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Contracting Pinched Hypersurfaces in

Spheres by Their Mean Curvature

Yan Li, Hongwei Xu and Entao Zhao

Abstract: In this paper, we study an open problem proposed in
[10]. We prove that the mean curvature flow of hypersurfaces in the
sphere will contract to a round point in finite time if the initial hy-
persurface satisfies a curvature pinching condition. Our theorem is
a partial improvement of the convergence theorem due to Huisken
[7].
Keywords: Mean curvature flow, hypersurface, sphere, curvature
pinching.

1. Introduction

Let F0 : M
n → S

n+1 be a smooth immersion from an n-dimensional Rie-
mannian manifold without boundary to an (n+ 1)-dimensional unit sphere
S
n+1. The mean curvature flow is a one-parameter family of smooth immer-

sions F : M × [0, T )→ S
n+1 satisfying

{
∂
∂tF (x, t) =

−→
H (x, t),

F (x, 0) = F0(x),
(1.1)

where
−→
H (x, t) is the mean curvature vector of Mt = Ft(M) and Ft(x) =

F (x, t). Let
−→
H = −Hν, where ν is a unit normal vector field of M in S

n+1.
The mean curvature flow was proposed by Mullins [8] to describe the for-

mation of grain boundaries in annealing metals. In [3], Brakke introduced
the motion of a submanifold by its mean curvature in arbitrary codimension
and constructed a generalized varifold solution for all time. For the classical
solution of the mean curvature flow, Huisken [5] showed that if the initial
hypersurface in the Euclidean space is compact and uniformly convex, then
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the mean curvature flow converges to a round point in finite time. Later, he
generalized this convergence theorem to the mean curvature flow of hyper-
surfaces in a Riemannian manifold in [6]. He also studied in [7] the mean
curvature flow of hypersurfaces satisfying a pinching condition in a sphere.

Theorem 1.1 ([7]). Let n ≥ 2 and M0 be a smooth closed immersed hy-
persurface in the unit sphere S

n+1. Suppose we have on M0

|A|2 <
{

3
4H

2 + 4
3 , n = 2,

1
n−1H

2 + 2, n ≥ 3.
(1.2)

Then one of the following holds:
a) Equation (1.1) has a smooth solution Mt on a finite time interval

0 ≤ t < T and the Mt’s converge uniformly to a single round point as t→ T .
b) Equation (1.1) has a smooth solution Mt for all 0 ≤ t <∞ and the

Mt’s converge in the C∞-topology to a smooth totally geodesic hypersurface
M∞.

Theorem 1.1 implies that all hypersurfaces of Sn+1 satisfying (1.2) are
diffeomorphic to S

n. A more general differentiable sphere theorem for com-
plete submanifolds in spheres were proved in [16]. More precisely, let M be
an oriented complete submanifold in the unit sphere Sn+q with codimension
q ≥ 1. If n ≥ 2 and if

(1.3) λ(M) := sup
M

(
|A|2 − 1

n− 1
|−→H |2 − 2

)
< 0,

then M is diffeomorphic to the standard sphere. Moreover, the pinching
condition (1.3) is optimal in the sense that for any ε > 0, there is a posi-

tive constant μ > 0 such that the submanifold S
1
(

1√
1+μ2

)
× S

n−1
(

μ√
1+μ2

)
⊂

S
n+1 ⊂ S

n+q satisfies |A|2 < 1
n−1 |

−→
H |2 + 2 + ε.

For any n ≥ 2 and κ ∈ R, we define

α(n, κ) = n+
n

2(n− 1)
κ2 − n− 2

2(n− 1)

√
κ4 + 4(n− 1)κ2.

Shiohama-Xu [15] proved the following sphere theorem for submanifolds.
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Theorem 1.2 ([15]). Let M be an oriented complete submanifold in the
unit sphere S

n+q with codimension q ≥ 1. Suppose

(1.4) Λ(M) := sup
M

(|A|2 − α(n, |−→H |)) < 0.

If n ≥ 2 and n �= 3, then M is homeomorphic to a sphere. If n = 3, then M
is diffeomorphic to a spherical space form.

The pinching condition (1.4) is optimal since the submanifold

S
1
(

1√
1+μ2

)
× S

n−1
(

μ√
1+μ2

)
⊂ S

n+1 ⊂ S
n+q with some μ > 0 satisfies |A|2 =

α(n, |−→H |) (see Example 2 in [15]). It is easy to see that (1.4) is implied by
(1.3). So it is a natural question that if a complete submanifold in the unit
sphere S

n+q satisfying (1.4) is diffeomorphic to the standard sphere. In this
paper, we give some partial answers to this problem.

To state our first theorem, we define the following

αε(n,H) = (n− 4ε) +
n

2(n− 1 + ε)
H2 − n− 2

2(n− 1 + ε)

√
H4 + 4(n− 1)H2,

where ε is a positive constant.

Theorem 1.3. Let n ≥ 3 and M0 be a smooth closed immersed hypersur-
face in the unit sphere S

n+1. Suppose there is a positive constant ε ∈ (0, 18)
such that at M0

(1.5) |A|2 ≤ αε(n,H) and H ≥ n
4
√
ε
.

Then equation (1.1) has a smooth solution Mt on a finite time interval
0 ≤ t < T and the Mt’s converge uniformly to a single round point as t→ T .

As a consequence of Theorem 1.3, all smooth closed hypersurfaces in
S
n+1 satisfying (1.5) are diffeomorphic to the standard sphere.

Similarly, we define

αs,ε(n,H) = (s− 4ε) +
s

2(n− 1 + ε)
H2 − s− 2

2(n− 1 + ε)

√
H4 + 4(n− 1)H2,

where s and ε are positive constants.
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Theorem 1.4. Let n ≥ 3 and M0 be a smooth closed immersed hypersur-
face in the unit sphere S

n+1. Suppose there are positive constants ε ∈ (0, 18)
and s ∈ [2, 94 ] such that at M0

(1.6)

|A|2 ≤ αs,ε(n,H) and H > max
{
0, sgn(s− 2− ε)

(n− 1)1/3(s− 2)1/2

ε1/2

}
.

Then equation (1.1) has a smooth solution Mt on a finite time interval
0 ≤ t < T and the Mt’s converge uniformly to a single round point as t→ T .

As a consequence of Theorem 1.4, all smooth closed hypersurfaces in
S
n+1 satisfying (1.6) are diffeomorphic to the standard sphere.

The paper is organized as follows. In Section 2, we introduce some basic
definitions in submanifold theory, recall some evolution equations along the
mean curvature flow, and derive the evolution of the quantity Q = |A|2 −
α(n,H). In Section 3, we give the proof of Theorem 1.3. We first show that
a pinching condition is preserved along the mean curvature flow, then we
derive a pinching estimate for the tracefree second fundamental form. We
also give an estimate of the gradient of the mean curvature in Section 3.
These estimates are used to give the proof of Theorem 1.3. Using the similar
stages we give the proof of Theorem 1.4 in Section 4.

2. Preliminaries

In this section, we introduce some basic definitions in submanifold the-
ory and recall some evolution equations along the mean curvature flow in
spheres. Let F0 : M → S

n+1 be a smooth immersion of codimension 1 from
an n-dimensional closed manifold M into an (n+ 1)-dimensional unit sphere
S
n+1. Denote by g and dμ the induced metric and the volume form on M .

Let A and
−→
H be the second fundamental form and the mean curvature vec-

tor of M in S
n+1, respectively. Choose a local orthonormal frame {ei} for

the tangent bundle and let ν be the unit normal vector. Let {ωi} be the

dual frame of {ei}. Then A and
−→
H can be written as

A = −
n∑

i,j=1

hijωi ⊗ ωj ⊗ ν,
−→
H = −Hν, H =

n∑
i=1

hii.
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The tracefree second fundamental form Å is defined by

Å = −
n∑

i,j=1

h̊ijωi ⊗ ωj ⊗ ν, h̊ij = hij − 1

n
Hδij .

Let F : Mn × [0, T )→ S
n+1 be a family of immersions satisfying the

mean curvature flow equation (1.1) with initial value F0. We have the fol-
lowing evolution equations [7].

(2.1)
∂

∂t
|A|2 = Δ|A|2 − 2|∇A|2 + 2|A|4 + 4H2 − 2n|A|2,

(2.2)
∂

∂t
H = ΔH + (|A|2 + n)H.

The volume form dμt evolves as

(2.3)
∂

∂t
dμt = −H2dμt.

Set Q = |A|2 − α(n,H). Now we derive the evolution equation of Q.

∂

∂t
Q =

∂

∂t
|A|2 − n

2n− 2
· ∂
∂t

H2 +
n− 2

2n− 2
· H

2 ∂
∂tH

2 + 2(n− 1) ∂
∂tH

2√
H4 + 4(n− 1)H2

,

ΔQ =Δ|A|2 − n

2n− 2
ΔH2 +

n− 2

2n− 2
∇i

(
H2∇iH2 + 2(n− 1)∇iH2√

H4 + 4(n− 1)H2

)

=Δ|A|2 − n

2n− 2
ΔH2

+
n− 2

2n− 2
· H

2∇i∇iH
2 +∇iH2∇iH

2 + 2(n− 1)∇i∇iH
2√

H4 + 4(n− 1)H2

− n− 2

2n− 2
· H

4|∇H2|2 + 4(n− 1)H2|∇H2|2 + 4(n− 1)2|∇H2|2
(
√

H4 + 4(n− 1)H2)3
.
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Hence( ∂

∂t
−Δ

)
Q =

( ∂

∂t
−Δ

)
|A|2 − n

2n− 2

( ∂

∂t
−Δ

)
H2

+
n− 2

2n− 2
·
H2

(
∂
∂t −Δ

)
H2 + 2(n− 1)

(
∂
∂t −Δ

)
H2√

H4 + 4(n− 1)H2

+
n− 2

2n− 2
· H

4|∇H2|2 + 4(n− 1)H2|∇H2|2 + 4(n− 1)2|∇H2|2
(
√

H4 + 4(n− 1)H2)3

− n− 2

2n− 2
· |∇H2|2√

H4 + 4(n− 1)H2
.

