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Connected sum of orientable surfaces and Reidemeister
torsion

EsMA DIRICAN AND YASAR SOZEN

Abstract: Let X, ,, be an orientable surface with genus g > 2 bor-
dered by n > 1 curves homeomorphic to circle. As is well known
that one-holed torus ¥, ; is the building block of such surfaces. By
using the notion of symplectic chain complex, homological algebra
techniques and considering the double of the building block, the
present paper proves a novel formula for computing Reidemeister
torsion of one-holed torus. Moreover, applying this result and con-
sidering ¥, ,, as the connected sum ¥ ,#(g — 1)1 0, the present
paper establishes a novel formula to compute Reidemeister torsion
of Xgn-
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1. Introduction

The topological invariant Reidemeister torsion was introduced by K. Rei-
demeister in [18], where by using this invariant he was able to classify 3-
dimensional lens spaces. This invariant has many interesting applications
in several branches of mathematics and theoretical physics, such as topol-
ogy [7, 11, 12, 18], differential geometry [3, 14, 17], representation spaces
[19, 22, 26], knot theory [6], Chern-Simon theory [25], 3-dimensional Seiberg-
Witten theory [10], algebraic K-theory [13], dynamical systems [8], theoretical
physics and quantum field theory [25, 26]. The reader is referred to [16, 24]
for more information about this invariant.

Symplectic chain complex is an algebraic topological tool and was intro-
duced by E. Witten [25], where using Reidemeister torsion and symplectic
chain complex he computed the volume of several moduli spaces of represen-
tations from a Riemann surface to a compact gauge group.

It is well known that one-holed torus ¥ ; is a building block of orientable
surfaces Yy ,,9 > 2,n > 0. Let us note that closed orientable surface ¥9
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of genus 2 can be obtained by gluing two one-holed torus along the common
boundary circle. With the help of homological algebra computations and the
notion of symplectic chain complex, we establish a novel formula (Theorem
3.1.1) for computing Reidemeister torsion of one-holed torus. Furthermore,
considering orientable surface ¥,, as Xi,#(9 — 1)¥10, and applying the
obtained Reidemeister torsion formula of ¥ 1, we prove novel formulas (The-
orem 3.2.6-Theorem 3.2.10) for computing Reidemeister torsion of ¥, ,,. Here,
# is the connected sum and (g — 1) denotes (g — 1) copies.

2. Preliminaries

In this section, we give the basic definitions and facts about Reidemeister tor-
sion and symplectic chain complex. For further information and the detailed
proof, the reader is referred to [15, 16, 19-25] and the references therein.

Let Cy : 0 = (), On Chog — - = O L Cp — 0 be a chain complex
of finite dimensional vector spaces over the field R of real numbers. For p =
0,....n, let B,(Cy) = Im{0p41 : Cpp1 — Cp}, Z,(Cy) = Ker{0, : C, —
Cp—1}, and Hy(Cy) = Z,(Cy)/By(Cy) be p—th homology group of the chain
complex. Using the definition of Z,(C\), B,(Cy), and H,(C,), we have the
following short-exact sequences

(2.0.1) 0 — Z,(C) — Cp 25 B, 1(C,) — 0,
(2.0.2) 0 — B,(C.) - Z,(C.) 22 H,(C,) — 0.

Here, 2 and ¢, are the inclusion and the natural projection, respectively.

Let s, : Bp—1(Cy) = Cp, £y = Hy(C) — Z,(C.) be sections of 9, : Cp —
B,_1(Cy), ¢p = Zp(Cy) — Hy(Cy), respectively. The short-exact sequences
(2.0.1) and (2.0.2) yield

(2.0.3) Cp = Bp(Cy) ® bp(Hp(Cy)) & sp(Bp-1(Ci)).-

If cp, bp, and hy, are bases of C),, B,(Cy), and H,(C,), respectively, then by
equation (2.0.3), we obtain a new basis, more precisely b, LI¢,(h,) U s,(b,_1)
of Cp, p=0,...,n.

Definition 2.0.1. Reidemeister torsion (R-torsion) of chain complex C, with
respect to bases {c,}7_o, {hy};—¢ is defined as the alternating product

n n - _1)(p+1)
T (C.. {cp . {hyp18) = [T [by U p(hy) Ussy(bypoi) e 0

p=0



Connected sum of orientable surfaces and Reidemeister torsion 519

where [e,, )] is the determinant of the change-base-matrix from basis f, to
e, of C),.

If0— A, > B, 5 D, — 0 is a short-exact sequence of chain complexes,
then by the Snake Lemma we have the long-exact sequence of vector spaces

Cotooe o Hy(A) 25 Hy(B) 72 Hy(Dy) -2 Hyy(A) — -+

Here, C3, = Hp(Dy), Capy1 = Hp(Bs), and Cspio = Hp(A). Clearly, one can
consider bases hz? , hf , and h]‘;‘ for Cs,, Cspi1, and Csppa, Tespectively.

Theorem 2.0.2. ([13]) Let 0 — A, = B, = D. — 0 be a short-ezact

sequence of chain complexes. Let C, be the corresponding long-exact sequence

of wector spaces obtained by the Snake Lemma. Suppose that c;‘, cf, CE,

hﬁ, hZ, and hf are bases of A,, B,, Dy, H,(A)), Hy(By), and Hy(D,),

V4 )

respectively. Suppose also that c;‘, cf, and c]? are compatible in the sense
that [cf,c;‘ Ucl] = £1, where , (cll))) = cP. Then, the following formula

holds:

T(B., {c; }5, {b, }§) = T(Aw {c;}5, {h'}5) T(Ds, {c)}5, {hy'}5)
x T(Cs, {esp}g" ™, {035 ).
From Theorem 2.0.2 it follows that
Lemma 2.0.3. If A,, D, are two chain complexes, and if C;;‘, CpD, h;;‘, and
hpD are bases of Ay, D,, Hp(AL), and H,(D,), respectively, then

We refer the reader to [23] for detailed proof and further information.

