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Birational Chow—Kiunneth

Decompositions

MINGMIN SHEN

Abstract: We study the notion of a birational Chow—Kiinneth
decomposition, which is essentially a decomposition of the integral
birational motive of a variety. The existence of a birational Chow—
Kiinneth decomposition is a stably birational invariant. We show
that a birational Chow—Kiinneth decompostion exists for the fol-
lowing varieties: (a) Jacobian variety; (b) Hilbert scheme of points
on a K3 surface and (c) The variety of lines on a stably rational
cubic threefold or a stably rational cubic fourfold.

Keywords: birational motive, Jacobian variety, hyperKahler vari-
ety, cubic threefold, cubic fourfold.

1. Introduction

The concept of a Chow—Kiinneth decomposition was introduced by Murre
[7]. It is very important for the understanding of the motive of a smooth
projective variety. Corresponding to a birational motive as was introduced
by Kahn and Sujatha [6], there is the notion of a birational Chow—Kiinneth
decomposition. In this article, we study the birational Chow—Kiinneth decom-
position with integral coefficients from a very down-to-earth point of view.
We insist on integral coefficients because we hope that this notion will give
a criterion to distinguish special varieties (e.g. Jacobian varieties, Hilbert
schemes of a K3 surface, ...) from their general deformations. We show that
this notion has an interesting connection with the rationality problem of
cubic fourfolds.
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Let X be a smooth projective variety of dimension d over the field C of
complex numbers. The classical Kiinneth formula gives

(1) H(X x X,Q) = @) W(X,Q) @ H(X,Q).

i+j=p

In the special case of p = 2d we have

2d
H*(X x X,Q) = @) End (H'(X,Q))
i=0

where the action of v € H*¢(X x X, Q) on o € H(X,Q) is given by a
p2,«(7Upia). There is a cycle class map

[—] : CHY(X x X)q — H*(X x X,Q).

Let Ax C X x X be the diagonal. Under the above decomposition, the coho-
mology class of Ax can be written as

_ .0 1 2d
[AX] = T'X hom + TX hom et TX hom

where 7I‘§(7hom € H?P(X, Q) ® HP(X, Q) = End(HP(X, Q)). A Chow-Kiinneth
decomposition is

Ax =7% + 7%+ + 73, in CHY(X x X)q,

such that

1) The element 7% € CHY(X x X)gq, 0 < i < 2d, lifts the corresponding
cohomological projector, namely [r%] = wg(’hom in H(X x X, Q).

2) The collection {r% } satisfies 7% o Fg( =0 for all 0 <i# j<2d and
77& o ﬂ'g( = Wg( for all 0 < i < 2d. Here all the equations are in CHd(X X
X)q.

Conjecture 1.1 (Murre [7]). A Chow-Kiinneth decomposition exists for
each X.
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We define an integral Chow—Kiinneth decomposition to be an equation
Ax =%+ 7+ +7%, in CHYX x X),

such that (1) 7% € CHY(X x X) and [r’] = 7 ;o in H*(X x X, Q); (2)
7@( 0773( = Wé( for all 0 <4 < 2d and 7er owg( = 0 for all 7 # j, where all the
equations are in CHY(X x X).

There are two other formulations of an integral Chow—Kiinneth decom-
position. The first one says that the integral Chow motive h(X) decomposes
as a direct sum of h*(X) = (X, %), 0 < i < 2d. The second one is a decom-
position of CHY(X x X) into a direct sum of sub-algebras.

To define the notion of a birational Chow—Kiinneth decomposition, we
first replace CHY(X x X) by CHo(Xg), where K = €(X) is the function
field of X. It turns out that the composition operation on CHY(X x X)
restricts to a composition on CHy(Xx ). The diagonal Ax restricts to a unit
dx € CHo(Xk). Kahn and Sujatha [6] associates a birational motive h°(X)
to each smooth projective variety X. Then the algebra (CHy(Xx),dx,0) is
the endomorphism algebra of the birational motive of X. The usual cycle
class map restricts to a birational cycle class map

d
(<] : CHo(Xx) — €D End(H"(X)).
=0

Let wg(’hom be the projector onto the factor H*?(X). Then a birational
Chow-Kinneth decomposition is an equation

ox = wk +wk + -+ ok, in CHy(Xk)

with @’ € CHo(Xk), 0 <i < d, being projectors lifting the corresponding
cohomological ones; see Definition 3.1. In terms of birational motives, a
birational Chow—Kiinneth decomposition is equivalent to a decomposition

h°(X) = h>%(X) @ b1 (X) @ - - @ h>4(X)

where h*'(X) = (h°(X), @' ). We emphasize that a birational Chow-Kiinneth
decomposition has integral coefficients. Occasionally, we may also consider
birational Chow—Kiinneth decompositions with other coefficients (e.g. Q,
Z[3]). Conjecture 1.1 predicts that a birational Chow-Kiinneth decomposi-
tion with Q-coefficients exists for each X.

The main results can be summarized as follows.
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1) The existence of a birational Chow—Kiinneth decomposition is a stably
birational invariant. (Proposition 3.4)

2) A Jacobian variety admits a birational Chow—Kiinneth decomposition.
(Theorem 4.4)

3) The Hilbert scheme S of a K3-surface S admits a birational Chow—
Kinneth decomposition. (Theorem 5.6)

4) The variety of lines on a smooth cubic threefold or a smooth cubic
fourfold admits a birational Chow—Kiinneth decomposition with Z[%]—
coefficients (Theorem 7.4).

5) The variety of lines on a stably rational cubic threefold or a stably
rational cubic fourfould admits a birational Chow—Kiinneth decompo-
sition. (Theorem 8.1)

These results naturally raise the following questions. (a) Does a generic
principally polarized abelian variety of dimension at least 4 have a bira-
tional Chow-Kiinneth decomposition? (b) Does a generic hyperKéhler vari-
ety deformation equivalent to Hilb"(K3), n > 2, have a birational Chow—
Kiinneth decomposition?

Conventions. All Chow groups CH*(X) are with integral coefficients.
We use nx to denote the generic point of a variety X.

Achknowledgement. T would like to thank Charles Vial for helpful dis-
cussions. I would also like to thank Claire Voisin, Bruno Kahn, Burt Totaro
and the referee for their comments and corrections.

2. Composition and product of zero cycles over the function
field

Let X be a smooth projective variety of dimension d over a field k. This
section is devoted to the study of the algebra CHy(X ) of O-cycles on X over
its function field K = k(X). This algebra is the endomorphism algebra of the
birational motive h°(X) of X. Most results of this section can essentially be
found in [6]. However, our approach does not use the notion of a birational
motive. We prove, among others, the stably birational invariance of this
algebra.

Lemma 2.1. LetY and Z be smooth projective varieties. Let 'y € CH" (X X
Y) and T's € CH*(Y X Z) be two correspondences. Then the following state-
ments hold.
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(i) Assume that T'y factors through a closed subset Y C'Y of codimension
n. Then Ty o'y € CH~% (X x Z) factors through a closed subset
7' C Z of codimension at least n + s — dy .

