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Contracting Pinched Hypersurfaces in
Spheres by Their Mean Curvature

YAN L1, HONGWEI XU AND ENTAO ZHAO

Abstract: In this paper, we study an open problem proposed in
[10]. We prove that the mean curvature flow of hypersurfaces in the
sphere will contract to a round point in finite time if the initial hy-
persurface satisfies a curvature pinching condition. Our theorem is
a partial improvement of the convergence theorem due to Huisken
[7].
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1. Introduction

Let Fy: M™ — S™! be a smooth immersion from an n-dimensional Rie-
mannian manifold without boundary to an (n + 1)-dimensional unit sphere
S"*1. The mean curvature flow is a one-parameter family of smooth immer-
sions F': M x [0,T) — S"*! satisfying

%F(x,t) = ﬁ(x,t),
(1.1) { }67(:0,0) = Fo(x),

where ﬁ(x,t) is the mean curvature vector of M; = Fy(M) and Fy(z) =
F(x,t). Let H = —Huv, where v is a unit normal vector field of M in S"*+1.

The mean curvature flow was proposed by Mullins [8] to describe the for-
mation of grain boundaries in annealing metals. In [3], Brakke introduced
the motion of a submanifold by its mean curvature in arbitrary codimension
and constructed a generalized varifold solution for all time. For the classical
solution of the mean curvature flow, Huisken [5] showed that if the initial
hypersurface in the Euclidean space is compact and uniformly convex, then
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the mean curvature flow converges to a round point in finite time. Later, he
generalized this convergence theorem to the mean curvature flow of hyper-
surfaces in a Riemannian manifold in [6]. He also studied in [7] the mean
curvature flow of hypersurfaces satisfying a pinching condition in a sphere.

Theorem 1.1 ([7]). Let n > 2 and My be a smooth closed immersed hy-
persurface in the unit sphere S"*1. Suppose we have on M

3772 | 4
3p2 4 4 —2
(1.2) PIERR i A

Then one of the following holds:
a) Equation (1.1) has a smooth solution M; on a finite time interval
0 <t < T and the My’s converge uniformly to a single round point ast — T'.
b) Equation (1.1) has a smooth solution My for all 0 <t < oo and the
My’s converge in the C'°°-topology to a smooth totally geodesic hypersurface
M.

Theorem 1.1 implies that all hypersurfaces of S"*! satisfying (1.2) are
diffeomorphic to S™. A more general differentiable sphere theorem for com-
plete submanifolds in spheres were proved in [16]. More precisely, let M be
an oriented complete submanifold in the unit sphere S"*¢ with codimension
g>1.1f n>2 and if

(1.3) AM) = sup (1P - ﬁ\ﬁﬁ ~2) <0,

then M is diffeomorphic to the standard sphere. Moreover, the pinching
condition (1.3) is optimal in the sense that for any € > 0, there is a posi-

tive constant ;> 0 such that the submanifold S* (ﬁ) x Sn—1 (ﬁ) C
St € §"H4 satisfies A2 < ﬁ|ﬁ|2 +2+e.
For any n > 2 and k € R, we define

a(n,k) =n+ ﬁﬁ? — 2(7:1__21)\//-@4 +4(n — 1)K2.

Shiohama-Xu [15] proved the following sphere theorem for submanifolds.
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Theorem 1.2 ([15]). Let M be an oriented complete submanifold in the
unit sphere S*4 with codimension q¢ > 1. Suppose

(1.4) A(M) 1= sup(|AP* - (n, [H])) <

If n > 2 and n # 3, then M is homeomorphic to a sphere. If n = 3, then M
1s diffeomorphic to a spherical space form.

The pinching condition (1.4) is optimal since the submanifold
St (\/W) x St (\/ﬁT) C S"*L C S"T9 with some p > 0 satisfies |A|?> =

a(n,|H|) (see Example 2 in [15]). It is easy to see that (1.4) is implied by
(1.3). So it is a natural question that if a complete submanifold in the unit
sphere S"T7 satisfying (1.4) is diffeomorphic to the standard sphere. In this
paper, we give some partial answers to this problem.

To state our first theorem, we define the following

n n—2
H)=(n—-4 H? - H* + 4(n — 1)H?2

where ¢ is a positive constant.

Theorem 1.3. Let n > 3 and My be a smooth closed immersed hypersur-
face in the unit sphere S*1. Suppose there is a positive constant € (0, 8)
such that at M,

(1.5) |A[2 < a.(n,H)

|
% 3

Then equation (1.1) has a smooth solution My on a finite time interval
0 <t < T and the M;’s converge uniformly to a single round point ast — T .

As a consequence of Theorem 1.3, all smooth closed hypersurfaces in
S™t satisfying (1.5) are diffeomorphic to the standard sphere.
Similarly, we define

s 2 5—2

H)=(s—4 H
ase(n,H) = (s 5)+2(n—1+€) 2(n—1+¢)

VH* +4(n - 1)H?,

where s and ¢ are positive constants.
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Theorem 1.4. Let n > 3 and My be a smooth closed immersed hypersur-
face in the unit sphere S*T1. Suppose there are positive constants e € (0, %)
and s € [2,9] such that at My

(1.6)

|A]? < ase(n,H) and H > max {O,Sgn(s —2—¢)

(n—1)13(s — )12
o)

Then equation (1.1) has a smooth solution M; on a finite time interval
0 <t < T and the My’s converge uniformly to a single round point ast — T'.

As a consequence of Theorem 1.4, all smooth closed hypersurfaces in
S"*! satisfying (1.6) are diffeomorphic to the standard sphere.

The paper is organized as follows. In Section 2, we introduce some basic
definitions in submanifold theory, recall some evolution equations along the
mean curvature flow, and derive the evolution of the quantity @ = |A|> —
a(n, H). In Section 3, we give the proof of Theorem 1.3. We first show that
a pinching condition is preserved along the mean curvature flow, then we
derive a pinching estimate for the tracefree second fundamental form. We
also give an estimate of the gradient of the mean curvature in Section 3.
These estimates are used to give the proof of Theorem 1.3. Using the similar
stages we give the proof of Theorem 1.4 in Section 4.

2. Preliminaries

In this section, we introduce some basic definitions in submanifold the-
ory and recall some evolution equations along the mean curvature flow in
spheres. Let Fy : M — S™t! be a smooth immersion of codimension 1 from
an n-dimensional closed manifold M into an (n + 1)-dimensional unit sphere
S"*1. Denote by g and du the induced metric and the volume form on M.
Let A and H be the second fundamental form and the mean curvature vec-
tor of M in S"! respectively. Choose a local orthonormal frame {e;} for
the tangent bundle and let v be the unit normal vector. Let {w;} be the
dual frame of {e;}. Then A and H can be written as

n n
A:—Zhijwi®wj®u, ﬁ:—HV, H:Zh”
ij—=1 i—1
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The tracefree second fundamental form A is defined by

n
. . . 1
A=— | E lhijwi Qwj v, hyj=hi— EH(SZ-];
)=

Let F: M™ x [0,T) — S""! be a family of immersions satisfying the
mean curvature flow equation (1.1) with initial value Fy. We have the fol-
lowing evolution equations [7].

(2.1) %]A\Q = A|AP? = 2|VA]? +2|A* + 4H? — 2n|A)?,
9 2
(2.2) S = AH+ (AP +n)H.

The volume form du; evolves as

)
(2.3) o e = —H?dy.

Set Q = |A|?> — a(n, H). Now we derive the evolution equation of Q.

