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Random Walks on Complete Multipartite

Graphs

Xiao Chang and Hao Xu

Abstract: We apply Chung-Yau invariants to calculate the num-
ber of spanning trees of a complete multipartite graph. We also
give explicit formulas for hitting times of random walks on a com-
plete multipartite graph and prove that it has symmetric hitting
times if and only it is vertex-transitive.
Keywords: Random walk, Chung-Yau invariants, complete mul-
tipartite graph.

1. Introduction

Let Kk1,k2,...,kp
denote the complete p-partite graph on vertex set V = V1 ∪

· · · ∪ Vp where |Vi| = ki for 1 ≤ i ≤ p and ∪ denotes disjoint union. Let
n = k1 + · · ·+ kp be the total number of vertices. Let τ(Kk1,k2,...,kp

) be the
number of spanning trees in Kk1,k2,...,kp

. It is well-known that

(1) τ(Kk1,k2,...,kp
) = np−2

p∏
t=1

(n− kt)
kt−1.

Austin’s proof [1] relies on Kirchhoff’s matrix-tree theorem. Bijective proofs
of (1) were given by Eǧecioǧlu-Remmel [4] and Lewis [7].

Recall that a vertex-weighted graph is an undirected simple graph G
equipped with a weight function w : V (G)→ R. Usually wx at x ∈ V (G) is
the degree of x in some fixed ambient graph of G, hence d(x) ≤ wx ∈ Z. In
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[10], we defined Chung-Yau invariants R(G,w) and Z(G,w) for a vertex-
weighted graph (G,w) by

(2) detB = R(G,w) + Z(G,w)s,

where the matrix B is given by

(3) B(x, y) =

⎧⎨
⎩

w2
xs+ wx if x = y,

wxwys− 1 if x ∼ y,
wxwys otherwise.

Basic properties and applications of Chung-Yau invariants to the computa-
tion of hitting times of random walks may be found in [2, 10, 11].

When wx = d(x) for all x ∈ V (G), we will denote the weight function
by dG. Then we have R(G, dG)=0 and by Kirchhoff’s Matrix-Tree Theorem
R(G− {x}, dG) = τ(G) for any x ∈ V (G).

Let Cx(G) denote the set of simple closed walks starting at x, i.e., a closed
walk with no repetitions of vertices other than the repetition of the starting
and ending vertex. Note that if y is adjacent to x, then (x, y, x) ∈ Cx(G).
We have following recursive equation (see [10, Lem. 2.6])

(4) R(G,w) = wxR(G− {x}, w)−
∑

C∈Cx(G)

R(G− C,w),

where a subgraph of a vertex-weighted graph is equipped with the natural
inherited weights. It determines R(G,w) uniquely together with the initial
value R(∅) = 1 for empty graph ∅.

A random walk onG is a time-reversible finite Markov chain (X0, X1, . . . )
with Xi ∈ V that at each step it moves to a neighbor of the present vertex
x with equal probability 1/d(x). The hitting time H(x, y) is the expected
number of steps to reach y when started from x. See [8] for a very readable
discussion of random walks on graphs.

2. The number of spanning trees in terms of Chung-Yau
invariants

Take a complete multipartite graph Kk1,k2,...,kp
on vertex set V = V1 ∪ · · · ∪

Vp where |Vi| = ki. For 1 ≤ i ≤ p, we assign a weight di ∈ Z to each of the ki
vertices in Vi. Denote by r

d1,d2,...,dp

k1,k2,...,kp
the R-invariant of the resulting vertex-

weighted graph.
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Let r
d1,d2,...,dp

k1,k2,...,kp
= dk1−1

1 · · · dkp−1
p F (k1, . . . , kp). Note that F (k1, . . . , kp) also

depends on di, 1 ≤ i ≤ p, which are dropped for simplicity of notation. Let
x ∈ V1. By (4), we have a recursive equation for F (k1, . . . , kp),

F (k1, . . . , kp) =F (k1 − 1, k2, . . . , kp)(5)

−
∑

C∈Cx(G)

F (k1 − φ1(C), . . . , kp − φp(C))

d
φ1(C)
1 · · · dφp(C)

p

,

where φi(C) = |V (C) ∩ Vi|.

