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On Yau Rigidity Theorem for
Submanifolds in Pinched Manifolds

HoNG-WEI XU, L1 LEl AND JuaAN-RU GuU

Abstract: In this paper, we investigate Yau’s rigidity problem
for compact submanifolds with parallel mean curvature in pinched
Riemannian manifolds. Firstly, we prove that if M"™ is an oriented
closed minimal submanifold in an (n + p)-dimensional complete
simply connected Riemannian manifold N"*?  then there exists
a constant dg(n,p) € (0,1) such that if the sectional curvature of
N satisfies Ky € [5o(n, p), 1], and if M has a lower bound for the
sectional curvature and an upper bound for the normalized scalar
curvature, then N is isometric to S™™P. Moreover, M is either
a totally geodesic sphere, one of the Clifford minimal hypersur-

faces Sk(\/?) x Snk(\/m=E) in SnHl for k=1,--- ,n —1, or the

n

Veronese submanifold in S"*%, where d = $n(n + 1) — 1. We then
generalize the above theorem to the case where M ia a compact
submanifold with parallel mean curvature in a pinched Rieman-
nian manifold.

Keywords: Submanifolds, Rigidity theorem, Sectional curvature,
Mean curvature, Pinched Riemannian manifold.

1. Introduction

Rigidity of submanifolds with parallel mean curvature plays an important
role in submanifold geometry. Let M"™ be an n(> 2)-dimensional subman-
ifold in an (n + p)-dimensional Riemannian manifold N"*P. Denote by H
and S the mean curvature and the squared length of the second fundamental
form of M, respectively. After the pioneering rigidity theorem for minimal
submanifolds in a sphere proved by Simons [25], Lawson [12] and Chern-do
Carmo-Kobayashi [3] obtained a famous classification theorem for oriented
compact minimal submanifolds in S™*P satisfies S <n/(2—1/p). It was
partially extended to compact submanifolds with parallel mean curvature
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in a sphere by Okumura [20, 21], Yau [32] and others. In 1990, the first
named author [27] proved the generalized Simons-Lawson-Chern-do Carmo-
Kobayashi theorem for compact submanifolds with parallel mean curvature
in a sphere.

Theorem A. Let M be an n-dimensional oriented compact submanifold
with parallel mean curvature in an (n + p)-dimensional unit sphere S™*P.

If S <C(n,p,H), then M is either a totally umbilic sphere S”(\/ﬁ),

a Clifford hypersurface in an (n + 1)-sphere, or the Veronese surface in
S*(——L_). Here the constant C(n,p, H) is defined by

VIt+H?
a(n, H), for p=1,
orp=2and H #0,

C(n,p,H) = 57T forp>2and H=0,

min{a(n,H),’%fﬂQ +nH2}, forp>3and H # 0,

3
n n(n — 2)
H) = o? - 204+ 4(n — 1) H2.
a(n, H) =n+ 57— 2(n — 1) VnPH 44— 1)

Later, Li-Li [15] improved Simons’ pinching constant for n-dimensional
compact minimal submanifolds in S"*? to max{57 /p,gn}. Chen-Xu [2]
also gave a proof for the rigidity result by using a different argument. Using
Li-Li’s matrix inequality, Xu [28] improved the above pinching constant

C(n,p, H) to

a(n, H), forp =1,
C'(n,p, H) = or p=2and H # 0,
min {a(n, H), %(Zn + 5nH2)}, otherwise.

When N is a pinched Riemannian manifold, we denote K y the sectional
curvature of N. Making use of 1-forms and geometric inequalities, Shiohama
and Xu [23, 30] proved the following rigidity theorem.

Theorem B. For given positive integers n(> 2), p and a nonnegative con-
stant H, there exists a number p(n,p) such that 0 < p(n,p) < 1 with the
following properties: If M™ is an oriented compact submanifold with parallel
mean curvature normal field with its norm H in a complete and simply con-
nected (n + p)-dimensional Riemannian manifold with p(n,p) < Ky <1,
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and if

nH? £ Ci(np)(1 ) + Colm,p)[(1 + HYH]Y2(1 - ) < §
< C’(n,p, H) - Dl(n7p)(1 - C) - DQ(TL,p)[(l + H2)H]1/2(1 - 0)1/47

where ¢ := inf K, then N™"tP is isometric to S?P. Moreover, M is either
a totally umbilic sphere S”(\/liw), a Clifford hypersurface in an (n+
\/T) Here Cl(n P), Cz(mp);
D1(n,p), Da(n,p) are nonnegative constants depending on n and p; C'(n,p, H)
is defined as above.

1)-sphere, or the Veronese surface in S*(

In 1975, Yau [32] proved that if M is an n-dimensional oriented compact
minimal submanlfold in the unit sphere S"™” whose sectional curvature sat-
isfies K'py > 5—, then either M is the totally geodesic sphere, a Clifford
hypersurface 111 S”+1, or the Veronese surface in §*. The pinching constant
above is the best possible in the case where p =1, or n =2 and p = 2.
Later, Itoh [11] proved that if M™ is an oriented compact minimal submani-
fold in S™*P whose sectional curvature satisfies K s > STy +1 , then M is the
totally geodesic sphere or the Veronese submanifold. In 2012, Gu and Xu
[7] improved the pinching constants above to min{# Sgngzol)l) ’ 2(7&1) }, where
sgn(-) is the standard sign function. Combining the rigidity results above
and their extensions [7, 11, 24, 31, 32], Gu and Xu presented the following

generalized Yau’s rigidity theorem.

