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Valuations and Log Canonical Thresholds

ZHENGYU Hu

Abstract: The goal of this paper is to continue the investigation
of valuative quasi-plurisubharmonic functions (qpsh for short) on
certain valuation spaces of a regular scheme, in line with the works
[, [E], [6] of Boucksom, Favre, Jonsson, and the works [31], [32]
of Jonsson, Mustata. We divide this paper into two parts. In the
first part we mainly discuss those valuations which compute the
log canonical thresholds of qpsh functions. We expect them to be
useful for the conjecture [[31], Conjecture B] raised by Jonsson and
Mustata. In the second part we define the restriction of a valua-
tive gpsh function to a regular subscheme and prove a number of
expected results including the restriction theorem and the inver-
sion of adjunction. We also treat some applications in complex
algebraic geometry such as extensions of pluri-canonical forms on
a dlt pair under an abundance assumption.

Keywords: pluri-canonical extensions, log canonical thresholds,
multiplier ideals, valuations.

1. Introduction

Given a smooth complex algebraic variety X, one can consider the space
of all real valuations of the function field of X centered on X. This is a
subspace of the Berkovich space of X, which has recently been attracted
interest for its relations to the log canonical thresholds of valuative quasi-
plurisubharmonics or equivalently, of graded and subadditive sequences of
ideals. The study of the valuation space from this point of view was ini-
tiated by S. Boucksom, C. Favre and M. Jonsson in [4], [5], [6], and then
expanded by M. Jonsson and M. Mustata in [31], [32]. In particular, M. Jon-
sson and M. Mustata studied a conjecture (see Conjecture concerning
the valuations that compute the log canonical threshold of a fraded sequence
of ideals, and its connection to the Openness Conjecture of Demailly and
Kollar on (analytic) plurisubharmonic functions. Note that Q. Guan and
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X. Zhou announced a proof of the openness conjecture (see [27]) and that
Lempert also announced a particularly simple proof (see [38]) recently.

In [29] we began the study of certain functions defined on the tempered
valuation space on a regular scheme by following [31]. We briefly introduce
some terminology from the valuation theory. Given a regular scheme (see
Section [? ]), a tempered valuation v is a real valuation of K (X) of finite log
discrepancy A(v) < oo, and the tempered valuation space V x is the subspace
consisting of tempered valuations. Given a log resolution (Y, D) of X, we
can define the retraction of a valuation v by setting ry p(v)(D;) = v(D;). In
particular, a real valuation v is said to be quasi-monomial if there exists a
log resolution (Y, D) such that v = ry p(v).

A valuative function ¢ is said to be bounded homogeneous if p(tv) =

ty(v) for all tempered valuations v and ¢ € Ry and if sup,eyy ‘ﬁ%' < 0.

For such functions we can define the norm ||| = sup,cy; |ﬁ((z))‘ on the set of
bounded homogeneous functions. A typical example of such function is that
one clog |a| induced from a coherent ideal sheaf (or simply an ideal) a on X
and a positive real number ¢ by letting clog |a|(v) = —cv(a). In this case the
norm of the function clog |a| is nothing but the reciprocal of the log canon-
ical threshold lct(a®). Further, we define a valuative quasi-plurisubharmonic
(gpsh for short) function to be a function that lies within the closure of
the set of such functions induced by ideals. As in complex geometry we
can define the multiplier ideal associated to a gpsh function. In [29] we
define the multiplier ideal 7 (¢) of ¢ to be the largest ideal a satisfying that
|| log |a] — ¢|| < 1. One can see that this definition is reasonable (see [[29],
Proposition 4.3)).

Because the log canonical threshold lct(a) is a fundamental invariant
both in singularity theory and birational geometry (see [36], [35] and etc.),
we will discuss some properties of the norm of a gpsh function in detail.
We say that a nontrivial tempered valuation v computes ||| if the equality
ol = |£((2))‘ holds. One of the main results of [29] asserts that, for every qpsh
function ¢, there exists a nontrivial tempered valuation v which computes
ll¢]l- See also [31] and [32] for more discussions. As suggested by M. Jonsson
and M. Mustata, the following conjecture is closely related to the Openness
Conjecture in analytic geometry (see [31, Conjecture B and Theorem 7.8]
and [32]). This conjecture is already known in several special cases (see [31
Section 8 and 9]).