Definition 2.0.4. Let (Cy, 0y {wsg-s}) 1 0 = Cy 2 Cyiy = -+ — Cyjp —

= O L2y Cy — 0 be a chain complex of real vector spaces with the
following properties:

1) ¢ =2(mod 4),
2) There is a non-degenerate bilinear form wy 4 : Cp X Cq—, — R for
p=0,...,q/2 such that

o O—compatible: wyq—p(Tpr1a,b) = (—1)P w, 11 o 1) (@, 0g—pb),
e anti-symmetric: wy, ,(a,b) = (=1)P@ P, , (b a).

Then, (Cy, Ox, {ws,q—+}) is called a symplectic chain complex of length ¢.
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By the fact ¢ = 2(mod 4), we have wp 4—p(a,b) = (—1)Pwy—p (b, a). From
the d—compatibility of wy, 4—p, it follows that they can be extended to ho-
mologies [19].

Assume that (Cy, Oy, {ws q—+}) is a symplectic chain complex. Assume also
that ¢, and c,—, are bases of C), and C,_,, respectively. We say that these
bases are w—compatible, if the matrix of w, ,—, in bases c,, c¢,—, is equal to

=l Oi
otherwise. Here, k = dim C), = dim Cy—;, and 2/ = dim C,; /5. Note that every
symplectic chain complex has w—compatible bases.
Using the existence of w—compatible bases, the following formula was
proved for calculating R-torsion of symplectic chain complex.

Theorem 2.0.5. ([19]) If (C,0s,{wsq—+}) is a symplectic chain complex
and if c,, c4—p are w—compatible bases of Cp, Cq—p, and hy, is a basis of
H,(Cy),p=0,....q, then

the k X k identity matrix I« when p # ¢/2 and is equal to Ovat - Tixi )

(g/2)-1 (1) (,1)q/2
T(C*v {Cp}ga {hp}g) = H (det[wpyqu}) ) det[wq/z,q/z]

p=0

Here, det[wy 4—p] is the determinant of the matriz of the non-degenerate pair-
ing [wpg—p| * Hp(Cy) X Hy—p(Cy) — R in the bases h,, hy_).

Let M be a smooth m-manifold with a cell decomposition K. Let c; be
the geometric basis for the i—cells C;(K), i =0, ..., m. Note that associated

to M there is the chain-complex 0 — C,, (K) O Cn—1(K) = -+ = C1(K) %
Co(K) — 0, where 0; is the boundary operator. T (C,(K), {c; }%y, {hi}i",) is
called Reidemeister torsion (R-torsion) of M, where h; is a basis for H;(K),
1=0,...,m.

Following the arguments introduced in [19, Lemma 2.0.5], one can con-
clude that R-torsion of a manifold M is independent of the cell-decom-
position K of M. Hence, instead of T (Ci(K), {c;}itg, {hi}iZy), we write
T (M, {hi}2).

Theorem 2.0.5 yields the following result, which suggests a formula for
computing R-torsion of a manifold.

Theorem 2.0.6 ([23]). Assume that M is an orientable closed connected
2m—manifold (m > 1). Assume also that hy, is a basis of Hy(M) for p =
0,...,2m. Then, R-torsion of M satisfies the following formula:

m—1 /71)m
—1)» \
IT(M, {h, ;2720” = H |det Ap,2m—p(M>’( Y \/| det Ay, (M)

p=0
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Here, det Apom—p(M) is determinant of matriz of the intersection pairing
(s )p2m—p : Hp(M) X Hap—p(M) — R in bases hy,, hop,_,.

Theorem 2.0.7 ([23]). Suppose M is an orientable closed connected (2m +
1)—manifold (m > 0) and h,, is a basis of H,(M), p=0,...,2m + 1. Then,
T(M, {hy};25)| = 1.

Remark 2.0.8. Let S! be the unit circle and hg, hy be bases of Ho(S'),
H,(S') respectively. Then, by Theorem 2.0.7, we have |T(S', {ho,hi})| = 1.

We refer the reader [15, 19-23] for further applications of Theorem 2.0.5.
3. Main result

In this section, by considering orientable surface ¥,,,9 > 2,n > 0 as the
connected sum Xy o# - - - #X1 0#21, (see, Fig.1), we establish a formula to
compute R-torsion of ¥, ,,9 > 2,n > 0 in terms of R-torsion of ;. To
obtain this formula, we first prove a formula for computing R-torsion of ¥ ;
(Theorem 3.1.1), then we establish a formula (Proposition 3.2.1) for R-torsion
of ¥1,,n > 2, and finally using these results we prove the formulas (Theorem
3.2.6-Theorem 3.2.10) to compute R-torsion of Ygm,g > 2,n>0in terms of
R-torsion of ¥ ;.

Y Y1 , Y2 Yg—2 s, _Yg—1 Yg—1
= S R

Figure 1: Orientable surface ¥, 5 with genus g > 2, bordered by n = 5 curves
homeomorphic to circle.

3.1. R-torsion of torus with one boundary circle ¥, ;

Let Y11 be a torus with boundary circle . Note that the double of ¥ ; is ¥ .
Clearly, there is the following short-exact sequence of the chain complexes

(311) 0— C*(’y) — C*(El,l) D C*(ELI) — C*(Eg,o) — 0.

The sequence (3.1.1), the Snake Lemma, and homology groups of ¥ 1, 3,
~ yield the long-exact sequence

H* 0 — H2(2270) i) Hl(’y) i} Hl(ZLl) D Hl(ZM) i} H1(2270)
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i j l
(3.1.2) Y Ho(v) & Ho(S1.1) @ Ho(S11) 25 Ho(Sa,0) 5 0.

From exactness of the sequence (3.1.2) and the First Isomorphism Theorem
it follows that Im(g) = Im(i) = 0, Im(k) = Hy(X2,), and the isomorphisms:
Im(f) = Ha(220), Im(h) = Hi(Z1,1) & H1(Z1,1), Im(j) = Ho(7).

Theorem 3.1.1. Suppose 311 is a torus with boundary circle v and X490 is
the double of X1 1. If h?“ is a basis of H;(X11) and h is an arbitrary basis
of Hi(7), i = 0,1, then there exists a basis h?“ of Hi(X20), i =0,1,2 such
that R-torsion of H. in the corresponding bases equals to 1. Furthermore, the
following formula holds

1,1 det A M
|T(21,1,{hi2' 1O :J | 0,2(22,0)] 7

| det A]_’]_(ZQ’(])‘

where det A; o_;(X2,0) denotes the determinant of matriz of the intersection
pairing (-, -)io—i : Hi(X2,0) X Ha—i(X20) — R in the bases hiEQ’O, h?f‘f.

