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Abstract: We give a simple and direct proof of the Atiyah-Singer-
Kasparov theorem in K-homology, which reduces the full theorem
for elliptic operators to the special case of Dirac operators. This
is done by proving commutativity of a triangle of abelian groups.
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1. Introduction

In this paper we prove commutativity of the triangle

K0(T ∗X)

Op

����
���

���
���

�
c

�����
���

���
�

Ktop
0 (X) μ

�� KK0(C(X),C)

for a closed smooth manifold X. This triangle was first introduced by Paul
Baum and Ron Douglas in [5] to formulate the Atiyah-Singer index theorem
for elliptic operators in the framework of K-homology. An elliptic operator
on a closed manifold X determines an element in the analytic K-homology
group KK0(C(X),C), and the solution of the index problem amounts to
finding a topological description of this element. As proposed in [5], a con-
venient way to formalize this problem is to ask for the construction of an
explicit K-cycle in the geometric K-homology group Ktop

0 (X) that (under
the natural isomorphism μ between analytic and geometric K-homology)
corresponds to the given elliptic operator.

Our renewed interest in the above triangle stems from its essential role
in our solution of the index problem for the Heisenberg calculus on contact
manifolds [8]. In [5] Baum and Douglas noted that commutativity of the
triangle is implied by the Atiyah-Singer index theorem for families of elliptic
operators. In this paper we give a direct proof that does not rely on the
families index theorem. Such a direct proof is needed in order to extend the
results of [8] to the families case and the equivariant case.

Commutativity of the triangle is tantamount to the assertion that the
index problem for elliptic operators reduces to the index problem for Dirac
operators.

The basic point of view that the general index problem for elliptic pseu-
dodifferential operators reduces to the index problem for Dirac operators was
already formulated by Raoul Bott in his review of the 1963 announcement
by Atiyah and Singer in the Bulletin of the AMS [2]. The foundational point
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that an elliptic operator on a closed manifold X determines an element in
the K-homology K0(X) is due to Atiyah [1]. The equality in K-homology
of an elliptic operator P on X and the Dirac operator of TX twisted by
the symbol of P was proved by Gennadi Kasparov [13] (see Remark 4.0.3
below).

The contribution of this paper is to give a simple direct proof of the
above Atiyah-Singer-Kasparov result.

Throughout the paper, when necessary, we shall assume that a Rieman-
nian metric has been chosen for X (thereby identifying TX and T ∗X), and
that, if needed, a complex vector bundle is equipped with a hermitian struc-
ture.

In section 2, the groups and maps of the triangle are defined. For the
proof of commutativity, preliminaries are given in sections 3 and 4. The
proof is given in section 5.

2. The triangle

2.1. K-theory (with compact supports)

Throughout this paperK-theory, denotedK●(Y ) for a locally compact space
Y , is Atiyah-Hirzebruch K-theory, i.e. topological K-theory with compact
supports. Any element in K0(Y ) is given by a triple (σ,E,F ) where E, F
are C vector bundles on Y , and σ ∶ E → F is a vector bundle map which is
an isomorphism outside a compact subset of Y .

In particular, if X is a closed smooth manifold, and P ∶ C∞(E0) →
C∞(E1) is an elliptic (pseudo)differential operator, then the principal sym-
bol σ ∶ π∗E0 → π∗E1 determines an element inK0(T ∗X). Here π ∶ T ∗X →X
is the projection.

2.2. Geometric K-homology

Geometric K-cycles were introduced in [4, 5]. For a detailed description of
the relation between geometric K-homology and analytic K-homology, see
[7]. In this section we briefly recall the definition and main features of K-
cycle K-homology. The theory is defined for the category of paracompact
Hausdorff topological spaces. In particular, since any CW complex is para-
compact Hausdorff, K-cycle K-homology is defined for any CW complex.

Given a paracompact Hausdorff topological spaceX, aK-cycle forX is a
triple (M,E,ϕ) consisting of a compact (without boundary) Spinc manifold



228 Paul F. Baum and Erik van Erp

M , a smooth C vector bundle E on M , and a continuous map ϕ ∶M →X.
The collection of all such K-cycles, subject to a certain equivalence rela-
tion, forms an abelian group under disjoint union. We denote this group by
Ktop
∗ (X).
The equivalence relation that is imposed on the K-cycles is generated

by three elementary steps:

● bordism

● direct sum-disjoint union

● vector bundle modification

For details on the equivalence relation, see for example section 5 of [7].
The abelian group Ktop

∗ (X) consists of the equivalence classes of K-
cycles. Addition is given by disjoint union,

(M0,E0, ϕ0) + (M0,E0, ϕ0) = (M0 ⊔M1,E0 ⊔E1, ϕ0 ⊔ ϕ1)

and the additive inverse of a K-cycle is obtained by reversing the Spinc

structure

−(M,E,ϕ) = (−M,E,ϕ).

