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Hirzebruch x,-genera modulo 8 of fiber bundles
for odd integers y

CARMEN ROVI AND SHOJI YOKURA®

Abstract: 1. Hambleton, A. Korzeniewski and A. Ranicki have
proved that the signature of a fiber bundle F' — E — B of closed,
connected, compatibly oriented PL manifolds is always multiplica-
tive mod 4, i.e. 0(F) = o(F)o(B) mod 4. In this paper, we con-
sider the Hirzebruch yx,-genera for odd integers y for a smooth fiber
bundle F' — E — B such that E, F and B are compact complex
algebraic manifolds (in the complex analytic topology, not in the
Zariski topology). In particular, if y = 1, then y; is the signature
0. We show that the Hirzebruch x,-genera of such a fiber bundle
are always multiplicative mod 4, i.e. x,(E) = xy(F)xy(B) mod 4.
We also investigate multiplicativity mod 8, and show that if y =
3 mod 4, then x,(E) = xy(F)xy(B) mod 8 and that in the case
when y =1 mod4 the Hirzebruch x,-genera of such a fiber bundle
is multiplicative mod 8 if and only if the signature is multiplicative
mod 8, and that the non-multiplicativity modulo 8 is identified
with an Arf-Kervaire invariant.

1. Introduction

The Hirzebruch x,-genus x,(X) of a compact complex algebraic manifold
X was introduced by F. Hirzebruch [14] (also see [15]) in order to extend
his famous Hirzebruch-Riemann-Roch theorem to the parametrized setting.
If y = —1,0,1, then these x,-genera are respectively

o x_1(X) = x(X) the Euler-Poincaré characteristic,
e xo(X) = 7(X) the Todd genus,
e \1(X) = 0(X) the signature,

which are very important invariants in geometry and topology, and even in
mathematical physics.

The Euler-Poincaré characteristic is multiplicative for any topological
fiber bundle FF — E — B, ie. x(E) = x(F)x(B) holds. The signature is
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in general not multiplicative for fiber bundles. S. S. Chern, F. Hirzebruch and
J.-P. Serre [11] proved that the signature is multiplicative for a fiber bundle
under a certain monodromy condition, i.e. if the fundamental group m(B)
of the base space B acts trivially on the cohomology group H*(F;R) of the
fiber space F. Later M. Atiyah [2], F. Hirzebruch [13] and K. Kodaira [16]
gave the first examples of fiber bundles with non-multiplicative signatures.

I. Hambleton, A. Korzeniewski and A. Ranicki [12] showed that for a PL
fiber bundle F' — E — B of closed, connected, compatibly oriented PL
manifolds

o(F)=o0(F)o(B)mod4.

In [22, 23] C. Rovi has shown that for a fiber bundle /' — E — B in the
manifold context, if the action of 71 (B) on H™(F,Z)/torsion ® Z4 is trivial
(where dimg F' = 2m),

o(E) = o(F)o(B)mod8.

In [22, 23] C. Rovi has also shown that the non-multiplicativity of the sig-
nature modulo 8 of a fiber bundle is detected by the Zs-valued Arf-Kervaire
invariant of a certain quadratic form associated to the fiber bundle as above.

In [25] S. Yokura has studied some explicit formulae of the Hirzebruch
Xy-genera for complex fiber bundles /' — £ — B where F, E, B are compact
complex algebraic manifolds, and he has observed that o(E) = o(F)o(B) mod 4
just like the above result of Hambleton-Korzeniewski-Ranicki.

In this paper, we consider such mod 4 and mod 8 multiplicativity formu-
lae of Hirzebruch y,-genera for a fiber bundle /' — FE — B of compact com-
plex algebraic manifolds. A smooth proper map between compact complex
algebraic manifolds is a locally trivial topological fibration (by Ehresmann’s
fibration theorem), thus becomes such a fiber bundle, and conceivably such
fiber bundles arise in this way.

