Pure and Applied Mathematics Quarterly
Volume 11, Number 4, 537-557, 2015

Finiteness of Rational Curves of Degree 12
on a General Quintic Threefold
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Abstract: We prove the following statement, predicted by
Clemens’ conjecture: A generic quintic threefold contains only
finitely many smooth rational curves of degree 12.
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1. Introduction

The present paper is entirely devoted to the proof of the following instance
of Clemens’ conjecture ([4]):

Theorem 1. A generic quintic threefold contains only finitely many smooth
rational curves of degree 12.

We point out that the cases d < 11 have been previously addressed in
[14] (d < 7), [17] and [13] (d = 8,9), [5] (d = 10), [6] and [7] (d = 11), and
we recall the general set-up.

Let M, be the set of smooth rational curves of degree d in P4. It is smooth
and irreducible of dimension 5d + 1. Let P2 denote the projective space of
all quintic hypersurfaces of P* and consider the incidence correspondence
Ig={(C,W):C CcW}C MyxP'? Let m : I; — My and 7 : Iy — P2
denote the restrictions to I, of the two projections.

The map 7o turns out to be finite if for every irreducible family I' C My
with general element C' we have:

(1) dimT + (h°(Z¢(5)) — 1) < 125.
From the standard exact sequence

0 — H(Zc(5)) — HY(Opi(5)) — HY(Oc(5)) = HY(Zc(5)) = 0
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it follows that
(2) o (Zo(5)) — 1 =125 — (5d + 1) + h* (Zc(5))

and by [2] the general curve C in My satisfies h!(Z¢(5)) = 0, so in order to
prove Clemens’ conjecture one needs to control curves C with h'(Z¢(5)) > 0.

In the case d = 12, we show that if an irreducible family I' C Mo of
non-degenerate curves is a potential exception to Clemens’ conjecture, then
its general element C satisfies h'(Z¢(2)) > 13. It follows that h°(Z¢(2)) > 3
and this provides a contradiction (see Lemma 1).

The key point in our reduction is to obtain h'(Z¢(2)) > 13 from
h'(Zc(5)) > 0. Indeed, Lemma 2 implies that h'(Zo(t — 1)) > 4 + b (Zo(t))
except in two special cases, which are identified by Lemma 3 and then
excluded in Lemmas 7, 8, 9, 13. Finally, a careful analysis of the degen-
erate case is provided (see Section 3).

We remark that the strong form of Clemens’ conjecture (as proved by
Cotterill in [5] and [6] for d = 10, 11, characterizing also singular irreducible
rational curves on the general quintic threefold) cannot be achieved by our
methods.

We work over the complex field C.
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helpful conversations. We are also grateful to the anonymous referee and to
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2. Non-degenerate case

Lemma 1. IfC € My, C is non-degenerate and h®(Z¢(2)) > 3, then there
is no smooth quintic 3-fold containing C.

Proof. Assume by contradiction h(Z¢(2)) > 3 and the existence of a smooth
quintic 3-fold W C P* with W O C and let E C P* be the intersection of 3
general element of |Z¢(2)|. Since deg(C) = 12 > 8, Bezout theorem gives
the existence of an integral surface F' such that C' C F C E. Since C is
non-degenerate, F' is non-degenerate and so deg(F') > 3. Assume E = F,
i.e. deg(F') = 4. Since the complete intersection of 2 quadric hypersurfaces
is contained in exactly two linearly independent quadrics and deg(C') > 8,
we get hY(Z¢(2)) = 2, a contradiction. Thus deg(F) = 3. The classification
of minimal degree non-degenerate surfaces in P* gives h°(Zr(2)) = 3. By
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assumption there is W with C' C W. Since Pic(W) is freely generated by
Ow (1), F ¢ W. Hence W N F links C' to a degree 3 locally Cohen-Macaulay
curve T C W N F. By the classification of minimal degree surfaces in P4,
either I is a cone with vertex o over a rational normal curve D C P? or F
is isomorphic to the the Hirzebruch surface F; embedded by the complete
linear system |h + 2f|, where h is a section of the ruling of F}; and f is a
fiber of the ruling of F}.

First assume that F is a cone. Since C' is smooth, it has multiplicity
at most 1 at o. Hence o ¢ C' and the linear projection from o induces a
degree 4 map ¢ : C' — D. Let 7w : G — F be the blowing up of o and C” the
strict transform of C' in G. G is isomorphic to the Hirzebruch surface Fj
and the map 7 is induced by the complete linear system |h + 3f|. Since o ¢
C and deg(¢) =4, 7 induces an isomorphism C’ — C and C' € |[4h + 12f|.
We have wg = Og(—2h — 5f). The adjunction formula gives wer = Og(2h +
7f). Hence h®(wcr) > 0, contradicting the rationality and smoothness of C”.

Now assume F' = Fj. Take a,b € N such that C € |ah + bf|. Since C' is
irreducible and not a line, we have b > a > 0. Since O¢(1) = O¢(h + 2f),
h?= -1, h-f=1, f2=0 and deg(C) =d, we have 12 =a +b. Since
wr, = OF,(—2h — 3f), the adjunction formula gives we = Oc((a — 2)h +
(b—3)f). Since deg(wc) = —2, we get (ah+bf)-((a—2)h+ (b—3)f) =
-2, ie. —ala—2)+ab—3)+bla—2)=-2, i.e (b—a)(a—2)+a(b—
3) = —2. Since b>a >0 and b =12 —a, we get a =1 and b= 11. Since
Or, (5) =2 Op, (5h + 10f) and b= 11, we have h°(F1,Zc r,(5)) = 0. Hence
W D Fi, a contradiction. [l

The following fact is one of key ingredients in the proof of [7, Theorem
4.1].

Lemma 2. Fiz integer t > 2, r > 3 and an integral and non-degenerate
curve T C P" such that h*(Zr(t)) > 0. Assume that h'(M, Zyrra(t)) =0
for every hyperplane M C P". Then h*(Zr(t — 1)) > r + Y (Zr(t)).

