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On Yau Rigidity Theorem for

Submanifolds in Pinched Manifolds

Hong-Wei Xu, Li Lei and Juan-Ru Gu

Abstract: In this paper, we investigate Yau’s rigidity problem
for compact submanifolds with parallel mean curvature in pinched
Riemannian manifolds. Firstly, we prove that if Mn is an oriented
closed minimal submanifold in an (n+ p)-dimensional complete
simply connected Riemannian manifold Nn+p, then there exists
a constant δ0(n, p) ∈ (0, 1) such that if the sectional curvature of
N satisfies KN ∈ [δ0(n, p), 1], and if M has a lower bound for the
sectional curvature and an upper bound for the normalized scalar
curvature, then N is isometric to Sn+p. Moreover, M is either
a totally geodesic sphere, one of the Clifford minimal hypersur-

faces Sk(
√

k
n )× Sn−k(

√
n−k
n ) in Sn+1 for k = 1, · · · , n− 1, or the

Veronese submanifold in Sn+d, where d = 1
2n(n+ 1)− 1. We then

generalize the above theorem to the case where M ia a compact
submanifold with parallel mean curvature in a pinched Rieman-
nian manifold.
Keywords: Submanifolds, Rigidity theorem, Sectional curvature,
Mean curvature, Pinched Riemannian manifold.

1. Introduction

Rigidity of submanifolds with parallel mean curvature plays an important
role in submanifold geometry. Let Mn be an n(≥ 2)-dimensional subman-
ifold in an (n+ p)-dimensional Riemannian manifold Nn+p. Denote by H
and S the mean curvature and the squared length of the second fundamental
form of M , respectively. After the pioneering rigidity theorem for minimal
submanifolds in a sphere proved by Simons [25], Lawson [12] and Chern-do
Carmo-Kobayashi [3] obtained a famous classification theorem for oriented
compact minimal submanifolds in Sn+p satisfies S ≤ n/(2− 1/p). It was
partially extended to compact submanifolds with parallel mean curvature
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in a sphere by Okumura [20, 21], Yau [32] and others. In 1990, the first
named author [27] proved the generalized Simons-Lawson-Chern-do Carmo-
Kobayashi theorem for compact submanifolds with parallel mean curvature
in a sphere.

Theorem A. Let M be an n-dimensional oriented compact submanifold
with parallel mean curvature in an (n+ p)-dimensional unit sphere Sn+p.
If S ≤ C(n, p,H), then M is either a totally umbilic sphere Sn( 1√

1+H2
),

a Clifford hypersurface in an (n+ 1)-sphere, or the Veronese surface in
S4( 1√

1+H2
). Here the constant C(n, p,H) is defined by

C(n, p,H) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

α(n,H), for p = 1,
or p = 2 and H �= 0,

n
2− 1

p

, for p ≥ 2 and H = 0,

min
{
α(n,H), n+nH2

2− 1

p−1

+ nH2
}
, for p ≥ 3 and H �= 0,

α(n,H) = n+
n3

2(n− 1)
H2 − n(n− 2)

2(n− 1)

√
n2H4 + 4(n− 1)H2.

Later, Li-Li [15] improved Simons’ pinching constant for n-dimensional
compact minimal submanifolds in Sn+p to max{ n

2−1/p ,
2
3n}. Chen-Xu [2]

also gave a proof for the rigidity result by using a different argument. Using
Li-Li’s matrix inequality, Xu [28] improved the above pinching constant
C(n, p,H) to

C ′(n, p,H) =

⎧⎪⎨
⎪⎩

α(n,H), for p = 1,
or p = 2 and H �= 0,

min
{
α(n,H), 13(2n+ 5nH2)

}
, otherwise.

When N is a pinched Riemannian manifold, we denote KN the sectional
curvature of N . Making use of 1-forms and geometric inequalities, Shiohama
and Xu [23, 30] proved the following rigidity theorem.

Theorem B. For given positive integers n(≥ 2), p and a nonnegative con-
stant H, there exists a number ρ(n, p) such that 0 < ρ(n, p) < 1 with the
following properties: If Mn is an oriented compact submanifold with parallel
mean curvature normal field with its norm H in a complete and simply con-
nected (n+ p)-dimensional Riemannian manifold with ρ(n, p) ≤ KN ≤ 1,
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and if

nH2 + C1(n, p)(1− c) + C2(n, p)[(1 +H2)H]1/2(1− c)1/4 ≤ S

≤ C ′(n, p,H)−D1(n, p)(1− c)−D2(n, p)[(1 +H2)H]1/2(1− c)1/4,

where c := infKN , then Nn+p is isometric to Sn+p. Moreover, M is either
a totally umbilic sphere Sn( 1√

1+H2
), a Clifford hypersurface in an (n+

1)-sphere, or the Veronese surface in S4( 1√
1+H2

). Here C1(n, p), C2(n, p),

D1(n, p), D2(n, p) are nonnegative constants depending on n and p; C ′(n, p,H)
is defined as above.

In 1975, Yau [32] proved that if M is an n-dimensional oriented compact
minimal submanifold in the unit sphere Sn+p whose sectional curvature sat-
isfies KM ≥ p−1

2p−1 , then either M is the totally geodesic sphere, a Clifford

hypersurface in Sn+1, or the Veronese surface in S4. The pinching constant
above is the best possible in the case where p = 1, or n = 2 and p = 2.
Later, Itoh [11] proved that if Mn is an oriented compact minimal submani-
fold in Sn+p whose sectional curvature satisfies KM ≥ n

2(n+1) , then M is the
totally geodesic sphere or the Veronese submanifold. In 2012, Gu and Xu
[7] improved the pinching constants above to min{p·sgn(p−1)2(p+1) , n

2(n+1)}, where
sgn(·) is the standard sign function. Combining the rigidity results above
and their extensions [7, 11, 24, 31, 32], Gu and Xu presented the following
generalized Yau’s rigidity theorem.

Theorem C. Let M be an n-dimensional oriented compact submanifold
with parallel mean curvature in Fn+p(c), where c+H2 > 0. Set τ(m,n) =
min{m · sgn(m− 1), n}. Then we have

(1) if H = 0 and

KM ≥ τ(p, n)c

2[τ(p, n) + 1]
,

then M is either a totally geodesic sphere, one of the Clifford minimal hyper-

surfaces Sk(
√

k
nc)× Sn−k(

√
n−k
nc ) in Fn+1(c) for k = 1, · · · , n− 1, or the

Veronese submanifold in Fn+d(c), where d = 1
2n(n+ 1)− 1;

(2) if H �= 0 and

KM ≥ τ(p− 1, n)(c+H2)

2[τ(p− 1, n) + 1]
,
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then M is congruent to one of the following:

(i) Sn( 1√
c+H2

);

(ii) one of the Clifford hypersurfaces Sk( 1√
c+λ2(k,n,H,c)

)×
Sn−k( λ(k,n,H,c)√

c2+cλ2(k,n,H,c)
) in Fn+1(c) with c > 0,where

λ(k, n,H, c) = 1
2k [nH +

√
n2H2 + 4k(n− k)c], k = 1, · · · , n− 1;