The groupKtop
∗ (X) is Z/2 graded by the parity of the dimension of the Spinc

manifold M . In other words, Ktop
0 (X) and Ktop

1 (X) consist of equivalence
classes of (M,E,ϕ) cycles for which every connected component of M is
even or odd dimensional respectively.

2.3. The clutching map

Let X be a closed C∞ manifold, not required to be oriented or even dimen-
sional. Consider the Spinc manifold ΣX = S(TX ×R), the unit sphere bun-
dle of TX ×R. TX is an almost complex manifold (see Section 4 below).
Therefore S(TX ×R) is a stably almost complex manifold, and therefore is
a Spinc manifold with Dirac operator DΣX . Note that the dimension of the
manifold ΣX is two times the dimension of X, and so is even.

ΣX is a sphere bundle over X. ϕ ∶ΣX →X is the projection S(TX ×
R) →X. Let B(TX) be the unit ball bundle of TX and S(TX) the unit
sphere bundle of TX. For ΣX there is the “upper hemisphere” - “lower
hemisphere” decomposition

ΣX = B(TX) ∪S(TX) B(TX)
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where the first copy of B(TX) is the upper hemisphere and the second copy
of B(TX) is the lower hemisphere. The Spinc structure on ΣX restricted to
the upper hemisphere is the Spinc structure of TX determined by its almost
complex structure.

Let (σ,π∗E0, π∗E1) be a (compactly supported) symbol on TX. Note
that π ∶ TX →X is a homotopy equivalence, and therefore a vector bundle
on TX is isomorphic to the pullback via π of a vector bundle on X. We
shall assume that the support of σ is contained in the interior of B(TX).
Eσ denotes the vector bundle on ΣX

Eσ = π
∗E0 ∪σ π

∗E1

where π∗E0 and π∗E1 have been restricted to B(TX) which is then identi-
fied, respectively, with the upper and lower hemispheres of ΣX. π∗E0 and
π∗E1 are then clutched together on S(TX) by the vector bundle isomor-
phism σ.

Since the interior of the upper hemisphere of ΣX identifies with TX,
there is a push-forward map ι∗ ∶K

0(TX) →K0(ΣX).

Lemma 2.3.1. In K0(ΣX)

ι∗(σ,π
∗E0, π∗E1) = [Eσ] − [ϕ

∗E1]

Proof. Let σ̃ be the vector bundle map Eσ → ϕ∗E1 that on the lower hemi-
sphere is the identity map of π∗E1, and on the upper hemisphere is σ.
Hence, (by definition) ι∗(σ,π

∗E0, π∗E1) = (σ̃,Eσ, ϕ
∗E1). Since ΣX is com-

pact, (σ̃,Eσ, ϕ
∗E1) = [Eσ] − [ϕ

∗E1].
◻

The clutching map

c ∶K0(TX) →Ktop
0 (X)

is

c(σ,π∗E0, π∗E1) = (ΣX,Eσ, ϕ)

Remark. In geometric K-homology, the K-cycle (ΣX,ϕ∗E1, ϕ) bounds,
and therefore is zero in Ktop

0 (X).

2.4. Analytic K-homology (with compact supports)

We review analytic K-homology with compact supports. For analytic K-
homology see [9, 10].
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The category of topological spaces for which this theory is defined con-
sists of compactly generated Hausdorff topological spaces for which every
compact subset is second countable (i.e., metrizable). Any CW complex has
this property.

For a space X in our category we denote

Ka
j (X) = lim

�→

Δ⊂X

KKj(C(Δ),C)

The direct limit is taken over compact subsets Δ ⊆X. In the category of
CW complexes one could take the limit over all finite subcomplexes Δ.

