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Abstract: The estimate of integral points in an n-dimensional
polyhedron has many applications in singularity theory, number
theory and toric geometry. The third author formulated Yau Num-
ber Theoretic Conjecture which gives a sharp polynomial upper
estimate on the number of positive integral points in n-dimensional
(n > 3) real right-angled simplices. The previous results on the con-
jecture in low dimension cases (n < 6) have been proved by using
the sharp GLY conjecture. However, it is only valid up to 6 dimen-
sion. The Yau Number Theoretic Conjecture for n = 7 has been
shown with a completely new method in [22]. In this paper, on
the one hand, we use similar method to prove the conjecture for
n = 8 case, but with more meticulous analyses. The main method
of proof is summing existing sharp upper bounds for the number
of points in seven-dimensional simplex over the cross sections of
eight-dimensional simplex. This is a significant progress since it
sheds light on proving the Yau Number Theoretic Conjecture in
general case. On the other hand, we give a new sharper estimate of
the Dickman-De Bruijn function ¢ (z,y) for 5 <y < 23, compared
with the result obtained by Ennola [5].
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1. Introduction

Let T'(a1, a2, ...,a,) be an n-dimensional simplex defined by the inequality
T T T

(1) - !
ap  a an

where x1,23,...,2, > 0 and a; > a2 > --- > a, > 1 are real numbers. Let

P, = P(ay,as,...,a,) and Q,, = Q(a1,az,...,a,) be defined as the number
of positive and nonnegative integer solutions of (1), respectively. If we let
aza%—k--—i—ai,then

Q(ai,...,an) = Pla1(1+a),...,a,(1 4+ a)).

Therefore, the study of P, and @, are equivalent.

The general problems of counting the numbers P, and @), have been a
challenging problem for many years. Tremendous researches have being done
to develop the exact formula for P, or @), in case aq,...,a, are integers.
Mordell [12] gave an exact formula for Q3 with a1, ag and ag relatively prime.
Pommersheim [14] extended this result to arbitrary integers aj,as and as
using toric variety techniques and a result of Ehrhart [4]. The exact formula
is complicated, it involves large generalized Dedekind sum. Therefore, we
need a sharp upper estimate of P, in terms of a polynomial in aq,...,ay.
The polynomial upper estimate of P, is a very active research topic and has
many applications ([6], [8], [9], [10]). On another seemly unrelated research
field, such estimates have important applications in singularity theory ([1],
[7], 18])-

Let f: (C™,0) — (C,0) be a holomorphic function with an isolated crit-
ical point at the origin and V = {z € C": f(z) = 0}. The geometric genus
pg is defined to be dimT'(V — {0}, Q" 1) /L*(V — {0}, Q" 1), where Q"1 is
the sheaf of germs of holomorphic (n — 1)-forms on V' — {0}. And the Milnor
number g :=dim C{z1,...,2,}/(fz,- .., [2,) where f, :=0f/0z.

In 1978, Durfee [3] made the following conjecture:

Durfee Conjecture. Let (V,0) be an isolated hypersurface singularity
defined by a holomorphic function f: (C™,0) — (C,0). Let u be the Milnor
number and pq be the geometric genus of (V,0). Then nlpg < p.

If f(z1,...,2,) is a weighted homogeneous polynomial of type
(wi,...,wy), where wi,...,w, are fixed positive rational numbers, i.e.,
f can be expressed as a linear combination of monomials 27" ...z} for
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which i1 /wy + -+ + i, /wy, =1, then Merle and Teissier [13] showed that
pg is exactly the number P(wi, ..., wy,). Milnor and Orlik [11] proved that
uw=(wy —1)...(w, —1). Therefore Durfee Conjecture is a special case of
the following theorem, which was proved by Yau and Zhang [21]:

Theorem 1.1 (GLY rough estimate). Let ay,...,a, be positive real
numbers greater than or equal to 1 and n > 3. Then

(2) n!P(ai,...,an) < (a1 —1)(a2 —1)...(an — 1).

However, the estimate in the above theorem is not sharp enough to
provide a solution of the following problem:

Problem. (cf. [24], [25]) Let f: (C™,0) — (C,0) be a holomorphic func-
tion with an isolated critical point at the origin. Find an intrinsic character-
ization for f to be a homogeneous polynomial after a biholomorphic change
of coordinates.

In 1971, Saito [16] gave an intrinsic characterization for f to be a
weighted homogeneous polynomial.

Theorem 1.2 (Saito). Let f: (C",0) — (C,0) be a holomorphic function
with an isolated critical point at the origin. Then f is a weighted homoge-
neous polynomial after a biholomorphic change of coordinates if and only if
W =T, where p s the Milnor number and

T:dimC{Z]_,...,Zn}/(fvlea"'vfzn)

is the Tjurina number of the singularity.

The above Saito’s theorem is generalized to isolated smoothable Goren-
stein surface singularities in [2].

To find a necessary and sufficient condition for f to be a homogeneous
polynomial, the third author made the following conjecture [7, 21]:

Yau Geometric Conjecture. Let f:(C" 0)— (C,0) be a weighted
homogeneous polynomial with an isolated singularity at the origin. Let u,
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pg and v be the Milnor number, geometric genus and multiplicity of singu-
larity V.= {z : f(2) = 0}, respectively. Then

(3) n—= h(”) > n!pg

where h(v) = (v —1)" —v(v—1)...(v —=n+1). The equality holds if and
only if f is a homogeneous polynomial after a biholomorphic change of coor-
dinates.

This conjecture together with Theorem 1.2 give an intrinsic characteri-
zation for a holomorphic function f to be a homogeneous polynomial after a
biholomorphic change of coordinates. In order to prove this conjecture, Lin,
Yau [8] and Granville formulated

Conjecture (GLY Sharp Estimate). Letn > 3. Ifa; >as > -+ > a, >
n — 1. Then

n—2

s(n,n—1) s(n,m—1-=1)

4 P, < fn = A + ——= A7 __
(4) nlP, < f ot " 1+§

= (")

where s(n, k) is the Stirling number of the first kind defined by the following
generating function:

n—1
Al

n

:c(gv—1)...(ac—n—i—1):z:s(n,k:)acl’C

k=0

and A} is defined as

Al = (H a;)( Z ﬁ)
Pl i Qiy - QG

fork=1,2,...,n— 1. Equality in (4) holds if and only if a1 = --- = ay, are
integers.

The GLY Sharp Estimate conjecuture is verified for n = 4,5,6 (cf. [23],
[1]) and there is a counter-example for n = 7 [18]. Therefore, Wang and Yau
[18] modified it as follows:

Conjecture (Modified GLY Conjecture). There exists an integer y(n)
which depends only on n such that the sharp estimate (4) holds when aq >
ag > - >ap > y(n).
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In order to overcome the difficulty that GLY sharp estimate is only true
when a,, is larger than y(n), a positive integer depending on n, the third
named author proposed a new sharp upper estimate which is motivated by
the Yau Geometric Conjecture, The importance of this conjecture is that we
only need a, > 1 and hence it is more useful.

Yau Number Theoretic Conjecture. Let

x X x
Pn:Pn(a1>a2>'-->an):#{(wla-'wxn)EZ:L-:CTI‘FCTQ—I—---—i——nSl},
1 2

an

where n > 3, ay > ag > -+ > ap > 1 are real numbers. If P, > 0, then

n n—1
(5) nlP, < [J(ai = 1) = (an — )" + [ ] (an — i)
i=1 i=0
and equality holds if and only if a1 = ao = - -+ = a, are integers.

Obviously, there is an intimate relation between the Yau Geometric Con-
jecture and the Yau Number Theoretic Conjecture. Let f: (C™,0) — (C,0)
be a weighted homogeneous polynomial with an isolated singularity at the
origin. The multiplicity v of f at the origin is given by inf{n € Z; : n >
inf{wi,...,wy}}, where w; is the weight of z; and a rational number. In case
the minimal weight is an integer, the two conjectures are the same. However,
in general, these two conjectures do not imply each other, although they are
intimately related.

The Yau Number Theoretic Conjecture has already been verified for
n <7 (cf. [19], [20], [6], [9], [10], [22]).

Theorem 1.3 ([22]). Let a; > ag > --- > a7 > 1 be real numbers. Let Py
be the number of positive integral solutions of % 4+ 2—; <1.If P >0,
then

7 6
(6) 5040P; < g7 == [ J(ai = 1) = (a7 = 1)" + [ [ (a7 — j)
i=1 j=0
and equality holds if and only if a1 = ao = -+ = a7 € Z.

In this paper, we will prove the conjecture for n = 8:
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Theorem 1.4 (Main Theorem A). Let Pg= Ps(ai,az,...,as) =
#{(x1,...,8) GZ?Ir : i—i%—%—l—-'-—i—% < 1}, where a1 > ag > -+ > ag >
1 are real numbers. If Ps > 0, then

S'Pg §(a1 - 1)(&2 - 1) e (ag - ].) - (ag - ].)8
(7) —l—ag(ag—l)...(ag—?)

and equality holds if and only if a1 = ag = - -+ = ag are integers.

The proofs of the Yau Number Theoretic Conjecture for n < 6 relied on
the GLY sharp estimate, which is only true for n < 6. Therefore the proofs
cannot be generalized to higher dimension. The third and fourth author
[22] verified the conjecture for n =7 using a completely new method. In
this paper, the similar method has been applied to prove the conjecture for
n = 8, but with more meticulous analyses. This significant progress takes
us one step closer to prove the Yau Number Theoretic Conjecture in full
generality.