0 0
QQ:QAP— n 9H2+n_2.H2§H2+2(n_1)5H2,
ot ot 2n—2 Ot 2n — 2 VHY+4(n — 1)H?
—2 H?V'H? 4+ 2(n—1)V'H?
2n —2 2n —2 \/H4—|—4(n—1)H2
—AJAP - AR
2n —2
n—2 H?VV,H?+V'H?>V;H? +2(n —1)V'V,;H?
2n — 2 VH*+4(n — 1)H?

_ n—2 HYVH?+4(n—1)H*|VH?]* +4(n - 1)*|VH?]
2n -2 (VH*+4(n —1)H?2)3 '
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Hence

(% —A>Q:<% —A)|A|2 B 2nn—2(% —A)HQ

noa (- )+ 20— 1)(§ - A)m

2n —2 \/H4+4(n—1)H2

n—2 HYVH??+4(n—1)H?VH?]> + 4(n — 1)?|VH??
2n -2 (VHY+4(n — 1)H?)3

n—2 |VH?|?

C2m—2 \/H4+4(n—1)H2'

Inserting (2.1) and (2.2) to the equation above we get

(gt - A)Q —(—2| VA + 2|AP* + 4H? — 2n|AP)

n
2n —2
-2 H? 4 2(n—1
+ : +2n -1 (—2|VH|? +2|A|*H? + 2nH?)
2n—2 \/H*+4(n—1)H?
n—2 4(n —1)?|VH??

=2 (VA A(n - DI

(=2|VH|* 4 2|A|*H? 4 2nH?)

_l’_

From [5], we have the inequality |V A > %H‘VH |2. Hence

(2.4) (gt - A)Q <G+ Ry + Ry,

_ 2 —
G-(— 6 L_n_n 2( H*+2(n-1) >)]VH]2,
n+2 n-1 n—1\\/H +4(n—1)H?

n—2 4(n —1)?|VH??
2n —2 (\/H4 + 4(n — 1)H2)3’

Ry

Ry =(2|A|* +4H? — 2n|A?)
_< n_ n-2 H? +2(n—1)
2n—2 2n—2 \/H4—|—4(n—1)H2

)(21,4\2}12 +2nH?).



Contracting Pinched Hypersurfaces in Spheres... 335

3. Convergence of mean curvature flow under curvature
pinching: I

In this section, we will give the proof of Theorem 1.3 by splitting the proof
into several theorems. Let F, : M™ — S"! be a mean curvature flow solu-
tion on a maximal existence time interval [0, 7).

3.1. Preserving the curvature pinching condition

We first show that a curvature pinching condition is preserved under the
mean curvature flow (1.1).

Theorem 3.1. Let n > 3 and suppose we have on My

Q@ <0and H >

n,

7
then these inequalities are preserved under the mean curvature flow (1.1).

Proof. From the evolution equation (2.2) and the maximum principle, we
see that the inequality H > %\/gn is preserved under the mean curvature
flow (1.1). In fact, the inequality is improved along the mean curvature flow.

To prove that @ < 0 is preserved, we first show that if Q = 0 at a point
in space-time, then (% — A)Q < 0 at the same point.

Firstly, we have

Ry =(2|A* + 4H? — 2n|A]?)
_( n_ n-2 H? +2(n—1)
2n—=2 2n-2 \/H*+44(n—1)H?

>(2|A|2H2 + 2nH?).

By a direct computation, we see that «(n, H) is a positive solution to Ry = 0
as an equation of |A|2. More precisely, we see that when |A|? = a(n, H),

Ry =2(a?(n, H) + 2H? — na(n, H))
2( n n—2 H? +2(n—1)
2n—2 2n-2 /H*+44(n—1)H?

)(H2a(n, H) +nH?)

=0.
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For G + Ry, we have

6
G+R1§<—+

-2 H3+6(n—1)H
= )IVHI2—n iU L M)
n

n—1 (VI A - 1)

Set ¢(1) = A6V phep ¢ < 1and TEIJPOO@(T) = 1. When n > 3, one

(V7 +4(n—-1))?
has
6 n n—2 —4n 4+ 10
n+2 n—-1 n—-1 nm+2)(n—-1)
By a direct computation, we have p(7) > 1 — 4” 10 pr0V1ded T > 4=. Hence,

if H > =, one has G + Ry < (— n+2+7—7+ 4772_140)\VH\2§0,
which implies that (% — A)Q < 0 at the point where Q =0.

Since we assume Q = |A[? — a(n, H) <0 at t = 0, there is a positive
constant ¢ such that Q = |A|? — ae(n, H) < 0, where

n 9 n—2

ag(n,H):(n—4E)+2(n_1+5) C2(n—1+¢)

VH* 4+ 4(n —1)H?2,

By using a similar computation, we can show that if Q = 0 at a point, then
(% —A)Q <0 at the same point. This implies that @) < 0 is preserved

under the mean curvature flow. O

3.2. A differential inequality

In this subsection, we assume at t = 0 that |A|?> < a.(n, H) for a positive
constant & € (0, ). ]

Kl
(a—7 H?)' =7
and in the following we write a(n, H) as a for short. Now we compute the
evolution of f,. Since

Define a function f, = for a nonnegative constant o, where

a 2140-2 A2 _lHQ
94 8t1| | i (o- )\ *5 (1 )
ot (a_EHZ)l o ( _ H2)2 o
QAQ —*H2
—— 8tl| | — + (0_ _ 1) f"@t(a I )
(a—HHQ)l g CY—EHQ
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and

Afy =V'Vifs
; VilAP? foVila — 2H?)
:v<(a_1[_[2)1_0+(0—1) a—lHQ
_ ViR VARV e - LB
(o — %HQ)l_U (o — %H2)2—‘7
VAPV (a — LH?) . |APViVi(a — LH?)
(a — LH?)2-0 +(o—1) (a — LH?)2—0
APV (@ — 3 H*)Vi(a — SH?)
(o — S H?)3=o
Vil APVi(a — 1 H?)
(Oé _ %H2)2—0
folVia — S H?)P
(o — %HQ)2 '

+ (0 —1)

+(c—2)(c—1)

r +(c—=2)(c—1)

we have

9 (% - A) |A” Vil A2Vi(a — LH?)
(a — A)fo :W — 2(0 — 1) (a — %H?)Q—U
1o (& - A) (@ - Lr2)
1) oa— LH?2
folV(a = 2 H?)P
(o — %H2)2

+ (0 —

—(0—=2)(c —1)

Since

VIA!
- ipzyie POV T

n

vfa’ =

we have
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Then we get
(2 a); B Gt L AN e Gt
ot " la—Ipie T\ a—1H?
vfovl( 1H2) fa‘v(a_%HQ)P
—2(c—1) —1H2 +2(0 — 1)? (@ _1m)
fa‘v(a_%Hz)P
— (0 =2)(c—1) (o %H2)2
We also have
0 n 0 9
(G =8)e=mms(m o)
_ 2 _
n—-2 H*+2n—2 (Q—A>H2
2n—2 /HY+4(n—1)H2\0t
n—=2  8(n—1)’H*VH]?
n=1 (VA - DY
—9 H? —
:< n.oon . +2n—2 >(|A|2+n)H2
n—1 n-1 \/H4+4(n—1)H2
—9 2 _
+<_ n n ~ H(H” + (6n 6))>\VH\2.
n—1 n—-1 (/H2+4(n—-1))3