Theorem 2.1. Let Kk1,k2,...,kp
be a complete multipartite graph on ver-

tex set V = V1 ∪ · · · ∪ Vp where |Vi| = ki. For 1 ≤ i ≤ p, vertices in Vi are
assigned a weight di ∈ Z. Then

(6) F (k1, . . . , kp) = d1 · · · dp −
p∑

t=2

(t− 1)
∑

I
∐

J=[p]

|I|=t

∏
i∈I

ki
∏
j∈J

dj ,

where [p] = {1, . . . , p}.

Proof. We only need to verify that F (k1, . . . , kp) given by (6) satisfy the
recursion (4). Namely,

(7)

p∑
t=2

(t− 1)
∑

I
∐

J=[p]\{1}
|I|=t−1

∏
i∈I

ki
∏
j∈J

dj

=
∑

C∈Cx(G)

1

d
φ1(C)
1 · · · dφp(C)

p

⎛
⎜⎝ p∏

i=1

di −
p∑

t=2

(t− 1)
∑

I
∐

J=[p]

|I|=t

∏
i∈I

(ki − φi(C))
∏
j∈J

dj

⎞
⎟⎠ .

Note that the left-hand side is equal to F (k1 − 1, . . . , kp)− F (k1, . . . , kp).
First we prove the polynomial part on the right-hand side, which is

p∑
t=2

∑
I
∐

J=[p]\{1}
|I|=t−1

(t− 1)!
∏
i∈I

ki

⎛
⎜⎝∏

j∈J
dj −

∑
L1

∐
L2=[p]\({1}∪I)

|L1|≥2

(|L1| − 1)
∏
i∈L1

ki
∏
j∈L2

dj

⎞
⎟⎠ ,



396 Xiao Chang and Hao Xu

is equal to the left-hand-side of (7). Given any I
∐

J = [p] with |I| ≥ 1, the
coefficient of

∏
i∈I ki

∏
j∈J dj on the right-hand side of (7) is equal to

|I|!−
∑

I1
∐

I2=I

|I1|≥1,|I2|≥2

|I1|!(|I2| − 1) = |I|!−
|I|−2∑
i=1

(|I|
i

)
i!(|I| − i− 1)

= |I|!− (|I|!− |I|)
= |I|,

which is just the coefficient of
∏

i∈I ki
∏

j∈J dj on the left-hand side of (7).
We still remain to prove the fractional part on the right-hand side is zero
which is not difficult to check. We omit the details. �

Lemma 2.2. Let n = k1 + · · ·+ kp. Then

(8)

p∑
t=2

(t− 1)
∑

I
∐

J=[p]\{1}
|I|=t−1

∏
i∈I

ki
∏
j∈J

(n− kj) = (n− k1)n
p−2.

Proof. The left-hand side is equal to

p−2∑
s=0

ns
∑

I
∐

J=[p]\{1}
1≤|I|≤p−1−s

⎛
⎜⎝|I|∏

i∈I
ki

∑
J1

∐
J2=J

|J1|=s

∏
j∈J2

(−kj)

⎞
⎟⎠

=

p−2∑
s=0

ns
∑

I
∐

J=[p]\{1}
|J|=s

⎛
⎝ |I|∑

j=1

(−1)|I|−j
(|I|

j

)
j

⎞
⎠∏

i∈I
ki

=(n− k1)n
p−2.

Note that in the last equation, we used

(9)

|I|∑
j=1

(−1)|I|−j
(|I|

j

)
j =

{
1 if |I| = 1,

0 if |I| > 1.

We conclude the proof. �

Lemma 2.3. Let n = k1 + · · ·+ kp and di = n− ki for 1 ≤ i ≤ p. Then
F (k1, k2, . . . , kp) = 0 and F (k1 − 1, k2, . . . , kp) = (n− k1)n

p−2. In general,
we have F (k1 − s, k2, . . . , kp) = s(n− k1)n

p−2.
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Proof. Under the above conditions, r
d1,d2,...,dp

k1,k2,...,kp
is equal to the determinant of

the Laplacian matrix of Kk1,k2,...,kp
, which is zero. So F (k1, k2, . . . , kp) = 0.

The second identity follows from

F (k1 − 1, k2, . . . , kp) =F (k1, k2, . . . , kp)

+

p∑
t=2

(t− 1)
∑

I
∐

J=[p]\{1}
|I|=t−1

∏
i∈I

ki
∏
j∈J

(n− kj)

and Lemma 2.2. The last identity can be derived by induction. �

Now we can give a new proof about the number of spanning trees in a
complete multipartite graph.