(i1) Assume that Ty is supported on'Y' x Z for some closed subset Y' C'Y
of codimension n. Then I'y o I'y is supported on X' x Z where X' C X
1s a closed subset of codimension at least n +r — dy.

(i11) Assume that T'y is supported on X' x Y for some closed subset X' C X,
then I'y o Ty is supported on X' x Z.

Proof. Note that statement (ii) follows from statement (i) by taking the
transpose and that statement (iii) is trivial. Hence we only need to show (i).
By definition, the composition I's o I'y factors through

pz(|T2| N (Y x Z2))
where pz : Y x Z — Z is the projection and |I'2| denotes the support of the

cycle I's. By moving the cycle I's, we may assume that I'y intersects Y/ x Z
properly. Then the above set has codimension at least n + s — dy. O

The above lemma allows us to compose 0-cycles over function fields.

Lemma 2.2. Let X, Y and Z be smooth projective varieties with function
fields K, L and M respectively. Then there is a composition

CHo(X 1) x CHo(Yar) — CHo(Xwm),

(71,72) = 12071 == (T2 0T'1)| x xSpec M,

where Ty € CH (X x Y) and T'y € CHY (Y x Z) are spreadings of v1 and
Yo respectively.

Proof. We only need to show that the composition defined above is inde-
pendent of the choice of the spreadings. Let T} € CH™ (X x V) and T €
CH® (Y x Z) be two other spreadings. Then we can write

F’1:F1+A1 and F/2:F2+A2

where A; € CH% (X x Y) is supported on X x Dy for some divisor D; C Y
and Ay € CH? (Y x Z) is supported on Y x Dy for some divisor Dy C Z.
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Then we have
FIQOFII :F20F1+A20F1+F/20A1.

By Lemma 2.1, we know that both AgoI'y and I') o A; factor through a
divisor of Z. Hence

( IQOFll)‘XXSpeCM = (F2 o Fl)‘XXSpeCM7 in CHO(XM)

This proves the lemma. OJ

Definition 2.3. Let 71,72 € CHy(Xg) be two 0-cycles on Xy . By Lemma
2.2 we can define v =1 oy € CHo(Xg). The diagonal Ay restricts to
an element 0y € CHy(Xg) which satisfies yodx = dx oy = for all v €
CHy(Xg). This gives a possibly non-commutative Z-algebra structure on
CHo(X k). This algebra will be denoted (CHo(X k), dx, o) or simply CHo(X i)
if there is no confusion.

Let X’ be a smooth projective variety of dimension d’ and let K’ = k(X")
be the corresponding function field. The following proposition is useful to
relate CHy(Xx ) to CHo(X ).

Proposition 2.4. Let v, € CHo(Xk) and 2 € CHo(XY). There is a well-
defined group homomorphism

Y20 (=)o : CHy(Xf) — CHo(Xk)
given by
VIHFQOF/OFHXK, V")// GCH()(X}{/),
where the correspondence I € CHy (X' x X') is a spreading of 7', the cycle

'y € CHy (X x X') is a spreading of 1 and the cycle Ty € CHg(X' x X) is
a spreading of yo.

Proof. This is a direct consequence of Lemma 2.2. U

Corollary 2.5. Let f : X' -+ X be a generically finite rational map between
smooth projective varieties.
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(i) there is a group homomorphism f# : CHo(X ) — CHo(X%.) defined
by
ffy=frovofs

where fy is the closure L'y of the graph L'y restricted to X' x Spec K and
[* is the restriction of the transpose 'T'y to X x Spec K'. Moreover,

o fFys = deg(f) 17 (11 072)

for all y1,v2 € CHo(Xk).
(ii) There is a group homomorphism fu : CHo(X},) — CHo(Xk) defined
by
fgy' = feor o f".

If f is of degree one (i.e. birational), then

fav o fave = fu(y1073)

for all v{,~4 € CHo(X ).

(iii) If f is birational, then f# and fu are inverse to each other and both
are isomorphisms of CHo(X) and CHo(XY,) as algebras.

Proof. For (i), we only need to verify the formula for composition, which
follows easily from the fact that fi. o f* = deg(f). For (ii), we observe that,
when f is birational, we have

tffoff :AX——FF,,

for some IV supported on D x D with D C X’ being a divisor. By restricting
to X}, we obtain f*o f, = dx/ in CHo(XY%,). The last statement follows
from the extra relation f#dx = dyx and fudxr =dx. [l

Let X and Y be smooth projective varieties with function fields K
and L respectively. Let v € CHy(Xg) and v € CHy(Yz). We can spread
these cycles and get I' € CHy, (X x X) and IV € CHy, (Y x Y). Then we
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can define

Il :=pisl-pyl” € CHy g, (X XY x X xY).
We define

YR =T AI)|xxyxnxry € CHo((X x Y)kor)

as the product of v and +/. It is clear that this definition is independent of
the choice of the spreadings. Thus we have a bilinear map

(2) ® : CHo(Xk) x CHo(Yz,) — CHo((X x Y)kar).

Proposition 2.6. Let X andY be smooth projective varieties with function
fields K and L respectively. Then

(M®7)o(12®1) = (o) @ (o), inCHy((X xY)ker),
for all yi,7v2 € CHo(Xk) and 71,75 € CHo(YL).

Proof. We easily check that the same equation holds when all cycles are
replaced by their spreadings. Then we restrict the equation to the generic
point of X x Y. O

The special case of Y = P} is of particular interest. Note that CHD(IP,i(]Pl))

is free of rank one with generator z x np1 where z € P! is a closed point. In
this case we have the following proposition.

Proposition 2.7. Let X be a smooth projective variety of dimension d with
function field K.

(i) The homomorphism
Yx CH()(XK) —>CH0((XXIP1)K®k(]P1)), ’YH’Y@(Q’}XT]Ipl),

1s an isomorphism which is compatible with the algebra structures.
Namely,

ox(0x) =0xxpr and
ex (1 e72) = ex(m)opx(2), in CHo((X X PY)army),

for all 1,72 € CHo(Xk).



Birational Chow—Kiinneth Decompositions 113
(i1) The algebra (CHo(Xk),dx,0) is a stably birational invariant.

Proof. We first note that a 0-cycle on (X x IPI)K®k(IP1) is obtained as the
restriction of a (d + 1)-cycle on X x P! x X x P!, One computes

CHgp1 (X x P! x X x PY) =CHyy 1 (X x X) ® (2, 2)
® CHyg(X x X) ® (z x P1)
® CHy(X x X) ® (P! x z)
® CHy_1(X x X) ® (P! x P1)

In the above equation, only the summand CHg(X x X) ® (z x P') may have
nonzero restriction to (X x P1) Keket) and the restriction factors through
CHy(X k) ® (x x np1). This shows that ¢x is surjective. Let v € CHy(Xk)
be a cycle such that ¢x(v) = 0. Take a spreading I' € CHyz(X x X) of ~.
Then pisl - phr € CHyyq (X x P x X x P1) is supported on X x P! x D
for some divisor D € X x PL. If D — P! does not hit a general point y € P!,
then

I' = p13« (P13l - pox - piy) = 0, in CHy(X x X).

