
is closely related to Beauville’s “weak splitting property” [3]. For more ample
discussion, and examples of varieties with an MCK decomposition, we refer

to [35, Section 8] and [39] and [36].

Lemma 2.8 (Vial [39]). Let X, X’ be birational hyperkihler varieties. Then
X has an MCK decomposition if and only if X' has one.
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Proof. This is noted in [39, Introduction]; the idea (as indicated in loc. cit.) is
that Rief}’s result [33] implies that X and X’ have isomorphic Chow motives
and the isomorphism is compatible with the multiplicative structure. (For
more details, cf. [22, Lemma 2.13].) O

2.3. MCK for K3

Theorem 2.9 (Shen-Vial [35]). Let S be a K3 surface, and X = S, There
exists an MCK decomposition {HJX} for X. In particular, setting

éj)(X) = (Hégfj)*Ai(X)
defines a bigraded ring structure A, (X) on A*(X). Moreover, A7, (X) co-
incides with the bigrading defined by the Fourier transform.

Proof. The existence of {II} is a special case of [35, Theorem 13.4]. The
“moreover” part is [35, Theorem 15.8]. O

Remark 2.10. The first statement of Theorem 2.9 actually holds for X =
St for any r € N [39).

Any K3 surface S has an MCK decomposition [35]. Since this prop-
erty is stable under products, S? has an MCK decomposition. The following

lemma records a basic compatibility between the bigradings on A*(S™) and
on A*(S?):

Lemma 2.11. Let S be a K3 surface, and X = SP. Let U € A*(X x S?) be
the correspondence coming from the diagram

Se g2
h ¢
s@ L g2

(the arrow labelled h is the Hilbert—Chow morphism; the right vertical arrow
is the blow-up of the diagonal). Then

(U).R(X) C R(S%,
(").R(S%) C R(X),

where R = A‘(*4) or A‘(lz) or A%Q) or A%o) N Aiom.
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Proof. We prove the statement for ' and R = A%z) or A%o) NA2_ which are

hom>
the only cases we’ll be using (the other statements can be proven similarly).
By construction of the MCK decomposition for X (cf. [35, Theorem 13.4]),
there is a relation

1
(3) szitllloH£20\I/+Rest in AHX x X), (k=0,2,4,6,8),

where {Hfz} is a product MCK decomposition for S?, and “Rest” is a term
coming from Ag C S x S which does not act on A*(X) and on A% ;(X). Since
1 "0 o U is the identity on A7, (X) = A% ;(X), we can write

hom

hom hom

1
(0).(1). = (WoIl), = (5 Wowo Woll),: A2, (5) > AL, (X).
In view of Sublemma 2.12 below, this implies

hom hom

(0. (T5), = (% Wl o WotW),: A2, (S2) — AL (X).

But then, plugging in relation (3), we find

() (T ) e Ao (S%) C (T Ay (X)
Taking k& = 2, this proves

(). 4% (5) © A% (X) |
Taking k& = 4, this proves
("0). (A2)(S%) N A43,,,(57) © A%y (X) N AR, (X) .

Sublemma 2.12. There is commutativity

Uolloll =1%o UolW in A*(SY) .

To prove the sublemma, we remark that h,h* = 2id: AY(S®) — A}(S?),
and so

(UolW), =2 g%, =2(Ag +T),:  AY(S?) — AY(S?),

where ¢ denotes the involution switching the two factors. But {Hfz}, being a
product decomposition, is symmetric and hence

T, oll}" o, = (1 x o) IIY° = II7"  in A%(SY) .
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This implies commutativity
IollY =TI o, in A%(SY),

which proves the sublemma. O

Remark 2.13. Lemma 2.11 is probably true for any (i,7) (i.e., ¥ should be
“of pure grade 0” in the language of [36, Definition 1.1]). I have not been able
to prove this.

2.4. MCK for S x S

Notation 2.14. Let S — B be a family (i.e., a smooth projective morphism,).
For r € N, we write S™B for the relative r—fold fibre product

ST/B ZZSXBSXB‘-'XBS

(r copies of S).

Proposition 2.15. Let S — B be a family of K3 surfaces. There exist
relative correspondences

s" e AYSYP) (j=0,2,4,6,8)

such that
(i) for each b € B, the restriction

S1)2 2/B
H; b) = H}S |(Sb)4 € A4(<Sb)4)

defines a self-dual MCK decomposition for (Sy)?;
(i) there is a decomposition

57" = PloQi+PyoQy in AYSYB),

where P; € A%(S*P) and Q; € AS(SYB) fori=1,2.

Proof. (i) On any K3 surface Sy, there is the distinguished 0-cycle og, such
that co(Sp) = 240g, [5]. Let p;: SxpS — S, i = 1,2, denote the projections to
the two factors. Let T's;p denote the relative tangent bundle. The assignment

115 = () (jyexTsym)) € A4S x5S)
15 = ()" (5yexTsym)) € A%S x5S)

15 == Ag — TI§ — 13
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defines (by restriction) an MCK decomposition for each fibre:
H}Sb = H}S|5b><5b S AQ(Sb X Sb) (j = 0,2,4)

is an MCK decomposition [35, Example 8.17].
Next, we consider the fourfold relative fibre product S* 5. Let

pij: SYE = SYP (1<i<j<4)
denote projection to the i-th and j-th factor. We set

577 o= 3 (i) (105) - (o) (1) € AYSYP) (7 =10,2,4,6,8)
k+e=j

By construction, the restriction to each fibre induces an MCK decomposition
(the “product MCK decomposition”)

M =187 g = SO X I € AY(Sh)Y) . (j=0,2,4,6,8) .
k4-0=j

Since the H}g b are self-dual, so are the HE-S”)Q. (ii) Define

Pri=(pa)'(Il3) € AX(SYP),

(
1
Q1 := (p134)" (As,sm) - (p2)” (ﬂcz(TS/B)) € A(SYBY |
Py = (poa)"(I15) € A%(SYP),
1

Q2 = (p234)" (As,5m) - (p1)” (ﬂc2(T$/B)) e AS(SVB) .
Here pigs: S¥B — S%F is projection on the first, third and fourth factor
(and similarly for ps, etc.), and Ag sy, is the “relative small diagonal” (i.e.,
the image of the natural morphism S — S3/5.

We will now show that for each b € B, there is equality

(ProQ1)es, =5 x I € AY((Sy)") |

4
W (ProQo)|(syr = TIg" x 115" € A*((Sy)*) .

This suffices to prove the proposition, because it implies that P o Q1+ Py 0Q)o
restricts to

%) = IS5 % IS5 4 TS0 x I € AY((S))") |
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which is part of a product MCK decomposition on each fibre.
For a given Sy let z = og, € A%(S;) denote the distinguished 0-cycle of
[5]. We note that

(Pro@Q1)l(s,)r = (Pil(sy)e) © (Qil(sy)e)

= ((p13)"(I13")) 0 ({(5, 7, 5, 5) € (S)*})

= (p1ase) ((pss) (15" - ({(s5, 2, 5,5)} x S x )
= (praso)« ((p15)"(T5") - ({(5, 2, 5,8)} x 50 x 1))
= (prs)"(I15") - ({(s,2)} % Sy x Sp)im A%(S,)")
—TI5" x z x S, in A*((Sy)?) .

Likewise,

(P2 © Q2)|(Sb 4= ’(Sb)4) (Q2|(Sb)4)

= (P
= ((P20)"(I3")) o ({(, 5,5, 5) € (Sh)"})
= (p1zss) ((p1o)"(T15°) - ({(,5,5,8)} % S x b))
= (p1236)+ ((p26) (115") - ({(2, 5, 5,5)} x S x Sp))
= (p20)"(I1") - ({(,5)} % Sp x S in A*((S)*)
=2 x Sy x I3 in A*((Sy)?) .
This proves the equalities (4), and so the proposition is proven. O

2.5. Relative MCK for K32

Proposition 2.16. Let S — B be a family of K3 surfaces (i.e. each fibre Sy
is a K3 surface), and let X — B be the family of associated Hilbert schemes
(i.e., a fibre Xy is (Sy)?)). There exist relative correspondences

I € A (X xpX) (j=0,2,4,6,8),
such that for each b € B, the restrictions

I =101 x,«x, €AYX, xX,) (j=0,2,4,6,8)

define an MCK decomposition for Xy.
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Proof. The construction of an MCK decomposition for X, given in [35, The-
orem 13.4] can be done in a relative setting. That is, let {II{} be a relative

MCK decomposition for S as in Proposition 2.15, and let {H}SQ/B} be the
induced relative MCK decomposition for S*Z as in Proposition 2.15. Let

Z — B

be the family obtained by blowing—up S x g S along the relative diagonal Ag.
As in the proof of [35, Propositions 13.2 and 13.3]!, one can use {HfQ/B} and
{H‘]'»S } to define relative correspondences

