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Abstract: We prove the following results for toric Deligne—
Mumford stacks, under minimal compactness hypotheses: the
Localization Theorem in equivariant K-theory; the equivariant
Hirzebruch-Riemann—Roch theorem; the Fourier-Mukai transfor-
mation associated to a crepant toric wall-crossing gives an equiv-
ariant derived equivalence.
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1. Introduction

We establish various basic geometric properties of toric Deligne-Mumford
stacks under minimal compactness hypotheses. This is a companion paper
to [5]: the results here are used there in the proof of the Crepant Transfor-
mation Conjecture for toric Deligne-Mumford stacks, and we expect that
they will also be useful elsewhere. We establish the equivariant Hirzebruch—
Riemann—Roch theorem and the Localization Theorem in equivariant K-
theory, two of the fundamental tools in equivariant topology, for toric
Deligne-Mumford stacks without requiring compactness. We also give an
equivariant generalization of a celebrated result of Kawamata, that K-
equivalent toric Deligne-Mumford stacks are derived equivalent, and exhibit
an explicit Fourier—Mukai kernel that implements this equivalence. This lat-
ter result plays an essential role in the proof of the Crepant Transforma-
tion Conjecture [5]: it implies that the transformation which controls the
change in quantum cohomology under a crepant transformation (between
toric Deligne-Mumford stacks or complete intersections therein) is, in an
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appropriate sense, a linear symplectic isomorphism. None of the results
proved here are surprising, but we were unable to find proofs of them, at this
level of generality, in the literature. Note in particular that our formulation
(equation 2.2 below) of the equivariant Hirzebruch-Riemann—Roch theorem
makes sense for arbitrary (not just toric) smooth Deligne-Mumford stacks
with torus action under mild hypotheses; we believe this formulation to be
new.
We consider toric Deligne-Mumford stacks X such that:

1) the torus-fixed set X7 is non-empty; and

2) the coarse moduli space |X| is semi-projective, i.e. |X| is projective
over the affinization Spec(H°(|X|,0)).

These conditions are equivalent to demanding that X arise as the GIT quo-
tient [(Cm e ] of a vector space by the linear action of a complex torus
K, as in §3.1 below. The action of T'= (C*)™ on C™ descends to give an
ineffective action of T on X, as well as an effective action of the quotient
torus T/K on X.

The Localization Theorem in equivariant K-theory and the equivariant
index theorem were first proved for the topological K-theory of G-spaces
and G-manifolds by Atiyah and Segal [1, 16]. Similar results were estab-
lished in algebraic K-theory by Nielsen [15] and Thomason [17-19]. Index
theorems have been proven for compact orbifolds by Kawasaki [13] and for
proper Deligne-Mumford stacks by Toen [20]; an equivariant index theorem
for compact orbifolds was proved by Vergne [21]. In §§2-3 we prove an equiv-
ariant index theorem for toric Deligne-Mumford stacks, without requiring
properness, using methods and results of Atiyah—Segal and Thomason.

In §5 we prove that the Fourier-Mukai functor associated to the K-
equivalence

determined by a crepant wall-crossing of toric GIT quotients gives an equiv-
alence between the equivariant derived categories of X. This is an equiv-
ariant generalization of a result of Kawamata [12], with a different proof:
we use the theory developed by Halpern-Leistner [9] and Ballard-Favero—
Katzarkov [2] which relates derived categories to variation of GIT.
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Toric Deligne-Mumford stacks were introduced by Borisov—Chen—
Smith [4], who described them in terms of stacky fans. They have also been
studied by Jiang [11], who introduced the notion of an extended stacky fan.
Our approach here, where we treat toric Deligne-Mumford stacks as GIT
quotients [Cm JwK ], is equivalent to the approach via (extended) stacky
fans. This is explained in [5, §4.2].

2. The Hirzebruch—Riemann—Roch Formula

Let X be a smooth Deligne-Mumford stack with a torus 7' action, which
satisfies the following properties:

(P1) the coarse moduli space |X| is semi-projective;

(P2) all the T-weights appearing in the T-representation H°(X, O) are con-
tained in a strictly convex cone in Lie(7")*, and the T-invariant sub-
space HY(X,0)T is C.

These properties together imply, for example, that the fixed set X” is com-
pact. As we will see, these properties allow us to define the equivariant
index of coherent sheaves on X, and to state the equivariant Hirzebruch—
Riemann-Roch formula (equation 2.2 below). In §3 below we prove this
Hirzebruch—Riemann—Roch formula for toric Deligne-Mumford stacks, using
the Localization Theorem in equivariant K-theory.

Let |X| denote the coarse moduli space of X and let IX = X x x| X
denote the inertia stack of X. The stack IX consists of pairs (z,g) with
z€ X and g € Autx(z). We write Hp*(1X) =[], H%p(IX), where the
superscript ‘*®’ is to indicate that we take the direct product of cohomology
groups rather than the direct sum; it does not indicate a double grading.
Let K2(X) denote the Grothendieck group of T-equivariant vector bundles
on X. We introduce an orbifold Chern character map

ch: KO(X) — H*(IX)

as follows. Let I.X = | | g X, be the decomposition of the inertia stack 1.X
into connected components, where the set B indexes the connected compo-
nents. (If X is a toric Deligne-Mumford stack then we can take B to be the
box of the stacky fan that defines X.) Let ¢,: X, — X be the natural map,
and let E' be a T-equivariant vector bundle on X. The stabilizer g, along X,
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acts on the vector bundle ¢ E — X, giving an eigenbundle decomposition

CE = @ Eyg

0cO(v

where ©O(v) denotes the set of rational numbers 6 € [0,1) such that
exp(27if) is an eigenvalue of the g,-action on ¢;(E), and E, 4 is the eigen-
bundle corresponding to 6. The equivariant Chern character is defined to

be
@ Z eQTrlGChT v9)

vEB #eO(v

where ch” (E, 4) € H3*(X,) is the usual T-equivariant Chern character of the
T—equlvarlant vector bundle E,p — X,. Let 6,04, 1 <i <rank(E,) be the
T-equivariant Chern roots of E, g, so that ¢! (E, ) = [L;(140y0:). These
Chern roots are not actual cohomology classes, but symmetric polynomials
in the Chern roots make sense as equivariant cohomology classes on X,,. The
T-equivariant orbifold Todd class Td(E) € H3*(1X) is defined to be:

rank(E 1 rank E, o 5
—~ v,0,1
Td(E) = @ H H 1 — e 2mi0p—0u,0.i H 1 — e dv0.
veEB | #eBO(v) i=1 i=1
0+£0

We write Tdy = 'ﬁi(TX ) for the orbifold Todd class of the tangent bundle.

