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Some Results of Deformations on
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Abstract: In this paper, we prove several formulas related to
Hodge theory, and using them to prove the deformations of a com-
pact H-twisted generalized Calabi-Yau manifold are unobstructed
and L? convergence in a fixed neighbourhood in another power
series. And if we assume that the deformation is smooth in a fixed
neighbourhood, and assume the existence of a global canonical fam-
ily of deformation, we also construct the global canonical family of
the deformations of generalized Kahler manifolds.
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1. Introduction

The generalized complex geometry is introduced by N. Hitchin and
developed by M. Gualtieri and G. R. Cavalcanti and many others in
[2, B, 5L 6, 10]. This new geometry provides an indeed broad platform
for the people working in both mathematics and physics. The theory
of deformations of complex structures can be dated back to Riemann,
and extensively studied by K. Kodaira, D. C. Spencer, N. Nirenberg,
M. Kuranishi and many other great mathematicians in [I1, [I5]. The
deformation theory of generalized complex geometry is first studied by M.
Gualtieri, R. Goto and so on in in [2, ©]. The concept of H-twisted was
introduced by P. Severa and A. Weinstein in [16]. Yi Li in [T4] has proved
that the deformations of a compact H-twisted Generalized Calabi-Yau
manifold are unobstructed in an infinitesimal neighborhood by using
Kodaira-Spencer-Kuranishis method.
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In this paper, we re-state the deformations of a compact H-twisted
generalized Calabi-Yau manifold are unobstructed and L? convergence in
a fixed neighbourhood by using Hodge theory. And if we assume that the
deformation is smooth in a fixed neighbourhood, we also construct the
global canonical family of the deformations by using the parallel method in
[12].

This paper is organized as follows. In Section [2| and Section [3| we intro-
duce some basic definitions and some propositions of compact H-twisted
generalized Calabi-Yau manifolds which we will use. In Section [4 by using
the Hodge theory, we prove the following two propositions which will be
used in constructing the deformations.

Lemma 1.1. On compact generalized Kdihler manifold M, For any p €
N*Tyr, we have

101 Gpl®

HaHGaHPH2

(p, Gp),

<
< ol

where E*H is the adjoint operator of éH, G is the Green operator correspond-
ing to the harmonic operator Ng , O, 0 is definite in Deﬁnition and

Definition and the norms || - || is definite in Definition in Section
2 in details.

Proposition 1.2. Let (M,J) be a compact H-twisted generalized Kdihler
manifold. Then for any p € N*Ty,,

s = 0yGopp

is a solution to the equation Ofs = Omrp with condition 5H8Hp =0, such
that

s[> < (Qup, Goup),

where (+,-) is the Born-Infeld inner product definite in Definition . More-
over, if Hs = 0 and 5*1{5 =0, s is uniquely determined.

In Section [5| we re-state that the deformations of a compact H-twisted
generalized Calabi-Yau manifold are unobstructed and L? convergence in a
fixed neighbourhood by another power series. In details, we have
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Theorem 1.3. Let (M, J) be a compact H-twisted generalized Calabi-Yau
manifold. Then there exists a globally L? convergent power series which
determines the deformation in t < ﬁ,

€t)po = Zezpot +) > €y PO(E )T (EV)EY

k>2 ky+--+kn=kk; >0

which satisﬁes

(1) Due(t)po + gle(t), ()] mpo = 0;
(2) €, ...ken PO 1S aH closed, and Oy - 6:1;act forany ki +---+ky =k >2;
(3) €(t)po is L? convergence in t < .

The convergence of the deformations is proved by using the power series
in Lemma [3.4] as follows:

Lemma 1.4 (See Lemma 4.1 in [12]). Let x; = a be a constant, and
Ty = ch:_ll xiTp—i, where ¢ is a constant, then Y .o, x;t' converge on [t| <

1
4ac”

In Section [6] if we assume the existence of a global canonical family of
deformation, we also construct the global canonical family of the deforma-
tions of generalized Kéhler manifolds. We have the theorem as follows:

Proposition 1.5. On compact generalized Kdhler manifold M, if we
assume that €(t) smooth with convergence radius ﬁ exists. Then

e(t)po € H2 (M, A"T}y),

where HgH (M, N*T%;) is the cohomology group of the complex (AT}, O ),
and there exists

pt = po+ Z prt™ € U,
K |K[>1

where tK (151)1“1 c (NN K| i= Ky 4 -+ + kn, such that
(1) p§ := e=“Wp, holomorphic with respect to Je(t)s

2) px is Op -exact and 05 -closed, (|K|>1
H
(3) pt converges with radius mTlng

And we also give the representations of the global canonical family of
the deformations:
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Proposition 1.6.

pg : eiﬁ(t)ptv

and
N

6] = [po] + > _[H(—eipo)]t + O([t]*),

=1

where [po] means a representation in HgH(M, A*T3p), and O([t|?) denotes

the terms in
HgH(M’ NTy)D - @H%Z(M, N*T5;) of order at least 2 in t.

The method we use is parallel to the method in [12].

Thanks to my supervisor Professor Kefeng Liu. Also thanks to Dr. Sheng
Rao, Dr. Shengmao Zhu, Professor D. Baraglia, and Professor M. Gualtieri.

2. Some basic definitions

In this section, we review some basic definitions of compact H-twisted gen-
eralized Calabi-Yau manifolds. We refer the reader to [IH3} [8, [10] for details.

We define a pair on smooth manifold M similar to the pair between Ty
and T7;.

Definition 2.1. Let M™ be a smooth manifold with dimr = n. We define
the following pair on (Thy @ T;) ®r C:

SAB> = <XHEY4u= (6V)+n(X))

where A: =X +§{B:=Y+ne(Ty®Ty) @rC, X, Y €Ty ®@rC, &ne
Ty @r C.

We can define the generalized complex structures similar to complex
structures on M.

Definition 2.2. Let M"™ be a smooth manifold with dimg = n. If there
exists an endomorphism J on (T ® T3;) ®r C, satisfying
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J?=—1,
and
<A B>=<JA,JB >,

J is called a generalized almost complex structure on M.
Since J* = —1, we may decompose (Tny & T3;) ®r C into the +i -
eigenvalue subspaces of J:

(Tu®Ty) @ C=FE+E,

where E be the +i-eigenvalue subspace.

If there is an H € H3(M,R), we can define H-twisted Courant bracket
as follow:

Let A=X+¢(B=Y+ne(Tu®Ty) @rC, where X,Y € Ty ®r
(Ca fﬂ? € T;\i} ®RC;

1
= [X,Y]+ Lxn—Ly&— §d(LX77— wyé) +yix H,

where [X, Y] := XY =YX, Lxn:=duxn+ txdn,.x means the contraction
by the vector field X.

If J is an almost generalized complex structure, [E, E]lg C E,

J is integrable, and J is called the generalized complex structure. See
Definition 4.36 in [2]. From Proposition 4.5 in [2], we have also known
that the generalized complex manifold has even real dimension, so from now
on, we assume that dimcM = n.We have also known the the generalized
complex manifold has even real dimension, so we assume that dimcM =n
in the following.