The main result of this paper is stated in Theorem 1.1, which gives an
overview of the non-multiplicative behaviour of x, genera modulo 8 of a fiber
bundle for odd values of y. It is interesting to note that when y =1 mod 4
the xy,-genera adopt the same non-multiplicativity behaviour as the signature,
and therefore the obstruction for multiplicativity in this case (when y = 1
mod 4) is detected by the Arf-Kervaire invariant of a certain quadratic form
associated to the fiber bundle, which is described in Theorem 1.1 below.

Theorem 1.1. Let ' — E — B be a fiber bundle such that F,E, B are
compact complex algebraic manifolds.

(a) If y = 3 mod 4, then x,(E) = xy(F)xy(B) mod 8.
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(b) If y = 1mod 4, then xy(E) = xy(F)xy(B) mod 8 < o(E) =
o(F)o(B) mod 8. Moreover

Xy(E) = xy(F)xy(B) = 4Arf(W, p, h)  (mod 8).

where (W, u, h) is a certain Zo-valued quadratic form associated to the
fiber bundle. (For details see Theorem /.4 below.)

The proof of Theorem 1.1 will be subdivided into shorter statements. In
particular, (a) and the first part of (b) is proved in Theorem 4.1. The second
part of (b), i.e. the identification of the obstruction to multiplicativity with
the Arf-Kervaire invariant is shown in Theorem 4.4.

There is another result which follows from [22, Theorem 3.5] and Theo-
rem 1.1:

Theorem 1.2. Let F' — E — B be a fiber bundle such that F,E, B are
compact complex algebraic manifolds with dimg F' = 2m. If the action of m1(B)
on H™(F,Z)/torsion @ Zy is trivial, then for any odd integer y

Xy(E) = xy(F)xy(B) mod 8.

Remark 1.3. From Theorem 1.2 we can immediately observe that if B is
simply connected, such as smooth complex rational varieties and smooth Fano
varieties, then for any odd integer y

Xy(E) = xy(F)xy(B) mod 8.

However, in this case the usual equality does hold:

Xy(E) = xy(F)xy(B) € Z.

This is because in this case the action of 71(B) is automatically trivial on
H*(F,Z), from which x,(E) = xy,(F)xy(B) follows, as explained in [18, Re-
mark 4.6] (also see [7, 8, 9]).

2. Hirzebruch x,-genera
First, we recall the definition of the Hirzebruch x,-genus [14].

Let X be a compact complex algebraic manifold. The x,-genus of X is
defined by

Xy(X) = Zx(X, ANPT*X)yP = Z (Z(—l)’ dim¢ Hi(X, APT*X)) yP .

p20 p=0 \i=0
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Thus, the x,-genus is the generating function of the Euler-Poincaré char-
acteristic x (X, APT*X) of the sheaf APT*X | which shall be simply denoted
by xP(X):

Xy(X) = D X" (X)y”.
p=>0

Since APT*X = 0 for p > dim¢ X, x,(X) is a polynomial of degree at most
dim¢ X. Note that for an ordinary product of spaces x, is multiplicative, i.e.
Xy(X X Y) = Xy (X)xy (V).

Then we have the following “generalized Hirzebruch-Riemann-Roch the-
orem” (abbr., gHRR):

WX = [ @)X e

where T,,(TX) is the generalized Todd class of the tangent bundle of X.
T,(TX), which we will denote simply by T, (X), is defined as follows:

dim X
) a;i(1+y)
Ty(X) := H <m - Oéi?/) )
i=1

where «a; are the Chern roots of the tangent bundle T'X. That is, writing
¢(X) as the total Chern class of T'X,

dim X

oX) = H (14 ).

i=1
Note that the normalized power series

Q) = 20Dy < Qo]

specializes to

(0% (0%

1—e o’ Qula) =

~ tanha

Q-1(a)=1+0a, Qla)=

Therefore T}, (X) unifies the following important characteristic cohomology
classes of X:

dim X dim X dim X

eX)= [[ t+a) wWX)= ] /== LX)= [] —

=1 =1 =1
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which are respectively the Chern class, Todd class and L-class. T,,(X) can be
considered as a parameterized Todd class td(X) by y. We call this parame-
terized Todd class T, (X) the Hirzebruch class of X.