Property (P2) gives that all of the T-weights of H°(X, O) lie in a strictly
convex cone in Lie(T")*. After changing the identification of 7" with (C*)™
if necessary, we may assume that this cone is contained within the cone
spanned by the standard characters Ay, ..., A, in H2(pt) = Lie(T)*, where
Aj: T — C* is given by projection to the jth factor of T"= (C*)™. The
Chern character

ch’: Kp(pt) — Z[e™] == Z[e™, ... e™] C H (pt)

sends the irreducible representation of weight \; to e*'. The T-representation
HY(X,0) is infinite dimensional, but each weight piece is finite dimen-
sional. Thus we have a well-defined character ch” (H°(X,0)) in Z[e'] :=
Z[eM, ..., e*]. More generally, if V is a locally finite T-representation
that is finitely generated as an H%(X, ©)-module, the character ch? (V) lies
in Z[eM[e ] == Z[eM[e ™, ..., e *]. An important fact is that ch? (V)
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becomes a rational function in e™,... e’ for such V, see [19]. In other
words, ch” (V) lies in:

f is the Laurent expansion of
a rational function

in C(eM, ..., eMn)

at eM = ... =M =0

Z[[ek]] [e_)‘]rat =< fe Z[[eA]][e_/\] :

For a T-equivariant vector bundle E on X, the cohomology groups H*(X, E)
are finitely generated H°(X, O)-modules since | X| is semi-projective. There-
fore we can define the equivariant Euler characteristic (E) € Z[e*][e™rat
as:

dim X

(2.1) X(E) = Y_ (~1)'ch” (H'(X,E))

1=0

Let Ry = H}.(pt,C), and let Sy denote the localization of Ry with
respect to the set of non-zero homogeneous elements. We expect that

properties (P1) and (P2) are sufficient to imply the following equivariant
Hirzebruch-Riemann-Roch (HRR) formula:

(2.2) x(E) = /]X ch(E) U Tdy.

This identity should be interpreted with care. The right-hand side is an
equivariant integral (defined via the localization formula) of an element of
H2*(1X), and lies in a completion St of St:

e _ ap € S} and there exists ng € Z
St = {Zan " such that a,, = 0 for all n < ng }

nez

where S7. denotes the degree n graded component of S7. As we discussed
above, the left-hand side of (2.2) lies in Z[e*][e *|rat and is given by a
rational function f(e*,...,e ). We take the Laurent expansion of g(t) =
Sl ... em) at t = 0 and obtain an expression g(t) = Y5, gnt" with
gn € S} The HRR formula (2.2) claims that the element »_ - gn € Sr
thus obtained is equal to the right-hand side of (2.2). Note that we have the
following inclusions of rings:

Z[eM e D Z[eM][e Meas — St
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Non-equivariant versions of the HRR formula (2.2) for orbifolds and
Deligne-Mumford stacks have been established by Kawasaki [13] and
Toen [20]. (In the non-equivariant case, X has to be compact so that both
sides of (2.2) are well-defined.) The equivariant index theorem has been
studied by many authors (see e.g. [3, 8, 14] and references therein) and the
formula (2.2) is known to hold (at least) for compact smooth manifolds [6, 8],
compact orbifolds [21], and proper Deligne-Mumford stacks [7]. We could
not, however, find a reference for the formula (2.2) for non-proper Deligne-
Mumford stacks. In §3, we establish (2.2) for toric Deligne-Mumford stacks,
using localization in equivariant K-theory.

Example 2.1. Consider C? with the diagonal C*-action. The Euler char-
acteristic of the structure sheaf is:

ch®™ (H°(C?,0)) = i(n + 1)e™.

n=0

On the other hand,

cx _ (=N 1
/cz e = /<c2 (1—eM)?  (1-eM)?

1 1 5 1 1
= -t == A+ A2
Yo Tt Tt T

The two quantities match. If we consider instead the anti-diagonal C*-
action (z,y) — (s~ 1, sy) on C2, the Euler characteristic is ill-defined since
each weight subspace is infinite dimensional; this action does not satisfy our
assumptions.

3. Localization in Equivariant K-Theory

In this section we prove the Localization Theorem for the T-equivariant
K-theory of toric Deligne-Mumford stacks, using methods and results of
Thomason [17-19]. We then deduce the T-equivariant Hirzebruch—Rieman—
Roch formula (2.2).

3.1. Toric Deligne-Mumford Stacks as GIT Quotients
The definition of toric Deligne-Mumford stacks is given by [4], and we mainly

follow the notations in §4 of [5]. Let K = (C*)". Let L = Hom(C*, K)
denote the cocharacter lattice of K, so that .Y = Hom(K,C*) is the lattice
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of characters, and fix characters D1, ..., D,, € V. This choice of characters
defines a map from K to the torus T'= (C*)™, and hence an action of K
on C™.

Notation 3.1. For a subset I of {1,2,...,m}, write I for the complement
of I, and set:

Coneiz {ZielaiDizai eR, aq; >0} cCLV®R
(€' xC'={(21,....,2m) 1 zi #£Oforie I} CC™

We set Coney = {0}.
Definition 3.2. Consider now a stability condition w € LY ® R, and set:

Ay, ={Ic{1,2,...,m}:w € Cones }
U,= |J @) xc!