Theorem 2.4. Let n = k1 + · · ·+ kp. Then the number of spanning trees
in a complete p-partite graph Kk1,k2,...,kp

is equal to

τ(Kk1,k2,...,kp
) = np−2

p∏
t=1

(n− kt)
kt−1.

Proof. By Kirchhoff’s Matrix-Tree Theorem, τ(Kk1,k2,...,kp
) = r

d1,d2,...,dp

k1−1,k2,...,kp
,

where di = n− ki for 1 ≤ i ≤ p. We need only show that

F (k1 − 1, k2, . . . , kp) = (n− k1)n
p−2,

which is proved in Lemma 2.3. �

3. Hitting times of random walks on complete multipartite
graphs

Lemma 3.1. Let n = k1 + · · ·+ kp. Then

(10)

p∑
t=2

(t− 1)
∑

I
∐

J=[p]\{1,2}
|I|=t−2

∏
i∈I

ki
∏
j∈J

(n− kj) = (2n− k1 − k2)n
p−3.
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Proof. The proof is similar to that of Lemma 2.2. The left-hand side is equal
to

p−2∑
s=0

ns
∑

I
∐

J=[p]\{1,2}
|J|=s

⎛
⎝ |I|∑

j=0

(−1)|I|−j
(|I|

j

)
(j + 1)

⎞
⎠∏

i∈I
ki.

Then the lemma follows from

(11)

|I|∑
j=0

(−1)|I|−j
(|I|

j

)
(j + 1) =

{
1 if 0 ≤ |I| ≤ 1,

0 if |I| > 1.

Namely only terms corresponding to s = p− 2 and s = p− 3 are nonzero.
�

Lemma 3.2. Let n = k1 + · · ·+ kp and di = n− ki for 1 ≤ i ≤ p. Then

F (k1 − 1, k2 − 1, . . . , kp) = (2n− k1 − k2)n
p−3(n− 1).

Proof. We have

F (k1 − 1, k2 − 1, . . . , kp) = F (k1 − 1, k2, . . . , kp)

+

p∑
t=2

(t− 1)
∑

I
∐

J=[p]\{1}
|I|=t−1

∏
i∈I

ki
∏
j∈J

dj −
p∑

t=2

(t− 1)
∑

I
∐

J=[p]\{1,2}
|I|=t−2

∏
i∈I

ki
∏
j∈J

dj .

So our identity follows from Lemma 2.2, Lemma 2.3 and Lemma 3.1. �

A connected graph G is called reversible if H(x, y) = H(y, x) holds for
any x, y ∈ V (G). See [2, 5] for a discussion on reversible graphs. We know
[10, Cor. 4.2] that G is reversible if and only if Z(G− {x}) is independent
of x ∈ V (G).

Lemma 3.3. A graph G is reversible if and only if
∑

u∈V (G)

u �=x

d(u)R(G−
{x, u}) is independent of x ∈ V (G).

Proof. By [2, Lem. 3.5], we have R(G− {x, u}) = τ(G/{x, u}). So the asser-
tion of the lemma follows from [2, Prop. 3.12], [9, Cor. 4] or [6]. �

Given a complete p-partite graph G = Kk1,k2,...,kp
on vertex set V = V1 ∪

· · · ∪ Vp, let n = k1 + · · ·+ kp and di = n− ki for 1 ≤ i ≤ p. For x ∈ V1, we
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have

∑
u∈V (G)

u�=x

d(u)R(G− {x, u})(12)

=d1(k1 − 1)r
d1,...,dp

k1−2,k2,...,kp
+

p∑
u=2

dukur
d1,...,dp

k1−1,k2,...,ku−1,ku−1,ku+1,...,kp

=dk1−2
1

p∏
i=2

dki−1
i

(
(k1 − 1)F (k1 − 2, k2, . . . , kp)

+

p∑
u=2

kuF (k1 − 1, k2, . . . , ku−1, ku − 1, ku+1, . . . , kp)

)
.

By Lemma 2.3 and Lemma 3.2, we have

F (k1 − 2, k2, . . . , kp) =2(n− k1)n
p−2,

F (k1 − 1, k2, . . . , ku−1, ku − 1, ku+1, . . . , kp) =(2n− k1 − ku)n
p−3(n− 1).