For the distinguished three values —1,0, 1 of y, by the definition we have
the following:

e the Fuler-Poincaré characteristic:
X(X) = x-1(X) = X (X) = xH(X) + X3 (X) =+ (=1)"X"(X),
e the Todd genus:
T(X) = xo(X) = X" (X),
e the signature:
o(X) = x1(X) = x°(X) + x'(X) + x*(X) + -+ x"(X).
As noted by Hirzebruch in [14, §15.5] the following duality formula holds
(2.1) XP(X) = (=1)"X"P(X).

This duality formula will play an important role in this paper.
3. Multiplicativity mod 4
If we let
odd _ 1 3 5

XNUX) = x (X)) + x°(X) +x°(X)--- the odd part,

XX) = X2(X) + x2(X) +x*(X) -+ the even part,
then we get the following

X(X) = xT(X) = x*M(X), (X)) = xT(X) + )X,

from which we have
(31) (X)) +x(X) = 2"(X), (X)) = x(X) = 2x°H(X),

Thus, from either first or second formula of (3.1) we get the following:

Corollary 3.2 (mod 2 formula). For any fiber bundle F — E — B with
F,E, B compact complex algebraic manifolds, we have

o(E) =0(F)o(B) mod 2.
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Proof. Indeed, using the first formula of (3.1), we have o(E)+ x(E) — (o(F x
B)+x(Fx B)) = 0mod 2, which becomes o(E)—o(F)o(B) = 0mod 2, since
o(F x B) =0(F)o(B) and x(E) = x(F x B). Thus we get the result. O

In [25], using the duality formula (2.1), we obtained o(E) = o(F)o(B) mod 4
for any fiber bundle F' — E — B with F, E, B compact complex algebraic
manifolds. For the sake of the reader we make a quick review of its proof.
(Here we note that if dim¢ E is odd, then either dim¢ F' or dim¢ B is odd,
thus o(E) = 0 and o(F)o(B) =0, so 0(E) = 0(F)o(B) mod 4 holds.)

Let dimc X = 2n. Then, using the duality formula (2.1) we get the fol-
lowing:

Xy(X) = Sxi(X)yi(l + ) XXy
Thus, we have ;
X(X) = x1(X) = §<—1>i2xz<x> + (=" (X),
o(X) =x1(X) = 22%()() +x"(X)
(83) o(X)+x(X) = 2:2:(1 + (=10 + (14 (=107 )" (),

(34) o(X)—x(X)=2] (14 (D)0 + (14 (=1 )xm(X).
In the case when n = 2k, (3.4) implies that
k
(35) 7(X) = X(X) = 43 (),

which implies the following:

Corollary 3.6. For any fiber bundle F' — E — B such that dim¢ E = 2n
with an even integer n, we have

o(E) = o(F)o(B)mod4.

The proof is just like the above case of mod 2 formula.
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Next, we consider the case when n = 2k + 1. (3.3) implies that
(3.7) o(X) +x(X) =4 x¥(X),

which implies the following

Corollary 3.8. For any fiber bundle F' — E — B such that dim¢ E = 2n
with an odd integer n,

o(FE)=o0(F)o(B)mod4.

Now we will discuss multiplicativity mod 4 of x,-genera of a fiber bun-
dle F — F — B with F, E, B compact complex algebraic manifolds. The
following congruence is crucial for both the mod 4 result and for the mod 8
result.

Proposition 3.9.

o(X)
2

(1+y)+@(l—y) mod 1 — g2,

Xy(X) =

”

where considering mod 1 —y* means “letting y*> = 1 in the polynomial x,(X) "

Proof.

Xy (X) =) X(X)y'
= (X)) + X' (X)y + X (X) + X*(X)y + X1 (X)
+X°(X)y + -+ mod 1—y?
:Xeven(X)+Xodd(X)y mod 1_y2
o(X) +x(X) | o(X) = x(X)

= 5 + 5 y mod 1—y* (using (3.1))

@(1 — ) mod 1— g2

=——(1+y)+ 0

Remark 3.10. The polynomial 1—y? is zero at y = —1, 1, for which we have
the special values x_1(X) = x(X) and x1(X) = o(X).