Ic A,
X, = (U, /K]

The square brackets here indicate that X, is the stack quotient of U,, (which
is K-invariant) by K. We call X, the toric stack associated to the GIT data
(K;L; Dy, ..., Dy;w). Elements of A, are called anticones®.

Example 3.3. Let us give a simple example, purely to demystify all this
notation. Set r = 1, so that K = C* and .V = Z. Now set m = 4, and choose
Dy =Dy =1 and D3 = Ds= —1. This means we are considering a GIT
quotient of C* under a diagonal C* action having weights (1,1, —1, —1). We
need to choose a stability condition w in LY ® R = R, and let us choose w
to be positive. Then A, consists of all subsets I C {1, ..,4} such that either
1€l or2el. Hence U, contains the two open sets:

(s c234 = {2 20} and  (C)2 x c34 = {2, £ 0}

In fact these two open sets cover U, — any other I € A, corresponds to a
subset of at least one of these two — so U, is the subset {(z1, 22) # (0,0)} C
C*. Thus X,, is the total space of the rank 2 vector bundle O(—1)%? over
P

*This terminology is explained in [5, §4.2].
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Unless otherwise stated, we will consider only GIT data that satisfy:

e {1,2,...,m} e A,;

(3.1) o for each I € A, theset {D; :i € I} spans LY @ R over
R.

The first condition here ensures that X, is non-empty; the second ensures
that X, is a Deligne-Mumford stack. These conditions imply that A, is
closed under enlargement of sets, so that if / € A, and I C J then J € A,,.

Fixed points of the T-action on X, are in one-to-one correspondence
with minimal anticones, that is, with § € A, such that |§| = 7. A minimal
anticone § corresponds to the T-fixed point:

{21,y 20) €U 2, =01if i ¢ 0} /K| = [(C*)° /K]

Let Fix,, denote the set of minimal anticones for X,.

3.2. The Localization Theorem

We now state and prove our Localization Theorem.

Theorem 3.4. Let X, = [Uw/K] be a toric Deligne—Mumford stack as
above. Recall that the torus T acts (ineffectively) on X,. Given § € Fix,,,
write xg for the corresponding T-fized point of X, so that x5 = BGs where
G5 1s the isotropy subgroup of xs. Let is: xs — X, denote the inclusion
and let N5 denote the normal bundle to is. Let Z[T] = K%(pt) denote the
ring of reqular functions (over Z) on T and let Frac Z[T] denote the field of
fractions. Then for a € K%(X,,), we have:

, iy .
o= Z (i5)« ()\ jNV> in K3(X.) ®z7) Frac(Z[T7)
S€Fix,, e

where  A_1 Ny := Z?HSX( )/\N(; is invertible in  KJ(xs5) @z
Frac(Z[T)).

Proof. We have that K%(X,) = K%, ;(U,), where the action of (¢,k) €
T x K on U, is given by the action of tk=!' € T on U,. As a module
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over K9 . (pt) = Z[T x K], K}, (Uy,) is supported! on the set of points
(t,k) € T x K such that (¢,k) has a fixed point in U, [19, Théoreme 2.1].
Therefore the support of K% ,(U,) is the union Userix, 15 of subtori Tj
defined by

(3.2) Ty = {(t,k) € T x K : w5(t) = ms(k)}.

Here 75: T = (C*)™ — (C*)? is the natural projection. Note that Tj fixes
the locus ((CX)5 C U, corresponding to the fixed point xs. The torus Ty
is connected and the natural projection T5 — T is a finite covering with
Galois group Gj;. Therefore the localization K9, (U.,) ®zp) Frac(Z[T)) is
supported on finitely many points, which are the generic points &5 of T5. On
the other hand, the stalk of K9 - (U,) at & is given by the isomorphism
[19, Théoréme 2.1]:

(3.3) (i)t K ((C*)°)gy = K9, e (Un)e

The localization K%, ;- (Us) @z Frac(Z[T]) is the direct sum of these
stalks. For the same reason, we have:

K (w5) ©gir) Frac(Z[T]) = K9, ((C)°)) @gqr) Frac(Z[T]) = K1 ((C)°)e,

The inverse to (3.3) is given by (A_1NY)~! - i%(—) by [19, Lemma 3.3]. The
conclusion follows. We remark that A_; Ny is invertible in K9, ,((C*)?)e,
by [19, Lemma 3.2]. O

Corollary 3.5. Let the notation be as in Theorem 3.4. For a € K3(X,,),

we have .
B i
NOESY X<A_1N5V>

6cFix,,

where x(—) denotes the T-equivariant Euler characteristic given in (2.1).
Proof. The discussion in §2 shows that y defines a Z[T]-linear map
K%(X,,) — Frac(Z[T))

which, by extension of scalars, gives K(X,,) ®@z7) Frac(Z[T']) — Frac(Z[T7]).
Corollary 3.5 is thus an immediate consequence of Theorem 3.4. O

TThe equivariant K-group K. - (Uy,) is a module over K¥. . (pt) = Z[T x K],
and hence defines a sheaf on Spec Z[T x K|. The support of K% ,(U,) means the
support of this sheaf.
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Corollary 3.6. The T-equivariant Hirzebruch—Riemann—Roch formula
(2.2) holds when X is a toric Deligne-Mumford stack with semi-projective
coarse moduli space and the torus-fized set X is non-empty.

Proof. We compute the right-hand side of the HRR formula (2.2) using
localization in equivariant cohomology, and match it with the fixed point
formula in Corollary 3.5. Recall the (7' x K)-action in the proof of Theorem
3.4. It suffices to show that

1% ch(V),Td(Ny),
X(/\—lNé) |Gl Z er(Ns,g)

for a (1" x K)-representation V. Here we regard V as a (1" x K)-equivariant
vector bundle on (C*)°, which is the same thing as a T-equivariant vec-
tor bundle on z5 = [((Cj)‘s /K]. The index g € G5 parametrizes connected
components of IBGy, ch(-), and Td(-), denote the components of the T-
equivariant orbifold Chern character and T-equivariant orbifold Todd class
along the component of I BGs5 indexed by g, and Nj 4 is the g-fixed subbun-
dle of Nj.