Proof. For any hyperplane M C P" we have an exact sequence
(3) 0— IT(t — 1) — IT(t> — ITQM,M(t) —0

Since h' (M, Iy p(t)) = 0, the map H*(Zr(t — 1)) — HY(Zr(t)) is surjective,
hence its dual ey : HY(Zp(t))Y — HY(Zp(t — 1))V is injective. Taking the
equations of all hyperplanes we get a bilinear map map u : H'(Zr(t))Y x
H%(Ops(1)) = HY(Zp(t — 1))Y, which is injective with respect to the second
variables, i.e. for every non-zero linear form ¢ w i (z,(1)vx{e} is injective
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(it is ey with M := {¢ =0}). Hence if (a,f) € H (Zr(t))Y x HY(Ops(1))
with a # 0 and ¢ # 0, then u(a,f) = epr(a) # 0. Therefore the bilinear map
u is non-degenerate in each variable. Hence h'(Zr(t — 1)) > hY(Zr(t)) +
hY(Op-(1)) — 1 by the bilinear lemma. O

The next Lemma 3 is perhaps the technical heart of this work. It relies
on a particular case of a very strong result on 0-dimensional schemes in the
plane, namely, [9, Corollaire 2] (see also [9, Remarque (i)]). We recall the
statement in [9] for reader’s convenience. Let £ C P? be a zero-dimensional
scheme of degree d. Let 7 :=max{n : h'(Zg(n) > 0}. Let s be an integer
such that s < d/s and 7 > s — 3 + d/s. Then either E is the complete inter-
section of a curve of degree s and a curve of degree d/s and 7 = s — 3+ d/s,
or there exists s’ with 0 < s’ < s and a subscheme E’ C E contained in a
curve of degree s’ such that §'(7 + (5 — §')/2) > deg(E’) > /(1 — '+ 3). In
particular, if 7 > d/3, then either we have 7 + 2 points on a line (counted
with multiplicity), or we have 27 + 2 or 27 + 3 points on a conic (counted
with multiplicity).

For the proof of Lemma 3 we also need to introduce the notion of residual
scheme. Let M be a projective scheme, A a closed subscheme and D C M
an effective Cartier divisor of M. The residual scheme Resp(A) of A with
respect to D is the closed subscheme of M with Z4 : Zp as its ideal sheaf.
We always have Resp(A) C A. If A is a reduced scheme, then Resp(A) is
the union of the irreducible components of A not contained in D. If A is
a zero-dimensional scheme, then deg(A) = deg(A N D) + deg(Resp(A)). For
any line bundle £ on M we have an exact sequence

0— IResD(A) & ﬁ(—D) —IAaQL — IAmD,D & (£|D) — 0.

Lemma 3. Fiz an integer t>2. Set M :=P3 and let ZC M a
zero-dimensional scheme spanning M and with deg(Z) < 3t. We have
hY (M, Zz () # 0 if and only if either there is a line R C M with deg(R N
Z) > t+2 orthere is a conic D C M such that deg(D N Z) > 2t + 2 or there
is a line L C M such that deg(Z N L) =t + 1 and the union of the connected
components of Z whose reduction is contained in L has degree > 2t + 2.

Proof. Set Zy := Z. Let Ny C M be a plane such that e; := deg(Z N Ny) is
maximal. Set Z; := Resy, (Zp). For each integer i > 2 define recursively the
plane N;, the integer e; and the zero-dimensional scheme Z; in the follow-
ing way. Let N; C M be any hyperplane such that e; := deg(Z;—1 N N;) is
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maximal. Set Z; := Resy;, (Z;—1). For each ¢ > 1 we have an exact sequence
(4) 0—=>Zz(t—1i)—>Zy (t+1—1)— 1z, AN, N, (t+1—14)—0

We have e; > e;_1 for all i. Since any degree 3 subscheme of M is con-
tained in a plane, if e; < 2, then Z;_1 C N; and Z; = (). Since deg(Z) < 3t,
there is an integer ¢ such that 1 <i <t and Z; = (. From (4) we get an
integer i € {1,...,t} such that h*(N;,Zz,_,~n, N, (t+1—14)) > 0. Indeed,
the fact that Z; is empty for some index 1 < i <t forces the cohomol-
ogy of the ideal sheaf of Z; to be that of the ambient projective plane
N;. We call ¢ the minimal integer i. Since h*(Ne,Zz, NN, (t+1—¢)) >
0, either deg(Z;—1 N Ng, N¢)) > 2(t+1—c¢)+ 2 or there is a line L with
deg(L.N Z;_1 N N.) >t + 3 — ¢ ([3, Lemma 34]). In particular, since ¢ <,
we have e, > t + 3 — c. Since the sequence {e;};>1 is non-increasing, we have
cec > c(t+3 —c). Since ) ;o e; =deg(Z) < 3t, we get c(t+3—c) < 3t.
Set ¢(x) = x(t + 3 — ). The function v is strictly increasing if 1 < x < (¢ +
3)/2 and strictly decreasing if = > (¢t + 3)/2. Since ¥(t) = 3t and ¢(3) = 3t,
we get that either 1 <c¢ <3 orc=*t.

(a) Assume ¢ = 1. Since Z spans M, we have e; < deg(Z) — 1. Since
e1 < deg(Z) — 1, we have e; < 3t. By [9, Corollaire 2] (see also [9, Remarque
(i)]) either there is a line R C N; with deg(RN Z) >t + 2 or there is a conic
D C Nj such that deg(DNZ) > 2t + 2.

(b) Assume ¢ = 2. Since e > ez, we have es < deg(Z)/2 < 3t/2. Since
c=2 and h(N2,Zzan, N, (t—1)) >0, by [3, Lemma 34] either ey > 2t,
which is a contradiction, or there is a line R C Ny such that deg(RN Z;) >
t+1. If deg(RNZ)>t+2, then we are done. Hence we may assume
deg(ZNR)=t+1. Set Wy:=Z. Let My C M be a plane containing R
and for which f; :=deg(M; N Z) is maximal. Since Z spans M we have
fi > t+2. Set Wy := Respy, (Z). For each integer i > 2 define recursively
the plane M;, the integer f; and the zero-dimensional scheme W; in the fol-
lowing way. Let M; C M be any hyperplane such that f; := deg(W;_1 N M;)
is maximal. Set W; := Resy,(W;_1). We have f; > f;11 for all i > 2, but
we do not claim that f; > fo (indeed, M; is required to contain R, while
the M; with ¢ > 2 are not). Since any degree 3 subscheme of M is con-
tained in a plane, if f; <2, then W;_y C M; and W; = (. Since >+, fi =
deg(Z) and f; >t +2, we have f; =0 for some i < t. Using the residual
exact sequences of the planes M; we get the existence of a minimal inte-
ger s € {1,...,t — 1} such that h'(Ms, Ty, ,~nr, ar. (t+1—5)) > 0. We get
fs>t+3—s.Since fi >t+2, weget 1 <s <2 If s=1, then we use step
(a) with M instead of Nj. Now assume s = 2. Since fo < deg(Z) — f1 <
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2t — 2 and h'(Mas, Tz, a0, (t — 1)) = 0, there is a line L C Mj such that
deg(LN Zy) > t+ 1. If deg(L N Z) >t + 2, then the lemma is true. Hence
we may assume that deg(ZNL)=1t+1.