Theorem C. Let M be an n-dimensional oriented compact submanifold
with parallel mean curvature in F™"P(c), where ¢ + H?> > 0. Set 7(m,n) =
min{m - sgn(m — 1),n}. Then we have

(1) if H=0 and

7(p,n)c
K= S 17
then M is either a totally geodesic sphere, one of the Clifford minimal hyper-
surfaces Sk(\f) Sne k(\/%) in F"(c) for k=1,---,n—1, or the
Veronese submanifold in F""4(c), where d = in(n+1) — 1;

(2) if H#0 and

7(p—1,n)(c + H?)
K 2 2r(p—1,n) +1]
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then M is congruent to one of the following:

() S"(m):

’ : k 1
(1)  one of the Clifford hypersurfaces S (\/(m)x

Snfk(M) in F"F1(c) with ¢ > 0, where
c2+eA?(k,n,H,c)

Ak,n, H,c) = 5-[nH + \/n?H? + 4k(n — k)c], k=1,--- ,n—1;
(iii) ome of the Clifford minimal hypersurfaces S*( %)x

(c+H?)
Sn_k(\/%) m F"+1(0+H2), k=1,---,n—1;

(iv)  the Clifford torus S*(r1) x S(rq) in F3(c+ H? — HZ) with
constant mean curvature Ho, where 71,79 = [2(c + H?)+
2Ho(c + H?)V?2|7Y2.0 < Hy < H, and ¢+ H?> — H} > 0;

(v)  the product of three spheres S*( m)x
k—k1 k—k, n—k A(k,n,H ) T -
S e may) < S (m) in F"2(c) with

¢ >0, where A(k,n,H,c) = 5 [nH + /n?H? + 4k(n — k)c|,
1<k <k<n-1;

(vi)  the Veronese submanifold in F"4(c+ H?), where
d=3n(n+1)—1.

Remark 1.1. The first part of Theorem C is the unified version of the
rigidity results due to Yau [32], Itoh [11] and Gu-Xu [7]. Since Yau is the
first one who investigated the sectional curvature pinching problem on min-
imal submanifolds in spheres and his rigidity result is sharp, the first part
of Theorem C was called the Yau rigidity theorem by Gu and Xu [7]. Corre-
spondingly, Theorem C was called the generalized Yau rigidity theorem (see
[7]). The second sectional curvature pinching problem on minimal surfaces
in spheres has been studied by Kozlowski and Simon [9].

Motivated by Theorems B and C, we investigate the rigidity problem of
compact submanifolds with parallel mean curvature in pinched Riemannian
manifolds. We first prove the following rigidity theorem for minimal sub-
manifolds under sectional curvature pinching condition.

Theorem 1.1. Let M be an n-dimensional oriented closed minimal sub-
manifold in an (n + p)-dimensional complete simply connected Riemannian
manifold N"*P. Denote by Ro the normalized scalar curvature of M. Then
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there exists a constant 5o(n,p) € (0,1) such that if Ky € [0o(n,p), 1], and if
7(p,n)
_ B g 1—
Ry < 1-By(n,p)(1-c),

Ky

where ¢ :=inf Ky, then N is isometric to S™P. Moreover, M is either a

totally geodesic sphere, one of the Clifford minimal hypersurfaces Sk(\/%) X

S”_k(\/”Tfk) in S™Y for k=1,---,n—1, or the Veronese submanifold
in S"T4, where d = gn(n+1) — 1. Here &y(n,p), Ao(n,p), Bo(n,p) will be
given in the proof, which are nonnegative constants depending on n and p,

T(m,n) is defined in Theorem C.

More generally, we consider compact submanifolds with parallel mean
curvature (H # 0), and prove the following rigidity theorem.

Theorem 1.2. Let M be an n-dimensional oriented compact submanifold
with parallel mean curvature (H # 0) in an (n + p)-dimensional complete
simply connected Riemannian manifold N"™P. Denote by Ro the normalized
scalar curvature of M. Then there exists a constant §1(n,p) € (0,1) such that
if Ky € [61(n,p), 1], and if

T(p—1,n)
2(r(p—1,n)+1)
+Az(n, p)[H (1 + H?)]Y2(1 - ¢)'/4,

Ry < 1+ H?—Bi(n,p)(1—c)— Ba(n,p)[H(1 + H*)]2(1 — )4,

K (1+ H?) 4 Ai(n,p)(1 —¢)

where ¢ := inf K, then N is isometric to S"TP. Moreover, M is congruent
to one of the following:

; n 1 .
(4) S (\/W)’
(ii)  one of the Clifford hypersurfaces

7 S— n—k(__pknH) N .o pntl
s ( l+u2(k,n,H)) x 8 ( 1+,u2(k,n,H)) in F (1),wh€7’6

p(k,n,H) = o [nH + \/n?H? + 4k(n — k)], k=1,--- ,n—1;
(iii) one of the Clifford minimal hypersurfaces S*( M)X

S k(i) in FP 1+ H?), k=1, n—1;
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(iv) the Clifford torus S*(r1) x St(re) in F3(1 + H? — HE) with
constant mean curvature Ho, where r1,7m9 = [2(1 4+ H?)+
2Ho(1 + H*)Y/271/20 < Hy < H, and 1 + H? — H{ > 0;

(v)  the product of three spheres S* (,/ W}MH»)X

—k1 k—ky n— kvnrH ) mn
Sk k ( W) x S k(%) n F +2(1), where

p(k,n,H) = g [nH + /n?H? + 4k(n — k)],1 < ky <k <n—1;
(vi) the Veronese submanifold in F™"+%(1 4 H?), where
d=1in(n+1)—1.

Here 61(n,p), Ai1(n,p), As(n,p), Bi(n,p), Ba(n,p) will be given in the proof,
which are nonnegative constants depending on n and p, T(m,n) is defined
wn Theorem C.

Remark 1.2. In particular, if ¢ = 1, then the conditions on the upper bound
for normalized scalar curvature in Theorems 1.1 and 1.2 are automatically
satisfied. In this case, Theorems 1.1 and 1.2 are reduced to the first and sec-
ond parts of Theorem C, respectively. Therefore, the unification of Theorems
1.1 and 1.2 is the most general version of the Yau rigidity theorem up to date.