(iii) one of the Clifford minimal hypersurfaces Sk(
√

k
n(c+H2))×

Sn−k(
√

n−k
n(c+H2)) in Fn+1(c+H2), k = 1, · · · , n− 1;

(iv) the Clifford torus S1(r1)× S1(r2) in F 3(c+H2 −H2
0 ) with

constant mean curvature H0, where r1, r2 = [2(c+H2)±
2H0(c+H2)1/2]−1/2, 0 ≤ H0 ≤ H, and c+H2 −H2

0 > 0;

(v) the product of three spheres Sk1(
√

k1

k(c+λ2(k,n,H,c)))×
Sk−k1(

√
k−k1

k(c+λ2(k,n,H,c)))× Sn−k( λ(k,n,H,c)√
c2+cλ2(k,n,H,c)

) in Fn+2(c) with

c > 0, where λ(k, n,H, c) = 1
2k [nH +

√
n2H2 + 4k(n− k)c],

1 ≤ k1 < k ≤ n− 1;
(vi) the Veronese submanifold in Fn+d(c+H2), where

d = 1
2n(n+ 1)− 1.

Remark 1.1. The first part of Theorem C is the unified version of the
rigidity results due to Yau [32], Itoh [11] and Gu-Xu [7]. Since Yau is the
first one who investigated the sectional curvature pinching problem on min-
imal submanifolds in spheres and his rigidity result is sharp, the first part
of Theorem C was called the Yau rigidity theorem by Gu and Xu [7]. Corre-
spondingly, Theorem C was called the generalized Yau rigidity theorem (see
[7]). The second sectional curvature pinching problem on minimal surfaces
in spheres has been studied by Kozlowski and Simon [9].

Motivated by Theorems B and C, we investigate the rigidity problem of
compact submanifolds with parallel mean curvature in pinched Riemannian
manifolds. We first prove the following rigidity theorem for minimal sub-
manifolds under sectional curvature pinching condition.

Theorem 1.1. Let M be an n-dimensional oriented closed minimal sub-
manifold in an (n+ p)-dimensional complete simply connected Riemannian
manifold Nn+p. Denote by R0 the normalized scalar curvature of M. Then
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there exists a constant δ0(n, p) ∈ (0, 1) such that if KN ∈ [δ0(n, p), 1], and if

KM ≥ τ(p, n)

2(τ(p, n) + 1)
+A0(n, p)(1− c),

R0 ≤ 1−B0(n, p)(1− c),

where c := infKN , then N is isometric to Sn+p. Moreover, M is either a

totally geodesic sphere, one of the Clifford minimal hypersurfaces Sk(
√

k
n)×

Sn−k(
√

n−k
n ) in Sn+1 for k = 1, · · · , n− 1, or the Veronese submanifold

in Sn+d, where d = 1
2n(n+ 1)− 1. Here δ0(n, p), A0(n, p), B0(n, p) will be

given in the proof, which are nonnegative constants depending on n and p,
τ(m,n) is defined in Theorem C.

More generally, we consider compact submanifolds with parallel mean
curvature (H �= 0), and prove the following rigidity theorem.

Theorem 1.2. Let M be an n-dimensional oriented compact submanifold
with parallel mean curvature (H �= 0) in an (n+ p)-dimensional complete
simply connected Riemannian manifold Nn+p. Denote by R0 the normalized
scalar curvature of M. Then there exists a constant δ1(n, p) ∈ (0, 1) such that
if KN ∈ [δ1(n, p), 1], and if

KM ≥ τ(p− 1, n)

2(τ(p− 1, n) + 1)
(1 +H2) +A1(n, p)(1− c)

+A2(n, p)[H(1 +H2)]1/2(1− c)1/4,

R0 ≤ 1 +H2 −B1(n, p)(1− c)−B2(n, p)[H(1 +H2)]1/2(1− c)1/4,

where c := infKN , then N is isometric to Sn+p. Moreover, M is congruent
to one of the following:

(i) Sn( 1√
1+H2

);

(ii) one of the Clifford hypersurfaces

Sk( 1√
1+μ2(k,n,H)

)× Sn−k( μ(k,n,H)√
1+μ2(k,n,H)

) in Fn+1(1),where

μ(k, n,H) = 1
2k [nH +

√
n2H2 + 4k(n− k)], k = 1, · · · , n− 1;

(iii) one of the Clifford minimal hypersurfaces Sk(
√

k
n(1+H2))×

Sn−k(
√

n−k
n(1+H2)) in Fn+1(1 +H2), k = 1, · · · , n− 1;
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(iv) the Clifford torus S1(r1)× S1(r2) in F 3(1 +H2 −H2
0 ) with

constant mean curvature H0, where r1, r2 = [2(1 +H2)±
2H0(1 +H2)1/2]−1/2, 0 ≤ H0 ≤ H, and 1 +H2 −H2

0 > 0;

(v) the product of three spheres Sk1(
√

k1

k(1+μ2(k,n,H)))×
Sk−k1(

√
k−k1

k(1+μ2(k,n,H)))× Sn−k( μ(k,n,H)√
1+μ2(k,n,H)

) in Fn+2(1), where

μ(k, n,H) = 1
2k [nH +

√
n2H2 + 4k(n− k)], 1 ≤ k1 < k ≤ n− 1;

(vi) the Veronese submanifold in Fn+d(1 +H2), where
d = 1

2n(n+ 1)− 1.

Here δ1(n, p), A1(n, p), A2(n, p), B1(n, p), B2(n, p) will be given in the proof,
which are nonnegative constants depending on n and p, τ(m,n) is defined
in Theorem C.

Remark 1.2. In particular, if c = 1, then the conditions on the upper bound
for normalized scalar curvature in Theorems 1.1 and 1.2 are automatically
satisfied. In this case, Theorems 1.1 and 1.2 are reduced to the first and sec-
ond parts of Theorem C, respectively. Therefore, the unification of Theorems
1.1 and 1.2 is the most general version of the Yau rigidity theorem up to date.

2. Notation and lemmas

Throughout this paper let Mn be an n-dimensional compact Riemannian
manifold isometrically immersed into an (n+ p)-dimensional Riemannian
manifold Nn+p. The following convention of indices are used throughout:

1 ≤ A,B,C, . . . ≤ n+ p; 1 ≤ i, j, k, . . . ≤ n; n+ 1 ≤ α, β, γ, . . . ≤ n+ p.

Choose a local orthonormal frame field {eA} in Nn+p such that, restricted
to M , the ei’s are tangent to M. Let {ωA} and {ωAB} be the dual frame field
and the connection 1-form of Nn+p respectively. Restricting these forms to
M, we have

ωαi =
∑
j

hαijωj , hαij = hαji.

The curvature tensors ofN ,M are denoted by RABCD, Rijkl, and the normal
curvature tensor of M by Rαβkl respectively. The second fundamental form
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of M is denoted by h and the mean curvature field by ξ. We then have

h =
∑
α,i,j

hαijωi ⊗ ωj ⊗ eα, ξ =
1

n

∑
α,i

hαiieα.

