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Traveling Wave-Front Solutions with
Small Oscillations at Infinity for a KAdV6
Equation under a Small Perturbation

SHENGFU DENG AND YUZHEN MI

Abstract: This paper studies the traveling wave solutions of a
KdV6 equation under a small perturbation. Applying the dynam-
ical system approach, we rigorously prove that this equation has
a new wave solution—wave-front solution with small non-decaying
oscillations at infinity (called thereafter generalized wave-front solu-
tion).

Keywords: KdV6 equation, wave-front solution, homoclinic solu-
tion, periodic solution.

1. Introduction

This paper concerns with the travelling wave solutions of a sixth-order non-
linear wave equation (KdV6 equation)

Pececee + adedecee + bbecdece + cOFbee + ddu + edeeer
(1) + foeber + gpidee = 0,

where a,b,c,d, e, f and g are arbitrary parameters. This equation was first
introduced by Karasu-Kalkanli et al. [7]. With a Painlevé analysis, they
derived from (1) four distinct equations under the differential parameters:

Received March 26, 2015.

2010 Mathematics Subject Classification. Primary: 34C37, 35B32; Secondary:
34C25, 74J35.

This research was supported by National Natural Science Foundation of China
(11371314), Guangdong Natural Science Foundation of China (S2013010015957),
High-Level Talent Project of Colleges and Universities in Guangdong Province
(QBS201501) and Natural Science Research Training Program of Lingnan Normal
University (YL1503).

293



294 Shengfu Deng and Yuzhen Mi

the bidirectional version of the Sawada-Kotera-Caudrey-Dodd-Gibbon equa-
tion [1, 17], the Kaup-Kupershmidt equation [4, 8|, the Drinfeld-Sokolov-
Hirota-Satsuma equation [3, 16], and a new KdV equation with a self-
consistent source. The equation (1) has been studied mathematically and
numerically and a lot of interesting results have been discovered. The Lax
pair and the Bécklund self-transformation were given in [7]. The Hamilto-
nian structures and conservation laws were studied in [9] and [22]. A much
nicer form was discussed in [5] and [14]. The complete integrability was
examined in [11]. The connection between HH3 system and the new KdV
equatoin was given in [24]. The bilinear forms and soliton interactions were
investigated in [18]. Multiple solitons and multiple singular soliton solutions
were presented in [20] and [23]. The exact solutions and in particular soli-
tary wave solutions and quasi-periodic wave solutions were obtained with
different methods such as the aid of two first integrals, the Bécklund trans-
formation, the Darboux transformation, the Cole-Hopf transformation and
the tanh-coth method [5, 7, 12, 13, 15, 21]. It is worthy to point out that
all the obtained solitary wave solutions with explicit expressions exponen-
tially approach to a constant at infinity. However, the existence of other
forms of solutions of (1) is an interesting open problem. In this paper, we
shall rigorously prove the existence of a new wave-front solution with some
small non-decaying oscillations at infinity (called a generalized wave-front
solution) using a dynamical system method.
Suppose that the travelling solution ¢ of (1) has a form

o(t, ) = ¢(§ — vt) = (),

where v is the wave speed, and let

(2) y= (s ——).

a

Integrating (1) with respect to = once, we have (see [13])

b—a c
s = 2y* =y +ay + B,

(3) Yzzzz = AYYzz + 5 3

2,2 2
ev vl tg) a;_(cev e (f+9)+dvz>7

a 2 a? a
3.3 2.3 3
cw’e’ e’ (f+g) dev
4 - -
@) b= 5z T, TP
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and Sy is an integral constant. Note that the natural world always has some
very small noises or disturbances and so on. Here, we are specially interested
in the solutions of the equation (3) under small perturbations, that is, we
will focus on the following equation

b—a c

— ViYW oyt

(5) + eh(eayvyxayxmya:xx)a

Yzzzx =YYz +

where € is a small parameter and the condition for the smooth function h
is given in (6). If the parameters satisfy some conditions (see (7) or Section
2), some equilibrium of the equation (5) is a saddle-center equilibrium, i.e.,
the linear operator around the equilibrium has a positive eigenvalue, a neg-
ative eigenvalue and a pair of purely imaginary eigenvalues. The stable and
unstable manifolds are both one dimensional so that it is not obvious that
these stable and unstable manifolds will intersect to form a homoclinic solu-
tion (After integrating, it often corresponds to a wave-front solution of (1)
under small perturbations) that approaches to this equilibrium as x — 4o00.
In this paper, we shall theoretically prove the existence of a homoclinic solu-
tion with small non-decaying oscillations at infinity of (5) (or a generalized
homoclinic solution) by applying a dynamical system approach, which corre-
sponds to a generalized wave-front solution of (1) under small perturbations.
The main theorem for (5) can be stated as follows.