2. Notation and lemmas

Throughout this paper let M™ be an n-dimensional compact Riemannian
manifold isometrically immersed into an (n + p)-dimensional Riemannian
manifold NP, The following convention of indices are used throughout:

1<ABC,...<n+p; 1<i,jk,...<n;n+1<apb,7,...<n+p.

Choose a local orthonormal frame field {e4} in N™*? such that, restricted
to M, the e;’s are tangent to M. Let {w4} and {wap} be the dual frame field
and the connection 1-form of N™? respectively. Restricting these forms to
M, we have

— E (& . o o
J

The curvature tensors of N, M are denoted by Rapcp, Rk, and the normal
curvature tensor of M by R,k respectively. The second fundamental form
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of M is denoted by h and the mean curvature field by £&. We then have

h = Zh”w@®w3®ea, E=— Zh

a717-j
Moreover,
(2.1) Rijit = Rigra + Y (hi.h5) — h§ihGy),
(0%
(2.2) Ropri = Ragri + Z(h?khfl — Hjh)-
i

Denote by K(7) the sectional curvature of M for tangent 2-plane w(C T, M)
at point z € M. Denote by K (7) the sectional curvature of N for tangent
2-plane 7(C T, N) at point € N. Set Ky := mingcr, v K(7). Let a(x),
b(z) for x € N be the minimum and maximum of K y at that point. Then
by Berger’s inequality we have

— 2
(2.3) |Rapepl < g(b —a),

for all distinct indices A, B, C, D.

(2.4) ’RACBC‘ < (b — a)
for all distinct indices A, B, C. We define S = |h|?, H = ||, Hy = (h ZJ)”X”'
Then the normalized scalar curvature Ry of M is given by
(25) TL(TL — 1)R0 = Zﬁiﬂj + n’H? — 8.
,J

For a matrix A = (a;j), we denote by N(A) the square of the norm of A,
i.e.,

N(A) =tr(AAT) => " a;.

Definition 2.1. M is called a submanifold with parallel mean curvature if
¢ is parallel in the normal bundle of M. In particular, M is called minimal
if € =0.

We assume that M admits a parallel mean curvature normal field and H # 0.
Then we choose e,41 such that e, || £ and trH, 41 =nH and trHg =0,
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n+2<p8<n+p. Set

Sp=Y (M2 Sp= > (n))%
ij i,g,B#n+1
Denoting the first and second covariant derivatives of hf; by h%k and h%kl
respectively, we have

D hijson = dnfy = > ijeons =3 hiyoni = > hijep
k k k g
D i = dh = > i = 3 b = 3 s = D by
l l l l B

Hence,

%k = h?k:j - Eaijk»
m m B

If M™ is a submanifold with parallel mean curvature of N**? then trH, is
constant, i.e., >, h%,, = 0. Therefore,

A = = (Rakikj + Raijik)
k
(2.7) + > i Roigh + Y bRkt — > Wi R
k,m k,m k,p

The following lemmas will be used in the proof of our results.

Lemma 2.2([32]). If M" is a submanifold with parallel mean curvature
in N P, then either H =0 or H is a non-zero constant and HoH, 1 =

HnJrlHa + (RnJrlon'j)an fOT « 7& n—+ 1.

Lemma 2.3([10]). Let M be an n-dimensional submanifold in N™ P then

S ltr(H2H3) — tr(HoHp)?] < gZ[tr(Haﬂg)]Q.
a,fB a,B

The DDVV inequality proved by Lu, Ge-Tang [6, 18] is stated as follows.
For further discussions in this area, we refer to see [4, 5, 17].
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Lemma 2.4(DDVYV Inequality). Let By, ..., By, be symmetric (n X n)-
matrices, then

m

Em: N(B,B; — B;B,) < [ZN(BT)F,

r,s=1 r=1

where the equality holds if and only if under some rotation all B,’s are zero
except two matrices which can be written as

O pw O - 0 pno 0 0 0

w 0 0 - 0 0O —pn O 0
B.=p| 0 00 - 0 fpt B =p| 00 0 0 | pt,

0 00 - 0 0 0 0 0

where P is an orthogonal (n x n)-matriz.

We also need the following lemma, which can be found in [22, 23] (see
also [29]).

Lemma 2.5. Let ay,...,a, and by, ..., b, be real numbers which satisfy
Siai=Y,b=0,%,a7=aand > ,b? =b, then

1> aib}| < (n—2)[n(n — 1)]"%a'/?,

where equality holds if and only if either ab =0, or at least n — 1 pairs of
numbers of (a;,b;)'s are the same.

3. Minimal submanifolds

If M™ is a compact oriented minimal submanifold in N"?, then we get
from (2.7) that

SOhGAG = = > h(Rakikj + Raijer) = Y hei i Rapin
i?j?“ i7j7k7a ihj’k:?a!ﬁ
(3.1) + > (WS Rk + h5hG Rnkjie)-

Z7J7k7m7a
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Using (2.1) and (2.2), we have

Z h hkm mijk T Z h%hmszkjk

i,9,k,m,a i,5,k,m,x
= > (hhoyRmije + hShi Riniji) + Y trHg - tr(H2 Hp)

i7j7k7m7a aMB

(3.2) = ltr(HoHg)? = [tr(HZHE) — tr(HoHg)?),
a’ﬂ

and

o R Rapik = Y hhiRags

i7j’k’a7ﬂ i7j7k7a7/8
(3.3) +> [tr(HZH3) — tr(HoHg)?].
a7/8

Since (tr(H,Hp)) is a symmetric (p x p)-matrix, we can choose the normal
frame field {e,} such that

tr(HoHg) = trH? - 6,5,
which implies

(3.4) > ltr(HoHg)* =) (trHZ)?.