Inserting (2.1) and (2.2) to the equation above we get

( ∂

∂t
−Δ

)
Q =(−2|∇A|2 + 2|A|4 + 4H2 − 2n|A|2)

− n

2n− 2
(−2|∇H|2 + 2|A|2H2 + 2nH2)

+
n− 2

2n− 2
· H2 + 2(n− 1)√

H4 + 4(n− 1)H2
· (−2|∇H|2 + 2|A|2H2 + 2nH2)

+
n− 2

2n− 2
· 4(n− 1)2|∇H2|2
(
√

H4 + 4(n− 1)H2)3
.

From [5], we have the inequality |∇A|2 ≥ 3
n+2 |∇H|2. Hence

( ∂

∂t
−Δ

)
Q ≤G+R1 +R2,(2.4)

where

G =

(
− 6

n+ 2
+

n

n− 1
− n− 2

n− 1

(
H2 + 2(n− 1)√
H4 + 4(n− 1)H2

))
|∇H|2,

R1 =
n− 2

2n− 2
· 4(n− 1)2|∇H2|2
(
√

H4 + 4(n− 1)H2)3
,

R2 =(2|A|4 + 4H2 − 2n|A|2)
−
(

n

2n− 2
− n− 2

2n− 2
· H2 + 2(n− 1)√

H4 + 4(n− 1)H2

)
(2|A|2H2 + 2nH2).
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3. Convergence of mean curvature flow under curvature
pinching: I

In this section, we will give the proof of Theorem 1.3 by splitting the proof
into several theorems. Let Ft : M

n → S
n+1 be a mean curvature flow solu-

tion on a maximal existence time interval [0, T ).

3.1. Preserving the curvature pinching condition

We first show that a curvature pinching condition is preserved under the
mean curvature flow (1.1).

Theorem 3.1. Let n ≥ 3 and suppose we have on M0

Q < 0 and H ≥ 1
3
√
3
n,

then these inequalities are preserved under the mean curvature flow (1.1).

Proof. From the evolution equation (2.2) and the maximum principle, we
see that the inequality H ≥ 1

3
√
3
n is preserved under the mean curvature

flow (1.1). In fact, the inequality is improved along the mean curvature flow.
To prove that Q < 0 is preserved, we first show that if Q = 0 at a point

in space-time, then
(

∂
∂t −Δ

)
Q ≤ 0 at the same point.

Firstly, we have

R2 =(2|A|4 + 4H2 − 2n|A|2)
−
(

n

2n− 2
− n− 2

2n− 2
· H2 + 2(n− 1)√

H4 + 4(n− 1)H2

)
(2|A|2H2 + 2nH2).

By a direct computation, we see that α(n,H) is a positive solution to R2 = 0
as an equation of |A|2. More precisely, we see that when |A|2 = α(n,H),

R2 =2(α2(n,H) + 2H2 − nα(n,H))

− 2

(
n

2n− 2
− n− 2

2n− 2
· H2 + 2(n− 1)√

H4 + 4(n− 1)H2

)
(H2α(n,H) + nH2)

=0.
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For G+R1, we have

G+R1 ≤
(
− 6

n+ 2
+

n

n− 1

)
|∇H|2 − n− 2

n− 1
· H3 + 6(n− 1)H

(
√

H2 + 4(n− 1))3
|∇H|2.

Set ϕ(τ) = τ3+6(n−1)τ
(
√

τ2+4(n−1))3 . Then ϕ ≤ 1 and lim
τ→+∞ϕ(τ) = 1. When n ≥ 3, one

has

− 6

n+ 2
+

n

n− 1
− n− 2

n− 1
=

−4n+ 10

(n+ 2)(n− 1)
< 0.

By a direct computation, we have ϕ(τ) > 1− 4n−10
n2−4 provided τ ≥ n

3
√
3
. Hence,

ifH ≥ n
3
√
3
, one has G+R1 ≤ (− 6

n+2 + n
n−1 − n−2

n−1 + n−2
n−1 · 4n−10n2−4 )|∇H|2 ≤ 0,

which implies that ( ∂
∂t −Δ)Q ≤ 0 at the point where Q = 0.

Since we assume Q = |A|2 − α(n,H) < 0 at t = 0, there is a positive
constant ε such that Q̃ = |A|2 − αε(n,H) ≤ 0, where

αε(n,H) = (n− 4ε) +
n

2(n− 1 + ε)
H2 − n− 2

2(n− 1 + ε)

√
H4 + 4(n− 1)H2.

By using a similar computation, we can show that if Q̃ = 0 at a point, then(
∂
∂t −Δ

)
Q̃ ≤ 0 at the same point. This implies that Q̃ < 0 is preserved

under the mean curvature flow. �

3.2. A differential inequality

In this subsection, we assume at t = 0 that |A|2 ≤ αε(n,H) for a positive
constant ε ∈ (0, 18).

Define a function fσ = |Å|2
(α− 1

n
H2)1−σ for a nonnegative constant σ, where

and in the following we write α(n,H) as α for short. Now we compute the
evolution of fσ. Since

∂

∂t
fσ =

∂
∂t |Å|2

(α− 1
nH

2)1−σ
+ (σ − 1)

|Å|2 ∂
∂t(α− 1

nH
2)

(α− 1
nH

2)2−σ

=
∂
∂t |Å|2

(α− 1
nH

2)1−σ
+ (σ − 1)

fσ
∂
∂t(α− 1

nH
2)

α− 1
nH

2
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and

Δfσ =∇i∇ifσ

=∇i

( ∇i|Å|2
(α− 1

nH
2)1−σ

+ (σ − 1)
fσ∇i(α− 1

nH
2)

α− 1
nH

2

)

=
∇i∇i|Å|2

(α− 1
nH

2)1−σ
+ (σ − 1)

∇i|Å|2∇i(α− 1
nH

2)

(α− 1
nH

2)2−σ

+ (σ − 1)
∇i|Å|2∇i(α− 1

nH
2)

(α− 1
nH

2)2−σ
+ (σ − 1)

|Å|2∇i∇i(α− 1
nH

2)

(α− 1
nH

2)2−σ

+ (σ − 2)(σ − 1)
|Å|2∇i(α− 1

nH
2)∇i(α− 1

nH
2)

(α− 1
nH

2)3−σ

=
Δ|Å|2

(α− 1
nH

2)1−σ
+ 2(σ − 1)

∇i|Å|2∇i(α− 1
nH

2)

(α− 1
nH

2)2−σ

+ (σ − 1)
fσΔ(α− 1

nH
2)

α− 1
nH

2
+ (σ − 2)(σ − 1)

fσ|∇(α− 1
nH

2)|2
(α− 1

nH
2)2

,

we have

( ∂

∂t
−Δ

)
fσ =

(
∂
∂t −Δ

)
|Å|2

(α− 1
nH

2)1−σ
− 2(σ − 1)

∇i|Å|2∇i(α− 1
nH

2)

(α− 1
nH

2)2−σ

+ (σ − 1)
fσ

(
∂
∂t −Δ

)
(α− 1

nH
2)

α− 1
nH

2

− (σ − 2)(σ − 1)
fσ|∇(α− 1

nH
2)|2

(α− 1
nH

2)2
.

Since

∇fσ =
∇|Å|2

(α− 1
nH

2)1−σ
+ (σ − 1)

fσ∇(α− 1
nH

2)

α− 1
nH

2
,

we have

∇|Å|2 =
(
α− 1

n
H2

)1−σ∇fσ − (σ − 1)
fσ∇(α− 1

nH
2)

(α− 1
nH

2)σ
.
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Then we get

( ∂

∂t
−Δ

)
fσ =

(
∂
∂t −Δ

)
|Å|2

(α− 1
nH

2)1−σ
+ (σ − 1)

fσ

(
∂
∂t −Δ

)
(α− 1

nH
2)

α− 1
nH

2

− 2(σ − 1)
∇ifσ∇i(α− 1

nH
2)

α− 1
nH

2
+ 2(σ − 1)2

fσ|∇(α− 1
nH

2)|2
(α− 1

nH
2)2

− (σ − 2)(σ − 1)
fσ|∇(α− 1

nH
2)|2

(α− 1
nH

2)2
.

We also have

( ∂

∂t
−Δ

)
α =

n

2n− 2

( ∂

∂t
−Δ

)
H2

− n− 2

2n− 2
· H2 + 2n− 2√

H4 + 4(n− 1)H2

( ∂

∂t
−Δ

)
H2

− n− 2

n− 1
· 8(n− 1)2H2|∇H|2
(
√

H4 + 4(n− 1)H2)3

=

(
n

n− 1
− n− 2

n− 1
· H2 + 2n− 2√

H4 + 4(n− 1)H2

)
(|A|2 + n)H2

+

(
− n

n− 1
+

n− 2

n− 1
· H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3

)
|∇H|2.

Inserting the evolution equations of |A|2, H and α into the evolution equa-
tion of fσ, we get

( ∂

∂t
−Δ

)
fσ =

−2|∇A|2 + 2
n |∇H|2

(α− 1
nH

2)1−σ
+

2|A|4 + 2H2 − 2n|A|2 − 2
n |A|2H2

(α− 1
nH

2)1−σ

+ (1− σ)
fσ

(
n2−2n+2
n(n−1) − n−2

n−1
H(H2+(6n−6))
(
√

H2+4(n−1))3
)
|∇H|2

α− 1
nH

2

− (1− σ)
fσ

(
n2−2n+2
n(n−1) − n−2

n−1
H2+2n−2√

H4+4(n−1)H2

)
(|A|2 + n)H2

α− 1
nH

2

+ 2(1− σ)
∇ifσ∇i(α− 1

nH
2)

α− 1
nH

2
+ σ(σ − 1)

fσ|∇(α− 1
nH

2)|2
(α− 1

nH
2)2

.
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To estimate the gradient terms, we have

G′ :=
−2|∇A|2 + 2

n |∇H|2
(α− 1

nH
2)1−σ

+ (1− σ)
fσ

(
n2−2n+2
n(n−1) − n−2

n−1
H(H2+(6n−6))
(
√

H2+4(n−1))3
)
|∇H|2

α− 1
nH

2

+ 2(1− σ)
∇ifσ∇i(α− 1

nH
2)

(α− 1
nH

2)2−σ
+ σ(σ − 1)

fσ|∇(α− 1
nH

2)|2
(α− 1

nH
2)2

≤
(−4n+ 4

n(n+ 2)

1

(α− 1
nH

2)1−σ
+

1− σ

(α− 1
nH

2)1−σ
(n2 − 2n+ 2

n(n− 1)

− n− 2

n− 1

H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3

))
|∇H|2 + 2(1− σ)

∇ifσ∇i(α− 1
nH

2)

α− 1
nH

2

=
1

(α− 1
nH

2)1−σ

(−4n+ 4

n(n+ 2)
+ (1− σ)

(n2 − 2n+ 2

n(n− 1)

− n− 2

n− 1

H2 + (6n− 6)H

(
√

H2 + 4(n− 1))3

))
|∇H|2 + 2(1− σ)

∇ifσ∇i(α− 1
nH

2)

α− 1
nH

2
.