First assume RN L = (). Let Q C M be a general quadric surface con-
taining L U R. Call |Og(1,0)| the ruling of @ containing R and L. The resid-
ual scheme Resg(Z) of Z has degree deg(Z) — deg(Z N Q) < 3t — (2t +2) =
t—2 and in particular h'(M, TReso(7),m(t —2)) = 0. The residual exact
sequence of @ gives h'(Q,Zznq.o(t)) > R (M, Zzn(t)) > 0.

Claim: We have hl(M,Zgy1(t)) = 0 for every t > 1.

Proof of the Claim: Take pe L. Since RNL=0, {p}UR
spans a plane, H. We have (LUR)NH =RU{p} and hence
W (H, I rorynmu(t) =0 for all ¢t>1. The residual Resy(LUR) of
LUR with respect to H is the line L, because LU R is reduced and
L ¢ H. Therefore the residual sequence of H in P? gives the following exact
sequence:

0—Zp(t—1) = Zrur(t) = Zrurynm,u(t) = 0.

Since hY(Zp(t — 1)) = 0 for all ¢ > 0, we get the Claim.

Since deg(Z N L) =deg(ZNR)=t+1and RN L = (), we have h' (R U
L, I(ronynz(t) = W' (R, Zraz(t)) + b (L, Ipnz(t) = 0.

The Claim gives h'(M,Zznpur(t)) = 0. Hence h'(Q,Zzn(rur)o(t)) =
0. The residual sequence

0 = TResp.(2nQ) (t — 2,1)) = Tz0Q,@(t:t) = Lrur)nz,ruL(t,t) = 0

gives  hNQ, Iresp,, (zn@)(t —2,t)) > 0. Since  deg(Respur(ZNQ)) =
deg(ZNQ)—2t—2<t—2 we get a contradiction.
Now assume RN L # (). If R # L, then we may take the reducible conic
RU L, because R C M; and deg(L NResy, (Z)) =t + 1.
Now assume R = L. This is the last case of the statement of the lemma.
(c) Assume ¢ = 3. Since ¥(3) = 3t, we get e; = e2 = eg = t. Since eg =
t and h' (N3, Zz,An, N, (t — 2)) > 0, there is aline R C N3 such that deg(Z2 N
R) =t. Since Z spans M, there is a plane N’ such that R C N’ C M and
N'NZ 2 ZNR. Hence e; > deg(N' N Z) > t, a contradiction.
(d) Assume ¢ =t. We get deg(Z) = 3t and e; = 3 for all 7. In partic-
ular e; = 3, i.e. Z is in linearly general position. Since deg(Z) < 3t + 1, the
contradiction comes from [8, Theorem 3.2]. O

Lemma 4. Fiz an integer t > 0. Set M :=P3 and let Z C M a zero-
dimensional and curvilinear scheme spanning M and with deg(Z) < 3t.
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We have h*(M,Zzn(t)) # 0 if and only if either there is a line R C M
with deg(RN Z) >t + 2 or there is a conic D C M such that deg(D N Z) >
2t + 2.

Proof. The “if” part is trivial. To prove the other implication it is sufficient
to exclude the last case of the statement of Lemma 3. By [9, Corollaire 2]
(see also [9, Remarque (i)]) we may assume that h'(N,Zznn n(t)) =0 for
every plane N.

Assume that we are in the last case of Lemma 3 and call L the associ-
ated line. We may take Z minimal with the property that h'(M,Zz p(t)) >
0. Let @ be a quadric surface containing L in its singular locus.
Since deg(Resq(Z)) < 3t — 2t — 2 <t — 2, we have h' (M, ey, (2)(t — 2)) =
0. Therefore the residual exact sequence of Q gives h*(Q,Zznqg.o(t)) >0
and h*(M,Zzno.(t)) > 0. The minimality of Z gives Z C Q. Taking Q =
Nj + Ny in step (b) of the proof of Lemma 3 we also get that only the
connected components of Z whose reduction are contained in L arise (for a
minimal Z), hence we reduce to the case deg(Z) = 2t + 2.

Let W C Z be any degree 2t -+ 1 subscheme. Since deg(W N D) <
deg(ZN D) <t+1 for each line D, Lemma 3 gives h'(M, Ty (t)) = 0.
Hence h'(M,Zzp(t)) = 1. Since h'(N,Zzon n(t)) =0 for every plane N,
as in [7] we get h'(M,Zz 0 (t — 1)) > 3+ h'(M,Zz0(t)) = 4. Let N be any
plane containing L. We have h'(N,Zzn(t — 1)) = 1, because deg(Z N L) =
t+1and deg(Z N N) <2(t — 1)+ 1 (use the residual exact sequence of L in
N). Since deg(Resy(Z)) <t + 1, we have h' (M, T, () (t — 2)) < 2. Hence
the residual exact sequence of N gives h' (M, Tgeg,, (7)(t — 1)) < 241, a con-
tradiction. O

Lemma 5. Let H C P* be a hyperplane. Let S C H be a set of 12 points
in uniform position and spanning H .

(a) h*(H,Zs.u(3)) > 2 if and only if S is contained in a rational nor-
mal curve of H and in this case we have h'(H,Zs p(3)) = 2;

(b) h*(H,Zsu(3)) =1 if and only if S is contained in an integral
curve T' C H, which is the complete intersection of two quadric surfaces.

Proof. If S is contained in a rational normal curve (resp. an integral
complete intersection of two quadric surfaces), then h'(H,Zg(3)) =2
(resp. h'(H,Zs (3)) = 1). Since S is in linearly general position, we have
h'(H,Zs/(3)) = 0 for each S’ C S with #(S’) = 10. Hence h'(H,Zsu(3)) <
2. If h%(H,Zs 1(2)) > 2, since S is in uniform position we get that S is con-
tained in a integral curve with either degree 3 or the intersection of 2 quadric
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surfaces. Hence we may assume h°(H,Zgy(2)) < 1. There is A C S with
#(A) =8 and hO(H,Z4 n(2)) = 2, i.e. h'(H,Z4 (2)) = 0. Take an ordering
01,092,03,04 of S\ A. Set Ag:= A. Fori=1,2,3,4set A; := AU{o1,...,i}.
It is sufficient to prove that hY(H,Za, g(3)) < h°(H,Za,_, u(3)) for i =
1,2,3,4. Let @ be a general quadric surface containing A. Since S is
in uniform position, we have Q NS = A. Let N; be any plane not con-
taining o; but containing o; for all j < ¢. The cubic surface Q U A; gives
hO(H,Za, 1(3)) < h°(H,Za, , u(3)). O

Lemma 6. Let C CP", r > 2, be a smooth rational curve. Let M(d,r)
denote the set of all smooth rational curves of degree d in P". M(d,r)
is smooth and irreducible of dimension (r+1)d+r — 3. Set d := deg(C)
and take a zero-dimensional scheme Z C P" such that a := deg(Z) < d+ 1.
Then h'(No(—2)) =0 and the set of all X € M(d,r) containing Z has
dimension (r+1)d+r—3 — (r —1)a.