Proof. Let us first explain the method we will use to show that there exists
a basis hiE?’0 of H;i(X20), i = 0,1,2 so that R-torsion of the chain complex
(3.1.2) in the corresponding bases becomes 1.

For p =0,...,6, let us denote by C,(#.) the vector spaces in the long-
exact sequence (3.1.2). Consider the following short-exact sequences:

(3.1.3) 0= Zy(H) = Co(Hs) B By 1(Hy) — 0,
(3.1.4) 0 — By(H) = Zy(Hs) = Hy(H,) — 0.

Here, “»” and “—" are the inclusion and the natural projection, respectively.
Assume s, : B,_1(H.) = Cp(H.) and £, : Hy(H.) = Z,(H.) are sections of
Op : Cp(Hy) = Bp—1(Hs) and ¢, : Zp(H.) — Hp(H.), respectively. By the
exactness of H,, we have Z,(H.) = By(H.) for all p. Hence, the sequence
(3.1.3) becomes

(3.1.5) 0 — By(Hy) — Cp(Hy) = Bp_1(H«) — 0.

Recall that if for p = 0,...,6, hy, by, and hy are bases of C,(H.), By(Hs),
and Hy(H..), respectively, then R-torsion of H., with respect to bases {h,}5_,
{h5}5_ is the alternating product

T (Ha, {0y }5, {0338) = T [by U 6o(h3) Usp(by 1), by

p=0

_1)+D)
}( 1)( .
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From the fact that for p = 0,...,6, Hy(H.) is zero, it follows that hi =0
and all £, are the zero map. Thus, R-torsion of H, can be rewritten as:

(3.1.6) T (H., {hy}5, {0}§) = TT (b, sy by 1,

p=0

(p+1)

Note that J. Milnor proved in [13] that R-torsion does not depend on bases b,
and sections s, £,,. Therefore, in the following method we will choose suitable
bases b, and sections s, so that (3.1.6) is equal to 1. For each p, we will
denote the obtained basis by, LI s,(b,_1) by hy,.

First, let us consider the space Cy(H.) = Ho(X2,) in the sequence (3.1.5),
we get

(3.1.7) 0 — Bo(H,) < Co(Hy) 5 B_1(H.) — 0.

Clearly, we can consider the zero map s, : B_1(H.) — Co(H.) as a section
of ¢, because B_1(#H,) is zero. From Splitting Lemma it follows

(3.1.8) Co(H.) = Im(k) @ s,(B-1(Hs)) = Im(k).

Let us take the basis of Im(k) as uuk(hg“, 0)+p12k(0, hgl’l)7 where (j111, f112)
£ (0,0). By equation (3.1.8), pi1k(hg™,0) + p12k(0, by ') becomes the ob-
tained basis hj of Cy(H.). Letting the beginning basis hy (namely, h? 2%) of
Hy(X2,) be hj, we obtain

(3.1.9) [hg, hy] = 1.
Now, the sequence (3.1.5) for Cy(H.) = Ho(X1,1) & Ho(X1,1) becomes

(3.1.10) 0 — Im(j) = C(Hs) 5 Im(k) = 0

for By(H.), Bo(H.) being Im(j), Im(k), respectively.

By the First Isomorphism Theorem, Im(k) and (Ho(X11) ©Ho(X1,1))/
Ker(k) are isomorphic. Therefore, we can consider the inverse of this isomor-
phism, namely s, : Im(k) — (Ho(21,1) @ Ho(X1,1))/Ker(k), as a section of k.
By Splitting Lemma, we get

(3.1.11) C1(H.) = Im(j) @ s, (Im(k)).

Note that the given basis h; of Ho(X1,1) ® Ho(X1,1) is {(hgl’l, 0), (0, hgl’l)}.
Using the fact that Im(j) is isomorphic to Ho(7y), K; - j(h]) is a basis of
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Im(j), where the non-zero constant K; will be chosen. From the fact that
Im(j) and s, (Im(k)) are 1—dimensional subspaces of the 2—dimensional space
Hy(X11) ® Ho(X1,1) it follows that there exist non-zero vectors (e, €, ), =
1,2 in the plane such that

. 1,1 Y11
(3'1'12) j(hg) = ell(hO O) +eé, (0 h )7
(3.1.13) s, (h"™®)) = ¢ (hJ"",0) + e,, (0, hg ™).

Let us choose the basis h™0) of Im(j) as K1j(hy), where K; = 1/ det E and
E is the 2 x 2 real matrix [e;;]. By equations (3.1.11)-(3.1.13),

{Kilen (057,0) + €, (0,85 )] €, (hg™, 0) + €, (0, hg™) |
is the obtained basis h} for C1(H.). Hence, we have

We now consider the short-exact sequence (3.1.5) for Co(H.) = Ho(y). The
fact that Bo(H.) and By (#H.) are respectively equal to Im(7) and Im(j) yields

(3.1.15) 0 — Im(i) = Ca(H.) L Im(j) — 0.

For j : Ho(y) — Im(j) being an isomorphism, we can take the inverse of j as
a section s, : Im(j) — Ho(y) of j. From Splitting Lemma it follows

(3.1.16) Cy(Hs) = Im(i) & s, (Im(j)).

Recall that in the previous step, we chose j(K1h]) as a basis of Im(j). By
equation (3.1.16) and the fact that Im(:) = 0, we have that the obtained basis
h), of Cy(H.) is Kihy. Thus, by the fact that the given basis hy of Co(H.) is
also hJ, we get

(3.1.17) [, hy] = 1

Considering the space C3(H.) = Hi(X2,) in the sequence (3.1.5) and using
the fact that Bs(#H.), Ba(Hs) equal to Im(h), Im(7), respectively, we obtain

(3.1.18) 0 — Im(h) = Cs(H,) - Im(i) — 0.
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Since Im(7) is zero, we can take zero map s, : Im(i) — H;(X20) as a section
of i. By Splitting Lemma, we have

(3.1.19) Cs(H.) = Im(h) ® s,(Im(i)) = Im(h).