We briefly review the definition of the Kasparov K-homology groups
for second countable compact Hausdorff spaces Δ. Then C(Δ) is a uni-
tal separable C∗-algebra. An even Fredholm module (T,H0,H1, ρ0, ρ1) con-
sists of two Hilbert spaces H0,H1 each equipped with a ∗-representation
ρj ∶C(Δ) → L(H

j), and a bounded linear operator T ∶H0 →H1, such that
for all f ∈ C0(X)

(T ∗T − 1)ρ0(f), (TT ∗ − 1)ρ1(f), Tρ0(f) − ρ1(f)T

are compact operators.
An odd Fredholm module (T,H, ρ) consists of a Hilbert spaceH equipped

with a ∗-representations ρ∶C(Δ) →H, and a self-adjoint bounded linear
operator T ∶H →H, such that for all f ∈ C0(X)

(T 2 − 1)ρ(f), Tρ(f) − ρ(f)T

are compact operators.
The group KK0(C(Δ),C) consists of equivalence classes of even Fred-

holm modules, while KK1(C(Δ),C) consists of equivalence classes of odd
Fredholm modules. Addition is defined by direct sum of Fredholm modules.
The equivalence relation for Fredholm modules is generated by the direct
sum relation and operator homotopy (for details, see [9, 10]).

2.5. The “Choose an operator” map

We review (including excision) the connection between elliptic operators
trivial at infinity and compactly supported K-homology.
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Let W be a (not necessarily compact) manifold without boundary. A
pseudodifferential operator P ∶C∞c (W,E) → C∞c (W,F ) of order zero is triv-
ial at infinity if there exists open sets Ω1,Ω2 in W and an isomorphism ψ of
vector bundles E∣Ω2 → F ∣Ω2, such that

● Ω1 has compact closure Ω̄1.

● W = Ω1 ∪Ω2.

● If a section s ∈ C∞c (W,E) has support in Ω1 then the support of Ps is
in Ω1.

● If a section s ∈ C∞c (W,E) has support in Ω2 then Ps = ψs.

There is a well-defined “choose an operator” map

K0(TW ) →Ka
0 (W )

even ifW is not compact. Given a compactly supported symbol (σ,π∗E,π∗F )
on TW , i.e., an element in K0(TW ), we construct an element in compactly
supported K-homology Ka

0 (W ) as follows.
First, we may assume that outside a compact set σ is the pull-back via π

of a vector bundle isomorphism. Granted this, we can choose a pseudodiffer-
ential elliptic operator P of order zero that is trivial at infinity with symbol
σ, with properties as listed above.

If Δ is an open set with smooth boundary and compact closure that
contains Ω1, then due to the properties listed above P maps C∞c (Δ,E) to
C∞c (Δ, F ). This “restriction of P to Δ” extends to a bounded operator

PΔ ∶ L
2(Δ,E) → L2(Δ, F )

and therefore an element [PΔ] ∈KK0(C(Δ),C). Note that C(Δ) acts on the
Hilbert spaces L2(Δ,E), L2(Δ, F ) by the evident multiplication operators.

With Δ and σ fixed, a different choice of operator Q will result in oper-
ators PΔ, QΔ that differ by a compact operator. With Δ fixed, a homotopy
of σ can be lifted to a homotopy of operators. Finally, with σ and P fixed,
if Δ ⊂Δ′, then PΔ′ ∈KK0(C(Δ′),C) is the direct sum of the push forward
of PΔ ∈KK0(C(Δ),C) with a trivial element. In summary, the K-theory
class of σ determines an element in Ka

0 (W ).

We will need the following excision lemma.
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Lemma 2.5.1. Let W be a manifold, and let U be an open subset of W .
Then there is commutativity in the diagram

K0(TU) ��

��

K0(TW )

��
Ka

0 (U)
�� Ka

0 (W )

Proof. We may assume that the push-forward of a symbol σ from TU to
TW restricts to σ on TU . Therefore, the operator we choose on W restricts
to an operator on U with symbol σ, and outside of U this operator will be
trivial. ◻

2.6. The equivalence of geometric and analytic K-homology

Let Δ be a finite CW complex. As was proven in [7], there is a natural
isomorphism

μ ∶ Ktop
j (Δ) →KKj(C(Δ),C)

For the compactly supported theory, the isomorphism was introduced in [6],
and is constructed as follows. Let DE = E ⊗D be the Dirac operator D for
the Spinc manifold M , twisted by the vector bundle E. Form the bounded
elliptic pseudodifferential operator T =DE(1 +D

∗
EDE)

−1/2, which defines an
element in

[DE] ∈KKj(C(M),C)

Then

μ(M,E,ϕ) = ϕ∗([DE]).

where ϕ∗ is

ϕ∗ ∶ K
a
j (M) →Ka

j (X)

Theorem 2.6.1. If X is a CW complex, then

μ ∶ Ktop
j (X) →Ka

j (X)

is an isomorphism.