Proof. Fix any Y € M(d,r). Since TP" is a quotient of Op-(1) by the Euler
sequence and X is smooth Ny is a quotient of Ox(1)"+V). Since X is a
smooth rational curve, we get h'(Ny(—W)) = 0 for every zero-dimensional
scheme W C X with deg(Z) < d + 1. The Hilbert scheme of all curves con-
taining W has H°(Nx(—W)) as its tangent space and H'(Nx(—W)) as an
obstruction space ([18, Theorem 1.5]). Taking W = () we get the smooth-
ness and dimension of M (d,r). The irreducibility of M(d,r) is well-known.
Taking W = Z we get the other statements of the lemma. OJ

Let W denote the set of all quintic hypersurfaces of Cotterill, i.e. sat-
isfying all properties proved in [6]. In particular each W € W is a smooth
quintic hypersurface containing finitely many rational curves of degree < 11.

For any integer b > 5 let A, denote the set of all non-degenerate C' € Mo
such that there is a line L C P4 with deg(L N C) = b. Set AL := Ups7A,.

Remark 1. For any line L C P* let A(L,b) denote the set of all non-
degenerate C' € My such that deg(L N C) =b. Since A, =0 if b > 12, we
have dim(A(L,b)) = 61 — 2b by Lemma 6. Now, if W is any quintic three-
fold and C' C W, then by Bezout also L C W as soon as b > 6. Since on
each W € W there are finitely many lines, if W contains only finitely many
C € A(L,b) for any fixed line L C P4, then W contains only finitely many
C € Ay as well. Hence to prove that a general W € W contains only finitely
many elements of A, by (1) and (2) it is sufficient to test the element C' € A,
with h'(Zc(5)) > 2b + 1.
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Lemma 7. A general W € W contains only finitely many C € AL.

Proof. By Remark 1 it is sufficient to test the non-degenerate curves C' €
M5 such that h'(Zo(5)) > 15. Take a general hyperplane H € P*. Since
C'N H is in uniform position, Lemma 4 gives h'(H,Zonp p(t)) =0 for t =
4,5. The exact sequence

(5) 0— Ic(t — 1) — I(j(t) — ICQH,H(t) — 0

gives hY(Z¢(3)) > h'(Zc(4)) > hY(Ze(5)). By Lemma 5 we have h!(Z¢(2)) >
hY(Zc(3)) — 2 > 13. Hence h°(Z¢(2)) > 3, contradicting Lemma 1. O

Lemma 8. A general W € W contains only finitely many C € Ag.

Proof. By Remark 1 it is sufficient to test the non-degenerate curves C €
My such that h'(Z¢(5)) > 13. By Lemma 7 we may assume that C ¢ AL,
By Lemmas 2 and 3 we have h'(Z¢(4)) > 4 + h'(Zo(5)) > 17. Take a general
hyperplane H € P*. By Lemma 4 we have h'(H, Zcnm 1(4)) = 0. The exact
sequence (5) gives h'(Z¢(3)) > h'(Zc(4)). By Lemma 5 we have h'(Z¢(2)) >
h'(Zc(3)) — 2 > 15. Hence h°(Z¢(2)) > 5, contradicting Lemma 1. 0

Lemma 9. A general W € W contains only finitely many non-degenerate
C € Mo such that there is a conic D C P* with deg(D N C) > 10 and if the
conic is singular C' N D contains a curvilinear scheme of at least degree 10.

Proof. A conic is either smooth or reducible or a double line. Lemmas 7 and
8 handle the case in which D is not a smooth conic and deg(D NC) > 11.
Assume the existence of a conic D such that b:=deg(DNC) > 10. Fix
any p € C'\ CN N, where N is the plane spanned by D, and let M be the
hyperplane spanned by N U {p}. Since deg(C' N M) > b+ 1, we have b < 11.
P* contains co® planes and each plane contains co® smooth conics and oo?
singular conic. Fix b € {10,11} and a conic D. Let B(D,b) be the set of
all non-degenerate C' € Mjo such that deg(DNC) =b; if b =10 and D is
singular assume that D N C is curvilinear. Since each conic contains oo’
curvilinear subschemes of degree b, Lemma 6 gives dim(B(D, b)) < 61 — 2b.
Varying D we get that the set of all C' has codimension at least 9 in Mjs.
Hence it is sufficient to test the curves C with h'(Z¢(5)) > 10. Since C ¢ AL,
we have h'(Z¢(4)) > 14. Moreover, if h'(Z¢(4)) = 14, then deg(D N C) > 10
for finitely many conics Dy, ..., Ds. Let N; be the plane spanned by D;.
Fix a line L € P* such that LN N; = 0 for all i. Set V := H%(Z;(1)) and
take any M € |Zp(1)]. We have N; € M. Since M NC contains no line
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R with deg(RNC) > 6 and no conic D with deg(D N C) > 10, we have
hY (M, Zeam(4)) = 0 (Lemma 4). Hence the bilinear map H'(Z¢(4))Y x
V — HY(Z¢(3))V is non-degenerate in the second variable. By the bilin-
ear lemma we have h!'(Z¢(3)) > h!(Z¢(4)) + dim(V) — 1 = 16. Hence in all
cases we have h!'(Zc(3)) > 15. By Lemma 5 we have h'(Zo(2)) > 13, con-
tradicting Lemma 1. O

Let Aj (resp. Ag, A3) be the set of all non-degenerate C' € My such that
for a general hyperplane H C P* the set C' N H is contained in a rational
normal curve of H (resp., the smooth complete intersection of 2 quadric sur-
faces of H, resp., a singular integral curve which is the complete intersection
of 2 quadric surfaces of H).

We have the following estimates:

Lemma 10. Fvery irreducible component of A1 has dimension < 49.

Proof. Fix a hyperplane H, a rational normal curve D C H and S C D such
that #(5) = 12. By Lemma 6 the set of all C' € M5 containing S has dimen-
sion < 61 — 36. Since the set of all S C D with £(S) = 12 has dimension 12
and H contains co'? rational normal curves, we get the lemma. O

Lemma 11. FEvery irreducible component of Ag has dimension < 53.