On the other hand, such estimates could also be applied in number
theory. Recall that a smooth number is a number with only small prime
factors. Given an integer y, the number m = plf pl; ...pln is called y-smooth
if all its prime factor p; < y fori =1, ..., n. Smooth numbers play important
roles in factoring and primality testing [15]. It is of great importance to know
the number of y-smooth integers less than or equal to x, which is denoted
by ¥(x,y), called the Dickman-De Bruijn function. One of the central topics
in computational number theory is the estimate of ¢ (x,y) ([10]). In fact,
the computation of ¥ (z,y) is equivalent to compute the number of integral

points in an k-dimensional tetrahedron A(aq,as9,--- ,ax) with real vertices
(a1,0,---,0),--+,(0,---,0,ar). Let p1 < ps <--- < p denote the primes
up to y. Suppose that plf pl; e pf,: < z, computation of ¥ (z,y) is equivalent
to counting the number of (I1,ls, - ,l;) € Z%, such that
Ll—l-ll%---'—l-lfk <1, wherea; = 1ng.
ar  a a logp;

Therefore, 1(z,y) is precisely the number @y, of (integer) lattice points inside

the n-dimensional tetrahedron (1) with a; = llggg]f, n==Fk andl <i<k.
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Ennola [5] gave both lower and upper bounds for the ¢ (z,y):

k
(logz + 3 logp;)"*

logz)* iz
() B ey < =
E!TT logps E!'TT logpi
i=1 i=1

which yields

Theorem 1.5. (Ennola, [5]) Uniformly for 2 <y < /logzlogyz, we have

that

1 logz 2

o) = 1 TG+ 06 o)

As an application, we give a new sharper estimate of the Dickman-De
Bruijn function ¢ (z,y) for 5 <y < 23, compared with the result obtained
by Ennola. We prove that

Theorem 1.6. (Main Theorem B, Estimate of ¥ (x,y)) Let 1(x,y) be the
function as before. We have the following upper estimate for 5 <y < 23:
(1) when 5 <y <7 and x > 5, we have

1 1
< f_ -
~6 log2log3logb

1
- m[(logw +1og 6)% — (log z + log 6 + log 5)(log x + log 6)
og

(log x + log 6 — log 5)] };

U(x,y) (log x + log 15)(log = + log 10) (log x + log 6)

(II) when 7 <y < 11 and x > 7, we have

T

—24 "log2log3log5log 7
(log x + log 42)(log = + log 30)

Y(z,y) (log z + log 105) (log = + log 70)

1
— W[(logw +log 30)* — (log z + log 7 + log 30)
0g

(log x + 1log 30)(log x 4 log 30 — log 7)
(logz + log 30 — 21log 7)] };

(III) when 11 <y < 13 and x > 11, we have

(log = + log 1155)

1 1
120 “log2log 3log5log 7log 11
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(log x + log 770)(log = + log 462) (log = + log 330)(log = + log 210)

1
— —=—[(log z + log 210)° — (log z + log 11 + log 210)
log” 11

(log z + log 210)(log « + log 210 — log 11)(log x + log 210 — 21og 11)
(log z +1og 210 — 3log 11)]}.

(IV) when 13 <y < 17 and x > 13, we have

1 1
720 "log 2log 3log 5log 7log 11 1log 13

(log = + log 10010)(log = + log 6006 ) (log = + log 4290)
(log = + log 2730)(log = + log 2310)

(log z + log 15015)

1
— —%——[(logz +log 2310)° — (log « + log 13 + log 2310)
log” 13

(log z 4 log 2310)(log = + log 2310 — log 13)
(log z + log 2310 — 21og 13)(log 2 + log 2310 — 31og 13)
(log z + log 2310 — 41og 13)] }.

(V) when 17 <y < 19 and x > 17, we have

1 1
V(@ y) < 5040 { log 2log 3log 5log Tlog 11log 13 1log 17
(log x + log 170170)(log = + log 102102) (log = + log 72930)
log x 4 log 46410)(log = + log 39270)(log = + log 30030)
log x + log 30030)” — (log z + log 17 + log 30030) (log = + log 30030)

(
(
(log z + 1og 30030 — log 17)(log = + log 30030 — 21log 17)
(
(

(log x + log 255255)

log x 4 log 30030 — 31og 17)(log = + log 30030 — 4log 17)
log = + 1og 30030 — 51og 17)]}.

(VI) when 19 <y < 23 and x > 19, we have

1 1
P(z,y) < {
40320 "log2log 3logHlog 7log 111og 131og 17 1log 19
log x + log 4849845)(log = + log 3233230) (log x + log 1939938)
log = + log 1385670) (log = + log 881790)

log = + log 746130) (log = + log 570570)

~ o~ o~ o~

log x 4+ log 510510) — 1

——[(log z + log 570570)%—
0g8 19[( g g )
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log z + log 19 + log 570570) (log = + log 570570)

log x 4 log 570570 — log 19)(log x + log 570570 — 21og 19)

log z + 1og 570570 — 31og 19) (log « 4 log 570570 — 4 log 19)
log x 4+ log 570570 — 51og 19)(log x 4 log 570570 — 61og 19)]}.

o~ o~~~

Remark. For comparison, the Ennola’s upper bounds (see (8)) for5 <y <
23 are listed:
(1):5<y<7andxz>5,

(logz + log30)3

<
v(@,y) < 6log2log3logh

(2):7<y<1l and z > T,

W(w,y) < (logz + log210)*
77— 24log2log3logblogT

(8): 11 <y <13 and z > 11,

W(ay) < (logz + 1og2310)°
)= 120log2log3loghlogTlog 1 1

(4): 13 <y < 17 and x > 13,

W(o,y) < (logz + log30030)°
Y= 720log2log3logblog7logl1logl3

(5): 17 <y <19 and x > 17,

bey) < (logz + log510510)7
Y= 5040log2log3logblog7logl1logl3logl7

(6): 19 <y <23 and = > 19,

boy) < (logz + 10g9699690)8
x .
Y= 40320log2log3loghlogTlogl1logl3logl7logl9

It is easy to see that our upper bound of V¥(x,y) is substantially better
than the one obtained by Ennola. For example, in 19 <y < 23 and x > 19
case, though the coefficient of (logz)® in our estimate is same as Ennola’s,
but our coefficient of (logx)” is

1 [ 1
40320

(log4849845 + 103233230 + 10g1939938 + log1385670
log2log3 . . .logl9
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+10g881790 + log746130 + logh70570 + log510510) —

=—| ~ 0.007744154691
log‘19

which is smaller than Ennola’s

1 8log9699690

~ 0.008950128404.
40320 log2log3logblog7logl1logl3loglTlogl9

We use Maple 18, a symbolic computation software, to deal with tremen-
dous involved computation.

2. Two Lemmas
The following two lemmas can be used to identify the positivity of polyno-
mials in some restricted domains. We shall use it frequently in the proof of

the Main Theorem A.

Lemma 2.1 ([18] Lemma 3.1). Let f(8) be a polynomial defined by

(9) 1) =3 cp
i=0
where 5 € (0,1). If for any k=0,1,...,n
k
(10) d >0
i=0

then f(5) >0 for € (0,1).

Lemma 2.1 is easy to use. However, the condition of Lemma 2.1 is too
strong. In general case, we can use the following lemma.

Lemma 2.2 (Sturm’s Theorem). Starting from a given polynomial
X = f(x), let the polynomials X1, Xo, ..., X, be determined by Euclidean
algorithm as follows:

Xl - f/(l') )
X
(11) X1 = QX2 — X3,

I
S
o
|
2
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where deg Xy > deg Xy11 for k=1,...,r—1. For every real number a
which is not a root of f(x) let w(a) be the number of variations in sign
in the number sequence

X(a),X1(a),..., X, (a)

in which all zeros are omitted. If b and ¢ are any numbers (b < c¢) for which
f(x) does not vanish, then the number of the various roots in the interval
b < x < c(multiple roots to be counted only once) is equal to

w(b) — w(c).

Proof. See [17]. O

It can be seen that the computation in Lemma 2.2 is more complicated than
that in Lemma 2.1. We prefer Lemma 2.1 when it works.

3. Proof of the Main Theorem A

We will prove the Main Theorem A (i.e. Theorem 1.4) by induction. Let

gn(at,...,an) = (a1 —1)...(ap — 1) — (ap, — )"
+an(an —1)...(an — (n—1))

be the right hand of (5). Let k be the possible integer such that 1 < k < |ay],
where |a,| is the biggest integer less than or equal to a,. For each k, we
have an (n — 1)-dimensional simplex

k
(12) 7"‘7“’_"'_’_7§1)x15$25"'7xn—120'

ay a2 Qp

Let PT(L]{”_)1 be the number of positive integer solution of (12). Clearly,
(13) p,=S p¥

Since we already know that the Yau Number Theoretic Conjecture is true
for n =7 by Theorem 1.3, we want to prove that gs(aq,...,a7) is greater
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than or equal to the sum of g;’s, the upper estimate of seven-dimensional
layers in T'(a1, ag, ..., as).

Let m be number of seven-dimensional layers in eight-dimensional sim-
plex, i.e. P7(m) >0 and P7(m+1) =0, where P7(k) =#{(z1,...,27) € ZZF :
%+---+%+aﬁs§1}, where 1 <k <m, a; > ay > --->ag > 1 are real
numbers. Let

- k k
Am = gg(al,...,ag)—8kzlg7(a1(l—(18),...70,7(1—%))
= (a1—1)...(@8—1)—(ag—1)8+a8(a8—1)...(a8—7)
- k k k
— 1——)=1) ... (a7(1 = =) =1) = (a7(1 = =) = 1)7
S @1 ) =D arll = ) =) = (erll = ) =)
k k k
+az(1 - ;8>(G7(1 - ;8) —1)...(ar(1 - UTS) —6)]
be the difference between gg(ay, ..., ag) and the sum of g7’s. We should prove

that A,, > 0 under the condition of the Main Theorem A.
Since P7(m) = #{(2v1,...,27) € ZT : D24+ T+ <1}, et a=
1-2¢€ (0,1), A; = a;a, for i = 1,...,7, then we have

(14) S Y|
and

i m—k+ ka m—k+ ka
gr(m) = Y gr( Ry ke

— mao mao
Al A7 m
Anp(Ag,... A =g(—,...,—,——) —8 )
m( 1, ) 7,05) 98( a’ a1 —Ck) g7(m)
Let By be ep(Ai,..., A7), the elementary symmetric polynomial, for

k=0,...,7, that is, Brp = A1... A7 Y 1o . ci <7 ﬁ. For example,
>~ Uk > iq Ly
B7’0 =Ay... A7, B776 =A1+---+ A7 and B7’7 = 1. Then

gr(m) :Z(wAl _1)‘_.(WA7_1)

1 mao mao
om—k+k
_ E :(uA7 )7
mao

k=1
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S m—k+ka m—k+ka m — k + ka
A A —-1)...(——A7—6
+ ; ma d mao 7D mao 7= 0)
" m—k+ ka m—k+ ka m—k + ko
=> I ) Bro — ( )°Br1 + ( )’ B2

— ma ma mao

m—k+ ka m — k + ka m — k + ko
—( )*Brs + ( )’Bra — ( )’Brs

ma mao ma
m—k+ ka
( )Br.6 + Br7]
ma
= m—k+kag ¢ m—k+ka 5 s
—14(———)*A 154(———)°A
+ ;[ ( o )7 A7 + 154( o )7 A7
—k+k —k+k
_ 700(u)4A‘% + 1589(u)314§
ma ma
—k+k —k+k
_ 1743(m7—|—a)2A% + 713(u)A7 +1].
ma ma

To make g7(m) a polynomial of m, we must transform the function to avoid
the appearance of m in the sum symbol. Let

i —k+ ka
=1
for g =1,...,7. We will use the first seven S, in the later computation:

s :i[%m(m +1)a+t %m(m )

Sy =(-P[gm(m + )(2m + e~ 1+ m*(m + (o — 1) +m]
S5 =(_ P [m2lm + 12(a— 1+ Sm¥(m + 1)(@m + 1)(a 1)
+ %mg(m + 1)(a — 1) +m?