Consider the subgroup Ts of T' x K in (3.2). This is the stabilizer of the
(T x K)-action on (C*)° and fits into the exact sequence:

1 Gs Ts T 1

A (T x K)-representation W can be viewed as a Tj-representation and the
Gs-invariant part W& gives a T-representation. The Euler characteristic of
W, as a T-equivariant vector bundle on xs, is then given by the T-character
of WGs:
x(W) = chT (W) = Z Tr(g
!Ga\ =

where A € Lie(T) and ge* gives an element of Ts5. On the other hand, we
have

Tr(get: V) = C~h(V)g
er(Nsg)

Tr(ger: A\ 1NY) = =
Td(Ns)g

by the definition of ch and Td in §2. The conclusion follows from the fact
that Tr(ge*: —) preserves the product. O
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4. Birational Transformations from Variation of GIT

In this section we consider crepant birational transformations ¢: X4 --» X_
between toric Deligne-Mumford stacks which arise from a variation of GIT
quotient. We construct a K-equivalence:

wn Y

X+ ****** >X,

canonically associated to ¢, and show that this too arises from a variation
of GIT quotient.

Recall that our GIT data in §3.1 consist of a torus K = (C*)", the lattice
L = Hom(C*, K) of C*-subgroups of K, and characters Dy,...,D,, € LV.
A choice of stability condition w € LY ® R satisfying (3.1) determines a toric
Deligne-Mumford stack X, = [U,,/K]. The space LY @ R of stability condi-
tions is divided into chambers by the closures of the sets Coney, |I| =7 — 1,
and the Deligne-Mumford stack X, depends on w only via the chamber con-
taining w. For any stability condition w satisfying (3.1), the set U, contains
the big torus T'= (C*)™, and thus for any two such stability conditions
w1, wy there is a canonical birational map X, --+ X,,, induced by the
identity transformation between T'/K C X, and T/K C X,,.

Consider now a birational transformation X --+ X_ arising from a sin-
gle wall-crossing in the space of stability conditions, as follows. Let C, C_
be chambers in .V ® R that are separated by a hyperplane wall W, so that
W NCy is afacet of C, WNC_ is afacet of C_,and WNCy =W NC_.
Choose stability conditions wy € Cy, w_ € C_ satisfying (3.1) and set
Uy =U,, U =0, , Xy =X, ,X =X, ,and:

A=A, = {IC{l,Q,...,m}:wieConeI}

Then C4 = mIeAi Coney. Let ¢: X, --» X_ be the birational transforma-
tion induced by the toric wall-crossing from C, to C_ and suppose that
Yoty Dy e W: as we will see below this amounts to requiring that ¢ is
crepant. Let e € L denote the primitive lattice vector in W+ such that e is
positive on C+ and negative on C_.

Example 4.1. Recall our Example 3.3 where we quotiented C* by C* with
weights (1,1, —1,—1). Here there are exactly two chambers in LY ® R = R,
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namely Cy =Ry and C_ = R_, and they are separated by the wall W =
{0}. Note that >  D; = 0 which does indeed lie in W, and that e just the
vector 1 € R.

Previously we chose a postive w so we constructed X ; if we now choose
an w_ € C_ then we get that U_ = {(z3,24) # (0,0)} C C*, and X_ is
again the total space of O(—1)%2 over (a different) P1. The birational map
p: Xy --+ X_ is the Atiyah flop.

Choose wp from the relative interior of W N Cy. = W N C_. The stability
condition wp does not satisfy our assumption (3.1) on GIT data, but we can
still consider

Ag:=A,, ={I C{1,...,m} :wp € Coneyr}

and the corresponding toric Artin stack Xy := X, = [Uw,/K] as given in
Definition 3.2. Here X is not Deligne-Mumford, as the C*-subgroup of K
corresponding to e € L (the defining equation of the wall W) has a fixed
point in Uy := U,,. The stack Xy contains both X, and X_ as open sub-
stacks and the canonical line bundles of X and X_ are the restrictions
of the same line bundle Ly — X given by the character —> " D; of K.
The condition ZZ’;I D; € W ensures that Ly comes from a Q-Cartier divisor
on the underlying singular toric variety Xo = C™/,, K. There are canon-
ical blow-down maps g+: X4+ — X, and Ky . = g3 Lo. The maps g4+ will
combine with diagram (4.1) to give a commutative diagram:

This shows that fi(Kx,) and f*(Kx_) coincide, since they are the pull-
backs of the same Q-Cartier divisor on Xg. The equality f7(Kx,)=
f*(Kx_) is what is meant by the birational map ¢ being crepant, and by
the diagram (4.1) being a K -equivalence.

Example 4.2. Let us continue with our Example 4.1. The stability condi-
tion wp can only be 0 € R. This means that the empty set () is an element of
A (since Coney = {0} by definition), hence Uy is the whole of C* and Xj
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is the Artin stack [C*/C*]. The underlying singular variety X is the 3-fold
ordinary double point.

It remains to construct diagram (4.1). Consider the action of K x C*
on C™*t! defined by the characters Dy, ..., D,, 41 of K x C*, where:

D;®0 ifj<m+1land Dj-e<0
D; = Dj@(—Dj~e) ifj<m+1land Dj-e>0
01 ifj=m+1

Consider the chambers 6’+, 5_, and C in (L& Z)" @ R that contain, respec-
tively, the stability conditions

@y = (wy, 1) w_ = (w_,1) and @ = (wg, —€)

where ¢ is a very small positive real number. Let X denote the toric Deligne-
Mumford stack defined by the stability condition @. Lemma 6.16 in [5] gives
that:

1) The toric Deligne-Mumford stack corresponding to the chamber 5+
is X+.