Proof. Fix a hyperplane H. The set of all degree 4 smooth elliptic curves of
H has dimension 16 and we may conclude as in the proof of Lemma 10. [J

Lemma 12. FEvery irreducible component of As has dimension < 52.

Proof. Fix a hyperplane H. The set of all singular, integral and non-degenere
curves D C H with deg(D N H) = 4, i.e. the set of all singular integral curves
which are the complete intersection of 2 quadric surfaces of H, has dimension
15. Now we argue as in the proof of Lemma 10. 0

Lemma 13. A general C € Mys contains only finitely many elements of
A1 UAsUA;3.

Proof. By Lemmas 10, 11 and 12, we may assume that h'(Zo(5)) > 9. By
Lemmas 7, 8 and 9 we may assume deg(C N L) < 5 for all lines and deg(D N
C) <9 for all conics. By Lemmas 2 and 3 for t = 4,5 we get h'(Z¢(3)) >
4+ hY(Ze(4)) > 8+ h(Ze(5)) > 17. Lemma 5 gives h'(Zgo(2)) > 15, ie.
hY(Zc(2)) > 5, contradicting Lemma 1. O



Rational Curves of Degree 12 on a General Quintic Threefold 547

By Lemmas 7, 8 and 9 to prove Theorem 1 for non-degenerate C' € Mo
it is sufficient to test the ones such that deg(C' N D) <9 for any conic D
and deg(L N C) <5 for any line L. By the cases t = 4,5 of Lemmas 2 and 3
we have h'(Z¢(3)) > 4+ hY(Zc(4)) > 8 + h(Zc(5)).

By Lemmas 5 and 13 we may assume h'(H,Zcnm r(3)) = 0. Now the
case t = 3 of the exact sequence (5) gives

(6) N (Zo(2) > W (Ze(3)) > 4+ AN (Ze(4)) > 8 + Y (Zo(5)).

Since the stratum in Mjy corresponding to curves with h'(Zg(5)) >
0 has codimension 2 (as in [7, pp. 901-902]), by (1) and (2) we may
assume h'(Zo(5)) > 3, hence h'(Zo(2)) > 11. Since h%(Opi(2)) = 15 and
R (Oc(2)) = 25, we get h%(Zo(2)) > 1.

Now, if h'(Z¢(5)) <5 (hence h°(Z¢(5)) < 70) we conclude by the fol-
lowing Lemma 14.

Lemma 14. Let I' be any irreducible family of non-degenerate curves of
My, d > 1, contained in some quadric hypersurface. Then dimI' < 14 4 3d.

Proof. Since dim |Op4(2)| = 14 and singular quadrics occur in codimension
1, it is sufficient to prove that for every smooth (resp., integral but singular)
quadric @ the set I of all C' € M contained in @ has dimension < 3d (resp.,
<3d+1).

First assume that either @) is smooth or C' does not intersect the singular
locus V' of ). In this case the normal sheaf N¢ ¢ is a rank 2 spanned vector
bundle on C, hence h!(N¢ ) = 0. Since det(N¢ ) has degree 3d — 2 and
N¢ has rank 2, Riemann-Roch gives h° (Nc,g) = 3d, proving the lemma in
this case.

Now assume C' NV # () and set z := deg(C' NV). Since C' is smooth,
x =1 if dim(V)=0. Let 7g denote the tangent sheaf of Q). The vector
space HY(7g) is the tangent space at the identity map of the automorphism
group Aut(Q). Since @ \ V' is homogeneous, 7g|(Q \ V') is a spanned vector
bundle. Since C'is not a line and dim V' < 1, the set V' N C'is finite. Dualizing
the natural map from the conormal sheaf of C' in @ to Qb we get a map
u : 7Q|C — N¢,g which is surjective outside the finite set C'\ C'N V. Since
C'is smooth and rational and 7¢ is spanned at each point of Q@ \ V, we get
h'(N¢,g) = 0. Since we need to prove that dimI” < 3d + 1, it is sufficient
to check this inequality when C is a general element of I"”. In particular we
may assume that deg(C’'NV) =z for a general ¢’ € IV and use induction
on the integer x, the case x = 0 being true by the case C NV = () proved
before. Set I := {C" € T” : deg(V N C) = x}. Tt is sufficient to prove that
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dimI” < 3d+ 1. Let v :Q — @ be the blowing up of V, E := v~ (V) the
exceptional divisor, and C' C @ the strict transform of C'. Since C' is smooth,
v maps isomorphically C onto C and the numerical class of C with respect to
Pic(Q) only depends on dim(V'), d and z. Let ¥ be closure in Hilb(Q) of the
strict transforms of all C" € T". Tt is sufficient to prove that dim ¥ < 3d + 1.
Take a general D € W. Since Aut(Q) acts transitively of @\ F, the first
part of the proof gives hl( ) = 0. Hence it is sufficient to prove that
deg(Np 5) <3d —1,1e. deg( 31p ) < 3d+1,1e. deg(wy|D) = —3d — 1. The

group Pic(Q) is freely generated by F and the pull back H of Og(1). We
have D - H =d and D - E = . We have wg = Og(—3H + cE) with ¢ = —1
if dim(V') = 0 (see for instance [12], Example 8.5 (2)) and ¢ = 0 if dim(V) =
1 (see for instance [12], Example 8.5 (3)). Hence deg(wQ‘D) =—-3d+cx >

—3d — 1 and the proof is complete. O

If instead h'(Zc(5)) > 6, then by (6) we have h'(Z¢(2)) > 14, i.e.
h%(Zc(2)) > 4, contradicting Lemma 1.

3. Degenerate case

The degenerate case occurs in codimension 10 of Mjs. Indeed, the general
curve of degree d = 12 in P? has maximal rank ([1]), in particular it does
not sit on any quintic. It follows that our codimension is dim(My) — (4d —
1+4) =61 — 51 = 10. Hence we may assume h'(Z¢(5)) > 11.

We consider degenerate curves C' € Mjy with h'(Z¢(5)) > 11 contained
in a hyperplane M and in a general quintic W with W/ := M N W.

Lemma 15. Let W C P* be a general quintic hypersurface. Then W con-
tains finitely many integral curves T of degree 4 which are the complete
intersection of a hyperplane and 2 quadric hypersurfaces and all of them are
smooth.