Sy —(i)4[310 (m+1)(2m+1)(3m?* + 3m — 1)(a — 1)*
+m3(m 4+ 1)%(a— 12 +m3(m +1)(2m + 1)(a — 1)?
+2m*(m +1)(a — 1) + m’]

1 .1

S5 :(7) [5m

+ ém (m+1)(2m + 1)(3m” + 3m — 1)(a — 1)*

2(m+1)2(2m? + 2m — 1)(a — 1)°
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+ §m4(m + 1% (a—1)3 + §m4(m +1)(2m +1)(a —1)2

2 3
+gm5(m+1)(a—1)+m6]
Lyl 463 6
Se _(ma) [42m(m+1)(2m+1)(3m +6m° —3m+ 1)«
1
+ §m3(m +1)2(2m? +2m — 1)(a — 1)°

+ §m3<m +1)(2m +1)(3m* + 3m — 1)(a — 1)*

+5mP(m + 12 = 1) + 2 (m + 1)2m + 1)(a — 1)°

2
+3m(m+1)(a—1) +m]

S7 :(L)7[im2(3m4 +6m> —m? —4m + 2)(m + 1)2(a — 1)7

ma’ 24

1
+ 6m2(2m + 1) (m +1)(3m* +6m> —3m + 1)(a — 1)°
+ gmA‘(Qm2 +2m —1)(m + 1)*(a — 1)°

+ gm4(2m +1)(m + 1)(3m> + 3m — )(a — 1)*

4

+ gm7(m +1)(a—1) +m?].

We need the following technical lemmas.

+ §m6(m +1)%(a—1)2 + %mG(Qm + 1) (m+1)(a — 1)

Lemma 3.1. Let f(m) be a polynomial of m, whose degree is s. If

as

(2) %\m:mo>0f0rk:0,...,s—1_

Then f(m) >0 for m > my.
Proof. 1t is obvious.
Lemma  3.2. Consider « and m as parameters

Ap (A, Ag, ..o A7 ) be a polynomial of Ay, ..., Az If
(1) Am(Ag0)7 M A'(YO)? a) Z 07

and

let
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(2) >0, H5% >0 and Hhe >0 for all 1<i<5, A=
0
A§),...,A72A§),

(3) GA pea® . prea@ =0 for all 1 <k < 4.

AL
Then Ap (A1, Ag, ..., Az 0) >0 for Ay > AD A7 > A,
Proof. Suppose f(A1,...,Ar) is a polynomial of Ay, ..., A7. To prove f >0
for A1 > Ago), oA > A$0)7 we only need to show
1) £(A9 . AD) >0 and
2) 2 >0 foralll <i<7, A > AP, . A > AL

In particular, we can apply this method to show A,, > 0 and ﬁ >0,

where 1 <741 <--- <4 <7. In order to show ﬁ > 0, we only need
iy Ol

to show

N
(1) 94, .04, ’A1=A§°>,...,A7=A<7”> > 0 and

(2) o5 (522 2g) > 0, forall 1 < j <7, Ay > AO Ay > AW,

k+1
Notice that for k > 2, %ﬁk only contains one variable A7, i.e., g 1, 8kAA7

0 for 1 <i<6. Therefore given the three conditions in the proposition
statement, by induction we can prove that A,,(A;, As,..., A7,a) >0 for
Ay > A 4> AW 0

So we can use the initial value of all partial derivatives to determine the
sign of A, by applying Lemma 3.2. We shall use the following propositions
which had been proven in [22].

Proposition 3.1. [22] Let g,(a1,...,a,) be the polynomial upper estimate
of Py(ay,...,ay) in the Yau Number Theoretic Conjecture. And let m be
the number of (n — 1)-dimensional layers in the n-dimensional simplez, i.e.,
Py_1(m) >0 and Py1(m+1) =0. Let a =1—* € (0,1), A; = a;ax, for
t1=1,....,n—1 and

m—k+ ko m—k + ka
N gy (T hrka,  mZktka

. A1)
mao mao

In— 1
k=1
Ay An—1

AmAa"'aATL*, =9n\7—H .y ’
(A 1, Q) 9(@ a '1—a

) = ngn-1(m)



368 Ke-Pao Lin, Andrew Yang, Stephen S.-T. Yau, and Huaiqing Zuo

then

0A,, 0?A,,

foralli=1,....n =2, Ay >---> A, 1> "%, ac(0,1).

Proposition 3.2. [22] Let g,(a1,...,ay,) be the polynomial upper estimate
of Py(ay,...,ay) in the Yau Number Theoretic Conjecture. And let m be
the number of (n — 1)-dimensional layers in the n-dimensional simplez, i.e.,
Pp_1(m) >0 and Pp1(m+1) =0. Let a =1 € (0,1), A; = aax, for
i=1,...,n—1 and

m k+ ka m—k+ ka
E gnl Ala L)
mao mao

A A
Am(Al,...,An_l,OZ):gn(zl,..-, ! e

In— 1 Anfl)

k=1

then
2N,
A2
forallm>5, a € (0,1), m € Z*.

We divide the proof of the Main Theorem A into 8 cases:

Case 1: ag € (m,m + 1];
Case 2: ag € (m+1,m + 2];
Case 3: ag € (m+2,m + 3|;

Case 4: ag € (m+ 3, m +4];

(
(
(
(
(
(

]
]
]
Case 5: ag € (m + 4, m + 5];
Case 6: ag € (m + 5, m + 6];
Case 7: ag € (m+6,m+7);
Case 8: ag > m + 7.

Note that the division into different cases depends on the vaule of ag
because it is treated as a parameter in reducing the 8 dimensional simplex
into 7 dimension simplices. And different case has different vaule of boundary
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data on the domain to be considered. We shall give the detailed proof of (1),
(2), (7) and (8). Since the proof of cases (3)-(6) are akin to that of cases (7),
so we shall only list the key informaion in each cases (3)-(6).

For case 1 to 7, the equality in (7) in Theorem 1.4 cannot be attained by
any chance, because in these cases A, is positive. Moreover, a; = --- = ag
cannot hold in these cases, it can only hold in case 8.

3.1. Case 1: ag € (m,m + 1]

Since ag € (m,m+ 1], a € (O,ﬁ],soxlz--':x6:x7:1, T8 =mis a
solution of the inequality, thus we have

1 1
<
(15) A1+ +147_

and Ay > Ay > --- > A7. We just need to show that A,, >0, for A; >

T,A9>6,A3>5,A4 >4, A5 > 3, A > 2, Ay > 1. Notice that in this case,
% € (0,1], so by Proposition 3.1, %ﬁ’f; > (0 and 8‘?:%27 >0 for all ¢ =
L...,6, Ay > > A7 > 1, a € (0, 7).

By Proposition 3.2, agjé" > 0, for « € (0,1), m > 2, m integer.

(i) 8;35” A,=1 > 0, for a € (0, #H]’ m > 2, m integer.
a%m‘
A a5 |A=1
gAs
1
= ——[—160(m + 1)(85m” + 128m" + 5m® — 5m? + 12m — 12)a’
a“m
—160(m — 1)(m + 1)(82m* — 51m? — 72)a°
—320(m — 1)(m + 1)(41m* + 41m? + 90)a*
—320(m — 1)(m + 1)(41m* + 41m? — 120)a®
—160(m — 1)(m + 1)(82m* — 303m? + 180)a?
—160(m — 1)(82m° — 380m* + 257m> + 257m? — 72m — 72)a
+1920(m — 1)(2m — 1)(3m* — 6m> + 3m + 1)].
For m > 4, the coefficients of a, ..., a% are less than 0, and
A,

aAé |A7:1,Oz:m#_*_1
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1 7 9
ol m

5 4 3 2
(72m° + 26m* — 236m> — 149m? + 65m + 1z)m
= 160(1 4+ m)m(72m® + 26m* — 236m> — 149m? + 65m + 12) > 0.

Thus 8;%5"],47:1 >0, for a € (0, 2+], m > 4.

S m41
For m = 2,
PA 420
8A52 |A,—1 = —¥(168a6 +37a° 4 65a* 4 50a° 4 10a* — 7T — 3) > 0,
7

for o € (0, §]. For m = 3,

A3 |
Ar=1
DAD
4480

= —gios (1448”4 5820” 4 720a" + 6800’ + 390a” — 450 — 130) > 0
(0%

f —1.
ora€(0,4]

These two ”>"s can be proved by Lemma 2.1, you may need to replace
. 5
a with, for example, 5 = «/3, 5 € (0, 1], for m = 3. Thus 8879‘3’”|A7:1 >

0, for o € (0, #HL m > 2, m integer.
(ii) 357%’”\,47:1 > 0, for a € (0, ﬁ], m > 2, minteger. Let § = (1 + m)a €
(0,1].
A, 160(1 4 m) 5 A 5 5 6
A1 =————[(60m” + 34m™ — 13m> + 13m* — 6m + 6)5

+ (50m8 — 21m* + Tm? — 36)8°

+ (50m" 4 50mS — 140m> — 140m? + 90m + 90)5*

+ (50m® 4 100m" — 230m° — 560m°

+ 70m* 4+ 700m> + 230m? — 240m — 120)5°

+ (50m? — 270m® — 445m" + 785m°

+ 1190m° — 490m* — 1065m> — 115m? + 270m + 90) 5>
+ (—=118m'% — 10m® 4 629m® + 256m" — 1133m°

— 770m® + 671m?* + 668m> — 13m? — 144m — 36)

+ 36m! 4+ 54m!0 — 144m°® — 270m® + 138m”

+ 456m5 + 90m® — 264m* — 150m> + 18m? + 30m + 6].
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The function A,, can be extended to a function of m for m € RT. We
still denote this extended function by A,,.