Inserting the evolution equations of |A|?,

tion of f,, we get

H and « into the evolution equa-

9 —2|VAP? + 2|VH]?> 2|A* +2H? —2n|A]> — 2|A)?H?
()= n
ot (a0 — 1H2)1—a (o — lH2)l—U
2n+2 _ n—2 H(H?+(6n—6)) VH|?
+(1- )fg( e " WH2+4<n D) >‘ |
g Ry
n?-2n+2 n—-2 H242n—2 2 2
fa< n(n—1) n—1 \/m)ﬂfu +n)H
—(1-0) T
vz’favi(a - %H2) fo|v(a - 7H2)|
+2(1_G) Oé—%HQ +U(U—1) (a_TlZHQ)
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To estimate the gradient terms, we have

1 (55 — e Yo

G_;QWAP+%VHP+(_U nn=1) "~ 1 (/He (1))
T -y o i
VifoVia = 1 H?) folVia = 2 H?)]?
P e T Ty
—4n+4 1 N l-0o (n2—2n+2
n(n+2)(a—L1H2)=7  (a—L1H2)=\ n(n—1)
— 2 — vz avi 1H2
_n—2 H(H®+ (6n—6)) )>|VH|2+2(1—0) foV' (a )
n—1(/H?+4(n—1))3 a—L1H2
1 —4n + 4 n? —2n +2
- l—o)(————"
<a—iH2>1—v(n<n+2>” QI

B 9 _ igvi _1H2
n—2 H*+(6n-—6)H )>]VH]2+2(1—a)vf (oz1 - )
n—1(/H?+4(n—1))3 _EH2

Here we have used the pinching condition |A|? < a.(n, H), which implies

‘Al‘ iveE < 1, and discard the last term in G’ since 0 < o < 1. If we assume

that H > fn then by a direct computation we see that

—4dn+4 )(n2—2n+2 n—2 H(H?+ (6n—6))

n(n+2)+(1_ n(n—1) _n—l( H2+4(n_1))3)§—2€v,

where ey = ey(n) is a positive constant depending only on n. Hence we get

Vifo V(o — %H2) 2ey

2
o — LH?2 ( _1H2)1 O'IVH’

G' <2(1-o0)

For the remaining terms in the evolution equation of f,, we have

2|A[* +2H? — 2n|A]* — 2|A]?H?
1 _
(O[ _ ﬁHQ)l o
fa<n2_2n+2 _ n=2 H?>4+2n—2 ><‘A|2 4 TL)H2

n(n—1) n—1 \/m

R =

- (1-o0) - lHQ
R n?-2n+2 n—2 H242n—2 2
2JAR(IA]2 - ) f“( T A e ) (AP +

= +(0c—1
CEE R o LH?
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If |A|?> < n at a point, then the second term of the second equality in the
above equation is nonpositive. Hence we get
R <2(|AP —n)fs < 20(|AP = n)fo.
Now we suppose n < |A]? < ac(n, H) < . Then

(n*>—2n42)H? -2 H*'42(n—-1)H?
(1-0) (L _n=2 n

n(n—1) w/H4+4(n71)H2) |A]?2 +n

R’:2(|A|2—n)<1— ; z
on W2 =2 T, -1 E2 AP -

n(n—1)
Since
n’=2n42 ;y2 _ n=2 Hi+2(n-1)H?
o n(n—1) n—1 \/m |A‘2 +n
TR = N e L
=242 2 n-2 H'+2(n-1)H*
- n(n—1) n=1./Hi44(n—1)H? a+n 1
“on+ ”Zaff;;?H? — =2 /Hi+4(n—1)H? a—n
We get

R < 20(|A]* = n)fo.
So, we have proved the following theorem.
Theorem 3.2. Let n >3 and suppose |A]> < a.(n,H), o€ (0,%¢) and

H>-Ln at t =0. Then there is a positive constant ey depending only
on n such that following inequality holds.

VifsVi(a — LH?)
o — le

(aat—A)fag—Q(o——l)

2e

3.3. The estimate of Z

To carry out the Stampacchia procedure, we have to estimate the term Z
in the following Simons identity for hypersurfaces in the unit sphere S"+1.

1 - .
5A\AF =Y hiViVH + VAP + Z + n| AP,
i,j=1

where Z = HtrA? — |A[*.

)
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At a fixed point, we choose a local frame fields such that h;; = \;0;; at
this point. Set Ai =\ — L. Then

. 1 . LR,
—|A* + E\A|2H? +HY A
i=1
By an inequality in [14], we have for any p > 0

HE _ﬁ ia L (” ) 2

H/\?’—i
Z>\/< D

Hence

o 1 +2 4
Z+nlAP n+(*—m§<n )1))H2 EE1AP

[AP(a— LH?) ~ n+ S22 B2 — 22 /HY 4 d(n — 1) H?

When |A|? < a.(n, H) for € € (0, 1), we have

Z +n|AJ?
A2 (a = LH?)
N n+ <f — ii(n )1))H2 L2 (a.(n,H) — LH?)
T on+ ’;nf(ﬁ"{flﬂ =2 \/H*+ 4(n — 1)H?
n 4+ 2(57_21) — %(n —4e + %HZ (n=2) g(iji(s_l)m)
B R N T E

1f B2 > 2"=2" 95 0, then

H?>4+2n—2—0<+\/H*4+4(n—1)H2 < H*> +2n — 2.

Now we suppose H? > Cn? with C' > 0 to be determined. Then

. n 1( 1 4 )2 (- 58)
Z +n|A? - "—5(”—45)+§(m—n 1+5>H2 2(n—1+e)

|AP2(a — LH2) ~ n+ G222 — a2 JHY - A(n — 1) H?

If we pick C' = ﬁ, then the right hand side of the inequality above has
a positive lower bound of the form C’n for a positive constant C’ that is
independent of n. That is, we get the following
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Theorem 3.3. IfH > \[, then there is a positive constant €z independent
of n such that we have

A 12
w262n>0, tG[O,T)
o — =

3.4. An integral inequality

In this subsection, we want to obtain a lower bound of A f,.

A|AJ2 Vif,Vila — LH?)
Ao =iz P2V —1p
foA(o = - H?) fo|V(a — S H?)P
—f—(U—l)j—FU(l_a) (a_lHQ)Q
RAvAvS i|2 A|* V' fs — LH?
Z2(h ViV,;H + Z +n|A]? + |V A| )+2(0__ 0 ' foVila )
(o — lH2)1fa 1H2
foHAH (n?—2n+2 n—2 H2+2(n—1)
+ (o0 —1) TS -
a—H2\ nn-1)  n-1,/H%+4(n—1)H?

(c—1)f,(n?>=2n+2 n-—2 H(H?+ (6n—6)) 9
oleLH2< nn—1)  n—1¢ H2+4(n_1))3)’VH’

Since |[VA[" = |[VA[" — HVH] > nzzé)\VH\ we have

2|V A|’ (0—1)f0 n®—2n+2 n—2 H(H?+ (6n—6)) )
(a— LH?)1-o 1H2( n(n —1) _n—l( H2+4(n_1))3>|VH|
2<n—+2—7>\vm2
(a—%Hz)l o
1 n?—2n+2 n—2 H(H?>+ (6n—6)) 5
(a—HY)- < n(n—1)  n—1( H2+4(n—1))3>|VH|
_ |VH|? (4n—4_n2—2n+2+n—2H(H2—|—(6n—6))>
(a—LH2) =0 \nn+2)  nn-1) " n-1(/H2+4n-1))3)

By a direct computation, we see that if H > \[n > \[n then

4n—4  n*=2n+2 n—2 H(H?+ (6n—-06)) -
n(n+2)  nn-1  n-1(/H2+4(n—-1))3
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Hence

2(hNVH + Z + n|AJ?) VifsVi(a — 1H?)
(a — LH2)t-o o— LH?
foHAH (n?—2n+2 n—-2 H?>+2(n-1)
a—}lH2< n(n—1) _n—l\/H4+4(n—1)H2>'

Afe =

+2(c—1)

+ (o0 —1)

Multiplying both sides of the above inequality by fg_l and integrating on
M, we get

/M, aINA

>/ 211,V H 2 / 2(Z +n]AP) 2
“Ju, (o — %HZ)lfo (- %H2)1fa
20 — 1) fE'Vif,Vi(a — LH?)
+/Mt o — %H2
+/ (0 —1) 5HAH<n2—2n+2 n—=2 H*+2(n-1) >
. a—1ip? n(n—1) n—1,/H"+4(n—1)H?
=51+ S5 + 53+ S4.