The given basis hHl(ELl)@Hl(El’l) of H1<21’1> D H1 (2171) is

Y11 Y11 Y11 Y11
{(hm' ,0), (07h1,1’ ), (h1,2’ ,0), (07h1,2' )}

From the fact that Im(h) is isomorphic to Hy(21,1) @ H1(21,1) it follows that
we can choose the basis h™(") of Im(h) as

{R((T}',0)), A((0,BT}Y)), A((BT5', 0)), A((0,hy")) } -

By equation (3.1.19), we have that the obtained basis hj of C3(#,) is h'™®),
If we let the beginning basis hs (namely, h;>) of C(#,) as hj, then we get

(3.1.20) [}, hs] = 1.
Let us consider the sequence (3.1.5) for the space Cy(H.) Hi(%11) @

Hi(X11). By the fact that B4(H.), B3(H.) are equal to Im(g), Im(h), respec-
tively, we obtain

(3.1.21) 0 — Im(g) = Cu(H,) 2 Im(h) — 0.

From the fact that h is an isomorphism it follows that we can consider the
inverse of h as a section s, : Im(h) — H1(X11) ® H1(X1,1) of h. The fact that
Im(g) is zero and Splitting Lemma yield

(3.1.22) Cy(Hs) = Im(g) & s,(Im(h)) = s,(Im(h)).

Recall that the given basis hy of Hi(X11) & Hi1(X11) is h1GL)@H(EL)
Moreover, in the previous step, we chose the basis h™®") of Im(h) as

{A((MTY,0)), A0, h7}"), A((hT5", 0)), A((0, hy5") }

It follows from equation (3.1.22) that s,(h'™®) = hH1(Z10)8H(E11) g the
obtained basis h/; of C4(#.). Hence, we have

(3.1.23) [h),hy) = 1.
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Now, we consider the space Cs5(H.) = Hi(7) in the short-exact sequence
(3.1.5). Using the fact that Bs(H.), Ba(H.) equal to Im(f), Im(g), respec-
tively, we get

(3.1.24) 0 — Im(f) < Cs(H.) 2 Im(g) — 0.

Since Im(g) is zero, the zero map s, : Im(h) — H;(7y) can be considered as
a section of ¢g. From Splitting Lemma it follows that

(3.1.25) Cs(H.) = Im(f) @ s,(Im(g)) = Im(f).

The given basis hs of Hy(v) is h]. By equation (3.1.25), we choose the basis
h'™() of Im(f) as h], which is also the obtained basis h} of Cs(#.). Thus,
we obtain

(3.1.26) (b}, hs] = 1.

Finally, considering the space Cs(H.) = Ha(X2) in the sequence (3.1.5) and
using the fact that Bg(H.), Bs(H.) equal to zero, Im(f), respectively, we get

0—>0<—>061>Im(f)—>0.

)
For Im( f) being isomorphic to Ha(32,), we consider the inverse of f as section
(f) = Ha(X2p0) of f. Splitting Lemma results

)

Co(He) = 0@ s, (Im(f)) = s, (Im(f)).

From equation (3.1.28) it follows that f~'(h™()) is the obtained basis hj
of Cs(H..). If we take the basis hg, namely h3>°, of Hy(Xgy0) as f~H (™),
then we get

(3.1.29) [h, he] = 1.

Equations (3.1.9), (3.1.14), (3.1.17), (3.1.20), (3.1.23), (3.1.26), and (3.1.29)
yield

(3.1.30) T(H., {hp}g’ {0}8) _ ﬁ W, hp}(fl)(pﬂ) _1

p=0

Clearly, the natural bases are compatible in the sequence (3.1.1). Then, The-
orem 2.0.2 and (3.1.30) yield us

(3.1.31)  T(S11, (b7 }8)% = Ty, {h]}8) T(Sa0, {h;*}3).
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From Remark 2.0.8 and equation (3.1.31), it follows that

(3132 (D1 (B )] = VT (a0, (B R
Theorem 2.0.6 and equation (3.1.32) finish the proof of Theorem 3.1.1. [

Remark 3.1.2. Suppose that X1 1, X, hizl’l, hfj, and hizz’0 are all as in

Theorem 3.1.1. By Poincaré Duallity, Theorem 3.1.1, and [23, Theorem 4.1],
we have

det A072(22’0)
det p(hlzm, )|

I T(S11, {07 }6)] = J

Here, det Ag2(32,) is the determinant of matriz of the intersection pairing
(*,)o2 1 Ho(X20) X Ha(X20) — R in the bases h*° and hy>°, hy, = {wi}!
is the Poincaré dual basis of H'(Xa0) corresponding to the basis hlzz’0 of
Hi(Y90), I' ={T"1,T2, '3, T4} is a canonical basis for H1(X2y), i.e. i = 1,2,
[; intersects ['i1 o once positively and does not intersect others, and p(h',T') =
[fFi wj] s the period matriz of h%?z,o with respect to T'.

3.2. R-torsion of orientable surface ¥ ,,,n > 2

Proposition 3.2.1. Let ¥, be an orientable surface of genus 1 with bound-
ary circles Sy,...,S,. Fori = 1,....,n, let I; denote the closed disk with
boundary S;. Consider the surface 31 ,—1 obtained by gluing the surfaces 31
and Dy along the common boundary circle Sy (see, Fig. 2). Consider also the
associated short-exact sequence of chain complexes

(321) 0— C*(Sl) — C*(Ely,» D C*(Dl) — C*(El,nfl) — 0,

glue

~,
D; @ ®
Y14 X3

Figure 2: Orientable surface X, 3 is obtained by gluing > 4 and D; along the
common boundary circle 5.
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and the long-exact sequence

H* 0 — Hl(Sl) i) Hl(El,n) £> Hl(El,n,l) i) Ho(Sl)
4 Ho(S1,0) © Ho(D1) % Ho(S1,0-1) = 0
obtained by the Snake Lemma for (3.2.1). Let h'" be a basis of H,(%1,)
and hHO))1 be an arbitrary basis of Ho(Dq), v = 0,1. Then, for v = 0,1 there

exist bases hy, "™ and hS' of H,(X1,,-1) and H,(S1), respectively so that
R-torsion of H, in these bases is 1 and the following formula is valid

-1
T(S1m, {117 }9) = T(S1n-1, {h)1" 1 }g) T(S1, {hy'}5)T(Dy, {hg'}) .