Now we are ready to prove the following

Theorem 3.11. Let F — E — B be a fiber bundle such that F,E, B are
compact complex algebraic manifolds. Let y be an odd integer, then

Xy(E) = xy(F)xy(B) mod 4.
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Proof. From Proposition 3.9, we can see that for any fiber bundle F' — E —
B we have

o(E) - o(F)o(B)

5 (1+y) mod 1 — >

Xy(E) = xy(F)xy(B) =

We have shown before that o(E) = o(F)o(B) mod 4,i.e.o(E)—o(F)o(B)
is divisible by 4, thus o(E) —o(F)o(B)
o(E)—o(F)o(B)

is even. Since y is odd, 1+ y is even,

thus (1+y)=0mod 4,and 1 —y?> = (1 —y)(1+y) =
0 mod 4. Thus we have x,(E) — x,(F)xy(B) = 0 mod 4, i.e. for any odd
integer y we have

Xy(E) = xy(F)xy(B) mod 4.

4. Multiplicativity mod 8

We will now investigate multiplicativity modulo 8 and prove the main results
of this note mentioned in the introduction.

Theorem 4.1. Let ' — E — B be a fiber bundle such that F,E, B are
compact complex algebraic manifolds. Let y be an odd integer, then

(1) If y =3 mod 4, then x,(E) = xy(F)xy(B) mod 8.
(2) If y = 1mod 4, then xy(E) = xy(F)xy(B) mod 8 <= o(E) =
o(F)o(B) mod 8.

Proof. Again using Proposition 3.9, we can see that for any fiber bundle

F — FE — B we have

o(E) —o(F)o(B)
2

Xy(E) — xy(F)xy(B) = (1+y) mod 1 — >

(1) First, we observe that if y is odd, then in fact we have 1—y? = 0 mod 8.
Indeed, let y = 2k + 1. Then 1 —y? = (1 —y)(1 +y) = —2k(2k +
2) = —2-2-k(k+1) is divisible by 2 -2 -2 = 8 because k(k + 1) is

always even. Let y = 3 mod 4, i.e. 1 + y is divisible by 4. Then we

have v, (E) — xy(F)xy(B) = o(B) _"Q(F)"(B>(1 +y) = 0 mod 8.

Therefore, we have

y =3 mod 4 = x,(E) = xy(F)xy(B) mod 8.
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(2) Let y=1 mod 4,ie. let y=4k+1. Then 1+y=4k+2 =22k +1).
Thus

o(E) - o(F)o(B)
2

Xy(E) = xy(F)xy(B) = (14y)=0 mod 8

if and only if

Remark 4.2. If we consider y,(X) modulo y — 33, i.e., by letting y> = y in
Xy(X), then we have

(%) =700 -2+ X2 )+ T2 1) mod y -y

In this case, we have the following formula:

Xy(E) = xy(F)xy(B) = (7(B) — 7(F)7(B))(1 - *)
o(E) = o(F)a(B)

+ (y* +5) mod y — y°.

o
2

Note that y — y® has zeros at y = 0, —1,1 and we have yo(X) = 7(X),
X-1(X) = x(X), xa(X) = o(X).

In Theorem 4.1 (2) we have shown that when y =1 mod 4, the x,-genera
of a fiber bundle have the same multiplicativity behaviour as the signature
modulo 8. This means that we can use the results about the multiplicativity
of signature modulo 8 from [22, 23] to prove statements for x,-genera with
y =1 mod 4. The first of these statements involves the definition of the Arf
invariant of a certain Zs-quadratic form associated to the fiber bundle. For
the convenience of the reader, we recall here some relevant definitions and
give precise references of where some necessary proofs can be found.