811 56m5 84Am
it 160(1 + m) QA [4r=1)
=1437004800 > 0,
810 66m5 84Am
9mi0 T60(1 1 m) DA?
= — 4281984005 + 3069964800 > 0,
0° Bm®  0*A,
om? ( 160(1 +m) 9A2
=1814400052 — 8600256003 + 3213665280 > 0,
88 66m5 84Am
oms ( 160(1 +m) 9A2
:2016000ﬁ3 + 25401600,32 — 8382931205 + 2192520960 > 0,

|A,=1) |m=2

| 4:=1)[m=2

’A7:1)’m:2

a7 Bmd  O*A,,
8m7(160(1 +m) 0A [r=1)lm=2
=2520008* 4 45360003% + 1227240082 — 5261760008
+ 1093690080 > 0,
9P BSmd  9*A,,
8m6(160(1 +m) DAL
=360003° 4 5400008* + 48744003° — 150120032 — 23781672083
+ 424111680 > 0,
BE Bm5 LA,
8m5(160(1 +m) 9AL
=60003° + 720003° + 5760008* + 32976003>
— 563160082 — 819338408 + 132695280 > 0
o BSm®  9*A,,
8m4(160(1 +m) 0AZ [r=1) lm=2
=12816° + 714963° + 4080003 + 15520803
— 40053603% — 222021363 + 34320672 > 0
9 BOm®  9*A,
om3 ( 160(1 +m) 0Al
=1355435 + 46992/3° 4 2151605* + 5259605°

|A,=1) lm=2

|A,=1) lm=2

|A7:1)‘m:2
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— 177615032 — 48105363 + 7462044 > 0,
82 ﬁ6m5 64Am
a2 160(1 +m) 0A% [r=1)lm=2
=9502/3% + 23006° + 892403 + 12582033
— 5742908 — 83932203 + 1381212 > 0,
0 B5m>  9'A,,
am' 160(1 + m) QA% [r=1)lm=2
=9502/3% + 230068° + 892403* + 12582033
— 57429053% — 8393220 + 1381212 > 0.

for 8 € (0,1]. The ”>"s can be proved by Lemma 2.1 or Lemma 2.2.
Thus by Lemma 3.1, %Ub:l > 0, for a € (0, #ﬂ]’ m > 2, m inte-
ger.

(iii) 8;%; |4,=1 >0, for a € (0, ﬁ“], m > 2, m integer. Let 8 = (1 + m)a €
(0,1].

PPAm
TA;"A7:1
1+m
=G5
— (4(m — 1)) (m + 1)(647m* + 1060m? — 480)5°
— (4(m — 1))(647m* — 4120m?2 + 1200)(m + 1)?*
— (4(m — 1))(647m> — 8887Tm* + 7080m>
+ 7080m? — 1600m — 1600)(m + 1)?33
+ (80(m — 1))(m — 2)(206m™* — 222m3 — 133m?
+ 45m + 30)(m + 1)352
— (80(m — 1))(130m® — 332m* + 137m3
+ 137m? — 24m — 24)(m + 1)*p
+(320(m — 1))(2m — 1)(3m* — 6m® + 3m + 1)(m + 1)°].

[(—2588m° + 1412m* 4 240m> — 240m?* — 320m + 320)3°

Similarly as case 1(ii), we can show that

0 Bom® Ph
omi1+m 9A3

=1)|m=2 >0,
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for 1 <i<11.

5md 93A
(T a3 1Ar=1)lm=2 = — 595845" — 1693445 + 1774085"
7

+ 14878083 — 27216008 + 1632960 > 0.

for g € (0,1]. Thus by Lemma 3.1, 8;ﬁ§"
m > 2, m integer.

(iv) S
(0,1].

1
A,=1 > 0, fOI' A (0, m],

A,=1 > 0, for a € (0, #ﬂ]’ m > 2, minteger. Let § = (1 + m)a €

O?Ap, |
gAz A=t
:M[aﬂm — 3820m* + 2000m® — 2000m? — 240m + 240)3°
+ (4(m — 1)) (m + 1)(31m* — 3000m* + 360)3°
+ (4(m — 1)) (m + 1)(31m° — 10427m* + 7360m> + 7360m? — 900m — 900)5*
— (4(m — 1))(6941m° — 21661m* + 9440m>
+ 9440m? — 1200m — 1200)(m + 1)?4°
+ (80(m — 1))(368m° — 892m* + 333m? + 333m? — 45m — 45)(m + 1)35?
— (160(m — 1))(68m° — 163m* + 61m> + 61m? — 9m — 9)(m + 1)*p
+ (240(m — 1)) (2m — 1)(3m* — 6m> + 3m + 1)(m + 1)°].

Similarly as case 1(ii), we can show that

o (3[36m5 %A,
omi*1+m 0A2

| 4-=1)|m=2 > 0,
for 1 <i <11,

355m® 82Am| )|

1+m gAz Ar=t/im=2

= —493924% — 13372853° — 9626408* + 5322243% + 294840052
— 3538080 + 1224720 > 0,

(

for B € (0,1]. Thus by Lemma 3.1, £z, 1 >0, for a € (0
0Az 147

1
’ m+1]’
m > 2, m integer.
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(v) 7%%: | Ay =7,4,=6,45=5,4,=4,A;=3,As=2,A,=1 > 0, for a € (0, —mlﬂ], m > 2,
m integer. Let 8 = (1 +m)a € (0,1].

8Am|

A |A=T,4,=6,A3=5,4,=4,A5=3,A6=2,A,=1

8A7 1 9412 9413 1414 9415 1416 )47
1+m

= 1452m° + 48948m* + 38944m>
2167m5(1+m—ﬁ)[( m’ + m” + m

— 38944m? — 38112m + 38112)3°

+ (—110355m° — 77420m* 4 283220m* — 196224) 57
— (T(m +1))(8565m° — 50640m° + 45920m™* + 40012m? — 43776)3°
+ (7(28023m5 — 101934m° + 110516m* — 56840m? + 21120))(m + 1)25°
— (7(29487m5 — 108444m® + 16055m* — 238840m? 4 162240))(m + 1)3*
+ (7(16437m5 — 103761m> + 250544m* — 386372m? + 238464))(m + 1)*5°
— (84(682m° — 10703m° 4 26999m* — 29435m? + 14464))(m + 1)° 5>
+ (12(2175m5 — 69195m° + 139104m™* — 101248m? + 37984))(m + 1)°8
+ (35280(m — 1))(9m* — 5m> — 5m? 4+ 2m + 2)(m +1)7].

Similarly as case 1(ii), we can show that

0" (2157m5(1+m—5) aAm| ) -
8ml 1 + m 8A7 Al:7,A2:6,A3:5,A4:4,A5:3,A6:2,A7:1 m=2 )

for 1 <i <12,

218"m>(1 +m — ) 0A,
( T+ m oA | Ay =7, 45=6,A5=5,As=4, Ay =3, Ag=2, Ay=1) |m=2
=9472963% — 383342487 + 46478883% + 5896800.3°
— 364150088* 4 24567883233 — 60950232052
— 18929272323 + 6944162400 > 0,

for B € (0,1]. Thus by Lemma 3.1,
%%{;‘ A =7,A3=6,A5=5,A,=4,A,=3,Ag=2,4,=1 > 0, for a € (0, m%rl], m > 2,

m integer. By Lemma 3.2, we conclude that

Proposition 3.3. %%4 >0, forAy > T7,A2>6,A3 >5, A4 >4, A5 >

3,46 >2,A7 > 1, aE(O,mH] m > 2, m integer.
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(Vl) Am>07 for A1277A226aA3257A4247A5237"46227‘47217

a € (0, mLH], m > 2, m integer. Let 8 = (1 4+ m)a € (0, 1].

A | A =7,4,=6,A45=5,A,=4,Ay=3, Ag=2, A—T—1
1+m

T Cr T SRy [(2(m — 1))(21459m* + 16524m? — 45580)3™
+ (—=785973m° — 308280m° + 368060m* + 1032948m? — 832280) /33
— (10(m + 1))(136920m" — 350628m°
—299145m° + 333445m* + 256802m?* — 252408) 52
— (5(274596m° — 1369200m" + 1278253m°
+ 2718618m” — 3340232m™ + 1127532m? — 289328))(m + 1)?M
— (5(140679m? — 1098384m® + 2738400m" — 556608m°
— 7942557m® + 11825856m* — 12082532m? + 7144280))(m + 1)35°
— (3(66640m'° — 703395m° + 2745960m® — 4564000m" — 3309318m°
+29375745m5 — 54592720m* + 72994768m? — 44976360))(m + 1)*°
— (3(10290m ! — 133280m ' + 703395m" — 1830640m® + 2282000m”

+ 8045368m° — 55031795m° + 120792700m* — 165755128m>
4 99207680)) (m 4 1)°3®
— (15(140m!% — 2058m ! + 13328m!% — 46893m° + 91532m® — 91280m"
—2101490m° + 17881129m° — 42020608m*
+ 53077640m* — 29931616))(m + 1)°37
— (15(2063454m5 — 24184461m° + 56176610m*
— 62376776m? + 32538792))(m + 1)73°
+ (5(4906227mS5 — 77088417m> + 169624476m*
— 163110332m? + 77774840))(m + 1)%3°
— (14975472m5 — 306341385m° + 628239290m "
— 522903612m2 + 226180240)(m + 1)?3*
+ (6396627m° — 173969355m° + 331434040m™ —
240101932m? 4 93790320) (m + 1)1°33
— (20(83369m5 — 3319848m° + 5887721 m*
— 3740541m? + 1316666))(m + 1)1 52
+ (20(9885m5 — 761775m® 4 1262562m* — 708974m? + 224762))(m + 1)123
+ (176400(m — 1))(9m* — 5m® — 5m? + 2m + 2)(m + 1)'%].
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Similarly as case 1(ii), we can show that

o' (105ﬁ7m5(1 +m—pB)7
om? 14+m

Ar| Ay =7, A5=6,A5=5, Ay=4, As=3, Ag=2, Ay=1) |m=2 > 0,
for 1 <i <18,

1058"m5 (1 +m — B)7
1+m
7277208 = 509787606 + 251314560512

— 6579014408 + 5404644080 + 17344960920.3"

— 1391967763208 4 5960050891207 — 1312716744360°

— 4430540948408° + 129533760014403* — 425925160920003>

+ 720686502370803% — 65412968183640.3 + 25311471948000 > 0,

(

A | A =7,45=6,A5=5,As=4, As=3, Ag=2, Ay=1) |m=2

for 8 € (0,1]. Thus Ap|A,=7,4,=6,45=5,4,=4, As=3,Ag=2,4,=1 > 0, for ac €
(0, %H], m > 2, m integer. By Lemma 3.2, we know that A, > 0, for
Ay > 7,A2 >6,A3 > 5,A4 >4, A5 > 3, Ag > 2,A7 >1, ae (0
m > 2, m integer.