Theorem 1.1. Suppose that the smooth function h satisfies

(6) h(ev 1,0,0, 0) =0, h(ea Y, =Yz Yz, *ym::):) - h(€7 Yy Yzs Yz ya:mc)a

and

2
a=—aj, c=cip, a =27+ (c1+ 1y, B=—7- (501 + D,
(7) 7 #0, e=0(ub)

for a fixed integer k > 2 where ag > 0 and c1 are constants, and p >0 is
chosen as a small parameter. Let ¢(x) be a smooth even cut-off function
with ¢(x) =0 for |z| <1 and ¢(x) =1 for |x| > 2. For any given constant
Iy > 0 with I = Iou?, there exists g > 0 such that for 0 < p < po, there are
constants r1 and 6 satisfying

|T1’§M:Uﬂ |9|§M\/ﬁ7
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and the equation (5) has an even generalized homoclinic solution y(z) defined
by

y(x) :(zl;sech2 (5{53:) + 1 —2a3I¢(x) cos((ap + 1) (z + 0))

(8) + Ki(z) + Ka(x),

where the function Ko(x) is periodic in x with periodic afjﬁ and the func-
tions Ki(x) and Ka(x) satisfy uniformly that

[Ki(x)] < Mpe ™, |Ko(x)| < Mpl

Vi VR

2a0’ ag

for x € R and any fized constant v € (
constant.

) and M is a generic positive

The paper is organized as follows. In Section 2, the equation (5) is trans-
formed into a four dimensional system. Under the assumptions (6) and (7), a
saddle-center equilibrium is obtained. Then a normal form analysis is applied
so that a homoclinic solution H (x) of its dominant system can be easily com-
puted. Section 3 regards the first Fourier coefficient I > 0 as a very small
parameter and gives the existence of periodic solutions X, (z) for the full
system. Section 4 changes the problem of the existence of the generalized
homoclinic solutions near H(z) into the one for an integral equation with
respect to the small perturbation term Z(z). Then some estimates are pre-
sented. The fixed point theorem shows the existence of Z(x) for z € [0, 00).
Activating the phase shift § of the periodic solution X,(z) and using the
reversibility, we extend Z(x) to (—oo, 00) in Section 5, which yields a smooth
generalized homoclinic solution exponentially tending to X,(z). Thus, the
main theorem is proved. Integrating this solution gives the existence of a
generalized wave-front solution of (1) under small perturbations.

Throughout this paper, M stands for a generic positive constant and
B = O(C) means that |B] < M|C|.

2. Formulation of the problem

In order to have a saddle-center equilibrium of (5), we adjust the constants
and assume that (7) is valid. Since € is arbitrary, for the sake of simplicity,
we consider € as a function of p and then suppose that e = p¥ for any
integer k > 2 (see the assumption (7)). It is easy to check that y = 1 is an
equilibrium of the equation (5) for g = 0. In order to move this equilibrium
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y =1 to the origin, let u =y — 1, u; = ug, Uz = Uy, and us = Ugzy,, which
changes the equation (5) into a system

(9) U= LU + LU + No(U) 4+ uN1(U) + pi* N3 (s, U),

where U = (u, u1,u2,u3)”, the dot stands for the derivative with respect to
x and

Ui 0 0
_ u2 _ 0 _ 0
LU = us y Lp,U - 0 ) N].(U) - 0 9
—a%uZ Hu ‘gu?’ cru?
0 0
0 0
NQ(U) = 0 ) N3<,u7 U) = 0 )
—yu? — aduug + %u? ho(u, U)

(10) ho(p, U) = h(p®,u + 1, u1, ug, ug).

