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A Note on the Heat Flow of Harmonic
Maps Whose Gradients Belong to L/

JUNFEI Da1, WEI Luo AND MENG WANG*

Abstract: For any compact n—dimensional Riemannian manifold
(M, g) without boundary, a compact Riemannian manifold N ¢ R*
without boundary, and 0 < T < oo, we prove that for n > 3, if
w:M x(0,T] = N is a weak solution to the heat flow of har-
monic maps such that Vu € LELI(M x (0,T]) (n/p+2/q =1 for
some p > n), then u € C°(M x (0,T), N). For p = n, we proved
the regularity for the suitable weak solution defined in [1].
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1. Introduction

We adopt the notation and some definitions as in [1] and [2]. For n > 1,
let (M,g) be a smooth, compact n—dimensioanl Riemannian manifold
without boundary, and N C RF(k > 2), be a smooth , closed, oriented
m—dimensional submanifold without boundary. For 0 < T < oo, a map
u € C%(M x (0,T), N) is a solution to the heat flow of harmonic maps, if

ou ou Ou

P ap Il T
1y Agu+a%;19 A(u) <axa’amﬁ> in M x (0,7T),

where A, is the Laplace-Beltrami operator of (M, g), A(-)(-,-) is the second
fundamental form of N C R, and (g®°) = (gap) ! is the inverse of g =
(9a,3)- Let us recall the notation of weak solutions of (1.1).

Definition 1.1. A map u: M x [0,T] — N is a weak solution of (1.1), if
(1) up € I2L3(M x [0,]), Vu € L2LR(M x [0,7]),
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(2) u satisfies (1.1) in the distribution sense:

/ /ut ¢+ Vu-Vo = / / )(Vu, Vu) - ¢,

for all ¢ € C(M x (0,T), R¥).
Our goal in this note is to get

Theorem 1.1. For n >3, let u: M x [0,T] — N be a weak solution of
(1.1), with Vu € LELI(M x [0,T]) for some n < p < oo satisfying 2+ % =
1. Thenu € C>*(M x (0,T], N). Moreover, if Vu € LTL°, then there exists
a small number €, such that ||Vul|pnre(arx0,1]) < € which implies that u €
C*®(M x (0,T],N).

By standard parabolic estimate, Theorem 1.1 can be generalized by The-
orem 1.3.

Theorem 1.2. For n=3, let u: M x [0,T] — N be a weak solution of
(1.1) which satisfies the monotonicity inequalities (1.5) and energy inequality
(1.6), and Vu € LTL?(IR™ x [0,T]). Then for any open subset w and for any
moment of time ty € (0,T"), we have

N(to,w) < g, limsup 2/ / |Vul?(y, s)dyds.
r—0 to—r2

Here, N(tp,w) = card{3(top) Nw}; i.e. N(to,w) is the number of points in

the set ¥(tp) Nw.

Note that the scaling invariant norm for Vu is Vu € LELI(M x [0,T7)
for some p € [n,00) and ¢ € [2,00) satisfying

(1.2) » + p 1.

The scaling invariant space LLL] with (p,q) satisfying (1.2) has played
an important role in the regularity issue of Navier-Stokes equation for
the Leray-Hopf weak solution. It is well known that both uniqueness and
smoothness for the class of weak solutions v of the Navier-Stokes Equation in
which v € LEL] (R? x (0,00)) for some p € (3,00] and q € [2, 00) satisfying
Serrin’s condition (1.2), have been established through works by Prodi [3],
Serrin [4], and Ladyzhenskaya [5] in 1960s. On the other hand, for the end
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point case p = 3,q = oo, only until recently Escauriaza et al. [5,6] proved
the smoothness for weak solutions v € L3L>,0 < T < oo.

Motivated by these results for the Navier-Stokes equation, Wang [2]
considered the class of weak solutions w: M x [0,T] - N of (1.1) with
Vu € LELI(M x [0,T]) for some p € [n,+o0] and ¢ € [2, +00] satisfying Ser-
rin’s condition (1.2). it is stated in [2] that
(i) if n >4, and w is a weak solution of (1.1) with Vu € LPL$®, then
u€ C®(M x (0,T],N).