This Courant bracket restricts to a Lie bracket on E* = E with respect
to the pair in Definition and this Lie bracket can be extended into a
Schouten bracket on N*TY;, which we continue to denote by [-,-]g; it is
defined by

[A,B]H ::Z[Ainj]H/\Al/\"'/\Ai/\"'/\Ap/\Bl/\"'/\Bj/\”'/\B(p
1:7‘7‘

where A=A N---NA, € N’E*, B=DBj N---\B; € NE", /11 means
omit A;.
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Specially, if € € A2E*, [¢, ]y € A2E* by definition.
Next, we define Clifford actions on A*T},.

Definition 2.3. Let o« € AN*Ty; and X + & € (T @ T3;) ®r C, where X €
Ty @r C, £ €Ty ®r C, we can define Clifford actions on N*Ty;:

(X+a=ixa+éNa
Since J is integrable, we have < E, E >= 0, so
ABa+ BAa = 0,
where A, B € E*. More generally,
ABa = (—1)’"BAa,
where A € NAPE*, B € N1E*.

Definition 2.4. In complex case, we have the Hodge decomposition. In
generalized case, we can also define

Up = {penNTy|Ep=0},
Uy = AFE*.-U,.

One can show that Uy is a complex line bundle in N*Ty;. See Definition
20 in Page 34 [4]. we call it the canonical bundle of J. And Uy, is the (n — k)i-
etgenvalue subspace of J.

Thus we can get the decomposition of N*Ty;:

/\*Tj\k/[ =Upp Ui ®... 0 Uspy,
where n = dimcM. See P13 in [1].

Definition 2.5. Like the de Rham differential in complex case, we define
the twisted de Rham differential dgp on N*Ty; by

dg : N'Tyy —  N'Tyy,
a — da—HANa«o

where H € H3(M,R).
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We can also define the twisted Dolbeault operator O and O by

Op =mp10dy Uy — U1,
Og =mpy10dyg Uy — Ugqr,

where T is the projection onto Uy.

Then J is integrable if and only if dy = Oy + 0. See P51 in [2.
Now, we define the compact generalized Kéahler manifolds and the com-
pact generalized Calabi-Yau manifold.

Definition 2.6. Let (M,J) be a compact generalized complex manifold, if
there exists another generalized complex structure I, such that IJ = JI, then
we call (M, J,I) a compact H-twisted generalized manifold. And also exists
a global nowhere zero pg € Uy, satisfying

deO = 07

we call (M, J,I) a compact H-twisted generalized Calabi-Yau manifold, and
Uy is a trivial line bundle.

We still can define the inner product similar to the complex case which
we call it as Born-Infeld inner products.

Definition 2.7. See P3 in [3]. Let M be a compact H-twisted Generalized
Kihler manifold, we can define a positive-definite metric on (T & Ty;) ®r
C by

(T Ty 2rC) @ (T @ Tip) ®r C)  —  C®(M),
AB — <GAB>

where GA:=—I1JA, Ae (T ®Ty;) @r C. And one can show that
G?=1.

The restriction of this metric to the the sub-bundle Ty is the Riemannian
metric g — bg~'b, where ¢ is a Riemannian metric and b is a 2-form. And
the volume element induced by this metric is
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volg = det(g — bg=1b)
det(g +b)
Vdetg

Next, we define the x operator by
x = A1A2...An,

which is a product of an oriented orthonormal basis for Cy., where Cy is the
+1-eigenvalue subspace of G on (Th @ T5;) ®r C, since G? =1. And one
can also show that C. is a real space, A; = A;. So * is a real operator, i.e.
* = *.

Then we can get

¥2 = AjAy. A, A A5 A,
= (=)™ D24 A, 1L ALA Ay A,
(_l)n(n—l)/Q’

where n = dimcM. The 2nd equality holds since A;A; = —A;A; and, the
3rd equality holds since A; be orthonormal with respect to the pair < -,- >
definite in Definition |2.1].

We now define the positive-definite Hermitian inner product on
I'(M, N*Tf;) which we call the Born-Infeld inner product by

(a,8) = /M<a,a<*>5>,
lol? = (a0,

where < «, o(%)B > is definite by

<a,o(x)f> = G

G(o, B) is a positive-definite metric on N*Ty, satisfying G(1,1) =1,
o(A1...A,) = Ay Ay = (—1)"(”*1)/2141...14”, and g is the Riemannian met-
ric b is some 2-form definite above.
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Remark 2.8. If M is a Kdahler manifold, we get that b =0, * is just the
ordinary Hodge x-operator and (-,-) is the ordinary positive-definite inner
product on differential forms definite in [15].

Lemma 2.9 (0y0y-Lemma). We say (M, J) satisfies the OO -Lemma
if
Im(0g) N Ker(0g) = Im(0g) N Ker(0y) = Im(0y0x).
One can show that a compact H-twisted generalized Kdhler manifold
(M, J)satisfies the OgOp-Lemma. See Corollary 4.2 in Page 6 [3)].

From now on, we only discuss about the compact H-twisted generalized
Kéhler manifold (M, J) which satisfies the 0g0p-Lemma.
We also have some elliptic operator similar to the complex case.

Definition 2.10. We now let Oy, E*H, d3; be the dual operators of
Om, Om, dg with respect to the inner product (-,-) respectively, i.e.

(One, B) = (a,0y8),
(5]{(1,5) = (aag*HB)v
(dro, B) = (o, dyB).

And we also define the Laplacian operators by

Ng, = dpdy+diydy,
AaH = 8H8;{+8}}5H,
Ny = Dully+ 00

Then one can show that Ng,,, Do, Dg —are self-duality operators with
respect to inner product (-,-) and
N, 204, =203,
id = H+GAz =H+ A5, G,
where H is the projection onto Hg (M, N*Ty,), and G is the Green operator
H
corresponding to ANz . See P6 in |3].
We can also get the Hodge decomposition in twisted cohomology:
dd #
HE M (M N Tyy) = HS (M, A Ty) & H2 (M, A Ty) &
- @ H2" (M, A*Tyy).
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3. Some lemmas

In this section, we review some basic propositions of compact H-twisted
generalized Calabi-Yau manifolds which will be used in this paper.

Lemma 3.1. The complex (AT}, 0n) is definite in Definition 2.5, We
now introduce the complex (N\PE*,dg):
dp : NFE* — NFHLE* s the Lie derivation define by

dgA(Xo, .. Xp) = > (—1)'a(X;)A(Xo, ..., Xy, oo Xi)

7
D (DA X ], Xos oo Xy ooy Xy Xi),
1<j

where A € N*E*, X; € E,a: E — Ty is the projection which is called the
anchor.
On compact generalized Kdhler manifold M, we have

91 (Ap) = (dpA)p + (—1)" Adup,

where A € NPE*, p € N*T7;.