a’/B «

From the above equalities, we obtain

Z ha Aha = - Z h% akzk] =+ Raljkk Z hzyhszaﬁjk
[ Net 0,5,k 1,5,k
—t > (hhoy Rmik + h§shs Ronnje)
i,7,k,m,c
+(1 + t) Z (h% k Rngk + hzjhmszkjk)
i,j,k,m,«a
(3.5) +(t— 1) [tr(H2HE) — tr(HoHpg)? +tz (trH?)?

a?ﬁ
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where t € R. Setting

X, = (1 —I—t) Z (h% z Rngk +hzjhmszkjk)

1/7.]7k7m7a

+(t— 1) [tr(HHE) — tr(HoHpg)? +tZ (trH?)?

a,B
Y1 = —t Z h%thleﬂk + h& kh”Rmzjk Z hz]hszaﬁjk’
1,7,k,m,o G
Z1 = Z ( %’k)2 - Z (h%ﬁakikj + h?jﬁaijkk),
i?j7k7a i7j7k7a
we get

1
5AS:X: ) +ZhO‘Aha X1 4+Y + 7y,

i7j7k: @ 7] @

For fixed «, we choose the orthonormal frame fields {e;} such that hf; =
A0;5. Then we get the following lemma.

Lemma 3.1. I[f0 <t <1, then
(i) X1 > (1+ )nKpi$ + [£ + 224220 (1 — 1)] 82
(ii) X1 > (1+t)nKminS + [t + 5t —1)] >, (trH2)?.

Proof. Since

Z h hkm m1jk+ Z h%h‘mszkjk

ij.k,m i,j.k,m
= ) AN Rk + Y APA R

1 « )2
> §KminZ()‘i _)‘j)

i7j
(36) = nKmin'tngn
we have
(3.7) > hGh R+ Y h§5hy Rk > nR i S.

i,7,k,m,a i,7,k,m,a
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(i) By a direct computation and Lemma 2.4, we obtain

1
> ltr(HAH}) — tr(HoHs)?) = 5> N(HoHs — HyHo)
a?/B a?IB
< 1 —1 (Zt H2>2
= §Sgn(p ) - r «
(3.8) = Lsonlp— 1),

where sgn(-) is the standard sign function. Combing (3.7), (3.8) and the
Schwarz inequality, we get the conclusion.
(ii) From Lemma 2.3 and (3.4), we have

3

(3.9) > [tr(H2HY) — tr(HoHg)?] < 52@7«}13)2.
o, «@

This together with (3.7) implies the conclusion.
This proves the lemma.

Lemma 3.2. Ift >0, then Y1 > —ntbS — 2(p — 1)(b — a)S.

Proof. It’s easy to see that

Z (heshS Ronkik + hip B Rnijie) = Z(hfé)QR'm‘k + Z i Rk
= 3 Z hkk zkzk
(3.10) < nb- trHO%.

From Berger’s inequality (2.3), we obtain

Z h%hgiﬁaﬁjk = —Z|R ea,eﬁ,Zh”e],Zhlkek

i,9,k,,B3 1,0,
> -y —Wz ¢zhz
10675/3
S + (R
3 J@#f
(3.11) - —2(p—1)(b—a)S.

3
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Then the assertion follows from (3.10) and (3.11). This proves the lemma.

The estimate about Z; can be find in [30], and the proof is useful when
we prove Theorem 1.1.

Lemma 3.3. [,, Z1dM > —=pn(n — 1)(26n — 25) [,,(b — a)*dM.

Proof. Note that

= > (Wi Rajijk + W Raijin) = — Y V(b Rajij + b Raijr)
i’j’k’a Z’7.j7k7a
+ Z (h§irRajij + hijrRaijn)-
i7j7k7a

Define a differential 1-form as
W= Z (h$ Ragij + h$i Raiji)wr
i,5,k,c
It follows that
divw = Z Vk(hggﬁajij + h%ﬁaijk)-

i7j7k:7a
Thus
Z1 = Z ij 24 Z hzkkﬁaﬂj + hz‘ajkﬁaijk) — divw.
'Yj k a 7]7k @
Since M is minimal, we have ), h$; ij =0 for all j, a. Then we get
> BgwBaji; = D (A — Rakit) Rayij
i7j7k7a i’j?k?a

(3.12)

v

—%pn(n ~1)2%(b—a)*.

v

Z( ’ij‘ 2+ Z hzgkROﬂ]k -7 Z az]k

i7j7k/‘7a 7]7k « a727] k

—gpn(n = 1)(n - 2)(b — ay

v

(3.13) —%pn(n ~1)(b— a).

Then the integral inequality holds by Green’s divergence theorem.
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We take t = sgn(p — 1)1% when p <n, and take t = %5 when p > n

in Lemmas 3.1 and 3.2. Hence we get the following theorem.

Theorem 3.1. If M"™ is an oriented closed minimal submanifold in an
(n + p)-dimensional Riemannian manifold NP, then

[ fns[PRE D, - T2P o - o)
—D(n,p)(b — a)Q}dM <.

Here
7(m,n) = min{sgn(m — 1)m,n},
C(n,m) := %(m - 1),
D(n,m) %mn(n —1)(26n — 25)
Denote by

Ao(n,p) == ((p

(
3n(r(p,n) + 1) 12 (t(p,n) + 1)n ’

1 [p(r(p;n) +2)(26n — 25)

12 (r(p,n) + 1)n ’
7(p,n) + 2

2(7(p,n) + 1)[Ao(n, p) + Bo(n, p)]’

We'll give the proof of Theorem 1.1.

n)+2)(p—1) n 1\/p(r(p, n) + 2)(26n — 25)
(

BO(nvp) =1+

60(n7p) =1-

The proof of Theorem 1.1. Since ¢ < a(z) < b(x) < 1, we get from The-
orem 3.1 that

[ {1 -2 s — T a1 - )
(3.14) —D(n,p)(1 - 0)2}dM <0.