Substituting into (12), we get

∑
u∈V (G)

u�=x

d(u)R(G− {x, u})

=dk1−2
1

p∏
i=2

dki−1
i

(
2(k1 − 1)(n− k1)n

p−2 +
p∑

u=2

ku(2n− k1 − ku)n
p−3(n− 1)

)
.

Similarly for y ∈ Vp, we have

∑
u∈V (G)

u �=y

d(u)R(G− {y, u})

=dkp−2
p

p−1∏
i=1

dki−1
i

(
2(kp − 1)(n− kp)n

p−2 +
p−1∑
u=1

ku(2n− kp − ku)n
p−3(n− 1)

)
.

It is not difficult to check that

∑
u∈V (G)

u �=x

d(u)R(G− {x, u})−
∑

u∈V (G)

u �=y

d(u)R(G− {y, u})

(13)
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=2(k1 − kp)n
p−3dk1−2

1 dkp−2
p

p−1∏
i=2

dki−1
i

×
⎛
⎝ p∑

i=1

k2i (n− ki) + 3
∑

1≤i<j<m≤p
kikjkm +

p−1∑
i=2

k2i +
∑

2≤i<j≤p−1
kikj

⎞
⎠ .

Theorem 3.4. A complete p-partite graph Kk1,...,kp
is reversible if and only

k1 = k2 = · · · = kp, i.e., Kk1,...,kp
is vertex-transitive.

Proof. By Lemma 3.3 and (13), we have that for x ∈ Vi and y ∈ Vj where
i 
= j, H(x, y) = H(y, x) if and only if ki = kj . �

Theorem 3.5. Let G = Kk1,...,kp
be a complete p-partite graph on vertex

set V = V1 ∪ · · · ∪ Vp. Let n = k1 + · · ·+ kp and di = n− ki for 1 ≤ i ≤ p.
Then for x ∈ V1, y ∈ Vp,

H(x, y) =
(2n− k1 − kp)(n− 1)

2n(n− k1)(n− kp)

p∑
i=1

ki(n− ki) +
kp − k1

n(n− k1)(n− kp)

×
⎛
⎝ p∑

i=1

k2i (n− ki) + 3
∑

1≤i<j<m≤p
kikjkm +

p−1∑
i=2

k2i +
∑

2≤i<j≤p−1
kikj

⎞
⎠ .

Let x 
= y ∈ V1. Then

H(x, y) =
1

n− k1

p∑
i=1

ki(n− ki).

Proof. Recall Tetali’s electrical formula [9] for hitting times,

(14) H(x, y) = |E(G)|Rxy +
1

2

∑
z∈V (G)

d(z)(Ryz −Rxz),

where E(G) is the set of edges of G and Rxy is the effective resistance

between x and y. Note that for x 
= y, we have Rxy = τ(G/{x,y})
τ(G) = R(G−{x,y})

τ(G) .

Obviously |E(G)| = 1
2

∑p
i=1 ki(n− ki).

When x ∈ V1, y ∈ Vp, by Theorem 2.4 and Lemma 3.2, we get Rxy =
(k1+kp)(1−n)

nd1dp
. The second term in the right-hand side of (14) has been com-

puted in (13).

When x 
= y ∈ V1, by Theorem 2.4 and Lemma 2.3, we get Rxy = 2(n−k1)
d2
1

.

The second term in the right-hand side of (14) is zero. �
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Corollary 3.6. Let Ka,b be a complete bipartite graph on vertex set V =
V1 ∪ V2 where |V1| = a, |V2| = b. Then

H(x, y) =

{
2b− 1 if x ∈ V1, y ∈ V2,

2a if x 
= y ∈ V1.

Corollary 3.7. Let K ′
n, n ≥ 3 be a graph obtained by deleting an edge

e = x1x2 from the complete graph Kn. Then H(x1, x2) = n+ 1. Let y ∈
V (K ′

n)− {x1, x2}. Then H(x1, y) = n− 1− 3
n and H(y, x1) = n. Let y1 
=

y2 ∈ V (K ′
n)− {x1, x2}. Then H(y1, y2) = n− 1− 2

n .

Proof. First note that K ′
n is a complete (n− 1)-partite graph on vertex set

V = V1 ∪ · · · ∪ Vn−1 where |V1| = 2 and |Vi| = 1 for 2 ≤ i ≤ n− 1. We then
apply Theorem 3.5. �
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