Proof. Using the exactness of the sequence H, and the First Isomorphism
Theorem, we get Im(h) = 0, Im(k) = Hy(X1,,—1), and the isomorphisms
Im(f) = Hy(S1), Im(2) = Hy(S1).

For p =0,...,5, we denote the vector spaces in long-exact sequence H.,
by Cp(H.) and consider the short-exact sequence

(3.2.2) 0 —= Bp(H«) — Cp(H«) = Bp—1(Hs) — 0.

For each p, let us consider the isomorphism s, : By—1(H«) — sp(Bp—1(H+)
obtained by the First Isomorphism Theorem as a section of Cp(H.) —
B,—1(#H.). Then, we obtain

(3.2.3) Cp(Hs) = Byp(Hs) & sp(Bp—1(H.)).-

We first consider the vector space Co(Hs) = Ho(X1,-1) in (3.2.3). Since
Im & is zero, we have

(3.2.4) Co(H.) = Im(j) ® so(Im(k)) = Im(j).

As Im(j) is a 1—dimensional subspace of Hy(X1,,) @ Ho(D;), there is
a non-zero vector (ajy,ajz) in the plane such that {auhozl’" + algh]g)l} is
the basis h™0) of Tm(j). From equation (3.2.4) it follows that h™0) is the
obtained basis hy{, of Co(#.). Since Im(j) is equal to Co(H.), we can choose
the beginning basis hy (namely, h?l‘"_l) of Co(H,) as h'™U), Thus, we get

(3.2.5) [}, ho] = 1.
Considering (3.2.3) for Cy(H.) = Ho(X1,,) @ Ho(D1), we have

(3.2.6) Ci(H,) = Im(i) @ s (Im(j)).
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Recall that in the previous step we chose the basis of Im(j) as h'™) . For
Im(7) being a 1—dimensional subspace of C1(H.), there are non-zero numbers
b11, bio such that {bnhgl’" +b12h]g)1} is a basis of Im(7). Let h!™() he the basis
{Th [bllhgl’" + biohg']} of Im(i). Here, T} is a non-zero constant which will
be determined later.

On the other hand, s;(Im(y)) is also a 1—dimensional subspace of C} (H.).
Thus, there is a non-zero vector (b,,,b,,) in the plane such that the following
equality holds

Sl(hlm(j)) = bglhgl’n + bggh]g)l.

Clearly, the determinant of the matrix B = [b;;] is non-zero. Taking T}
as 1/det B, then from equation (3.2.6) it follows that {h™® s, (h™0))} is
the obtained basis h) of Cy(H.). Since the beginning basis hy of C;(H.) is
{hy*" ' hP'}, we obtain

(3.2.7) (b} hy] =Ty det B = 1.

Next, let us consider the space Co(H.) = Ho(S1) in (3.2.3). Using the fact
that Im h is zero, we have

(3.2.8) Ca(Hs) = Im(h) @ so(Im(i)) = so(Im(7)).

Recall that h™® was chosen in the previous step. It follows from equation
(3.2.8) that sy(h™®) is the obtained basis h} of Cy(H,). Since Cy(H,) is
equal to sy(Im(7)), let the beginning basis hy (namely, h3') of Cy(H,) be
s9(h™®). Hence, we obtain

(3.2.9) [h}, hs) = 1.

We now consider the case of C3(H,) = H1(X1,,—1) in (3.2.3). Because Im(h)
is zero, we have the following equality

(3.2.10) C3(H.) = Im(g) @ s3(Im(h)) = Im(g).

Im(g) is an n—dimensional subspace of the (n+1)—dimensional space Hy (31 ,)
n+1

with the given basis h*1» as { (hlzl»")#} . From this there are non-zero vec-

pu=1
tors (¢cy1,.--,Copt1), ¥ =1,...,n such that

Im(g) ks, >
i :{;W((h;m))}

n

v=1
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is the basis of Im(g). By equation (3.2.10), h™() becomes the obtained basis
hf of C3(H.). Moreover, for C3(H.) being equal to Im(g), let the beginning
basis hs (namely, h7"" ") of C5(H..) be h™(@ Therefore, we have

(3.2.11) b}, hy] = 1.
We now consider (3.2.3) for Cy(H.) = Hi(X1,,). Then, we get
(3.2.12) Ca(Hy) = Im(f) & s4(Im(g)).

For Im(f) being a 1—dimensional subspace of Cy(#.), there is a non-zero
vector (di1,...,d1n41) such that {dl,l (hlzl’")1 +- -+ dipt (hlzlv")nﬂ} is
a basis of Im(f). Let

n') = {TQ [dl,l (hlzw)1 Fo A (hlzm)nﬂ]}

be the basis of Im(f), where T3 is a non-zero constant to be chosen later.

Since s4(Im(g)) is an n—dimensional subspace of (n 4+ 1)—dimensional
space Cy(H.), there are non-zero vectors (dy,1,...,dypt1), ¥ =2,...,n+1
such that the following equality holds

nt1 ntl
sy(h'™(@)) = { > dyy (hlEl ”)M} :

v=2

Clearly, the determinant of the matrix D = [d;;] is non-zero. If we take T
as 1/ det D, then by equation (3.2.12) we have that {h™) s,(h™(9))} is the
obtained basis hl of Cy(#.). For the beginning basis hy of Cy(#H.) being

hlzl’", we get
(3.2.13) [h), hy] = Ty(det D) = 1.

Finally, let us consider the case of C5(H.) = H1(51) in (3.2.3). Since Bs(H.)
is zero, the following equality holds

(3.2.14) Cs5(H) = Bs(H.) @ s5(Im(f)) = ss(Im(f)).

Recall that the basis h™() was chosen for Im(f) in the previous step. By
equation (3.2.14), s5(h'™()) becomes the obtained basis hi of Cs(#.). From
the fact that C5(H.) is s5(Im(f)), it follows that we can take the beginning
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basis hs (namely, h3') of C5(H..) as s5(h™()). Thus, the following equality
holds

(3.2.15) (b}, hs] = 1.