L]
) m+1 )

(vil) Ay, >0, for m=1, 1 <ag <2, azl—a—ls € (0,3]. By Proposition
3.1, 955 >0,for 1<i<6, 41 >-->A4A7>1,a€(0,1)
And

02N

——~ = 3360A% — 24640A3 + 6720042 — 76272A7 4 27888.
DA2 7
7

Since A7 > 1, so set 25+ = 0, we have A7 = 1.822613576.

0A1
a1 |A1=7,A2=6,A3=5,A4:4,A5=3,A6:2,A7=1.822613576
0A7

:m(oﬁ — 270 + 2950 — 16650 + 50140 — 8028cr + 5040)
(&% —
— 6157.912873 > 0,

for a € (0, 3]. Thus, we conclude that

Proposition 3.4. 93 >0, for Ay > 7,43 > 6,A3 > 5, A4 > 4, A5 >
3,46 >2,47>1, a € (0,1).
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And since

A1 A, =7, 4,26, A5=5, Ay=4, Ay =3, Ag=2, A;=1
1
= (a'® — 340" + 5050 — 433200 + 239340° — 900120 + 23759307
(a—1)7ab

— 4421290° + 5853440° — 5531230 4 366501a° — 16177602 + 42588 — 5040)
> 0,

for a € (0, %] Thus by Lemma 3.2, Ay > 0, for A; > 7, Ay > 6, A3 >
5,A1>4,A5 > 3,46 >2,A7>1,a €(0,3].

Therefore A,,, > 0, for Ay > 7, Ay > 6,A3 > 5,A4 > 4,A5 > 3,A6 > 2,A7 >
1, a € (0, #ﬂ], m > 1, m integer.

3.2. Case 2: ag € (m + 1, m + 2]

In this (:ase7 % € (1,2],s0 Ay > Ay > --- > A7 > %% By Proposition 3.1,
70 >073A871 >07f0f1§%]Sﬁ,Al2"'2A72%,a€(0,1),m>
1 mlnteger

By Proposition 3.2,

aaﬁg” > 0, for « € (0,1), m > 2, m integer.

(i) a;ﬁg“ Ap=me >0, for a € (=1 w1 1, m > 2, m integer.
A
AT A=
z%[(lﬁo(m + 1))(72m” + 334m* + 380m> + 5m? — 89m + 12)a’
a’mi(1 — «)
+ (320(m 4 1))(36m° — 36m™* — 321m?> — 64m? + 190m — 36)a”
+ (160(m — 1)) (m + 1)(72m* + 72m? + 385m — 180)a*
+ (3840(m — 1)) (m + 1)(3m* + 3m? 4 10)a®
+ (160(m — 1)) (m + 1)(72m* + 72m?* — 385m — 180)a?
+ (320(m — 1))(36m +36m?* — 321m3 + 64m? 4 190m + 36)a
+ (160(m — 1))(72m> — 334m™ + 380m> — 5m? — 89m — 12)].

Similarly as case 1(ii), we can show that

o A,
i(m4a5(1 —a)—=|4,=1)|m=3 > 0,
om OA‘;J
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for 1 <i <6,
PA,,
(m*'a®(1 = o) =" | 4,=1)lm=3
DA

349440000 3682560a° + 95424000 + 8601600a> + 6585600
+ 2674560 + 120960 > 0,

for a € (m+1’ 1]. Thus by Lemma 3.1, aaﬁ‘;n Ap=ze >0, for a€
(m+1, 1], m > 3. And we can check that

A,
( aA5 |A7_f)|m 2

420
ab(a—1) (

+ 3502 — 8a— 5) > 0,

75305 — 2720° + 145a* + 12003

for a € (=1~
1nteger

w10 1. Thus, 8A5 |4,=me >0, for a € (1= 1], m >2, m

mA1

(ii) 2 8A4 | ar=me >0, for a € ( +1,1], m > 2, m integer.
84Am|
AL 1A=
DA%
160

:m[(m +1)(36m° + 244m* + 512m3

+293m? — 55m — 22)a’

m 4 1)(18m® — 18m* — 360m> — 445m? + 88m + 66)a”
+1)(36m° — 36m* + 36m> + 769m? — 55m — 330)a’

+2 )
+ ( (
— 1)(m + 1)(9m* + 9m? — 110)a®
(
)
(

(
m
+4(m
+ (m — 1)(36m° + 36m™* 4 36m> — 769m? — 55m + 330)a’

+2(m — 1)(18m° + 18m* — 360m3> + 445m? + 88m — 66)a
+ (m —1)(36m° — 244m* + 512m3 — 293m? — 55m + 22)].
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Similarly as case 1(ii), we can show that

o o*(1—a)? 9'A,,
- > 0,
amz( 160 DA i A=) lm=s
for 1 <i <6,
3 4( )2 64A
(= 160 DA 1 =1 lm=s
=1791440° — 83832a° + 529200 + 224000
+ 117600 + 1260 + 56 > 0,

for a€ (215 1> 1]. Thus by Lemma 3.1, 68§4 |A4,=me >0, for a€

(Tﬂ7 1], m > 3. And we can check that for m = 2

O*A,
9A% =
1680
Zﬁ(iﬂ&la —2950° + 12501 + 10a® — 1002 — 3o + 1) >0,
-
for a € (3,1]. Thus 2 8A4 A= me >0, for a € ( H,l}, m > 2, m inte-
ger.
(iii) a;jé" |A4,=me >0, for a € (mH,l] m > 2, m integer.
Ohy
QA3 T

4

=m[(m + 1)(480m° + 4280m* + 13360m>
me« — X

+ 15907m? 4 4267m — 1040)a’

+ 2(m + 1)(240m® — 240m™* — 8580m> — 20687m? — 9574m + 3120)a”
+ (m + 1)(480m> — 480m™ 4 480m3> + 28787m? + 31735m — 15600)a’*
+ (480m5 — 40348m? + 20800)c*

+ (m — 1)(480m° + 480m™ + 480m> — 28787m? + 31735m 4 15600)a>
+ 2(m — 1)(240m® 4 240m* — 8580m> + 20687m? — 9574m — 3120)a
+ (m — 1)(480m> — 4280m™* + 13360m> — 15907m? + 4267m + 1040)].
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Similarly as case 1(ii), we can show that

az‘( a3(1 - a)? PBAn, |
ome 1 9A3 =

f)’m=3 > 07

for 1 <i <6,

m2a3(1 — a)3

4 m|A7— )|m 3

=39158560° — 32365200° + 17176320
+ 758802 4 404040 + 17640 4 2716 > 0,

m+1,1]. Thus by Lemma 3.1, aajg" Ay=mme >0, for a€

1], m > 3. And we can check that for m = 2

for a € (
(>
PNy
(8/13 ’A7— = )’m 2
42 6 5 4
= _ m(lS?OBOz — 23368a” + 12467«

— 26160° — 219a% + 160a — 7) > 0,

for av € (%,1]. Thus, 2 8A3 HAp=me >0, for a € (1=
ger.

3 9?2 A'm
(IV) TA%

— 1], m > 2, m inte-

A;=me >0, for a € (—1+,1], m > 2, m integer.

m—+1’

2

%| .

A2 Ar=iZ
4

:m[(m +1)(360m° + 3980m* 4 16600m> + 30601m>

+ 21353m + 1866)a’

+ 2(m + 1)(180m® — 180m* — 10110m?> — 37091m? — 40840m — 5598)a°
+ (360m° + 47201m? 4 155862m? + 116095m + 27990)a*
+ (360m5 — 103908m? — 37320)a>

+ (360m° — 47201m> 4 155862m* — 116095m + 27990)
+ 2(m — 1)(180m® + 180m* — 10110m> + 37091m? — 40840m + 5598)cx
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+ (m — 1)(360m® — 3980m* + 16600m® — 30601m?2 + 21353m — 1866)].
Similarly as case 1(ii), we can show that

9t ma?(1 — )t 9?A,,

+( 3| a,=ma )m=s > 0,
om 4 0Az

for 1 <i <6,
ma?(1 — a)* 92A,,

:4797576a — 56459760° + 33159000 — 7100520°
+ 7047602 + 8988 + 168 > 0,
for a € (

8A2 7

—L.1]. Thus by Lemma 3.1, Z8s |y _me >0, for a€
(m+1,1] m > 3. And we can check that for m = 2

0?A,,
( 8142 |A777)|m 2

956 6 5 4
= m(13392a — 22403a” + 15289«

— 51180 + 770a* + o — 11) > 0,

for a € (4,1]. Thus OB

) AT Ar= me >0, for o € ( Jrl,1],77122,minte—

ger.
02 0, f 1], m>
(V) 9] A,=7,40=6,4,=5 A, =4, A,=3 Ag=2, A, = me > 0, for a € (717, 1], m >

2, m integer.

oA,
TA'Y ’Al :7,A2 :6,A3 :5,A4:4,A5 :3,A5 :2,A7: 1771?1

1 10 9 8 7
:21a7m5(1 e [2(m + 1)(1008m ™" + 13300m° + 69608m° + 175049m

+199997m5 + 76627m° + 24691m*

+ 22930m> — 22930m? — 19224m + 19224)a!?

+ (2016m! — 165816m° — 978628m® — 2250276m "
—2212992m5 — 1155399m° — 570696m?* + 665140m? — 352368)a !t
+ (2016m! + 489314m8 + 2250276m" + 2777275mS
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+ 2739156m° + 1411704m™* — 2214576m> + 1338480)a'°
+ (2016m* — 1500184m" — 43195m°

— 3475640m5 — 1725920m* + 3663744m? — 2463120)a’
+ (2016m! — 489314m® 4 2250276m" — 2710005m°

+ 2650200m° + 310940m* — 1333416m? 4 1045440)a®
+ (2016m!'! — 165816m° + 978628m® — 2250276m"

+ 2220281m° — 1962618m° + 3904320m?* — 8202600m? + 5521824)a’
+ (2016m!t — 28616m'° + 165816m° — 489314m® + 750092m”

— 702807m° + 3499048m° — 11859176m* + 22666224m? — 14835744) 6
+ (318595m5 — 7205436m° + 21698096m* — 33152784m? + 19910880)a°
+ (—400815m° + 10403820m° — 26826870m? + 31866156m> — 16940880) 1
+ (3083955 — 9945495m° + 22230600m* — 20704684m? + 9527760)a
+ (—132064m° + 6025572m° — 11812192m" + 8784608m? — 3457872)a>
+ (24084m5 — 2093364m° + 3637872m* — 2200464m> + 737712)a
+35280(m — 1)(9m* — 5m3 — 5m? 4+ 2m + 2)].