The assumption (6) for the function h shows that the function hg satisfies
(11)  ho(p,0,0,0,0) =0, ho(p,uw, —u1, uz, —us) = ho(u, u, ui, ug, us).
Hence, the system (9) is reversible with a reverser S defined by

(12) S(u,ur,ug, ug) = (u, —uy, ug, —us3),

that is, SU(—z) is also a solution whenever U(zx) is. A solution U(x) is
reversible if SU(—z) = U(x). This implies that u(z) and ua(z) are even
functions and u(z) and us(z) are odd functions.

The linear operator L has a double eigenvalue 0 and a pair of purely
imaginary eigenvalues +tag, which corresponding eigenvectors and general-
ized eigenvectors are respectively given by

Ui = (1,0,0,0)", Uz = (0,1,0,0)",
(13) Us=ad (—1, —iag, az, iag)T, Uy =Us = a} (—1,iao, a2, —iag)T.
Moreover,

(14) SUl = Ul, SUQ = —UQ, SUg = [jg, SU4 = U3.
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Remark 2.1. If add the perturbation operator L, to the operator L, one
easily obtains that the linear operator L + L, has a positive eigenvalue, a
negative eigenvalue and a pair of purely imaginary eigenvalues, which is
what we need.

~ Since the system (9) is real, we assume that U = AUy + BU; + CUs +
CUs where A, B are real and C' is complex. Then the system (9) is equivalent
to the following system

A=B,
B=Ltaia-c- co+m+fﬁﬂ%AJ1aé%
ag ag
¢ = iagC — (%4 C—0)— mWL—%f(mAJlQCL
(15) C = —mﬂ+ (A C - CH—Om+—jﬂ%ABCHD

0

where the real function f(u, A, B,C,C) = ho(u, U) and the real function hq
is defined by

) . A 2
i 5..01= 12 (510

ag 2 ap?
ap(—ag*A+C+ C)S B (cip+7) (—a*A+C + (7)2
3(109 a06
(C+C)(aPA—C—C
(16) - oo™ )]
0

In this case, the reverser S is given by
(17) S(A,B,C,C)=(A,-B,C,C).

Now we use the norm form theory to determine the terms in (15) that
are essential in the dynamical and bifurcation behaviors. The normal form
theorem (see Exercise 1.22 on page 60 in [6]) yields that there exists a change
of variables from (A4, B, C,C)T to Y which is close to identity, and transforms
the system (15) into

(18) Y =LY + P, Y) + O(Y[|(1, Y)["),
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where P is a polynomial with degree <n, P(0,0) =0 and DP(0,0) = 0.
Here n is an arbitrary positive integer but fixed. Moreover, P satisfies

(19) SP(Y) = —P(SY).

For the notation simplicity, we still use (4, B,C,C)? to denote Y. Thus, if
set n > 2, (18) can be written as

A=B+ Ri(n, A, B,C,0),
B = P(u, A, |C)?) 4+ Ry(u, A, B,C,0),
C =iagC +iCQ(u, A, |C*) + Rs(n, A, B, C, C),

(20) C = —iagC —iCQ(u, A,|C*) + R3(u, A, B,C, C),

where P and @) are real polynomials of their arguments with degree n and
n —1, and

(21) Ry =O(|(A,B,C,O)||(1, A, B,C.C)"), k=1,2,34.

Note that Ry can be always chosen equal to 0. This can be done by a change
of coordinates of the type B = B+ Ry(u, A, B,C,C). Thus, (20) can be
written as

A=B,
B = P(u, A, |C]*) + Rao(, A, B,C,C),
C = iagC +iCQ(u, A, |C*) + Rs(u, A, B, C, 0),

(22) C = —iagC —iCQ(u, A,|CI2) + Ra(u, 4, B, C, 0).