Proof. That μ is an isomorphism for any CW complex X follows from the
result for finite CW complexes of [7]. Both groups Ktop

j (X) and Ka
j (X) are

the direct limit over finite subcomplexes Δ ⊂X. ◻
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3. A family of index 1 operators

We review the properties of the family of elliptic operators of index 1 intro-
duced in [3]. See also [12]. We place it in the context of KK-theory.

3.1. Properties of αF

Let π ∶F →X be a C∞ R vector bundle on the closed C∞ manifold X. Then
(once a connection has been chosen for F ) TF can be viewed as a C vector
bundle over the manifold TX. The projection TF → TX is the derivative
of F →X. The fibers of this vector bundle are of the form TFx = Fx ⊕ Fx,
which we view as the complex vector space Fx ⊗C.

Let αF be a family of operators whose total space is F with base space
X, where in each fiber Fx we choose an order zero pseudodifferential elliptic
operator whose principal symbol, taken as an element in K0(TFx), is the
Bott element for TFx = Fx ⊗C. Since the Bott element of TFx has compact
support, the family αF consists of operators that are trivial at infinity.

The family αF has three relevant properties.

Property 1. The principal symbol of the family αF is the Thom class
of TF , viewed as a C vector bundle on TX.

Property 2. The index of αF , as a family, is a trivial C line bundle on
X. In KK-theory, this can be expressed as follows. The family αF gives an
element in the group

KKa
0 (C0(F ), C(X)) ∶= lim

�→

Δ⊆F

KK(C(Δ), C(X))

where Δ ⊆ F ranges over all compact subsets of F and

π∗ ∶ KKc(C0(F ), C(X)) →KK(C(X), C(X))

maps αF to the unit of the ring KK(C(X), C(X)).

Property 3. It follows from Property 2 that if ξ is any element in
KK0(C(X),C), then the Kasparov product

αF#ξ ∈KK0
c (C0(F ),C) =K

a
0 (F )

is an element in compactly supported K-homology of F with

π∗(αF#ξ) = ξ ∈Ka
0 (X)
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See [3] for details on αF .

Proposition 3.1.1. There is commutativity in the diagram

K0(TX)

Op

��

Thom
≅

�� K0(TF )

Op

��
Ka

0 (X) Ka
0 (F )

π∗��

Proof. Let σ ∈K0(TX) be the symbol of the elliptic operator P on X, i.e.,
P = Op(σ). The Thom isomorphism K0(TX) →K0(TF ) maps σ to τ#σ,
where τ is the Thom class of TF as a complex vector bundle on TX. Then
Op(τ#σ) = αF#P and by Property 3 above, π∗(αF#P ) = P . ◻

3.2. Hörmander’s operators

For clarity of exposition, we give some indication here of Hörmander’s approach
[12] to the construction of αF .

Let V be a finite dimensional R vector space with a given Euclidean
inner product. The Clifford algebra Cliff(V ) acts on the complexification
of the sum of the exterior powers Λ∗

C
V . For v ∈ V , c(v) denotes Clifford

multiplication by v

c(v) ∶ Λeven
C V → Λodd

C V

Consider the elliptic operator

α = c(v) +D, D = d + d∗

which acts on C valued differential forms on V , and maps even to odd forms.
The total symbol of α is c(v + iξ), which is the Bott element β ∈K0(TV ).
The operator α and its total symbol β are O(V ) equivariant,

α ∈KK0
O(V )(C0(V ),C) β ∈KK0

O(V )(C, C0(TV ))

Note that here (exceptionally for this paper) KK0
O(V )(C0(V ),C) is not com-

pactly supported.
If F is an R vector bundle on M , as above, choose a Euclidean structure

for F , thus reducing its structure group to O(n). Then due to the O(n)
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equivariance of α, a family of operators in the fibers of F is determined,

α′F ∈KK0(C0(F ), C(M))

To obtain the element

αF ∈KK0
c (C0(F ), C(M))

in compactly supported KK-theory, realized as a family of elliptic operators
trivial at infinity, as in [3], a perturbation must be made on the operator α.
For details of this perturbation, see [12].