If D — P! is dominant, then

[' = p13«(pisl - P52 - piy)

is supported on X x D,, where D, C X is a divisor. In either case we have
v=0 in CHo(Xg) and hence ¢x is also injective. It follows that ¢x is
an isomorphism. To show the compatibility with composition, we note that
T X np1 = Op1 in CHO(IP}C(F)). For arbitrary ~1,v2 € CHyo(Xk), we have

ox(71) o px(12) = (11 @ dp1) 0 (72 ® dp1)
Y1 072) @ (Op1r © Opr)
Y1 072) ® (dp1)

= px(11072).

= (
=

We also easily check ¢x(0x) = dx @ dpr = dxxp1-

It is clear from (iii) of Corollary 2.5 that the algebra CHy(X) is a bira-
tional invariant. Then (i) implies that it is also a stably birational invari-
ant. U
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3. Birational Chow—Kiinneth decompositions

In this section we define the notion of a birational Chow—Kiinneth decom-
position and study some of its basic properties: stable birational invariance
and the induced decomposition of CHg.

Assume that k = C. Let v € CHo(Xg). Take I' € CHy(X x X) to be a
spreading of 7, i.e. I'| xx, = 7. Then the homomorphism

[[) : HO(X) = HO(X), o= [[la = p2.([T]Upja)

is independent of the choice of the spreading, where i = 0, ..., d. Indeed, if I
is a different spreading, then the difference IV — I is supported on X x D for
some divisor D C X. Thus the action of this difference is trivial on H*?(X).
In this way we get a well-defined birational cycle class map

d
(3) -] : CHY(Xk) - @) End(H?(X)),
=0

which respects the algebra structures, namely

0x] =1id and [y1092] =[m]o[y], forally,v2 € CHo(Xk).

Let
d

T hom € D End(H0(X))
=0

be the projector onto H”?(X). Then it is clear that

d
[5)(] =id = ng(',hom'
1=0

Definition 3.1. Let X be a smooth projective variety of dimension d over
the field C of the complex numbers. Let K = C(X) be function field of X.
A birational Chow—-Kiinneth decomposition of X is a decomposition

d
(4) ox = Zwég, in CHo(Xx)
=0

such that the w’ € CHo(Xk) are projectors lifting the cohomological ones
in the sense that
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(i) @l owgc = 0, for all ¢ # j;
(ii) wl o wl =@, for all i =0,1,...,d;

(ili) [w'] = @ poms for all i =0,1,...,d.

Remark 3.2. It is fairly straightforward to see that a birational Chow—
Kiinneth decomposition is equivalent to a decomposition

d

CHo(Xk) = P 4
=0

such that (1) each A; is an algebra with a right unit @’ and 6x = 3 @’ is
a decomposition of dx into a sum of projectors; (2) the birational cycle class
map [—| restricts to an algebra homomorphism [—]: A; — End(H*°(X))
that respects the units on the two sides. The decomposition of an element
is simply given by v = > v o wé(; see Proposition 3.7. We will also call such
a decomposition a birational Chow—Kiinneth decomposition.

A similar definition can be made when the base field k is arbitrary.
In that case we replace H*°(X) by HY(X)/N'H*(X) where H'(—) is an
appropriate Weil cohomology and N'H?(X) consists of cohomology classes
that are supported on divisors. This is the first quotient associated to the
coniveau filtration on cohomology. The Generalized Hodge Conjecture [5]
predicts that the two definitions agree when k = C.

Note that the decomposition in the above definition is with integral
coefficients. Hence we do not expect that all varieties X to have a birational
Chow—Kiinneth decomposition. Note that Conjecture 1.1 implies that every
smooth projective variety admits a birational Chow—Kiinneth decomposition
with rational coefficients.

We recall from [18] that a variety X has a Chow-theoretical decomposition
of the diagonal if

Ax =z x X+1T, iHCHd(XXX),

where x € X is a closed point and I is supported on X x D for some divisor
D.

Proposition 3.3. The variety X has a Chow-theoretical decomposition of
the diagonal if and only if it has a birational Chow—Kinneth decomposition
of the form dx = xx, for some closed point x € X. O
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To justify the term “birational”, we have the following.

Proposition 3.4. Let X and X' be smooth projective varieties over C that
are stably birational to each other. Then X has a birational Chow—-Kiinneth
decomposition if and only if X' has one.

Proof. We first establish the birational invariance. For this, we only need
to show that the existence of a birational Chow—Kiinneth decomposition
is invariant under a smooth blow up and blow down. Let X be a smooth
projective variety and Y < X be a smooth closed subvariety and let p : X =
X be the blow up of X at center Y. We first observe that p* : H*(X) —
H*0(X) is an isomorphism with inverse given by p, : H*0(X) — H*0(X).
These induce algebra isomorphisms

[p4] : End(H*(X")) — End(H*(X)), and
[p#] : End(H"°(X)) — End(H"*(X")),

which are the cohomological versions of the corresponding maps of Corollary
2.5. Thus we get a commutative diagram of algebra homomorphisms

(-]

CHo(Xx) D, End(H**(X))
P4 (]
CHy(X k) @, End(Hi0(X))

where the vertical arrows are isomorphisms. It follws that CHO(X k) has a
birational Chow—Kiinneth decomposition if and only if CHo(X ) has one.
We move to the invariance under taking product with IP'. We first note
that
HY(X x P) = H*Y(X) @ HYO(P!) = H*Y(X).

This identification gives rise to a canonical isomorphism of algebras

[¢x] : End(H*’(X)) — End(H*°(X x P1)),
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which is the cohomological version of the ¢x in Proposition 2.7. Thus we
have a commutative diagram

(-]

CHO(XK) @z End(Hi’O(X))
@Xi \L[SDX}
CHo((X x PY)ggemr)) ] @, End(H**(X x P1))

where the vertical arrows are again isomorphisms. Thus CHy(Xg) has a
Chow-Kiinneth decomposition if and only if CHo((X x P') K®C(Pl)) has
one. 0

Remark 3.5. The relation of the projectors can be exphmtly written. In
the case of blow up, we have wX = p#wX and wX = p#w . In the case of
taking product with P we have walpl = wX ® Op1.

Proposition 3.6. Let both X and Y be smooth projective varieties with a
birational Chow—-Kiunneth decomposition. Then X XY also admits a bira-
tional Chow—Kiinneth decomposition.