(ii) If n = 3, they get the blow up criteria.

(iii) Either n >4 or 2 <n <4 and p > 4, Theorem 1.1 is true with Vu €
Ir L.

for some p > n,q > 2 satisfying n/p +2/q = 1.

Our Theorem 1.1 extends their result (iii) to all p,q with p > n,q¢ > 2
satisfying (1.2).

Since the regularity is a local property, for the sake of simplicity, we will
present our proofs in the case where M = IR"™. The general case is essentially
the same, but technically a little more complicated. Here we shall consider
the weak solutions of

ou .
(1.3) i Au = A(u)(Vu, Vu), in Q
where Q = Q x (0,7), © is a domain in R™(n > 3) with smooth boundary,
0 < T < 0. For any weak solution u : R™ x (0,7] — N of (1.3), define

¥ ={z0 = (w0, tp) € R" x (0,T]; w is not continuous at zo},

and
E(to) =N {to}, for tg € (O,T].

The proof in [2] depends on the fact that for n > 4, u satisfies the mono-
tonicity inequalities ([2, (2.4)]) (which is stronger then (1.5)) and the energy
inequality (1.6) under the assumption of Vu € L?L$® (see [2, Lemma 2.4 and
Lemma 2.2]). So the case n = 3,q = oo and the case 4 > p > n = 3 are not
considered in their paper. Note that in [7], the author consider the interior
regularity for the distribution solution of one kind parabolic system. It help
us to deal with the case n = 3, ¢ = oo and the case 4 > p > n = 3. In Navier-
Stokes equation, It is shown in [9], from the assumption v € L3> one can
define the associated pressure p such that (v,p) is a suitable weak solution
of Navier-Stokes Equation. So the regularity for the weak solution v € L3
is just the regularity for the suitable weak solution in some sense.
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In fact, if we denote @, = Q,(zo,tp) is a parabolic ball centered at
(x07t0) € Q:
Qr(zo,t0) = {(z,t) e R" x R; |z — x| <7, —1% <t —tg < 0}

such that @, C @ and B, (x¢) = {x € R"; |z — 2| < r}. where Q is a domain
in R™ with smooth boundary and 0 < T' < co. Using the results of [7], we
have the e—regularity for all p, ¢ with p > n, ¢ > 2 satisfying (1.2).

Theorem 1.3. If u is a weak solution of (1.1) in Q with u; €
L2L3(Q), Vu € L2L¥(Q), then there is a positive constant € < 1 such that
IVullpra(q,) < € which implies

(a) Vu € L?LE(QT/Q) for all 2 < 8 < oo when p > n.
(b) Vu € Lg‘Lf(QT/z) for all2 < o, 8 < 0o when p=mn.
Here e = e(n,m,p,B) ifp >n and e = e(n,m,a, ) if p=n.

We recall the weak — L@ space for 1 < ¢ < co:
L9D(0,T) = {f € L'(0,T); [feor) < o0},

where

ey =sups (u{t € (0.7) : ()] > she.
By Theorem 1.3, we also can get
Theorem 1.4. Let u be a weak solution of (1.1) in Q with uy € L2L3(Q),
Vu € L2L°(Q). Suppose that 1 < p,q < oo satisfies n/p+2/q=1 and p >
n. Then there ezists a positive constant € = e(n,m,p, 5) < 1 such that
(1.4) IVullpr.w @,y <€
which implies Vu € L?LE(QT/Q) for all B> 2.

Remark 1.5. The condition (1.4) is fulfilled if , for example,

IN

HVU(t)HLp(BT(mO)) Wi forte (—7“2 + to, to).