Conjecture 1.1 (=Conjecture |3.16)). If ¢ is a qpsh function on X, then
there exists a montrivial quasi-monomial valuation v which computes ||¢||.
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Conversely, if a nontrivial tempered valuation v computes the norm of some
gpsh function, then v is quasi-monomial.

To investigate those valuations which compute some log canonical
thresholds, we first define a class of algebraic gpsh functions which can be
regarded as the global version of valuative transforms of tame psh weights
in [4, Section 5.3, Section 5.2]. More precisely, a gpsh function ¢ is said
to be tame if there exists a constant C' > 0 such that J((t + C)¢) C a(tp)
for every ¢ > 0 where a(ty) is defined to be the largest ideal a such that
log|a] < ¢. These functions behave very nicely in many situations. An
important observation is that, to every tempered valuation v, one can nat-
urally associate a tame function ¢,.

A tempered valuation v is said to be computing if there exists a qpsh
function ¢ such that v computes the norm ||¢||. According to Lemma
this is equivalent to saying that v computes the norm ||¢,|| of its associate
tame function.

Theorem 1.2 (=Theorem [3.25)). Let v be a nontrivial tempered valua-
tion. If ry p(v) is computing for all sufficiently high log resolutions (Y, D)
of X, then v is computing.

It is also natural to ask if the converse statement of the previous theorem
is true, which is closely related to Conjecture [3.16)

Conjecture 1.3 (=Conjecture [3.27)). Let v be a nontrivial tempered
valuation. If v is computing, then ry p(v) is computing for all sufficiently
high log resolutions (Y, D) of X.

Now we introduce the restriction of a qpsh function. Consider an irre-
ducible regular closed subscheme Z and a gpsh function . If we write
¢r = 3 log| T (ky)|, then we say that ¢ satisfies the restriction condition
to Z if

® ¥z = %log |T (k) - Ogz| is well-defined for every integer k, and

® ¢z converges strongly in the norm.

In this case we define the restriction ¢z to be the limit function of ¢y 7.

Unfortunately, this definition is not a sufficiently good analogue of the
restriction of gqpsh function in analytic geometry via the valuative transfor-
mation (see [4, 5.2] for valuative transform of a psh germ). If we take the
analytic psh germ ¢ = —log(— logmax |2;|) around the origin of C2, then
the valuative transform ¢ is the zero function because the singularity is too
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mild to be detected by tempered valuations. On the other hand, the equation
¢(z) = —oo holds identically on {z; = 0}. See Remark

As in complex algebraic geometry, we conclude the following expected
Restriction Theorem.

Theorem 1.4 (=Theorem [4.6)). If ¢ is a gpsh function which satisfies
the restriction condition to Z, then we have the inclusion

T(p12) € T(9) - Oz.

We can interpret the theorem above in terms of log canonical thresholds.
See Definition [£.7] for the definition of local log canonical thresholds.

Theorem 1.5 (=Theorem . Let ¢ be a gpsh function which satisfies
the restriction condition to Z. Given a point £ € Z, we have the inequality of
norms || z¢ll > |lwell, or equivalently of log canonical thresholds lcte (¢)z) <
lete(). In particular, given a closed subset K of Z, we have lctk(p)z) <

leti ().

In the theory of classification of higher dimensional varieties inversion of
adjunction provides a central tool. This was originally proved by V. Shokurov
in [43] in dimension 3 and generalized to all dimensions by J. Kollar in [34].
Here is a non-exhaustive list of references in recent progress: [28], [33], [44],
[45], [18], [19], [2]. In this paper we will prove a version of inversion of
adjunction on a regular scheme.

Theorem 1.6 (=Theorem . Let H C X be an irreducible reqular
closed subscheme of codimension one, and let ¢ be a gpsh function which
satisfies the restriction condition to H. Write 1 =log|Ox(—H)|. Given a
point§ € H, Icte (o) > 1 if and only iflete(p + 1) > 1. In particular, given
a closed subset Z of H, lctz(p ) > 1 if and only if lctz(p + 1) > 1.