Moreover,

Rijkl = Rijkl +
∑
α

(hαikh
α
jl − hαilh

α
jk),(2.1)

Rαβkl = Rαβkl +
∑
i

(hαikh
β
il − hαilh

β
ik).(2.2)

Denote by K(π) the sectional curvature of M for tangent 2-plane π(⊂ TxM)
at point x ∈M . Denote by K(π) the sectional curvature of N for tangent
2-plane π(⊂ TxN) at point x ∈ N . Set Kmin := minπ⊂TxM K(π). Let a(x),
b(x) for x ∈ N be the minimum and maximum of KN at that point. Then
by Berger’s inequality we have

(2.3) |RABCD| ≤ 2

3
(b− a),

for all distinct indices A, B, C, D.

(2.4) |RACBC | ≤ 1

2
(b− a),

for all distinct indices A, B, C. We define S = |h|2, H = |ξ|, Hα = (hαij)n×n.
Then the normalized scalar curvature R0 of M is given by

(2.5) n(n− 1)R0 =
∑
i,j

Rijij + n2H2 − S.

For a matrix A = (aij), we denote by N(A) the square of the norm of A,
i.e.,

N(A) = tr(AAT ) =
∑

a2ij .

Definition 2.1. M is called a submanifold with parallel mean curvature if
ξ is parallel in the normal bundle of M . In particular, M is called minimal
if ξ = 0.

We assume thatM admits a parallel mean curvature normal field andH �= 0.
Then we choose en+1 such that en+1 ‖ ξ and trHn+1 = nH and trHβ = 0,
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n+ 2 ≤ β ≤ n+ p. Set

SH =
∑
i,j

(hn+1
ij )2, SI =

∑
i,j,β �=n+1

(hβij)
2.

Denoting the first and second covariant derivatives of hαij by hαijk and hαijkl
respectively, we have∑

k

hαijkωk = dhαij −
∑
k

hαikωkj −
∑
k

hαkjωki −
∑
β

hβijωβα,

∑
l

hαijklωl = dhαijk −
∑
l

hαijlωlk −
∑
l

hαilkωlj −
∑
l

hαljkωli −
∑
β

hβijkωβα.

Hence,

hαijk = hαikj −Rαijk,

hαijkl − hαijlk =
∑
m

hαimRmjkl +
∑
m

hαmjRmikl −
∑
β

hβijRαβkl,(2.6)

If Mn is a submanifold with parallel mean curvature of Nn+p, then trHα is
constant, i.e.,

∑
i h

α
iikl = 0. Therefore,


hαij = −
∑
k

(Rαkikj +Rαijkk)

+
∑
k,m

hαkmRmijk +
∑
k,m

hαmiRmkjk −
∑
k,β

hβkiRαβjk.(2.7)

The following lemmas will be used in the proof of our results.

Lemma 2.2([32]). If Mn is a submanifold with parallel mean curvature
in Nn+p, then either H ≡ 0 or H is a non-zero constant and HαHn+1 =
Hn+1Hα + (Rn+1αij)n×n for α �= n+ 1.

Lemma 2.3([10]). Let M be an n-dimensional submanifold in Nn+p, then∑
α,β

[tr(H2
αH

2
β)− tr(HαHβ)

2] ≤ n

2

∑
α,β

[tr(HαHβ)]
2.

The DDVV inequality proved by Lu, Ge-Tang [6, 18] is stated as follows.
For further discussions in this area, we refer to see [4, 5, 17].
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Lemma 2.4(DDVV Inequality). Let B1, ..., Bm be symmetric (n× n)-
matrices, then

m∑
r,s=1

N(BrBs −BsBr) ≤
[ m∑
r=1

N(Br)
]2
,

where the equality holds if and only if under some rotation all Br’s are zero
except two matrices which can be written as

B̃r = P

⎛
⎜⎜⎜⎜⎜⎝

0 μ 0 · · · 0
μ 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎠P t, B̃s = P

⎛
⎜⎜⎜⎜⎜⎝

μ 0 0 · · · 0
0 −μ 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎠P t,

where P is an orthogonal (n× n)-matrix.

We also need the following lemma, which can be found in [22, 23] (see
also [29]).

Lemma 2.5. Let a1,. . .,an and b1, . . ., bn be real numbers which satisfy∑
i ai =

∑
i bi = 0,

∑
i a

2
i = a and

∑
i b

2
i = b, then

|
∑
i

aib
2
i | ≤ (n− 2)[n(n− 1)]−1/2a1/2b,

where equality holds if and only if either ab = 0, or at least n− 1 pairs of
numbers of (ai, bi)

′s are the same.

3. Minimal submanifolds

If Mn is a compact oriented minimal submanifold in Nn+p, then we get
from (2.7) that

∑
i,j,α

hαij
hαij = −
∑
i,j,k,α

hαij(Rαkikj +Rαijkk)−
∑

i,j,k,α,β

hαijh
β
kiRαβjk

+
∑

i,j,k,m,α

(hαijh
α
kmRmijk + hαijh

α
miRmkjk).(3.1)
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Using (2.1) and (2.2), we have

∑
i,j,k,m,α

hαijh
α
kmRmijk +

∑
i,j,k,m,α

hαijh
α
miRmkjk

=
∑

i,j,k,m,α

(hαijh
α
mkRmijk + hαijh

α
imRmkjk) +

∑
α,β

trHβ · tr(H2
αHβ)

−
∑
α,β

[tr(HαHβ)]
2 −

∑
α,β

[tr(H2
αH

2
β)− tr(HαHβ)

2],(3.2)

and

∑
i,j,k,α,β

hαijh
β
kiRαβjk =

∑
i,j,k,α,β

hαijh
β
kiRαβjk

+
∑
α,β

[tr(H2
αH

2
β)− tr(HαHβ)

2].(3.3)

Since (tr(HαHβ)) is a symmetric (p× p)-matrix, we can choose the normal
frame field {eα} such that

tr(HαHβ) = trH2
α · δαβ ,

which implies

(3.4)
∑
α,β

[tr(HαHβ)]
2 =

∑
α

(trH2
α)

2.

From the above equalities, we obtain

∑
i,j,α

hαij
hαij = −
∑
i,j,k,α

hαij(Rαkikj +Rαijkk)−
∑

i,j,k,α,β

hαijh
β
kiRαβjk

−t
∑

i,j,k,m,α

(hαijh
α
mkRmijk + hαijh

α
imRmkjk)

+(1 + t)
∑

i,j,k,m,α

(hαijh
α
kmRmijk + hαijh

α
miRmkjk)

+(t− 1)
∑
α,β

[tr(H2
αH

2
β)− tr(HαHβ)

2] + t
∑
α

(trH2
α)

2,(3.5)
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where t ∈ R. Setting

X1 := (1 + t)
∑

i,j,k,m,α

(hαijh
α
kmRmijk + hαijh

α
miRmkjk)

+(t− 1)
∑
α,β

[tr(H2
αH

2
β)− tr(HαHβ)

2] + t
∑
α,β

(trH2
α)

2,

Y1 := −t
∑

i,j,k,m,α

(hαijh
α
jmRmkik + hαmkh

α
ijRmijk)−

∑
i,j,k,α,β

hαijh
β
kiRαβjk,

Z1 :=
∑
i,j,k,α

(hαijk)
2 −

∑
i,j,k,α

(hαijRαkikj + hαijRαijkk),

we get

1

2

S =

∑
i,j,k,α

(hαijk)
2 +

∑
i,j,α

hαijΔhαij = X1 + Y1 + Z1.