Here we have used the pinching condition |A|2 ≤ αε(n,H), which implies
|Å|2

α− 1

n
H2 ≤ 1, and discard the last term in G′ since 0 < σ < 1. If we assume

that H ≥ 1
3
√
3
n, then by a direct computation we see that

−4n+ 4

n(n+ 2)
+ (1− σ)

(n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3

)
≤ −2ε∇,

where ε∇ = ε∇(n) is a positive constant depending only on n. Hence we get

G′ ≤2(1− σ)
∇ifσ∇i(α− 1

nH
2)

α− 1
nH

2
− 2ε∇

(α− 1
nH

2)1−σ
|∇H|2.

For the remaining terms in the evolution equation of fσ, we have

R′ :=
2|A|4 + 2H2 − 2n|A|2 − 2

n |A|2H2

(α− 1
nH

2)1−σ

− (1− σ)
fσ

(
n2−2n+2
n(n−1) − n−2

n−1
H2+2n−2√

H4+4(n−1)H2

)
(|A|2 + n)H2

α− 1
nH

2

=
2|Å|2(|A|2 − n)

(α− 1
nH

2)1−σ
+ (σ − 1)

fσ

(
n2−2n+2
n(n−1) − n−2

n−1
H2+2n−2√

H4+4(n−1)H2

)
(|A|2 + n)H2

α− 1
nH

2
.
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If |A|2 ≤ n at a point, then the second term of the second equality in the
above equation is nonpositive. Hence we get

R′ ≤ 2(|A|2 − n)fσ ≤ 2σ(|A|2 − n)fσ.

Now we suppose n < |A|2 ≤ αε(n,H) < α. Then

R′ = 2(|A|2 − n)

(
1−

(1− σ)
(
(n2−2n+2)H2

n(n−1) − n−2
n−1

H4+2(n−1)H2√
H4+4(n−1)H2

)
2n+ (n2−2n+2)H2

n(n−1) − n−2
n−1

√
H4 + 4(n− 1)H2

· |A|
2 + n

|A|2 − n

)
fσ.

Since

Cσ :=

n2−2n+2
n(n−1) H2 − n−2

n−1
H4+2(n−1)H2√
H4+4(n−1)H2

2n+ n2−2n+2
n(n−1) H2 − n−2

n−1
√

H4 + 4(n− 1)H2
· |A|

2 + n

|A|2 − n

≥
n2−2n+2
n(n−1) H2 − n−2

n−1
H4+2(n−1)H2√
H4+4(n−1)H2

2n+ n2−2n+2
n(n−1) H2 − n−2

n−1
√

H4 + 4(n− 1)H2
· α+ n

α− n
≡ 1.

We get

R′ ≤ 2σ(|A|2 − n)fσ.

So, we have proved the following theorem.

Theorem 3.2. Let n ≥ 3 and suppose |A|2 ≤ αε(n,H), σ ∈ (0, 12ε) and
H ≥ 1

3
√
3
n at t = 0. Then there is a positive constant ε∇ depending only

on n such that following inequality holds.

( ∂

∂t
−Δ

)
fσ ≤− 2(σ − 1)

∇ifσ∇i(α− 1
nH

2)

α− 1
nH

2

− 2ε∇
(α− 1

nH
2)1−σ

|∇H|2 + 2σ(|A|2 − n)fσ.(3.1)

3.3. The estimate of Z

To carry out the Stampacchia procedure, we have to estimate the term Z
in the following Simons identity for hypersurfaces in the unit sphere S

n+1.

1

2
Δ|A|2 =

n∑
i,j=1

hij∇i∇jH + |∇A|2 + Z + n|Å|2,

where Z = HtrA3 − |A|4.



Contracting Pinched Hypersurfaces in Spheres... 341

At a fixed point, we choose a local frame fields such that hij = λiδij at

this point. Set λ̊i = λi − 1
H . Then

Z = −|Å|4 + 1

n
|Å|2H2 +H

n∑
i=1

λ̊3
i .

By an inequality in [14], we have for any μ > 0

H

n∑
i=1

λ̊3
i ≥ −

n− 2√
n(n− 1)

H|Å|3 ≥ −μ

2
|Å|4 − 1

2μ

(n− 2)2

n(n− 1)
|Å|2H2.

Hence

Z + n|Å|2
|Å|2(α− 1

nH
2)
≥

n+
(

1
n − 1

2μ
(n−2)2
n(n−1)

)
H2 − μ+2

2 |Å|2

n+ n2−2n+2
2n(n−1) H

2 − n−2
2n−1

√
H4 + 4(n− 1)H2

.

When |A|2 ≤ αε(n,H) for ε ∈ (0, 12), we have

Z + n|Å|2
|Å|2(α− 1

nH
2)

≥
n+

(
1
n − 1

2μ
(n−2)2
n(n−1)

)
H2 − μ+2

2 (αε(n,H)− 1
nH

2)

n+ n2−2n+2
2n(n−1) H

2 − n−2
2n−1

√
H4 + 4(n− 1)H2

=
n+ H2

2(n−1) − n
2

(
n− 4ε+ n(n−2)+2−2ε

2n(n−1+ε) H2 − (n−2)
√

H4+4(n−1)H2

2(n−1+ε)

)
n+ n2−2n+2

2n(n−1) H
2 − n−2

2n−1
√

H4 + 4(n− 1)H2
.

If H2 ≥ 2(n−1− θ

2
)2

θ , θ > 0, then

H2 + 2n− 2− θ ≤
√

H4 + 4(n− 1)H2 ≤ H2 + 2n− 2.

Now we suppose H2 ≥ Cn2 with C > 0 to be determined. Then

Z + n|Å|2
|Å|2(α− 1

nH
2)
≥

n− n
2 (n− 4ε) + 1

2

(
1

n−1 − 1−ε
n−1+ε

)
H2 +

n(n−1)(n−2)(1− n−1

Cn2 )

2(n−1+ε)

n+ n2−2n+2
2n(n−1) H

2 − n−2
2n−1

√
H4 + 4(n− 1)H2

.

If we pick C = 1√
ε
, then the right hand side of the inequality above has

a positive lower bound of the form C ′n for a positive constant C ′ that is
independent of n. That is, we get the following
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Theorem 3.3. If H ≥ n
4
√
ε
, then there is a positive constant εZ independent

of n such that we have

Z + n|Å|2
|Å|2(α− 1

nH
2)
≥ εZn > 0, t ∈ [0, T ).

3.4. An integral inequality

In this subsection, we want to obtain a lower bound of Δfσ.

Δfσ =
Δ|Å|2

(α− 1
nH

2)1−σ
+ 2(σ − 1)

∇ifσ∇i(α− 1
nH

2)

α− 1
nH

2

+ (σ − 1)
fσΔ(α− 1

nH
2)

α− 1
nH

2
+ σ(1− σ)

fσ|∇(α− 1
nH

2)|2
(α− 1

nH
2)2

≥2(̊hij∇i∇jH + Z + n|Å|2 + |∇Å|2)
(α− 1

nH
2)1−σ

+ 2(σ − 1)
∇ifσ∇i(α− 1

nH
2)

α− 1
nH

2

+ (σ − 1)
fσHΔH

α− 1
nH

2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)

+
(σ − 1)fσ

α− 1
nH

2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3

)
|∇H|2.

Since |∇Å|2 = |∇A|2 − 1
n |∇H|2 ≥ 2n−2

n(n+2) |∇H|2 , we have

2|∇Å|2
(α− 1

nH
2)1−σ

+
(σ − 1)fσ

α− 1
nH

2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3

)
|∇H|2

≥ 2( 3
n+2 − 1

n)|∇H|2
(α− 1

nH
2)1−σ

− 1

(α− 1
nH

2)1−σ

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3

)
|∇H|2

=
|∇H|2

(α− 1
nH

2)1−σ

(
4n− 4

n(n+ 2)
− n2 − 2n+ 2

n(n− 1)
+

n− 2

n− 1

H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3

)
.

By a direct computation, we see that if H ≥ 1
4
√
ε
n > 1

3
√
3
n, then

4n− 4

n(n+ 2)
− n2 − 2n+ 2

n(n− 1)
+

n− 2

n− 1

H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3
> 0.
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Hence

Δfσ ≥2(̊hij∇i∇jH + Z + n|Å|2)
(α− 1

nH
2)1−σ

+ 2(σ − 1)
∇ifσ∇i(α− 1

nH
2)

α− 1
nH

2

+ (σ − 1)
fσHΔH

α− 1
nH

2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)
.

Multiplying both sides of the above inequality by fp−1
σ and integrating on

Mt, we get

∫
Mt

fp−1
σ Δfσ

≥
∫
Mt

2̊hij∇i∇jHfp−1
σ

(α− 1
nH

2)1−σ
+

∫
Mt

2(Z + n|Å|2)fp−1
σ

(α− 1
nH

2)1−σ

+

∫
Mt

2(σ − 1)fp−1
σ ∇ifσ∇i(α− 1

nH
2)

α− 1
nH

2

+

∫
Mt

(σ − 1)fp
σHΔH

α− 1
nH

2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)
:=S1 + S2 + S3 + S4.