As an application to complex algebraic geometry we prove the following
extension of pluri-canonical forms on a log smooth pair. See [14, Theorem
1.7] and [23], Proposition 5.11] for a comparison. Recall that the augmented
base locus of a big line bundle L is defined to be B, (L) = (1, B(L — A)
where A runs over all ample divisors, and that the restricted base locus of a
pseudo-effective line bundle L is defined to be B_(L) = |J, B(L + A) where
A runs over all ample divisors. We use the notations v(||L]|z) := v(aez)
where {ayz = b(|kL]|) - Oz} is a graded sequence of ideals and o (|| L[| z) :=



Valuations and Log Canonical Thresholds 53

sup 4 v(||L + Al|z) where A runs over all ample divisors. See Section 5| for
more details.

Let (X,S + B) be a dlt pair such that |S + B] = S. Assume that the
restricted base locus B_(Kx + S + B) does not contain any lc centre of
(X,S+ B). Let 7 : X’ = X be a log resolution of (X, S + B) and we write

Kx +S +B =1 (Kx+S+B)+ F

where S”+ B’ > 0 and E’ > 0 do not have common components and | S’ +
B'| = S’. Following [30], [42], [14] and [10], if we consider the extension
obstruction divisor

E:= Ny(|[Kx + S + B'||s/) A B'|s

on S’ for every log resolution X', then we have the following result. Note
that the divisor N, (||Kx/ + S’ + B’||s/) is well-defined on the simple normal
crossing pair (S', B'|s/) if B_(Kx + S + B) does not contain any lc centre
of (X, S+ B) (or any stratum of the normal crossing pair (S, B|s), see [[21],
Section 2]).

Proposition 1.7 (=Proposition[5.18)). Let (X, S + B) be a dit pair such
that | S+ B| = S. Assume that

(1). there exists an effective divisor D ~q Kx + S + B such that D con-
tains S in its support,

(2). the restricted base locus B_(Kx + S + B) does not contain any lc
centre, and

(3). Kx + S + B is abundant.

Let m be an integer such that m(Kx + S + B) is Cartier. If o is a
section of m(Kg + Bgs) such that for every log resolution of (X,S + B) we
have that

divr* (o) + mE'|s > mE,

then o extends to X.

It is conjectured that Proposition holds without the assumption
Kx 4+ S+ B being abundant. Using analytic methods, J.-P. Demailly,
C. D. Hacon and M. Paun proved this in [I4] when (X,S+ B) is
plt and there exists an effective divisor D ~g Kx + S + B such that
S C Supp(D) C Supp(S + B). At this point we cannot attack similar
problems without using analysis. However, the analytic argument fails
when S has multiple components because the L?-estimates behave badly on
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the intersection of components of S. It is expected that we could combine
algebraic and analytic methods to deal with these problems.
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2. Valuative qpsh functions

Throughout this paper, all schemes are assumed to be separated, regular,
connected and excellent noetherian schemes over Q. All rings are assumed
to be integral, regular and excellent noetherian rings containing Q. An ideal
on a scheme means a coherent ideal sheaf on a scheme. A birational model
of a scheme is a scheme birational to and proper over this scheme, and a
divisor over a scheme is a divisor on a birational model of the scheme. For
definitions and properties of valuations, multiplier ideals, singularities in
birational geometry, etc., we refer to [36],[31] and [35].

The main purpose of this section is to review [29] in which we studied
certain functions defined on the tempered valuation space (see Definition
over a scheme X. Inside this space of functions, we isolated the closed
convex cone generated by functions associated to ideals on X and defined
as the cone of quasi-plurisubharmonic(qpsh, for short) functions. We also
introduced some basic properties of such functions.