Combining equations (3.2.5), (3.2.7), (3.2.9), (3.2.11), (3.2.13), and (3.2.15),

we have

3216 T 3 00 = T <1

p=0

The compatibility of the natural bases in the short-exact sequence (3.2.1),
Theorem 2.0.2, Lemma 2.0.3, and equation (3.2.16) finish the proof of Propo-
sition 3.2.1. O

Using the arguments in Proposition 3.2.1 inductively, we have the follow-
ing result.

Proposition 3.2.2. Let ¥, ,, be an orientable surface of genus 1 with n > 2
boundary circles Sy,...,S,. Fori =1,...,n, let D; denote the closed disks
with boundary S;. For i = 1,...,n — 1, let X1 ,-; be the surface obtained
from X1, by gluing Dq,...,D; along S1,...,S;. Consider the surface ¥ j,—;
obtained by gluing the surfaces X1 ,—i11 and D; along the common boundary
circle S;, i =1,...,n—1. Let

0— C*(SZ) — C*(Zl,n—i—i-l) D C*(DZ) — C*(Zl,n—i> —0

be the asociated natural short-exact sequence of chain complexes and H.' be
the corresponding long-exact sequence obtained by the Snake Lemma. Let hotr
be a basis of H,(31,) and hy' be an arbitrary basis of Ho(D;), v = 0,1,
i=1,...,n—1. Then, there exist bases respectively hy" and hdi of H,(X11)
and H,(S;), v=10,1,i=1,...,n — 1 such that R-torsion of each H." in the
coresponding bases is 1 and the following formula is valid

n—1

T(S10, (b5 1) = T(S1, b2 1) TTIT(S:, (b5 )T, (b} ]

i=1
Combining Remark 2.0.8 and Proposition 3.2.2, we obtain
Proposition 3.2.3. Let 1, Si, D, S1 i, Hi, b, b2 hy™' hS: be as
in Proposition 3.2.2. Then, the following formula holds
n—1 1
(S0, {5 }o)l = [T(S1, (g 3o)l T T3, {hg}))|

p=1
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Remark 3.2.4. It should be mentioned that following the arguments in Propo-
sition 3.2.1, one has similar result for the sphere Yo,k > 1 with boundary
circles S1,...,Sk. To be more precise, let D; denote the closed disks with
boundary S;, © = 1,..., k. Consider the surface ¥or—1 obtained by gluing
surfaces Yo 1 and Dy along the common boundary circle Sy. Let

0— C*(Sl) — C*(Eo7k) D C*(Dl) — C*(Eg,k_l) —0

be the natural short-exact sequence of chain complexes.
Let us first consider the case k > 2. The associated long-exact sequence
obtained by the Snake Lemma is

H.:0 — Hi(S)) EN Hi(Zox) 2 Hi(Zox-1) XS Hy(S1)
2 Ho(Sox) @ Ho(Dy) 5 Ho(Sop_1) 25 0.

If for v = 0,1, h>"* s a basis of H,(So) and hg' is an arbitrary basis of

Ho(Dy), then there are bases respectively hy,>*™ and hS' of H,(Xox-1) and
H,(S1), v = 0,1 so that R-torsion of H. in these bases equals to 1 and the
following formula holds

~1

T(So e, {124 }5) = T(So k-1, {1y }g) T(S1, {by }o)T(D1, {hg"})
Let us consider the case k = 1. The corresponding long-exact sequence H, is
0 = Hy(S00) L Hi(S1) % Ho(S1) % Ho(S01) & Ho(Dy) 2 Hy(So0) 25 0.

Let b be a basis of Ho(X0.1). Let hg* and hi* be arbitrary bases of Ho(Dy)
and Hy(S1), respectively. Then there exist respectively bases hgl, h§°"° of
Hy(S1), Hy(200), v = 0,2 such that R-torsion of H. in these bases equals to
1 and the following formula is valid

T(So1. {hg"'}) = T(Soo, {hg"",0,h3°"}) T(Sy, {h5'}3)
(3.2.17) < T(Dy, {h2'}) .

Equation (3.2.17) suggests a formula for R-torsion of closed disk D. More
precisely, by the fact that R-torsion of a chain complex C, of length m can
be considered as an element of the dual of the one dimensional vector space

;"zo(det(Hp(C)))(*l)p [19, Theorem 2.0.4.], we have T(Dy) is a non-zero



Connected sum of orientable surfaces and Reidemeister torsion 533

linear functional on the one dimensional real vector space Hy(Dy). Thus, con-
sidering the basis hg' of Ho(IDy) so that T(Dy, {hg*}) = 1 and using equation
(3.2.17), one has the following formula for R-torsion of closed disk

(32.18)  T(Sos, {hg™'}) = T(Sop, {hg"",0, 03" }) TS, {b57}5).

Moreover, from Remark 2.0.8 and Theorem 2.0.6 it follows that

)

(3.2.19) ‘T(Em, {hEO’I}(l))' = '(hgo’oa hgo’o)

0,2

where (-, -)072 : Ho(X0,0) X H2(X0,0) = R is the intersection pairing of sphere
0,0

Note that equation (3.2.19) suggests a formula for computing R-torsion
of closed disk X1 in terms of R-torsion of sphere ¥g .

Figure 3: Orientable surface ¥, 3 is obtained by gluing >;; and ;4 along
common boundary circle ;.

The following result proves a formula for R-torsion of X, , in terms of
R-torsion of the surfaces 3,11 and X ,,41 and also circle. More precisely,

Proposition 3.2.5. Let g > 2 and n > 1. Consider the surface X, obtained
by gluing the surfaces Xy_11 and X1 ,41 along the common boundary circle
7 (see, Fig. 3). Consider also the associated short-exact sequence of chain
complexes

(3220) 0— C*(’)/l) — C*(ngl,l) D C*(EIJH»I) — C*(Eg,n) — 0,
and the long-exact sequence

He:0 — Hi(m) ER Hi(3g-11) ® Hi(X1n41) 2, Hi(3g5)
5 Ho(m1) 5 Ho(Zg-11) @ Ho(S1041) 2 Ho(Sgn) 2 0

)

obtained by the Snake Lemma for (3.2.20). Let h.”" be a basis of H,(34,),
v =0,1. Let h)* be an arbitrary basis of H,(v1), v = 0,1. Then, there exist
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bases h>e~* gnd ho*"+ of Hy(Xg-11) and H,(X1,41), v = 0, 1, respectively
such that R-torsion of H. in the corresponding bases is 1 and the following
formula holds

TSy {BZ ")) = T(Spra (B3 1}3) TSy ppn, {51 13)
X T(, (b3 ).