&
(to —t)t/a
Definition 1.2. We call a map u : M x (0,T] — N is a suitable weak solu-

tion of (1.1), if it is a weak solution of (1.1), and satisfy the following mono-
tonicity inequalities (1.5) and the energy inequality (1.6).
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We adopt the notation as in [1] and [2]. Denote by z = (x,t) a point in
M x R. For a distinguished point zg = (xq, o), 7 > 0, let

Po(z) ={z=(z,t) e R" xR : |z — x| <, |t —to| < 1}

and
Ty (20) = {z = (x,t) ER" x R : tg — 4r® <t <ty —r?}.

Denote the fundamental solution to the (backward) heat equation (% +
A)f(x,t) =0on R™ x R by

B 1 (x — )2
= i (i) <

We also denote by § the parabolic distance function

5((x,1), (y,8)) = max{[z —y[, /[t — s]}.

Let 8> 0 be any fixed constant. For any z; € R" x R4, define, for R €

(0.v1/28)
Vp(Rua) = [ VPG, dBdadt,
T,

sr(21)
where ¢g(z) = ¢((z — x1)/8) and ¢ € CF°(B2(0)) is a cut-off function such
that 0 < ¢ <1 and ¢ =1 on By4(0). It is proved in [6] that the regular
solution of (1.1) satisfy:
Monotonicity inequalities: There exists a constant C' > 0, depend-
ing only on m, such that for any z; € R” x R4 and any 0 < R} < Ry <

min(1/2, gg)
Up(R{bk) < “Fe= )W 5 (Ry u, 20) + C(Ry — Ry)B™ \Vu|?dadt.
Psa(21)

Energy inequality: For any ¢ € C°(IR") and a.e. 0 <3 <ty < 00, it
is true that

(1.6) 2fRn . |ue|?¢? —i—fRn ®?|Vu|*(z, t2)
' < Jre ¢2|VUI (z,t1) + c(n) [gn [ [Vul?| V262,

2. Proof of Theorem 1.3

Proof of Theorem 1.3: Assume that N C IR¥ has an orthonormal frame
field v, 1 <1<k —m, for the normal bundle to N. By [8], the equation
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(1.3) may equivalently be written as
(2.1) ul — Au' = QW .V,

where Q € L?(Q; so(k) x A'IR¥), with components locally given by
(2.2) 0 =Y widw! — wldwf,
=1

for 1 <i,j <k and w; =y ou. If u is a weak solution of (1.3), then v =

Vu = (vm)?:llk" € L2L?(Q; R*™) satisfying the following parabolic system

(2.3) vy — Av = V(Qu)

in Q in the distribution sense:
// (0t + Ad — diveQ)vdxdt = 0
Q

for any ¢ = (d)m)la:ll—f € C5°(Q; R* ™). Here

QLo Qb

. - 0 1,« - 0 k,a 9271 Q27k
divg§) = (Z aﬁb 72%‘25 )

a=1 a=1 QLo Qkk

Then by [7, Theorem 2.1 and Theorem 2.2 |, we can get Theorem 1.3 and
Theorem 1.4.

3. Proof of Theorem 1.2
First, we have the following lemma,
Lemma 3.1. [2, Lemma 2.1] For n >2 and 0 < T < 400, suppose that
u: M x[0,T] = N is a weak solution of (1.1) with Vu € L} L (M x [0,T]).
Then uw € C([0,T],L"(M)), and

(3.1) IVu(®)| Lrary < NVl Lo arxjo.ry, ¥t € [0,T].
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For z € R" x R4 and 0 < 7 < /t define
E(r,u,z) = 7"_”/ |Vu|?dyds.
P.(z)

In fact, if we let w C R™ be an open domain, we have the following Lemma
which is given in [10] for stability solution of (1.3).

Lemma 3.2. Let u€ H. (wx (0,00),N) be a weak solution of (1.3)
satisfying the (1.5) and (1.6). Then for any parabolic cylinder Py (zy) C
w x (0,00) and for any z1 = (x1,t1) € Par,(20) and 0 < r < brg, where a

and b are two positive constants satisfying a + 2b < 1/2, we have

r2—n (fPT(Zl) |3tu]2dz + fBT(wl)X{tl} |vu‘2d$>
<Cry" [p. (20) |Vu|?dz.