From the assumption, we get

do(n,p) =1-— 2(1(p,n) + 1)[Ag(n, p) + Bo(n,p)]
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Therefore,

(3.15) =

Then we have

(3.16) m-#Ao(n,p)(l—c) <1- By(n,p)(1—c),

and the assumption is not trivial. From (2.5) and the assumption about Ry,
we get

(3.17) S > [Bo(n,p) — 1ln(n —1)(1 — ¢).

This together with the definitions of Ay(n,p), Bo(n,p) and the assumption

7(p,n)
Ky > m + Ao(n,p)(1 —¢)

implies that

a8 [(14 =T K — T )10

> n%(n—1)(By(n,p) —1)(1 —¢) x
() ey + ot~}

7(p,n) + 2 (p,n) +1)
7(p,n)
_T(p, n)+2 - Clnp)(1 = C)}

(3.18) = D(n,p)(1—c)*.

Therefore, we obtain
[ {ns[(1+ 2B b~ T2 g1 )
(3.19) —D(n,p)(1 — c)Q}dM > 0.

From (3.14) and (3.19), we know that the left side of (3.19) is equal to zero.
This together with ¢ < a < b <1 implies that a = ¢ and b = 1. Moreover, it
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follows from (3.12), (3.13) that

— 1
Z Wik Ragij = —an(n —1)%(1—¢)?,
i7j7k7a

and
% 1* «
0= hip + §Raz‘kk = hip-

This implies ¢ = 1. Since N is complete and simply connected, N is iso-
metric to S™P. Moreover, it follows from Theorem C that M is either a
totally geodesic sphere, one of the Clifford minimal hypersurfaces S k(\/g ) X
Sn=k(\/2=E) in §"*L for k=1,--- ,n — 1, or the Veronese submanifold in
Sntd where d = $n(n + 1) — 1. This proves Theorem 1.1.

4. Submanifolds with parallel mean curvature

If M™ is an oriented compact submanifold with parallel mean curvature
in NP then we get from (2.7) that

Z h?jﬂﬁhzﬂ = Z R (Rosakikg + Rottike)
i,J 1,7,k
(4.1) + ) (TR R+ BT R Ry
Z‘7j7k7m
Hence,
1 +1 +1 n+1
5O8m = (AN + Z RN

_ +1 §5)
= (hi%) § hi (Rt ikikg + Royijik)
1,5,k

(4.2) + > (AR R+ BRI R

i7j7k“7m

We define a differential 1-form w as follows:

o 115 11p
W= Z(h?k Ri1jij + i Ryt )W
i7j7k
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Then we have

- E n—i—lk’zk] + h Rn+1ijkk)
1,5,k
(4.3) = Z(hZJ Ry 1k + h%—zlﬁnJrlijk) — divw.
i7j7k
From Zm’k(h?ﬁ;l + %§n+1i]’k)2 >0, we get
1 =2
SRS+ R Ragags > —1 > R
.5,k 0,5,k i,5:k
1 —2 1 —2
= 71 Z Ry yijk — §ZRn+1iji
i Akt i#]
1
(4.4) > —En(n —1)(8n —7)(b—a)?.

Since M has parallel mean curvature,

Z h§i; =0, for all j.

This together with Berger’s inequality (2.4) and the Codazzi equation (2.2)
implies that

@5) Y R = = (0 R 2 —nln — D20 a)*

1,5,k

On the other hand, we set h%“ = (51-]-)\%“ and obtain

> RS R+ Y RS R Ry

1,J,k,m i,J,k,m
= Z AN R + Z AN Rk
1
> §Kmin Z()\Z“Hrl _ )\;L+1)2
2%
(4.6) = nKum(Sg —nH?).
From (4.2)-(4.6), we get the following theorem.

Theorem 4.1. If M™ is an oriented compact submanifold with parallel
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mean curvature in an (n + p)-dimensional Riemannian manifold N"*P and

H #0, then

/ [(SH - nHQ)nKmin - D(”, 1)([? — CL)Q]CIM <0.
M

Here
1
D(n,m) := Emn(n —1)(26n — 25).
If p > 2, then
SogARg: = = > hS(Rakikg + Raijrr)
ij,aZn+1 ijok,artnt1
+ > (g Ruigk + Wi Rankjik)

i,j,k,m,a;énJrl
(4.7) - > h§hiRagjee

i:jykza#n+175

From (2.1), (2.2) and a direct computation, we get

Z (R Mg Rmigr + hiho Rinkjk)

i7j7k7m7a7én+1
= Z (hes b Rnijie + BSihy, Rinkji)
i7j7k7m7a7én+1
+ Y trHg-tr(H2Hg)— Y [tr(HoHpg))?
a#n+1,6 a#n+1,6
— > [tr(HZH3) — tr(HaHpg)?),
atnt1,8
> hghRagir = > hghyRagin
17]7k’a¢n+17ﬁ Z7]7k7a7/8#n+1

+ Y [tr(HZHE) — tr(HaHg)?).
a,B#n+1
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From the equalities above, we obtain

Z he AR

i.jo#ntl
= - Z his(Rakikj + Raijkk) — Z h?jhfﬁaﬁjk
i7j7k7a7én+1 i7j7k7a767én+1
—t Y (MG Rk + B, Reniji)
i»jvk‘vmva#n+1
FA4) Y (Mg Rk + BhG Rosi)
i7j7k7m7a7£n+1
HE—1) Y [tr(HZHE) — tr(HoHg)?| +t > [tr(HaoHpg))?
af#n+1 o f#nt1
+t Z [tT(Ho%HrQLJrl) _tr(HaHn-i-l)z]
a#n+1
(4.8) —|—t{— S tr(H2Husr) - trHps + > [tr(HaHn+1)]2},
a#n+1 a#n+1

where t € R. If o, B # n + 1, then (tr(H,Hpg)) ia a symmetric (p — 1) x (p —
1)-matrix. We can choose the normal frame field {ey} for a # n + 1 such
that

tr(HoHg) = trHZ - 6,5,

Then we have

(4.9) > tr(HoHg)? = ) (trHZ).