2) The toric Deligne-Mumford stack corresponding to the chamber C_
is X_.

3) There is a commutative diagram as in (4.1), where:
e fi+: X — X, is a toric blow-up, arising from the wall-crossing from
C to C4; and
e /_: X — X_ isa toric blow-up, arising from the wall-crossing from
C to C_.

Example 4.3. Let us spell out this construction for the Atiyah flop (that
is, we continue our Example 4.2). We consider an action of (C*)? on C®

with weight matrix

1 1 -1 -1 0

-1 -1 0 0 1
(The columns of this matrix are the characters 51, ...,55.) The space of
stability conditions R? = {(s1,s2)} is partitioned into three chambers:

6+={81>0,51+82>0}, 5_:{51<0,52>0},
and 5:{81+82<0,32<0}
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The walls are the rays spanned by the characters D

If we choose a stability condition w lying in C’+ or C_ (such as w = @y or
w = w_) then any anticone I € A, has to have 5 € I; consequently the semi-
stable locus U, is contained in the open set {z5 # 0} C C°. However, the
stack [{z5 # 0}/(C*)?] is canonically equivalent to the stack X, = [C*/C*],
so for these stability conditions the GIT problem reduces to the previous one.
This is why stability conditions in €4 produce X, and stability conditions
in C_ produce X_. N

Now consider the stability condition @ from the chamber C. The anti-
cones I € Ay are the subsets of {1,...,5} such that IN{1,2} #0 and
I'n{3,4} # 0. Consequently the semi-stable locus for @& is the open set:

Uy = {(217Z2) 7& (070)) (23724) 7é (O’O)} C (Cs

Then X is the total space of the line-bundle O(—1, —1) over P! x P'. This
is the common blow-up of X and X_.

5. The Fourier—-Mukai Functor is a Derived Equivalence

Let ¢: X4 --» X_ be a crepant birational transformation between toric
Deligne-Mumford stacks which arises from a toric wall-crossing, and let:

N

ffffff > X_

be the K-equivalence constructed in §4. Recall that X, = [Uw+ /K]7 X_=
[U,_/K]| where U,, are open subsets of C™ and K = (C*)" acts on C™
via a homomorphism K — T with finite kernel. Set Q = [T/K], so that X
and X_ carry effective actions of Q). The maps fy in (5.1) are Q-equivariant.
In this section we show that the Fourier—Mukai functor:

FM: Dly(X_) — Dl (X) FM = (f4).(f2)*

is an equivalence of categories. This generalizes a theorem due to Kawamata
[12, Theorem 4.2], by considering the @-equivariant, rather than the non-
equivariant, derived category.

To prove that the Fourier—-Mukai transform gives an equivarant derived
equivalence, we will use the theory developed by Halpern-Leistner [9] and
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Ballard-Favero-Katzarkov [2] which relates derived categories to variation
of GIT. Note that the Q-equivariant derived category of Xy is just the
derived category of the stack [X+/Q| = [U,,/T], and that [Uy/T| both
sit as open substacks of [C™/T'|. The work of Halpern-Leistner and Ballard-
Favero—Katzarkov allows us to find a (non-unique) subcategory:

G c Dh(Cc™)

which is equivalent, under the restriction functors, to both D%(X_) and
D% (X4). By inverting the first equivalence we get an equivalence:

GR: D)(X_) = Dj(X4)

The notation GR here refers to the ‘grade-restriction rules” which define the
subcategory G. We will show that GR and FM are the same functor, hence
proving that the FM is an equivalence.

Remark 5.1. The result that GR = FM is stated in [10, §3.1], and a sketch
proof is given. We did not find the sketch entirely satisfactory, and so give
a complete proof here. (Also Halpern-Leistner—Shipman treat only the non-
equivariant case, but this is a minor point.)

5.1. Grade-Restriction Rules

The theory we need was developed by Halpern-Leistner [9] and Ballard—
Favero—Katzarkov [2] independently; we will quote the former. We consider
only smooth spaces acted on by tori, this simplifies the theory considerably.
Let M be a smooth variety carrying an action of a torus G. A Kempf-Ness
stratum (henceforth KN-stratum) consists of the following data:

e A l-parameter subgroup A C G.

e A connected component Z of the fixed locus M*. We let iy : Z < M
denote the inclusion.

e The associated blade:
s={yem; Jimt)y ez}
We require that S is closed in M.

Both Z and S are automatically smooth, and a theorem of Biatynicki—Birula
implies that S is a locally trivial bundle of affine spaces over Z. The fixed
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component Z is automatically closed in M, but S need not be; thus the
requirement that S be closed in M is non-trivial. To a KN-stratum we
associate the numerical invariant:

n:i= WeightA (det(Ns/M)|Z)

From the definition of S we have that 7 is a non-negative integer. Now pick
any integer k, and define the subcategory

Gy, C Dg(M)

to be the full subcategory consisting of objects £ that obey the following
grade-restriction rule:

(5.2) the homology sheaves of Ri%E have A weights
’ lying in the interval [k, k + 7).