Proof. Since W contains no singular rational curves ([6]), it is sufficient
to consider the smooth ones, i.e. the degree 4 elliptic curves of P*. Let
IV be the set of all degree 4 elliptic curves of P*. Fix T € I'. Since Ny =
Or(2)%2 @ Or(1), we have h'(N) = 0, hence I is smooth and of dimension
x(N7) = 16. Since T is a complete intersection, we have h'(Z7(5)) = 0 and
hO(Zr(5)) = (Z) — 20. Hence a dimension count gives the lemma. O

Lemma 16. W’ contains only finitely many mnon-degenerate curves of
degree 5 and 6.
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Proof. Fix adegreet € {5,6} integral and non-degenerate curve D C W’ and
set q := po(D). By [10] we have h'(M,Zp r1(5)) = 0, hence h°(P*, Zp(5)) =
126 — 5t — 1+ q.

First assume ¢ = 5. By the genus bound for space curves we have ¢ < 2.
Since ¢ < 2, we have h'(Op(1)) = 0 and in particular h'(Op(5)) = 0, i.e.
hY(Op(5)) = 5t + 1 — q. Since q < 2, all the irreducible components of the
Hilbert scheme of M containing D have dimension 20. Since P* has oo
hyperplanes, it is sufficient to use that 4t +4 <5t + 1 —gq.

Now assume t = 6. By the genus bound for space curves ([11, Theorems
3.7 and 3.13]), ¢ <3 and ¢ = 3 if and only if D is contained in a quadric
surface Q. Assume ¢ = 3. In this case D is the complete intersection of Q)
and a cubic surface ([11, Corollary 3.14]) and so D is a locally complete
intersection, wp = Op(1) and Np y = Op(2) ® Op(3). Since b1 (Np) =0
the Hilbert scheme of M at D is smooth and of dimension 4¢. We conclude
as in the case t = 5. The case ¢ < 2 is done as in the case t = 5. O

A theorem of Zak (see for instance [22]) states that the Gauss map of any
smooth projective variety is finite, hence W’ has only finitely many singular
points, all of them being hypersurface singularities. By [15, p. 733] W’ has
only rational double points of type A;, ¢ < 4, and Dy as singularities.

We may improve the lower bound h'(Z¢(5)) > 11 if we restrict the set of
hyperplanes or rather if we restrict the pairs (W, M) € |Ops(5)| X |Ops(1)].

Remark 2. If M is tangent to W, i.e. if W’ is singular, then we may assume
h'(Zc(5)) > 12. Since the Gauss map is birational, if W’ has at least two
singular points, then we may assume h'(Zo(5)) > 13.

Remark 3. For any line L C P* we have h°(Z.(1)) = 3. A general W con-
tains only finitely many lines ([6]). Hence if W’ contains a line, then we may
assume h!(Z¢(5)) > 13. Since any two lines of W are disjoint ([6]), any two
lines of W span a hyperplane. Hence if W’ contains two different lines, then
we may assume h'(Z¢(5)) > 15. Fix a line L € W. For any p € L, the hyper-
plane T,W is the only hyperplane singular at p. Since dim(L) = 1, we get
that if W' is singular at one point of L, then we may assume h'(Z¢(5)) > 14.

Remark 4. For any smooth conic D C P* we have h°(Zp(1)) = 2. A gen-
eral W contains only finitely many conics ([6]). Hence if W’ contains a
smooth conic, then we may assume hl'(Z¢(5)) > 14.

Remark 5. For any integer z with 3 < <11, W contains only finitely
many smooth rational curve of degree z, none of them contained in a plane.
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Hence if W’ contains a smooth rational curve of degree x, then we may
assume h'(Zc(5)) > 15. The same is true if W’ contains a line and a conic
or 2 conics.

For any hyperplane U let M;5(U) denote the set of all C' € M2 contained
in U. The locus Mi2(U) is smooth and irreducible and dim(M2(U)) = 48.

Remark 6. Fix an integer e > 0 and assume the existence of a line L ¢ W’
such that deg(L N C) = e. Let J (e) be the set of all quadruples (W, H, L, C)
with W € W, H a hyperplane, L C W N U aline, C € M12(U) and deg(L N
C)=e. Fix any (W,H,L,C) € J(e). We have J(e) =0 if e > 12. Now
assume e < 11. Fix a line L C M and a degree e zero-dimensional scheme
Z C U with deg(Z) = e and take any C' € M;2(U) such that Z C C. As in
Lemma 6 we see that h' (N pr(—2)) = 0, hence the set of all C' € Mi5(U)
with Z C C has dimension 48 — 2e. Varying Z in L we see that the set of all
C € My2(U) the set of all C' € Mi2(U) such that deg(C' N L) = e has dimen-
sion < 48 — e. Since each W € W contains only finitely many lines, to show
that for all (W, M, L,C) € J(e) we have C' ¢ W it is sufficient to exclude
the ones with h'(Z¢(5)) > 13 +e.

Since the Gauss map of the smooth projective variety W is finite, W’
has only finitely many singular points. Since W is locally a complete inter-
section, W’ is normal. By [6] W has only finitely many lines and only finitely
many conics and no singular rational curve of degree < 11. By Lemma 15
W has only finitely many smooth elliptic curves of degree 4.

Remark 7. Let W C P?* be a general quintic. Let D;, i > 1, be the set of
all irreducible plane curves of degree ¢ contained in W. Since W contains
no plane, we have D; = () for all i > 6, and the set Dj is formed by the
irreducible degree 5 curves of the form W N N with N C P* a plane. Hence
Ds is irreducible and of dimension 8. By [6], D; U Dy is finite and any two
elements of it are disjoint. Fix D € D3 and let N C P* be the plane spanned
by D. The plane curve W N N is the union of some D € D3 together with
a smooth conic, a reducible conic, or a double line. Since Dy is finite, the
first case may occur only for finitely many planes and these are exactly the
planes N such that W NN = T, U T3 with T5 € Dy and T3 € D3. The second
case does not occur, because the lines of W are disjoint. Now assume that
W NN = DU2L with L a line. By Zak’s tangency theorem the restriction
to L of the Gauss map of W is finite. Therefore the third case occurs only for
at most one plane N O L Now take T' € Dy and let N be the plane spanned
by T. We have NNW =T U R with R € D, hence all elements of Dy are
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obtained in the following way. Since the set of all planes of P* containing a
line is a 2-dimensional projective space, each irreducible component of Dy
has dimension 2. Fix any L € D; and take the intersection with W of the
element of the net of all planes of P* containing L. For a fixed hyperplane
M C L the set of all planes containing L and contained in M has dimension
1.

Let o be the minimal degree of a surface of M containing C'. Since C is
irreducible, every degree o surface containing C' is irreducible.

Lemma 17. We have o > 3.