For fixed α, we choose the orthonormal frame fields {ei} such that hαij =
λα
i δij . Then we get the following lemma.

Lemma 3.1. If 0 ≤ t < 1, then
(i) X1 ≥ (1 + t)nKminS + [ tp + sgn(p−1)

2 (t− 1)]S2;

(ii) X1 ≥ (1 + t)nKminS + [t+ n
2 (t− 1)]

∑
α(trH

2
α)

2.

Proof. Since

∑
i,j,k,m

hαijh
α
kmRmijk +

∑
i,j,k,m

hαijh
α
miRmkjk

=
∑
i,k

λα
i λ

α
kRkiik +

∑
i,k

λα
i λ

α
i Rikik

≥ 1

2
Kmin

∑
i,j

(λα
i − λα

j )
2

= nKmin · trH2
α,(3.6)

we have

(3.7)
∑

i,j,k,m,α

hαijh
α
kmRmijk +

∑
i,j,k,m,α

hαijh
α
miRmkjk ≥ nKminS.
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(i) By a direct computation and Lemma 2.4, we obtain

∑
α,β

[tr(H2
αH

2
β)− tr(HαHβ)

2] =
1

2

∑
α,β

N(HαHβ −HβHα)

≤ 1

2
sgn(p− 1)

(∑
α

trH2
α

)2

=
1

2
sgn(p− 1)S2,(3.8)

where sgn(·) is the standard sign function. Combing (3.7), (3.8) and the
Schwarz inequality, we get the conclusion.

(ii) From Lemma 2.3 and (3.4), we have

(3.9)
∑
α,β

[tr(H2
αH

2
β)− tr(HαHβ)

2] ≤ n

2

∑
α

(trH2
α)

2.

This together with (3.7) implies the conclusion.
This proves the lemma.

Lemma 3.2. If t ≥ 0, then Y1 ≥ −ntbS − 2
3(p− 1)(b− a)S.

Proof. It’s easy to see that∑
i,j,k,m

(hαijh
α
jmRmkik + hαmkh

α
ijRmijk) =

∑
i,k

(hαii)
2Rikik +

∑
i,k

hαkkh
α
iiRkiik

=
1

2

∑
i,k

(hαii − hαkk)
2Rikik

≤ nb · trH2
α.(3.10)

From Berger’s inequality (2.3), we obtain

−
∑

i,j,k,α,β

hαijh
β
kiRαβjk ≥ −

∑
i,α,β

|R(eα, eβ ,
∑
j

hαijej ,
∑
k

hβikek)|

≥ −
∑
i,α �=β

2

3
(b− a)

√∑
j

(hαij)
2

√∑
k

(hβik)
2

≥ −1

3
(b− a)

∑
i,j,α�=β

[(hαij)
2 + (hβij)

2]

= −2

3
(p− 1)(b− a)S.(3.11)
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Then the assertion follows from (3.10) and (3.11). This proves the lemma.

The estimate about Z1 can be find in [30], and the proof is useful when
we prove Theorem 1.1.

Lemma 3.3.
∫
M Z1dM ≥ − 1

72pn(n− 1)(26n− 25)
∫
M (b− a)2dM.

Proof. Note that

−
∑
i,j,k,α

(hαikRαjijk + hαijRαijkk) = −
∑
i,j,k,α

∇k(h
α
ikRαjij + hαijRαijk)

+
∑
i,j,k,α

(hαikkRαjij + hαijkRαijk).

Define a differential 1-form as

ω :=
∑
i,j,k,α

(hαikRαjij + hαijRαijk)ωk.

It follows that

divω =
∑
i,j,k,α

∇k(h
α
ikRαjij + hαijRαijk).

Thus

Z1 =
∑
i,j,k,α

(hαijk)
2 +

∑
i,j,k,α

(hαikkRαjij + hαijkRαijk)− divω.

Since M is minimal, we have
∑

i h
α
iij = 0 for all j, α. Then we get∑

i,j,k,α

hαikkRαjij =
∑
i,j,k,α

(hαkki −Rαkik)Rαjij

≥ −1

4
pn(n− 1)2(b− a)2.(3.12)

∑
i,j,k,α

(hαijk)
2 +

∑
i,j,k,α

hαijkRαijk ≥ −1

4

∑
α,i,j,k

(Rαijk)
2

≥ −1

9
pn(n− 1)(n− 2)(b− a)2

−1

8
pn(n− 1)(b− a)2.(3.13)

Then the integral inequality holds by Green’s divergence theorem.
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We take t = sgn(p− 1) p
p+2 when p ≤ n, and take t = n

n+2 when p > n
in Lemmas 3.1 and 3.2. Hence we get the following theorem.

Theorem 3.1. If Mn is an oriented closed minimal submanifold in an
(n+ p)-dimensional Riemannian manifold Nn+p, then∫

M

{
nS

[2(τ(p, n) + 1)

τ(p, n) + 2
Kmin − τ(p, n)b

τ(p, n) + 2
− C(n, p)(b− a)

]
−D(n, p)(b− a)2

}
dM ≤ 0.

Here

τ(m,n) = min{sgn(m− 1)m,n},
C(n,m) :=

2

3n
(m− 1),

D(n,m) :=
1

72
mn(n− 1)(26n− 25).

Denote by

A0(n, p) :=
(τ(p, n) + 2)(p− 1)

3n(τ(p, n) + 1)
+

1

12

√
p(τ(p, n) + 2)(26n− 25)

(τ(p, n) + 1)n
,

B0(n, p) := 1 +
1

12

√
p(τ(p, n) + 2)(26n− 25)

(τ(p, n) + 1)n
,

δ0(n, p) := 1− τ(p, n) + 2

2(τ(p, n) + 1)[A0(n, p) +B0(n, p)]
.

We’ll give the proof of Theorem 1.1.

The proof of Theorem 1.1. Since c ≤ a(x) ≤ b(x) ≤ 1, we get from The-
orem 3.1 that∫

M

{
nS

[(
1 +

τ(p, n)

τ(p, n) + 2

)
Kmin − τ(p, n)

τ(p, n) + 2
− C(n, p)(1− c)

]
−D(n, p)(1− c)2

}
dM ≤ 0.(3.14)

From the assumption, we get

δ0(n, p) = 1− τ(p, n) + 2

2(τ(p, n) + 1)[A0(n, p) +B0(n, p)]
.
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Therefore,

1− c ≤ 1− δ0(n, p)

=
τ(p, n) + 2

2(τ(p, n) + 1)[A0(n, p) +B0(n, p)]
.(3.15)

Then we have

(3.16)
τ(p, n)

2(τ(p, n) + 1)
+A0(n, p)(1− c) ≤ 1−B0(n, p)(1− c),

and the assumption is not trivial. From (2.5) and the assumption about R0,
we get

(3.17) S ≥ [B0(n, p)− 1]n(n− 1)(1− c).