The main result of [9], Theorem 3.35 there, is that for any % the restriction

functor gives an equivalence:

G —— Dy(M \ S)

A KN-stratification is a sequence (Ao, Zo,50), -, (An, Zn, Sn) such that each
triple (A, Z;, S;) is a KN-stratum in the space M \ lJ;,; S;. If we pick an
integer k; for each stratum then we can define a subcategory:

Gy, C D%(M)

by imposing a grade-restriction rule on each locally closed subvariety Z; C
M. By recursively applying the previous result we have [9, Theorem 2.10)]
that Gy, is equivalent to the derived category of:

(n\Us)a

If M is semi-projective and M?®® is the semi-stable locus for some stabil-
ity condition, then Kempf and Ness showed that we can construct a KN-
stratification with M \ |J, S; = M*°. Thus the subcategory Gy, provides
a way to lift the derived category of the GIT quotient [M 55/ G] into the
derived category of the ambient Artin stack [M / G].
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Next we explain how to apply this theory to find the derived equivalence
GR: D) (X_) —= D)(X,)
following [9, §4.1]. In §4 above we introduced open subsets of C™

Uy = |J @) xc? vh=|J @) xc v_= J @) =xc!
Ie Ay IeA, IeA_

with X} = [U+/K] and X_ = [U,/K]. The set Uy is the semi-stable locus
for a stability condition wp that lies on the wall W between X, and X_.
Recall that e is a primitive normal vector to W; this defines a 1-parameter
subgroup of K which ‘controls the wall-crossing’. Set:

Mi:{iE{l,...,m}tﬁzDi-6>0} M>o = Mo U M,
Moz{ie{l,...,m}:Di-€:0} MS():M()UM_

Our assumptions imply that both M, and M_ are non-empty. The fixed-
point locus, attracting subvariety, and repelling subvariety for e are CMo,
CMs<o and CM=0 respectively. It is clear! that Uy C Uy and that:

Uy =Uo\ (CM=°NT) U-=Up\ (CM>*ny)
Set:
Z =UynCMo S, =UynCM=o S_ =UynCM=o

Both (e, Z,S_) and (—e, Z,S) define KN-strata inside Uy. The numerical
invariants associated to these two strata are

77+:ZD,--6 and n_:—ZDi-e

i€M, ieM_

respectively. The crepancy condition gives 4 = n—. Now define a full sub-
category G C D%(Uo) consisting of objects £ such that the e weights of
the homology sheaves of Ri%E lie in the interval [0,74); this is the grade-
restriction rule (5.2). Then G is equivalent, under the restriction functor,
to:

Di(Up\ 5-) = Dg(X )

However, this grade restriction rule is the same thing as requiring the (—e)
weights of the homology of Ri%E to lie in the interval [-n_+1,1), so G is

iSee e.g. [5, Lemma 5.2].
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also equivalent to:
Dh (U \ 1) = Dh(X-)

After inverting the latter equivalence we obtain the required equivalence
GR.

If we wish, we can pick a KN-stratification for the complement of Uy
in C™ and use grade-restriction rules to lift D4(Up) into DL(C™), thus
lifting G to a category defined on the larger stack. This produces the same
equivalence GR.

5.2. Derived Categories of Blow-Ups and Variation of GIT
Given a blow-up f: XX , there are adjoint functors
f*: DY(X) — D*(X) fo: DY(X) — DU(X).

In this section we construct these functors using grade-restriction rules and
variation of GIT, in a quite general setting.

Suppose that X is a Deligne-Mumford stack, E is a vector bundle on
X, and that Z C X is a connected substack defined by the vanishing of a
regular section o of E. Let X := Bly X be the blow-up of X with center
Z. Consider the total space of the bundle & Ox, and equip it with a C*
action having weights (—1,1). Now consider the C*-invariant subspace:

M ={(v,z) :v € E;, z € Csuch that zv =0(x)} C E® Ox

The stack [M / (CX} contains both X and X as open substacks, and sits in
a diagram:

E Op()(—1) ==BIx E

[E@Ox/(cx]

X =——=T(0) X=———BIz X

>~

[M/C]
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where all arrows are inclusions and I'(0) denotes the graph of o. The fixed
locus M©” is isomorphic to Z, the attracting subvariety S_ is isomorphic
to the total space of E‘ »» and the repelling subvariety S is isomorphic to
the total space of OX‘Z' Let Uy = M \ S; these are the semi-stable loci
for the two possible stability conditions. We have a commuting diagram:

[M/Cx]

(5:3) X = [U,/C~] ™ [U_/c*] =X

~l

where i are the inclusions and 7 is induced by the vector bundle projection
map F & Ox — X. Thus the blow-up f: X — X arises from variation of
GIT, and it does so relative to X.

We now apply the results discussed in the previous section. Let iz : Z —
M denote the inclusion. For each stability condition we have a single KN-
stratum, namely (C*, Z, S1). The numerical invariants are:

n =weight(Ox|z) =1 and 1= —weight(det E|z) = rank E.
Hence we define full subcategories:
Hc Hc D% (M)
using the grade-restriction rule (5.2), where for H we require the weights to
lie in the interval [0, 1) and for H we require the weights to lie in [0, rank ).

Then H and H are equivalent, via the restrictions ¢4 and i_, to the derived
categories of X and X respectively.

Lemma 5.2.

1) The composition:

(i) .

D'(X)—=H . Db(X)

s equal to the pull-up functor f*.
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2) The composition

~ ()Tt ~ i

DV'(X)—=H —= D"(X)
s equal to the push-down functor fi.

Proof. (1) We use the diagram (5.3). If F is any sheaf on X, then 7r*]:|Z
is of C*-weight zero, and so 7*F € H. Moreover, since 7; 7* is the identity
functor, we must have that 7* is an embedding and

~(DV(X)) = H

with 7* = (ii)_l. Now the statement follows, since i 7% = f*.
(2) Let £ € H and F € H. By [9, Theorem 3.29], restriction gives a
quasi-isomorphism

RHomyyy e+ (€, F) — RHomx (i} €,i% F)
In other words, the composition:

(i)~

H “-DVX) "~ -H

is the right adjoint to the inclusion H < H. If we identify H and H with
DP(X) and Db(X) using 4% and i* respectively, then the inclusion H < H is
identified with f* by (1), and so its right adjoint must coincide with f,. O

5.3. The Fourier-Mukai Functor and Variation of GIT

In this section we complete the proof that the Fourier—Mukai functor FM
arising from the diagram (5.1) is a derived equivalence, by showing that it
coincides with the ‘grade-restriction’ derived equivalance GR.