Now we use integration by parts to handle S; and Sy. By a direct compu-
tation, we have V;h" = ”TAVJH. Hence

Vihi 2+ (p— DRI 272V,
S1=-2 V.H
o f (e
(1—0)hi f271¥,(a — ;HQ))
(a _ %HQ)Q—U
oo [ VI b DO
: (a _ %HQ)l—a
. o
_2/ 2 H (o — 1)hIV,HV ;H
. (a _ %H2)2—a
<n2—2n+2 n—2 H? +2(n—1) >
n(n—1) n—1,/H*+4(n—-1)H?2)
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. 1—0)fPH (n?2 -2 2 -2 H?242(n-1
S — VZHVi<( al)f <n n -+ n +2(n ) ))
M, —EHZ n(n—1) n—l\/H4+4n_1

_/ ((1—a)ff,’|VH|2<n2—2n+2 n—2 H?+2(n-1) ))

Y a— L2 nin—1)  n-1,/H%44(n—1)H?

+/ (l—a)pfg_1H<n2—2n—|—2 n—2 H?*+2(n-1)
M, n(

a— +H? n—1)  n—1,/H +4(n— 1)H?
_/ (1—U)pr<n2—2n—|—2 n—2 H*+2(n-1) >

>V foV'H

(Oé—fHQ) n(n—1) _n—l\/H4+4n_1)H2
x Vz‘<Oé—EH2)ViH
8(1—U)fp n—2 (n—1)2H2 ,
+/t<a—H2 n—1 \/H4+4(n—1)H2)3>’ .

The third term of the right hand side of the above equation is equal to

(1—o)fPH? (02 —2n+2 n—2 H>+2m—-1) \2_ .,
_/t (Oé—fHQ) ( n(n —1) _n_l\/H4+4(n—1)H2> \VH|.

Set r(n,H) = ”:L(nszSQ — Z—:%\/% Then if H > \E’ we have 0 <
r(n,H) < ﬁ =: 2a.

Since [y, EIAS, > Z?Zl S;, we have

So <_(p_1)/M fp 2|Vfg|2+2 / f ’vfaHVHHA’

Oé— 1H2)1 o
P20l [ BEIVHE o) [ DVHEA
no Iy, (a— *H2)1 7 M, (o= H2)P
74~ Hr(n, H)|V £, [V H]
1-— -2
R e
Prr2,.2 2

M, (o — 7H2)

8(1—o)fs n—2 (n—1)2H? 9
_/t<a—H2 n—1 \/H4+4(n—1)H2)3>|VH|
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Cn_ 20 p 2 AV | VHI A
1/ PV L[+ 2p 1>/M

a_ 7H2)1 o
L 2(n—1)/ 74 ]VHP o H]VH] \A[
n Mt(a—%HQ)l— . (a— 1H2)2—
fc’r’*lHIVfaHVH\ 2 sH?|VHP?
+2a(l—0)(p—2 +4a*(1 -0 .
( )(p ) Mt a— *HQ ( ) Mt (a—%H2)2
Also, since
H B 1
1772
a—-H 2_2n42 —2 4(n—1)
\/ n \/f?z ity gVt T
1
o 2_2n+2 2 2(n—1
J i ety — s+ G=)
1
2 T S
H? + n(n—1)
and )
AP 1
a—1H2  (a—-1H?)20 7 (a—L1H?2)1-’
we have for any 1 > 0,
P2 H||A
sy 1y [ FEITEAIVHIA
M, (Oé— 7H2)1 4
2 2
p—1 p—2 2 f5 TIVHP IAI
<T M,fg ‘va’ TI/f 1H2 —0)
1 2
D 1 2 2, fp |\VH|
_T]/pr ‘Vfa" n/t _]_H210.

f2 H|IVH?|A
4a(1 — U)/ (- le)z—a

- 1214
fg 1|VH|2 (o nH’ ’
§4\/a(1—0) /Mt (a_ %HQ)]'iU a— %HQ

fAUVH?
(a _ 7H2)1 o’

<ava(i-o) [

t
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fEH|V || VH]
a— lHZ

t n

Sﬂ—vﬂp—%<i/ﬁﬁ£%VﬁF+n¢/ @ﬁH%VHP>

1
M, (a - EH2)2

Pl vHP?
<u-op-2(; [ mvakne [ ST,

mu—axp—m/ﬁ

TH?|VH|? LIVH|?
4a?(1 — o) % <da(l — o) M
M, (OK—HHQ)Q Mta_ﬁHQ

5 VHP

<4a(l - o) /Mf, —(a — %HQ)l—U'

Combining these inequalities together we get

2p—3
52 S( p’l? —p+ 1) /M fg_lefaF

PV H2
+GWW+P—1—2®+2+4¢a+aQ/L(j_ﬂH%Lf
n

t

Also, by the estimate of Z + n|A[%, we have Sy > 2ney fMt [P — L H?).
Hence we get the following

Theorem 3.4. If H > % and 0 <e < %, then we have

1
2neg (o — —H?)
M, n
2p—3 _
< ( P2 oy 1)/ FE2IV fo|?
n M,

pVH|?

t
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3.5. The LP-estimate

We multiply both sides of (3.1) by fg_l and integrate it by parts to get

0

4
ot f
Vi Vi(a — LH?)

M, o — %Hz

<p / SUAS, 4 2p(1— o)

p—llv ’2

—9 B ] AR —n)fr— [ HZpp

EVp/t (a_%HQ)l_U Up/]\4t(‘ | n)fo‘ M, fU
(o —

5 'VifeVi(a — L H?)

<—plp—1) | fPPVfP+2p(1-0)

M, M, o — 7H2
p—llv]{’Q
—2 doe YL 4o A2 —n)fe.
evp /Mt i 2 /Mf‘ 2= )y
When H > \"f,
25 'Vif,Via— $H?) _1 2y g2 4 MRV SH?)?
Oz—%H2 —u’l 7 (a—%[—ﬂ)?
1 V(e — LH?))?
<Ly M N )
1 ufE | VH?
Loy py 200 VA
H (a0 — G H?)te

By a direct computation, we have 2n (a - fHQ) > |A|? provided 0 < ¢ < 8
Hence

1
20’]9/ (|A|2 —n)ff < 47wp/ (a — —HQ)fg — 2nap/ fE.
M n M,

M,

By integral inequality (3.2), we have

0 2po (2p—3 9 9
—_ P < — - _ P
at/M 0—( p(p— )+u+6z< ., p+1>>/Mfo IV fo

+ <2p(u—sv)+m(n(ap+p— 1 —2a)+2—|—4\/5—|—4a)>

VH?
></ (a—’H21’U—2nUp/ 1L
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We have the following theorem.