So, on compact generalized Calabi-Yau manifold M, we have the rela-
tionship between two complex (N*T3;,0n) and (A\PE*,dg). See P8 in [1])],
or [2].

Then we have the two complex are isomorphism:

(APE* dg) = (AT, 01),

(dgA)po = O (Apo),

where A € NPE*, pg € Uy is the global nowhere zero dg-closed section which
1s fired and we call it the pure spinor for J.

Next, we have the following Clifford actions on compact generalized
Kahler manifold M. See [13] 14].

Lemma 3.2. Let o € AN*T}; be a smooth differential form , A € NPE*, B €
N E*, we have
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di(ABa) = (=1PAdg(Ba)+ (=1)P"Y1Bdy(Aa) + (—1)P A, Blga
+(—=1)P** 1 ABd g,

O(ABa) = (—1)PAdg(Ba)+ (—1)P V1B (Aa) 4+ (-1)P"1A, Blga
+(—=1)P1* 1 ABOya,

dr(ABa) = (=1PAdy(Ba)+ (—1)P"VI1Bay(Aw)

H(~1)PH 1 ABFa.

Further more, if dgpo = Ompo = Orpo =0 and Oy (Apo) = On(Bpo) =
0, A, B € A2E*, we have

(31) 8H(ABp0) = —[A, B]Hp()

The following inequivalent we will need to prove the convergence.
Lemma 3.3. On compact generalized Kdhler manifold M. Let s > 2 € N,
a € R,0< a< 1 is fired. Then there exist positive constants c1, co, cs which

only depend on s, «, H, and the manifold M itself, such that for any A, B €
N E*,

A, Blalls+a < cllAlls+i4a - [|Blls+1+a;
ldpAllsta < collBllstitas
|GasAllsta < csl|Alls—24a;
where Gg,, 1is the Green operator corresponding to Ng,, and || - ||s+a

means the Hélder norms definite in [11)] and we consider the norms of A €
NPE the same as the norms of Apy € N*Ty; since Lemma .

So we have

ld5Ga[A Blrllsta < crcacs|[AllstallBllsta
CONIA[ls+al1Blls+a-

On compact generalized Calabi-Yau manifold M. If 9dg(Apg) =
O (Bpo) = 0, we have
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(3.2) 101 GOr (ABpo)|ls+a <

by using the formula (3.1) in Lemma

Proof. (1) Locally, Aly = Aga + Adz’. Then HAHSJra.

the definition in Calabi-Yau case.

< (29[| 4pollstalBpollsta

”A Hs—i—a JUSt as

By the definition of the dg, it is sufficient to prove the inequality holds
for A= X+ ¢, B=Y +n € E*. Since by direct computation, we have

0
i = oo S0
_ 1 Oy a77117 p j
- i 2(81:19 - O B A" N d
1 1 .
= 2<?9m§ - %mf)Ypde - 2(88"1; - %"ﬁ”)YJd v
€z T
1.0 0 1.0 O
= 3o~ ga YR = 5(G — G Ve
_ Omp Oy op
N (8xj B 83:P>dem ’
1 1 .
Zdowm §d(Yol?71i)
_ 1 8YE]Z 87711 D
= 3G Yo g,
1 C
iy, H = LYILYO(S‘ H;jidx" N dx A dx™)
1 S
= LY1(3,Y0 (Hpij — Hipj + Hyjp)dz" A dx?)

= 1y (71/0 Hijpdz' A da?)

1
= 55/ Y (qup
= Yo Y) qupdl’j

= YopquHqu de’jv

- qup)dl’j



Some Results of Deformations on Compact H-twisted Generalized...143

[A,Blg = [Yo+n0,Y1i+mlu
1
= [Yo,Y1] + Ly,m — Ly,no — §d(byo771 —yymo0) + vty H
0 0 1
= | 02@,1/1 @] +dowy,m + ty,dm — §dby0?71
1
—d o vy, no — ty,dno + §dLY1770 + iy, by, H

1
= [YO@, 1 @] + QdOLng + Ly, dm

1
_id oLy, Mo — ty,dno + Ly, by, H

J0) SN ) NS N O ) O
( OW_YI 89:1')@—'—2(8 p771z+Yoa -

61/1 87701 P 8n1p J 87)13 j
6pn10—Y16p)d +(39Y0 8PY
Ino Ono;

~ Sy 4 S0y )da? 4 Y3V Higpda?

oy; _ov{. 9

= (%5 ort 1 aa ) 5
1.0y oYY Ompy,  Onop
+(5 (&gpmi 8;?701) (s Y03 = 5,5 Y13)
1 Toq M4
§(Yl a D - YO a p) + YOYjHZJp)d ’

where z? can be 2% or z¢, H = %Hijkd:ﬁi Adxd A da®, H;jy, is skew-symmetric
with respect to i, j, k.

We also have known that H is fixed, M is compact, we can get some
proper larger constant ¢y such that ¢; > max{H;ji, 68m :|y| < k}. So by
the definition of Holder norms, we get the 1st inequality.
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(2) By the definition of the dg, it is sufficient to prove the inequality
holds for A = X + ¢ € E*. Since by direct computation, we have

(de(X +¢))(Yo +no, Y1 4+ m1)

) ' B )
= (dp(X %—i—gajdmj))(}/o pa + nodat, Y ok + nudat)
= }/0<X+S07Y1+771> }/1<X+907}/0+770>

— < X+ ¢, Yo +n0,Y1+mlg >

1..0 » 1.0 ;
= 55/01@(%3/1] + XFne) - *Yf@(%‘yoj + X nog)
8Y] i@Yoj)i
ozt ozt Qxd

0
< Xli +pjdat, (Y

ox't
1,0Y] oY} om oo
+(2(8 5~ o) + (Yo — 5 V)
8"701 a"711 i
(Yl OxP _Yb ox p)+Y0Y1]Hijp)dxp7>
8@ 6@ 8YJ ) ¢
8X k » 8X & 3771k ; Onok
Y — Y} xXky? — Xky i
+YoMmr—5 5 G 1710k 5 + 0 5 1 8951)
1 8Y] ; oYy?
T3 (Yieigur — Yovigr)
1 Ao Om 1 8Y’L‘ 8Y
S (xPyI Z0p  xpyd p Z(XPp,. 1 p 0
1 87711 87701 1
+Z(Xpyb OxP - XPY a ) - §Xp}/onH7f.7p
1 C O0p; 0w, 1 ox* . ox*
= 3 0 (axﬁ T o )+§( 07k 57 _Ymm“i(‘)a;i)
8Yl 8Y 1 67712 87702
Lxr ; =)+ - XP(Y, '
‘1'4 (noaxp 7718p)+ (oap 18907’)
1o o
—5 XPYGY Hijp,

where Yo + 19, Y1 +m € E.
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So we can get that

dp(X +¢) = ;((g‘ij - ;X”Hw)dx Ada? + ;%dexi A aik
by AXP et g Lt xv 0O
- %(( prHijp)dxl Ade? + dXF A aik
;aaz/\de + dx /\Xaa )

Thus dg is an operator of order 1.