5.3.1. Variation of GIT Setup. We saw in §4 that X, X_ and X
can be constructed using a single GIT problem. These quotients correspond
respectively to chambers which we denoted Cy, C— and C. Let W, |_, W, o
and W_|_ denote the codimension-1 walls between these three chambers,
and let Wy be the codimension-2 wall where all three meet. The three
codimension-1 walls each define one-parameter subgroups of K x C*, which
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have fixed loci, repelling subvarieties, and attracting subvarieties as follows.

Wall: W, _ W_ . Wi
One-parameter subgroup: (e, 0) (0,1) (e,1)
Fixed locus: ~CMo x C CMs=o CM=o
Repelling subvariety: CMzo x ¢ CMsoxC CM2oxC
Attracting subvariety: ~CM=oxC C™ cm

Consider 7 stability conditions as follows: one lying on (the relative interior
of) Wy, one lying on (the relative interior of) each of the 3 codimension-1
walls, and one lying in each chamber. The semi-stable locus Vy ¢ C™*! for
a stability condition lying on Wy is the open set in Uy x C:

Vo = J @9)'xc’|xcu J @9)f=xcl)xc*
IeAy,ICM, 1€Ay,I¢ M,
where T denotes the complement of I in {1,2,...,m} and Uy was defined

in Section 5.1. The semi-stable locus for the other 6 stability conditions are
open subsets of Vp, as follows:

Location of stability condition Semi-stable locus
C, Vi ="\ ((CM= x C)uC™)
C_ Vo=V \ ((CM0 x C)uC™)
C Vo=V \ ((CM=0 x C) U (CM=0 x C))
W - Vi-=W\C"
Wi~ Vi =V \ (CM= x C)
W_je V_w =W\ (C¥>0 x C)

The GIT quotients [V, /K], [V_/K], and [V./K] are X{, X_, and X
respectively.
Let k; = max(D; - e,0). The maps:
7. C"l 5 Cm TxC*—=T
(T1y. ey Tmt1) > (ﬂsla:ﬁ;Jrl,...,azmxfan) 0,0)— 0

induce a morphism 7_: [C"™! /(T x C*)] — [C™/T]. This morphism maps
the subset Vp to the subset Up, and it maps the subset V_|_ to the subset



260 Tom Coates, Hiroshi Iritani, Yunfeng Jiang and Ed Segal

U_. Thus we have a commutative diagram:

/(T x C*)]
/ \ )
[X_/Q] = [V_/(T x C* - Vo /(T x C*)] = [X/Q]
\X /Q]i//

where f_ is the (Q-equivariant) blow-up. Similiarly there is a map 74 which
sends V. to Uy and gives a corresponding commutative diagram for f.
The stack [V+|_/(T x €C*)] is isomorphic to [Uy/T|, via either of 7_ or .

5.3.2. Proof that FM Coincides With GR. As discussed, the fact that
FM is an equivalence follows from:

Proposition 5.3. The two functors
FM: D) (X_) — D3(X4)  and  GR: DYH(X_) — Dj(X4)
are naturally isomorphic.

Proof. Consider the following poset of inclusions:

V. V. vV,

Passing to (equivariant) derived categories, we get a corresponding commut-
ing diagram of restriction functors. We will prove our proposition by lifting
the categories along the bottom line up the diagram, using grade-restriction
rules.
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Let us denote by d the positive integer:

d= ZDi-e:— ZDZ--@

iEM, iEM_

We begin by considering V. and V. as open subsets of V.. They are the
complements, respectively, of the KN stratum:

((e, 1), CM=nvy., €™N V+|~)
which has numerical invariant 7 = 1, and the KN stratum:
((—e, ~1), CM= NV, (€M xC)N V+|N)
which has numerical invariant 7 = d. Hence we define subcategories
FCFcDy (Vi)

by imposing the grade-restriction rule (5.2) on the subvariety C*=z0 N Viie,
where for F we require that the (e, 1)-weights lie in the interval [0,1), and
for F we require that the (e, 1)-weights lie in the interval [0,d). Then F is
equivalent under restriction to Dg (X4), and F is equivalent under restric-
tion to D%(X' ). Using the map 7y, and arguing exactly as in Lemma 5.2,
we have a commuting triangle

F
~/(f )*
D%(X) M

where the diagonal maps are the restriction functors.
Now view V_ as an open subset of V_|., where it is the complement of
the KN-stratum:

Dy (X+)

(01), c¥=nv. ., c"nv.)
which has numerical invariant 7 = 1. Hence we define a subcategory
H C Dy oo (Vofe)

using the grade restriction rule on the subvariety CM<o N V_|~ and requir-
ing the (0, 1)-weights to lie in the interval [0, 1). Then H is equivalent under
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restriction to DbQ(X _) (there is also a larger subcategory H which is equiva-
lent to Dg()z ), but we will not need this). Using the map m_ and the proof
of Lemma 5.2 again, we have commuting triangle

H
7T
b(X) DY (

bX—)

where the diagonal maps are the restriction functors.

Next we recall the definition of the functor GR from Section 5.1. It
is constructed by lifting Dg(X_) to a subcategory G C D5(Up) and then
restricting to [X+/Q] Consider the subcategory:

(7-)*G C Diyex (Vo)
Since we have a commuting diagram

[V_/(T x C)] = [V4-/(T x C)]— [Vo/(T x C)]

\i

[X_/Q) —— [U/T]" U0/1]

the subcategory (7_)*G must be equivalent to D%(X_) under restriction,
and therefore we can also obtain the functor GR by inverting this equivalence
and then restricting to D% (X4).

Now take an object £ € (7_)*G. From the definition of G, and the fact
that

CMzo c (7o)t (CM)

it follows that the homology sheaves of the restriction of £ to CMz0 NV}
have (e, 1)-weights lying in the interval [0, d). Consequently, the restriction
functor from Vj to the open subset V.. maps the subcategory (7_)*G into
the subcategory F.