In order to find the homoclinic solutions of the system (22), we need the
coefficients of some important terms in P. Suppose that

(23) P(H7Aa |C‘2) = 'uplA +P2A2 +P3|C|2 + Pl(:ua A’ |C|2)a
where
(24) Pi(, A, |C1) = O ((u+ADICP + IC1* + [(A, ICP) (1, A, ICP)P) -

A direct calculation shows that (More details can be found in [6])

1 y 3 b 2y
25 — 5 = — 5, = — —|— _— = —,
( ) b1 CL% b2 CL% b3 ag ag CL8
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Let v1 = $(C + C) and vy = 5(C — C), which changes the complex sys-
tem (22) into a real system

(26) X = F(p, X) + Fi(p, X) + R(p, X),

where X = (A, B,vy,v2)7, and

B
BA— %A
F(MvX) = 0 0
apgv2
—apvU1
0
p3(vf +03) + Pi(p, A, vf + v3)
F(p,X)= ;
10 X) 02Q, A, 3 + 13)
_U]-Q(M? Av /U% + U%)
Ry, X) 2 Ro(p, X) | _ Ro(p, A, B,v1 — ivg, v1 + iv2)
’ Eg(M,X) Re(R3 (M,A,B,Ul — ivg,vl +Z"UQ))
Ry(p, X) —Im (R3(p, A, B,v1 — ivg, v1 + iv2))
(27)

= O(I(4, B,v1,v2)|(s, A, B,v1,v2)|").
The reverser S is given by
(28) S(A, B,vi,v9) = S(A,—B, vy, —v3).
The dominant system of (26)
(29) X = F(u, X)

has a homoclinic solution

3/2
= 3—MsechQ(@ H ech? @x tanh ﬂa: ,
2y 2a0 2aq7y 2a 2ap
(30) 0,0)",

which satisfies

31)  SH(—z)=H(z), |H()|<Mpe =" for zeR.
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Since the equation (5) is equivalent to the system (26), in what fol-
lows, we only study the solutions of (26). More precisely, we will show that
(26) has a solution near the homoclinic solution H (z), which exponentially
approaches to a periodic solution given in the next section. If this can be
done, Theorem 1.1 will be proved.

3. Periodic solutions

In this section, we use the Fourier series to find the periodic solutions of
(26). Their estimates will play an important role for the proof of existence
of generalized homoclinic solutions of (26).

Let & = (ag + r1)x where 7 is a small real constant to be determined
later. The system (26) is transformed to

A = ! B
ag + 11 ’
1 Iz gl
B — (714_7142 2 ) & P, A, 02 2
a0+ \a2 P +p3(vy +v3) + Pr(p, A, 01 + v3)
+ R2(:u’7 X)>7
1 -
vy = (aov2 + 02Q(, A, v} + v3) + Ra(p, X))7
ag + 1y
1 -
(82) b= (= aovs — 01Q(u, A, 0F + v3) + Ra(n, X)),
ag + 11

where the prime denotes the derivative with respect to . To solve the above
equations for a periodic solution with period 27, we define some spaces. Use
H;”(O,Qﬂ) to denote the space of periodic functions of Z with period 27
whose derivatives up to order m are in L?(0,27) with the norm given by

117 =D+ 0> fal?,

nez

and f =3 fue™ € H™(0,2m). Define

A (0, 27) = {f(za =" fue™ € HI'(0,21) \ fi=0 }
and

H(0,2m) = HIM(0,2m) x H'(0,2m) x HY™(0,27) x H™(0,2m).
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In order to find the reversible periodic solutions of (32) (see the definition
(28) of the reverser S), we assume that

A(#) =) Ancos(nE), B(F) =) Bpsin(ni),
n=0 n=1

oo
v1(F) = Tcos(z) +09(2), W)(&) = Z V1, cOs(NT),
n=0,n#1

(33) v9(Z) = Z V., SIn(NT),
n=1

where I > 0 is a small constant. For simplicity, we consider I as a smooth
function of p and assume that

(34) I=0(u?).

Inserting (33) into (32) and making each Fourier coefficient in the equation
equal zero, we obtain

a2 v
A = 0 |:_7A2_|_ 2+ 2
" —n2ad(ag+71)2 —pl  ad p3(v1 +03)
+P1(/'57A7,U%+U%)+R2(:U’7X)i| , n=0
n
2
nag(ao + 1) Y 42 2, .2
B, = ° [——A +ps(v} +
" n2ad(ag + 1)+ p a? ps(vr +03)

+ Pl A0+ 03) + Ro(n X)), m> 1,
n

ao rn(ao + 1) ( 9 9 - )
= 7Aa R aX
Vin a2 —n2(ag + 1) L a vaQ(p, A, v7 +v3) + Ra(p, X)

~ QUi A+ 03) + Ra(u X)| . m# L,

n(ag + 1) rn(ag +11) 2, 2 A
n = 7A7 R ’X
v2 n2(a0 + 7“1)2 — a% L ap <v2Q(M Uit os)+ Rl >>
—01Q(p, A, v} + v3) 4+ Ru(p, X)]n
1 ~

— ;0 |:,U2Q(M7 A7 U% + U%) + R3(lu’7 X)]n7 n 7& 1’

ag +r 1 2
Vo] = 7(071)If - |:’UQQ(/1/,A; U% +U§) + R3(p, X)} )

ago ago !