7 €AY Z2xpZ2) (j=0,2,4,6,8),
which restrict to an MCK decomposition of each fibre Z;. Let
p: 2 = X

denote the morphism of B-schemes induced by the action of the symmetric
group &y, and let T, € A%(Z x X) be the graph of p. We define

1
Y = _T,oll?o'T, €AY X xpX) (j=0,2,4,6,8).

J 2
The restrictions HJXb = Hj( |x,xx, define an MCK decomposition for each
fibre by [35, Theorem 13.4]. O

2.6. Multiplicative structure of Chow ring of K32

Theorem 2.17 (Shen-Vial [35]). Let S be a K3 surface, and X = S,
(1) Intersection product induces a surjection

(ii) There is a distinguished class | € A%o) (X) such that intersection induces
an isomorphism

Proof. This is [35, Theorem 3]. O

!The statement and proof of [35, Proposition 13.2] should be slightly modified,
as noted in [36, Remark 2.8].
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2.7. Refined CK decomposition

Theorem 2.18 (Vial [38]). Let X be a smooth projective variety of dimension
n < 5. Assume the Lefschetz standard conjecture B(X) holds (in particular,
the Kiinneth components m; € H*"(X x X) are algebraic). Then there is a
splitting into mutually orthogonal idempotents

77@‘:271-2',]' Ef]QrL()(')()()7
J

such that
(m3) H*(X) = gri H'(X)

where N* denotes Vial’s nivean filtration [38].
In particular,

(mo1)«HY(X) = H*(X)NF* |
(m2.0)« H(X) = Hp(X) .

(Here F* denotes the Hodge filtration, and H2.(X) is the orthogonal comple-
ment to H*(X) N F under the pairing

H(X)® HY(X) = Q,
a®b — aUh"2Ub.)

The projector ma 1 is supported on C x D, where C' C X is a curve and D C X
is a divisor.

Proof. This is [38, Theorem 1], plus the fact that grjlvHQ(X) = H*(X)Nn F!
is the Néron—Severi group of X (cf. loc. cit.). O

Remark 2.19. Vial’s niveau filtration [38] is conjecturally (but not prov-
ably) the same as the coniveau filtration. The construction of Theorem 2.18
is inspired by [21], where for any surface S, the “transcendental part of the
Chow motive of S7 is constructed.

2.8. The automorphism group of K3[2!

Proposition 2.20 (Boissiere et al. [9]). Let S be a projective K3 surface of
Picard number p(S) = 1, and let X = S, Suppose Pic(S) is generated by a
divisor H with H? = 2. Then Aut(X) = Z/27Z, and the non—trivial involution
L of X is anti-symplectic, induced by the covering involution of S.
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Proof. This is [9, Proposition 5.1]. O

Theorem 2.21 (Boissiere et al. [9]). Let S be a projective K3 surface of
Picard number p(S) = 1. Suppose Pic(S) is generated by a divisor H with
H? =2t t>2.

(i) The Hilbert scheme X = S has a non-trivial automorphism if and only
if there exists an ample divisor D € Pic(X) of square 2 (with respect to the
Beauville-Bogomolov quadratic form). This is the case fort =1,10,13,17,. ..
(it) If Aut(X) # 0 then Aut(X) = Z/27Z and the only non—trivial automor-
phism is an anti-symplectic involution ¢ leaving the divisor D invariant (i.e.
(D) =D in NS(X)).

Proof. Statement (i) is [9, Theorem 5.5] (combined with results concerning
solutions of Pell’s equation to compute the first values of ¢; these values are
stated in [9, Introduction]). Statement (ii) is [9, Lemma 5.3]. O

Proposition 2.22 (Beauville [1]). Let S C P? be a smooth quartic with
Picard number p(S) = 1, and let X = SP. Let G denote the Grassmannian
of lines in P3, and let ¢: X — G be the morphism sending a length—two
subscheme Z to its one-dimensional span < Z >C P3.

(i) There ezists an anti-symplectic involution

e X = X,
defined by sending Z € X to the residual subscheme of < Z > NS, i.e.
<Z>NS=ZUuZ).

(i) There exists an ample divisor D € AY(X) of square 2 (with respect to
the Beauville—-Bogomolov form), and such that the linear system |D| is base—
point—free. Define the morphism f as the composition

x5 a8 P
where Y is the Plicker embedding. Then f is the same as the morphism defined
by |D|.
(iii) The involution v acts on NS(X) as reflection in the span of D.

(iv) The involution v is non-natural (i.e., there exists no pair (S’, ) with S’
a K3 surface and T € Aut(S') and such that (X, 1) = ((S")2, 712)).

Proof. Statement (i) is [1, Section 6]. Statements (ii) and (iii) are contained
in [28, Section 4.1.2], or [9, Section 6.1]. Finally, point (iv) is proven in [10,
page 6] by computing the indez A(¢) (as defined in loc. cit.) of ¢. O
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Remark 2.23. Let X be the Hilbert scheme X = S? of a generic quartic S C
P3. Combining Proposition 2.22 and Theorem 2.21, it follows that Beauville’s
tnvolution ¢ is the unique non—trivial automorphism of X.

Remark 2.24. Let S C P? be a smooth quartic of any Picard number, and
let X = S, Clearly, the above construction gives a rational map

t: X - X,

which is well-defined outside of the locus of zero—dimensional subschemes
contained in a line on S.

Remark 2.25. Oguiso [32, Section 4 Example 2] has used Beauville’s in-
volution to construct interesting automorphisms of S where S C P? is a
certain quartic of Picard number 2. These automorphisms are non—natural
and of positive entropy.

Remark 2.26. The (X,t) as in Proposition 2.22 form a 19-dimensional
family. It is known that this family is a degeneration of the 20—dimensional
family (Z,1), where Z is a double EPW sextic (in the sense of [29], [30], [31])
and i is the anti-symplectic involution such that the quotient Z/i is an EPW
sextic. This degeneration is explained in [13, Section 4/, and also noted in
[4, Section 8.5]. In the notation of Proposition 2.22, the morphism f = @|p|
(given by the linear system of D) admits a factorization

f=1od: X 4 a4 op
\J /

Y =X/

where ¢ is generically 6 to 1. It follows that the image ¢p|(X) C P is 3Q
(the Plicker quadric Q with multiplicity 3), which can be seen as a degenerate
EPW sextic. It also follows that the quotient Y is the triple cover of the
quadric Q C P°.

3. Degree 2 K3 surfaces

As a warm—up before proving the main result (which is about the Hilbert
square of K3 surfaces of degree 4), we consider the Hilbert square of K3
surfaces of degree 2. This case is easy, because the anti-symplectic involution
is natural.
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Proposition 3.1. Let S be a K3 surface of degree 2 (i.e. there exists an
ample divisor H € Pic(S) with H*> = 2) and with p(S) = 1. Let X = S and
let v € Aut(X) be the unique non—trivial automorphism of Proposition 2.20.
Then
C=—id: o Ay (X) = Ay (X)) (i=2,4),
S=id: Al (X) = Al (X)

Proof. The natural correspondence ¥ € A*(X x S?) induces a a split injection
U, AYX) — AY(S?),

which is compatible with the bigrading A‘(lj) for j = 2,4 (Lemma 2.11). The
involution ¢ being natural (i.e. induced by the covering involution ¢ of S),
there is a commutative diagram

4 s 4 Q2
ApX) = A (SY)
(5) Lo b Gxiy*
ANx) InoAnsy)
for j = 2,4. We are thus reduced to proving a statement for S2.

Lemma 3.2. Set-up as in Proposition 3.1. Then

A2

hom

(S)'=0.

Proof. The quotient variety S/i has geometric genus 0. Since quotient singu-
larities are rational singularities, there exists a resolution ¥ — S/i with

pg(Y) = 0. Since Y is not of general type, Bloch’s conjecture is known
to hold for Y [7], i.e. A2, (V) = 0. This implies that also A7 (S/i) =
A7 (S)=0. O

Lemma 3.2 implies that i acts as —id on A7, (S). Looking at the action

of i on H*?(S) = C, one finds that i acts as id on A%O)(S’). This implies that

(i x i) = —id: Al (S?) — AYS?),
(ix i) =id: Af(S?) — AY(S?).

Using diagram (5), this proves Proposition 3.1 for A‘(*Q) and for A‘(l4).
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It remains to prove the statement for A%Q) (X). This can be done as follows:
the above implies there is a decomposition

ANX) = ANX) @ Ay (X)
and so the correspondence
D=1 o(T,+Ax) € AYX x X)
acts trivially on O—cycles:
rAYX)=0 in AYX).