Proof. Since C spans M, we have o > 1. Assume a =2 and take @ €
|Zc,ar(2)]. Since W is irreducible, W’ N @ is a degree 10 curve containing C,
a contradiction. Now assume « = 3. Since deg(C') > 9, C' is contained in a
unique cubic surface S. Let J C S N W’ be the locally Cohen-Macaulay curve
linked to C' by the complete intersection S N W’. We have deg(J) = 3 and
pa(J) = —18 ([19, Proposition 3.1]). Since deg(J) < —pq(J), J has a multi-
ple component. Since deg(.J) = 3, the multiple component is a line, L. Since
|Zc,ar(5)] contains all quintic surfaces SUQ with Q € [Op(2)] and W' is
irreducible, we have h°(M, Zc ar(5)) > 11, i.e. b (M, Zo pr(5)) > 16. Assume
for the moment the non-existence of a line R C M with deg(RN C) > 7. By
Lemmas 2 and 3 we get h'(M,Zc p(4)) > 19. Fix a general plane N C M.
We have an exact sequence

(7) 0—>IC7M(t—1) —>IojM(t) —)ICmN’N(t) — 0

Since N is general, the plane cubic C' N N is irreducible and C'N N is formed
by 12 points of the smooth locus of C'N N. Hence h'(N,Zenn n(4)) <1
with equality if and only if C' N is the complete intersection of SN N
with a plane quartic. Since h%(M,Zc r(2)) = 0 and (by the genus formula)
C is not a complete intersection of two surfaces, [21, Theorem 6] gives
hY(N,Zcnn n(4)) = 0. The case t =4 of (7) gives h'(M,Zc(3)) > 19,
i.e. h%(M,Zc(3)) > 2, a contradiction. Now assume the existence of a
line R C M such that e:=deg(RNC) > 7. There are at most finitely
many such R, because they cannot be all the lines of a ruling of S. Take
a line L C M disjoint from all R. Set V := H°(M,Zy, 5(1)). Take any
plane U C M containing L. Since deg(K N C) < 6 for each line K C U, we
have h! (U, Zonu.u(5)) = 0. Hence the bilinear map HY(M, Zc p(5))Y x V —
HY(Zc p(4))Y is non-degenerate. Since dim(V) = 2, the bilinear lemma
gives hY(M,Zca(4)) > (M, Zopr(5)) + 2 — 1. Since e > 5, Bezout gives
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R C W'. By Remark 6 we may assume h'(M,Z¢ p(5)) > 20. Since we just
proved that h'(N,Zony v (4)) = 0, we get hl(M,Zc p(3)) > 21, hence the
contradiction h®(M,Z¢ 1 (3)) > 3. O

Lemma 18. W’ contains no C € Mya(M) such that hO(M,Zcp(4)) > 3
and no C € Myo(M) with a line L C M with deg(LNC) > 7.

Proof. The statement is made of two parts.

(a) Take general Si,S2 € |Zov(4)| and take a general (S7,5:2) €
|Ze s (4)[%. Since o > 3, S; is irreducible. The complete intersection S N Sa
links C' to a degree 4 curve J with p,(J) = —16 ([19, Proposition 3.1]), hence
J has at least one multiple component, say B with multiplicity ¢ > 2. Since
hO(M,Zc i (4)) > 3, J has also a movable component A. Hence B is a line
and either A is a line or it is a smooth conic.

First assume that A is a smooth conic, ¢ =2, and J has no other
component. We have p,(C UB) =deg(CNB)—1<10 and p,(AUB) =
deg(AN B) — 1> —1. Since AU B is linked to C'U A by the complete inter-
section S1 N S2, we have p,(AU B) = p,(C U B) —20 < —10, a contradic-
tion.

Now assume deg(A) = 1. Moving S2 we get that Sp is ruled by lines.
Since deg(S1) > 2, S; has a unique ruling. This case cannot occur if
hO(M,Zc ar(4)) > 4, because the plane is the only surface with oo? lines.

First assume that ¢ = 2. In this case J contains a line R ¢ {B, A}. We
have p,(C'U B) < 10, p,(BU AU R) > —2, while [19, Proposition 3.1] gives
pa(BUAUR) = p,(CUB) — 20, a contradiction. Now assume ¢ = 3. C, A
and B are the unique components of S; N .Ss. S; and Sy do not contain B
in their singular locus, because S; N S2 would contain B with multiplicity
2. Since the line B is not a line of the ruling of S;, S; is not a cone, it
is rational and it is a linear projection from a minimal degree surface S C
P> (neither the Veronese surface not a cone). S is a Hirzebruch surface,
either Fy = P! x P! embedded by the complete linear system |Op, (h + 2f)|
or Fy embedded by the complete linear system |h + 3f|. Sy is not a linear
projection of Fy, because it has a line, B, not in the ruling and not in the
singular locus (i.e. the image of a conic of F). Hence S is a linear projection
of Fy. Any smooth rational curve C7; C Fj with Cq not a line is an element of
|h + 2 f| for some x > 3. We have deg(Cy) = (h+ xf) - (h+ 3f) = z, hence
if C1 has C as its projection, then x = 12. B is the image of h. We have
deg(hNCy) =10 and so deg(C' N B) > 7. Hence to prove the lemma it is
sufficient to prove the second assertion.
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(b) Take C' € Mjo(M) with a line L C M with deg(LNC) > 7. By
part (a) to get a contradiction it is sufficient to prove that h®(M, Zc 1r(4))
4. Bezout gives R C W’'. By Remark 6 we may assume h'(M,Zc p/(5))
19. As in the proof of Lemma 17 we get h'(M,Zca(4)) > 20, i
WM, Ze,p (4)) > 6.

Oe®ivIiv

Remark 8. Take C € Mi3(M) without lines L with deg(LNC) > 7. By
Lemma 2 to prove that h%(M,Zc(4)) > 3 (hence to prove that C ¢ W’
by Lemma 18) it is sufficient to prove that h'(Zc(5)) > 14. By Remarks 3,
4 and 5 this is always the case if W’ contains a smooth rational curve of
degree > 2 or if it contains two lines. So from now on we assume that W’
has no such curves, hence no smooth elliptic curve of degree 3 by Remark 7.
We also assume that W’ has no smooth elliptic curve of degree 4 by Lemma
15.

Now we are going to apply all of the dimension-counting remarks and
lemmas above and to use liaison in order to show that degenerate rational
curves which are sufficiently generic (with respect to the properties described
in the remarks and lemmas) must in fact have h'(Zo(5)) < 11, contradiction.
Our argument hinges on a careful case-by-case analysis involving the types
of divisors that that arise as components of certain residuals Cp to C' inside
of complete intersections of type (5,5).