T =——"——

r?2 1 [ao +r
2a0 21

(sz(ﬂ,A,vf +v3) + Rs(u,X))
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(35) - le(:u‘v Aa U% + U%) + ‘é4(:u7 X)] !

where f[k]| denotes the k-th component of f. Using (24), (27), (34) and (35),
together with the fixed point theorem, one can solve for A(%), B(Z),v}(%),
v2() € H,'(0,27) and the real constant r1 as smooth functions in terms of
small (u, I) (More details can be found in [2] or [10]), i.e.,

(A7B7U?vv2)(‘%) = (A’B’U?ﬂ)?)(j;#vl)’ T = Tl(:uaI)7
and

(A, B, vy, v9)(%; 1,0) = 0 for all Z € [0, 2], 1 (u, 1) < Mp,
(36) [ Allm + IBllm < MpI, [0l + |vallm < MT

for p € (0, 1] and I € (0, ;] where pq and I are small positive constants.
Using the relationship & = (Ag + r1)z, we define

T
Xp(x) =(Ay(@), By(a), vip(2), vap(a) )
:<A((a0 + 7))z, I),B((ao + 1)z p, I),
Icos ((ap +r1)z) + U?((CLO + 1)@ p, 1), v2((ao + r1) x5 1, I))T.

It is clear that X,(x) is a periodic solution of (26) and satisfies, by (36),
that

BT NAp@)llm + 1 Bp(@)llm < Mpd,  |lorp(@)[[m + lvzp(@) [l < MT.

The Sobolev embedding theorem implies that (37) is also valid under the
CF (R)-norm, where C}'(R) is the space of continuously differentiable func-
tions up to order m with a supremum norm. We will need the dominant
terms of vy (z) and vgp(z) later. A direct calculation gives

vip() = T cos((a + 1)) + O(ul),
(38) vop(z) = —Isin((ag + 1)x) + O(pd).

4. Existence of solutions on [0, c0)
This section proves the existence of the homoclinic solutions of the system

(26) near the obtained solution H(x), which exponentially tends to the peri-
odic solution X, (x).
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Since the system (26) is reversible, we will first focus on the existence
of its solutions for z € [0,00) and then use the reversibility to extend the
solutions to z € (—o0, 00). Assume that the system (26) has a solution X'(z)
with the form

(39) X(z)=H(z)+ Z(x) +s(z)Xp(x + 0)

for z € [0, 00) where the constant § € S' = [, 7] is a phase shift, Z(z) is a
small perturbation term to be determined later and exponentially approaches
to 0 as x — oo, and the smooth even cut-off function ¢(x) satisfies 0 < ¢(x) <
1 and

q@:{h ] > 2,

0, lz| < 1.
Substituting (39) into (26) yields
(40) 7 =L(x)Z+ Flz,p, 2),
where L(x) = dF(p, H), d means taking the Fréchet derivative and

Flo,p, Z) = F(p, H(z) + Z(2) + (2) Xp(x + 0)) — F(u, H(x))
— dF[p, H(x)|Z(z) — (fv)F( Xp(z +6))
+ Fi(p, H(z) + Z(2) + <(2) Xp(z + 0)) — (z) Fi(p, Xp(z +0))
+ R(p, H(z) + Z(2) + <(2) Xp(z + 0)) — () R, Xp (2 + 0))
(41) — () Xp(z +0).