This together with the definitions of A0(n, p), B0(n, p) and the assumption

KM ≥ τ(p, n)

2(τ(p, n) + 1)
+A0(n, p)(1− c)

implies that

nS
[(

1 +
τ(p, n)

τ(p, n) + 2

)
Kmin − τ(p, n)

τ(p, n) + 2
− C(n, p)(1− c)

]
≥ n2(n− 1)(B0(n, p)− 1)(1− c)×[(

1 +
τ(p, n)

τ(p, n) + 2

)( τ(p, n)

2(τ(p, n) + 1)
+A0(n, p)(1− c)

)
− τ(p, n)

τ(p, n) + 2
− C(n, p)(1− c)

]
= D(n, p)(1− c)2.(3.18)

Therefore, we obtain∫
M

{
nS

[(
1 +

τ(p, n)

τ(p, n) + 2

)
Kmin − τ(p, n)

τ(p, n) + 2
− C(n, p)(1− c)

]
−D(n, p)(1− c)2

}
dM ≥ 0.(3.19)

From (3.14) and (3.19), we know that the left side of (3.19) is equal to zero.
This together with c ≤ a ≤ b ≤ 1 implies that a ≡ c and b ≡ 1. Moreover, it
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follows from (3.12), (3.13) that

∑
i,j,k,α

hαikkRαjij = −1

4
pn(n− 1)2(1− c)2,

and

0 = hαikk +
1

2
Rαikk = hαikk.

This implies c = 1. Since N is complete and simply connected, N is iso-
metric to Sn+p. Moreover, it follows from Theorem C that M is either a

totally geodesic sphere, one of the Clifford minimal hypersurfaces Sk(
√

k
n)×

Sn−k(
√

n−k
n ) in Sn+1 for k = 1, · · · , n− 1, or the Veronese submanifold in

Sn+d, where d = 1
2n(n+ 1)− 1. This proves Theorem 1.1.

4. Submanifolds with parallel mean curvature

If Mn is an oriented compact submanifold with parallel mean curvature
in Nn+p, then we get from (2.7) that

∑
i,j

hn+1
ij 
hn+1

ij = −
∑
i,j,k

hn+1
ij (Rn+1kikj +Rn+1ijkk)

+
∑

i,j,k,m

(hn+1
ij hn+1

km Rmijk + hn+1
ij hn+1

mi Rmkjk).(4.1)

Hence,

1

2

SH = (hn+1

ijk )2 +
∑
i,j

hn+1
ij 
hn+1

ij

= (hn+1
ijk )2 −

∑
i,j,k

hn+1
ij (Rn+1kikj +Rn+1ijkk)

+
∑

i,j,k,m

(hn+1
ij hn+1

km Rmijk + hn+1
ij hn+1

mi Rmkjk).(4.2)

We define a differential 1-form ω as follows:

ω :=
∑
i,j,k

(hn+1
ik Rn+1jij + hn+1

ij Rn+1ijk)ωk.
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Then we have

−
∑
i,j,k

(hn+1
ij Rn+1kikj + hn+1

ij Rn+1ijkk)

=
∑
i,j,k

(hn+1
ijj Rn+1kik + hn+1

ijk Rn+1ijk)− divω.(4.3)

From
∑

i,j,k(h
n+1
ijk + 1

2Rn+1ijk)
2 ≥ 0, we get

∑
i,j,k

(hn+1
ijk )2 +

∑
i,j,k

hn+1
ijk Rn+1ijk ≥ −1

4

∑
i,j,k

R
2
n+1ijk

= −1

4

∑
i �=j �=k �=i

R
2
n+1ijk −

1

2

∑
i �=j

R
2
n+1iji

≥ − 1

72
n(n− 1)(8n− 7)(b− a)2.(4.4)

Since M has parallel mean curvature,∑
i

hαiij = 0, for all j.

This together with Berger’s inequality (2.4) and the Codazzi equation (2.2)
implies that

(4.5)
∑
i,j,k

hn+1
ijj Rn+1kik = −

∑
i

(
∑
j

Rn+1jij)
2 ≥ −1

4
n(n− 1)2(b− a)2.

On the other hand, we set hn+1
ij = δijλ

n+1
ij and obtain

∑
i,j,k,m

hn+1
ij hn+1

km Rmijk +
∑

i,j,k,m

hn+1
ij hn+1

mi Rmkjk

=
∑
i,k

λn+1
i λn+1

k Rkiik +
∑
i,k

λn+1
i λn+1

i Rikik

≥ 1

2
Kmin

∑
i,j

(λn+1
i − λn+1

j )2

= nKmin(SH − nH2).(4.6)

From (4.2)-(4.6), we get the following theorem.

Theorem 4.1. If Mn is an oriented compact submanifold with parallel
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mean curvature in an (n+ p)-dimensional Riemannian manifold Nn+p and
H �= 0, then

∫
M
[(SH − nH2)nKmin −D(n, 1)(b− a)2]dM ≤ 0.

Here

D(n,m) :=
1

72
mn(n− 1)(26n− 25).

If p ≥ 2, then

∑
i,j,α�=n+1

hαij
hαij = −
∑

i,j,k,α �=n+1

hαij(Rαkikj +Rαijkk)

+
∑

i,j,k,m,α �=n+1

(hαijh
α
kmRmijk + hαijh

α
miRmkjk)

−
∑

i,j,k,α �=n+1,β

hαijh
β
kiRαβjk.(4.7)

From (2.1), (2.2) and a direct computation, we get

∑
i,j,k,m,α �=n+1

(hαijh
α
kmRmijk + hαijh

α
miRmkjk)

=
∑

i,j,k,m,α �=n+1

(hαijh
α
mkRmijk + hαijh

α
imRmkjk)

+
∑

α �=n+1,β

trHβ · tr(H2
αHβ)−

∑
α �=n+1,β

[tr(HαHβ)]
2

−
∑

α�=n+1,β

[tr(H2
αH

2
β)− tr(HαHβ)

2],

∑
i,j,k,α �=n+1,β

hαijh
β
kiRαβjk =

∑
i,j,k,α,β �=n+1

hαijh
β
kiRαβjk

+
∑

α,β �=n+1

[tr(H2
αH

2
β)− tr(HαHβ)

2].
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From the equalities above, we obtain

∑
i,j,α�=n+1

hαij
hαij

= −
∑

i,j,k,α �=n+1

hαij(Rαkikj +Rαijkk)−
∑

i,j,k,α,β �=n+1

hαijh
β
kiRαβjk

−t
∑

i,j,k,m,α �=n+1

(hαijh
α
mkRmijk + hαijh

α
imRmkjk)

+(1 + t)
∑

i,j,k,m,α �=n+1

(hαijh
α
kmRmijk + hαijh

α
miRmkjk)

+(t− 1)
∑

α,β �=n+1

[tr(H2
αH

2
β)− tr(HαHβ)

2] + t
∑

α,β �=n+1

[tr(HαHβ)]
2

+t
∑

α�=n+1

[tr(H2
αH

2
n+1)− tr(HαHn+1)

2]

+t
{
−

∑
α �=n+1

tr(H2
αHn+1) · trHn+1 +

∑
α �=n+1

[tr(HαHn+1)]
2
}
,(4.8)

where t ∈ R. If α, β �= n+ 1, then (tr(HαHβ)) ia a symmetric (p− 1)× (p−
1)-matrix. We can choose the normal frame field {eα} for α �= n+ 1 such
that

tr(HαHβ) = trH2
α · δαβ.