Similarly as case 1(ii), we can show that

o A,
for 1 <i <11,
OA,,
21a"m5(1 — a)® oA, A =7, Ay =6, Ay 5, Ay =4, A3, Ag— 2,A7=22 ;=3
=106210238400"% — 16183385505t + 112748748210
— 390913267507 + 750728601a® — 17586261a" — 72310077’
— 39583593a° + 332812179a* — 5680711260° + 4867553880
— 215529048« + 39301920 > 0,
for a € (m+17 1]. Thus by Lemma 3.1,

—7 A2 6A3 5A4 4145—3 A6—2 147—M > 0 fOI‘ « E (m_l’_l? 1}7

0A,
8A7
m > 3, m integer. And we can check that for m = 2

0A
(8A |A77 )|m 2

1
= — (113905602 — 23951200t 4 2077067 — 9443530°

2a7(a — 1)°
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+ 2349780 — 1131207 — 4897805 + 722784°
— 340360 — 479760 + 8051102 — 45549a + 9450) > 0,

1 0A,,
for a € (3,1]. Thus, 55=[4,=-
ger.

By the above observation, we conclude that

ma > 0, for o € (1=, 1], m > 2, m inte-

mA1

Proposition 3.5. In case n =28, 8A’” >0 for A>T, A >
6,...,46 >2,A7 > "% a € ( Jrl,1]77122 m integer.

o’

(Vi) Am>0 for Al>7,A226,A325,A424,A5Z3,A622,A72
- ae(m+1,m+2] m > 2, m integer.

Am‘Al:7,A2:6,A3=5,A4:47A5:3’A6:27A7:%
m—+1 0 . )
~105m3(B + 15(8 — m)” [2(m + 2)(840m™° + 11200m° + 58800m

+ 141995m" + 131145m5 + 27535m° + 98366m* + 38927m?>

—99628m? + 10260m + 25200)3*3

— m(5600m*° 4 41440m° — 66430m® — 1351630m" — 3743910m°
— 2220308m° + 1445709m* — 2663674m> — 3181116m?
+ 1905464m + 765360) 312
— m?2(10080m° 4 273630m8 + 1728510m" + 2066845m° — 7570415m°
— 10823016m™* + 12525794m3> + 6539686m2 — 122856361 — 186128)31!
m>(57610m® + 354970m" — 2548570m° — 15079555m° — 1271290m*
+ 41229978 m> — 8789493m?* — 36354242m + 17402172)31°
+ 5m*(4361m® + 3619m 4 407051m° + 1665465m° + 5992508 m*
— 10168756m + 17930223m? + 12204343m — 16995480)5°
+ m5(11760m° — 18375m® + 146265m" — 187055m° — 7425209m° +
57968849m* + 27675486m> — 231423611m? — 71933485m + 206306690)3°
m®(3430m't — 6370m!% + 76195m° — 114905m® — 637000m”
+ 24317544m5 — 94440842m° — 62275438m* + 346870028m3
+ 113526328m? — 300594685m + 75495)57
m®(420m'? — 910m'* 4 21490m'° — 38885m 4 210875m® + 2091970m”
— 56074920m° + 130273338m° + 200704218m* — 342938338m>
— 217017492m?2 + 274870659m + 151095)3°
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+m7(2520m!* — 5460m!° 4+ 56910m° — 99540m® — 3273335m” + 90842725m°
— 110981095m° — 332409531m* + 197211601m> + 281683739m>
— 155260909 — 1047165)5°
+ 5m®(1260m!° — 2730m? + 16450m® + 681735m" — 20748361m° + 6177014m>
+ 63574717m* — 3523509m3 — 43494287m? + 9715229m, + 340011)3*
+ m®(8400m° — 18200m® — 2132645m" + 81940867m5 + 39204318m°
— 175323448m* — 58865962m> + 97304740m? — 4318220m — 1289400) 3>
+ m10(6300m® + 767090m" — 42501367m® — 47503744m> + 46818164m*
+ 38259731m> — 23866114m? — 2199900m + 487620) 5>
— m(117900m™ — 13020400m° — 21299501m° + 927289m* + 8435386m>
—3021236m? — 805068m + 75600)3
— m!3(1783200m° + 3656990m* + 1576777m> — 276422m? + 248002m + 105988)],

where f = (m+ 1)a—1 € (0,1). Similarly as case 1(ii), we can show
that

9" 105m>(B —m)"(B + 1)°
Omi( m+1

Am |A1 :7,142:6,143:5,144:4,145:3,146:2,147:M ) |’)’TL:3 > 07

11—«

for 1 <i <19,

105m>(B —m)7(B +1)8
m+1
= — 12151104003 — 288029616032 + 13790851203

+ 87944404805 4 41208686405” — 5386711680.°

— 905495472087 — 2022229641603° + 4143036038403°

+ 7836064320008* — 51127402905605% + 9783137710080.32
— 8792667340800 4 3137980661760 > 0,

A |A,=7,4,26,45=5,4,=4,A5 =3, Ag=2, A7 = 22 |m=3

1

for Be€(0,1). Thus by Lemma 3.1,
A ma > 0. f (L _2
m|A1=7,4,=6,4,=5,4,=4,45 =3, A=2,A,= 2= >0, for a € (557, 733,

1—«

m > 2, m integer. By Lemma 3.2, we know that %AT’: > 0,
for Al277‘42Z6aA3257144247‘4523;1462271472%7

1 2
o€ (m—l—l’ m-+2

], m > 2, m integer.

(vii) Ay >0form=1,ag € (2,3],a=1-— aig € (1, 2]. By Proposition 3.1,

92 >0, for 1 <i<6, 44> > A;>1,a€(0,1).
By Proposition 3.4, gﬁ; >0, for Ay >7,A3>6,A3 > 5,44, >4, A5 >
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3,A6 >2,A7 > 1, a € (0,1). Since %= € (1,2] here, gﬁl >0, for A; >
7,A2 > 6,A3>5,A4 >4, A5 > 3, A622A7_ € (0,1).
And

At]A4,=7,4,=6,4;=5,A,=4,4;=3,A6=2, Ar= =

1
=— W(mswa” — 2439850/"” + 5097630” — 6065170°
— o)

+ 4564860" — 25144008 + 165380a° — 170892t

+ 157865a° — 9564402 + 33228a — 5040) > 0

Y

fOI‘OzE(l %] Thus A1>0 for A127,A226,A325,A424,A5
3, A > 2, a€(2,3]

Therefore A > 0 for A1 > 7, A2 > 6,A3 > 5,A4 > 4,A5 > 3,A6 >

2, A7 > % (m+1’ m+2] m > 1, m integer.
3.3. Case 3: ag € (m + 2, m + 3]
Since ag € (m+2,m+3|, so a € (miQ, m+3] In this case A; >7,As >

6,...,A45 > 3,46 > A7 > "%

Since I"iaa—ag—me(Qﬁ],so Ay > Ay > -+ > A7 > %%, By Propo-
sition 3.1, G5 >0,3A63 >0, for 1<4,j <6, A > > Ag > M2 o ¢
(0,1), m > 1, m integer.

By Proposition 3.5, we know that ‘9A’" >0, for Ay >7,A3 >6,A3 >
5,A4 >4,A5 >3, A6 > 2,a7 > "%, O‘G(m+2’mi3] m > 2, m integer.
Since % € (2,3] here, %ﬁm >0 for Ay >7,A2>6,A3 >5, A, >4, A5 >

3, Ag > Mo Ay > me o (-2

pr; R m+3] m > 2, m integer.

(I)A > 0, for A1>7AQ26,A325,A424,A523,1462%,1472
= ae(m+2,m+3] m > 2, m integer.
The same argument as Case 7(i), we can show that

A |A,=7,4,=6,A45=5,4,=4,A5=3, A== A =me > 0,

for a € (mJr27 mi3] m > 2, m integer. By Lemma 3.2, we know that

ATrL>O fOI' A127A2267A3257A4247A5ngAﬁz%aA'?z

me o (25,2

m+2° m+3] m > 2, m integer.
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(ii) A, > 0,form =1, ag € (3, 4] 04—1——6(3,4] By Proposition 3.1,
6A1>0f0r1<z<6 A1 > >A:>1,a€(0,1).
By Proposition 3.4, gﬁ; >0, for A1 > 7,49 >6,A3>5 A4 >4, A5 >
3,46 >2,A7 > 1, a € (0,1). Since 1% E( , 3] here, gﬁ; > 0, for A1 >
7,A226,A325,A424,A523A6 A7 > %,OxE(O,l).
And

1a’

A1), =7,4,=6,4,=5,A,=4,4;=3, Ag=A; ==

1
= (162560° — 308620 — 4904607 + 2009940° — 2423430
a?(a—1)7

+ 131613a* — 1536302 — 2154302 + 12834 — 2520) > 0,

forae(% %] Thus, Ay >0, for A1 > 7,49 >6,A3 > 5, A4 > 4, A5

v

3A6 A?Z 1i— a7a€(374]
Therefore, Am>0 for A1 >7,A>6,A3>5A4>4,A5 > 3,4 >
9 Ar > 22 aE(m+2,mi3] m > 1, m integer.