Remark 3.2.1. The total symbol β of the elliptic operator α on V is its
principal symbol when α is viewed as an element in the Weyl calculus. Since
β is invertible outside the point (0,0) in TV , it follows, using the Weyl
calculus, that the operator α is Fredholm. Moreover, by the Weyl calculus
index theorem, the index of α is the Bott number of its Weyl symbol β,
which is 1. In fact, as shown in [12], the null space of α is 1 dimensional, and
is spanned by the Gaussian e−∣v∣

2/2 (a section of the line bundle V ×Λ0
C
V on

V ). Hence, the families index of α′F is a trivial line bundle on M .
For details on the Weyl calculus, see [11].

4. The Thom class of T (TM)

Let X be a closed C∞ manifold. T (TX) is a complex vector bundle over TX
in two different ways. Therefore there are two Thom classes τ0, τ1. One is
the symbol of the Dirac operator DTX of TX, while the other is the symbol
of the family αTX .

A Riemannian metric for the closed C∞ manifold X makes TX into
an almost complex manifold as follows. Choose normal coordinates x =
(x1, . . . , xn) on X, and let ξ = (ξ1, . . . , ξn) be the induced linear coordinates
on the fibers of TX. Then at point x = 0 we let

J
∂

∂xj
= −

∂

∂ξj
J

∂

∂ξj
=

∂

∂xj

Let π0 be the projection π0 ∶T (TX) → TX, obtained by viewing T (TX) as
the tangent bundle of the manifold TX and using the standard projection
of a vector to the point from which it emanates. Hence, in this way T (TX)
is a complex vector bundle on TX. Let τ0 be its Thom class. Note that τ0 is



236 Paul F. Baum and Erik van Erp

the symbol of the Dirac operator DTX of the almost complex manifold TX,
‡

τ0 = σ(DTX)

With notation as in 3.1.1 above, let F = TX. Then TF = T (TX) is a
complex vector bundle over TX, where this time the projection π1 ∶T (TX) →
TX is the derivative of TX →X. This is not the same as the projection
π0 ∶T (TX) → TX above. Let τ1 be the Thom class of this complex vector
bundle. The Thom class τ1 is the symbol of the family αTX .

At first glance, it appears that there are two Thom isomorphisms

K0(TX)
≅
�→K0(T (TX)) ∶ σ ↦ π∗j σ ⊗ τj , j = 0, 1

where τ0, τ1 are the two Thom classes introduced above. However, these two
Thom isomorphisms are equal:

Lemma 4.0.2. Let [σ] be any element of K0(TX). Then in K0(T (TX))

[π∗0σ ⊗ τ0] = [π
∗
1σ ⊗ τ1]

Proof. Let πX ∶TX →X be the usual projection, and let πTX ∶T (TX) → TX
be the projection for the tangent bundle of TX. There is a second map from
T (TX) to TX, i.e., the derivative of πX ∶TX →X. Denote π0 = πTX and
π1 = dπX .

We can view T (TX) as a fiber bundle on X via the projection πX ○
π0 ∶T (TX) →X. We denote W ∶= T (TX) if we view it as a fiber bundle on
X. The fiber Wx of W at a point x ∈X is isomorphic to a direct sum of
three copies of TxX,

Wx ≅ TxX ⊕ TxX ⊕ TxX

A point w ∈Wx will be denoted as a triple (w0,wh,wv). First, w is a tan-
gent vector to TX. It emanates from a point w0 ∶= π0(w) ∈ TxX. The pair
(wh,wv) denotes the vertical and horizontal components of the tangent vec-
tor w to the manifold TX at w0.

More precisely, the derivative of πX ∶TX →X is a map dπX ∶T (TX) →
TX, whose kernel consists of the “vertical” tangent vectors T vertTX to TX.
There is the canonical identification T vert

w0
(TX) ≅ TxX, so we have a short

‡LetW be a Spinc manifold, i.e., TW →W is a Spinc vector bundle, and therefore
has a Thom class τ . The symbol of the Dirac operator of W is this Thom class τ .
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exact sequence

0→ TxX → Tw0
(TX)

dπM
�→ TxX → 0

We let wh ∶= dπX(w). Choosing a splitting of this short exact sequence we
have

Tw0
(TM) ≅ TxX ⊕ TxX

and we let wv = w −wh.
With this notation, the projection πTX ∶T (TX) → TX is the map