Theorem 3.5. If H > 4=, and if

V/ 24 2
O<J<6Z Evandp>max{21+§( n )}’

48,/p ev \ez\/Ev

then

4 / P < —2no / P

ot =nep e
Proof. We want to show that

2 2p—3
(3.3) —pp-1)+ 2+ (1) <0
K €z n

and

2po

(3.4)  2p(u—ev)+ si(n(apﬂa —1—2a) +2+4ya + 4a) < 0.
Z

If we pick n = ﬁ, then (3.3) is an equality and (3.4) is equiv-
alent to
2p—3)(ap+p—1—2a
€z —14+(p-1- f)ﬁ

Now we choose u—%l and let pZmaX{2,1+%}. Then n=

2p—3
P (p-DTE So (3.4) is equivalent to
4 2p— 3 —1-2
(3.5) —— — i((p Nap +p 36a)0+2—|—4\/6+4a)§0.
p-1 ez\ (p—Do+(p— 1%
By a direct computation, we see that if
(3.6) 1
2€Z(€fV - )
O0<o< 1 p_1 ,
\/(5 +Va+a)? + (ey — )@= 3)§(p+p) 120 L 14 Va+a
then
4 2p—3 —1-2
——sv+i<(p Jap+p a)0+2+4\/5+4a>§0.
3€Z
p— 1 Ez (p— 1)T
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Obviously, this inequality implies (3.5). Also, since for the right hand side
of (3.6), we have

1
RHS =0(—) as p — 400,
(\/ﬁ) p

we can furthermore choose

1 VeV VEv
O<o<=x 2YV _ 52 EV,
27 24/p 48P

2
where 5224‘/\/? > %, i.e., p > max {2, 1+ %, (Jf}%) } This completes the

proof. O

As a corollary, we have

Corollary 3.6. If H > =, and if

\/ 24 2 24 2
0<0’<€Z Evandp>max{2,1+i,< m>7< 1 )}7
48,/p eV’ \ez\[ev €z Ev

then
9 P
m < 0.
ot /Jm J oty =

3.6. The Stampacchia iteration

For the convenience of readers, we state the theorem of Stampacchia as
following.

Theorem 3.7. Let o(t), to <t < 00, be a nonnegative and non-increasing
function, which satisfies

C

— o(k)P, h>k>k
(h_k)aW( )|a > K2 Ko,

p(h) <
where C' >0, a > 0, 8> 1 are constants. Then
o(ko +d) = 0, d* = Clp(ko)|~1200~1)

To prove that f, is bounded, it is sufficient to show that the func-
tion f, ) = max{f, —k,0} vanishes for some k. Define the set A(k,t) =
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{M,|fsr > 0}. Notice that on A(k,t) we havef, >k and Vf,, =V/f,.

Hence
B / 1 . ,
- P <p(——-p+1 / o IV fo,
Ot Jagn " (M ) Ak t) k [Viail

0t — £9) fou IVHP?
ROy .
Y Jaeay (@ — LH?)1-o

+2ap/ (A2 —n)f?,
A(k,t) ’

1 _
<- o= [ AV IP
A(k,)

)

)

/ FIVH?

Ak (@ — g H2)1=7

n

+20p / (1412 = n)f7,,
Ak ,t)

where in the second inequality, we have picked p = ﬁ with p > max{2,1 +
P
%}. Set v = [ We have

2
5o P e -
Vol = (V120 = 100 IV Eaal? < 5plo = DTV foil”

| —

Hence we get

8/ v,% +/ |Vvk;|2 < 20p/ (\A|2 - n)v,%
Ot JA(k,t) A(k,t) Ak t)

We need the following Sobolev type inequality for submanifolds in a
Riemannian manifold.

Theorem 3.8 ([9]). Let M™ be a submanifold in a Riemannian manifold
N™t4. Suppose the sectional curvature of N satisfies Ky < b% and let i(N)
be the injectivity radius of N. If u € Cg’l(M) and ulgnr = 0 satisfying

b2 (1 — a)_%(wgl\/ol(suppu))% <1,

i(N) = 2p,
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where

1
n

~ fotsinTte(1 - oz)fi(wgl\/ol(suppu)) , beR,
P= (1-— a)_%(wgl\/ol(suppu))%, Imb # 0,

and 0 < a < 1, then there is a positive constant Cs depending only on n
such that

(/M Iu!> < CS/M (I7ul +|Hu).

To use the Sobolev inequality, we first estimate the volume of A(k,t).

< L(vl(an)) / | )’
< (vol(a)) ' /., )’

Set pp = max{2,1 + %, (EZQfL/Z—V)Q}. Then

1

Vol(A(k, 1)) < (vol(MO))

| =

(/ fff’“)plo = %CL(MO)'

We pick kg such that Vol(A(ko,t)) satisfies the assumption in Theorem 3.9,
and let p > pg and k > kg. Set 2* = % Then by the Holder inequality, we

have
]Vvk\Q 4 C2</ Hn) (/ ‘Uk 2*) 2%
(kst) A(k,t) A(k,t)

(3.7)

(o)
A(k,t) A

3o
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2
o

Our purpose is to control <fA(k 9 \vk\?) by fA(k 0 |Vog|?. For sufficiently

large p and k > ko,

: 02\ &
(fan™) (L, 50)
A(k,t) Ak kP

2
7

< 12p </ (afl e — 1H2>”f§> .
k= \JA(kt) n

kot -
<0 ( / 17 >
a2k \ J Aoty T2
2p
kg

-
a?k™

<C(ko,p)

Now we pick k sufficiently large such that the second term in the right hand
side of (3.7) can be absorbed by the first term. So we get

</ ’%’2*) < C(m}?,ko)/ | Vg%,
A(k,t) A(k,t)

which implies that

n—2

0 A
at/ vi 4 (/ Uk> < C(n,p, ko)/ (1A[* = n)v.
A(k,t) A(k,t) A(k,t)

When k > sup,,, fo, we have for ¢t > 0

t 20 \ t
/ ’U]% + / (/ U]:2> < C(napa ki(]) / / (|A’2 - n)vi
Ak t) 0 \JA(k7) 0 JA(k.T)

Since we assume that the mean curvature is positive, the maximal exis-
tence time of the mean curvature flow is finite. Let [0,7") be the maximal ex-
istence time interval, T' < co. At tg € [0,7), fA(k o) V3 = SUP,c(0,7) fA(k T) V3.
Hence ’ 7

T 2n_ % T
/ 'U]%‘i‘/ (/ Ul:_2> < C(napa kO)/ / (‘A|2 —n)v,%
A(K,T) 0 A(k,7) 0 JA(kT)
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and

n—2

to 2n -
sup / vi—i—/ (/ v,:2>
7€(0,T7) J A(k,T) 0 A(k,T)
to
<Clupk) [ [ (A7 =
0 JAk7)
Combining these two inequalities we get
T on n;
sup / U;%—l—/ (/ v,:2>
7€[0,T) J A(k,T) 0 A(k,T)

T
g2cmmmw/’/‘ (]2 — n)o?
0 A(k,T)

We recall the following interpolation inequality

2

0 —0
llella < lellEllellg™,

Wherelgqogqand0<9<1.Wepick9:1—qi0,then

1 1—L om :7;02
o ®) "= ) (L)
A(k,T) A(k,T) A(k,T)

This implies

(/ /k,r >
q—1 2n_ nTJz %
A (L))
A(k,T) A(k,T)
T o\ i
(. ) )
T€[0,T) 0 A(k,T)
0—1 QO—l/T</ f"2>nn
sup V2 —|— v
TE[OT/A F qo a0 ) o \Jagn "

sup / Uk—|-/ </ v,;‘é) ! .
7€[0,T) JA(k,T) A(k,T)

IN

2

IN

IN
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Hence we get

T i T
([ )" <acoumro [ [ ap-mnz
0 JA(k7) 0 JA(kT)

Set ||A(k,t)|| := fo (f Ak, Dd7. By using the Hélder inequality, we have

T w L (T
(// k) ST Tl A T
0 JA(k7) 0 JA(krT)

/ ) / oA =t
) [ [, fote- o] 1)

So we have for h > k

and

[l = K[P|[A(R, T)]

SURaIn
< Tln.p, ko) | Ak, T HZ‘*‘ {/ /k 2 a—lHQ)] ,%} .