In the above computation, we just assume that A= X4+ ¢ € E* C
Ty @ T3y, and we didn’t use the condition [E, E]y C E. There is another
way to show dr is an operator of order 1. If we choose a basis E : {e; =
Y+ i}, BF {e! = X0+ o'V e, exlm o= Epep, oy € OF(U). Also we
let f; € C°(U).

Then we have

(de(fie)(ej,ex) = alej) < fie', e > —alex) < fie',e; >
—< fieia [ejvek]H >

= Y(fi) = Ya(fy)— < fie', chpep >

af 8f
— yP _yvrYli
I Qzp Y OxP fp
Thus, we get
; 8fk f
Lot - p — 2L
dg(fie') = (Y P vy k Dp — fp c? )ed A ek

Thus dg is an operator of order 1 since the coefficients only has f,df’s
terms and the change of the basis not change the order of dg.
We have also known that

dy = xdpx!
= Ay---A,odgoA, A
= (X1 +9(X1) +b(X1)) - (Xn + g(Xn) + b(Xn))
odg o (Xn + g(Xn) +b(Xn)) - -+ (X1 + g(X1) + b(X1)).
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The 3rd equality holds since every element in Cy can be represented as
X + g(X) + b(X) for some X € Ty xg C, where g,b is definite in Definition
See [§].

So we can get that d, is also an operator of order 1. Since every X;, g,b
is fixed, only depend on the manifold M itself, and by the definition of the
Holder norms, we can get the 2nd inequality.

(3) Since dg and d}, are both operators of order 1, we get that Ay, :=
drdy + dpdg is an operator of order 2 just as the harmonic operator in
Calabi-Yau case.

Since the Green operator G4, is a strongly elliptic operator just as
the Green operator in Calabi-Yau case, we can use the same proof as
Lemma 5.7 at P276 and Theorem 4.3 in P436 in [I1] just replace the vec-
tor bundle A*T}, by A*Th ® A*Ty; and replace the local representation
A= %Aijkdazi ANdxd AdzF by A= é(Aijkdxi Adxd A dxF + A;k 8?01' Adzd A

da* + A;g 821‘ A % A dazk 4 ATk ag,- A % A % to get the 3rd inequality.
O

The following convergent power series we will use to prove the conver-
gence.

Lemma 3.4 (See Lemma 4.1 in [12]). Let z; = a be a constant, and
T = ch:_ll T;xk—_;, where ¢ is a constant, then Y .o x;t" converge on |t| <
1

dac”

4. A generalized version of 80 g-lemma

In this section, we will prove a generalized version of 90 g-lemma on a com-
pact H-twisted generalized Kéahler manifold which is similar to the result in
Kahler case in [I2]. This lemma will be used in the next section to construct
the deformations.

Lemma 4.1. For any p € AT},

(94 Gol?
183 GOl

(p,Gp),
llpll?.

IN A
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Proof. (1)

[OuGolP? =

The 4th equality holds since Hp € Hg

gngGpa Gp)

p—Hp— 90uGp, Gp)
Gp) — (O duGp, Gp)

p,Gp) — (OuGp, 0uGp)
Gp)

<

|
~ /N /N /S~
S5 1

(M,S)) L GpeImby with

H

respect to the inner product (-,-) which is definite in Definition And
the equality holds if and only if 0gGp = 0.

(2)

101 Gompl)* =

<

(05 GOp, 0y GOp)

(Ord GO p, GOup)

(D, GOrp, Gop) — (8GO dp, GOup)

(p, 051GOwp) — (GOHOHP, GO O p)

(p, 13, Gp) — (p, 0103 Gp) — [|GOHOmpl®
(p,p — Hp = dud5Gp) — ||GOHdmp||?

lpl® = [Hpl|* = (350, GOFrp) — |GIrOmpl
llpll?

The 3rd and 4th equality holds since Ag,, = Az , and Oy G = GOy which
we give a simple proof: let GOpp:= 3 € ImAg ,Gp:=a € ImAg , then
Az a=p— Hp, Opp = Az B. since 5;{5?104 + 5[{525[;0{ = gnggHoz +
525204, we have that AgHgHa = EHAgHa = 0up — Oy (Hp) = dgp. So
GOup = GAg, Opa = dya = dgGp.(Or see P147, theorem 5.2(d) in [21]
and the elliptic proposition see Proposition 6 in Page 35 [4].). The last
inequality holds since Gy, | Imbo,, = Ag;, we assume Gy, 07;p := «, then
(950, Go, Orp) = (Do, ) > 0, see more details in [7]. And the equality
holds if and only if p € ImAg , Ogdup =0, and 9 p = 0.

O
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Proposition 4.2. Let (M, J) be a compact H-twisted Generalized Calabi-
Yau manifold, then for any p € N*Ty;,

s = 0yGomp

is a solution to the equation Ogs = O p with condition éHaHp =0, such
that

IsII> < (3up, GOup).
Moreover, if Hs = 0, and 525 =0, s is uniquely determined.
Proof.

dgs = Op0yGomp

Orp —Hogp — 030uGOmp
oup — E*HEHGaHp

= Omp

The 3rd equality holds since dgp € Imdyg L Hg (M, N*Ty,); the last
H

equality holds since the assumption g0 p = 0. So s is a solution and
Is|* < (Orp, GOup)
holds by the Lemma above.

We now prove the uniqueness of the solution under the assumptions
given.
If there exists another solution s, we have dg(s — s') = 0. Also we have
H(s — s') =0, d(s — ') = 0 by assumption, then s — s’ = 0. O

5. An application on a compact H-twisted generalized
Calabi-Yau manifold

In [14], it has been proved that a sufficiently small deformations of a compact
H-twisted generalized Calabi-Yau manifold are unobstructed. In this section,
we shall re-state that the deformation can be L? convergence in a fixed
neighbourhood by using another convergent power series which is parallel
to that in [12].
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Theorem 5.1. Let (M, J) be a compact H-twisted generalized Calabi-Yau
manifold, then there exists a globally L? convergent power series which deter-
mines the deformations int < ﬁ,

N

c(thpo = D epot' + > €hyk p0 (81 ()

_which satisfies:
(1)9me(t)po + 5le(t), €(t)] po = 0;
(2)€k, ...k Po 15 Op-closed, and O -exact for any ki + -+ ky =k > 2;
(3)e(t)po is L? convergence in t < .

Proof. In step 1, we recall the construction of the deformation €(t), in step
2, we prove that €(t) is L? convergence in ¢ < 4.

Step 1:

The construction of a power series solution €(t) to the integrable condi-
tion has been given in [14], here we just recall it in order to make the proof
more clearly.

The integrable condition which is called Maurer-Cartan equation is:

dpe(t) + %[e(t), e(t)]g = 0.