Proof. First, we denote the vector spaces in H, by Cp(Hs), p=0,...,5. For
each p, the exactness of H, yields the following short-exact sequence

0 — By(H.) — Cp(Hy) = Bp_1(H.) — 0.

For all p, considering the isomorphism s, : B,_1(H.) — $p(Bp—1(H.)) C
Cp(H.) obtained by the First Isomorphism Theorem as a section of Cp(H.) —
Bp_l(H*)7 we obtain

(3.2.21) Cp(Hy) = Bp(H) ® sp(Bp-1(Hy))-

Let us consider the space Cy(H.) = Ho(Xg,) in (3.2.21). From the fact that
Im(k) is equal to zero it follows

(3.2.22) Co(H.) = Im(j) ® so(Im(k)) = Im(j).

Let us choose the basis of Im 7 as hg o™ From equation (3.2.22) it follows that
the obtained basis h{, of Cy(H.) becomes h(? #" . Since the given basis hy of
Co(H.) is also h?g’", we have

(3.2.23) (), h = 1.
Next consider C1 (M) = Ho(Xg-11) ® Ho(X1,n41) in (3.2.21), we get
(3.2.24) C1(H.) = Im(i) @ s1(Im(5)).

As i is injective, let i(hg 1) be the basis of Im(7). In the previous step, we chose
h? 7" as the basis of Im(7). Thus, by equation (3.2.24), the obtained basis h)
of C1(H.) becomes {i(hgl),sl(hgg’”)}.

Hy(X4-1,1) and Hp(X1,4+1) are both 1—dimensional subspaces of the
2—dimensional space C(H.). Thus, there exist non-zero vectors (a1, a,2),
v = 1,2 such that {a11i(h]") + algsl(hg"]’")} is a basis of Hyp(X4-1,) and

{aoi(h") + a2281(h§g’n)} is a basis of Hy(X1 ,41). Clearly, the 2 x 2 matrix
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A = [a,,] is invertible. Let hy? "' denote the basis {(det A)~Y[ayyi(h]") +
arzs1(hy?™))} of Hy(X4-11) and h)'"*' denote the basis {api(h]") +
azzsl(hgg’")} of Hy(21,+1). Considering {h?"fl’”,h?l’"“} as the beginning
basis hy of C(H.), we have

(3.2.25) (b}, hy] = 1.

Now, consider (3.2.21) for the space Co(H.) = Ho(y1). For h being the zero
map, we get

(3.2.26) Co(H.) = Im(h) ® s2(Im(7)) = s2(Im(7)).

Recall that the basis of Im(7) was chosen previously as i(hg'). From this and
equation (3.2.26) it follows that the obtained basis h), of Cy(#.) becomes h{'.
From the fact that the beginning basis hy of Cy(H.) is h]' it follows

(3.2.27) [h5, hy] = 1.
Let us consider C3(H.) = H1(X,,,) in (3.2.21). Obviously, we have
(3.2.28) Cs(H+) = Im(g) & s3(Im(h)) = Im(g).

Let us choose the basis of Im(g) as h}*" = {(h;*"),}?1"~!. By equation
(3.2.28), we get the obtained basis h% of C5(H.,) as hIE”’". The fact that the
beginning basis hs of C5(H.) is also hlzg’" yields

(3.2.29) [}, hs] = 1.
Considering the space Cy(Hy) = Hi1(Xg-1,1) B H1(X1,n41) in (3.2.21), we have
(3.2.30) Cy(H.) = Im(f) @ s4(Im(g)).

As f is injective, we can take the basis of Im(f) as f(h]"). In the previous
step, we chose the basis of Im(g) as hlzg"”. Then, from (3.2.30) it follows that
the obtained basis h of Cy(H.) becomes {f(h]"), 54(h12“”")}.

Since Hi(¥g-1,1) and Hi(¥X1,41) are respectively (2g — 2) and (n +
2)—dimensional subspaces of the (2g + n)—dimensional space Cy(H.), there
are non-zero vectors (by1, ..., by(2g4n)); ¥ = 1,...,2g 4+ n such that

2g+n—1 - 2
Z bz/u54(h1/ihn) + by(?g—}—n)f(h’lh)
pn=1 v=1
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is a basis of Hi(X1,41) and

2g9+n

2g+n—1
Z b vpS4 hlu + bu(2g+n)f(h1 )

v=n—+3

is a basis of H1(X4_1,1). Moreover, the (29 + n) x (29 + n) matrix B = [b,,]
has non-zero determinant. Let us choose the basis hlzl’"“ of Hi(%],,,1) as

2g+n—1 .
(det B)_l Z [b1u54(h15’n) + b1(2g+n)f(hfl)]v

pn=1
2g+n—1 2tn
Z bz/,u34 hlu + bu(2g+n)f(h1 ) )
v=2
and let the basis h;* ™" of Hy(X4-11) be

2g+n

2g9+n—1
Z bl/,u54 ‘I' bu(29+n)f(h1 )

v=n+3

If we consider {h* "' h*"*'} as the beginning basis hy of Cy(7,), then we
have

(3.2.31) (b}, hy] = 1.

Finally, we consider (3.2.21) for the space Cs5(H.) = Hi(y1). The fact that
Bs(H.) equals to zero gives us the following equality

(3.2.32) C5(H.) = Bs(Hs) ® s5(Im(f)) = s5(Im(f)).