Proof. The Hodge decomposition of the Kiinneth formula (1) tensored with
C gives
HO(X xY) = @ BO(X) @ H(Y).
p+q=i

Given birational Chow—Kiinneth decompositions @®., 0 < p < dx, and wy,,
0 <q <dy, of X and Y respectively. Then

@y 1= Z wh @ @i, 0<i<dx+dy,
ptq=i

form a birational Chow—Kiinneth decomposition of X x Y. O

Note that any element v € CHy(Xg) defines a homomorphism
~* : CHp(X) — CHp(X), a— y'a:=p (I pra),

where I' € CHy(X x X) is a spreading of 7. As a consequence, associated to
a birational Chow-Kiinneth decomposition (4), we have a decomposition

CHy(X @ CHy(X where CHo(X); := (@ )*CHo(X).
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Moreover, this construction can be carried out universally in the following
sense. Let L be a field extension of C. The diagonal Ax, C Xy x X, gives
rise to the element 0y, € CHo(Xkg.r1). By base change the equation (4),
we have

d
ox, = E @, where @', = @' ®¢ L.
=0

Then we have the decomposition
d .
(5) CHo(Xp) =P CHo(X.)i, where CHy(Xy); := (wk,)*CHo(Xy).
i=0

Proposition 3.7. Under the decomposition as above, we have
wB( S CHo(XK)i

for all i =0,...,d. Each group CHo(Xg); is an algebra with a right unit
and the birational cycle class map restricts to a homomorphism of algebras
[—] : CHo(X g ); — End(H*(X)).

Proof. Let 1T C X x X be a spreading of w?.. The Il ® K C X x X x
Spec K is a spreading of wé(K. Then we have
(@) @y = Prax(Piallk - pisTlx) X sy
= (w o wk)
)0, ifi#j
wh, ifi=j.
This exactly means that @’ € CHo(Xf);, 0 < i < d. We need to show that
CHy(Xk); inherits the structure of an algebra with w’ being a right unit.
Actually, the above computation also shows that (@ )"y = 7o w for all
v € CHo(Xg). Let yo wg( and v/ o wg( be two elements in CHy(Xx);, then
(vowk)o (Y owk) = (yowk ov) owk € CHo(Xk)i-

This shows that CHy(Xx); is a sub-algebra with right unit wgf. 0

4. Jacobian varieties

In this section we show that each Jacobian variety admits a birational Chow-
Kinneth decomposition. We proceed by first proving this for the symmetric
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products of a curve and then using the stably birational invariance of the
existence of a birational Chow—Kinneth decomposition.

Let C be a smooth projective curve of genus g. Let n be a positive
integer. We use C[" to denote the Hilbert scheme of length-n subschemes
of C, which is the same as the n-fold symmetric product of C. For each
¢ e Ol we use Z¢ C C to denote the corresponding close subscheme. For
any positive integer r, let

clr=rnl = {(51,52) e chh=lx ol . Zg, C 252}’

viewed as a correspondence from C1"~"1 to €™ Tts transpose will be denoted
Cln=11 Using the notation of [8], we write

i (Cyn) =l e cH, o (O x cinHl)
and
p—(C,n) = ctmn=ll e cH, (M x clP=1)y,
After fixing a point z¢ € C, we can define a morphism
L s O — ¢t &= &+ xo.
Such a morphism induces two other correspondences
pit(20,m) = (tn)s  and  p(z0,1) = (tn-1)"

In practice, we simply write p4(C) and p4 (o) with the correct dimension
being understood.

Proposition 4.1 (Rennemo [8]). The correspondences jii(xg) and pi(C)
satisfy the commutation relations

(- (w0), p4(C)] = Agim,
(11— (C), py(w0)] = A

and all other possible commutators vanish. ]
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Let ¢, : C"="1 — € be the morphism defined by ¢, (€) = € + rxo. Then
we define

T, = (1, x id), = e CH,, (C" x Clnly
and
Y = FT‘C[”’]xnC[n] € CHyp (C["} X et ) -
Let I'g := Agtm and I',, = 0 for all » > n. We formally write

n
A, = @ 7T,
r=0
and
n
Al = GB 7y,
r=0

where v = dainl .

Lemma 4.2. Assume that 1 <n < g. Then the following statements are
true.

(i) The natural homomorphism A, — CH,(Cl" x O is injective. Sim-
ilarly, the homomorphism A, — CHo(C" x 1) is also injective.
(ii) For any non-negative integer r, we have puy(C)" o u_(xo)" =r!l') in
CH, (C" x ¢y,
(iii) Let I and m be two non-negative integers, then

l

p(z0) o py (C)™ =) <i>m(m — 1) (m— i+ Dpg(C)™ o p (),
=0

where the coefficient is understood to be 1 for the term ¢ =0 in the

summation.

(iv) For non-negative integers v and r', we have

min{r,r'} .

B (r+7r" —q)!

Lrolw= 3 W — i — T
i=0

in CH,(C" x ¢y,

(v) A, is a commutative sub-algebra of CH,(C™ x CI"). Similarly, A’ a
commutative sub-algebra of CHo(C™ x newm).
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Proof. For (i), we first note that the cycles I';, 0 < r < n, are Z-linearly
independent. Indeed, they are independent in cohomology, which can be
easily checked by pulling back to C™ x C". The same argument works for
Al

We show that p_(C)" = r!Cl»"=" in CH,(C" x C*="]). Indeed, the
computation at the level of cycles shows that p_(C)" is a multiple of C' [nn—r],
Over a general point of C™ the action of pu—(C) is “removing one point”,
by which we mean

=M+t +ual > [l
=1

T

where [¢€ — y;] is viewed as a point on C®~1. Thus the action of p_(C)
is “removing r points one after another”. The correspondence C!""~" acts
generically as “removing r points” without remembering the order. Hence
we get that the coefficient in front of C!""~"] is r!. By taking the composition
with p4(zg)", we have

pig (20)" 0 p_(C) = 7! (idgtm X 1), CPTh = 1D,

Statement (ii) follows by taking the transpose of the above equation.

To prove (iii), we take the model p_(z9) = % and py(C) = z as oper-
ators on Z[z]. The formula can be deduced easily by induction.

Use the notation of operators on Z[z], we have

’

d\" ./ d\"
W\ oly =a" | — T —
rir'IT, o x <dx> x (d:v)

B (i (@ ()

/

min{r,r’} | n ’I“-‘r?"/—i
7! r'l ; ( d
i
paar i(r =) (r' —1i)! dz
! /|mH§3T} (r+ 1" —1)! r
=nrr: 1.
o il(r =)l —i)! e

By (i), we can cancel the factor r!7'! and get (iv)
Statement (v) follows from (i) and (iv). O

Lemma 4.3. For every integer 1 < n < g, the symmetric product C" admits
a birational Chow—-Kiinneth decomposition.
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Proof. Let f : C™ — C" be the quotient map and let
fxf:C"xcr— ol x ol
be the two-fold self product of f. Then we have
(f X [)«Agn =n! Agim.