By Lemma (3.1} we can rewrite it:

B (e(t)po) + 5 e(t), (V)] apo = .

where pg € Up is the canonical bundle.

Choose a basis of H7 (M,\*E*) : {e;}X,. We now recall the construc-
tion of a power series solution €(¢) to the integrable condition in [14]. We
write €(t) in the form of

€t) = Gttt ettt + ot ey () ()N

such that €;,...;, po are gz—closed and dg-exact for all k& > 2.
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For simplicity the notation, let us assume that dimCHC%E(M JNE*F) =1
and a basis of chlE (M, N*E*) : {€1}. So we shall discuss €(t) in the form of

€(t) == ert + ext? + - |

such that e;xpo be 5L—closed and dy-exact for all k£ > 2.
To compare the coefficients of ¢ in the Maurer-Cartan equation, we get

k=1,0u(e1po) = 0,
— 1
k=2,0n(e2p0) = —5[61,61]Hp0,
| b
k,0u(expo) = D) (€1, €k—i] HPo-
=1
Let
=
Yy = D) z;[ﬁi,%—z‘]HPo-
1=

We show that drvs, = 0 by induction on k.
For k = 2, we have

_ — 1
Oy = 3H(—§[€17 €1]Hpo)
1
= —§(dE[61, €1lH)po

1
= _5([dE51751]H — [e1,dEer]m)po

= 0

The last equality holds since €; € HgE (M, \*E*), hence dge; = 0.
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If we suppose that i from 2 to k — 1, dgv; = 0 holds. For i = k, we have

—20 vy
k—1

= 5H(Z[ei, €k—i] HPo)
=1
k1

= Z(dE[Gi, €k—i)H)PO

k—11:-1 k—1i—j—1

= 722 6]761 —j H,Gk ]H)ﬂ0+§z Z ([eia[ej’ﬁn—i—j]H)pO
i=1 j=1

=1 j=1

= Z([dE% €k—i) i — € dpex—iH)po
1

l\J
—_

—1i—1 —1i—
(lek—i, [€j, €i—jlulm po+§ Z lei, (€5, €n—i—j]m) PO
=1 =1 j=1
Z (l&i, [ej, en]ulm + [ej, [en, €] ulm + [en, €, €5]m] ) po
i+j+h=k,1<i<j<h
+ (2[62'7 [6i7 €j]H]H + [€j> [62'7 6i]H]H)pO
20t jk 1 ik
+ > el elnlupo
k,1<i

= 0

??‘
—

l\D\H

=17

Il
b

The 2nd equality holds by the definition of [-, ]z and dg; the 3rd equality
is the induction; and the last equality holds since the Jacobian identity. See
P21 in [2].

Next, we show that vy is dg-exact by induction on k, and there exists
an unique egpg, such that expg is dy-exact, gz—closed for any k > 2.

Since €1 € HC%E (M,N*E*), in Calabi-Yau case, we have e€jpy €
H%H (M, N*Ty;). Hence Ag (e1po) = Doy, (€1p0) = 0 since Ny, = Az, . So
we get Ji(e1p9) = 0(We need this since it is the condition of the formula

(3.1) in Lemma [3.2]).
Therefore, for k = 2, by using the formula (3.1)) in Lemma we have
1
Py = —5[61, é1lu

1
= §3H(€161ﬂ0)7
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i.e. 1o is Og-exact.
Since

1_ _
58[16}](616100) = O
= 0,

by Proposition we can get that the equation
— 1
Omeapy = §3H6161po
has the unique solution
1
€2P0 = §3HG3H(616100).
which satisfying that ezpg is EE—closed and Jdg-exact thus dp-closed.

If we suppose that for i = 2 to k — 1, €;p exists uniquely, such that €;po
is Op-exact, 8*H—closed hold. For ¢ = k, we have

= =

Yy = 3 Z[% €k—ilHPO = §3H(Z €i€k—iP0)

i=1 i=1
is also dp-exact.
Since
) k-1
23H8H(Zl €ick—ipo) = Oy
1=

by Proposition [4.2] we can get that the equation

k-1

— 1

Ouerpo = §8H Zl €i€k—iPO
1=

has the solution
- k-1
€xPo = ZaHGaH(; €i€k—if0)-

1=

(Since U; := A'E* - Uy and Uy is a complex line bundle whose generator
is po, any « € U; can be represented as Apg, where A € A'E*.)
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Hence by Proposition we can get that H(egpg) = 0 and exp is Op-
exact, 8*H—closed, and

k—1 k-1
1
llexpol[* < Z(aH(.Z €i€k—iP), GaH(Z €i€k—iP0))-
=1 =1
For the general case of t = (t!,--- StV ), we can also give the same dis-
cussion.
Comparing the coefficients of ¢t = (!, ,¢Y) in the Maurer-Cartan
equation, we get
k=1,0u(epo) = 0,
— 1
k=2,0p(eijpo) = —5([61‘, €ilm + [€j, €] 1) po,
ku(eiium) = — > AR,
y OH\€iy iy PO - 92 €j1-+jn s Ehy--h |[HPO-

ja+ha:ia7ja7ha207a:1"']v
(i1 4 +iv=k)

Let

1
¢i1..-z’N = —5 Z [ejl...jN76h1~~~hN]HPO-
Jatha=ta,ja,ha>0,a=1---N
(i1 4 +in = k)

We show that EHT/Jil...iN = 0 by induction on i1 + ... + iy = k.
For k = 2, we have

Oy = EH(_%([G%GJ]H + [¢j, €ilz) o)
- —%(dE([ﬁi,Gj]H + [€j. €ilm))po
- 7%([dE€ia€j]H = lei, deejln) + [drej, €iln
—lej, dpeil ) po

= 0.

The last equality holds since ¢; € H?(M, \*E*), hence dge; = 0.
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If we suppose that from i1 +---4+ixy =2 to k — 1, EH@Z)Z-I...W = 0 holds.
For i1 + -+ + iy = k, we have

=201 Viy iy
=Tl el
Jat+ha=ta,ja,ha>0,a=1---N
= > (di([€],jx > €nshn] 1)) PO
ja+ha:ia1jayha207a:1'"N
= > ([dE€j1jns €hyhn i) = [€j1jxs ABER hx ] H)) PO

Jatha=ia;jo,ha>0,a=1--N

= 2 > ([ [Ehrhn Eprpau)E
Jathat+pa=ta
[€hs-hs [€p1pn s €51eji | H =+ [€pyopns (€515 s €Ryhin | ) PO
Y @legns (€ hyhn )]
atha=ia
e tns [Edns € BP0 + D €41 (€1 €411 ) 0
3ja—ia
= 0

The 2nd equality holds by the definition of [-, ]y and dg; the 3rd equality
is the induction; and the last equality holds since the Jacobian identity.

Next, we show that 1);,...;, is Og-exact by inductionon iy + --- + iy = k,
and there exists an unique €;,._;,po, such that €, i, po is On-exact, 5*H—
closed for any i1 + -+ +iy =k > 2.