In the previous step, f(h]') was chosen as the basis of Im(f). By equation
(3.2.32), the obtained basis hf of C5(#.) is hi". As the beginning basis hs of
Cs(H.) is also h]', we get

(3.2.33) [hi, hs] =
Combining equations (3.2.23), (3.2.25), (3.2.27), (3.2.29), (3.2.31), (3.2.33),

we obtain

5

(3.2.34) T(H., {hy}5, {035) = [T (5. hy)]

p=0

(—=1)tD) _1
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Compatibility of the natural bases in the short-exact sequence (3.2.20), The-
orem 2.0.2, and equation (3.2.34) end the proof of Proposition 3.2.5. O

By Proposition 3.2.2 and Proposition 3.2.5, we have

Theorem 3.2.6. Let ¥,,,9 > 2,n > 1 be an orientable surface with
boundary circles Si,...,S,. Consider ¥, as the connected sum 1o - --
#X00# L1, (see, Fig. 1). From left to right let v, ...,v4-1 be the circles
obtained by the connected sum operation. For i € {1,...,9 — 1} and j €
{1,...,n}, D, Dg; be the closed disk with boundary circle v;, S, respec-
tively. Fori € {1,g— 1}, let ZYfl be the torus with boundary circle v; and for
ie{l,...,g—2}, let EY:‘{“’“ be the torus with boundary circles v;,viy1. As-

sume hy®™ is a basis of H,(¥gn), v=0,1. Forie {1,...,g—1}, v € {0,1},

assume )i is an arbitrary basis of H,(v;). Moreover, for j € {1,...,n},
ke{2...,9—1}, assume hDSj and h]D)ch are respectively bases of Hy(Ds,)
and Hy(D,,). Then, for v = 0,1, there exist bases h,,11 h,,11 h,?l’l; ’ l,
(W)Y ,i=2,...,9—1, h% &k =1,...,n so that the following formula s
valid
21“1 g—1 ’1Y171
T(Xgm, {hyo"}o) = T(E]4, {h"'}o) TS {™ }o)
g_l 1 'Yz
1,71 ) iy
x [T T g A 1) HT (75, {hY'}o) ™"
=2
9l N1 D, .1
X H[T(Vlv {(hzl) }O)T(]D)'Yi’ {hO’YI}) ]
=2
n D 1
< JTIT(Sk, {h7*}0)T(Ds,, {he™}) ].
k=1

Here, E?f{l’% 1s the torus with boundary circle ~v;_1 which is obtained by glu-

ing Efg‘l’% and the closed disk D., along the common boundary circle ;.

L,Yi __

(W) is the basis of y; by considering Nt = E%‘lm Uy, D,, and applying

Proposition 3.2.2.
From Remark 2.0.8, Remark 3.2.4, and Theorem 3.2.6 it follows that

Ds.

Theorem 3.2.7. Let ¥y, Sj, %, Doy, g,y 74, 2757, by, by, hy ™

)

Wg 1 »Yi-1%

hDW’“, h, Zih , hy Sl , hytt (h;’j)l, h5% be as in Theorem 3.2.6. Then, we
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have
21“1 g—1 Z¥g171
IT(Sgn, {hyom o)l = TSV, (b 3o) TS {h™ 3ol
g—1 o~ 2%'711;; )
< [T i )
i=2
=~ Dy -1 T Dsj,yy—1
< [T IT(Dy,, {hy DI T ITDs,, {hy ™ })| 7"
i=2 k=1

Using the same arguments in Proposition 3.2.5, we obtain

Theorem 3.2.8. Let Xy0,9 > 2 be a closed orientable surface. From left to
right let v1,...,74—1 be the circles obtained by the connected sum operation
for¥g0 (See Fig 1). Consider the surface ¥4 obtained by gluing the surfaces
Yg—1,1 and X1 along the common boundary circle yg_1. Let

0— C*('Yg—l) — C*<Zg_171) D C*(Zl,l) — C*(ng) —0

be the associated short-exact sequence of chain complexes and let

H* 0 — HQ(Eg}O) i) Hl(’}/l) i) Hl(Eg_l’l) D Hl(ELl) i) Hl(Eg@)
ﬁ) H()(")/l) N HO(ngl,l) D HO(ELl) i) H()(Egp) i) 0

be the corresponding long-exact sequence obtained by the Snake Lemma, where
the connecting map 9 is an isomorphism. Let h2*° be a basis of H)(X40), v =
0,1,2. Let h{*" = 5(h§“"0) be the basis of Hi(v4—1) and h)*™" be an arbitrary
basis of Ho(vg—1). Then, there are bases hy ' and hy"' of H,(X4-1,1) and
H,(¥11), v = 0,1, respectively such that R-torsion of H. in the corresponding
bases is 1 and the following formula holds

T(Sg0, {h°}5) = T(Zg-11, {hyo ' }) T(X0a, {hy}p)
x T(yg-1, {7~ }o) "

Combining Theorem 3.2.6 and Theorem 3.2.8, we have the following re-
sult.

Theorem 3.2.9. Let X, v, and ¢ be as in Theorem 5.2.8. Let D, be the
closed disk with boundary circle v;,i=1,...,9—1. Fori € {1,g—1}, let EYfl
be the torus with boundary circle ~; and fori € {1,...,g9 — 2}, let 15" be

the torus with boundary circles ~;,vir1. Assume h>*° is a basis of H,(4,0),
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v=0,1,2. Forie{l,...,g—1}, v € {0,1}, assume h}’ is an arbitrary basis
of H,(7;) such that h]*™" = 5(h29°) Assume also that for k € {1 cg— 1}

h](?wk is a basis of Hy(Dy, ). Then, for v = 0,1, there are bases hl, i h?l v
hfl‘l; | 1, (h)" i=2,...,9 — 1 so that the following formula is valid
2’1»/11 g ’1‘/9'1 !
T(Sg0, {h;"}p) = TET (™ 1)TEN ™ }o)
-1 o ~1
X H (211 i {hu“ Yo) H T(v;, {h) }o) ™
=2 j=1

xH (3, {02 I)T(Dy,, b)) .

ere, X2{'7"" is the torus with boundary circle ;1 which is obtained by gluing
H Z;’flly the t th bound l hich bt d by gl
Eﬂl’fl’l’% and the closed disk D, along the common boundary circle ;.

By Remark 2.0.8, Remark 3.2.4, and Theorem 3.2.9, we have the following
result
E Z"/g—l

Theorem 3.2.10. Let ¥, Z;’ffl, ML M i D.,, hy Y90 h, Mt hy
Z’Yifl"yi

h, "' h]g)” be as in Theorem 3.2.9. Then, the following formula holds

’qu

IT(Sg0, (b5 }o)l = IT(EYlp{hu“}o)\ IT(EE ,{hu“ Yol

g—1 7

i—1,Yi 11 ‘ D, -1
| iy T ) H|T(D%,{h0 Bl
=2 =2

-1

X
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