Using the Bloch—Srinivas argument [8], this implies I" is supported on D x X
where D C X is a divisor. This holds for any MCK decomposition {IIX} for
X. Let us now take an MCK decomposition of X that is self-dual (this exists:
[36, Remark 2.8]). The transpose

T =(,+Ax) oIl € AYX x X)

is supported on X x D. As such, it does not act on A% (X) = A% ;(X):

hom

(M), =0: A} (X)) — A2 (X).

hom hom

Since A2

(2)(X) = (T1X). A2, (X), this implies

hom
T+ Ax). =0: A% (X) — A*(X),
proving the statement for A%Q)(X ). O
4. Main result

This section contains the proof of the main result of this note (Theorem 4.1).
The global strategy is as follows: we start by proving (Theorem 4.2) that the
involution ¢ has the expected action on A%Q) (X). As will be apparent to the
well-informed reader, the proof of Theorem 4.2 is directly inspired by Voisin’s
seminal work on the Bloch/Hodge equivalence for complete intersections [42],
[43], [45], reasoning family-wise and spreading out correspondences to the
family. At the heart of our proof is a result of Voisin [42] concerning the trivi-
ality of certain Chow groups of the fourfold relative fibre product S*# of the
family of smooth quartic surfaces (Theorem 4.5). Voisin’s result is conditional
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to the standard conjectures; however, we manage to bypass the need for the
standard conjectures by only using Voisin’s result in codimension 2, where it
is unconditional.

Next, we consider the action of the involution ¢ on 0-cycles (Theorem 4.15).
Here, we rely on the result for A%Q) (X), plus the relations in A*(X) discovered
by Shen-Vial (Theorem 2.17). In order to be able to use these relations, we
apply once again (Proposition 4.16) Voisin’s method of “spread”. This second
application of the method of “spread” is easier than the first, as everything
happens on S X g S, rather than on the fourfold relative fibre product S¥5.

Here is the main result of this note:

Theorem 4.1. Let S C P3 be a smooth quartic with Picard number p(S) = 1,
and let X = SP. Let v € Aut(X) be the non-symplectic involution of Beauville
(cf. Proposition 2.22). Then
= —id: Al@(X) — AZ@)(X) fori=2,4;
=id: A?j)(X) — A‘(lj)(X) forj=0,4.

Theorem 4.1 is a combination of Theorems 4.2 and 4.15.
. 2
4.1. Action on A(z)
Theorem 4.2. Let X and ¢ be as in Theorem 4.1. Then
S=—id: ALy (X) — ARy (X) .
Proof. We consider the family
S —- B

of all smooth quartics S, with Picard number p(S;) = 1. Here the base B
is a Zariski-open in a projective space B C B := PH"(P3, Ops(4)). We will
denote

X — B
the family of Hilbert schemes, and we write X, = (S,)[? for a fibre of X — B.
It will be convenient to also consider the family S xp S (whose fibres are

products Sy X Sp). This family is related to the family X — B by a “hat” of
morphisms over B

(6) v N\
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where S X § is the blow—up of & x5 § with centre the relative diagonal.
This diagram (6) gives rise to relative correspondences

‘If€A4<XXBSXBS>, t\IJEA4(S><BS><BX).

(For details on relative correspondences, cf. [26], and also [12], [11], [27].)
Restricting to a fibre over b € B, diagram (6) induces the familiar diagram

SbXSb

e N\
Xb = (Sb)m Sb X Sb

(where Smb is the blow—up of S, x Sy, along the diagonal), and the (abso-
lute) correspondences

Uy, € A4(Xb X Sp X Sb) , t\I/b € A4(Sb X Sp X Xb) .

The morphism ¢y,: X, — G (where G is the Grassmannian of lines in P3)
extends to the family, in the sense that there is a morphism of B—schemes

¢: X - G:=GxB

such that the restriction to a fibre gives ¢. This implies that the Beauville
involution also extends to the family: there exists an involution of B—schemes

Lt X = X,
such that restriction to a fibre gives the involution ¢: X — X3 of Proposi-
tion 2.22.

Let I', € A*(X xp X) denote the graph of «. The fact that 1, acts as —1
on H*°(X,) for all b € B implies that

(T, + Ax,)HE(Xp) =0 YbeB.

In view of the refined Chow—Kiinneth decomposition (Theorem 2.18, which
applies since X, verifies the standard conjectures), this implies that

(7) (T, + Ax,) o (m3) =7 in H¥(Xy x X3), Vbe B,

where 7, is some cycle supported on Y}, x Yy, for Y, C Xj a divisor.
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Let {IIF'} be a relative MCK decomposition as in Proposition 2.16. The
relation (7) implies the following: the relative correspondence

Iy = (FL—FA/‘V)OH;( €A4(X XB X)

has the property that for each b € B, there exists a divisor Y, C X, and a
cycle v, supported on Y, X Y}, such that

(To)|xyxx, = in H3(Xp x Xp) .

At this point, we recall Voisin’s “spread—out” result:

Proposition 4.3 (Voisin [42]). Let X — B be a smooth projective morphism
of relative dimension n. Let T' € A™(X xp X) be a cycle such that for all
b € B, there exists a closed algebraic subset Yy, C Xy of codimension ¢, and a
cycle v, € Ap(Yy X Yy) such that

Dlx,xx, =7  in H™( Xy x Xp) .

Then there exists a closed algebraic subset Y C X of codimension ¢, and a
cycle v € A(Y xp Y) such that

Dlx,xx, = Vx,xx, in H"(X, x X,) Vbe B.

Proof. This is a Hilbert schemes argument [42, Proposition 3.7]. O

Applying Proposition 4.3 to I'g, it follows there exists a divisor ) C X
and a cycle v € A,(Y xp Y) such that

(To — Mlxyxx, =0 in H¥3(Xp x X)), VbeEB.
That is, the relative correspondence
I :=Tg—7 €AYX xp &)
has the property of being homologically trivial on every fibre:
(T1)|x,xx, =0 in H¥(X, x X)), Vb€ B.

At this point, it is convenient to consider the family S x g S (of products
of surfaces S, x Sp), rather than the family X' (of Hilbert schemes (Sp)?)).
That is, we consider the relative correspondence

[y:=VololW €A4(S4/B),
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where
SYB .= SxpSxpSxpS.
Since
(Ta2)|(s)s = (W) o (T1)[x,xx,) © "Wy in AY((Sp)")

(restriction and composition of relative correspondences commute), the rel-
ative correspondence I'y has the property of being homologically trivial on
every fibre:

(T2)|(s,r =0 in H((S)'), Vbe B.

Thanks to the following result, we can improve this fibre-wise homological
vanishing to a global homological vanishing:

Proposition 4.4 (Voisin [42]). Let I' € A*(SYB) be such that
[y =0 in H*((S,)") VbeB.

Then, after shrinking B to a non—empty Zariski—open subset, we have

6
T+ ¢;=0 in HY(SYP),

Jj=1

where 1y (resp. s, . .., ) is the restriction of a cycle on BXxP3xP3xSxpS
(resp. on a copy of B x P> x P3 x 8 x5 S, where the factors are permuted).

Proof. This is an extension of the Leray spectral sequence argument [42,
Lemmas 3.11 and 3.12] to the fourfold relative fibre product S* 2. The fact
that such an extension is true is stated in [42, Proof of Theorem 4.10], which
also uses the fourfold relative fibre product S*5. O

Applying Proposition 4.4 to I's, we obtain a relative correspondence
I3:=Ty+1 € AYSYP)

that is homologically trivial (i.e. I3 € A} (S*B). Here ¢ is a cycle of the
form

Y=+ ihg € AYSYE)

where 1)1, ..., g are restrictions of cycles coming from larger varieties as in
Proposition 4.4.