Since ¢; € H§E(M, A*E*), in Calabi-Yau case, we have ¢;pg €
H%H(M, N*Typ). Hence Az (€ipo) = Doy, (€ipo) = 0 since Ay, = Ay . So we
get g (€eipo) = 0.

Therefore, for k = 2, by using the formula in Lemma we have

1
bij = —5len el + e eln)
1
= 50n((eie; +¢jei)po),
i.e. ¥;; is Op-exact.
Since

1— _
55H3H(6i€jpo +ejeipo) = Oy

= 0
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by Proposition we can get that the equation

= 1

0]{6@']'[)0 = §8H(616j + 6j6¢)p0

has the unique solution
1=
€ijP0 = iaHGaH((ElEJ + Gjei)po).

which satisfying that €;;pq is E*H—closed andOpg-exact.
If we suppose that fori; +--- + iy =2tok — 1, €;,...;,, po exists uniquely,

such that €;,...;, po is Op-exact, gz-closed hold. For i1 4+ ---+iy =k, we
have

1
Viviy = =5 D € € PO
Jatha=tia
1
= 5({“)[{( Z €j1~~-jN6h1---th0)
ja+ha:ia
is also dy-exact.
Since
1_ _
56}[8}{( z €j1"'jN€h1"'th0) = anlllN

Jatha=ta
= 0,

by Proposition 4.2, we can get that the equation

= 1
Oni€iy i P0 = gaH § €j1-jn €ha--hn PO
ja+ha:ia

has the unique solution

1
€irin PO = 505 GOH( D €hiin € PO)-
ja+hu:i(y

And by Proposition we can get that H(e;,...ixpo0) =
0, €iyervin P is Om-exact, 8 py-closed, and l|€5,...in 0| <
%(aH(Zja_,'_ha:ia €j1~-~jN€h1~~~thO)7 GaH(Zja-i-ha:ia €j1"‘jN€h1"'th0))'

Step 2: We show ¢(t) L? converges at |t| < ﬁ by using the same con-
vergent power series as in the [12].
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Firstly, we have

1 _
lewsnnpoll = 5l10nGOH( > Cirinuinp0)]
iatja=ha
< ) e in €l
it jozka
(51) < Z H€i1~--in0Hs+a ' Hﬁjl"'ijOH7
ia+ja:ka

where £ > 2 € N,0 < a < 1. The 1st inequality holds since Lemma and
the last inequality holds by the definition of the Hélder norms.

Secondly, we set {z;}?,, such that z1 = a,z} = chz_ll T;Tp—; just as
in Lemma and c is a constant definite in inequality after Lemma
We set ¢ := max{1, c} which we still denote it as c. We will show that

TE 2 > lerkwrollsta
Fatothy=k

by induction on k.

Since  po,€;,8 > 2, fixed, we can assume that a=

maz {3, [leipoll, Sisy ll€ipolls+as [1poll} is a constant.
For k = 2, we have

Tro9 = CIr1I1

N N
= X lleipolls+a) Y lleipolls+a)
i=1 i=1

N
1 i
3 > 105G (€icjpo)llsta

>
ij=1
N
> > leijpollsta-
ij=1

The 1st inequality holds since Lemma and the last inequality holds since

the construction of €(t)
If for < k — 1, the inequality above holds, for k, we have
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T = C E TiTj

it+j=k
> ¢ Z ( Z |[€iy i PO |s+a)( Z €55 PO ls+a)
=k i1 tin=i ittin=j
E Z ( Z ||€iy-vin |50 ( Z ||€j1---jn POl |s+a)
i+i—=k i1tin=i p—
1 -
= 5 > 1O GOH (€3, -in € i PO)|sta

ittt =k

(52) > Z Hekl---kNPOHS—i—a~
ki+-+kn=k

The 1st inequality holds since the induction, the 2nd equality holds since

po is fixed and we consider ||€;,...ix po||s+o equivalent to ||€;,...iy ||s+a, and the
constant ¢ is different, for simplity, we consider maz{c, '} and still denote

as c.
We also need to show

TR = > ek nnpoll

kit thn=k

by induction on k.
For k = 2, we have

ro = CIT1X1

N N
= C(ZHQPOHsM)(ZHQPOH)
i=1 i=1

N
> leszpoll-

1,5=1

v

If for < k — 1, the inequality above holds, for k, we have
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T = C Z XTqlg
it+j=k
> e (Y Mewinmllsrad D lejignnol])
itj=k i1+-Fin=1i Jitetin=j
1 =k
> 5 Z ||aHGaHei1"'iN6j1"'ij0’|
i1+ tin+ji =k
> > ek kol
ki4-+kn=k
by formula (5.1)).

Hence, we get

IN

IN

IN

at [t <

[le()poll

H Z Gz‘POti + Z ekl“'kz\fpo(tl)kl e (tN)kNH
=1

k>2,k1++kn=k

N 1

; —*
|\Zfipo|"|tz|+§ > 106GOa Y €iyoin
=1 k>2.k1+-+kn=Fk tatjo=FKa

ejl"'ijo(tl)kl T (tN)kNH

N
i 1
Z HQ’POH : ‘t ’ + 9 Z H Z 6i1--~iN€j1~~~ij0H
i=1 k>2,k1++kn=k iatja=Fka
-‘tl‘kl L. ’tN‘kN

k
alt| +c Z |l€i—in p0llsta - 1€, ol | - [¢]
k>2i1++in+i++in=k
(t = max;{t'})

z1[t] + Z»’Ck’t’k

k>2
—+00

1
4ac*
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Remark 5.2. (1)Since

1
OH(€,iyp0) = ~5 > [€51-wjn s €y orchon | H PO
j(x"l_ha:ia:jayhot 207a:1N

(i1 + - +iy = k)

E*H(fil---iNPO) = 0,
we can get
AgH (€i1~-’i1\7p0) = 5*HEH(6111NPO)
1 %
- 2 > O ([€1-jn» €ny-hn  H PO)-

Jatha=iaja,ha>0,a=1N

So by the assumption that €pg is smooth on M, and L s a strongly
elliptic operator, we can get that €;,...;,po s smooth on M by the elliptic
reqularity theorem in [17], and the induction on iy + -+ iy = k.

(2)From P281 in [11)], we have known that €(t)pgy is smooth on M x Ag
for a sufficiently small neighbourhood of t € A\s.

6. Global canonical family

In this section, if we assume that the deformation is smooth in a fixed
neighbourhood, we shall get the global canonical sections for deformations
of compact H-twisted Generalized Kéhler manifold by using the parallel
method in [12] and [22] if we assume the existence of a global canonical
family of deformation. There are already many works on [I8], [19].

First, we have the following equivalence to criterion the holomorphism
with respect to the generalized complex structure.

Proposition 6.1. [20] On compact generalized Kdihler manifold M. For
any p € U, e=“Wp is holomorphic with respect to the generalized complex
structure Jy) induced by e(t) on My if and only if

Oup — d(e(t)p) = 0.
Proof. Since if A € F,

(I+e)d)p = e “Aep,
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(See P16, Proposition 7 in [14].) we have

(I4+eA)e po = e “Ae‘e “p
= e “Ap
= 0.