Real valuations and quasi-monomial valuations. Let X be a
scheme, and let K(X) be its function field. A real valuation v is a
function v : K(X)* — R such that v(fg) =v(f)+v(g) and v(f +g) >
min{v(f),v(g)}. By convention we set v(0) := +o0. Let O, := {flv(f) > 0}
be its valuation ring. If there exists a point £ € X such that the morphism
Ox ¢ = O, is a local homomorphism, then ¢ is called the centre of v on X
and denoted by cx(v). Note that £ is unique since X is separated, and also
note that the centre always exists provided that X is proper over Q. A real
valuation with centered on X is called a real valuation on X or simply a
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valuation on X, and we denote by Valx the set of valuations on X. The
set of valuations Valx is independent of the choice of a birational model of
X. More precisely, if Y — X is a proper birational morphism of schemes,
then Valyxy = Valy. The trivial valuation v is the valuation centered at the
generic point of X, or equivalently, v(f) =0 for all f € K(X)*. We denote
by Valk C Valx the set of nontrivial valuations on X.

The set Valx can be equipped with an induced topology defined by the
maps v — v(f) for all rational functions f € K(X)*. For every nonzero
ideal a, recall that v(a) is defined as the minimum of v(f) over f € a-Ox¢
with £ the center of v. We have that v(a) = v(a) where a denotes the integral
closure of a. Note that the topology on Valy defined by pointwise conver-
gence on ideals on X is equivalent to that on functions in K(X). Readers
can consult [[31], Section 1] for more details.

For two valuations v, w on X, we say that v <w if v(a) <w(a)
for every nonzero ideal a. This is equivalent to saying that the centre

n:=cx(w) € cx(v) and that v(f) < w(f) for every nonzero local function
f S OX,n-

Let £ € X be a point, and let z = (x1,...,2,) be a regular system
of parameters at §. If f € Ox¢ is a local regular function, then f can
be expressed as f = 26 cpr” in (’Tx\g with each coefficient cg either zero
or a unit. For each a = (oy,...,a,) € RY), we define a real valuation
by valg o(f) = min{< a, 8 > |cg # 0} where < a, 3 >:= >, ;8, which is
called a monomial valuation on X.

A pair (Y, D) is called log smooth if Y is a scheme and D is a reduced
divisor whose components are regular subschemes intersecting each other
transversally. A pair (Y, D) is called a log resolution of X if there is a bira-
tional projective morphism 7 : Y — X and (Y, D + FE) is log smooth where
E consists of all exceptional divisors over X. Let (Y’, D) be another log
resolution of X, we say (Y',D’) = (Y, D) if Y’ is projective over Y and the
support of D’ contains the support of the pull-back of D. Note that log
resolutions of X form an inverse system.

Let (Y, D) be a log resolution of X, and let n be the generic point of
an irreducible component of the intersection of some prime components of
D. We denote by QM, (Y, D) the set of real valuations which can be defined
as a monomial valuation at 7. Note that n € cx(v) and QM, (Y, D) = RY,
as topological spaces. We also define QM(Y, D) = Un QM,, (Y, D) where 7
runs over every generic point of some component of the intersection of some
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prime components of D. A real valuation v is said to be quasi-monomial if
there exists a log resolution (Y, D) such that v € QM(Y, D).

Let v € Valx be a quasi-monomial valuation. A log smooth pair (Y, D)
is said to be adapted to v if v € QM(Y, D). We say that (Y, D) is a good pair
adapted to v if {v(D;)|v(D;) > 0} are rationally independent. The following
useful lemma is established as [[31], Lemma 3.6].

Lemma 2.1. Let v € Valx be a quasi-monomzial valuation. There exists a
good pair (Y, D) adapted tov. If (Y',D') = (Y, D) and (Y, D) is a good pair
adapted to v, then (Y',D') is also a good pair adapted to v.

An important class of valuations are divisorial valuations. A valuation
is called divisorial if it is positively proportional to ordg for some prime
divisor E over X, where ordg is the vanishing order along F. One easily
verifies that the trivial valuation is quasi-monomial of rational rank zero,
and a divisorial valuation is quasi-monomial of rational rank one. Let (Y, D)
be a log smooth pair adapted to v. It can be verified that v is divisorial
if and only if Rxo[v] € QM, (Y, D) 2 R%, is a rational ray, that is, Rxo[v]
contains some rational point in RZ.