We now come to the “trivial Chow groups” statement which is at the
heart of our proof:
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Theorem 4.5 (Voisin [42]). Let S — B denote the family of all smooth
hypersurfaces Sy, C P? of a given degree d (where d > 3). Let

i 8P c sYP

denote the complement of the small relative diagonal S C S*B. There exists
a smooth proper surjective morphism

FrSyE oSy

and a smooth quasi—projective variety M containing Sg/ B s a Zariski—open
and such that

tom(M) =0 Vi<4.
Proof. This is (contained in the proof of) [42, Proposition 4.11]. The variety
M is constructed as a projective bundle over the variety (P3)$ of [42, Lemma
4.12]. O

The relative correspondence I's being homologically trivial, we also have
that

Ty o= f*i*(3) € AYS,"P)
is homologically trivial. Now, if we assume the Lefschetz standard conjecture
(or the Voisin standard conjecture [42, Conjecture 1.6], [45, Conjecture 2.29])
is true, we can find a cycle
f4 € A4(M )
which restricts to I'y and is homologically trivial. In view of Theorem 4.5, we
then obtain a rational equivalence

f4:0 in A4(M) 5

and we can conclude the argument. However, as we do not want to end up
with a conditional statement we need to avoid recourse to the Voisin (or
Lefschetz) standard conjecture. To this end, we slightly modify the relative
correspondence I's, by defining

s =T30l5"" € AYSYP)

where H§§2/B is part of a “relative MCK decomposition” for ¥/ as in Propo-
sition 2.15. Since I's is homologically trivial, I's is so as well:

Is €A}, (SY5).

hom
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Now, using the factorization H‘SQ/B = P oQ1 + P, o ()2 of Proposition 2.15,
we obtain a factorization

F5 = Fg o} P1 e} Ql + F3 9] P2 o QQ in A4(S4/B) s
where I's o P; € A%(SYP) and Q; € A(S*P) for j = 1,2. Moreover,

30P,, D30P A2, (SYP)

hom

(since I's is homologically trivial). It follows that the pullbacks

—~

To; = f* (T30 Py) € A%(Sy'") (j=1,2)

are also homologically trivial. But the cycles I' ; can be extended to M, i.e.
there exist

Te; € A(M) (j=1.2)

which restrict to I'g ; and are homologically trivial (indeed, the Voisin stan-
dard conjecture is true in codimension 2, essentially because the Hodge conjec-
ture is true in codimension 1 [42, Lemma 2.1]). But then, using Theorem 4.5,
we find that

fG,j =0 in A2(M) 5

and so

—_~

Te,; =0 in A%S)P) (j=1,2).

It follows that also
T30 Py =i, fuf*i" (T30 P) =0 in A%(SYB) (j=1,2)
(note that i,7* = id on codimension 2 cycles, for dimension reasons), and so
I5=T30P0Q+T30P,0Q,=0 in AYSYP).
In particular, restricting to a fibre, we obtain
(8) (Ts)|(syys =0 in A*((Sp)") VbeB.

We now make the connection with the relative correspondence I'y that we
started out with.
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Claim 4.6. We have
((\Iforoot\lf—i—’yl—‘y—wl)’(sb)4)* =0: Ai](sb X Sb) — A,qu(sb X Sb) Vbe B,

where 7' is a cycle supported on D xpg D for some divisor D C S xg S,
and v’ is a sum of restrictions of cycles coming from larger varieties as in
Proposition 4.4.

Proof. Recall that 'y was defined as
To:= T, +Ax)olly €AY X xpX),
and I'; was defined as the difference
I :=Tg—7 €AY X xpX),

where 7 is a cycle supported on Y x g Y for some divisor Y C X. The next
step was to define

Ty:=Wol ol € AYSYP),
and then

Iyi=Ty+7y € AYSY5),

where v is a sum of restrictions of cycles coming from larger varieties as in
Proposition 4.4. This implies that

(9) F3:\I’°F00t\1’+’h+¢ EA4(S4/B),

where v; = W o~ o'W is supported on D x g D for some divisor D C S x5 S.
B

The relative correspondence I's was defined as I's :=I'g o H‘QSQ/ , and so (by

substituting using equality (9)) we find an equality

(10) Ts=WolgoWolly”” 4+ +¢/ € AYSYP),
where 7/ :=~; 0 H‘292/B is supported on D x g D, and ' := 1o H‘QSQ/B is a sum
of restrictions of cycles coming from larger varieties as in Proposition 4.4.

But we know that I's is rationally trivial on each fibre (equality (8)), and so
equality (10) implies

(11) (\I’ofoot\llol_[‘gz/B)|(Sb)4+(’y’+1//)|(5b)4:O in A*((Sy)*) VbeB.

Applying both sides of the equality of correspondences (11) to codimen-
sion 2 cycles implies Claim 4.6, in view of the following lemma:
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Lemma 4.7. For any b € B, there is equality

((‘Poroot\I/OH‘252/B)’(Sb)4)*
= ((\I/ o FO Ot\IJ)|(Sb)4)*: Aiu(Sb X Sb) — Ai](sb X Sb) .

Proof. We start by observing there is a commutativity relation
(12) (15" 0'W,). = (I o "Wy o IS )0 A2, (S, % S) — A3, (X,) .
Indeed, we have seen (Lemma 2.11) that

("W). ATy (Sh X Sp) C Al (Xs)

("W). (AT (Sh X Sb) N ARy (S x S5)) € Ay (X) N A (X0)
and so

(3% 0 "W). = 0: Al (Sy X Sp) M AR, (Sh x Sp) — A%(Xp) .
Since

Aiom(Sb X Sb) = A%Q)(Sb X Sb) D A%())(Sb X Sb) N A,me(Sb X Sb) ,
it follows that

( Up) e (Hz )

(A7, (S x Sp) —= A% (X)) —— A (Xp)) =
Ty ).
I (Afy) (S x Sp) —— By p2(y,) Sk, Aly (X)) =
> g, (GO "),
Hl(A (Sb X Sb) RAL AN A(2)<Sb X Sb) A (Xb) A(Z)( )) .

This proves equality (12).
To prove Lemma 4.7, one notes that the left—-hand—side of Lemma 4.7 is

(\Ifb o) (FO)‘(S,,)‘* 9} t\I/b o Hgsb) )*Z Ahom<Sb X Sb) — A,me(Sb X Sb) .
Plugging in the definition of I'y, we obtain
(Wp 0 (Fo)\(sb)4 o Wy 0 IS,
Wy 0 (T, + Ax,) o T 0 1, 0 TITY'),

= (
= (Uyo (T, + Ax,) o II" 0 '),
= (W0 (To)lxynx, © Wo)st  Abpn((S5)%) = Afn((S5))
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where the second equality is thanks to the relation (12). O

This ends the proof of Claim 4.6. The next step is the following:
Claim 4.8. For all b € B, we have

((\If ol oty +1/)/)|(Sb)4)* =0: AZlJ(Sb X Sb) — AIQL‘J(Sb X Sb) ,

where ' is a sum of restrictions of cycles coming from larger varieties as in
Proposition 4.4.

Proof. This follows from Claim 4.6, provided we manage to convince ourselves
that

(13) (’y"(sb)4)* =0: A4(Sb X Sb) — A4(Sb X Sb) Vbe B .

For general b € B, (13) is clearly true: by construction, ' is supported on
D x5 D, and for general b the fibre (S,)* will meet the divisor D in a divisor
Dy, C (Sp)?; since a O—cycle on (S,)? can avoid the divisor Dy, the restriction
(7)(s,)+ does not act on 0-cycles.

Now let by € B be any given point. The Hilbert schemes argument (Propo-
sition 4.3) can be made relative to by, to the effect that one obtains a divisor
D in general position with respect to the fibre (Sy,)*. As above, one then
obtains the vanishing (13) for the fibre over by. O

The next step is a further improvement on Claim 4.8:

Claim 4.9. For all b € B, we have
((‘If ol Ot\lf)|(5b)4)* =0: AIQLU(SI) X Sb) — A124J(Sb X Sb) .

Proof. This follows from Claim 4.8, provided we manage to convince ourselves
that

(14) (1[)|(Sb)4)* =0: A?AL](Sb X Sb) — AZlJ(Sb X Sb) Vbe B ,

where ¢ € A*S*P) is a cycle which is coming from larger varieties as in
Proposition 4.4.
For a given b € B, let us write

Uy =Pl € AN(S)?)
Upj= (W)|sye € AN(S)Y) (G=1,...,6),
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where
Uy =thp1 + -+ e in AN(S)Y)
and 11 (resp. Vpa, ..., Upe) is the restriction of a cycle on P? x P? x Sj, x S,
(resp. on P? x S x P3 x Sy, ..., resp. on S x S x P3 x P3).
Obviously,

(wb,j)* =0: A%J(Sb X Sp) — A?AJ(S[) x Sp) forj=1,6

(Indeed, the action of v, factors over A% ;(P? x P?) = 0, and the action of
Uy factors over A% ;(P3 x P3) = 0).

For the 1)y ; with j = 2,...,5, some more work is needed. We will treat
the case of ¢ 2 in detail (the argument for the cases j = 3,4, 5 is the same,
up to permutation of the factors). Since

A PP x Sy x PP x S,) = P A%(Sy x ) ® AY(P?) @ A™(P?)
k+e+m=4

we can write 1 o uniquely as a sum

(15) ha= > (h)" X aprem x (he)™ in AY(Sy)")
k+l4+m=4

where hy, € AY(S},) is an ample class with (hy)? = 16 in H4(S), and ap g ¢.m €
AF(Sy, x Sp) is understood to be in the 2nd and 4th factor. (More precisely,
expression (15) should be taken to mean that

Gha= Y (p1) () - (p3)"(he)™ - (2a)* (ko) i A*((Sp)?)

k+0+m=4

where the p; and pyy denote the obvious projections.)
Likewise, the other ¢, ; decompose as sums in A%((S,)*):

o= Y, ()" x ()™ X apgpm s
k+l+m=4

s = D (p2) (@ kem) - (1) (o) (pa)" (o)™ |

k+0+m=4

(16) Vb4 = Z (p14)*(a§,k,£,m) : (p2)*(hb)ﬁ - (p3)"(he)™

k+l+m=4

Y 1) (@) - (02)* (h) - (pa)* ()™

k+0+m=4

Uy = Z ag,k,[,m X (hb)é x (he)™
EHl4+m=4

<

o~

S
I
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where a{)”k%m € AF(Sy x Sp).