We start by defining a non-singular quadratic form over Zs and the Arf
invariant. Let V be a Zs-vector space and A a non-singular symmetric bilinear
form

AN VRV = Zo,
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and let h : V — Zgy be a Zy-valued quadratic enhancement of this bilinear
form which satisfies the following property,

h(z +y) = h(x) + h(y) + Az, y) € Zs.

The Arf invariant was first defined in [1] as follows,

Definition 4.3. With a symplectic basis {ey,...,ex,€1,...,€,} for V., the
Arf invariant is defined as

Arf(h) = Z h(€j)h(éj) € Zo.

Jj=1

A characteristic element of a symmetric form (V, \) is an element v € V'
such that for any u € V' one has:

Au, u) = Mu,v) € Zs.

For example, the Wu class vor (M) € H*(M;Zs) of a 4k-dimensional mani-
fold M is a characteristic element of the intersection form.

A sublagrangian subspace of a symmetric form (V, \) is a subspace L such
that A(L, L) = 0.

A Lagrangian subspace of a symmetric form (V) \) is a subspace L such
that A(L, L) = 0 and dimL = dimV.

The relation between the signature modulo 8 of a manifold and the Arf
invariant was investigated in [22, Proposition 2.4.5 and Theorem 4.3.5.]. This
relation is intricately connected to the Zg-valued Brown-Kervaire invariant
defined in [5] and Morita’s theorem [20, Theorem 1.1]. Morita’s theorem re-
quires the use of the Pontryagin squares Pa. A good reference for this is [21,
Chapter 2]. The relation states that when the signature of a 4k-dimensional
manifold is divisible by 4, then modulo 8 this signature can be expressed as 4
times the Arf-Kervaire invariant of an associated Zs-valued quadratic form.
The details about how to construct this associated quadratic form are given
in [22, Proposition 2.4.5 and Theorem 4.3.5.] and the construction for the
case of a fiber bundle is given in Theorem 4.4.

Theorem 4.4. Let FF — E — B be a fiber bundle such that F,E, B are
smooth compact complex algebraic varieties. If y = 1 mod 4, then

Xy(E) = Xy (F)xy(B) = 4Arf(W, u, h) - (mod 8).

where (W, p,h) = (L+/L, (A& =N, [P2 & —P4] /2) with
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o L = (vor) C L+, with vor = vop(E) @ vor(F x B) € H*(E;Zy) @
H?(F x B;Zs) the Wu class of ELUF x B,

o Lt = {(x,2") € H*(E;Zy) ® H*(F x B;Zs) | Ma,2) = N(2',2') €
ZZ}7

e Py and P’y are the Pontryagin squares of E and F x B respectively.

Proof. This theorem is a direct consequence of [22, Theorem 6.2.1] and The-
orem 4.1. O

The other statement which follows from the work on the signature modulo
8 in [22] and [23] is as follows:

Theorem 4.5. Let F' — E — B be a fiber bundle such that F,E, B are
smooth compact complex algebraic varieties with dimgF = 2m. If the action
of m1(B) on H™(F,Z)/torsion ® Zy4 is trivial, then for any odd integer y

Yy(E) = xy(F)xy(B) mod 8.

Proof. In [22, Theorem 6.3.1] it is shown that if the action of m;(B) on
H™(F,Z)/torsion ® Z4 is trivial, then

o(E) =0(F)o(B) mod 8.

For a more succinct proof of this result see [23, Theorem 3.5]. Combining this
with Theorem 4.1 (2) we obtain

Xy(E) = xy(F)xy(B) mod 8.

5. Concluding remarks

Remark 5.1. As to the congruence formulae for x,, above we consider the
case when y is an odd integer. When it comes to the case when y is an even
integer, we have not found any interesting congruence formula.