After fixing a closed point zg € C, we have a Chow—Kiinneth decomposition
of C' as follows

e =z x C, 72 = C X xo, o = Ac — T — Th.
This gives rise to a Chow—Kiinneth decomposition of C" given by

Ten= Y TE@--®71g, 0<i<2n
Gt i, =1

If i, = 2, for some 0 < r < n, then the restriction of (f x f)*(ﬂ'g ®: - ® W’c’&)
to O x N is trivial. When ¢ > n, the condition ¢; + - - - 4 4,, = @ will force
i, = 2 for some r. It follows that

(f X f)*ﬂ—é'"|C[”]><nc[n] = 07 in CHO(C[n} X nC[n])u
for all n 4+ 1 < i < 2n. By restricting the cycles to C1" x g, we see that
(f X sl =nl1L;,  in CHo(CM x new),  0<i<n,

for some II; € A,. Apply (f x f)« to the Chow—Kiinneth decomposition of
C" and we get

n .

n!éc[n] =n! Z wlc[n], n CH()(C[n] X T]C[n]),
i=0

where @/, = IL| om0y € Al . By (i) of Lemma 4.2, we can cancel the
factor n! and get the equality

n
(5cln] = Z wic[n], in CHQ(C[n] X nc[n]).
i=0

We check that the action of wé[n] on cohomology is exactly the required one
for a birational Chow—Kiinneth decomposition. This is done by checking its
action on the Sy,-invariant part of the cohomology of C". 0
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Theorem 4.4. FEvery Jacobian variety admits a birational Chow—Kinneth
decomposition.

Proof. Let C be a smooth projective curve of genus g. Then its Jacobian
Jac(C) is birational to Cl9). The theorem follows from Lemma 4.3 together
with the birational invariance of the existence of a birational Chow—Kiinneth
decomposition (Proposition 3.4). O

Corollary 4.5. For all positive integer n, the symmetric product C'" has
a birational Chow—Kinneth decomposition.

Proof. Lemma 4.3 takes care of n < g. When n > g, we know that CI" —
Jac(C) is generically a projective bundle. Hence C!" and Jac(C) are stably
birational to each other. (I

5. the Hilbert scheme of a K3 surface

Let S be an algebraic complex K3 surface. In this section we show that the
Hilbert scheme of points on S admits a birational Chow—Kiinneth decom-
position.

Theorem 5.1 (Beauville-Voisin [2]). There is a canonical class 0 = og
in CHo(S), which is represented by any point on a rational curve of S and
satisfies the following conditions.

(i) Let Dy and Dy be two divisors on S, then Di - Dy = deg(D1 - D2)og

(ii) The second Chern class of S is given by co(S) = 240g in CHg(S).

Let S be the Hilbert scheme of length-n closed subschemes of S and we
know that S is a compact hyperKéhler manifold. It is shown by Vial [14]
that S admits a Chow—Kiinneth decomposition that is multiplicative. The
result of Vial is with rational coefficients, though it is likely that the same
result holds for integral coefficients. When we restrict to the birationally
invariant part of the motive, it is much easier to see that a birational Chow—
Kiinneth decomposition exists on S

The method is very similar to that of the case CM. Let SI—n
Sn=r] % S be the main component of

{(€,6) e st xsl: 7, c 7}
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which dominates the factor S, We view S[*~"" as an element in CHa,, (S~} x
Sy, Let Sl € CHy, (S x S[*"]) be the transpose of S*~7". This
allows us to define

1 (S) = Sl e CHy, (S x st=1)

and
g (S) = S=1nl e CHy, (SIP1 % slnly

Fix distinct points z1,29,...,2,... € .S that are of the class 0g. Such a
choice gives rise to rational maps

e ST s sl e e 4 o,

where Z¢ is supported away from zq,...,z,. Let I', C Sn=r1 % Sl be the
closure of the graph of .

Definition 5.2. Let p_(0) € CHo(S" x ngi—1) be the restriction of the
correspondence ‘T',, € CHy,_o(S" x S"=1). Let p () € CHo(SM 1 x ngim)
be the restriction of 4 (S5).

Remark 5.3. The definition of 1 (0) is independent of the choice of z1. We
use the same notation when n varies; if we compose such correspondences,

the correct dimension is being understood.

Proposition 5.4. The above correspondences satisfy [p—(0), p+(n)] =1 in
CHo(S[n] X 775[71,]).

Proof. Let & = [y1,...,yn] € S be a general point. Then we note that th
cycle I := pi3.. (p’fQS[”’”H] -ngtfh> meets S x ¢ in the points

([xhylv"‘7Qia‘°'7yn]7£)) 1§’L§7’L and (5)5)
The cycle I' := py3.4 (p’{ztfbl -p§3S["_1’"]> meets S x ¢ in the points

([$17y1>"'7?3i7"'73/%]76)7 1 SZS”

It follows that IV — T — Agi € CHgn(S[”] X SM) is supported on S x D
for some divisor D c S, Note that

gty = H=(0) 0 i (), T[stmsn,y = +(n) © p—(0).



Birational Chow—Kiinneth Decompositions 125

Since the restriction of I — T — Agm to S (] % N 1S zero, we get

(o), o ()] = 1.

This establishes the proposition. Il

As in the case of C™, we need to divide ()" o u_(0)" by 1. For that,
we take

T, = (1 x id) S € CHy, (S x M),

By convention, we write g := Agiu. Let 4, € CHo(S[ x ngim) be the restric-
tion of T’ to S x ngpy. We define

n
Al = @ Zy.
r=0

Lemma 5.5. For any positive integer n, the following statements are true.
(i) Forall0 < r < n, we haver! v, = py (n)" o p_(0)" in CHo(S"™ x ngm).
(ii) The natural homomorphism Al — CHo (S x ngw) is injective.

(i11) For all 0 < r,r" <n, we have

min{r,r'}

(r+7r" —1)!
o= ) Ao — )l — )
=0

in CHo((S™ X ngwm), where 4 = 0 for all I > n.
(iv) Al is a commutative sub-algebra of CHo((S"™ x ngm).

Proof. The proof is the same as in the case of CI"). Let & = (Y1, Un] € St
be a general point. At the level of cycles, the intersection of S x ¢ and a
cycle representing pu4 (S)" o ¢} is supported on

{[3317"‘73%7%'1,-"ayin,r] : OS/LI < - <in—T Sn}

Thus p4+(n)" o p—(0)" is a multiple of .. Then we argue as in the case of
Ol that the coefficient is 7!. This establishes statement (i).

To prove (ii), we compose the homomorphism in question with the bira-
tional cycle class map. It turns out that the resulting map

Al — @2 End(H*°(X))

is injective.
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The proof of (iii) and (iv) is the same as in Lemma 4.2. O

Theorem 5.6. Let S be a complex algebraic K3 surface. Then S admits
a canonical birational Chow-Kinneth decomposition for all n > 0.