Lemma 4.1. Under the assumption (34), if |Z|+ |Z1| + |Z2| < My with
some positive constant My, then the function F(x,u,Z) satisfies for x > 0
and small >0, I >0

_vE,
\Flil(x, 1, Z)| < M (|1 = s(2)|pd + (1 + pl)e
(W +DIZ|+12P), j=1,2,

3 iy
)| < M(|1=s(@)|I + (p 4 pl)e =
(w+D|Z|+|Z%), k=34,
(42)  [Flo,p, Z1) = Fx,p, Zo)| < M (p+ 1 + | 21| + | Z2|) | 21 — Za,

4
| Flk (@, p, Z
+

where f[j] denotes the j-th component of f.
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Proof. Tt is easy to get that from (31) and (37) the the terms including the
function F' is bounded by

2 -y 2

M1 —c(x)|I* + ple <" +1I|Z|+|Z|).

Note that the second component of F} is dominated by
v +v3 + A(p? + A?)
and the third and the fourth components of I are respectively governed by
2.2 2, .2

va(p+ A+ o +v3), vi(p+ A+ vy +v3)

(ignoring the uniform constant M ). Thus, we have

(Fu[2)(, H(x) + Z(2) +<(2) Xy + 0)) = <(@) Fa[2] (1, Xl +6))|
(43) <M (L= (@)1 +pe %7 + (4 4+ 1)|Z] +|2P)
(FylK) 1, H(z) + Z(2) + <(2) Xp(@ + 6)) = <(@) Fi[K] (1, X + 0))]

_ Ve
(44) §M<]1—g(:):)|12+ule aor+(u+1)yzy+yzﬁ), k=3,4.

The function R(p, X) is dominated by

(A4+B+v +v)(pp+ A+ B+uv +v)?

(again ignoring the uniform constant M). This implies that

| B(p, H (@) + Z(@) + () Xp(z +0)) = <(2) R, Xp (2 + 0))]
(45) <M (=@ + (4 + D 0 + (62 +1)|2] + |ZP2)

The above estimates, together with

" (@) Ap(z + 0)] + [¢" () Bp(x + 0)] < ML —¢(x)|p,
["(@)vip(z + 0)| + | (2)vzp(w + 0) < ML = (2)|1,

yield the first two inequalities in (42). Similarly, the rest inequality in (42)
can be obtained. The proof is completed. O

In order to prove the existence of the solution Z(z) on [0, c0) by the fixed
point theorem, we change this problem into one of an integral equation.
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Note that the linear system of (40)

(46) Z=L(x)Z

has four linearly independent solutions

6,u3/24a0 'y(ao tanh(‘f )SeChQ(\{IZ,I)

s1(z) =

)

— 6\/ﬁtanh2(2ﬂx)sech2(5/ﬁ )+ 3u Sech4(f ),0 0) ,

ag ao 2ag

W

1
so(x) = 96,2 (Saofy( 2ag cosh a—oa:)
+ 15(2a¢ — /pux tanh(@:z:))sechQ(ﬂx)) — 96a0%,
2a0 2(10
2
— \/ﬁfysechA‘(@x) (185a9 sinh(ﬂw) + 4ay sinh(ﬂx)
2aq ag ao
3 T
+ ag sinh(a—\/ﬁx) — 60/px cosh(?m) + 120/pz), 0, 0) ,
0 0
T
s3(z) = (0,0,008(@033), —sin(aoa:)> ,
T
(47)  sa(x) = (0,0,sin(a0:1:),cos(a0:c)> ,
which satisfy
_ YR, Lo YA,
[s1(@)] < Mp*Pe™ %", |s2(x)] < Mp~2e ™, |sy(w)| + [sa(x)] < M,

3 2 T 4 2 T
31(0) = <07_L27070) 9 82<0) - < a07707070) )
4ady 3u?

(48) s3(0) = (0,0,1,0)T, 52(0) = (0,0,0, 1)T

The adjoint equation of (46) has four linearly independent solutions given

by

N 1

( fvsech‘l( f x)(185aq sinh( \C )
+ 4ag sinh(a\/oﬁa;) + agp sinh(ix) — 60/px cosh(\cjoﬁm)

+ 120,/px), 8agy(2ag cosh(\f )
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T
+ 15(y/px tanh(ﬂx) - 2a0)sech2(£x) + 12a0),0,0> ,
ao 0