Then we have

(4.9)
∑

α,β �=n+1

[tr(HαHβ)]
2 =

∑
α �=n+1

(trH2
α)

2.

Therefore,

1

2

SI =

∑
i,j,k,α �=n+1

(hαijk)
2 +

∑
i,j,α�=n+1

hαijΔhαij = W2 +X2 + Y2 + Z2,

where

W2 := (1 + t)
∑

i,j,k,m,α �=n+1

(hαijh
α
kmRmijk + hαijh

α
miRmkjk)

+(t− 1)
∑

α,β �=n+1

[tr(H2
αH

2
β)− tr(HαHβ)

2] + t
∑

α�=n+1

(trH2
α)

2,
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X2 := −t
∑

i,j,k,m,α �=n+1

(hαijh
α
jmRmkik + hαmkh

α
ijRmijk)

−
∑

i,j,k,α,β �=n+1

hαijh
β
kiRαβjk,

Y2 :=
∑

i,j,k,α �=n+1

(hαijk)
2 −

∑
i,j,k,α �=n+1

(hαijRαkikj + hαijRαijkk)

+t
∑

α �=n+1

[tr(H2
αH

2
n+1)− tr(HαHn+1)

2],

Z2 := t
{
−

∑
α �=n+1

tr(H2
αHn+1) · trHn+1 +

∑
α �=n+1

[tr(HαHn+1)]
2
}
.

For fixed α �= n+ 1, we choose the orthonormal frame fields {ei} such that
hαij = λα

i δij .

Lemma 4.1. If 0 ≤ t < 1, then:
(i) W2 ≥ (1 + t)nKminSI + [ t

p−1 + sgn(p−2)
2 (t− 1)]S2

I ;

(ii) W2 ≥ (1 + t)nKminSI + [t+ n
2 (t− 1)]

∑
α �=n+1(trH

2
α)

2.

Proof. It follows from (3.6) that

(4.10)
∑

i,j,k,m,α �=n+1

hαijh
α
kmRmijk +

∑
i,j,k,m,α �=n+1

hαijh
α
miRmkjk ≥ nKminSI .

(i) By a direct computation and Lemma 2.4, we get

∑
α,β �=n+1

[tr(H2
αH

2
β)− tr(HαHβ)

2] =
1

2

∑
α,β �=n+1

N(HαHβ −HβHα)

≤ 1

2
sgn(p− 2)S2

I ,(4.11)

where sgn(·) is the standard sign function. Then the assertion follows from
(4.10), (4.11) and the Schwarz inequality.

(ii) It follows from Lemma 2.3 and (4.9) that

(4.12)
∑

α,β �=n+1

[tr(H2
αH

2
β)− tr(HαHβ)

2] ≤ n

2

∑
α �=n+1

(trH2
α)

2.

This together with (4.10) implies the conclusion.
This proves the lemma.
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Lemma 4.2. If t ≥ 0, then X2 ≥ −ntbSI − 2
3(p− 2)(b− a)SI .

Proof. A similar argument as in (3.6) shows that

∑
i,j,k,m

(hαijh
α
jmRmkik + hαmkh

α
ijRmijk) =

∑
i,k

(hαii)
2Rikik +

∑
i,k

hαkkh
α
iiRkiik

=
1

2

∑
i,k

(hαii − hαkk)
2Rikik

≤ nb · trH2
α.(4.13)

For α, β �= n+ 1, we get from Berger’s inequality (2.3) that

−
∑

i,j,k,α,β

hαijh
β
kiRαβjk ≥ −

∑
i,α,β

|R(eα, eβ ,
∑
j

hαijej ,
∑
k

hβikek)|

≥ −
∑
i,α�=β

2

3
(b− a)

√∑
j

(hαij)
2

√∑
k

(hβik)
2

≥ −1

3
(b− a)

∑
i,j,α�=β

[(hαij)
2 + (hβij)

2]

= −2

3
(p− 2)(b− a)SI .(4.14)

Combing (4.13) and (4.14), we get the conclusion. This proves the lemma.

Now, we’ll give the estimation about Y2.

Lemma 4.3.
∫
M Y2dM ≥ − 1

72(p− 1)n(n− 1)(26n− 25)
∫
M (b− a)2dM.

Proof. We define a differential 1-form ω as follows:

ω :=
∑

i,j,k,α �=n+1

(hαikRαjij + hαijRαijk)ωk,

then

−
∑

i,j,k,α �=n+1

(hαijRαkikj + hαijRαijkk)

=
∑

i,j,k,α �=n+1

(hαijjRαkik + hαijkRαijk)− divω.
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Since
∑

i,j,k(h
α
ijk +

1
2Rαijk)

2 ≥ 0, we get

∑
i,j,k,α �=n+1

(hαijk)
2 +

∑
i,j,k,α �=n+1

hαijkRαijk

≥ −1

4

∑
i,j,k,α �=n+1

R
2
αijk

= −1

4

∑
i �=j �=k �=i,α�=n+1

R
2
αijk −

1

2

∑
i �=j,α�=n+1

R
2
αiji

≥ − 1

72
(p− 1)n(n− 1)(8n− 7)(b− a)2.(4.15)

Because M admits parallel mean curvature, we have
∑

i h
α
iij = 0 for all j.

This together with (2.2) and (2.4) implies that

∑
i,j,k,α �=n+1

hαijjRαkik = −
∑

i,α�=n+1

(
∑
j

Rαjij)
2

≥ −1

4
(p− 1)n(n− 1)2(b− a)2.(4.16)

It follows from (2.2) and Lemma 2.2 that

∑
α �=n+1

[tr(H2
αH

2
n+1)− tr(HαHn+1)

2]

=
1

2

∑
i,j,k,α �=n+1

(hαijh
n+1
ik + hαikh

n+1
ij )Rn+1αjk +

1

2

∑
j,k,α �=n+1

R
2
n+1αjk

≥ 0.(4.17)

Then we get from (4.15) and (4.16) that

Y2 ≥ − 1

72
(p− 1)n(n− 1)(26n− 25)(b− a)2 − divω,

which implies the conclusion.