a,B#n+1 a#n+1

Therefore,

]

1
S AS1 = ST )P+ D). hSARY =W+ X+ Yo + 2o,

i,3,k,a7#n+1 i,7,a#n+1
where
i7j7k7m7a7én+1

+(t—1) Y [tr(HZHE) — tr(HoHg)?| +t Y (trHZ)?,
a,B#n+1 a#n+1
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Xy o= —t > (hhS Ronkik + hio b Roiji)
i,9,k;m,a#n+1
- Z h%hgiﬁaﬁjkv
i7j7k7a7ﬂ7én+1
R SR (T ST ST N
ij,k,o#n+1 i,J,k,a#n+1
+t Z [tT(HO%HTQLJrl) —tT(HaHn+1)2]’
a#En+1

Ty = t{— N tr(H2Hupr) - trHopp + Y [tr(HaHnH)]z}.
a#n+1 a#n+1

For fixed a # n + 1, we choose the orthonormal frame fields {e;} such that
RS = A o;;.
17 1 )

Lemma 4.1. If 0 <t < 1, then:
(i) Wa > (1+ )nKuminSr + [ + 2222 (1 — 1)]5%;
(i4) Wo = (1 + t)nKminSr + [t + %(t —1)] Za;ﬁn—i—l (tTHg)g-

Proof. It follows from (3.6) that

(4.10) Z hio} ngmijk + Z h%hmemkjk > nKnminSt-
i7j7k7m7a?én+1 i7j7k7m7a?én+1

(i) By a direct computation and Lemma 2.4, we get

1
Z [tr(ngHg) - tT(Haﬂﬁ)Q] = 9 Z N(HaHﬁ - HBHa)
a,B#n+1 a,B#n+1
1
(4.11) < Ssgn(p—2)S7,

where sgn(-) is the standard sign function. Then the assertion follows from
(4.10), (4.11) and the Schwarz inequality.
(ii) It follows from Lemma 2.3 and (4.9) that

(4.12) N [tr(HZH3) — tr(HoHg)?) gg 3 (trH2).
a,B#n+1 a#n+1

This together with (4.10) implies the conclusion.
This proves the lemma.
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Lemma 4.2. Ift > 0, then X9 > —ntbS; — %(p —2)(b—a)St.

Proof. A similar argument as in (3.6) shows that

Z (W5 hS Runkik + hiy b Rinijie) = Z(hf;)QR‘kik + Z hiehd; Riiik
i,5,k,m ik i,k
= Z hkk; zkzk
(4.13) < nb- tng.

For a, 8 # n+ 1, we get from Berger’s inequality (2.3) that

Z h%hiiﬁaﬁjk . Z | R( ea,eﬁ,ZhZ]e],Zh k)|

i7j7k7a76 ’LQB
> - 3 2=, S0 ¢z (15
za#ﬁ
> —f(b—a
7]04755
2
(4.14) = (-0 -a)sr.

Combing (4.13) and (4.14), we get the conclusion. This proves the lemma.
Now, we’ll give the estimation about Y5.

Lemma 4.3. [, YodM > —4(p — 1)n(n — 1)(26n — 25) [,,(b — a)*dM.

Proof. We define a differential 1-form w as follows:

w = E (h?kRajz’j + h%‘Raijk)wk,
i)j7k7a7én+1

then

- Z (h§; Rakikj + iy Raijnk)
i7j7k7a7én+1
= Z (hU]Rakik + h%kﬁoﬂjk) — divw.
i7j7k7a?én+1
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Since Z”k(h%k + %Eaijk)Q >0, we get

Yo P+ D hfRai

i,j,k,a;énJrl 7,7]’](;704757’];‘,»]_
1 -2
> -1 2 PRap
i’j)k)a7én+1
1 —2 1 —2
= —1 2 Fup—5 Y. R
i#jFkFiaFn+1 i#j,aFn+1
1
(4.15) > —E(p — Dn(n —1)(8n —T7)(b—a)*

Because M admits parallel mean curvature, we have ). hf‘ij =0 for all j.
This together with (2.2) and (2.4) implies that

> b Rakike = — >, O Rajiy)’

i,4,k,a#n+1 i,a#n+1  j
1
(4.16) > —1(p— Dn(n —1)%(b — a)*

It follows from (2.2) and Lemma 2.2 that

Z [tT(H(%H??LJrl) - tT(HaHn-i-l)Q]

a#n+1
1 _ 1 .,
= ST (G R R 1ok + 3 Y Ropiag
Z'7j7k7a7én+1 j,k,a;ﬁn+1
(4.17) > 0.

Then we get from (4.15) and (4.16) that

1
Y2 > —5(;9 — Dn(n — 1)(26n — 25)(b — a)? — divw,

which implies the conclusion.

Lemma 4.4. Ift > 0, then

Zy > [-nH? = (n—2)n'?(n — 1)"V2H(Sy — nH?)']tS).
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Proof. We rewrite Z as follows:

Zy = t Y [tr(Ho(Hpyr — HI))?
a#n+1
~tnH Y tr[Ha(Hpsr — HI)] = tnH* Y trH}
a#n+1 a#n+1
(4.18) > —tnH Y tr[H}(Hni1 — HI)| — tnHS].
a#n+1

Here I is the unit (n x n)-matrix. For fixed e,, we let {e;} be a frame
diagonalizing the matrix H, such that hf; = 0 for ¢ = j. This together with
Lemma 2.5 and the Schwarz inequality implies that

nHtr[H2(Hy — HI))
= nH[Y (h)*(hi" — H)]

1

< (n—2n"(n— 1) V2HIS (R - BV (h8)?)