Lemma 4.10. Let ayom € A¥(Sy x Sp) be as in expression (15). We have
(¢b,2)* = ((hb)2 X ap220 X (hb)o)*: A?qJ(Sb X Sb) — A?qJ(Sb X Sb) .

Proof. Suppose (¢,m) # (2,0). Thanks to Lieberman’s lemma, there is a
factorization

(hZ Xabyk,gymth)*

A3,(P% % $,) A3,(F° x $)
T \J
Exap oo.m ™)
A%J(Sb % Sb) ((hb) XQp, k¢, X(hb) ) AQAJ(Sb % Sb)

(where h € A(P?) denotes an ample class restricting to hy € A(Sy)). But
A% (PP x Sy) = ANP?) © A% ;(S)

ie. any ¢ € A%, (P3 x S}) can be written ¢ = h x d with d € A% ,(S,). It
follows that

(W X appom X B™)ul(c) = (B X B™)(h) X (apppm)<(d) =0 € AX(P3 x S))
for £ # 2

(since clearly (h* x h™).(h) = 0 in A*(P?) for all £ # 2). Suppose now ¢ = 2,
and so (by hypothesis) m =1 or 2. Then

(B* X appom x h™)(c) € A™(P?) @ A2"™(S,) C A*(P® x S}) .
But (h? X apg2m X h™).(c) is also Abel-Jacobi trivial, and so
(W X ap o m x B™)a(c) € (A™(P%) @ A>7(S,)) N A%, (P x Sp) = 0
in A2(P® x Sp) .
]

Lemma 4.11. Let apppm € AF(Sy x Sy) be as in expression (15). Then
b e bm € H?(Sy x Sy) is in the image of the natural map

(AP x S) @ AR(Sy x P*)) = AF(S, x $,) — H™(S, % S)
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i.e. there exist appomp € AP(Sp) and o omy € AP(Sy) such that there is
equality of cycles modulo homological equivalence

k k
botn = D et X (he) P+ 3" () ™ X qpppmyy i H*(Sy % Sp)
p=0 p'=0

Proof. By construction, 1, € A*((Sy)*) is homologically trivial:

Yy =Py +Pp2+ o +Hihe =0 in H3((Sp)") .

In particular, intersecting and pushing forward we find a vanishing

(17) %(pu)*(lﬁb : (p1)*(hb)2_€ . (pg)*(hb)2_m) =0 in H4(Sb X Sb) .

On the other hand,

o) (Y (1) () () (1)) = et
%%(pm)*(wb,j (p1)*(hp)* " (pg)*(hb)Q’m) in A%(Sy x Sj) .

Combined with the vanishing (17), we obtain

bk tm = —% (p24)+ (wb,g‘ - (p1)*(hy)?~" - (p3)*(hb)2_m) in H*(Sy x Sp) .
J#2

But we have seen (expressions (16)) that the vy ; for j # 2 contain an element
(hy)? in either the 2nd or 4th factor, and so this proves Lemma 4.11. More in
detail: let us consider j = 1. Using (16), we find

(P24)*<1/1b71 ()" (he)* ™" - (P3)*(hb)2_m>

= (2 ( X0 ()" X ()™ X @) - (1) ()
k+0'+m'=4

- (po)* (b))

= 3 e () s (h)™ % @) - (p3) (h)* ™)
k+0/+m/=4

= 3 @a0)e (((A)? X [S0] X @ ) - (p)" (h)* ™

k0 +m/ =4
=0
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(o) (o)™ x [S3]))
= > 0o ((m)? X [So] X @) - (05)" (R)* ™)

k+l+m'=4
((h)™ < [S3)
= > (p20)-((m)? x [Sy] x (something) ) - ((he)™ x [S})])

k+L+m'=4

= Y (8] x (something)) - (7)™ x [S])
k+l4+m'=4

= Y ()™ x (something) in A*(Sy x S}) .
k4+04+m/=4

This shows that

(P24)*(¢b,1 (p1)*(he)*™" - (P3)*(hb>2_m)

can be written in the form of the right—hand-side of Lemma 4.11. The proof
for the other 1 ; is similar. O

We now upgrade (a weak version of the k = 2 part of) the equality of
Lemma 4.11 to rational equivalence:

Lemma 4.12. Let apjpm € A¥(Sp x Sp) be as in expression (15). Then
ap2.0m € A%(Sp x Sp) can be written

. 2
ap2,6m = W,2,6m,0 + Vo2,6m1 + Vo2,em2 i A%(Sp X S)

where Yp2m,; @5 supported on Vyoemi X Wyaemy for j = 0,1,2, and
Voo.em, C Sy is closed of codimension j and Wyoem ;i C Sy is closed of
codimension 2 — j.

Proof. This is another application of the technique of “spread” developed in
[42], [43]. The application in this instance is easier than the above, for we only
need to reason on the fibre product S xg S, and not on the fourfold relative
fibre product S¥%.

The first thing to do is to find a relative cycle inducing the a2 ¢, for the
various b. This can be done as follows: let us define

1

az,em = E(Im)*(% (p)*(H>) - (ps)*(HQ_m)) € A2(S xpS) .
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(Here H € AY(S) denotes a relatively ample class with (H?)|s, = 16 in
H*(Sp), and p;, p24 denote the obvious projections.) The relative cycle as g,
has the property that the restriction to a fibre is

az,eml(s,)2 =

1 . B . _

o) (B2 ()" (™) - () () ™)
= p,2,0,m S A2(Sb X Sb) Vbe B ,

in view of expression (15).

The next thing to do is to find a fibrewise homological property of the
relative cycle. Lemma 4.11 implies (after regrouping of the summands) that
for each b € B, there exist closed subvarieties Vj 2 ¢m ; and Wy 24 m ; C Sy of
codimension j resp. 2 —j (7 =0,1,2), and cycles

Yo.2,6m5 € As(Voo,em X Wo2,0m.j)
such that

I
a2,0ml(8,)2 = W.2,6m,0 + Vo,2,6m,1 + W26m2 0 H*(Sp x Sp) .

Applying Proposition 4.13 below, these fibrewise cycles can be spread out to
the family: there exist subvarieties

Vormi CS, Waem; CS

of codimension j resp. 2 — j, and relative cycles

Yo,emj € Ax(Varems X8 Waumj) (5 =0,1,2),
such that for each b € B, there is a homological equivalence

a0.ml(s,)? = (VQ,E,mp +Y2,6m,1 + 72,K,m72) sz in HY(Sy x S) .
In other words, the relative cycle
Co = a2,0m — V2.6m,0 + V2.um1 +Y2uma € A%(S xpS)

has the property of being homologically trivial on every fibre:

(18) Cols,xs, =0 in H*(S, x Sy), VbeEB.
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Applying the Leray spectral sequence argument [42, Lemmas 3.11 and
3.12], up to shrinking the base B one can render Cj globally homologically
trivial, i.e.

Ci =Co+6=0 in H4(5 XBS) ,
where § € A%(S x g 8) is the restriction of a cycle in A%2(B x P3 x P3). But

Aiom(s XB 5) =0

([42, Proposition 3.13], combined with the fact that the Voisin standard con-
jecture [42, Conjecture 1.6] is true in codimension 2), and so C} is rationally
trivial. In particular, restricting to a fibre one obtains

(19) (Co+0)|s,xs, =0 in AQ(Sb xSp), VbeB.

The restriction ]s,xg, (coming from A*(P? x P?)) is of the form Y ;(hy)? x
(hp)*77. Thus (after modifying the Vp2¢m ; and Wy sm.;), we find that

Cols,xs, = (az,e,m — Y2,6m,0 — V2,6m,1 — '72,[,m,2) 5,5, =0 in A%(Sy x S) ,
Ybe B,

proving Lemma 4.12 for the smaller base B. To extend to the original B, one
invokes [45, Lemma 3.2].

(Alternatively, using the approach of [43], one could forsake the Leray
spectral sequence argument in the above proof, and skip directly from equality
(18) to equality (19) by invoking [43, Proposition 1.6].)