Remark 5.2. In [9] Cappell, Libgober, Maxim and Shaneson obtain the
following Atiyah-Meyer type formula:

W) = [ e ((m) T (1B)

where ch* is the Chern character, x,(m) is the K-theory x,-characteristic
of the bundle projection map 7 : £ — B and T;(T'B) is the unnormal-
ized Hirzebruch class. For more detailed explanation of these see [9]. Since
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ch®(xy(m)) = xy(F), as explained in [9], the right-hand-side of the above
Atiyah-Meyer type formula is

/ ch™ (xy(m)) U T;(TB) = Xy(F)xy(B) + correction terms,
B

where the correction terms measure the deviation from multiplicativity. Hence
it follows from our results above that

(1) for any odd integer y the expression given by the correction terms is
divisible by 4,

(2) if y = 3 mod 4, the expression given by the correction terms is divisible
by 8,

(3) if y =1 mod 4, the expression given by the correction terms is divisible
by 8 if and only if o(E) = o(F)o(B) mod 8.

It remains to be seen if one could get the above results directly from the above
Atiyah-Meyer type formula.

Remark 5.3. Even if X is singular, we can define y,(X) (using the same
symbol) using the mixed Hodge structure (e.g. see [4, 7, 9, 18]). We define
Xy(X) == 3 pso(—1)" dime Gri-(HL(X, C))(—y)?, where F is the Hodge fil-
tration of the mixed Hodge structure of X. In this case, we can consider the
above congruences even for fiber bundles F' — E — B with F, E, B being
possibly singular. In this case we have the following results, mod 4 and mod 8
being replaced by respectively mod 2 and mod 4:

(1) For any odd integer y, xy(E) = xy(F)xy(B) mod 2.

(2) If y = 3 mod 4, then x,(E) = xy(F)xy(B) mod 4.

(3) If y = 1 mod 4, then x,(E) = xu(F)xy(B) mod 4 < o (E) =
o1 (F)o™(B) mod 4. Here o1 (X) := y1(X) is called the Hodge-signature
of X, which is equal to the usual signature when X is nonsingular and
compact.

However, if the duality formula (2.1) in §2 still holds even in the singular case!,

then the same results as in the smooth case hold, i.e., in the above formulas
mod 2 and mod 4 are changed back to mod 4 and mod 8 respectively. We will
deal with the singular case and the intersection homology x,-genus Ix,(X)
in a different paper.

LA projective simplicial toric variety as discussed in [19] (cf. [17], [24]) is such a
variety (pointed out by L. Maxim and J. Schiirmann).
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Remark 5.4. It seems that all these multiplicativity mod 4 and mod 8
properties for genera of compact complex algebraic manifolds are obtained by
taking degrees of appropriate characteristic class formulae for the pushforward
under the bundle projection map of (homology) characteristic classes of the
total space. This is indeed the case for the usual multiplicativity and for
the correction terms (e.g., see works of Banagl, Cappell, Libgober, Maxim,
Schiirmann, Shaneson [3, 10, 7, 9, 18] etc.). Thus, it is also reasonable to
generalize such multiplicativity formulae of characteristic homology classes
to the singular setting (e.g., by making use of intersection homology). We
would like to deal with this problem as well in a different paper.

Remark 5.5. In this paper, the congruence formula (3.9) of two integral
polynomials is a key. For a(y), b(y) € Z[y], the congruence a(y) = 0 mod b(y)
of course means that Jc(y) € Z[y] such that a(y) = b(y)c(y). Then for any
integer n € Z we have a(n) = b(n)c(n), i.e. a(n) = 0 mod ¢(n). (In our case,
we consider only odd integers n, though.) Namely, we have

a(y) =0 mod b(y) (in Z[y]) = Vn € Z, a(n) =0 mod b(n) (in Z).

It should be noted that the converse of this implication does not necessarily
hold. A counterexample is given by Fermat’s little theorem. Indeed, let p be a
prime number and a(y) = y? —y, b(y) = p. Fermat’s Little Theorem says that
for any integer n € Z n? = n mod p, i.e. for Vn € Z a(n) = n? —n = 0 mod p.
However clearly a(y) = y? —y # 0 mod p (in Z[y|). The case when p =5 is
pointed out in [6], where L.F. Caceres and J. A. Vélez-Marulanda consider
some special cases when this converse does hold.
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