Also, the homology sheaves of the restriction of £ to CM<0 N1} have
(0,1)-weight zero, since this is true of any object in the image of (7_)*.
Consequently the restriction functor from Vg to V_|_ maps (7-)*G into H.
This must in fact be an equivalence, since both categories are equivalent to
D%(X _) under restriction to V_.
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Putting all of the above together, we have a commutative diagram

N
N TN

(f-) (f+)
: Dy (X+)

Db(X_) Db (X)
in which all the downward arrows are restriction functors (cf. the dia-

gram (5.4)). We conclude that the functor GR agrees with the composition
(f4+)«(f=)*, which is the statement of the Proposition. O

Acknowledgements

H.I. thanks Hiraku Nakajima for discussions on the equivariant index the-
orem. This research was supported by a Royal Society University Research
Fellowship; the Leverhulme Trust; ERC Starting Investigator Grant num-
ber 240123; EPSRC Mathematics Platform grant EP/1019111/1; JSPS Kak-
enhi Grant Number 16K05127, 16H06337, 25400069; NFGRF, University of
Kansas; Simons Foundation Collaboration Grant 311837; and an Imperial
College Junior Research Fellowship.

References

[1] Michael. F. Atiyah and Graeme B. Segal. The index of elliptic operators.
1. Ann. of Math. (2), 87:531-545, 1968.

[2] Matthew Ballard, David Favero, and Ludmil Katzarkov. Varia-
tion of geometric invariant theory quotients and derived categories.
arXiv:1203.6643 [math.AG], 2012.

[3] Nicole Berline, Ezra Getzler, and Michele Vergne. Heat kernels and
Dirac operators. Grundlehren Text Editions. Springer-Verlag, Berlin,
2004. Corrected reprint of the 1992 original.

[4] Lev A. Borisov, Linda Chen, and Gregory G. Smith. The orbifold Chow
ring of toric Deligne-Mumford stacks. J. Amer. Math. Soc., 18(1):193—
215 (electronic), 2005.



264 Tom Coates, Hiroshi Iritani, Yunfeng Jiang and Ed Segal

[5] Tom Coates, Hiroshi Iritani, and Yunfeng Jiang. The Crepant Transfor-
mation Conjecture for toric complete intersections. arXiv:1410.0024
[math.AG], 2014.

[6] J. J. Duistermaat. The heat kernel Lefschetz fized point formula for the
spin-c¢ Dirac operator. Progress in Nonlinear Differential Equations and
their Applications, 18. Birkhduser Boston, Inc., Boston, MA, 1996.

[7] Dan Edidin. Riemann-Roch for Deligne-Mumford stacks. In A cele-
bration of algebraic geometry, volume 18 of Clay Math. Proc., pages
241-266. Amer. Math. Soc., Providence, RI, 2013.

[8] Dan Edidin and William Graham. Algebraic cycles and completions of
equivariant K-theory. Duke Math. J., 144(3):489-524, 2008.

[9] Daniel Halpern-Leistner. The derived category of a GIT quotient. .J.
Amer. Math. Soc., 28(3):871-912, 2015.

[10] Daniel Halpern-Leistner and Ian Shipman.  Autoequivalences of
derived categories via geometric invariant theory. arXiv:1303.5531
[math.AG], 2013.

[11] Yunfeng Jiang. The orbifold cohomology ring of simplicial toric stack
bundles. lllinois J. Math., 52(2):493-514, 2008.

[12] Yujiro Kawamata. Log crepant birational maps and derived categories.
J. Math. Sci. Univ. Tokyo, 12(2):211-231, 2005.

[13] Tetsuro Kawasaki. ~The Riemann-Roch theorem for complex V-
manifolds. Osaka J. Math., 16(1):151-159, 1979.

[14] Bernhard Kock. The Grothendieck-Riemann-Roch theorem for group
scheme actions. Ann. Sci. Ecole Norm. Sup. (4), 31(3):415-458, 1998.

[15] H. Andreas Nielsen. Diagonalizably linearized coherent sheaves. Bull.
Soc. Math. France, 102:85-97, 1974.

[16] Graeme Segal. Equivariant K-theory. Inst. Hautes Etudes Sci. Publ.
Math., (34):129-151, 1968.

[17] R. W. Thomason. Lefschetz-Riemann-Roch theorem and coherent trace
formula. Invent. Math., 85(3):515-543, 1986.

[18] R. W. Thomason. Algebraic K-theory of group scheme actions. In
Algebraic topology and algebraic K -theory (Princeton, N.J., 1983), vol-
ume 113 of Ann. of Math. Stud., pages 539-563. Princeton Univ. Press,
Princeton, NJ, 1987.



K-Theoretic and Categorical Properties... 265

[19] R. W. Thomason. Une formule de Lefschetz en K-théorie équivariante
algébrique. Duke Math. J., 68(3):447-462, 1992.

[20] B. Toen. Théorémes de Riemann-Roch pour les champs de Deligne-
Mumford. K-Theory, 18(1):33-76, 1999.

[21] Michele Vergne. Equivariant index formulas for orbifolds. Duke Math.
J., 82(3):637-652, 1996.

Tom Coates

Department of Mathematics
Imperial College London

180 Queen’s Gate

London SW7 2AZ

UK

E-mail: t.coates@Qimperial.ac.uk

Hiroshi Iritani

Department of Mathematics
Graduate School of Science

Kyoto University
Kitashirakawa-Oiwake-cho
Sakyo-ku, Kyoto, 606-8502

Japan

E-mail: iritani@math.kyoto-u.ac.jp

Yunfeng Jiang

Department of Mathematics
University of Kansas

1460 Jayhawk Boulevard
Lawrence, Kansas 66045-7594
USA

E-mail: y.jiang@ku.edu

Ed Segal

Department of Mathematics
Imperial College London
180 Queen’s Gate

London SW7 2AZ



266 Tom Coates, Hiroshi Iritani, Yunfeng Jiang and Ed Segal

UK
E-mail: edward.segal04@imperial.ac.uk