Since  hY(Zo(5)) > 11 we  have  h°(M,Zo(5)) > 6.  Hence
RO(W', Zew(5)) > 5. For any T € |Zo v (5))| with T # W' let O € TN W/
denote the curve linked to C by the complete intersection 7" N W”.

We have deg(Cr) =13, x(Oc,)=—2 ([19, Proposition 3.1]) and
hY(Zc,. (1)) = hY(Zo(5)) ([16, Theorem 1.1 (a)], [20]). Since deg(Cr) =
13, x(O¢,) = -2, Cr is not a plane curve (i.e. h%(M,Zc, (1)) =0),
hence h?(Oc, (1)) = h1(Zc, (1)) + 4 = h1(Zc(5)) + 4 > 15. Since deg(Cr) >
2po(Cr) — 2, we see that Cp is not integral.

Varying T we find inside W' a positive dimensional family of effective
divisors C7, all of them linked to C' and with the same arithmetic genus,
hence a flat family of effective divisors of W’. Therefore some of the effective
divisors whose sum gives C'7 moves in W’.

Let Dq,...,D; be all all movable divisors of Cp and let Ry,..., R, the
fixed divisors with multiplicities eq,...,e,. Hence for a general T" we have
Cr=D1+ - +dp+e1Ry +---ey Ry, as effective Weil divisors of W’.

Let m(D;), 1 <i < k, be the dimension of D; in the family |Zc - (5))].
We have m(D;p) +---+m(Dg) > 4. We also proved that m(Dy) +---+
m(Dy) > hY(ZTc(5)) — 7. We saw that if deg(D;) = 4, then W’ contains a



554 Edoardo Ballico and Claudio Fontanari

line L and m(D;) = 1, because the moving family is induced by the family
of planes of M containing L. We saw that if deg(D;) = 5, then D; is a plane
section of W', hence m(D;) = 3.

Let Ri,..., Ry, u >0, be the fixed divisors of |Zy ¢(5)| and call b; the
multiplicity of R; in Cp (for a general T).

(a) Assume the existence of i € {1,...,k} such that D; is a plane
curve of degree 5. With no loss of generality we may assume ¢ = 1. Let
N be the plane containing D;. Since m(D;) =3, we have k > 2 and
hO(W,,ICUpl,W/(E))) > 2. Since hO(W/,ICUD17W/(5)) = hO(W/,IQW/ (4))
Since hY (M, Zy ar(4)) = hH(On(—1)) = 0, we get h®(M,Zc(4)) > 2. Since
a >3 (Lemma 17), there are integral quartic surfaces T; € |Zoa(4)], @ =
1,2, with T} # T5. The complete intersection 17 NT5 links C' to a locally
Cohen-Macaulay curve G such that deg(G) =4. and p,(G) = —16 ([19,
Proposition 3.1]). Since p,(G) < —4 and deg(G) =4, G has at least one
multiple component, J, with multiplicity e > 2. Our proof of the existence
of T7 and T, shows that we may take 17,75 such that Dy is a subcurve of
G. Since deg(D2) > 4 = deg(G) and G has a multiple component, we get a
contradiction.

(b) Assume the existence of i € {1,..., k} such that D; is a plane curve
of degree 4. Just to fix the notation we assume ¢ = 1. Let N be the plane
spanned by D;. We have W/ NN = D; U L with L a line. Remark 3 gives
h%(Zc(5)) > 7, hence m(D1) + - -+ + m(Dy) > 6. We saw that m(D;) = 1.
Since m(Dz) + -+ m(Dy) > 5, we have h®(W’' Zcup, w+(5)) > 6. Since
deg(L N Dy) = 4, we get h°(W’, Zeup,ur(5)) > 4. Hence we may find a mov-
able divisor F in |Zcurup, (5)]. We saw that deg(E) > 4. As in step (a) we
get h%(M,Z¢ p(4)) > 4, contradicting Lemma 18.

(¢) From now on we assume that each D; is non-degenerate. By Lemma
16 we may assume deg(D;) > 7 for all i. By Remark 8 we cannot have
2 < deg(R;) < 4 and we have deg(R;) = 1 at most one index 1.

Recall that 13 = Zle deg(D;) +>_; | biR, and we proved that k + u >
1. Since deg(D;) > 7 for all i, we have k = 1.

Assume that Cp has mno multiple component. We have
hO(Op, (1)) + h°(Og, (1)) + -+ + h°(Og, (1)) > 2+ h'(Zc(5)).  Since Dy
moves, we have p,(D1) >0 ([6]), hence h°(Op,(1)) < deg(D;). Since
hO(Og, (1)) = deg(R;) + 1 for at most one index i, we get a contradiction.

Hence C7 has at least one multiple component, say R;. Since deg(D;) >
6, we get by deg(R;) <13 —deg(D1) <7 and in particular deg(R;) < 3.
Since W’ has no curve of degree 2 or 3 (Remark 8), Ry is a line, hence
we may assume h'(Zc(5)) > 13. Set b:= by, R := R and e := deg(C N R).
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We have deg(D;) = 13 — b. By Remarks 6 and 8 we may assume e = 0, i.e.
RN C =0 and that R is contained in the smooth locus of W’.

(d) Recall that h'(M,Zc pr(5)) > 13. By Lemma 18 we may assume
that L has no line 7 with deg(T'NC)>7. By Lemma 2 we have
Y (M, Zear(4)) > 16, ie. h°(M,Zoa(4)) > 2. Since o > 3 (Lemma 17),
cach S € |Zcar(4)| is irreducible. Let B denote the linear system on W’
induced by |Zoa(4)] and fix a general S € [Zoa(4)]. Write SNW/ =
C + C" € B. Since (' is linked to C' by the complete intersection S N W,
we have deg(C’) =8 and p,(C") = —10 ([19, Proposition 3.1]). Hence C’
has a multiple component. Since W’ contains no curve of degree = € {2, 3},
the multiple component is a line. Since W’ has a unique line, R, R is the mul-
tiple component. We saw that RN C = () and C' C Wyeg. Since dim(B) > 0,
B has at least one movable component, A. By Lemma 16 A is a plane
curve of degree = € {4,5}. We have CURU A C S. First assume x = 5.
Since A € |Og(1)|, C U R is contained in an element of |Og(3)|. Since the
restriction map HY(M, Oy (3)) — HO(S, Os(3)) we get a < 3, contradict-
ing Lemma 17. Now assume z = 4. Since R is the only line of W' we get
AUR €|0g(1)|. As above we get a < 3, a contradiction.
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