Now we first choose r sufficiently large such that 2 — -+ — % > 1, then pick

p and o such that

1 T
Qna—HZ] };’“:/ 2n)" 2"
/A(k,f) [ < n ) J A(k,7)< ) f"+5

satisfies the assumptions of Theorem 3.5 and Corollary 3.6. This implies

that
T r 1
{/ / [2n(a—1H2>] v;?”}
0 JA(k,T) n

is bounded. Furthermore, choose kg and k sufficiently large and let p(k) =
||A(k,T)||. Then by Theorem 3.7, there is a constant d with

1
4o

& = C(n,p, ko) 2" a0 || A(ko, T)||* "0 >
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such that ¢(k + d) = 0. Since T' < oo, we have ||A(ko, T)|| < fOT Sy, 1< o0
which is bounded independently of ¢t. So f, < C < oo, t €[0,7T), with a
uniform C for chosen p and o.

Theorem 3.9. IfH > % at t =0, there are positive constants C € (0, 00)
and o > 0 that depend on My, such that fort € [0,T)

o 1 l1—-0o
A2 < C’(a - —HQ) .
n
3.7. Gradient estimate

In this subsection, we derive the gradient estimate of H, which is used to
obtain a Harnack type inequality of H.
We know that |V H|? satisfies the following evolution equation

(5 —A)|VHP = 2[V2HP + A= A+ VA= VA

Since |A|? < a., H > C(n) >0 and |[VA|? > %H]VH\Q, there are constants
A and p depending on M such that

(% - A) IVH? < (AH? + p)|VAJ2.

By using similar computations as in [1, 2, 11], we have

Proposition 3.10. Let N;, i = 1,2, be arbitrary constants. Then there exist
constants C; = C1(N2) and Co = Cy(Ny, Na) such that

(i) (% - A)H4 > —12H2|VH| + 4HS,

(i1) (4 — A) (Vi + NaHA)|AP) < — 22D (N, — 1) HA VAP + (V) —
CHIVAPR) + ColAP(1 + HY),

Now we prove the following

Theorem 3.11. For any n > 0, there is constant C(n) such that

|\VH?> <nH*+ C(n).
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Proof. Define the function f = |VH|? 4+ (N; + NoH?)|A]2. Then

0 2 2 4n-1) 2 2
- _ < S S _
(5 —A)f SOH? + )|V 4] (N2 — DH?|V A
4n—1 .
— (n?)n)(Nl — Cl)‘VA|2 + C2|A’2(1 + H4).

We can pick N; and Ny large enough such that the first term on the right
hand side of the above inequality can be absorbed by two negative terms on
the right hand side. So we get

(9 . A)f < 4(”3;1)(1\@ —1)H| VAP

ot
4(n -1 :
- (”?m)(N1 — C1)|VAP? + Co|AP(1 + HY).

Let g, = f — nH*. Then

(2 —a)g < D, - napwap - 101

Ny — Al?
g 1 —C1)|VA]

. 4
+ Cy(Ny, No)|APP(1 + HY) — n(—12H?|VH|? + EHG).

We first choose Ny large enough such that the coefficient of H?|VA|? is
nonpositive, then choose Ny large enough such that the coefficient of H? is
nonpositive. Discard these two terms and get

0 . 4
( _A)gn < Cy(Ny, No)|A2(1 + H*) — 21 HE,
ot o
Since |A[? < M*(ae — $H?)'™7 < iy (14 H?)'77, we get

0
g A) < C3(Ny, Ny).
( P gy < C3(Ny, N2)
Hence there exists C'(N7, Ny) such that gy < C(N1, No). This completes the
proof. O

3.8. The convergence of mean curvature flow

Now we prove the following convergence theorem.

Theorem 3.12. If att =0, there holds H > {1% and |A]? < ac(n, H) with

e € (0, %), then the mean curvature flow equation has a smooth solution on
a finite time interval [0,T) and M/s shrink to a round point ast — T.
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Proof. Since for any 7 > 0, there is C(n) such that |VH| < nH?+ c(n),
and maxy, H?> — 0o as t — T, there is a time 7(n) such that C(%) <
ﬁ maxyy, H?. Hence [VH| < nmax,,, H?.

Next we estimate the Ricci curvature of M; and wish to show that when
t — T the Ricci curvature will approach to infinity.

Since |A|? < ac(n, H), by an inequality in [15], we have

1 2 . o
Riey, 2" (o 202 - - — 22
n n n(n—1)

n;1<|jl|+ (n—2)H +\/n(n—1)H2+4n(n—1)2>

B 2¢/n(n—1) 2(n—1)

. - “1H? + dn(n — 1)?2
X(]AH— n—2 H_\/n(n VH? + 4n(n )>
2¢/n(n—1) 2(n—1)

_n—1 4n—4+4€—n2H2 n(n —2)y/H* + 4(n — 1) H?
n 2n(n —1+¢) 2n(n —1+¢)

n—-1 n-2
n n(n—1)
| n2—2n+2—25H2_n(n—2)\/H4+4(n—1)H2.
2n(n —1+¢) 2n(n—1+¢)
WhenHQZ;’Z’;_lﬁ;,wehave 1—1—%21—1—"%;‘5. So,

. n—1/ n—-2+2 o n-—2

R > H
oM =Ty <n(n—1+6) * 2 >

n—1 n-=2 n+ 2 l—¢ 2.

n \/n(n—l)H 2 +n(n—1+5)

Hence

RiCM n—1 n—2+ 92 1—¢
t> — -9 :C , > 0.
H? — nz\/n—1—5<\/n—1+5 (n=2) n—l) Ric(n, €)

So if H > %\E’ then

n—1

- CRZ'C(H,S)CQ(TZ,E).

1
CRiC(nu €)H2 >

. n
Rcht >
2n

Then by the Myers-Bonnet theorem, the diameter of M; has a uniform
upper bound. For any x, y € M;, there is a geodesic with length less than
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a constant D(n,e) depending only on n, & connecting = and y. Choose 7
sufficiently small and integrate |dH| along the geodesic, then we see that
there is a constant ((n,e) > 0 such that H(x,t) > (maxy, H, t € [0,T).
Hence lim;_,7 miny;, H = co. Hence the Myers-Bonnet theorem implies that
limy_,7 diam(M;) = 0.

To see that the limit point is round, we can use the same argument as in
[13] since the Bishop-Gromov volume comparison theorem holds under the
condition on the Ricci curvature. U

4. Convergence of mean curvature flow under curvature
pinching: II

In this section, we give the proof of Theorem 1.4. We follow the procedure
in Section 3. Set

s s—2
s H)=(s—4 - g~ = \/H*+4(n—1)H?
Qse(n, H) = (s —de) + 2(n—1+4¢) 2(n—1+€)\/ +an— DA,

for e € (0,1/8) and let Qs = |A|* — asc(n, H).
4.1. Preserving the curvature pinching condition

We first show that a curvature pinching condition is preserved under the
mean curvature flow (1.1).