Proof. Let f:S™ --» S be the quotient rational map. The closure ff
of the graph of f restricts to a well-defined element ¢ € CHg(S™ X gtn1).
The transpose ‘I's defines an element ‘s € CHO(S["] X Ngtn ). Then we have
fudsn = ypolyy =nldgm; see Corollary 2.5. Let

e =o0sx8, mh=m5=0, Te=Sxo0g, n5=~As—Te—TE

be the canonical Chow—Kiinneth decomposition of S. It gives rise to a prod-
uct Chow—Kiinneth decomposition of S™ given by

mhei= Y, mi@--@mg, 0<j<dn
i1 tin=j

When we restrict to S™ x ng=, we get the birational Chow—Kiinneth decom-
position
wgﬂ,: Z wg®-~-wg”, 0< 75 < 2n.
i1betin, =]

We note, as in the case of CI"| that f#wén is a linear conbination of v, € A},
with coefficients divisible by n!. Hence we can write

Jj J
famg, = n!ws[n]

for some wqu e A . Tt is easy to see that the action of wg[n] on the coho-
mology groups H*Y(S [”]) is exactly the expected one. Since A;, injects into
cohomology, we see that wg[ are actual projectors and

n]

2n

(SS[H] = Z wg[n], n CHo(SM X ns[n]).
7=0

Thus these projectors form a birational Chow—Kiinneth decomposition. [J

Remark 5.7. The construction also gives that wg[n] = 0 for all odd j. The

induced decomposition of CHg(S™) is the same as the one considered by
Voisin [19].
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6. The case of S[2

In the case of F' = S| we show that an integral Chow—Kiinneth decompo-
sition exists.

Let S be an algebraic complex K3 surface. By Theorem 5.1 we know that
CHy(S) contains a canonical degree one element o = og, which is the class
of a point on any rational curve. For a point x € S, there is an associated
smooth surface S, C S which is the closure of all points [z,y], where y €
S — {z}. We also use S, to denote its class in CHy(S?). Hence CHy(S?))
contains a canonical class S,. Let

I = {(21,22) e S8 % s 2,1 2, # @}

be the incidence correspondence. There is an induced canonical class op =
[0, 0] of degree one in CHy(S?). Consider the diagram

E
S

where ¢ is the diagonal embedding, p is the blow-up along diagonal and E
is the exceptional divisor. This allows us to define a canonical element

9w S-2 . g2
l”
X

S

— s 9

E, = 0,j.m 05 € CHy(SP).

Let 6 € CH!(F) be the half diagonal, namely 0*§ = j,E. The following is a
result of [13, Chapter 13] made explicit.

Proposition 6.1. The Hyperkihler variety F = SP admits an integral
Chow-Kiinneth decomposition

(6) Ap = 7%+ 74 + 74 + 7% + 7%,
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where

W%IUFXF,

72 =1-piSy —20p X F —25, x Sy — E, X 0,
W%:FXOF,

b=t

Th=Ax — 1% — 1% — 7% — 7%

Corollary 6.2. The hyperkdihler variety SP admits a birational Chow-
Kiinneth decomposition.

Proof of Proposition 6.1. Let a;,i = 1,2, ...,22, be an integral basis of H2(S, Z).
We write
&iza*p*(ai®1):Z*ui, 1=1,...,22,

—_—

where Z & § x S is the universal family over F' viewed as a correspondence
between F and S. Then {6, day,...,de} form an integral basis of H2(F,Z).
We view Z x Z as a correspondence between ' x F' and S x S. Then

I=(Zx2Z)*Ag, in CH*(F x F).
Note that S admits an integral multiplicative Chow—Kiinneth decomposition
As=0xS+7r%+S xo.
It follows that
I =28, x F+(Zx Z)*r% 4 2F x S,.

Let A = (a;;) be the intersection matrix of H?(S, Z) with respect to the given
basis. Let B = (b;;) = A~!. Then the cohomomolgy class of Tr?.; is given by
> bija; ® aj. As a result, we have

1] = 2[Se] @ [F]+ ) _bijas @ &; + 2[F] @ [Se], in HY(F x F).
A direct computation gives
T-piSy =205 X F+piSy - (Z x Z)* 1% + 28, x S,.

Here we use the fact that S, - S, = [z,y], and in particular S, - S, = op.
The cohomology class of S, satisfies the following conditions

[So]-ai-dj:aij, [So]-&i-ézo, [SU]-5-5:—1.
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It follows that > b;;[S,] - a; = & and —[E,] = ¢". Thus the cohomology
class of piS, - (Z x Z)*r% is Y, 4/ ® a;. Hence the cohomology class of

w%zfp{SUfQoFxF—QSaXSO—oné

is the cohomological projector 7'('% hom- One similarly checks that all the W}
lifts the corresponding cohomolog’ical projectors.

We still need to show that these are projectors as correspondences. This
can be checked directly. For example, we have

(I-p1Ss) o (I-piSe) =I-piSe+20p X F+25, X S,,
(I-p7Ss) o (op x F) =20p X F,
(I piSs) © (S0 % So) =25, % Say (I 1S © (Eo x 6) =0,
(op x F) o (I-piSs) =20p X F, (op x F)o(op x F) =o0p x F,
(op x F) o (S, x S,) =0, (op x F) o (E, x 6) =0,
(So x So) o (I-piSs) =25, x S, (So x S5) 0 (0p x F) =0,
(S0 % S5) 0 (So x So) = So x So, (So x S5) 0 (B, x 6) =0,
(Bo x0)o(I-pjSa) =0, (Eyxd)o(opxF)=0,
(Bo x0) 0 (S xS8a) =0,  (Eox6)o(Eyxd)=—E,xé.

From the above identities, we get mt o 71'% =0, for all i # j and 7% o 7l =
T U

Remark 6.3. A brute force computation or a universality argument as
in [14] should also show that the above Chow-Kiinneth decomposition is
multiplicative.

7. Cubic threefolds and cubic fourfolds

In this section we prove that the variety of lines on a cubic threefold or a
cubic fourfold admits a birational Chow—Kiinneth decomposition when the
integer 2 is inverted. We note that Diaz [4] gives a clear picture of the motive
with Q-coefficients of the variety of lines on a cubic threefold.

Let X C IP%Jr1 be a smooth cubic hypersurface of dimension d = 3 or 4.
Let h € CHY(X) the class of a hyperplane section. Let F = F(X) be the
variety of lines on X, which is known to be smooth projective of dimension
2d — 4. For a line [ C X, the corresponding point on F' is denoted [I]. For
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any point t € F', the corresponding line is denoted Iy C X. We define
I={(tt)eFxF:lnly #0}

to be the incidence correspondence. Let

P—1.x

p

F

be the universal family of lines on X. This induces homomorphisms

¢ = p.q* : CHi(X) — CHy(F)
W = q.p* : CHy(F) — CHy(X)

One easily checks that I, = ® o U. The following result was proved in [10]
for K being algebraically closed. The proof there also works for non-closed
fields.

Proposition 7.1 ([10, 11]). Let K O C be a field. Then
‘11((1)(0) . @(b)) + 2deg(a)b 4 2deg(b)a — 3 deg(a) deg(b)hd_l —0

in CH1(X k), for all a,b € CHy(Xk ), where ® and U are their base changes
to K. J

Lemma 7.2. The following statements are true.
(i) The kernel of W is a uniquely divisible subgroup of CHo(F).
(ii) If a € CHy(X) is a torsion element and b € CHy(X) is an element of
degree 0, then ®(a) - ®(b) =0 in CHy(F).
(iii) If o € CHo(F) is an element of degree 1, then
Ly - Iio = =27,

for every torsion element v € CHy(F).
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(iv) There exists an element 0 = op € CHo(F) of degree 1 such that

(
(I,o)> =50, in CHo(F), and
3W(o) = h*!,  in CHy(X).