Now we use integration by parts to handle S1 and S4. By a direct compu-
tation, we have ∇i̊h

ij = n−1
n ∇jH. Hence

S1 =− 2

∫
Mt

∇jH

(∇i̊h
ijfp−1

σ + (p− 1)̊hijfp−2
σ ∇ifσ

(α− 1
nH

2)1−σ

− (1− σ)̊hijfp−1
σ ∇i(α− 1

nH
2)

(α− 1
nH

2)2−σ

)

=− 2

∫
Mt

∇jH(∇i̊h
ijfp−1

σ + (p− 1)̊hijfp−2
σ ∇ifσ)

(α− 1
nH

2)1−σ

− 2

∫
Mt

fp−1
σ H(σ − 1)̊hij∇iH∇jH

(α− 1
nH

2)2−σ

×
(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)
.
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S4 =

∫
Mt

∇iH∇i

(
(1− σ)fp

σH

α− 1
nH

2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

))

=

∫
Mt

(
(1− σ)fp

σ |∇H|2
α− 1

nH
2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

))

+

∫
Mt

(1− σ)pfp−1
σ H

α− 1
nH

2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)
∇ifσ∇iH

−
∫
Mt

(1− σ)fp
σH

(α− 1
nH

2)2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)

×∇i

(
α− 1

n
H2

)
∇iH

+

∫
Mt

(
8(1− σ)fp

σ

α− 1
nH

2
· n− 2

n− 1
· (n− 1)2H2

(
√

H4 + 4(n− 1)H2)3

)
|∇H|2.

The third term of the right hand side of the above equation is equal to

−
∫
Mt

(1− σ)fp
σH2

(α− 1
nH

2)2

(
n2 − 2n+ 2

n(n− 1)
− n− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)2

|∇H|2.

Set r(n,H) = n2−2n+2
n(n−1) − n−2

n−1
H2+2(n−1)√
H4+4(n−1)H2

. Then if H ≥ n
4
√
ε
, we have 0 <

r(n,H) < 2
n(n−1) =: 2a.

Since
∫
Mt

fp−1
σ Δfσ ≥

∑4
i=1 Si, we have

S2 ≤− (p− 1)

∫
Mt

fp−2
σ |∇fσ|2 + 2(p− 1)

∫
Mt

fp−2
σ |∇fσ||∇H||Å|
(α− 1

nH
2)1−σ

+
2(n− 1)

n

∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
+ 2(1− σ)

∫
Mt

fp−1
σ Hr(n,H)|∇H|2|Å|

(α− 1
nH

2)2−σ

+ (1− σ)(p− 2)

∫
Mt

fp−1
σ Hr(n,H)|∇fσ||∇H|

α− 1
nH

2

+ (1− σ)

∫
Mt

fp
σH2r2(n,H)|∇H|2

(α− 1
nH

2)2

−
∫
Mt

(
8(1− σ)fp

σ

α− 1
nH

2
· n− 2

n− 1
· (n− 1)2H2

(
√

H4 + 4(n− 1)H2)3

)
|∇H|2
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≤− (p− 1)

∫
Mt

fp−2
σ |∇fσ|2 + 2(p− 1)

∫
Mt

fp−2
σ |∇fσ||∇H||Å|
(α− 1

nH
2)1−σ

+
2(n− 1)

n

∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
+ 4a(1− σ)

∫
Mt

fp−1
σ H|∇H|2|Å|
(α− 1

nH
2)2−σ

+ 2a(1− σ)(p− 2)

∫
Mt

fp−1
σ H|∇fσ||∇H|

α− 1
nH

2
+ 4a2(1− σ)

∫
Mt

fp
σH2|∇H|2
(α− 1

nH
2)2

.

Also, since

H√
α− 1

nH
2
=

1√
n
H2 + n2−2n+2

2n(n−1) − n−2
2(n−1)

√
1 + 4(n−1)

H2

≤ 1√
n
H2 + n2−2n+2

2n(n−1) − n−2
2(n−1)(1 +

2(n−1)
H2 )

≤ 1√
2
H2 + 1

n(n−1)
<

1√
a
,

and
fσ

α− 1
nH

2
=

|Å|2
(α− 1

nH
2)2−σ

≤ 1

(α− 1
nH

2)1−σ
,

we have for any η > 0,

2(p− 1)

∫
Mt

fp−2
σ |∇fσ||∇H||Å|
(α− 1

nH
2)1−σ

≤ p− 1

η

∫
Mt

fp−2
σ |∇fσ|2 + (p− 1)η

∫
Mt

fp−2
σ |∇H|2|Å|2

(α− 1
nH

2)2(1−σ)

=
p− 1

η

∫
Mt

fp−2
σ |∇fσ|2 + (p− 1)η

∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
;

4a(1− σ)

∫
Mt

fp−1
σ H|∇H|2|Å|
(α− 1

nH
2)2−σ

≤ 4
√
a(1− σ)

∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ

√
α− 1

nH
2|Å|

α− 1
nH

2

≤ 4
√
a(1− σ)

∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
;
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2a(1− σ)(p− 2)

∫
Mt

fp−1
σ H|∇fσ||∇H|

α− 1
nH

2

≤ (1− σ)(p− 2)

(
1

η

∫
Mt

fp−2
σ |∇fσ|2 + ηa

∫
Mt

afp
σH2|∇H|2

(α− 1
nH

2)2

)

≤ (1− σ)(p− 2)

(
1

η

∫
Mt

fp−2
σ |∇fσ|2 + ηa

∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ

)
;

4a2(1− σ)

∫
Mt

fp
σH2|∇H|2
(α− 1

nH
2)2

≤4a(1− σ)

∫
Mt

fp
σ |∇H|2

α− 1
nH

2

≤4a(1− σ)

∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
.

Combining these inequalities together we get

S2 ≤
(2p− 3

η
− p+ 1

)∫
Mt

fp−2
σ |∇fσ|2

+
(
η(ap+ p− 1− 2a) + 2 + 4

√
a+ 4a

)∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
.

Also, by the estimate of Z + n|Å|2, we have S2 ≥ 2nεZ
∫
Mt

fp
σ(α− 1

nH
2).

Hence we get the following

Theorem 3.4. If H ≥ n
4
√
ε
and 0 < ε < 1

8 , then we have

2nεZ

∫
Mt

fp
σ(α−

1

n
H2)

≤
(2p− 3

η
− p+ 1

)∫
Mt

fp−2
σ |∇fσ|2

+
(
η(ap+ p− 1− 2a) + 2 + 4

√
a+ 4a

)∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
.(3.2)
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3.5. The Lp-estimate

We multiply both sides of (3.1) by fp−1
σ and integrate it by parts to get

∂

∂t

∫
Mt

fp
σ

≤ p

∫
Mt

fp−1
σ Δfσ + 2p(1− σ)

∫
Mt

fp−1
σ ∇ifσ∇i(α− 1

nH
2)

α− 1
nH

2

− 2ε∇p
∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
+ 2σp

∫
Mt

(|A|2 − n)fp
σ −

∫
Mt

H2fp
σ

≤ −p(p− 1)

∫
Mt

fp−2
σ |∇fσ|2 + 2p(1− σ)

∫
Mt

fp−1
σ ∇ifσ∇i(α− 1

nH
2)

α− 1
nH

2

− 2ε∇p
∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
+ 2σp

∫
Mt

(|A|2 − n)fp
σ .

When H ≥ n
4
√
ε
,

2fp−1
σ ∇ifσ∇i(α− 1

nH
2)

α− 1
nH

2
≤ 1

μ
fp−2
σ |∇fσ|2 +

μfp
σ |∇(α− 1

nH
2)|2

(α− 1
nH

2)2

≤ 1

μ
fp−2
σ |∇fσ|2 +

μfp−1
σ |∇(α− 1

nH
2)|2

(α− 1
nH

2)2−σ

≤ 1

μ
fp−2
σ |∇fσ|2 + 2μfp−1

σ |∇H|2
(α− 1

nH
2)1−σ

.

By a direct computation, we have 2n
(
α− 1

nH
2
)
≥ |A|2 provided 0 < ε < 1

8 .

Hence

2σp

∫
Mt

(|A|2 − n)fp
σ ≤ 4nσp

∫
Mt

(α− 1

n
H2)fp

σ − 2nσp

∫
Mt

fp
σ .

By integral inequality (3.2), we have

∂

∂t

∫
Mt

fp
σ ≤

(
− p(p− 1) +

p

μ
+

2pσ

εZ

(2p− 3

η
− p+ 1

))∫
Mt

fp−2
σ |∇fσ|2

+

(
2p(μ− ε∇) +

2pσ

εZ
(η(ap+ p− 1− 2a) + 2 + 4

√
a+ 4a)

)

×
∫
Mt

fp−1
σ |∇H|2

(α− 1
nH

2)1−σ
− 2nσp

∫
Mt

fp
σ .
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We have the following theorem.

Theorem 3.5. If H ≥ n
4
√
ε
, and if

0 < σ <
εZ
√
ε∇

48
√
p

and p > max
{
2, 1 +

8

ε∇
,
( 24n

εZ
√
ε∇

)2}
,

then
∂

∂t

∫
Mt

fp
σ ≤ −2nσp

∫
Mt

fp
σ .

Proof. We want to show that

(3.3) − p(p− 1) +
p

μ
+

2pσ

εZ

(2p− 3

η
− p+ 1

)
≤ 0

and

(3.4) 2p(μ− ε∇) +
2pσ

εZ
(η(ap+ p− 1− 2a) + 2 + 4

√
a+ 4a) ≤ 0.

If we pick η = 2p−3
p−1+(p−1− 1

μ
)
εZ
2σ

, then (3.3) is an equality and (3.4) is equiv-

alent to

μ− ε∇ +
σ

εZ

((2p− 3)(ap+ p− 1− 2a)

p− 1 + (p− 1− 1
μ)

εZ
2σ

+ 2 + 4
√
a+ 4a

)
≤ 0.