Lemma 4.4. If t ≥ 0, then

Z2 ≥ [−nH2 − (n− 2)n1/2(n− 1)−1/2H(SH − nH2)1/2]tSI .
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Proof. We rewrite Z2 as follows:

Z2 = t
∑

α �=n+1

[tr(Hα(Hn+1 −HI))]2

−tnH
∑

α �=n+1

tr[H2
α(Hn+1 −HI)]− tnH2

∑
α �=n+1

trH2
α

≥ −tnH
∑

α �=n+1

tr[H2
α(Hn+1 −HI)]− tnH2SI .(4.18)

Here I is the unit (n× n)-matrix. For fixed eα, we let {ei} be a frame
diagonalizing the matrix Hα such that hαij = 0 for i �= j. This together with
Lemma 2.5 and the Schwarz inequality implies that

nHtr[H2
α(Hn+1 −HI)]

= nH[
∑
i

(hαii)
2(hn+1

ii −H)]

≤ (n− 2)n1/2(n− 1)−1/2H[
∑
i

(hn+1
ii −H)2]1/2[

∑
i

(hαii)
2]

= (n− 2)n1/2(n− 1)−1/2H(SH − nH2)1/2trH2
α.(4.19)

The conclusion follows from (4.18) and (4.19).

Let t = sgn(p− 2)p−1p+1 when p− 1 ≤ n, and let t = n
n+2 when p− 1 > n

in Lemmas 4.1, 4.2 and 4.4. Then we get following theorem.

Theorem 4.2. If Mn is an oriented compact submanifold with parallel
mean curvature in an (n+ p)-dimensional Riemannian manifold Nn+p and
H �= 0, then

∫
M

{
nSI

[2(τ(p− 1, n) + 1)

τ(p− 1, n) + 2
Kmin − τ(p− 1, n)

τ(p− 1, n) + 2
(b+H2)

− τ(p− 1, n)

τ(p− 1, n) + 2

n− 2√
n(n− 1)

H(SH − nH2)1/2

−C(n, p− 1)(b− a)
]
−D(n, p− 1)(b− a)2

}
dM ≤ 0.
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Here

τ(m,n) := min{sgn(m− 1)m,n},
D(n,m) :=

1

72
mn(n− 1)(26n− 25),

C(n,m) :=
2

3n
(m− 1).

Theorem 4.3. Let Mn be an oriented compact submanifold with parallel
mean curvature in an (n+ p)-dimensional complete simply connected Rie-
mannian manifold Nn+p, p ≤ 2 and H �= 0. Then there exists a constant
θ1(n, p) ∈ (0, 1) such that if KN ∈ [θ1(n, p), 1], and

KM ≥ β1(n, p)(1− c),

R0 ≤ 1 +H2 − γ1(n, p)(1− c),

where c := infKN , then Nn+p is isometric to Sn+p. Moreover, M is isomet-
ric to (i)− (v) of Theorem 1.2. Here

β1(n, p) =
1

12

√
p(52n− 50)

n
,

γ1(n, p) = 1 +
1

12

√
p(52n− 50)

n
,

θ1(n, p) = 1− [β1(n, p) + γ1(n, p)]
−1.

Proof. If c ≤ a(x) ≤ b(x) ≤ 1 and p ≤ 2, then we get from Theorems 4.1
and 4.2 that

(4.20)

∫
M
[(S − nH2)nKmin −D(n, p)(1− c)2]dM ≤ 0.

From the assumption θ1(n, p) = 1− [β1(n, p) + γ1(n, p)]
−1, we have

(4.21) 1− c ≤ 1− δ1(n, p) = [β1(n, p) + γ1(n, p)]
−1.

Hence

(4.22) β1(n, p)(1− c) ≤ 1− γ1(n, p)(1− c) ≤ 1 +H2 − γ1(n, p)(1− c),
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and the assumption is not trivial. It follows from (2.5) and the upper bound
of R0 that

(4.23) S − nH2 ≥ [γ1(n, p)− 1]n(n− 1)(1− c).

This together with the definitions of β1(n, p), γ1(n, p) and the lower bound
of KM implies that

(S − nH2)nKmin

≥ n2(n− 1)[γ1(n, p)− 1]β1(n, p)(1− c)2

= D(n, p)(1− c)2.(4.24)

Therefore,

(4.25)

∫
M
[(S − nH2)nKmin −D(n, p)(1− c)2]dM ≥ 0.

From (4.20) and (4.25), we obtain that the left side of (4.25) is equal to
zero. This together with Theorems 4.1, 4.2 and the condition c ≤ a ≤ b ≤ 1
implies a ≡ c and b ≡ 1. Moreover, it follows from (4.4), (4.5) that

∑
i,j,k

hn+1
ikk Rn+1jij = −1

4
n(n− 1)2(1− c)2,

and

0 = hn+1
ikk +

1

2
Rn+1ikk = hn+1

ikk .

This implies that c = 1. Since N is complete and simply connected, we know
that N is isometric to Sn+p. Moreover, we get the classification of M from
Theorem C. This proves the theorem.

For the case p ≥ 3, we need the following lemma.

Lemma 4.5. Let Mn be an oriented compact submanifold with parallel
mean curvature in an (n+ p)-dimensional Riemannian manifold Nn+p and
H �= 0. If

KM ≥ β2(n, p)(d− c),

then d = c, or ∫
M
(SH − nH2)dM ≤ α(n, p)

∫
M
(b− a)dM.
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Here c := infKN , d := supKN , α(n, p) = D(n,1)
nβ2(n,p)

.

Proof. Since c ≤ a ≤ b ≤ d, it follows from Theorem 4.1 that

∫
M
[(SH − nH2)nKmin −D(n, 1)(b− a)(d− c)]dM ≤ 0.

From the assumption, we get

(4.26)

∫
M
[(SH − nH2)nβ2(n, p)(d− c)−D(n, 1)(b− a)(d− c)]dM ≤ 0.

Then we have d = c, or

∫
M
(SH − nH2)dM ≤ α(n, p)

∫
M
(b− a)dM.

This completes the proof.

Theorem 4.4. Let Mnbe an oriented compact submanifold with parallel
mean curvature in an (n+ p)-dimensional complete simply connected Rie-
mannian manifold Nn+p, p ≥ 3, and H �= 0. Then there exists a constant
θ2(n, p) ∈ (0, 1) such that if KN ∈ [θ2(n, p), 1], and

KM ≥ τ(p− 1, n)

2[τ(p− 1, n) + 1]
(1 +H2)

+β2(n, p)(1− c) + β3(n, p)[H(1 +H2)]1/2(1− c)1/4,

R0 ≤ 1 +H2 − γ2(n, p)(1− c)− γ3(n, p)[H(1 +H2)]1/2(1− c)1/4,

where c := infKN , then Nn+p is isometric to Sn+p. Moreover, M is isomet-
ric to (i)− (vi) of Theorem 1.2. Here β2(n, p), β3(n, p), γ2(n, p), γ3(n, p) will
be defined in the proof of the theorem, and

θ2(n, p) = 1− [τ(p− 1, n) + 2]4

16[β2(n, p) + γ2(n, p) +
√
2β3(n, p)]4(τ(p− 1, n) + 1)]4

.