(419) = (n—2n"%(n—1)"V2H(Sy —nH*)"?trH2.
The conclusion follows from (4.18) and (4.19).

Let t = sgn(p —2)p ! when p—1 < n, and let ¢t = e
in Lemmas 4.1, 4.2 and 4 4. Then we get following theorem.

whenp—1>n

Theorem 4.2. If M™ is an oriented compact submanifold with parallel

mean curvature in an (n + p)-dimensional Riemannian manifold NP and
H #0, then

2(rp—1,n)+1) . 1(p—1n)
/M{"Sf[ Mp-Lmz T<p—1,n>+2(b+H2)

—].7”L+2,/ n—l

—C(n,p 1) (b — a)] — D(n,p—1)(b— a)2}dM <0.
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Here

7(m,n) := min{sgn(m — 1)m,n},

D(n,m) := %mn(n —1)(26n — 25),

Cln,m) = Bi(m ~ ).

n

Theorem 4.3. Let M™ be an oriented compact submanifold with parallel
mean curvature in an (n + p)-dimensional complete simply connected Rie-
mannian manifold N""P, p <2 and H # 0. Then there exists a constant
01(n,p) € (0,1) such that if Ky € [61(n,p), 1], and

Ky > pi(n,p)(1 =),
Ro<1+ H?- v1(n,p)(1 —¢),

where ¢ := inf K y, then N™tP is isometric to S"tP. Moreover, M is isomet-
ric to (i) — (v) of Theorem 1.2. Here

1 [p(52n — 50)

Bl(nap) - 12 n )
1 [p(52n — 50)
=1 — 7
Wl(nvp) + 12 n )

01(n,p) =1~ [Bi(n,p) + (n,p)] ",

Proof. If ¢ < a(z) < b(zx) <1 and p < 2, then we get from Theorems 4.1
and 4.2 that

(4.20) /M[(S —nH*nKyin — D(n,p)(1 — ¢)*JdM < 0.

From the assumption 01(n,p) = 1 — [B1(n, p) + 71(n,p)] !, we have

(4.21) 1—c<1-961(n,p)=[Biln,p)+v(n,p) L.

Hence

(422) 61(7%]7)(1 - C) <1 _’Yl(nap)(l - C) <1+ H2 _71(n7p)(1 - C)a
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and the assumption is not trivial. It follows from (2.5) and the upper bound
of Ry that

(4.23) S —nH? > [yi(n,p) — 1n(n — 1)(1 —¢).

This together with the definitions of 51 (n,p), y1(n,p) and the lower bound
of K implies that

(S — nH*)nKpin
> n®(n—1)n(n,p) = 1Bi(n,p)(1 - ¢)?

(4.24) = D(n,p)(1—c)2

Therefore,

(4.25) / (S — nH*)nKmpin — D(n,p)(1 — ¢)?|dM > 0.
M

From (4.20) and (4.25), we obtain that the left side of (4.25) is equal to
zero. This together with Theorems 4.1, 4.2 and the condition c < a <b <1
implies a = ¢ and b = 1. Moreover, it follows from (4.4), (4.5) that

D ikt Ruajig = —%n(n —1)*(1 -
i,k
and
0= hi' + %EHM = higy
This implies that ¢ = 1. Since N is complete and simply connected, we know

that N is isometric to S™P. Moreover, we get the classification of M from
Theorem C. This proves the theorem.

For the case p > 3, we need the following lemma.

Lemma 4.5. Let M"™ be an oriented compact submanifold with parallel
mean curvature in an (n + p)-dimensional Riemannian manifold N"*P and
H #0. If

Ky = Ba(n, p)(d — o),
then d = ¢, or

/ (Sgr —nH?*)dM < a(n,p)/ (b—a)dM.
M M
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Here ¢ :=inf Ky, d :=sup K y, a(n,p) = ngi?ﬁll))).

Proof. Since ¢ < a < b < d, it follows from Theorem 4.1 that
/M[(SH —nH*nKynin — D(n,1)(b —a)(d — ¢)]dM < 0.
From the assumption, we get
(4.26) /M[(SH —nH*nBs(n,p)(d —¢) — D(n,1)(b— a)(d — ¢)]dM < 0.
Then we have d = ¢, or

/ (Sgr —nH?*)dM < a(n,p)/ (b—a)dM.
M M

This completes the proof.

Theorem 4.4. Let M"be an oriented compact submanifold with parallel
mean curvature in an (n + p)-dimensional complete simply connected Rie-
mannian manifold N**P, p >3, and H # 0. Then there exists a constant
O2(n,p) € (0,1) such that if Ky € [f2(n,p),1], and

T(p—1,n)
Kz oty rgt )

+B2(n,p)(1 — ¢) + Bs(n, p)[H(1 + HH)]?(1 — )4,
Ro < 1+ H? —yo(n,p)(1 — ¢) — y3(n, p)[H(L + H*)]Y?(1 - ¢)/*,

where ¢ := inf K i, then N"'P is isometric to S"*P. Moreover, M is isomet-

ric to (l) - (UZ) Of Theorem 1.2. Here 52(nap)7 ﬂ3(nap)7 72(”7]9)) ’73(nvp) will
be defined in the proof of the theorem, and

[r(p —1,n) + 2]
[62(7%])) + 72(n¢p) + ﬁ63(n7p)]4(7—(p - 17”) + 1)]4

Or(n,p) =1—
2(n,p) 16

Remark 4.1. From the choice of 62(n, p), we see that the pinching condition
of M makes sense.
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Proof. We assume ¢ # 1. It follows from Theorem 4.2 that

/M {nSl [E(n,p)Kmin - M(l + H?)

_ _1lp—1n) n—2 H(Sy — nH?)'?

Tp—1,n)+2/n(n—1)

(4.27) —C(n,p—1)(1 - c)} — D(n,p—1)(1 - c)Q}dM <0.