Now we choose μ = 4
p−1 and let p ≥ max{2, 1 + 8

ε∇
}. Then η =

2p−3
p−1+(p−1) 3εZ

8σ

. So (3.4) is equivalent to

(3.5)
4

p− 1
− ε∇ +

σ

εZ

((2p− 3)(ap+ p− 1− 2a)σ

(p− 1)σ + (p− 1)3εZ8
+ 2 + 4

√
a+ 4a

)
≤ 0.

By a direct computation, we see that if
(3.6)

0 < σ <
2εZ(

ε∇
4 − 1

p−1)√
(12 +

√
a+ a)2 + (ε∇ − 4

p−1)
(2p−3)(ap+p−1−2a)

3

2
(p−1) + 1

2 +
√
a+ a

,

then

4

p− 1
− ε∇ +

σ

εZ

((2p− 3)(ap+ p− 1− 2a)σ

(p− 1)3εZ8
+ 2 + 4

√
a+ 4a

)
≤ 0.
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Obviously, this inequality implies (3.5). Also, since for the right hand side
of (3.6), we have

RHS = O(
1√
p
) as p→ +∞,

we can furthermore choose

0 < σ <
1

2
× εZ

√
ε∇

24
√
p

=
εZ
√
ε∇

48
√
p
,

where
εZ
√
ε∇

24
√
p > n

p , i.e., p > max
{
2, 1 + 8

ε∇
,
(

24n
εZ
√
ε∇

)2}
. This completes the

proof. �

As a corollary, we have

Corollary 3.6. If H ≥ n
4
√
ε
, and if

0 < σ <
εZ
√
ε∇

48
√
p

and p > max
{
2, 1 +

8

ε∇
,
( 24m

εZ
√
ε∇

)2
,
( 24n

εZ
√
ε∇

)2}
,

then
∂

∂t

∫
Mt

fp
σ+m

p

≤ 0.

3.6. The Stampacchia iteration

For the convenience of readers, we state the theorem of Stampacchia as
following.

Theorem 3.7. Let ϕ(t), t0 ≤ t <∞, be a nonnegative and non-increasing
function, which satisfies

ϕ(h) ≤ C

(h− k)α
|ϕ(k)|β , h > k ≥ k0,

where C > 0, α > 0, β > 1 are constants. Then

ϕ(k0 + d) = 0, dα = C|ϕ(k0)|β−12αβ(β−1).

To prove that fσ is bounded, it is sufficient to show that the func-
tion fσ,k := max{fσ − k, 0} vanishes for some k. Define the set A(k, t) =
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{Mt|fσ,k > 0}. Notice that on A(k, t) we havefσ > k and ∇fσ,k = ∇fσ.
Hence

∂

∂t

∫
A(k,t)

fp
σ,k ≤p

( 1

μ
− p+ 1

)∫
A(k,t)

fp−2
σ,k |∇fσ,k|2

+ 2p(μ− ε∇)
∫
A(k,t)

fp−1
σ,k |∇H|2

(α− 1
nH

2)1−σ

+ 2σp

∫
A(k,t)

(|A|2 − n)fp
σ,k

≤− 1

2
p(p− 1)

∫
A(k,t)

fp−2
σ,k |∇fσ,k|2

− pε∇
∫
A(k,t)

fp−1
σ,k |∇H|2

(α− 1
nH

2)1−σ

+ 2σp

∫
A(k,t)

(|A|2 − n)fp
σ,k,

where in the second inequality, we have picked μ = 4
p−1 with p ≥ max{2, 1 +

8
ε∇
}. Set vk = f

p

2

σ,k. We have

|∇vk|2 = |∇f
p

2

σ,k|2 =
p2

4
fp−2
σ,k |∇fσ,k|2 ≤ 1

2
p(p− 1)fp−2

σ,k |∇fσ,k|2.

Hence we get

∂

∂t

∫
A(k,t)

v2k +

∫
A(k,t)

|∇vk|2 ≤ 2σp

∫
A(k,t)

(|A|2 − n)v2k.

We need the following Sobolev type inequality for submanifolds in a
Riemannian manifold.

Theorem 3.8 ([9]). Let Mn be a submanifold in a Riemannian manifold
Nn+q. Suppose the sectional curvature of N satisfies KN ≤ b2 and let i(N)
be the injectivity radius of N . If u ∈ C0,1

0 (M) and u|∂M = 0 satisfying

b2(1− α)−
2

n (ω−1n Vol(suppu))
2

n ≤ 1;

i(N) ≥ 2ρ,
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where

ρ =

{
b−1 sin−1 b(1− α)−

1

n (ω−1n Vol(suppu))
1

n , b ∈ R,

(1− α)−
1

n (ω−1n Vol(suppu))
1

n , Imb �= 0,

and 0 < α < 1, then there is a positive constant CS depending only on n
such that

(∫
M
|u| n

n−1

)n−1

n

≤ CS

∫
M

(
|∇u|+ |H|u

)
.

To use the Sobolev inequality, we first estimate the volume of A(k, t).

Vol(A(k, t)) =

∫
A(k,t)

1 ≤ 1

k

∫
Mt

fσ

≤ 1

k

(
Vol(Mt)

)1− 1

p
(∫

Mt

fp
σ

) 1

p

≤ 1

k

(
Vol(M0)

)1− 1

p
(∫

Mt

fp
σ

) 1

p

.

Set p0 = max{2, 1 + 8
ε∇

, ( 24n
εZ
√
ε∇

)2}. Then

Vol(A(k, t)) ≤ 1

k

(
Vol(M0)

)1− 1

p0

(∫
Mt

fp0
σ

) 1

p0 =
1

k
CL(M0).

We pick k0 such that Vol(A(k0, t)) satisfies the assumption in Theorem 3.9,
and let p ≥ p0 and k ≥ k0. Set 2

∗ = 2n
n−2 . Then by the Hölder inequality, we

have
(3.7)(∫

A(k,t)
|vk|2∗

) 2

2∗

≤ C1

∫
A(k,t)

|∇vk|2 + C2

(∫
A(k,t)

Hn

) 2

n
(∫

A(k,t)
|vk|2∗

) 2

2∗

.
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Our purpose is to control
( ∫

A(k,t) |vk|2
∗
) 2

2∗
by

∫
A(k,t) |∇vk|2. For sufficiently

large p and k > k0,

(∫
A(k,t)

Hn

) 2

n

≤
(∫

A(k,t)
Hn v

2
k

kp

) 2

n

=
1

k
2p

n

(∫
A(k,t)

Hnfp
σ

) 2

n

≤ 1

k
2p

n

(∫
A(k,t)

(
a−1

√
αε − 1

n
H2

)n
fp
σ

) 2

n

≤ k
2p

n

0

a2k
2p

n

(∫
A(k0,t)

fp
σ+ n

2p

) 2

n

≤C(k0, p)
k

2p

n

0

a2k
2p

n

.

Now we pick k sufficiently large such that the second term in the right hand
side of (3.7) can be absorbed by the first term. So we get

(∫
A(k,t)

|vk|2∗
) 2

2∗

≤ C(n, p, k0)

∫
A(k,t)

|∇vk|2,

which implies that

∂

∂t

∫
A(k,t)

v2k +

(∫
A(k,t)

v
2n

n−2

k

)n−2

n

≤ C(n, p, k0)

∫
A(k,t)

(|A|2 − n)v2k.

When k ≥ supM0
fσ, we have for t > 0

∫
A(k,t)

v2k +

∫ t

0

(∫
A(k,τ)

v
2n

n−2

k

)n−2

n

≤ C(n, p, k0)

∫ t

0

∫
A(k,τ)

(|A|2 − n)v2k.

Since we assume that the mean curvature is positive, the maximal exis-
tence time of the mean curvature flow is finite. Let [0, T ) be the maximal ex-
istence time interval, T <∞. At t0 ∈ [0, T ),

∫
A(k,t0)

v2k = supτ∈[0,T )

∫
A(k,τ) v

2
k.

Hence

∫
A(k,T )

v2k +

∫ T

0

(∫
A(k,τ)

v
2n

n−2

k

)n−2

n

≤ C(n, p, k0)

∫ T

0

∫
A(k,τ)

(|A|2 − n)v2k
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and

sup
τ∈[0,T )

∫
A(k,τ)

v2k+

∫ t0

0

(∫
A(k,τ)

v
2n

n−2

k

)n−2

n

≤ C(n, p, k0)

∫ t0

0

∫
A(k,τ)

(|A|2 − n)v2k.

Combining these two inequalities we get

sup
τ∈[0,T )

∫
A(k,τ)

v2k+

∫ T

0

(∫
A(k,τ)

v
2n

n−2

k

)n−2

n

≤ 2C(n, p, k0)

∫ T

0

∫
A(k,τ)

(|A|2 − n)v2k.

We recall the following interpolation inequality

||ϕ||q0 ≤ ||ϕ||θ1||ϕ||1−θq ,

where 1 ≤ q0 ≤ q and 0 < θ < 1. We pick θ = 1− 1
q0
, then

(∫
A(k,τ)

v2q0k

) 1

q0 ≤
(∫

A(k,τ)
v2k

)1− 1

q0

(∫
A(k,τ)

v
2n

n−2

k

)n−2

nq0

.

This implies

(∫ T

0

∫
A(k,τ)

v2q0k

) 1

q0

≤
{∫ T

0

[(∫
A(k,τ)

v2k

)q0−1(∫
A(k,τ)

v
2n

n−2

k

)n−2

n
]} 1

q0

≤ sup
τ∈[0,T )

(∫
A(k,τ)

v2k

) q0−1

q0

[ ∫ T

0

(∫
A(k,τ)

v
2n

n−2

k

)n−2

n
] 1

q0

≤ sup
τ∈[0,T )

∫
A(k,τ)

v2k +
1

q0

(q0 − 1

q0

)q0−1 ∫ T

0

(∫
A(k,τ)

v
2n

n−2

k

)n−2

n

≤ sup
τ∈[0,T )

∫
A(k,τ)

v2k +

∫ T

0

(∫
A(k,τ)

v
2n

n−2

k

)n−2

n

.
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Hence we get

(∫ T

0

∫
A(k,τ)

v2q0k

) 1

q0 ≤ 2C(n, p, k0)

∫ T

0

∫
A(k,τ)

(|A|2 − n)v2k.