. 3/2 m i
50) = 2 (oo (L) — 2 o (L

VH 2 VI )T
_ h( Y2 h2(vE
6ap tan (2a0:r)sec (2a0x),0,0 ,

s5(z) = (0,0,cos(aox), —sin(aox))T,

z),

T
49)  si(z) = (0,0,sin(aoaj),cos(aox)> :
which satisfy
VE
(50) |si(x)] < Mpu2ew”, |sy(x)| < MpP?e” ", [s3(x)| + |si(z)| < M,

and for all x € R

“ |1, forj=k, ——
(51) <S](.Z'),Sk($)> - { 0, fOI‘ ] # ]{I, jvk - 17273747

where ( - ) denotes the Euclidean inner product on R*.
Thus, the solution of (40) that approaches to zero at infinity can be
found as

Z(w) = /O NF 1, 2), 51 () dbsy (x Z / F(h i, Z), st(t))dtsi ()
(2) 2P 2)(a).

In order to apply the fixed point theorem to the above equation, we choose
a Banach space

(53) B={ZeC(0,00) xS | ES[lép ){\Z(m, 0)e"*} < 0}

for a fixed constant v € (%, ﬂ) with the norm

(54) HZH:sup{|Z($,0)|e”$ \xG[O,oo),GESl}.

From this definition, it is obvious that Z(x) exponentially tends to 0 as
x — 00.
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Lemma 4.2. Under the assumption (34), if || Z|| + || Z1]] + || Z2|| < My with
some positive constant My, then the map P satisfies for x > 0 and small
uw>0,1>0

IP( 2) < M (12 + 1+ (Vi +u DI Z]| + 1741 2)2)
(55)
1P, Z2) = Pl Zo)l| < M~ (52 + 1+ |1 Z1] + 1 2] ) 121 2.

Proof. Using (48), (50) and Lemma 4.1, we have

v

VE

| [ Fn 2 si@)ds @)e
0
M/‘” 5 v
< — 1—g()|pl + (> + pl)e =o
T )y (= Okl + (6 D)
Yy (LE )
+(u2+1)!Z!+|Z!2>eaotdte (™)
M x
<M uI+/ u3+ul+ w2+ 1)z
VI N ( N Z||
1122 )50 dte (5
<M s 2y Dz Z|?
< (0 +pl + (w*+ D)2+ 112]%) ,

vx

‘/Oo<f(tmua Z),S;(t»dth(l‘) e
M 0
<
= Vi .

Vi

(‘1 — ()|l + (4% + pl)e =
+ (W2 +1)|Z|+ |2 )e Lt oAV
< My/pl + — / Bl + (i + 1) Z)
122 e
< ]\5 (1% + ul + (2 + D)1 Z|| + 1 2]2)
‘/j(ﬂt’u, Z), st (t))dtsg () |e

* 3 —VEy 2 v
gM/ (|1—<(t)yI+(u +ul)e o+ (n+1)|Z| + |Z| >dte

v
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o
<ML [ (4l + o D121+ 2P e e
x
M
<M1+ 2L (B4 e DIZI+1217), B =34

which yield the first inequality of (55). Similarly, the second one can be
obtained. (|
Suppose

(56) I = Iyp?

for any fixed positive constant Iy and take a closed ball B(0) in the space B
with a radius

(57) r=0u?).

Clearly, the assumption (34) holds. Lemma 4.2 shows that P is a contraction
map on B(0) for small ;> 0. Thus, the equation (52) has a unique solution
Z(x; p, 0, 1) satisfying with a subtle estimate

(58) 12| < Mp?.

Note that the smoothness of Z(z; i, 0, I) in its arguments can also be obtained
by using an extension of a contraction mapping principle [19]. Hence, (26)
has a smooth solution X (x;u,6,1I) for z € [0,00).

5. Existence of generalized homoclinic solution

In the previous section, we proved the existence of the solution X (x; u, 0, 1)
of (26) for = € [0,00). The reversibility yields that SX(—x;pu, 6, 1) is also a
solution of (26). To obtain a reversible solution of (26) for x € (—o0, ), we
need to solve the following equation

(59) (T — 8)X(0; 1,0, 1) =0,
where 7 is an identity map. If the above equation holds, we can define

X(x;p, 0,1 for x > 0,
xl(@:{ ( )

60
(60) SX(—z;p,0,1) for x < 0.