Theorem 4.1. Let n > 3 and suppose we have on My

3, n>4
%, n=3

9

Qs <0, where 2 < s < {

then it is preserved under the mean curvature flow (1.1).

Proof. For a positive constant s, define

5—2
2(n—1) 2(n—1)

as(n,H) = s+ VH*+4(n — 1)H?,

and set Qs = |A|? — as(n, H). We first show that if Q, = 0 at a point, then
(% — A)Qs < 0. As in Section 3, we have

<§t . A)QS < G5+ Ris + Ras,
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where

G, = +

n+2 n—1 n—1\/Hit4(n—1)H>

Y

( 6 s s—2 H*+2(n-1) )]VHP

Ris = (2|A[* + 4H? — 2n|AJ?)
_( s 8—2 H? +2(n—1)
n—1 n—1,/H*+4(n—1)H?

)(|A|2H2 + nH?),

s—2 2(n—1)?2VH?>?

Ry s = .
T =1 (/H 1 A(n — ) I
For Ry s, we have
1
Sl =(lA]* + 2H? — n|AP)
- H%+2(n—1
—< S 20— 1) >(]A2H2+nH2)
2n—1) 2(n—1)/H*+4(n - 1)H?2

2 2
- + -1
A+ 21 (n sH 5—2 H?+2(n—-1)
2(n—1) 2(n-—1) \/H4 +4(n—1)H?

(s —2)H? >| \2—n< sH?
VH*+4(n — 1)H? 2(n — 1)
_ (s—=2)/H ' +4(n - 1)H? (s —2)H? )
2(n—1) VHY+4(n—1)H?)"

If |A]? — as-(n, H) = 0 at a point, then for s € [2, 3],

—2 H*
1RLS S(n—s)(s ( —H2>
2 n—1\/H*+4(n—1)H?

3(s —2)H? — sy/H* + 4(n — 1)H2> “0
VHY+4(n — 1)H? -

For other two terms, we have

— 2 — 2 H*2(H* 4+ 6(n — 1)H?
G5+R2,s§<(8 fnt2546 s W+ 6(n 1) ))IVH|2.

(n+2)(n—1) n—1(/H*+4(n—1)H?)3

12
5

3, >4
Under the condition 2 < s < { "= g we have Gy + Ry s < 0. Hence
" —

(& —A)Qs <0.
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By using a similar computation, we can show that if Q. = |A|? —
ase(n, H) =0 at a point for € > 0, then (% — A)Qs . <0 at the same point.
This implies that Q)s . < 0 is preserved under the mean curvature flow. Since
My is compact, we can find such positive constant . This completes the
proof. O

4.2. The differential inequality

In this subsection, we assume that |A|? < as. := asc(n, H). Define f, =
Ll

Gty O > 0, where

Qse i =05.(n,H)

s 9
—(s—4e) + <2(n_1+€) +n(n_1+s)>H2

s—2
T2 JH*t4(n— 1) H2.
2(n—1+5)\/ +4n—1)

We compute the evolution equation of f, as in Section 3.

<a A)f _ 2|VAP 4+ 2|VH|?  2|A]*+2H? — 2n|A]? - 2|A]PH?
ot o — (0_{575 N lH2)1*U (asg . 7H2)1 o
fa(sn 2n+2 s—2 H(H?+(6n—6)) )| H|2

n(n—1+e) n—1+e (\/H2+4(n—1))3
O_és,s - lH2

2n+2 -2 H?+2n—2 2
fo’(ann {L—H—:) - nil-i—e \/H4+4(T:L 1 )(|A’ +’I’l)H

Qe — ~H?

VifsVi(ase — LH?
o foV'(@se ) +o(oc—1)

+(1-o0)

—(1-o0)

folV(ase — 3 H?)P

(ds e %Hz)Q

)

~ Vil AP |APVi(@s,. — 1H?))
=V -1
<< L A P 7
V]APV’(aS6 H2)
(ass _ ,H2)2 o
fo’v(dS,a - %H2)|2
+ (0 —2)(c—1) (as,e_%HQ)Z )

+2(c—1)
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Hence

(2 -a); (=) 14 2o~ 1) VALY (e~ 4 1)
Z = — 9o —
ot (s — LH2)1-0 (a5 — LH2)20

1)fa(é’t — A) (@ — L)

+ (0 — dsﬁ—%HQ
fU|V(d57g - %HQ)‘Q
_(0__2)(0—_1) (d575_%H2)2
(% - a)14p » 1)fo(§t—A)<as,e—;H2>
pr— O’_
(O_és,e _ %HZ)I*U ds,s _ %H?
Vi O’vi (Vs _lHQ
— 200~ 1) f_(a’i 2 )
OZS’E—EHQ
fU‘V(@&e - %H2)|2
+ J(U — 1) (C_Vs,g _ %HQ)Q
We also have
0
7_A)7sa
(at %,
-2 H?+2n—-2
:< s S : teon >(A|2+n)H2
n—l+e n—1+e /Hi+4(n—1)H?
— —2 H(H? —
+( s LS ~ H(H” + (6n —6) >|VH|2,
n—1l+e n—-1+e (/H?2+4(n-1))>3

which implies

0 _ 1,
(5 =) (8 =3 77%)
_ — 2 —
(sn 2n+2  s—2  H +42p-2 >(]A]2+n)H2
nin—1+¢) n—1+e /HY+4(n—1)H?
<—5—|—2n—2 5—2 H(H2—|—(6n—6)))WH’2
nin—1+¢) n—1+¢e (/H2+4(n—1))3 '

Since o € (0,1) and f, < (o — 2 H?)?, we have

0 —2|VAP? + 2|VH|*  2|A|*+2H? — 2n|A]> — 2| A|2H?
<7_A>f": = L f72)1— - 1 p72)1—
ot (s — LH2)1-0 ( LH2)i-0
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2n42 —2 H(H?+(6n—6)) 2

n (1 )f‘7<7sznn ﬁrs) o niH—a ' (\/H2+4(n 1))? >‘VH‘

-0
Qg e — 7H2
2042 —2 H242n—2 2
1 o (36255 — w7 - 22 ) (AP 4 m) B2
—(1—o0) Gow— LE?

Vil APV (A — LH?) folV(ase — LH?)P2
+2(1—o0) (asg—fHQ)QJ +o(c—1) (dse—lHQ)z )

We discard the last term since it is nonpositive
To estimate the gradient terms, we have

o AVAP 4 2V
T (QSE,,H2)1 o
2n+2 -2 . _H(H?+(6n—6)) 2
; )fa(z"n A - i e IV
+(1l—-0
Qe — 2H?

55| VH? + 2|VH|?

= (&S75 o %HQ)l*O'
sn—2n+2 s—2  H(H?4(6n—6)) 2
< n—1+e \/H2+4 (n—1))3 > IVH’

( ) n(n—1+e¢)
+(1-0
(O_és,z-: _ EH2)1 o
dn — 4 sn —2n+ 2 |VH|? - 2ey|VH|?
n(n+2) nn—-1+¢)) (. —L1H%)1=7 = (a,.— 1H2)1-0

for some positive constant ey under the assumptions s € [2, ] and e € (0, )
For the remaining terms in the evolution equation of fo, we have

" ':2\A|4 +2H? — 2n|A|*> — 2|APH?
(O_CS,E _ %Hﬂ)l—o‘
sn—2n+2 s—2 H?42n—2 )(|A|2 + n)H

fU( (n—14e)  n—1+e

n(n— n Hi44(n—1)H

- (1 - U) _ \/_ *HZ
Ase — 5

= 2f,(|A]> = n)
sn—2n+2 _ _s—2 H?+42n—2 2 2
n—14e¢ \/H4+4(n—l)H2)(|A’ +n)H

(1 - U) (n(nflJrs)
. <1 - TH2)([A]2 — n)

2(ase —
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If |A|? < n, then R’ < 0. Now we assume & > |A|? > n.