Set ||A(k, t)|| := ∫ t
0 (

∫
A(k,τ) 1)dτ . By using the Hölder inequality, we have

(∫ T

0

∫
A(k,τ)

v2q0k

) 1

q0 ≥ ||A(k, T )|| 1

q0
−1

∫ T

0

∫
A(k,τ)

v2k

and ∫ T

0

∫
A(k,τ)

(|A|2 − n)v2k

≤
(
||A(k, T )||

)1− 1

r

{∫ T

0

∫
A(k,τ)

[
2n

(
α− 1

n
H2

)]r
v2rk

} 1

r

.

So we have for h ≥ k

|h− k|p||A(h, T )||

≤
∫ T

0

∫
A(h,τ)

v2k ≤
∫ T

0

∫
A(k,τ)

v2k

≤ C(n, p, k0)||A(k, T )||2−
1

q0
− 1

r

{∫ T

0

∫
A(k,τ)

[
2n

(
α− 1

n
H2

)]r
v2rk

} 1

r

.

Now we first choose r sufficiently large such that 2− 1
q0
− 1

r > 1, then pick
p and σ such that∫

A(k,τ)

[
2n

(
α− 1

n
H2

)]r
fpr
σ =

∫
A(k,τ)

(2n)rfpr
σ+ 1

p

satisfies the assumptions of Theorem 3.5 and Corollary 3.6. This implies
that {∫ T

0

∫
A(k,τ)

[
2n

(
α− 1

n
H2

)]r
v2rk

} 1

r

is bounded. Furthermore, choose k0 and k sufficiently large and let ϕ(k) =
||A(k, T )||. Then by Theorem 3.7, there is a constant d with

dp = C̄(n, p, k0)2
p(

2rq0−r−q0
3rq0−r−q0

)||A(k0, T )||1−
1

q0
− 1

r
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such that ϕ(k + d) = 0. Since T <∞, we have ||A(k0, T )|| ≤
∫ T
0

∫
Mτ

1 <∞
which is bounded independently of t. So fσ ≤ C <∞, t ∈ [0, T ), with a
uniform C for chosen p and σ.

Theorem 3.9. If H ≥ n
4
√
ε
at t = 0, there are positive constants C ∈ (0,∞)

and σ > 0 that depend on M0, such that for t ∈ [0, T )

|Å|2 ≤ C
(
α− 1

n
H2

)1−σ
.

3.7. Gradient estimate

In this subsection, we derive the gradient estimate of H, which is used to
obtain a Harnack type inequality of H.

We know that |∇H|2 satisfies the following evolution equation

( ∂

∂t
−Δ

)
|∇H|2 = −2|∇2H|2 +A ∗A ∗ ∇A ∗ ∇A.

Since |A|2 ≤ αε, H ≥ C(n) > 0 and |∇A|2 ≥ 3
n+2 |∇H|2, there are constants

λ and μ depending on M0 such that

( ∂

∂t
−Δ

)
|∇H|2 ≤ (λH2 + μ)|∇A|2.

By using similar computations as in [1, 2, 11], we have

Proposition 3.10. Let Ni, i = 1, 2, be arbitrary constants. Then there exist
constants C1 = C1(N2) and C2 = C2(N1, N2) such that

(i)
(

∂
∂t −Δ

)
H4 ≥ −12H2|∇H|2 + 4

nH
6,

(ii)
(

∂
∂t −Δ

)
((N1 +N2H

2)|Å|2) ≤ −4(n−1)
3n

(
(N2 − 1)H2|∇A|2 + (N1 −

C1)|∇A|2
)
+ C2|Å|2(1 +H4).

Now we prove the following

Theorem 3.11. For any η > 0, there is constant C(η) such that

|∇H|2 ≤ ηH4 + C(η).
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Proof. Define the function f = |∇H|2 + (N1 +N2H
2)|Å|2. Then( ∂

∂t
−Δ

)
f ≤(λH2 + μ)|∇A|2 − 4(n− 1)

3n
(N2 − 1)H2|∇A|2

− 4(n− 1)

3n
(N1 − C1)|∇A|2 + C2|Å|2(1 +H4).

We can pick N1 and N2 large enough such that the first term on the right
hand side of the above inequality can be absorbed by two negative terms on
the right hand side. So we get( ∂

∂t
−Δ

)
f ≤− 4(n− 1)

3n
(N2 − 1)H2|∇A|2

− 4(n− 1)

3n
(N1 − C1)|∇A|2 + C2|Å|2(1 +H4).

Let gη = f − ηH4. Then

( ∂

∂t
−Δ

)
gη ≤− 4(n− 1)

3n
(N2 − 1)H2|∇A|2 − 4(n− 1)

3n
(N1 − C1)|∇A|2

+ C2(N1, N2)|Å|2(1 +H4)− η(−12H2|∇H|2 + 4

n
H6).

We first choose N2 large enough such that the coefficient of H2|∇A|2 is
nonpositive, then choose N1 large enough such that the coefficient of H2 is
nonpositive. Discard these two terms and get( ∂

∂t
−Δ

)
gη ≤ C2(N1, N2)|Å|2(1 +H4)− 4η

n
H6.

Since |Å|2 ≤M∗(αε − 1
nH

2)1−σ ≤ C∗M0
(1 +H2)1−σ, we get

( ∂

∂t
−Δ

)
gη ≤ C3(N1, N2).

Hence there exists C(N1, N2) such that gη ≤ C(N1, N2). This completes the
proof. �

3.8. The convergence of mean curvature flow

Now we prove the following convergence theorem.

Theorem 3.12. If at t = 0, there holds H ≥ n
4
√
ε
and |A|2 ≤ αε(n,H) with

ε ∈ (0, 18), then the mean curvature flow equation has a smooth solution on
a finite time interval [0, T ) and M ′

ts shrink to a round point as t→ T .
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Proof. Since for any η > 0, there is C(η) such that |∇H| ≤ ηH2 + c(η),
and maxMt

H2 →∞ as t→ T , there is a time τ(η) such that C(η2 ) ≤
1
2η maxMt

H2. Hence |∇H| ≤ ηmaxMt
H2.

Next we estimate the Ricci curvature of Mt and wish to show that when
t→ T the Ricci curvature will approach to infinity.

Since |A|2 ≤ αε(n,H), by an inequality in [15], we have

RicMt
≥n− 1

n

(
n+

2

n
H2 − |A|2 − n− 2√

n(n− 1)
H|Å|

)

=− n− 1

n

(
|Å|+ (n− 2)H

2
√

n(n− 1)
+

√
n(n− 1)H2 + 4n(n− 1)2

2(n− 1)

)

×
(
|Å|+ n− 2

2
√

n(n− 1)
H −

√
n(n− 1)H2 + 4n(n− 1)2

2(n− 1)

)

=
n− 1

n

(
4n− 4 + 4ε− n2

2n(n− 1 + ε)
H2 +

n(n− 2)
√

H4 + 4(n− 1)H2

2n(n− 1 + ε)

)

− n− 1

n

n− 2√
n(n− 1)

H

×
√

n+
n2 − 2n+ 2− 2ε

2n(n− 1 + ε)
H2 − n(n− 2)

√
H4 + 4(n− 1)H2

2n(n− 1 + ε)
.

When H2 ≥ (n−1+ε)2

2(n−1+ε) , we have

√
1 + 4(n−1)

H2 ≥ 1 + n−1+ε
H2 . So,

RicMt
≥n− 1

n

(
n− 2 + 2ε

n(n− 1 + ε)
H2 +

n− 2

2

)

− n− 1

n

n− 2√
n(n− 1)

H

√
n+ 2

2
+

1− ε

n(n− 1 + ε)
H2.

Hence

RicMt

H2
≥ n− 1

n2
√
n− 1− ε

(
n− 2 + 2ε√
n− 1 + ε

− (n− 2)

√
1− ε

n− 1

)
:= CRic(n, ε) > 0.

So if H ≥ n
4
√
ε
, then

RicMt
≥ n− 1

2n
CRic(n, ε)H

2 ≥ n− 1

2n
CRic(n, ε)C

2(n, ε).

Then by the Myers-Bonnet theorem, the diameter of Mt has a uniform
upper bound. For any x, y ∈Mt, there is a geodesic with length less than
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a constant D(n, ε) depending only on n, ε connecting x and y. Choose η
sufficiently small and integrate |dH| along the geodesic, then we see that
there is a constant ζ(n, ε) > 0 such that H(x, t) ≥ ζmaxMt

H, t ∈ [0, T ).
Hence limt→T minMt

H =∞. Hence the Myers-Bonnet theorem implies that
limt→T diam(Mt) = 0.

To see that the limit point is round, we can use the same argument as in
[13] since the Bishop-Gromov volume comparison theorem holds under the
condition on the Ricci curvature. �

4. Convergence of mean curvature flow under curvature
pinching: II

In this section, we give the proof of Theorem 1.4. We follow the procedure
in Section 3. Set

αs,ε(n,H) = (s− 4ε) +
s

2(n− 1 + ε)
H2 − s− 2

2(n− 1 + ε)

√
H4 + 4(n− 1)H2,

for ε ∈ (0, 1/8) and let Qs,ε = |A|2 − αs,ε(n,H).

4.1. Preserving the curvature pinching condition

We first show that a curvature pinching condition is preserved under the
mean curvature flow (1.1).

Theorem 4.1. Let n ≥ 3 and suppose we have on M0

Qs,ε < 0, where 2 ≤ s ≤
{
3, n ≥ 4
12
5 , n = 3

,

then it is preserved under the mean curvature flow (1.1).

Proof. For a positive constant s, define

αs(n,H) = s+
s

2(n− 1)
H2 − s− 2

2(n− 1)

√
H4 + 4(n− 1)H2,

and set Qs = |A|2 − αs(n,H). We first show that if Qs = 0 at a point, then
( ∂
∂t −Δ)Qs ≤ 0. As in Section 3, we have

( ∂

∂t
−Δ

)
Qs ≤ Gs +R1,s +R2,s,
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where

Gs =

(
− 6

n+ 2
+

s

n− 1
− s− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)
|∇H|2,

R1,s = (2|A|4 + 4H2 − 2n|A|2)
−
(

s

n− 1
− s− 2

n− 1

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)
(|A|2H2 + nH2),

R2,s =
s− 2

n− 1

2(n− 1)2|∇H2|2
(
√

H4 + 4(n− 1)H2)3
.