3.4. Case 4: ag € (m + 3, m + 4]

For age(m+3m+4], ac (s mml A1>74>>6,A3>5A4,>
47A5 2A6 2A7> i
In this case, M 6 (3 4], 80 Ay > Ag > --- > A7 > {"%. By Proposition
3.1, o >0,£ng >0, for 1 <i,j <6, A1 > A > mﬁ;, e (0,1),
m>1m integer
By Proposition 3.5, we know that 8Am >0, for Ay >7,A3 >6,A3 >
5,A4>4,A5> 3,46 >2,A7 > {"%, a € (m+1,1], m > 2, m integer. Since
%6(3 4] here, 95m > 0, for Ay > 7,4y > 6,A3 > 5, Ay > 4, A5 > Ag >
A7 > ma ( 3 4
m+37 m+41’
(i) Ap, >0, for Ay > 7,42 >26,A3 >5,A4 >4, A5 > 77, Ag >
A > % a e (m?’+3, miﬂ], m > 2, m integer.
The same argument as Case 7(i), we can show that

——1], m > 2, m integer.

m’A1—7 A2—6 A3—5 A4 4A5— AGZ e

1—a’

Ar=rme >0,

la’

for a € (mi%,mi%], m > 2, m integer. By Lemma 3.2, we know
Ag >

that A, >0 for A1>7A2>6A3>5A4>4A5>
1 A > 2% 046(

1a’

m+3° m+4] m > 2, m lnteger.
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(ii) A, >0, form =1 ag € (4, 5} a=1- 2L € (3,4]. By Proposition 3.1,
6A1>Ofor1<z<6 A > 2A7z%ae(o,1).
By Proposition 3.4, gﬁ; >0, for Ay >7,A5 >6,A3 > 5, A4 >4, A5 >
3,46 >2,A7 > 1, a € (0,1). Since 1% € (3,4] here 921 > (), for A} >

' 0A,
77A2 265*’43 257144 247A5 2 ﬁaAG - 1= a7A7> &7 a € (071)
And

A1]A,=7,4,=6,4,=5,A=4,As=Ag=A; = 72—

1
= ﬁ(62336@7 — 295818a° 4 595971a° — 659059
—

+ 4316250 — 16820902 + 36886 — 3712) > 0

foroze(% %] Thus, Ay >0, for A1 > 7, A, >6,A3 > 5, A4, >4, A5 >

1a7A62 — A721a7a€(%5%]'
Therefore A > 0, for Al27,A226,A325,A424,A52%,AGZ
e Ay > e ae(m‘ig’,miﬂ],mzl,minteger.
3.5. Case 5: ag € (m + 4, m + 5]
For ag € (m+4,m+ 5], aE(mH,miE)] AL >7,A9>6,A3>5, A, >
1o As > 17, Ag > 125, Ar > 2%

In this case % € (4,5], so A1 ZAQ > > A7 > {%. By Proposition
3.1, % >0,a?4%§ >0, for 1 <i,j <6, A12-~2A7> ma o e (0,1),
m>1, mmteger

By Proposition 3.5, we know that %Am >0, for A1 >7,A9>6,A3 >

5, A1 >4,A5 > 3, Ag > 2, A7>m70;,ae(m+1,1],m22 m integer. Since

ma (45} here 8= >0, for Ay >7,A7>6,A3>5 A4 > %% A5 >

1-a

me Ao > A7>M ae(m+4’mi5] m > 2, m integer.
(i) A >0, for A3 >T7,A2>6,A3>5, A4 > "L A5 > % Ag >

mao 4 5 :
12 Ar > %, « € (5075 mrs)s ™ > 2, m integer.

The same argument as Case 7(i), we can show that

Am|4,=7,4,=6,4,=5 A= e A =

for a € (mi4, mi—S] m > 2, m integer. By Lemma 3.2, we know
that Am>0 for A1 >7,A3>6,A3>5 A, > 2% A5 > %,Agz
ma A

1047

(m+47 m5+5] m > 2, m 1nteger
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(ii) Ay, > 0, form =1, ag € (5, 6], a—l—— € (5,6] By Proposition 3.1,
2 >0,for 1 <i<6, A > >A721ae(0,1).
By Proposition 3.4, gﬁ1>0 for A1 >7,A>6,A3>5 A4 >
4, A5 > 3,46 >2,A7> 1, a € (0, 1) S1ncef€(45]here, gﬁ1>0
fOrA1>7A2>6A3>5A4 A5 Ag > A7_1a,
€ (0,1).
And

1a’ la’

At]a,=7,4,=6,4,=5,A,= Ay =Ag=Ar=—=_

1
- m(23936a7 — 9229308 4 140827a° — 1024190

+ 285190 + 611402 — 56320 + 968) > 0,

for a€ (3,3, Thus, A;>0, for Ay >7,A4;>6,A43>5 A4 >

«a o 4 5
1fa’A5 2 lfa’Aﬁ - 1- a’A7 = 1-a a’ ac (5’6]'

ThereforeA >0, for Ay >7,A3>6,A3>5,A4> %%, A5 > %%, Ag >

A7 > mf‘z,aE(mH,mig)] m > 1, m integer.

1a’

3.6. Case 6: ag € (m + 5, m + 6)

For age(m+5m+6) € (i mog), A1 =T,A3>6,A3 > {25 Ay >
oc’ 1 R 11—«
In this case {”—a € (5,6),s0 Ay > Ay > --- > A7 > {"%. By Proposition

3.1, % > 0,59 5% > 0, for 1 <, j <6, AQ---ZME%,QE(OJ),
m>1, mlnteger

By Proposition 3.5, we know that %ﬁ’” >0, for A1 >7, A
67A32%7A42%7A52%7A6> 1 A > mocéw ae(m+171]7 m
2 m integer Since "% € (5,6) here, A 2 > (0, for A1 > 7,45 > 6, A3

X Ay > A5> Jna A6> i A7> mo(;’ ae(m+5’m§»6] m 22,

3 ANV

1 a’
integer.

(1)A > 0, for A1>7A226A3

6 1— a’A4>1 a’
%, Ar > ™ a,ae(m+5,m+6) m > 2, m integer.

The same argument as Case 7(i), we can show that

As > %, Ag

Y

Am|41=7,4,=6, A= A,=me A —ma g me 4 _ma >0,

m
1—a’ 1—
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for ae(m+5’m+6) m > 2, m integer. By Lemma 3.2, we know
that A,, >0fOI'A1>7A2>6A3>1a,A4>ma A5>ma Ag >
2 Ar > fo(;,ae(m%,miG) m > 2, m integer.

(ii) Ay, >0, for m=1, ag € (6,7), 04—1—— € (6,7) By Proposition
3.1, 98 >0, for 1 <i<6, Ay > - 2A7z% a € (0,1).

By Proposition 3.4, gﬁ; >0, for Ay >7,A3>6,A3>5 A4 >

4, A5 > 3,4 > 2, A7 > 1, ae(o 1). Since L€(56) here, gﬁl>

0, fOI‘A1>7A2>6A3 A4 A5 Aﬁ = a’A7
1o, a € (0,1).
And

Al ‘A1:7,A2 :6,A3:A4 :A5 :A6 :A7: ﬁ

1
S W(%Q?Ga? —2036470a° 4 367298a° — 353539

+ 1926320 — 5727602 + 7808 — 232) > 0,

for ae(% g) Thus, A; >0, for Ay > 7,45 >6,A3> % Ay >
A5 > 125, Ao 2 125, A7 2 125, a € (3. 9).

la’

Therefore, Ay, >0, for Ay >7,A9>6,A3>

o Aa 2 125, A5 >
m > 1, m integer.

(m+5’ m+6)

3.7. Case T:ag € (m+6,m +7)

For age(m+6 m—l—?) ae(m+6’m17) A > 7, A3 > %% A3 >

In this case lm—o‘ e (6 7) SO A1 2 AQ > 2 A7 > {%. By Proposition
3.1, % > 0,554 >0, for 1 <i,j <6, A12A22~-2A72%, ae
(0,1), m>1, mmteger.

By Proposition 3.5, we know that %A’” >0, for Ay >7, A, >
6,A3>5,A4>4,A5 > 3,A¢ > 2, A7 > %, oze(m_H,l], m > 2, m inte-

ger. Since {"% € (6,7) here, §53= > 0, for Ay > 7, Ay > {2%, Ay > "% Ay >

é .
e As > { O&,AG A7 > 22 a e (m+6,m+7] m > 2, m integer.
(1) A, >0, for Al >7,A > ma Ag A4 > ma A5
7
e Ag > 2% Ar > 5, a € (m+6,m+7) mZZ m 1nteger Let
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6

f=—2"ms c(0,1).

m+7 m-+46

Al A, =7,As=Ag= A= As=Ag=Ar=22
_ (m+7)(8-1)
21(Bm 4 6m +42)(3 —m — 7)7
(213m* + 2014m> + 6531m?> + 7172m — 82)37
+ 7(m + 7)(899m° 4 9930m° + 42513m* + 85864m> + 78634m?
+ 24329m — 18)3°

+ 21(3739m° 4 35479m* + 127120m> + 205211m?

+ 137470m + 25704)(m + 7)%5°
+ 7(76691m* 4 597557m> + 1677445m* + 1939303m + 744174)(m + 7)3 54
+ 28(92m* + 79615m3 + 477598m? + 946244m + 607644)(m + 7)1 3
+ 21(81m® + 2062m* + 20930m?> + 355468m? 4 1270445m

+ 1267326)(m + 7)°3?
+ 7(83m® + 2502m° + 31344m* 4 208892m> + 781177m?

+ 2550130m 4 3297240)(m + 7)°3

[m(m +2)(m + 1)

+ (81" + 2821m5 + 42021m° + 347074m* + 1716883m3
+ 5087131m? + 8360831m + 9843750)(m + 7)7]

oM (21(5m+6m+42)(6—m—?)?A | )
=7061441587200 > 0,

o3 (21(5m+6m+42)(6—m—7)7A | |
=56404354406400 > 0,

o1 (21(5m+6m+42)(5—m—7)7A | |
=2782999296007 + 224950168396800 > 0,

oM (21(5m+6m+42)(6—m—7)7A | |

ol m+ 78 -1) m|A1=7,Ay=A3=As=As=Ag=A; =% ) |m=2

=22297524480003 + 597236957856000 > 0,

o0 (21(/Bm+6m+42)(5—m—7)7A | )|
amm (m n 7) (5 — 1) m|A1=T,Ay=A3=A=As=Ac=Ar= m=2

11—«
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—617258880052 + 8918019129600 + 1187517484339200 > 0,
d° (21(5m +6m+42)(8—m-7)"
om? (m+7)(6—-1)
—=496626681603° + 237398019264003 + 1886206336963200 > 0,
% 21(Bm +6m +42)(B —m —7)7
8m8( (B -1) Am|ay=7,4,= Ay = A=Ay = Ag=Ar =22 ) |m=2
=1038643203% + 1994161075202 + 47317910250240/3 + 2492972654941440 > 0,
" 21(Bm +6m +42)(B —m —7)7
8m7( (m + 7)(ﬁ o 1) Am‘A1:77A2:A3:A4:A5:A5:A7:%)‘m:Q
=107352087 + 317167208°% + 3957357603°
+ 27056584805* + 118065225605 + 5592369686403
+ 753590963462408 + 2820053922305760 > 0,
9% 21(Bm +6m +42)(B —m —7)7
el (m+7)(8—1) A4, =7,4,= Ay= A= As=Ag=Ar= 2 ) | m=2
—405720087 + 1451973603° + 21193855203°
+ 165399796803 4+ 7852005504033 + 12657739147203>
+1000427610571203 + 2787262594900560 > 0,
9° 21(Bm +6m +42)(B —m —7)7
et (m+7)(8—1) Al a,=7,4,= Ay= A= As=Ag = Ar= 2 ) | =2
=752724087 + 3210606003% + 54810327603°
+ 490884063608* + 2607483446403> + 24484004647205>
+ 1142324308440008 + 2445586839823680 > 0,
ot 21(Bm +6m +42)(B —m —7)7
8m4( (m + 7)(ﬁ . 1) Am‘A1:7,A2:A3:A4:A5:A5:A7:%)‘m:2
—91104728"7 + 4584358803% + 91275166083°
+ 941247367208 4 5662525075205 + 40853664169923
+1151367177567603 4+ 1929571639812936 > 0,