—2n+2 —2 H?+4+2n—2 2 2
C - (Tsl?nf’anrE) - ni1+s ’ \/H4+4(:LL—1)H2>(|A’ + n)H
. 2(ase — wH?) (AP = n)
1 —2n+2 —2 H?4+2n—2 2 2
B 2 (;?n—ﬁ-e) - nil-f—& ’ \/H4+4(:71)H2>(‘A| + n)H
(2275%1?)}[2 - 2(n8:12+5) VH +4(n - )H? + 5 — 45) (IA[2 = n)
N _ (5=2)(n—-1) H?
_<1 s —4e n—1+e H4+4(n—1)H? > (1 n n
B —on2 (s=2)y/H +A(n—D A2 —n
2fzn(n—?ie) H? — 2(n—1+¢) +s—de
o g A ge
>

<1 n—lte | /Hi{4(n—1)H> > (1 N 2n >
sn—2n+2_ r2 (s=2)y/H*+4(n—-1)H> +5—de Age — T '

2n(n—1+¢) 2(n—1+¢)

We wish to show that C, > 1. We assume that s € [2,9], £ € (0,1) and
o€ (0, %5) By a long but direct computation, we see that

2n s—de— (8;2_)ﬁ;1) ' \/H4+ij—1)H2
Oue—n  phtlp2 s JHA G A(n— DHZ + s — de
< 2n s—de— (8:127)1(1;1) ’ H‘H—il—l)Hz .
T Ose—n pREEALH? - ot HE + 4(n— D H? + s — de

This implies C, > 1. Hence we have proved the following

Theorem 4.2. Let n >3 and suppose |A]> < ay.(n,H), s€[2,9], e €
(0, %) and o € (0, %5) at t = 0. Then there is a positive constant ey de-
pending only on n such that following inequality holds.

Vz’fovi(o_és,s - %HQ)

— 1
Qs e — EHZ

(gt—A)ng—z(a—l)

2¢e
(4.1) a e 1212)1_0 IVH|? + 20(|A]2 = n) f,.
5,6

n
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4.3. The estimate of Z

As before,
. 1 . LI,
Z=—|A*+ 5|A|2H2 +HY N
i=1
and
n
. -2 . . 1 —92)2 .
BY N2 g o L0 ey
— n(n—1) pn(n—1)
Hence
Z +n|AJ?
AP (@, — LH?)
1 1 (n—2)° +2 4
N n+ (ﬁ o ﬂnT(Ln—l)>H2 - MT‘AP
- Qe — 2H?
1 2 (s—=2)n+2—2¢ 772 (5—2)/H*+4(n—1)H?
2(n71)H +n- T2L (S —&+ S2n(n712+s)€H - 2(n—1+¢) )

Qe — 2 H?

Here we have used |A|? < &,.(n, H), and assumed ¢ € (0, 3) and p =n — 2.
We first assume s < 2+ &. Since /H*+4(n — 1)H2 < H? 4+ 2(n — 1),

we have

o 1 1 1— 2
7 +n|AP? >2(n—1n—1j—a)H +n—5(s—¢)
AP (ase = FH?) Qe = H’

>ezn > 0.

Secondly, if s > 2 + ¢, we assume H? > w, 0 > 0. Then

VHY+4(n—1)H2 > H?> +2n—2—0.

Hence

. 1(_1 1— 2 (n=2)(2n—2-0)
Z +n|AP? >2(n—1 - n—1ia>H +n—3(s— &)+ T mam
A2 (a5 — $H?) Ose = H? '

If we pick § = 4(7;:;)5, then the right hand side of the inequality above has
a positive uniform lower bound. Hence we have proved
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Theorem 4.3. If H? > sgn(s — 2 — s)w att = 0, then there is
a positive constant €z independent of n such that we have
Z +n|AJ?
Al (ase — 1 H?)

>ezn >0, te€0,T).

4.4. The integral inequality

As in Section 3, we have

2hiIN;VH + Z + n|A]2 + |[VA[") VifoVilase — LH?)

(asa_*H2>1 7 ass_*HQ
foHAH [ sn—2n+2 §—2 H? +2n—2

ase —+H?2\n(n—1+¢) n—1+e /Hi+4(n—1)H?

Afe >

+2(0c—1)

+ (o0 —1)

Multiplying both sides of the above inequality by fg_l and integrating on
M, we get

/Mt A,

>/ 2hIINV  H 2 +/ 2Z +n|A]2) 2!
- M, (ass _ ,H2)1 o : (ass _ 7H2)1 o

+/ 2(0 — 1) f'Vif,Vi(ase — LH?)

Ose — 2 H?
+/ (o —1)fPHAH [ sn—2n + 2 5—2 H? 4+ 2n —2
. s —2H? \n(n—1+e) n—1l+e JH +4(n- 1H2)

The second term (we denote it by S2) of the right hand side of the inequality
above is not bigger than

p—2 A
_ V f-||[VH| Al

—(p—1 P27 £ 1% + 2 1 I |

00 [ AV 20 - >M, oy

2(n — 1) / N vHP / 2 Hir | [VHP|A]

n M, (@875_%H2)17¢7 . asg_,H2)2 o

—1

Hlrs||V f5||VH §H?|rs||VH|?

o) p—2) |rs]| f\2| | Al 2!
M, Qse — +H M, (G — = H?)?

M, ds,a—%Hzn—1+€\/ﬂ4+4(n—1)H23 ’

_l’_

+(1—-o0)
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_ _ sn—=2n+42 _ _s—2 H2+42n—2 :
where rg =rs(n, H) = R-1te) ~ nelre | Jhira )i Since H >0 on

My, there is a positive constant 6 such that H > 0 > 0 for all ¢. It is easy to
see that |rs] < C' < co. We may assume C' > 1 > ﬁ Hence
C p—2 p-—1 _
S —p+1>/ RN fo)
a n n M,

41 4C? fo |VHP
+ (2 et e Tt 20)) /Mt (Qse — LH?)1=0

As in Section 3, we have
0

— P
ot Ju, /o

2po 1 C -2 -1 _
< (—p(p—1>+p+p(-p+p—p+1)>/ IV ol
1% n M,

€z

2po 4C 4C?
_ i b Eh -1 —
+ <2p(,u ev) + - <2 + Ja + +n(p +cp 2c))>

/ A VHP
X .
M, (Gse — %HQ)PU

We pick p = ﬁ, p > max{2,1+ 8 9042} and

Ev’ Ev
2 4 8C?p?
0 -3C +\/904+(€V_pf1)3é‘z(plil) _O 1
<o< ~o( L)
3ez(p—1)
Then we get
2pc (C' p—2 —
—p(p—l)—l—B—I-L(*'L-f-L—p—Fl) <07
B €z Na n Ui
2po 4C C?
2p(u—sv)+€%(2+ﬁ+7+n(p—1+cp—2c)>go.

So we have proved the follwing

Theorem 4.4. If

8 9C4? m  ez\Ev
> 2,14+ —, } di<o< — < —,
D max{ + e an o< o+ 16/
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then
0 0
— P < — P .. <O0.
ot /Mtf < 0 and 7 /Mt Joirn <0

Now we can carry out the Stampacchia iteration process and the gradi-
ent estimate to complete the proof of the smooth convergence of the mean
curvature flow.
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