π0(w0, wh,wv) ∶= w0

while the derivative dπX ∶T (TX) → TX is the map

π1(w0,wh,wv) = wh

We recall the standard construction of the Thom class for a complex
vector bundle π ∶F → B. On F , consider the vector bundles π∗ΛevenF and
π∗ΛoddF , the even and odd exterior powers of F . The Thom class is given
by the vector bundle map

τ ∶ π∗ΛevenF → π∗ΛoddF

which at v ∈ Fb is

τ(v) ∶= ∧v + ιv

where ιv is the adjoint of ∧v ∶α ↦ v ∧ α for the choice of some hermitian
structure on F .

The vector bundles on T (TX) used to construct the two Thom classes
τ0, τ1 are the same, i.e., the pull-back via πX ○ π0 = πX ○ π1 of the even and
odd parts of the exterior algebra ΛTX ⊗C. At a point w = (w0, wh,wv) in
T (TX), the Thom classes τ0, τ1 are given by

τ0(w) = τ(wv + iwh) wv + iwh ∈ TxX ⊗C

τ1(w) = τ(w0 + iwv) w0 + iwv ∈ TxX ⊗C

Let ρ be the diffeomorphism

ρ ∶ T (TX) → T (TX) ∶ ρ(w0,wh,wv) = (wh,−w0,wv)

ρ is properly homotopic to the identity via maps ρt given by

ρt(w0,wh,wv) ∶= (w0 cosπt/2 +wh sinπt/2,−w0 sinπt/2 +wh cosπt/2,wv)
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i.e., the map

T (TX) × [0,1] → T (TX) ∶ (w, t) ↦ ρt(w)

is proper.
Note that τ1(w) = iτ0(ρ(w)), i.e., τ1 = iρ

∗τ0. Also π1 = π0 ○ ρ. Therefore

π∗1σ ⊗ τ1 = iρ
∗(π∗0σ ⊗ τ0)

◻

Remark 4.0.3. Consider the commutative diagram of Proposition 3.1.1 in
the special case when F = TX,

K0(TX)

Op

��

Thom
≅

�� K0(T (TX))

Op

��
KK(C(X),C) Ka

0 (TX)
π∗��

Since the two Thom isomorphisms are equal, the commutativity of this
diagram can be expressed as

[P ] = π∗[σP ⊗DTX] inKK0(C(X),C)

This is essentially Kasparov’s Theorem 1 in section 7 of [13]. However, σP ⊗
DTX has to be interpreted as an elliptic operator of order zero on TX that is
trivial at infinity, and whose principal symbol is homotopic to σP ⊗ σ(DTX).
Note that σP ⊗DTX is not in any sense an operator of Dirac type.

In the next section, by passing to an appropriate compactification of
TX, we will replace the somewhat non-explicit operator σP ⊗DTX by an
actual twisted Dirac operator.

5. Proof of commutativity

In this section we give our direct proof of reduction to Dirac. The proof is
direct, and does not use any form of the Atiyah-Singer index theorem.
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Let P be an elliptic (pseudo)differential operator on the closed C∞-
manifold X,

P ∶ C∞(X,E) → C∞(X,F )

E and F are complex C∞ vector bundles on X. P determines an element

[P ] = (T,H0,H1, ρ0, ρ1) ∈KK0(C(X),C)

where

● T = P (1 + P ∗P )−1/2

● H0 = L2(X,E) and H1 = L2(X,F )

● ρj ∶ C(X) → L(H
j) is f ↦Mf whereMf is the multiplication oper-

ator (Mfu)(p) = f(p)u(p).

The Dirac operator DΣX of the Spinc manifold ΣX, twisted by the
vector bundle Eσ, determines an element [Eσ ⊗DΣX] ∈KK0(C(ΣX),C),
which pushes forward to

ϕ∗[Eσ ⊗DΣX] ∈KK0(C(X),C)

Theorem 5.0.4. In KK0(C(X),C)

[P ] = ϕ∗[Eσ ⊗DΣX]

i.e., there is commutativity in the diagram

K0(TX)

Op

����
���

���
���

�
c

�����
���

���
�

Ktop
0 (X) μ

�� KK0(C(X),C)

Proof. Consider the diagram

K0(TX)

Op
��

Thom
≅

�� K0(T (TX))

Op
��

ι∗ �� K0(T (ΣX))

Op
��

KK0(C(X),C) KK0
c (C0(TX),C)

π∗

≅
�� ι∗ �� KK0(C(ΣX),C)

ϕ∗
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The diagram commutes by Proposition 3.1.1 (for the square on the left),
Lemma 2.5.1 (for the square on the right), and the fact that π = ϕ ○ ι (for
the bottom row).