Am| Ay =7,4,= A=A =As=Ag=Ar =22 ) |m=2

03 21(Bm +6m +42)(B —m —T7)7
s (m+T7)(8-1)
=806736087 + 4757492043°% + 110191435203°
+ 1310288667663* + 899652227544 33 + 5847046017624,3
+ 1048283161415283 + 1384372017151830 > 0,

Am |A1 :7,A2:A3:A4:A5:A6:A7: nuz ) |m:2

1—
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0% 21(Bm+6m +42)(B—m —T7)7

5z 1B -1 m|Ai=7,45= A= As=As=Ae=Ar =222 ) |m=2

—=555976457 + 3824137383% + 102881395263°
+ 1412192880008* + 1112178356352 + 7150734728298 32
+ 879864238588863 + 912869425826316 > 0,
o' 21(Bm+6m +42) (B —m —17)7

G 1B —1) m|A1=7,45= A=A =As=Ae=Ar =222 ) |m=2

—310027637 + 2476285354° + 77329988823°
+ 1227470670095 + 1113072565248 + 74827523246495°
+ 69146975749194 + 559812321627327 > 0,
(21(5m +6m+42)(8—m—"7)"

(m + 7)(/8 - 1) m‘A1:7?A2:A3:A4:A5:A6=A7: fi‘: ) |m:2

—143774457 + 1326522963° + 48066177603°
+ 884863874163 + 9275262605283 + 6737216440248 32

+ 51263632159488 5 + 323987644473192 > 0,
for g € (0,1).

Thus by Lemma 3.1, A, |4, = 7,Ap=-ma gy me

0, for a € (m+6, m17) m > 2, m integer. By Lemma 3.2, we know that

A, >0, for A1>7A2>ma Ag > ma A4>ma A5>ma Ag >
A7 ma 046(6 7

. m+67m+7) m > 2 mlnteger
(i) Ap, >0, for m=1, ag € (7,8), a=1— 2+ € (&, 8) By Proposition
3.1,%}>o,for1gig6,A12m2A7>1"%;, € (0,1).

By Proposition 3.4, %3 >0, for A1 >7,A9>6,A3>5 Ay >
4,A5 > 3,46 >2,A7 > 1, a € (0,1). Since 1% € ( 7) here, gﬁl > 0,
for A1 > 7, A2 > 5 Zﬁ,AzLZfaAE)_ o A7 >
%, a € (0,1).
And

A1) 4,27, A= Agm A=Ay =Ag= A=

8a — 7
= (10[7)(452804 — 156370 + 214710 — 1460003

+ 488402 — 624a — 8 > 0,

A4—M A5—7 AG_ mao A7: mo

= >
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6 7

78)

for a € (

Thus, A; >0, fOI‘ A1>7A22%,A3_1 a,A4Z%,A52

6 7
1— Oc’A6> ma A > 046(7,5)
Therefore, A >0, for A >7,A> 7% A3 > 5 Ay > 25, A5 >
e A > 2%, Ar > 2%, ae(m+6’m+7) le,mmteger.

3.8. Case 8:ag >m+ 7

For ag > m+7, ae[m+7,1).
Inthlscase, 1@%27 SOA12A22A32A42A52A62A72%.
.. 2 ..
By Proposition 3.1, %ﬁ{; >O,8?4]%:g7>0, for 1 <i,7<6, Ay > Ay > A3 >
Ay > A5 > Ag > A7 > %, o€ (0,1), m > 1, m integer.

By Proposition 3.5, we know that aA’" >0, for Ay >7,A9 > 6, A3 >
5,A4 > 4,A5 > 3,46 >2,A7 > %%, a € (m+1,1], m > 2, m integer. Since

—?

ma > 7 here, Mm>o for A1>A2>A3>A4>A5>A6>A7> ma

ae[m+71) m22,m1nteger.
() Bn >0, or Ay Ay > Ay> 1 Ay > 1 Ay >

1—a’
AG A7> ma ae[ 3_7’ )7m22,minteger.

—_

1047

m|A1 Ag A'g A4 A5—A6 A7—

—a

T a1-a VEz 2)(1 RS piatlS el
e,

Thus Am|A1:A2:A3:A4:A5:AG:A7:1’1"‘ >0, for OLE[ +7,1), m > 2,
m integer. By Lemma 3.2, Ay, >0, for Ay > %< A2 1 Ag >

LAy > P Ay > P Ag > 24 A > e ae[ 1), m>2
a’ 1—a’ o) m+7 /) )
m integer. Equality holds if and only if A = Ay = A3 = Ay = A5 =
Ag = A7 =17 and a = miw, or equivalently, a1 =as = - =a7 =
ag =m+ 7.
(ii)) Ay >0, for m=1, ag > 8§, a—l——e[ ,1). By Proposition 3.1,
8A1>Ofor1<z<6 Ay > 2A7_1fa,a€[%,1).
By Proposition 3.4, gﬁ; >0, for Ay >7,As >6,A3>5, A, >4, A5 >
A, >

3A6>2 A7>1 ae[ ,1). Since 1%, > 7 here, oa- > 0, for Ay
> Ar > OéE[ 1)
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And

A=Ay = A= Ay=Ay=Ag=Ar=

l1—a

2a — 1)(3a — 2)(4a — 3)(5ar — 4) (6ar — 5)(Tax — 6) (8 — 7) > 0,

“- s

forae[%,1).ThuS,A1ZO,forAleQZ---2A721% ae[%,l).

a?

Equality holds if and only if A = Ay = A3 = Ay = A5 = Ag = Ay =

1o and a = %, or equivalently, a1 = a9 = -+ = ag = 8.
Therefore, A, > 0, for Ay > -+ > A7 > %, a € [miw, 1), m > 1, m inte-
ger. Equality holds if and only if A1 = Ay = A3 = Ay = A5 = Ag = A7 =
e and o = mi_i_?, or equivalently, a1 =ag =--- =ag=m+7T.

3.9. Completion of the proof

To complete the proof, we only need to prove the last statement of Theorem
1.4 (i.e., the necessary and sufficient condition for the equality in (7) holds).
In above we have proved that A, = gg — 8 ;" g7(k) > 0, with the equality

holds only if a1 = a9 = -+ = ag = m + 7. We have
m m m
(16)  BIPs=8!Y Pr(k) =8 TPr(k) <8 gr(k) < gs.
k=1 k=1 k=1
Therefore, in the last ”<”, the equality holds only if a; = --- =ag =m + 7.

Notice that the sufficiency follows directly from the following result.

Theorem 3.1. ([18]) Let P, and ay,...,a, be as the same as in the Yau
Number Theoretic Conjecture. If ay = --- = a, =integer, then the equality

in (5) holds.
Thus the Main Theorem A is proved.
4. Proof of the Main Theorem B

In the introduction section, we have seen that ¢ (z,y) = @Q,. Therefore we
can apply our sharp estimate of Pg to the function ¢ (x,y) in order to obtain

an estimate. Let p; < p2 < p3 < ps < ps < pg < pr < pg be the first seven
prime numbers up to y. prlfpé2 . ~plS8 < z, then Lf# + fgm +---+ lf% <

logpy logpa logpg

1. It follows that a; = llggg;_ and z; = [;, 1 <1 < 8. Note that Qg = P(a1(1 +
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a),az(l+a), -+ ,as(1 4+ a)), where a = a—ll + ali +--+ alT; We devide the
estimate into five cases:
I) 5<y<7
(I 7<y<11
(III) 11<y< 13
IV) 13<y<17
) 17<y<19
(VI) 19 <y <23,
Notice that Case (I)-Case (V) have been proven in [22]. We only need to
prove the Case (VI) involving the first eight prime numbers: p; = 2, p = 3,
p3=05,ps =17, ps =11, pg = 13, py = 17 and pg = 19. Consequently,

log2 + log 3 + log 5 + log 7 + log 11 4 log 13 + log 17 + log 19
a =
log =

and e=2x3x5x7x11x13x17x 19.

¢($ay) = Q8
log x loge, logx loge, logx loge, logx loge
=P 1 1 1 1
(10g2( +logm)’log3 +loga;)’log5 +loggc)’log7 logm)’
log loge, logx loge, logx loge, logx loge
1 1 1 1
logll( +1ogx)’log13( +log:13)’log17( +logx)log19( +logac))
<l[(logm logg)(log:c logg)(log:c logg)(log:c logs)
— 8! log2  log27'log3  log3’'logh  loghH’log7  log7

( logz  log {7 ) logz  log {3
log1l  logl11”‘logl3 log13
logz log

logz  log 5.4
B {(log 19 * @> - (log 19  log19 log19 = log19
<loga: log 15 B )(logm log 15 B )(log:c log%_g)
log19  log19 log19 = log19 log19  log19
(logx log 5 B )(logx log 15 B )(10gx log 15 o))
log19  log19 log19  log19 log19 = log19

1 1
~ 40320 { log 2log 3log 5log 7log 111log 13 log 171log 19

(log = + log 4849845)(log = + log 3233230) (log = + log 1939938)

logz  log 1

) logz  log {5
log17 = log17

)(log 19  log19
logz  log %)

)

(log = + log 1385670)(log = + log 881790) (log = + log 746130)

(log z + log 570570)(log = + log 510510)
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1
~ [(log = + log 570570)® — (log = + log 19 + log 570570)
og

(log x + log 570570)(log = + log 570570 — log 19)
(log x + 1og 570570 — 21og 19)(log = + log 570570 — 31log 19)
(log z + log 570570 — 41log 19)(log = + log 570570 — 51og 19)

(log x + log 570570 — 6log 19)]}.
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