For every log resolution (Y, D) we can define the retraction map
TYy,D - ValX — QM(K D)

by taking v to a quasi-monomial valuation in QM(Y, D) with ry,p(v)(D;) =
v(D;). Note that ry,p is continuous and v > ryp(v) with equality if
and only if v e QM(Y, D). Furthermore, if (Y’,D’) > (Y,D) is another
resolution, then the retraction map ryp : QM(Y’, D') — QM(Y, D) (by
abuse of notation if without confusion) is a surjective mapping which is
integral linear on every QM,, (Y, D') and we have that ry.p o ry' pr = ry,p.
Therefore we can naturally regard QM(Y, D) as a subset of QM(Y’, D’),
and hence of the set of quasi-monomial valuations on X. Also note that
v(a) > ry,p(v)(a) for an ideal a on X, with equality if (Y,D) is a log
resolution of a (see [[31], Corollary 4.8]).

Tempered valuations and the tempered valuation space. We first
introduce the log discrepancy on a scheme. Let m : Y — X be a birational
proper morphism. The 0" fitting ideal FittO(Qy/X) is a locally principle
ideal with its corresponding effective divisor denoted by Ky, x (see [[31],
Section 1.3]). For a quasi-monomial valuation v € QM(Y, D), we define the
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log discrepancy

Ax(v) =) o(Dy) - Ax(ordp,) = > _v(Dy) - (1 + ordp, (Kyyx)).

We simply denote this by A when the scheme X is obvious. Note that A
is strictly positive linear on every QMW(Y, D), and in particular continuous
on every QM, (Y, D). One important property of A is its monotonicity with
respect to retractions, that is, if (Y/, D’) = (Y, D) and v € QM(Y”, D), then
A(v) > A(ry,p(v)) and equality holds only when v € QM(Y, D). See [[39],
[41]] for the construction of a related “log discrepancy like” function, and
[46] for a vast generalization. For an arbitrary valuation v € Valx, we define

A(v) = sup A(ry,p(v)) € [0, +o0].
(Y,D)

Note that A is lower-semicontinuous (lsc) as a valuative function.

Definition 2.2. A valuation v is said to be tempered if A(v) < co. The
tempered valuation space Vx of X is defined to be the space of tempered
valuations as a subspace of Valx.

We similarly denote by V% the subset of nontrivial tempered val-
uations. If f: X’ — X is a proper birational morphism, then Ax(v) =
Ax(v) +v(Kxix) (see [[3I], Proposition 5.1(3)]) and hence Vx: = Vy.
Since Vx is a topological subspace of Valy, it is naturally a subspace of the
Berkovich space X . See [[31], Section 6.3] for a comparison.

With the aid of the log discrepancy, we can normalize V% by let-
ting A(v) = 1, that is, we define Ax := {v € V§|A(v) = 1}. In particular,
we normalize every cone complex QM(Y, D) by setting A(Y, D) :={v €
QM(Y, D)|A(v) = 1}. Tt is clear that A(Y, D) naturally possess the structure
of a simplicial complex, and by convention we say that A(Y, D) is a dual
complex. Readers can compare the constructions here with [4], [5] and [6].

The following lemma allows us to compare v and orde where & = cx (v)
which is quite useful (see [36], [[31], Section 5.3] for the definition of ordg).
See [[31], Proposition 5.10] for a proof. Recently S. Boucksom, C. Favre and
M. Jonsson gave a refinement of the following lemma in [7].

Lemma 2.3 (Izumi type inequality). Let& = cx(v) andm¢ be the defin-
ing ideal of {£}. Then, we have v(mg)orde < v < A(v)orde.