When d = 3, the element o0 is unique upto the translation by an element
of 3-torsion. When d = 4, the element o is unique.

Proof. We first show that ker(¥) C CHy(F) is torsion free and divisible (and
hence uniquely divisible). When d = 3, the homomorphism ¥ : CHy(F') —
CH;(X) factors as the albanese map alb : CHy(F) — Alb(F') followed by
an isomorphism Alb(F) — CH;(X); see [3]. It follows that ker(¥) is the
Albanese kernel. A theorem of Roitman [9] says that the Albanese map is
an isomorphism on the torsion subgroup. Thus we conclude that ker(V) is
torsion free in the cubic threefold case. When d = 4, the whole group CHg(F')
is torsion free by Roitman. We still need to show that ker(V) is divisible.
Let 7 € ker(V) and let n be a positive integer. Since 7 is of degree zero,
there exists some 7/ € CHg(F') such that nt’ = 7. By assumption we have
n¥(7") = 0. If d =4, then CH;(X) is torsion free and hence ¥U(7’) = 0. In
this case we have 7' € ker(¥). If d = 3, then ¥(7') is an n-torsion element
of CH;(X). By Roitman’s theorem, there exists a unique n-torsion element
6 € CHy(F) such that W(0) = ¥(7'). Take 7"/ = 7/ — 0 € ker(¥) and we have
nt” = 7. This proves (i).

If a € CH;(X) is of torsion and b € CH;(X) is of degree zero, then we
have deg(a) = deg(b) = 0. It follows from Proposition 7.1 that

T(®(a) - B(b)) = 0.

Thus ®(a) - &(b) is a torsion element of ker(¥). Since ker(¥) is torsion free,
we conclude that ®(a) - ®(b) = 0, which is statement (ii).
Let v € CHy(F) be a torsion element. Then by Porposition 7.1, we have

(L Lo+ 27) = U(2(U(7)) - B(¥(0))) + 2 deg(¥(0))¥(7) = 0.

Thus I,y - I,0 + 27 is a torsion element in ker(¥) and hence it is zero.
Now we pick v € CHy(F) such that 3¥(y) = h~!. Define

7= (L)* — 5.
If we write a = U(y) and apply Proposition 7.1, we get

U(7) = U(P(a)?) — ba = —4deg(a)a + 3deg(a)?h?™t — 5a = 3(h?"! — 3a) = 0.
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Let 7" € ker(¥) be the unique element such that 7 = 57’. Let 0 = v + 7’ and
note that I,7/ = ®(¥ (7)) = 0. We get

(I,0)> = (I,7)* =5y + 7 =5(y + 1) = bo.

The above argument shows that for every a € CHy(X) such that 3a = h%~1,
there exists an element 0 € CHy(F') with ¥(0) = a and satisfies the required
equations. Actually, such an o lifting a is unique. Indeed, if o’ is a dif-
ferent choice, then we have o' = 0+ 7 for some 7 € ker(¥). Then [0’ =
I.o + ®(¥ (7)) = L0 and hence

0 =50 — (I,0')?> = 50 + 57 — (I,0)> = 57.

We conclude that 7 = 0 since ker(V) is torsion free. Then the uniqueness of
o in the case d = 4 follows since CH;(X) is torsion free and a € CH;(X) is
unique. We assume that d = 3. Let 0 € CHy(F') be an element satisfying the
required equtions. Take o’ = 0 + a, where o € CHg(F) is of 3-torsion. Since
() is of 3-torsion and hence by (ii) we have (I,a)? = 0. Thus we have

(L(o + @) = (L0)? + 2L - Lo = 50 + 2(—2)a = 5(0 + a) — 9a = 5(0 + ).
This shows that o’ also satisfies the equations. ]

Remark 7.3. When d = 4, the unique element 0 € CHy(F') obtained above
is the same as the canonical class obtained by Voisin [17]. This class was
also essential to the multiplicative decomposition obtained in [13].

Theorem 7.4. Let X C IP%Jrl be a smooth cubic hypersurface of dimension
d=3 or4 and let F be its variety of lines. Let o € CHy(F') be an element
of degree one as in (iv) of Lemma 7.2. We take

1
whi=0x F, w%_Q = 5(50 x F' — pi(I.o0) 'I), w%d_4 :5F—w%—w%_2

where all cycles are understood to be their restrictions to I’ x ng and we
set w% =0 for all j satisfying 1 < j<2d—5 and j# d—2. Then @,
0<i<2d—4, form a birational Chow—Kinneth decomposition with Z[%]—
coefficients.

Proof. 1t is clear that w% o w% = w%. To compute the other compositions,
we make the following observation. Let v € CHo(F x np) and for a field
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K D C we set yx € CHo(Fg Xk nr, ) to be the base change of 7. When we
take K = C(F), then one easily checks

(v® C(F)) 0p = 1.

To make the notation simpler, we simply write v*6r = . Now for any 7 €
CHy(Fk), we have

(i(Lo)- 1 w%)*T = (0 x F)*(pi(Lo) - I)"r
= (0 x F)* (Lo L)
= deg (I*o . I*T)O
= 5deg(T)o

= 5(w%)*T.
Similarly, we have
(% 0 pi(1.0) - 1)'7 = deg(r)(Lo)? = 5 deg(r)o = 5(wh)"T.
In particular, by taking K = C(F) and 7 = Jp, we have
= o (i(Lo) - 1) = (i(Lo) - T) 0w = 5.
From this, we easily get
ool = o = 0.
For any element 7 € CHy(Fk), we have
((w7(1.0) - 1) o (v (L) - I))*T = Lo L(Lo- L7)
= L,0-dU(P(a) - (b)), a= (o), b=T(7)
=l0- <I>< — 2deg(b)a — 2deg(a)b + 3 deg(a) deg(b)hd_l)
=I.o0- ( — 2deg(7) 10 — 21,7 + 9deg(T)I*0)

= 35deg(7)o — 21,0 - I,T
= 35(w%) 1 — 2(pi (L.0) - I)*T.

From this we get

(pi(Le0) - I) o (pi(L0) - I) = 35w — 2pi(Ls0) - I.



134 Mingmin Shen

From this equation we get
1
wh2owh? = 1(2573% —~ 255wk + 35w% — 2pi(Le0) - I) = wh 2.

Thus the w?. are all projectors.