Starting in the upper left corner of the diagram, let (σ,π∗E,π∗F ) be
the symbol of the elliptic operator P . Applying the Thom isomorphism, we
obtain τ1 ⊗ π∗1σ (where τ1 is the symbol of the family αTX). By Lemma 4.0.2
this is equal to τ0 ⊗ π∗0σ in K0(T (TX)), where now τ0 is the symbol of the
Dirac operator DTX of the almost complex manifold TX.

Since DTX is the restriction of the Dirac operator of ΣX to the upper
hemisphere, Lemma 2.3.1 implies that

ι∗(τ0 ⊗ π∗0σ) = σ(DΣX) ⊗ (Eσ −ϕ
∗F )

as elements in K0(T (ΣX)).
Commutativity of the diagram now implies that in KK0(C(X),C)

[P ] = ϕ∗(DΣX ⊗Eσ) − ϕ∗(DΣX) ⊗ F

Finally, ϕ∗(DΣX) = 0 in KK0(C(X),C) because ΣX is the boundary of the
ball bundle B(TX ×R) as a Spinc manifold.

◻

References

[1] M. F. Atiyah, Global theory of elliptic operators, Proc. Internat. Conf.
on Functional Analysis and Related Topics (Tokyo, 1969), Univ. of
Tokyo Press, Tokyo, pp. 21–30.

[2] M. F. Atiyah and I. M. Singer, The index of elliptic operators on
compact manifolds, Bull. Amer. Math. Soc. 69 (1963), 422–433.

[3] M. F. Atiyah and I. M. Singer, The index of elliptic operators. I, Ann.
of Math. (2) 87 (1968), 484–530.

[4] P. Baum and R. G. Douglas, Index theory, bordism, and K-homology,
Operator algebras and K-theory (San Francisco, Calif., 1981), Con-
temp. Math. 10, Amer. Math. Soc., Providence, R.I., pp. 1–31.

[5] P. Baum and R. G. Douglas, K-homology and index theory, Operator
algebras and applications, Part I (Kingston, Ont., 1980), Proc. Sym-
pos. Pure Math. 38, Amer. Math. Soc., Providence, R.I., pp. 117–173.



K-homology and Fredholm Operators II: Elliptic Operators 241

[6] P. Baum and R. G. Douglas, Relative K-homology and C∗-algebras,
K-Theory 5 (1991), 1–46.

[7] P. Baum, N. Higson and T. Schick, On the equivalence of geometric
and analytic K-homology, Pure Appl. Math. Q. 3 (2007), 1–24.

[8] P. Baum and E. van Erp, K-homology and index theory on contact
manifolds, Acta Math. 213 (2014), 1–48.

[9] B. Blackadar, K-theory for operator algebras, Second edition. Mathe-
matical Sciences Research Institute Publications, 5. Cambridge Uni-
versity Press, Cambridge, 1998.

[10] N. Higson and J. Roe, Analytic K-homology, Oxford Mathematical
Monographs. Oxford Science Publications. Oxford University Press,
Oxford, 2000.
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[12] L. Hörmander, On the index of pseudodifferential operators, On the
index of pseudodifferential operators. Elliptische Differentialgleichun-
gen, Band II, pp. 127C146. Schriftenreihe Inst. Math. Deutsch. Akad.
Wissensch. Berlin, Reihe A, Heft 8, Akademie-Verlag, Berlin, 1971.

[13] G. Kasparov, Topological invariants of elliptic operators. I. K-
homology, Izvestiya Akad. Nauk SSSR, Ser. Matem. 39 (1975), 796–
838. English translation: Mathematics USSR - Izvestiya, 9 (1975), 751–
792.

Paul F. Baum
The Pennsylvania State University,
University Park, PA, 16802, USA
E-mail: baum@math.psu.edu

Erik van Erp
Dartmouth College, 6188 Kemeny Hall,
Hanover, New Hampshire, 03755, USA
E-mail: jhamvanerp@gmail.com





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