For R1,s, we have

1

2
R1,s =(|A|4 + 2H2 − n|A|2)

−
(

s

2(n− 1)
− s− 2

2(n− 1)

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

)
(|A|2H2 + nH2)

=|A|4 + 2H2 −
(
n+

sH2

2(n− 1)
− s− 2

2(n− 1)

H2 + 2(n− 1)√
H4 + 4(n− 1)H2

+
(s− 2)H2√

H4 + 4(n− 1)H2

)
|A|2 − n

(
sH2

2(n− 1)

− (s− 2)
√

H4 + 4(n− 1)H2

2(n− 1)
+

(s− 2)H2√
H4 + 4(n− 1)H2

)
.

If |A|2 − αs,ε(n,H) = 0 at a point, then for s ∈ [2, 3],

1

2
R1,s ≤(n− s)

(
s− 2

n− 1

(
H4√

H4 + 4(n− 1)H2
−H2

)

+
3(s− 2)H2 − s

√
H4 + 4(n− 1)H2√

H4 + 4(n− 1)H2

)
≤ 0.

For other two terms, we have

Gs +R2,s ≤
(
(s− 6)n+ 2s+ 6

(n+ 2)(n− 1)
− s− 2

n− 1

H2(H4 + 6(n− 1)H2)

(
√

H4 + 4(n− 1)H2)3

)
|∇H|2.

Under the condition 2 ≤ s ≤
{
3, n ≥ 4
12
5 , n = 3

, we have Gs +R2,s ≤ 0. Hence

( ∂
∂t −Δ)Qs ≤ 0.
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By using a similar computation, we can show that if Qs,ε = |A|2 −
αs,ε(n,H) = 0 at a point for ε > 0, then ( ∂

∂t −Δ)Qs,ε ≤ 0 at the same point.
This implies that Qs,ε ≤ 0 is preserved under the mean curvature flow. Since
M0 is compact, we can find such positive constant ε. This completes the
proof. �

4.2. The differential inequality

In this subsection, we assume that |A|2 ≤ αs,ε := αs,ε(n,H). Define fσ =
|Å|2

(ᾱs,ε− 1

n
H2)1−σ , σ ≥ 0, where

ᾱs,ε :=ᾱs,ε(n,H)

=(s− 4ε) +

(
s

2(n− 1 + ε)
+

ε

n(n− 1 + ε)

)
H2

− s− 2

2(n− 1 + ε)

√
H4 + 4(n− 1)H2.

We compute the evolution equation of fσ as in Section 3.

( ∂

∂t
−Δ

)
fσ =

−2|∇A|2 + 2
n |∇H|2

(ᾱs,ε − 1
nH

2)1−σ
+

2|A|4 + 2H2 − 2n|A|2 − 2
n |A|2H2

(ᾱs,ε − 1
nH

2)1−σ

+ (1− σ)
fσ

(
sn−2n+2
n(n−1+ε) − s−2

n−1+ε
H(H2+(6n−6))
(
√

H2+4(n−1))3
)
|∇H|2

ᾱs,ε − 1
nH

2

− (1− σ)
fσ

(
sn−2n+2
n(n−1+ε) − s−2

n−1+ε
H2+2n−2√

H4+4(n−1)H2

)
(|A|2 + n)H2

ᾱs,ε − 1
nH

2

+ 2(1− σ)
∇ifσ∇i(ᾱs,ε − 1

nH
2)

(ᾱs,ε − 1
nH

2)2−σ
+ σ(σ − 1)

fσ|∇(ᾱs,ε − 1
nH

2)|2
(ᾱs,ε − 1

nH
2)2

.

Δfσ =∇i∇ifσ

=∇i

( ∇i|Å|2
(ᾱs,ε − 1

nH
2)1−σ

+ (σ − 1)
|Å|2∇i(ᾱs,ε − 1

nH
2)

(ᾱs,ε − 1
nH

2)2−σ

)

=
Δ|Å|2

(ᾱs,ε − 1
nH

2)1−σ
+ 2(σ − 1)

∇i|Å|2∇i(ᾱs,ε − 1
nH

2)

(ᾱs,ε − 1
nH

2)2−σ

+ (σ − 1)
fσΔ(ᾱs,ε − 1

nH
2)

ᾱs,ε − 1
nH

2
+ (σ − 2)(σ − 1)

fσ|∇(ᾱs,ε − 1
nH

2)|2
(ᾱs,ε − 1

nH
2)2

.
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Hence

( ∂

∂t
−Δ

)
fσ =

(
∂
∂t −Δ

)
|Å|2

(αs,ε − 1
nH

2)1−σ
− 2(σ − 1)

∇i|Å|2∇i(αs,ε − 1
nH

2)

(αs,ε − 1
nH

2)2−σ

+ (σ − 1)
fσ

(
∂
∂t −Δ

)
(ᾱs,ε − 1

nH
2)

ᾱs,ε − 1
nH

2

− (σ − 2)(σ − 1)
fσ|∇(ᾱs,ε − 1

nH
2)|2

(ᾱs,ε − 1
nH

2)2

=

(
∂
∂t −Δ

)
|Å|2

(ᾱs,ε − 1
nH

2)1−σ
+ (σ − 1)

fσ

(
∂
∂t −Δ

)
(ᾱs,ε − 1

nH
2)

ᾱs,ε − 1
nH

2

− 2(σ − 1)
∇ifσ∇i(ᾱs,ε − 1

nH
2)

ᾱs,ε − 1
nH

2

+ σ(σ − 1)
fσ|∇(ᾱs,ε − 1

nH
2)|2

(ᾱs,ε − 1
nH

2)2
.

We also have( ∂

∂t
−Δ

)
ᾱs,ε

=

(
s

n− 1 + ε
− s− 2

n− 1 + ε
· H2 + 2n− 2√

H4 + 4(n− 1)H2

)
(|A|2 + n)H2

+

( −s
n− 1 + ε

+
s− 2

n− 1 + ε
· H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3

)
|∇H|2,

which implies

( ∂

∂t
−Δ

)(
ᾱs,ε − 1

n
H2

)
=

(
sn− 2n+ 2

n(n− 1 + ε)
− s− 2

n− 1 + ε
· H2 + 2n− 2√

H4 + 4(n− 1)H2

)
(|A|2 + n)H2

+

(−s+ 2n− 2

n(n− 1 + ε)
+

s− 2

n− 1 + ε
· H(H2 + (6n− 6))

(
√

H2 + 4(n− 1))3

)
|∇H|2.

Since σ ∈ (0, 1) and fσ ≤ (αs,ε − 1
nH

2)σ, we have

( ∂

∂t
−Δ

)
fσ =

−2|∇A|2 + 2
n |∇H|2

(ᾱs,ε − 1
nH

2)1−σ
+

2|A|4 + 2H2 − 2n|A|2 − 2
n |A|2H2

(ᾱs,ε − 1
nH

2)1−σ
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+ (1− σ)
fσ

(
sn−2n+2
n(n−1+ε) − s−2

n−1+ε · H(H2+(6n−6))
(
√

H2+4(n−1))3
)
|∇H|2

ᾱs,ε − 1
nH

2

− (1− σ)
fσ

(
sn−2n+2
n(n−1+ε) − s−2

n−1+ε · H2+2n−2√
H4+4(n−1)H2

)
(|A|2 + n)H2

ᾱs,ε − 1
nH

2

+ 2(1− σ)
∇i|Å|2∇i(ᾱs,ε − 1

nH
2)

(ᾱs,ε − 1
nH

2)2−σ
+ σ(σ − 1)

fσ|∇(ᾱs,ε − 1
nH

2)|2
(ᾱs,ε − 1

nH
2)2

.

We discard the last term since it is nonpositive.
To estimate the gradient terms, we have

G′ :=
−2|∇A|2 + 2

n |∇H|2
(ᾱs,ε − 1

nH
2)1−σ

+ (1− σ)
fσ

(
sn−2n+2
n(n−1+ε) − s−2

n−1+ε · H(H2+(6n−6))
(
√

H2+4(n−1))3
)
|∇H|2

ᾱs,ε − 1
nH

2

≤−
6

n+2 |∇H|2 + 2
n |∇H|2

(ᾱs,ε − 1
nH

2)1−σ

+ (1− σ)

(
sn−2n+2
n(n−1+ε) − s−2

n−1+ε · H(H2+(6n−6))
(
√

H2+4(n−1))3
)
|∇H|2

(ᾱs,ε − 1
nH

2)1−σ

≤
(
− 4n− 4

n(n+ 2)
+

sn− 2n+ 2

n(n− 1 + ε)

) |∇H|2
(ᾱs,ε − 1

nH
2)1−σ

≤ − 2ε∇|∇H|2
(ᾱs,ε − 1

nH
2)1−σ

for some positive constant ε∇ under the assumptions s ∈ [2, 94 ] and ε ∈ (0, 18).
For the remaining terms in the evolution equation of fσ, we have

R′ :=
2|A|4 + 2H2 − 2n|A|2 − 2

n |A|2H2

(ᾱs,ε − 1
nH

2)1−σ

− (1− σ)
fσ

(
sn−2n+2
n(n−1+ε) − s−2

n−1+ε · H2+2n−2√
H4+4(n−1)H2

)
(|A|2 + n)H2

ᾱs,ε − 1
nH

2

= 2fσ(|A|2 − n)

×
(
1−

(1− σ)
(

sn−2n+2
n(n−1+ε) − s−2

n−1+ε · H2+2n−2√
H4+4(n−1)H2

)
(|A|2 + n)H2

2(ᾱs,ε − 1
nH

2)(|A|2 − n)

)
.
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If |A|2 ≤ n, then R′ ≤ 0. Now we assume ᾱs,ε ≥ |A|2 > n.