Proposition 4.13. Let X — B be a smooth projective morphism of relative
dimension n, and let T' € A™(X xp X). Assume that for the very general
b € B, there exist closed subvarieties Vi, ; C Xy, Wy j C Xi of codimension j
resp. n — j, and cycles vy ; € Ap(V,; X Wy ;) such that

Dlx,xx, =0+ +Y%n in HQ"(Xb x Xp) .

Then there exist closed subvarieties V; C X, W; C X of codimension j resp.
n—j, and cycles v; € A,(V; xg W), such that

F|Xb><Xb = (’Yo+"'+’7n)’Xbeb m H2"(Xb X Xb) ,

for allb e B.
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Proof. This is the same Hilbert schemes argument as [42, Proposition 3.7]
(i.e., Proposition 4.3 above). The point is that the data of all the V3 ;, Wy ;, .
can be encoded by a countably infinite set of varieties. Since by assump-
tion, this countably infinite set dominates B, one of the varieties must dom-
inate B. O

O

We are now in position to wrap up the proof of Claim 4.9. We have
(Vp2) = ((he)® X ap2,2,0 X [Sp))s
2
= ((hb)2 X (Z V5,2,2,0,5) X [Sb])*
§=0

(; 0 : AIQLU((Sb)z) — A,24J(<Sb)2) :

=

Here, the first equality is Lemma 4.10, and the second equality is
Lemma 4.12. As for the equality labelled (%), this is true for dimension rea-
sons: indeed, there is a factorization

A% 5 ((h)? X Vi2.0m.5) — Al (Wh20m,5 % Sb)
1 I

((ho)?XY5,2,2,0,5 X [S]) «

A?LU(S(, X Sb) A124J(Sb X Sb) .
(Here the V and W denote resolutions of singularities.) The upper-right cor-
ner A% () is 0 unless j = 2. However, for j = 2 the dimension of (hy)? X

Vi,2,6,m,j is 0 and so in this case the upper-left corner is 0. This proves equal-
ity (%) for general b € B. For any given by € B, the cycles 7220 can be
moved in general position with respect to the fibre Sy, x Sp,, and then the
above argument applies to prove (x) for Sp,.

We have now proven that the correspondence 1,2 does not act on
A2 ((Sp)?) for all b € B. The same argument also proves that the corre-
spondences ¥p,;, 7 = 3,4,5 do not act on A% ;((S,)?) (the argument is only
notationally different), and so

(p)e =0:  A%;((Sp)?) — A%,((Sp)?) YbeB.

This proves equality (14), and hence also Claim 4.9. O

The last step is to return from the product Sy x S, to the Hilbert scheme
Xbi
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Claim 4.14. For allb € B, we have
((To)lxyxx,))e = 00 AR, (Xp) — A%(X) .
Proof. This is immediate from Claim 4.9, since

(W) (Wy)e = id: A% ;(Xp) = A% (Xp)

L
By definition of I'g, Claim 4.14 implies that
(T, + Ax,)-(I15"), = 0:  A%,(Xy) — A*(X,) VbeB.
But I, is a projector on Aly (Xp) C A% ;(Xp) and so
(T +Ax,). =0: A (X)) — A*(X,) VbeB,
which concludes the proof of Theorem 4.2. O

4.2. Action on A%

In this subsection, we finish the proof of our main result (Theorem 4.1), by
checking that the involution ¢ has the expected action on A*:

Theorem 4.15. Let X and ¢ be as in Theorem 4.1. Then

i 04
cooAb(x) o ot =TI

—id  ifj=2.
Proof. The case j = 0 is easy: there is a (~invariant ample divisor D (Propo-
sition 2.22). As D is ample, the intersection D* is non—zero and so (since

D*e A‘(lo) (X), and A‘(LO) (X) is one-dimensional)

Afgy(X) = Q[DY]

is t—invariant.
Next, let us consider the case j = 4. As we have seen (Theorem 2.17),
Shen—Vial have proven the multiplication map

Aly(X) @ ALy (X) = Aly(X)
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is surjective. Given b € A‘(ﬂl) (X), we can thus write

b=aj-ay+---+aj-ay inAYX),

where af, ak € A%z) (X). But then, using Theorem 4.2 we find

()= (a) - f(az) =) (—ai) - (—a5) =) df-a5 =0 in AY(X).
k=1 k=1 k=1
It remains to prove Theorem 4.15 for j = 2. As we have seen (Theo-

rem 2.17), Shen-Vial have established an isomorphism
(20) 1 Al (X) = Al (X) .

Theorem 4.15 now follows, provided we understand the action of ¢ on the
class [ € A%(X). To this end, we will prove the following:

Proposition 4.16. Let X and ¢ be as in Theorem 4.1. Let | € A%o) (X) be
the class as in Theorem 2.17. Then

() =41 in A%(X) .

Proposition 4.16 suffices to prove Theorem 4.1. Indeed, let us suppose for
a moment that

(1) = =1 in A*(X) .
Using the isomorphism (20) and Theorem 4.2, this would imply

S=id: A (X) = AYX) .
Since ¢ acts as the identity on A‘(lj)(X ) for j = 0,4, this would imply
F=id: AYX) = AYX) .

Using the Bloch—Srinivas argument [8] applied to I', — Ax, this would imply
that

I, —Ax =7 in AYX x X),

where v is a cycle supported on X x D for D C X a divisor. In particular,
this would imply

S =id: H*'(X) —» H*°(X),
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which is absurd since we know that ¢ is non—symplectic. The minus sign in
Proposition 4.16 can thus be excluded; assuming Proposition 4.16 is true, we
must have ¢*(I) = [.

Now let ¢ € A‘é) (X). Using the isomorphism (20), we can find a € A%Q)(X)
such that

c=1-a in AYX).

But then
Gle)y=0()-1*(a)=1-(—a) = —=l-a= —c in A*(X) .

Here, the second equality comes from Proposition 4.16 and Theorem 4.2. This
proves Theorem 4.1, assuming Proposition 4.16.

We now proceed with the proof of Proposition 4.16. The first step is to
prove the statement in homology:

Lemma 4.17. Let S be any K3 surface and let X = SP. Let | € A%(X) be
the class of Theorem 2.17, and let « € Aut(X) be an involution. We have

() ==+l in HY(X) .

Proof. Shen and Vial have constructed a distinguished cycle L € A%(X x X)
(whose cohomology class is the Beauville-Bogomolov class denoted % in loc.
cit.), and an eigenspace decomposition

(21) AA(X) =A@ A2 AZ,
where
L i={ae AX) | (L?).(a) = Aa} ,
and
Ags = Q[l]

(This is [35, Theorem 14.5, Propositions 14.6 and 14.8], combined with [35,
Theorem 2.2]).

We now observe the following commutativity relation in cohomology:

Lemma 4.18. Set-up as in Lemma 4.17. Then

(LH)* = (L*),: HY(X) — HY(X).
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Proof. Let L € A%(X x X) be the Shen—Vial cycle as above. As proven in
[35, Proposition 1.3(i)], the Shen—Vial cycle satisfies a quadratic relation

2
(22) L? = 2Ax — %(ll +15) (203 — 23141y +2[3) in H¥(X x X) ,

L——
23-25

where [ := (ia)*(L) (and ia: X — X x X is the diagonal embedding) and
l; := (pi)*(1) (and p; are the obvious projections).
Let us define a modified cycle

L':=T,0Lol, €A*X xX).

Using Lieberman’s lemma [37, Lemma 3.3| plus the fact that 'T', = T',, we see
that

L'=(xu)*L) in A*(X x X) .
Define also I’ := (ia)*(L') € A%(X) and I} := (p;)*(I') € A*(X x X),i=1,2.
Since the diagram

i )

X x X = X = X x X
b xu e bexu
X xX LD X xX

commutes, we have the relations
(23) U=@xu0)") inA*(XxX), i=1,2.

Let us apply (¢ X ¢)* to the quadratic relation (22). The result is a relation

(24) (0 x )" (L2) = 2Ax — 235@ < (s + 1)L

(L 0)* (203 — 23011, + 203)  in H3(X x X) .

9 23.925
But

(25) (b x )Y (L*) = (tx0)*L)* = (L)* in AY(X x X) .

Plugging this in equality (24), and also using the relations (23), we find that
the cycle L’ satisfies a quadratic relation

(26)

(L')? =2Ax — 2

%(z’ﬁz;)y (2(14)* — 231515 +2(15)%) in H¥(X x X) .

©23.25
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But then, applying the unicity result [35, Proposition 1.3 (v)], we find
there is equality
L'=+L in HY(X x X) .
In particular, there is equality
(L) =L* in H¥(X x X) .
In view of equality (25), this means
I[o(Lol,=L* in H¥X x X) ,
and so (by composing with T',)
I, o(L?) = (L*ol, in H*(X x X) .
This proves Lemma 4.18. [

The eigenspace decomposition (21) induces an eigenspace decomposition
modulo homological equivalence:

A3
(X)n A2

hom

Im(A*(X) — H*X)) = A3+ e

) (X)

(this is the algebraic part of the eigenspace decomposition of H*(X) given in
[35, Proposition 1.3(iii)]).