The last equality is by the definition of Uy. Hence we get e <()p € Uo,m, -
Since

efdge p = 0np — On(ep),
we have
dge p =04 dgp — Og(ep) = 0.
Since e “p € Uy n1,, we have
Omge “p=0,
where dg = Ot + gg,t on M;. So we have

Opre p=0s dyp— Oulep) = 0.

In compact generalized Calabi-Yau case, we have

Proposition 6.2 (See P16, Proposition 7 in [14].). If we assume that
€(t) smooth with fized convergence radius exists, then

e(t)po € H2, (M, A" Tyy),

where H%H (M, N*T%,) is the cohomology group of the complex (N*T3;, Om),
and

pf i=e Wpy

holomorphic with respect to Jyy with fized convergence radius.
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Proof. For any test form n on M,

Ou(e)po)sn) = (e(t)po, Ipn)

= limpooo Y (ert! po, Ofm)
1<k

(Omeit'po,m) + limpos Y (Ouert’ po,m)
i o< Tl <k

I
M) =

I
=

The last equality holds since €;p¢ are harmonic, and e€ypg are Jp-exact
for || I]] > 2.
So we have 0p(e(t)po) = 0 in the distribution sense.
Also, Oppo =0, and ¢(t) is smooth by assumption, we have Ogp —
On(e(t)p) = 0 and by Propositon we get the conclusion. O

Proposition 6.3. Let (My, J4)) be the deformation of a compact H -twisted
generalized Calabi- Yau manifold M, then we have

N
(0] = [po] + Y _[=€ipolt + O(lt[*),

i=1
where [pg] means a representation in HgH (M, N*T%,), and O(|t]?) denotes

the terms in
H%H (M,NT3) D --- @ng (M, N*Ty;) of order at least 2 in t.

Proof. On convergence radius, we have

N
051 = ool + Y _[H(=eipo)lt + > H((—1)erpo)t + -
i=1

1122

Z

Z —eipolt + O(Jt]?),

where t! := (t1)"..(tN)™, €1 = €.t
The last equality holds since €;p¢ are harmonic, and e;pg are dp-exact

in Calabi-Yau case.
O

Next, like in [12], as an extension of the case of the generalized Calabi-
Yau manifolds, we assume that on compact generalized Kahler M, there
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exists

satisfying

(1) & form a basis of Hj (M, N*E*);

(2) the integral condition: dge(t) + 3[e(t), €(t)]| g = 0;

Blle@poll < 22)1>1 llez||]|po| [t < 400 is convergence in t < =,
for any pg # 0 € HgH(M, NTY)s T = D g poknek |[€hroken |50y Tk I8 i
Lemma and €(t) has the convergence as the same as that in Theorem
As an analogue, we can get that

where

Proposition 6.4. If we assume that €(t) smooth with convergence radius

£ exists, and (M, J_cry) be the deformation, then for any po # 0 €

4dac
Hg (M, N*Ty,), we can construct a smooth power series
H

pr = po+ Z pct" € U,
K| K|>1

such that

(1) p§ = e=<W p, holomorphic with respect to Je(t)s
(2) pi is Op-exact and Dy -closed, (K| >1)

(8) pt converges with radius ﬁ.

Proof. In step 1, we construct py, in step 2, we prove p; is L? convergent in
< H;leczv and in step 3, we prove p; is smooth.

Step 1: We shall construct p.
If pf == e~<() p, is holomorphic with respect to Je(t), by Proposition
we have

O pr = O (e(t)pr).
Let

pro= pot Y. D Piein () (V) € Uy,

k>1i++in=Fk

€t) = ) Y ey () () € B

k>1d1++in=k
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Comparing the coefficients of t = (t!,--- ,t"), we have
k = 0, Oupo=0,
kK > 1, ngil“'iN = 8[-[( Z €j1'“ijh1'"hN)' (il + .-+ = k)

Jatha=ta,jaha>0
Let

= 8H< Z 6j1~~-ijh1~-~hN)'

ja“l‘h(x:ia:ja:hnz >0

Niy-in

We shall prove that anil---iN = 0 by induction on i1 4+ --- + iy = k and

construct p;,...ip -
For k£ =1, we have

Opmi = Opdu(eipo)
= —9udu(eipo)
= —0n(dgei)po
= 0.

So by Proposition the equation
dmpi = O (eipo)

has the unique solution

pi = 0 GOn(€ipo).
which satisfying that p; is gyfg—closed7 Om-exact, Hp; = 0, and

il 1> < (Om(€ipo), GOm (eipo)).
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If we suppose that for i1 +---+iy <k —1, 5H77i1~-~iN =0 holds and
Pi, iy 1S constucted. For i1 + - -- + iy = k, we have

Ouniy—in = OnOu( > €jy-jn Pha--h )
Jatha=ta,ja,ha>0

= —0n0u( > €jr-wje Pha-h )
Jotha=iajasha0

= =0 Y. ((dEC,jn)Phrohy + €rin (OB PR 1y )
ja+ha:io¢

B0 DR CED DI RN

Jatha=ta la+pa=ja

Y G O (€l oty Ppipn))
lo+pa=ha

1
= 50 > .(—3H(611---1N€p1~~pNﬂh1---hN)
la+pa+ha:Za
€l iy O (€py - pr Phyhyy ) T €pyopny OH (€14l Phy iy )

(Y €rinOm (€l Pprpy))
latpa=ha

= Om Z +6l1"'lNaH(6P1"'prh1'“hN)
latpatha=ia

—0u( Y €rmjnOH (€l oty Pprpn)

lo+pa=hea
= 0.

The 3rd equality holds since the definition of Lie derivation dg; the
4th equality is by induction and using the integral condition of €(t); the
5th equality holds since Lemma and each ¢;,..;, € A2E*; and the 6th
equality holds since 0% = 0.

From the discussion above, we know that the conditions of Proposition
hold. So we have the equation

O pis-in = On ( > €j1-jn Phy-hy )
Jortha=ia jo ha>0

has the unique solution

=k
Pir-in = 0 GOH( > €jy-jn Phy-hy) € Uo,M-
Jatha=ia,josha>0
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which satisfying that p;,...;, is gz—closed, Op-exact, Hp;,...;, = 0, and
106 in | P <O Y GrojuPhioin)s GO D € Phrhin))-
ja+ho¢:io¢ ja+ha:ia

Step 2: We show p; is L? converges at t < ﬁ.
We have already known that

> okl

ki++kn=k
=
= > [0uGou( > €jr-rjin Phi-hoy )|
k1++kN:k ja+ha:ka7ja7ha20

< (20 Z | Z €jrgn Pha-h )|

kitt+kn=k jatha=Fka,ja,ha>0

6.1 < > > 2o)l€g g llsta - llpny--nyll-

ki+-+kn=Fk jat+hoa=FKa,Ja,ha>0

The 1st inequality holds since Lemma and the 2nd inequality holds by
the definition of the Hélder norms.