Cσ :=

(
sn−2n+2
n(n−1+ε) − s−2

n−1+ε · H2+2n−2√
H4+4(n−1)H2

)
(|A|2 + n)H2

2(ᾱs,ε − 1
nH

2)(|A|2 − n)

=

1
2

(
sn−2n+2
n(n−1+ε) − s−2

n−1+ε · H2+2n−2√
H4+4(n−1)H2

)
(|A|2 + n)H2

(
sn−2n+2
2n(n−1+ε)H

2 − s−2
2(n−1+ε)

√
H4 + 4(n− 1)H2 + s− 4ε

)
(|A|2 − n)

=

(
1−

s− 4ε− (s−2)(n−1)
n−1+ε · H2√

H4+4(n−1)H2

sn−2n+2
2n(n−1+ε)H

2 − (s−2)
√

H4+4(n−1)H2

2(n−1+ε) + s− 4ε

)(
1 +

2n

|A|2 − n

)

≥
(
1−

s− 4ε− (s−2)(n−1)
n−1+ε · H2√

H4+4(n−1)H2

sn−2n+2
2n(n−1+ε)H

2 − (s−2)
√

H4+4(n−1)H2

2(n−1+ε) + s− 4ε

)(
1 +

2n

αs,ε − n

)
.

We wish to show that Cσ ≥ 1. We assume that s ∈ [2, 94 ], ε ∈ (0, 18) and
σ ∈ (0, 12ε). By a long but direct computation, we see that

2n

αs,ε − n
−

s− 4ε− (s−2)(n−1)
n−1+ε · H2√

H4+4(n−1)H2

sn−2n+2
2n(n−1+ε)H

2 − s−2
2(n−1+ε)

√
H4 + 4(n− 1)H2 + s− 4ε

≥ 2n

αs,ε − n
·

s− 4ε− (s−2)(n−1)
n−1+ε · H2√

H4+4(n−1)H2

sn−2n+2
2n(n−1+ε)H

2 − s−2
2(n−1+ε)

√
H4 + 4(n− 1)H2 + s− 4ε

.

This implies Cσ ≥ 1. Hence we have proved the following

Theorem 4.2. Let n ≥ 3 and suppose |A|2 ≤ αs,ε(n,H), s ∈ [2, 94 ], ε ∈
(0, 18) and σ ∈ (0, 12ε) at t = 0. Then there is a positive constant ε∇ de-
pending only on n such that following inequality holds.

( ∂

∂t
−Δ

)
fσ ≤− 2(σ − 1)

∇ifσ∇i(ᾱs,ε − 1
nH

2)

ᾱs,ε − 1
nH

2

− 2ε∇
(ᾱs,ε − 1

nH
2)1−σ

|∇H|2 + 2σ(|A|2 − n)fσ.(4.1)
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4.3. The estimate of Z

As before,

Z = −|Å|4 + 1

n
|Å|2H2 +H

n∑
i=1

λ̊3
i

and

H

n∑
i=1

λ̊3
i ≥ −

n− 2√
n(n− 1)

H|Å|3 ≥ −μ

2
|Å|4 − 1

2μ

(n− 2)2

n(n− 1)
|Å|2H2.

Hence

Z + n|Å|2
|Å|2(ᾱs,ε − 1

nH
2)

≥
n+

(
1
n − 1

2μ
(n−2)2
n(n−1)

)
H2 − μ+2

2 |Å|2
ᾱs,ε − 1

nH
2

≥
1

2(n−1)H
2 + n− n

2

(
s− ε+ (s−2)n+2−2ε

2n(n−2+ε) H2 − (s−2)
√

H4+4(n−1)H2

2(n−1+ε)

)
ᾱs,ε − 1

nH
2

.

Here we have used |A|2 ≤ ᾱs,ε(n,H), and assumed ε ∈ (0, 12) and μ = n− 2.

We first assume s < 2 + ε. Since
√

H4 + 4(n− 1)H2 ≤ H2 + 2(n− 1),
we have

Z + n|Å|2
|Å|2(αs,ε − 1

nH
2)
≥

1
2

(
1

n−1 − 1−ε
n−1+ε

)
H2 + n− n

2 (s− ε)

αs,ε − 1
nH

2
≥ εZn > 0.

Secondly, if s ≥ 2 + ε, we assume H2 ≥ 2(n−1−θ/2)2
θ , θ > 0. Then

√
H4 + 4(n− 1)H2 ≥ H2 + 2n− 2− θ.

Hence

Z + n|Å|2
|Å|2(ᾱs,ε − 1

nH
2)
≥

1
2

(
1

n−1 − 1−ε
n−1+ε

)
H2 + n− n

2 (s− ε) + n(n−2)(2n−2−θ)
4(n−1+ε)

ᾱs,ε − 1
nH

2
.

If we pick θ = 4(n−1)ε
s−2 , then the right hand side of the inequality above has

a positive uniform lower bound. Hence we have proved
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Theorem 4.3. If H2 ≥ sgn(s− 2− ε) (n−1)
3/2(s−2)1/2√

ε
at t = 0, then there is

a positive constant εZ independent of n such that we have

Z + n|Å|2
|Å|2(ᾱs,ε − 1

nH
2)
≥ εZn > 0, t ∈ [0, T ).

4.4. The integral inequality

As in Section 3, we have

Δfσ ≥2(̊hij∇j∇jH + Z + n|Å|2 + |∇Å|2)
(ᾱs,ε − 1

nH
2)1−σ

+ 2(σ − 1)
∇ifσ∇i(ᾱs,ε − 1

nH
2)

ᾱs,ε − 1
nH

2

+ (σ − 1)
fσHΔH

ᾱs,ε − 1
nH

2

(
sn− 2n+ 2

n(n− 1 + ε)
− s− 2

n− 1 + ε
· H2 + 2n− 2√

H4 + 4(n− 1)H2

)
.

Multiplying both sides of the above inequality by fp−1
σ and integrating on

Mt, we get∫
Mt

fp−1
σ Δfσ

≥
∫
Mt

2̊hij∇i∇jHfp−1
σ

(ᾱs,ε − 1
nH

2)1−σ
+

∫
Mt

2(Z + n|Å|2)fp−1
σ

(ᾱs,ε − 1
nH

2)1−σ

+

∫
Mt

2(σ − 1)fp−1
σ ∇ifσ∇i(ᾱs,ε − 1

nH
2)

ᾱs,ε − 1
nH

2

+

∫
Mt

(σ − 1)fp
σHΔH

ᾱs,ε − 1
nH

2

(
sn− 2n+ 2

n(n− 1 + ε)
− s− 2

n− 1 + ε
· H2 + 2n− 2√

H4 + 4(n− 1)H2

)
.

The second term (we denote it by S2) of the right hand side of the inequality
above is not bigger than

− (p− 1)

∫
Mt

fp−2
σ |∇fσ|2 + 2(p− 1)

∫
Mt

fp−2
σ |∇fσ||∇H||Å|
(ᾱs,ε − 1

nH
2)1−σ

+
2(n− 1)

n

∫
Mt

fp−1
σ |∇H|2

(ᾱs,ε − 1
nH

2)1−σ
+ 2(1− σ)

∫
Mt

fp−1
σ H|rs||∇H|2|Å|
(ᾱs,ε − 1

nH
2)2−σ

+ (1− σ)(p− 2)

∫
Mt

fp−1
σ H|rs||∇fσ||∇H|

ᾱs,ε − 1
nH

2
+ (1− σ)

∫
Mt

fp
σH2|rs||∇H|2
(ᾱs,ε − 1

nH
2)2

−
∫
Mt

(
8(1− σ)fp

σ

ᾱs,ε − 1
nH

2

s− 2

n− 1 + ε

H2(n− 1)2√
H4 + 4(n− 1)H23

)
|∇H|2,



366 Yan Li, Hongwei Xu and Entao Zhao

where rs = rs(n,H) = sn−2n+2
n(n−1+ε) − s−2

n−1+ε · H2+2n−2√
H4+4(n−1)H2

. Since H > 0 on

M0, there is a positive constant θ such that H ≥ θ > 0 for all t. It is easy to
see that |rs| ≤ C <∞. We may assume C ≥ 1 > 2

n(n−1+ε) . Hence

S2 ≤
(C
a
· p− 2

η
+

p− 1

η
− p+ 1

)∫
Mt

fp−2
σ |∇fσ|2

+
(
2 +

4C√
a
+

4C2

a
+ η(p− 1 + cp− 2c)

)∫
Mt

fp−1
σ |∇H|2

(ᾱs,ε − 1
nH

2)1−σ
.

As in Section 3, we have

∂

∂t

∫
Mt

fp
σ

≤
(
− p(p− 1) +

p

μ
+

2pσ

εZ

(C
a
· p− 2

η
+

p− 1

η
− p+ 1

))∫
Mt

fp−2
σ |∇fσ|2

+

(
2p(μ− ε∇) +

2pσ

εZ

(
2 +

4C√
a
+

4C2

a
+ η(p− 1 + cp− 2c)

))

×
∫
Mt

fp−1
σ |∇H|2

(ᾱs,ε − 1
nH

2)1−σ
.

We pick μ = 4
p−1 , p ≥ max{2, 1 + 8

ε∇
, 9C42

ε∇
} and

0 < σ <
−3C2 +

√
9C4 + (ε∇ − 4

p−1)
8C2p2

3εZ(p−1)
16C2p2

3εZ(p−1)
= O

( 1√
p

)
.

Then we get

−p(p− 1) +
p

μ
+

2pσ

εZ

(C
a
· p− 2

η
+

p− 1

η
− p+ 1

)
≤ 0,

2p(μ− ε∇) +
2pσ

εZ

(
2 +

4C√
a
+

4C2

a
+ η(p− 1 + cp− 2c)

)
≤ 0.

So we have proved the follwing

Theorem 4.4. If

p > max
{
2, 1 +

8

ε∇
,
9C42

ε∇

}
and 0 < σ < σ +

m

p
<

εZ
√
ε∇

16
√
Cp

,
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then
∂

∂t

∫
Mt

fp
σ ≤ 0 and

∂

∂t

∫
Mt

fp
σ+m

p

≤ 0.

Now we can carry out the Stampacchia iteration process and the gradi-
ent estimate to complete the proof of the smooth convergence of the mean
curvature flow.
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