Lemma (4.18) implies ¢ preserves this eigenspace decomposition modulo
homological equivalence. In particular, t*A2; C A% (modulo homologically
trivial cycles), and so

F() =dl in HY(X) ,

for some d € Q. Since A?o) (X) = QJ[i?] [35, Theorem 4.6], we have
S(I3) =17 in H¥3(X),

and so d = +1. This proves Lemma 4.17. O

The next step (in proving Proposition 4.16) is to upgrade to rational
equivalence. Here, we use again the method of “spread” developed in [42],
[43]. As in the proof of Theorem 4.2, let S — B resp. X — B denote the
family of all smooth quartics S, C P3? with Picard number 1, resp. of all
Hilbert schemes Xj, = (S,)[?. We note that there exists a relative cycle

L e A%(X)
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such that restriction
(27) £|Xb =1, € AQ(Xb) Vbe B

is the distinguished class (denoted [ in Theorem 2.17) for the fibre Xj3. Indeed,
one defines £ as

5
L= ECQ(TX/B) S AQ(X) ,

where Ty, p is the relative tangent bundle of the smooth morphism & — B.
Since for any b € B there is a relation

5
lb = ECZ(Xb) in AQ(Xb)

[35, Equation (93)], this implies (27).
The relative cycle

Tp:=L+T,0L €A*X)
is such that the restriction to each fibre is homologically trivial:
(To)lx, =0 in H'(Xp) .

(Here, “+” is taken to mean + (resp. —) if Lemma 4.17 is true with a + (resp.
a —).) Thus, the relative cycle

I =V, () €A*SxpS)
also is homologically trivial on each fibre. (Here, ¥ is the relative correspon-
dence from X to S xp S as in the proof of Theorem 4.2.)
Applying [42, Lemma 3.12], up to shrinking B we can make I'; globally
homologically trivial. That is, there exists
¥ €Im(A*(BxP*xP?¥) — A*S xpS))
such that (after replacing B by a non—empty open subset B’ C B)

I'y erl—i—?/} €A2(8 XB/S)

is actually in A7 (S xp S).
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But A7 (Sxp'S) = 0 (this follows from [42, Proposition 3.13], combined

with the fact that the “Voisin standard conjecture” [42, Conjecture 1.6] is
known to hold in codimension 2), and so

=0 €A*SxpS).
Restricting to a fibre, we find
(T1)|syxs, + ¥lsyxs, =0 in A*(Sy x S) Vbe B .
As I'q is fibrewise homologically trivial, the same goes for 1):
(28) Yls,xs, =0 in H*(S, x Sy) Vbe B .
But A%(P? x P3) = @; AY(P?) ® A?>~{(P3) and so
V]s,x5, = Mol[Sp] X HE + M Hy x Hy + XoHE x [Sy] in A%(Sp x Sp)

where \; € Q and H, € A(S,) is an ample class on Sy. It follows from the
vanishing (28) that the A; must be 0, and so 9|g,xs, is rationally trivial, and
hence also

(Fl)’SbXSb =0 in AQ(S() X Sb) .
Composing with ', it follows that also

("W). ((T1) |5, x5,) = (")« (). (To)|x,) =0 in A*(X,) Vbe B .

On the other hand, as we have seen above (I'g)|x, € A2, (Xp) and ("9}, (p).
is the identity on A% (X}). It follows that

hom
(FO)’XI, = (lb + (Lb)*(lb))|Xb =0 in AQ(Xb) Vb € B/ .

This proves Proposition 4.16 for general b € B. To extend to all b € B,
one can invoke [45, Lemma 3.2]. Proposition 4.16 and Theorem 4.15 are now
proven. ]

For later use, we remark that the above argument also proves the following
statement:

Corollary 4.19. Let X and ¢ be as in Theorem J.1. Then
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Proof. Let b € A%O)(X ), and suppose
L*(b) =cy+cy in AQ(X) ,

with ¢ € A(QO) (X) and 3 € A%Q)(X).
Let I € A%O)(X ) be the distinguished class of Theorem 2.17. The 0-cycle
b-1lisin A‘(lo)(X), and so
Sb-l)=b-1 in Af(X)
On the other hand, we have
Fh-D) =0 0) - () =(co+ca) - l=co-l+eo-1 in AXX) .

(Here we have used Proposition 4.16, which we have seen must be true with
a + sign.) Since ¢y - [ € A‘(lo) (X)and o -1 € A‘(lz) (X), we must have

co-l="b-1 in Al (X), c2-1=0 in Ap(X).

Using the injectivity part of Theorem 2.17, this implies that ¢y = 0. O

Remark 4.20. Another way of proving the j = 2 case of Theorem 4.15 could
be as follows: define a relative correspondence

I =17 o (I, + Ax) € AYX x5 X),

and go through the proof of Theorem 4.2 with Iy instead of T'y.

Remark 4.21. Can one prove the commutativity of Lemma 4.18 also modulo
rational equivalence, i.e. can one prove

7?7

(29) (L2)* = M (L%).:  AYX) — AY(X) ?

This would imply that v respects the eigenspace decomposition A of [35] (and
in particular, that v respects the bigraded ring structure A?*) (X)).

The proof of Lemma 4.18 given above does not extend to rational equiv-
alence, for the following reason: The quadratic relation (22) still holds mod-
ulo rational equivalence [35, Theorem 14.5], and so L' satisfies the quadratic
relation (26) modulo rational equivalence. However, the unicity result (35,
Proposition 1.3(v)]), that allowed us to conclude from this that L = £L', is
only known modulo homological equivalence.

(This unicity result modulo rational equivalence is conjecturally true, and
would follow from the Bloch—Beilinson conjectures [35, Proposition 3.4).)
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5. Complements

This section contains some corollaries and extensions of the main result.

Corollary 5.1. Let S C P3 be any smooth quartic. Let X = S, and let
t: X --» X

be the rational map defined in [1] (cf. Remark 2.24). Let X' be a hyperkdihler
fourfold birational to X, and let

o XD - XY
be the rational map induced by v. Then
() =—id: Al (X') = Aly(X") fori=2,4;
() =id: A?j)(X/) — Azlj)(X’) forj=0,4.

Proof. First, we note that X’ has an MCK decomposition ([35] or Lemma 2.8
above), so the notation A7, ) (X") makes sense. Since X and X" have isomorphic
Chow rings [33], it suffices to prove the statement for X. Let

S -+ B,, X = B,

denote the families of all smooth quartics S, C P3, resp. of all Hilbert schemes
X;, = (Sp)Pl. Note that there is an inclusion

B, D> B,

where B is as before (parametrizing smooth quartics of Picard number 1),
and the complement B, \ B is the union of countably many closed proper
subsets (i.e., a very general point of B, is in B). Let I, € AYX xp, X)
denote the closure of the graph of the rational map

v X --» X

One can define relative correspondences Iy, ..., s for this larger family just
as in the proof of Theorem 4.2. Since the restriction of I's to the fibre over
a very general point of B, is rationally trivial, it follows (using [45, Lemma
3.2]) the same is true over every point of B,, i.e.

Dsl(sy1 =0 in AY((Sy)") YbeB,.
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Just as in the proof of Theorem 4.2, one deduces from this that
()" = —id: Al (Xs) = Af(Xs) VbeEB,.

To prove the result for A%, one extends (again using [45, Lemma 3.2])
Proposition 4.16 to all of B, i.e.

(ts)*(l) =1y in A% (Xs) VbeEB,.

Then, just as in the proof of Theorem 4.15, using the Shen—Vial isomorphism
(Theorem 2.17), one finds that any a € A‘é) (Xp) can be written as a =1 - d

with d € A%Q) (X3), and thus

()" (a) = ()" (ly - d) = ()" (Ip) - (15)*(d) = —lp-d in Aly(Xs) VbeB,.

(NB: On the boundary b € B, \ B, ¢ is not a morphism but only a rational
map. Yet, the equality labelled “!!” is still valid since d € A% ;(X}); this is
thanks to [35, Proposition B.6].)

Similarly, any a € A‘(Z)(Xb) can be written as a = dy-dy with d; € A%Q) (Xp)
(Theorem 2.17(i)). Again using [35, Proposition B.6], we find

(10)*(a) = ()" (d1-d2) = (16)"(dh) - ()" (d2) = d1-dy in Alyy(X,) VbEB,.