Here
2(r(p—1,n) 4+ 1)
T(p—1,n)+2

E(n7p) =

From the Gauss equation, the assumption Kj; > %(1 + H?), and
S =8y + S;>nH?+ S;, we obtain

(4.28) S; < S —nH? < E Yn,p)n(n—1)(1+ H?).
On the other hand, we have

T(p—1,n)
Ko = 2[r(p — 1,n) + 1]

(14 H?) + Ba(n,p)(1 = ¢) > Ba(n, p)(1 — ).
This together with Lemma 4.5 implies that
(4.29) / (S —nH*)dM < a(n,p)/ (1—¢)dM.
M M
Then we have from the Schwarz inequality that
/ HS(Sg —nH?)Y2dM
M

< HmaxS[-voll/Q(M)[/
M

(4.30) < aY2(n,p)E~Y(n,p)H(1 4+ H*)n(n — 1)(1 — )/ ?vol(M).

1/2
(Si — nH2)dM] /

Combing (4.27) and (4.30), we get

/M {7151 [E(n7p)Kmin - M(l + H?)

—C(n,p—1)(1 - c)} — Fn,p)H(1+ H2)(1 — ¢)'/2
(4.31) ~D(n,p—1)(1 — c)2}dM <0.



328 Hong-Wei Xu, Li Lei and Juan-Ru Gu

Here, we set

F(n,p) := 2[72—19(]3—_1,1%;@:— 1 n32(n —2)(n — 1)Y2a'?(n, p).

Let
Ba(n,p) := C(n,p— 1)E~Y(n,p) + DV?(n,p— DE~Y2(n,p)n"t (n — 1) Y/2,
Ba(n,p) := F*(n,p) B2 (n, p)n~" (n — 1)1/,

Substituting the lower bound of Kj; into (4.31), we have

/ SydM < [DY2(n,p — 1)E-2(n, p)(n — 1)/2(1 — ¢)

; +F2(n,p) E7V2(n,p)(n — 1)VP[H(1 + H?)]Y2(1 = o) /*vol (M),

This together with (4.29) implies that

[ (8 = nt?)ant < {laln,p) + DV p = DE ) - 1121~ 0

(4].V[32) +FY2(n,p)E7Y2(n,p)(n — 1)V2[H(1 + HY)]Y2(1 - ¢)/*}vol(M).
Here

a(n,p) = D(n, )n~ By (n,p) = D(n,p = Hn~ (p — 1) 7153 ' (n, p).

From the assumption, we know that

S —nH? > (v2(n,p) — Dn(n —1)(1 —¢)
(4.33) +73(n, p)n(n — 1)[H(1 + H?)]Y2(1 - ¢)V/4,

Let
72(”7]9) =1+ [a(n,p) + Dl/Q(nvp - 1)E_1/2(n,p)(n - 1)1/2]n_1(n - 1)_17

v3(n,p) := Bs(n, p),
then we obtain
S—nH?> = [a(n,p)+D"?*(n,p—1)E"2(n,p)(n— 1)"*)(1-c)
(4.34) +FY2(n, p) BT 2 (n,p)(n — 1)VP[H(1 + H?)Y2(1 - o)V/%,

Therefore, the inequalities above all becomes equalities and 1 —c=b — a.
Since ¢ < a < b <1, we have a = ¢, b = 1. Moreover, it follows from (4.15),
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(4.16) that

D

i7j7k7057£n+1

and

[ 5) _
higrRaji; = —

(p—Dn(n —1)*(1 - )%,

1

This implies that ¢ = 1. This is contradict to the assumption. Because N
is complete and simply connected, we know that N is isometric to S™'P.
Moreover, it follows from Theorems 4.1 and 4.2 that

(4.35) S =nH?, or Kpin, =

T(p—1,n)

(1+ H?).

2[r(p—1,n) + 1]

Then the conclusion follows from Theorem C. This completes the proof.

Proof of Theorem 1.2. We first define the pinching constants in The-

orem 1.2:

Bi(n,p) = {
Bs(n,p) = {

ifp <2,
ifp >3,
if p <2,
if p > 3,
if p <2,
if p > 3,
if p <2,
ifp>3,
if p <2,
if p>3.

Combing Theorems 4.3 and 4.4, we get the conclusion. This proves the the-

orernn.

In 1986, Huisken [8] studied hypersurfaces moving along their mean cur-
vature vector in general Riemannian manifold N"*!, and proved a conver-
gence theorem for compact hypersurfaces under curvature pinching condi-
tion of the second fundamental form. Motivated by Theorems 1.1, 1.2, and
convergence results due to Huisken [8], Andrews-Baker [1], Liu-Xu-Zhao [16]
and Lei-Xu [13, 14], we would like to propose the following problem on the
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mean curvature flow of arbitrary codimension in a pinched Riemannian man-

ifold.

Open Problem. Let Fy : M — N™*P be an n(> 2)-dimensional closed sub-
manifold in an (n + p)-dimensional Riemannian manifold N™ P with 0 <
§(n,p) < Kn < 1. Assume that

7(p,n)
Ky > m(l + H2) + Az(n,p)(1 —¢)
+Aq(n, p)[H(1+ H)V2(1 - c)t/*,

Ry < 14 H?— Bs(n,p)(1 —c) — Ba(n,p)[H(1 + H)]V/2(1 — )4,
where ¢ :=inf Ky > 0. Is it possible to prove that the mean curvature flow

{ SF(x,t) =né(x,t), € M, t >0,
F(,O) :FO('),

exists smooth solution Fy(-), and F;(-) converges to a round point in finite
time, or Fy(-) converges to a totally geodesic submanifold as t — co? Here

d(n,p), As(n,p), As(n,p), Bs(n,p), Bs(n,p) are nonnegative constants depend-

ing on n and p, T(p,n) is defined in Theorem C.
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