Remark 4.1. From the choice of θ2(n, p), we see that the pinching condition
of M makes sense.
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Proof. We assume c �= 1. It follows from Theorem 4.2 that∫
M

{
nSI

[
E(n, p)Kmin − τ(p− 1, n)

τ(p− 1, n) + 2
(1 +H2)

− τ(p− 1, n)

τ(p− 1, n) + 2

n− 2√
n(n− 1)

H(SH − nH2)1/2

−C(n, p− 1)(1− c)
]
−D(n, p− 1)(1− c)2

}
dM ≤ 0.(4.27)

Here

E(n, p) :=
2(τ(p− 1, n) + 1)

τ(p− 1, n) + 2
.

From the Gauss equation, the assumption KM ≥ τ(p−1,n)
2[τ(p−1,n)+1](1 +H2), and

S = SH + SI ≥ nH2 + SI , we obtain

(4.28) SI ≤ S − nH2 ≤ E−1(n, p)n(n− 1)(1 +H2).

On the other hand, we have

KM ≥ τ(p− 1, n)

2[τ(p− 1, n) + 1]
(1 +H2) + β2(n, p)(1− c) ≥ β2(n, p)(1− c).

This together with Lemma 4.5 implies that

(4.29)

∫
M
(SH − nH2)dM ≤ α(n, p)

∫
M
(1− c)dM.

Then we have from the Schwarz inequality that∫
M

HSI(SH − nH2)1/2dM

≤ HmaxSI · vol1/2(M)
[ ∫

M
(SH − nH2)dM

]1/2
≤ α1/2(n, p)E−1(n, p)H(1 +H2)n(n− 1)(1− c)1/2vol(M).(4.30)

Combing (4.27) and (4.30), we get∫
M

{
nSI

[
E(n, p)Kmin − τ(p− 1, n)

τ(p− 1, n) + 2
(1 +H2)

−C(n, p− 1)(1− c)
]
− F (n, p)H(1 +H2)(1− c)1/2

−D(n, p− 1)(1− c)2
}
dM ≤ 0.(4.31)
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Here, we set

F (n, p) :=
τ(p− 1, n)

2[τ(p− 1, n) + 1]
n3/2(n− 2)(n− 1)1/2α1/2(n, p).

Let

β2(n, p) := C(n, p− 1)E−1(n, p) +D1/2(n, p− 1)E−1/2(n, p)n−1(n− 1)−1/2,

β3(n, p) := F 1/2(n, p)E−1/2(n, p)n−1(n− 1)−1/2.

Substituting the lower bound of KM into (4.31), we have∫
M

SIdM ≤ [D1/2(n, p− 1)E−1/2(n, p)(n− 1)1/2(1− c)

+F 1/2(n, p)E−1/2(n, p)(n− 1)1/2[H(1 +H2)]1/2(1− c)1/4]vol(M).

This together with (4.29) implies that∫
M
(S − nH2)dM ≤ {[α(n, p) +D1/2(n, p− 1)E−1/2(n, p)(n− 1)1/2](1− c)

+F 1/2(n, p)E−1/2(n, p)(n− 1)1/2[H(1 +H2)]1/2(1− c)1/4}vol(M).(4.32)

Here

α(n, p) = D(n, 1)n−1β−12 (n, p) = D(n, p− 1)n−1(p− 1)−1β−12 (n, p).

From the assumption, we know that

S − nH2 ≥ (γ2(n, p)− 1)n(n− 1)(1− c)

+γ3(n, p)n(n− 1)[H(1 +H2)]1/2(1− c)1/4.(4.33)

Let

γ2(n, p) := 1 + [α(n, p) +D1/2(n, p− 1)E−1/2(n, p)(n− 1)1/2]n−1(n− 1)−1,

γ3(n, p) := β3(n, p),

then we obtain

S − nH2 ≡ [α(n, p) +D1/2(n, p− 1)E−1/2(n, p)(n− 1)1/2](1− c)

+F 1/2(n, p)E−1/2(n, p)(n− 1)1/2[H(1 +H2)]1/2(1− c)1/4.(4.34)

Therefore, the inequalities above all becomes equalities and 1− c = b− a.
Since c ≤ a ≤ b ≤ 1, we have a = c, b = 1. Moreover, it follows from (4.15),



On Yau Rigidity Theorem for Submanifolds in Pinched Manifolds 329

(4.16) that

∑
i,j,k,α �=n+1

hαikkRαjij = −1

4
(p− 1)n(n− 1)2(1− c)2,

and

0 = hαikk +
1

2
Rαikk = hαikk.

This implies that c = 1. This is contradict to the assumption. Because N
is complete and simply connected, we know that N is isometric to Sn+p.
Moreover, it follows from Theorems 4.1 and 4.2 that

(4.35) S = nH2, or Kmin =
τ(p− 1, n)

2[τ(p− 1, n) + 1]
(1 +H2).

Then the conclusion follows from Theorem C. This completes the proof.

Proof of Theorem 1.2. We first define the pinching constants in The-
orem 1.2:

δ1(n, p) =

{
θ1(n, p), if p ≤ 2,
θ2(n, p), if p ≥ 3,

A1(n, p) =

{
β1(n, p), if p ≤ 2,
β2(n, p), if p ≥ 3,

A2(n, p) =

{
0, if p ≤ 2,
β3(n, p), if p ≥ 3,

B1(n, p) =

{
γ1(n, p), if p ≤ 2,
γ2(n, p), if p ≥ 3,

B2(n, p) =

{
0, if p ≤ 2,
γ3(n, p), if p ≥ 3.

Combing Theorems 4.3 and 4.4, we get the conclusion. This proves the the-
orem.

In 1986, Huisken [8] studied hypersurfaces moving along their mean cur-
vature vector in general Riemannian manifold Nn+1, and proved a conver-
gence theorem for compact hypersurfaces under curvature pinching condi-
tion of the second fundamental form. Motivated by Theorems 1.1, 1.2, and
convergence results due to Huisken [8], Andrews-Baker [1], Liu-Xu-Zhao [16]
and Lei-Xu [13, 14], we would like to propose the following problem on the
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mean curvature flow of arbitrary codimension in a pinched Riemannian man-
ifold.

Open Problem. Let F0 : M → Nn+p be an n(≥ 2)-dimensional closed sub-
manifold in an (n+ p)-dimensional Riemannian manifold Nn+p with 0 <
δ(n, p) ≤ KN ≤ 1. Assume that

KM >
τ(p, n)

2(τ(p, n) + 1)
(1 +H2) +A3(n, p)(1− c)

+A4(n, p)[H(1 +H)]1/2(1− c)1/4,

R0 ≤ 1 +H2 −B3(n, p)(1− c)−B4(n, p)[H(1 +H)]1/2(1− c)1/4,

where c := infKN ≥ 0. Is it possible to prove that the mean curvature flow

{
∂
∂tF (x, t) = nξ(x, t), x ∈M, t ≥ 0,
F (·, 0) = F0(·),

exists smooth solution Ft(·), and Ft(·) converges to a round point in finite
time, or Ft(·) converges to a totally geodesic submanifold as t→∞? Here
δ(n, p), A3(n, p), A4(n, p), B3(n, p), B4(n, p) are nonnegative constants depend-
ing on n and p, τ(p, n) is defined in Theorem C.
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