The case A‘(lo) is easy: A‘(lo) (X3) is generated by (I)?. Letting £ € A?(X)
be the relative cycle restricting to the distinguished class I, € A%(X}) on each
fibre (as in the proof of Theorem 4.15), we know from Theorem 4.15 that

L2 —15(L2) € AMX)

is rationally trivial on a very general fibre b € B,. Invoking [45, Lemma 3.2],
this implies £2 — *(£?) must be rationally trivial on every fibre, i.e.

(1)* — ()" ((p)*) =0 in AY(X;) VbeEDB,.

O

Corollary 5.2. Let X =SB where S C P? is a quartic of Picard number 2
and not containing lines, as in [32, Section 4 Ezample 2]. Let g, € Aut(X)
be the non—natural automorphism constructed in [32, Lemma 4.6]. Then

(g0)" =id: AYX) — AYX),
(go)* =id: A2, (X)) — A2 (X).

hom hom
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Proof. The automorphism g, is defined as
ge = (110w)" € Aut(X),

where t1, t9 are Beauville involutions corresponding to two different embed-
dings of S in P3. It follows from Corollary 5.1 that

(how) =id:  AYX) = ANX),

hence in particular g, acts as the identity on A*(X).
The second assertion follows from the first by a Bloch—Srinivas argument
[8]. O
Let X and ¢ be as in Theorem 4.1. As noted in the introduction, we are
not able to prove the expected equality

L*(a)z—a for all a € A7, (X) .

hom

This is because of the nuisance (already noted in [35]) of having the subgroup
Afy)(X) N A, (X) which is conjecturally, but not provably, zero. As shown

hom
in the following corollary, at least this nuisance disappears when intersecting

with a divisor:
Corollary 5.3. Let X and ¢ be as in Theorem 4.1. Let a € A2, (X) and
D e AY(X). Then
*(a-D)=—a-15 (D) in A*X) .
Proof. As shown by Shen—Vial [35, page 7],
Im (Afy) (X) N A}, (X) = A%(X))=0.

The result now follows from Theorem 4.1. O

The quotient of X under the anti-symplectic involution ¢ is a “singular
Calabi—Yau variety” (cf. Remark 2.26 for an interpretation of this quotient as
triple cover of a quadric). Since it is a quotient variety, the Chow groups with
Q-—coefficients form a ring. The following result is about this ring structure:

Corollary 5.4. Let X and ¢ be as in Theorem 4.1, and let Y := X/i be the
quotient. For any r € N, let

E*(Y") C A*(Y")
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be the subring generated by (pullbacks of) AL(Y) and A%(Y). The cycle class
map

Ek(y’r‘) N H2k(y’r)
is injective for k > 4r — 1.

Proof. The point is that X, and hence also X", has an MCK decomposition
[35]. Let p: X — Y denote the quotient morphism.

Lemma 5.5. We have

prAR(Y) C Afy(X) .
Proof. Clearly,

prAYY) C A*(X)".
Given b € A%(Y), let us write

p*(b) = Cp + C2 (S A%O)(X) D A%z)(X) .
Applying ¢, we find
Upt(b) =co+eo € A%O)(X) &) A%Q) (X) .
On the other hand,
p*(b) = 1" (co) + 1" (c2) = " (co) —ca € A%O)(X) &) A%Q) (X)

(where we have used Corollary 4.19 to obtain that t*(co) € A%o) (X), and
Theorem 4.2 to obtain that t*(c2) = —cg2). Comparing these two expressions,
we find

t*(co) =¢p in A%O)(X) , —Cy=¢cy in A%Q)(X) ,
proving Lemma 5.5. O

Lemma 5.5, combined with the obvious fact that Al(X) = A%o) (X), im-
plies that

(P ET(Y") C Af(XT) .
Since there is a commutative diagram

Al (X7) = H(XT)
T o) T

EF(YT)  —  HM(YT),
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and the cycle class map
Al (XT) = H*(X")

is known to be injective for k& > 4r — 1 ([39, Introduction]; this follows for
instance from [38, Section 4.3]), this establishes Corollary 5.4. O

We single out a particular case of Corollary 5.4:

Corollary 5.6. Let X and ¢ be as in Theorem J.1, and let Y := X/i be the
quotient. The subspaces

m(A%(Y)® ANY) - A%Y)),
Im(A%(Y) ® A%(Y) — AYY))

are of dimension 1.

Proof. This follows from Corollary 5.4, combined with the fact that
N3(Y) :=Tm(A3(Y) — HY(Y))
is of dimension 1. To see this, since the pairing
NS(X) @ N3(X) — NYX)=Q
is non—degenerate, it suffices to prove that
dim NS(Y)=dim NS(X) ' =1.

But ¢ acts on NS(X) as reflection in the span of D (Proposition 2.22), and
so NS(X)* = Q[D] is of dimension 1. O

Remark 5.7. It is instructive to compare Corollary 5.6 with known results
concerning the Chow ring of K3 surfaces and of Calabi—Yau varieties. For
any K3 surface S, it is known that

dimIm(A'(S) ® AL(S) — A%(S)) =1

[5]. For a generic Calabi—Yau complete intersection X of dimension n, it is
known that

dimTm (A'(X) @ A"7(X) - A"(X)) =1, Yo<i<n
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[40], [14].
The new part of Corollary 5.6, with respect to these results, is the part
about

Im(A%(X) ® A'(X) — A*(X)) .

We also get the following corollary, providing an alternative description
of the Fourier decomposition on A%(X):

Corollary 5.8. Let X and ¢ be as in Theorem j.1, and letp: X —Y = X/1
be the quotient morphism. Then

Aly(X) = p Ao (Y)

hom

Aly (X) =ker(A*(X) 25 A%(Y)) .
Proof. Theorem 4.1 implies that

Al (X) = AYX)" N A}, (X)

hom

(which proves the first statement of the corollary), and also that
AY(X) = AYX) & Aly(X)

(which proves the second statement of the corollary). O

Remark 5.9. Let X and Y be as in Corollary 5.8. It seems likely that also
?7? .
Ay (X) Eker(A2(X) 25 A%(Y)) .

To prove this, it remains to establish that v acts as the identity on A%O)(X) N
A2 (X) (which is conjecturally 0).

hom

6. Open questions

Question 6.1. Let X and ¢ be as in Theorem 4.1. Can one say anything
about the action of v on A*(X)? This seems more difficult than Theorem 4.1
Indeed, the action of 1 on A% and on A* is determined by “behaviour up
to codimension 1 phenomena” The action of v on A?Q), on the other hand,

should be determined by the action of t on H>*(X), which is not as neat as
the action on H*°(X) and H*°(X). I am not even sure what the conjectural
statement should be.
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Question 6.2. Let X and ¢ be as in Theorem 4.1. Does the quotientY = X/1
have a (self-dual) MCK decomposition? I have not been able to prove this

(essentially, this reduces to the problem of showing that v is of pure grade 0,
in the sense of [36, Definition 1.1]).

Question 6.3. As we have seen (Theorem 2.21), other cases where a non—
symplectic, non-natural involution exists on S is when S is a generic K3
surface of degree d = 20,26,34, ... (i.e., of genus g = 11,14, 18, ...). It would
be interesting to prove Bloch’s conjecture for these cases as well.

For the case d = 34 (i.e., g = 18), Mukai [2}] has given a nice description
of S in terms of sections of a vector bundle on an orthogonal Grassmannian,
so there is at least some hope that the method of spread a la Voisin can be
employed in this case as well. Let S — B be the family of all smooth dimension
2 sections of this vector bundle. One major difficulty is in proving a version
of Theorem 4.5 for the fourfold relative fibre product of this family S — B,
i.e. one would need to prove

A2 (SYB)y=0.

hom

Is this feasible?

Question 6.4. Let S be a generic K3 surface of degree d = 10 (i.e., of genus
g = 6). The Hilbert scheme X = SP has no non-trivial automorphisms
(Theorem 2.21), but there is a non—symplectic rational involution

t: X --» X |

constructed by O’Grady [28, Section 4.3]. Can one prove the statement of
Theorem 4.1 in this set—up? Work of Mukai [25] realizes these K3 surfaces as
complete intersections in a certain Grassmannian. Again, the main difficulty
seems to consist in proving that

A2 (SYP) =0

hom

for this family. Is this feasible?

Question 6.5. It would also be interesting to extend Theorem 4.1 to higher
dimensional Hilbert schemes SUl, r > 2. Let S C P™' be a K3 surface of
degree 2r. The Hilbert scheme SU! has an MCK decomposition [39], and so

there is a bigraded ring structure Az*)(SW). As noted by Beauville [1], there
s a non-trivial rational involution

v S s gl
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Can one prove something about the action of v on AE‘*)(S[T]) ¢ Supposing one
wants to follow the approach of the present article, the main difficulty consists
in proving that

A? (SZT/B) =0

hom

(or even Griff*(S*/B) = 0), where S — B is the family of all smooth K3

surfaces of degree 2r in Pt
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