The uniqueness of the solution for an initial value problem implies that
Xp(z) is a smooth solution of (26) for z € (—oo,00), which exponentially
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tends to the periodic solution X, (z + #) as  — oo and the periodic solution
SXp(—x+0) as © — —oo. Moreover, SX;(—x) = Xi(z), which gives that
X1 (z) is a reversible generalized homoclinic solution of (26).

In what follows, we pay our attention on the equation (59). The definition
of the reverser S shows that the equation (59) is equivalent to

(61) B(0) =0,
(62) v2(0) = 0.

(48) and (52) imply that the equation (61) automatically holds. In order to
make the equation (62) valid, we need to find an unknown constant. Here
we choose the phase shift 6.

Lemma 5.1. If (56) is valid, then the equation (62) is equivalent to

(63) 6= VEZ(1.6),

where Z(u, 0) is differentiable with respect to its arguments, and Z and its
derivative with respect to 6 are uniformly bounded for small p > 0.

Proof. Let « = 0 in (52) which shows that (62) is changed into

(64) /O SR, 2), $5(0)dE = 0.

Note that the first two components of s(x) in (49) are zero. Obviously,
by (44) and (45),

FB8l(z,pu, Z) = =<' (@)v1p(z + 0) + P3(, p, Z),
Fld(x, p, Z) = = (x)vap(z + 0) + Pa(z, p, Z),

where ®3(p, 6) and ®4(u, 0) uniformly satisfy

NG

[@y(w, 1 2)| + |@aa, 1, Z) < M (1= 5(@) |12+ (i + pul)e 0"
+ (e DIZ]+2P2).

Using (38), (49) and (58), we can transform the equation (64) into

2
- I/l J(t) ( cos((ap +r1)(t + 0)) sin(apt)
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— sin((ag + r1)(t + 0)) cos(agt)>dt — (1, 0),

or
2

(65) I / ¢/ (#) sin(agh + 11 (¢ + 0))dt = D5 (1, 0),
1

where ®5(u, ) uniformly satisfies

(@5, 0)] < M (122 + VI + p= (4 DINZ) + 1Z])
< M/,L5/2.

(36) and (56) imply that the equation (65) is equivalent to
(66) Ipsin(apl) = Ps(u, 0),
where ®g(u, 0) uniformly satisfies

(1, 6)] < M.

It is consequently obtained that

(67) 6= VEE(n.6),

where ZE(u,0) = lloi/ﬁ arcsin(®e(u, 0)/Ip). It is easy to check that Z(u, ) is
differentiable with respect to its arguments, and = and its derivative with
respect to 6 are uniformly bounded for small x> 0. Hence the proof is
completed. O

By this lemma, we can choose a closed interval [—6p, 0] where 6y > 0
and 6y = O(p!/*). Tt is then straightforward to show that € is a contraction
mapping on [—0p, 6] for small > 0. Therefore, (63) has a unique solution
0 satisfying 0] < M,/p. This implies that (59) holds by choosing ¢ that
has been derived. Hence, &} (x) defined by (60) is a reversible generalized
homoclinic solution of (26).

Recall the relationships among (5), (9) and (26), and focus on only the
first component. Then, we have

y(x) = Ha(w) + A@) +<(2) Ap(x +0) — 2a5(v1(2) + s(@)vip(a +0)) + 1,

which yield the expression of y(z) given in (8). Thus, Theorem 1.1 in the
Introduction is proved.
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Remark 5.1. From (2) we have

(65) o) = / (~u) + <) a.

Note that y(x) in Theorem 1.1 has a constantyo = 1 + [Ka(x)]o = 1+ O(ul)
where [Kao(x)]o stands for the constant term in the Fourier series of the
periodic function Ko(x). We can always choose appropriate constants in (1)
satisfying

ev

— =Y
a

so that the constant in the integrand —y(x) + < wvanishes and (7) holds.
Thus, if we integrate —y(x) + <, there is no any polynomial in x appearing.
Then we set

o@) = [ (o) + %) da

(69) :3\@%@0 tanh <;{Zx> + Ki(z) + Ko(z),

where the function Ko(x) is periodic in x with periodic affrl and the func-
tions K1(z) and Ko(x) satisfy uniformly that

K1 (z)] < Mpd2e 21 Ky (a)| < MT

for x € R. Therefore, ¢(x) given in (69) is an odd generalized wave-front
solution of (1) under a small perturbation.
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