Proof: As the argument in [1, Lemma 2.2, Lemma 2.3|(Although only
the case N = S* is considered there, these two lemmas are true without this
restriction), we can show there exists K > 0, such that

E(ryu,z1) < KE(ro,u, z0)

for any z1 = (z1,t1) € Par,(20) and 0 < r < brg, where a and b are two pos-
itive constants satisfying a + 2b < 1/2. By Fubini’s theorem we may choose
a € (1/2,7/8) such that

(3.2) / IVl (y, t1 — o?r?)dy < C'r_2/ \Vu|?dyds.
Br(xl) Pr(Zl)

Choose a smooth function ¢ € C§°(IR") such that ¢ =1 in By, (z), ¢ =0
outside B, (xp), 0 < ¢ <1 and |V¢| < C/r. It follows from (1.6) and (3.2)
that

7 [ JoPdyds < CB(ra,u. )
Pr/2(z1)

for any 21 = (x1,t1) € Par,(20) and 0 < r < brg. On the other hand, use (1.6)
with to = ¢ and t; = tg — ar%, we can also have

r2_n/ \Vul?dz < CE(ro,u, 20).
BT(.ZEl)X{tl}

By Lemma 3.2, [10, Theorem 2], and the argument in [10], we can get
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Lemma 3.3. Let n=3 or n=4, and let u € H'(P.(2),N) be a weak
solution of (1.3) satisfying (1.5) and (1.6). If

7'_"/ ]Vu\2 < 63
P»,«(Z(])

for a sufficiently small number g > 0, then u is smooth in P, 5(20).

Proof of Theorem 1.2: For simplicity, we can assume that M = IR3.
Suppose that X(ty) # 0. We can follow the blow up argument in [2] to get
a map v : R"™ — N is a weak solution of (1.1), with Vv € L3L°(R"™),
and

3.3 R™3 Vol|? >62, VR > 0.
0
PR

For the completeness of our theorem, we show it here. By Lemma 3.3, we
have that xg € X(t¢) implies that

(3.4) 7“_3/ |Vul|? > €3, Vr > 0.
P,.(Io,to)

For 7; | 0, define v;(x,t) = u(wo + rix, to + rt) : R? x (—r?,0] = N. Then
we can show v;(z,t) is a weak solution of (1.3), and v; satisfies

(3.5) IVill 13 oo (o x[—r—2t0,0) = VUl Z8 L= Rex[0,20]) < 00,

and

(3.6) R‘”/ Vol = (Rri)_3/ Vul? > 22, VR > 0.
Pr Pr,; (zo,t0)

Moreover, by (3.5), we have

2/3
sup; pr |Vui|> < sup; R%/3 [IPR |Vvi|3(x,t)da:dt]

(3.7) < sup; B3|V vil| 13 poe ()
< sup; R3 Supfo*(R’f‘i)2<S<to fBR(xO) |vu|3(y> S)dy
< CR3, YR > 0.

From Lemma 3.2, we have

(3.8) sup/ |(v;)|? < CR™? sup/ Vo> < CR, VR > 0.

(2 3
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It follows from (3.7) and (3.8) that {v;} C HL (R™"') is a bounded
sequence. Thus there exists a map v: R — N such that Vv; — Vo
weakly in L2 (R™"1), and v; — v strongly in L2 (R™"!). Note that

loc loc

(3.9) (vt — Av; = A(v;)(Vvi, Vi) in R™ x (—r; 2tg, 0],
and
(3.10) | A(v;)(Vvi, V)| < C|Vug]? is bounded in L, (R™"1)
Thus
(3.11) 7‘_2/ (Vol? > &3, vr > 0.
P,.(zo,to)

For any finite subset {z1,...,2;} C X(to) Nw, let 79 > 0 be small enough so
that {Br(:cj)}ézl are mutually disjoint for any 0 < r < r¢ and B,(z;) Cw
for all j =1,...,1. By (3.11), for any 0 < r < rg, we have

l to
3 -2 3 -2 3
gy [ s [0 e
i=1 P (x,to) to—r2 Jw

Then the proof is over.
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