Also we set {z;}°,, such that z1 = 2a%c, z = (2¢) Zf:_f X;T_; just as
in Lemma As we assume the existence of ¢(t) which is constructed in
Theorem and we also assume that xx > >0, 0 _p |[€x, - kyP0lsta-
Next, we will show

ki+-+kn=Fk

by induction on k.
For k£ =1, we have

N
o= (203 lleillsra)llool]
i=1

N
> lleill:
i=1

If for < k — 1, the inequality above holds, for k, we have

Y
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xr = (20) Z i

i+j=k

> (200 >0 D Meimindlsra)C D Mpjueinl)
i+j=k t1+-+in=1 Jitt+Iin=J

> (26) Z Heil"'iNHSJrOt : Hpjl]NH

i1+ tintj =k

> > loknall:

R

The 1st inequality is the induction and the formula (5.2)), the in the 2nd
inequality we need that ¢(¢) has the convergence in and the last inequal-

ity holds since the formula (6.1).
Hence, we get

ol = Mlpo+D 0 D P () ()|

k>1ki+-+kn=k

< ool 32 D0 Mok () ()]

k>1 ky+otky=k

k
< 0t 3 it sl -1
k>l +-+in+j1+-+in=k

(t = max; {t'})

< a+ 2(126|t| + (20) Z H€i1~~-iNHs+oc : ||pj1"‘jNH
k>2,0 4 iyt ++in=k

[t]*

< ataft|+ ) alt)f
k>2

< +o©

Step 3:
Since pf := e~ p, is holomorphic with respect to Je(t), we can get that

Ompf = 0.
Since pf := e—e(®) pt € Up, is the canonical bundle in M;, where

NIy, = Ut @ Uy @ ... @ Uy
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is the decomposition in Definition we can get that

gg,tpf =0

by 9y 405 € U_14 = 0.
So we get

Ag;“pg =0.

Thus, by the fact that A*H is a strongly elliptic operator and the elliptic

regularity theorem, we get that pf is smooth.
O

Proposition 6.5. We have

N
(051 = Tpol + ) _[H(=eipo)]t + O(|t?),

=1

where [pg] means a representation in HgH (M, N*T%,), and O(|t]?) denotes

the terms in
H%H (M, NTy) D @ng (M, N*Ty;) of order at least 2 in t.

Proof. On convergence radius, we have

N
051 = ool + > _[H(—eipo)lt+ > [H((—1) )]t
i=1

111]>2

+ > Eap)t 3T (D) et

zJ|J|>1 LJ1]>2,]>1

= [po] +Z —eipo)lt + O([t)?),

where t! := (t1)"..(tN)™, €1 = €, tx-
O

Remark 6.6. Here —e¢;pg not necessary in H2 (M N*T3;). In Calabi-Yau
case, —€;py € H2 (M NTy;) and thus O (— elpo) =0, all pg = 0 just as in
Proposition @



168 Kang Wei

References

[1] D. Baraglia, Variation of Hodge structure for generalized complex man-
ifolds, (2012) arXiv:math.DG/1205.0240v1.

[2] M. Gualtieri, Generalized complex geometry, D. Phil. thesis, Oxford
University, (2003) arXiv:math.DG/0401221.

[3] M. Gualtieri, Generalized geometry and the Hodge decomposition,
(2004) arXiv:math.DG/0409093v1.

[4] M. Gualtieri, 18.969 Topics in geometry (2006)
http://www.math.toronto.edu/mgualt /gcg/geometrynotes.pdf.

[5] M. Gualtieri, Generalized Kéhler geometry (2010) arXiv:1007.3485.

[6] M. Gualtieri, Generalized complex  geometry (2007)
arXiv:math/0703298.

[7] P. Griffiths and J. Harris, Principles of algebraic geometry, Pure and
Applied Mathematics, Wiiey-interscience, New York (1978).

[8] F. Guan, A proof of generalized Kéhler identities(in Chinese), (2008).

[9] R. Goto, On deformation of generalized Calabi-Yau, hyperKahler,G
and Spin(7) structures I, (2005) aiXiv:math/0512211v1.

[10] N. Hitchin, Gerneralized Calabi-Yau manifolds, Q.J. Math. 54(3) (2003)
281-308.

[11] K. Kodaira, Complex manifolds and deformation of complex structure,
Springer-Verlag (1981).

[12] K. Liu, S. Rao, and X. Yang, Quasi-isometry and deformations
of CalabiCYau manifolds Inventiones Mathematicae, (2014) DOI
10.1007/s00222-014-0516-1, arXiv:math.DG/1207.1182v1.

[13] K. Liu and S. Rao, Remarks on the Cartan formula and its applications,
Asian Journal of Mathematics, (2012) 157-170, arXiv:1104.1240v1.

[14] Y. Li, On deformation of generalized complex structures:the generalized
Calabi-Yau case,(2005). arXiv:hep-th/0508030v2.

[15] J. Morrow and K. Kodaira, Complex manifolds, Holt, Rinehart and
Winston, Inc., New York-Montreal, Que.-London,(1971).

[16] P. Severa and A. Weinstein, Poisson geometry with a 3-form back-
ground, Prog. Theor. Phys. Suppl. 144, (2001) 145-154.



Some Results of Deformations on Compact H-twisted Generalized...169

[17] N. Shimakura, Partial differential operators of elliptic type, Translated
and revised from the (1978) Japanese original by the author, Transla-
tions of Mathematical Monographs, 99, American Mathematical Soci-
ety, Providence, RI, (1992).

[18] G. Tian, Smoothness of the universal deformation space of compact
Calabi-Yau manifolds and its Petersson-Weil metric, Mathematical
aspects of string theory(San Diego, California, 1986). Advanced Series
in Mathematical Physics, vol. 1, 629-646. World Scientific Publishing,
Singapore(1987).

[19] A. Todorov, The Weil-Petersson geometry of the moduli space of
SU (n>3)(Calabi-Yau) manifolds I. Commun. Math. Phys. 126(2), 325-
346(1989).

[20] K. Wei, Global canonical family of deformations of compact H-twisted
Generalized Calabi-Yau manifolds.

[21] R. Wells, Differential analysis on complex manifolds, Springer-Verlag,
2nd edition (1980).

[22] Q. Zhao and S. Rao, Applications of deformation formula of holo-
morphic one-forms, Pacific Journal of Mathematics Vol. 266, No. 1,
(2013)221-256..

Kang Wei

Center of Mathematical Sciences,

Zhejiang University,

Hangzhou, Zhejiang 310027,

China

E-mail: kangwei296@gmail.com, kang_wei5@hotmail.com






	Introduction
	Some basic definitions
	Some lemmas
	A generalized version of H H -lemma
	An application on a compact H-twisted generalized Calabi-Yau manifold
	Global canonical family
	References