We need to show that the action of w}} on cohomology is the expected
one. Now it is clear that [cw%] is the projector onto H?(F). We only need to
show that the class [w%_2] is the expected one. Note that the cohomology
class of w‘lj;Q is given by

(%) = 5 (5l0 x F] — [pisi - 1)

where [ C X is a general lines and .S; C F'is the subvariety of all lines meeting

the given line [. As a consequence, the cohomological action of w?{z factors

through the cohomology of S;. Thus we see that w‘}j,_2 acts trivially on

H2=40(F). Tt is also clear that the action of w®% 2 on HOO(F) is zero. Let
o € H729(F). Since ® = p.q* : HY(X) — HY2(F) is an isomorphism; see
[1, 3]. We see that there exists a unique w € H¥ 1! (X) such that a = ®(w).
Thus we have

[k o = —%cp(qf(sl (W) = —%(I)(—%J) .

Here we used the fact that U(S; - ®(w)) = —2w, which is a direct consequence
of the formula

Sp-®(1)- (1) = =2(r,7)x, forall 7,7 € HY(X)s.
We conclude the proof since H/?(F) = 0 for all j # 0,d — 2,2d — 4. O

Remark 7.5. When d = 4, the induced decomposition of CHg(F') is the
one obtained in [13]. When d = 3, we get a decomposition

CH()(F) =Zop D CH()(F)l ©® CH()(F)Q,
where CHy(F'); and CHy(F)y are independant of the choice of op.

8. Stably rational cubic threefolds and cubic fourfolds

In this section we show that a birational Chow—Kiinneth decomposition
exists on the variety of lines on a stably rational cubic threefold or a stably
rational cubic fourfold.
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Theorem 8.1. Let X C IP%‘H be a smooth cubic hypersurface of dimen-
sion d =3 or 4. Let F be the variety of lines on X. Assume that X has
a cohomological decomposition of the diagonal. Then F admits a birational
Chow-Kiinneth decomposition.

Proof. In [12, Theorem 1.3], we showed that there exist finitely many smooth

CHg4-1(Z; x X)) and symmetric self-corresponcences o; € CHy_2(Z; X Z;) such
that

(1) Ax=) TicoioMi+ah®@l+I®h)+E+ (v x X + X x 1)
in H?(X x X,Z), for some a € Z. The cycle Z is symmetric and non-zero
only when d = 4, in which case = =) 5; ® S; with S;, S; € CHa(X) being
2-cycles.

By [12, Proposition 5.1], we may enlarge the collection (Z;,1';,0;) and
assume that

AXNalgZFiOUiOtFi+a<h®l+l®h)—i—E—i—(xXX+XX.T}).

By the main results of [15, 16], we see that

oN
@)(AX—zﬁyMn—Mh®H4®m—E—¢ch+Xx@) =0

in CHy(X x X), for some sufficiently large N. To simplify the expansion of
the above expression, we note that

@mmoT)(D®C).D®U
(Tioo;0 o(C®D)= C®D/
(D®C)o (F og;0 F):D
(C®D)o(l00;0'T;) =

where D, D' € CH'(X) and C,C" € CH;(X). When d = 4, we also have

(Fi ©0; O tl“i) ] (51 & SQ) = 51 & Sé,
(Sl X SQ) [¢) (Fl o(0g; 0 tl—‘l) = Si (124 52,

where S, 52,57, 55 € CHa(X). Then the terms in the expansion of the equa-
tion (8) consists of the following types.
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Type 1:T oo o'l'. Here 0 € CHy_o(T x T) is a symmetric self-correspondence
on a smooth projective variety T — F of dimension d —2 and I' = P|p €
CHy_1(T x X) is the restriction of the universal line.

Type 2:T oo o'l + TV ol o!T. Here 0 € CHy_o(T" x T') is a correspon-
dence between (d — 2)-dimensional smooth projective varieties T'— F and
"= F and T = P|T><X S Cdel(X) and IV = P|T’><X S Cdel(T/ X X)
are the restrictions of the universal line.

Type 3: D ® C + C ® D. Here D € CH'(X) is a divisor class and C €
CH;(X) is a 1-cycle.

Type 4:x x X + X x x. This term is unique and appears with coefficient
1.

Type 5: (only for d =4) S® 8"+ 5" ® S, where S, 5" € CHy(X).

As a consequence we have

(9) Ax = Z Fogoll+ Z(FoaotI"—I—F'otaotF)
type 1 type 2

+ > (DRC+C@D)+(@x X+ X xa)+E

type 3

in CHg(X x X), where =2 =5, ® 5.
For each T, we use f: T — F to denote the morphism of T' to F'. We
define

0:= Y feooof'+ > (fecoof*+fioloof), inCHy o(F x F).

type 1 type 2

It fllows that

Uofhod = Z Fooo!l'+ Z(FoaotF’+F’ot00tF)
type 1 type 2
=Ax— Y (D@C+C®D)—(zxX+X xz)—E
type 3

Let

H%_ZZCI)O\IIOH



Birational Chow—Kiinneth Decompositions 137

and we have

M 2042 =doWohodoWod

=®o(Ax— > (DR®C+CR®D)—(xxX+Xxz)-E|oWof
type 3

:HCEZ:Q*(I)O Z(D®C+C®D)+(CCXX+XXJU)+E oWol
type 3

Now we restrict the above equation to F' x nr and we get

(10) i P o P =l +a®np, in CHo(For)),

where w}i_Q is the restriction of H%_Q to F' x np and a € CHo(F'). Note that

@i 2o (op@np) =rop@np and (op @np)owh * = (@ ) op ®@np

where r = deg((w/??)*oF). Take v = (w2 ?)*or € CHy(F). We modify o'
a little by taking
w%ﬂ = w%iQ —Y®NE.

Then w%_Q satisfies the following equations

(11) ot ?owh?=wl?+d @nr, o € CHy(F)

(12) w%_2OOFXnF:0F®77FO’w%_2:O.

We use equation (11) to pull back the class op and use the fact that
(w%_Q)*OF = 0. In this way we get o/ = 0. Thus w%_Q is projector whose
action on HO(F) is zero by construction. We check that its action on H4=29(F)
is identity. This follows from the following computation. Let u € H*=20(F),

then we have u = ®(v) for some v € H 11 (X). Thus
(@b )u=®oWohod(v)

=Po(Ax— > (DRC+CR®D)—(xxX+Xxa)-E]| v
type 3

= ®((Ax)+v)

= Uu.
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Since wfy_Q factors through varieties of dimension d — 2 (namely the T"s),
we see that its action on H2=*0(F) is trivial. Hence we see that

@ =0oxnp, wh? and @it =dp - @k - wh?
gives a birational Chow—Kiinneth decomposition on F. O

Remark 8.2. We combine the above argument together with the results
of [12] and get the following. If X admits a cohomological decomposition of
the diagonal, then there exists a symmetric cycle § € CHy_o(F x F), such
that

1) The following numerical property holds
0-a-8=—B(a,B), foralla,secHI2(F),

where B is the natural bilinear form on HY2(F), i.e. the principal
polarization when d = 3 and the Beauville-Bogomolov form when d =
4.

2) The correspondence [ o @ is essentially a birational projector w%_Q

where I = ® o ¥ is the incidence correspondence.

?
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