Valuative qpsh functions. Let X be a scheme and Vx be its tem-
pered valuation space. A valuative function ¢ is said to be homogeneous
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if p(tv) =tp(v) for all v € Vx and t € Ry. A valuative function ¢ is said
to be bounded if sup,cy+ |§(Zg| < o0o. In other words, a bounded valuative
function is just a bounded éunction on Ax. The set of bounded homoge-
neous functions forms an R-linear space, which can be equipped with the

norm [|¢[| = sup,eyy |“0EU))‘ and will be denoted by BH(X). If q is a nonzero

ideal on X, then we define the g-norm to be [[¢||q = sup,cv+, A(L})Sﬂ)}l(q When
equipped with the norm, BH(X) is actually a Banach space (see [[29], Propo-
sition 3.2]).
We also define
p(v)

lelly = sup —————"——
T vevy A(v) +o(q)
and
= —¢(v)
olly = sup ———————.
12le = 20, 40 +o@
Clearly, [l¢llg = || — ¢lly and || - [[q = max{]| - [[7, ]| - I3 }-
Given a nonzero ideal a, we define |a|(v) = —e¥(®) by convention. It is

obvious that log |a| is a continuous bounded homogeneous function.

Definition 2.4. A bounded homogeneous function ¢ is said to be an ideal
function if there exists a finite number of nonzero ideals a; and positive real
numbers c; such that ¢ = 22:1 cjlog |aj].

Definition 2.5. A bounded homogeneous function ¢ is said to be a val-
uative quasi-plurisubharmonic (gpsh for short) function if there exists a
sequence of ideal functions which converges to ¢ strongly in the norm. The
set of valuative gpsh functions, which is a closed convex cone in BH(X), is
denoted by QPSH(X). We usually omit ”valuative” if there is no confusion.

Readers can compare the constructions here with [4]. If we work on
X = Spec]/% where R is the localization of C[x1,...,z,] at the origin, then
our definition of gpsh functions coincides the notion of formal psh functions.
A brief argument is as follows. Given a formal psh function g, we have a
subadditive sequence of ideals {£2(tg) }1>0 in R by [[4], Theorem 3.10] which
satisfies that v(L£2(tg)) + A(v) + (1 + €)tg(v) > 0 for every quasi-monomial
valuation v centered at the origin and an arbitrary small € = ¢(¢) depending
on t by [[], Theorem 3.9]. It follows that {£2(tg)}s~o form a subadditive
sequence of ideals of controlled growth which induces a gpsh function ¢ on
X by definition (see [[31], Definition 2.9] for the definition of ”controlled
growth”). Therefore ¢(v) = g(v) for every divisorial valuation v centered
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at the origin. Conversely, a qpsh function can be naturally viewed as a
formal psh function by definition. Therefore we constructed an one-to-one
correspondence.

Remark 2.6. Recall from complex geometry that a function ¢ : X —
[—00,400) from a complex manifold is gpsh if it is locally equal to the
sum of a smooth function and a psh function. If X is a smooth complex
variety, then we should be able to define the valuative transform of ¢ which
is expected to be a gpsh function on the tempered valuation space Vyx as
defined in this paper. This was done locally in [4] and its predecessors [24],
[25], [26]. However, the global situation is not fully understood by us at this
point.

We can also define the multiplier ideal of a (valuative) qpsh function as
in complex analysis and geometry,

Definition 2.7. For a gpsh function ¢ € BH(X), the multiplier ideal J(¢)
of ¢ is defined to be the largest ideal in the set of nonzero ideals {al|| log |a| —
pl T <1}

If ¢ is of the form Zi:l cilog|a;|, then J(p) = j(Hézl a;“). Therefore
the definition given by valuative analysis coincides with the classic algebraic
definition of multiplier ideals. See [[29], Proposition 4.3].

The first important property of a qpsh function is that it is a decreasing
limit of a sequence of qpsh functions of the form ¢ log |by|. In complex anal-
ysis and geometry, such a regularization is crucial. See [11], [I12]. Moreover,
we can actually choose by = J(k¢) where J (k) satisfies the subadditivity
property (See [13] for a comparison). For the definition and basic properties
of subadditive sequence of ideals (of controlled growth), we refer to [31].
Readers could see [[29], Theorem 4.24] for a proof.

Theorem 2.8. Let ¢ be a bounded homogeneous function. Then ¢ is gpsh
if and only if v is the limit function, in the norm, of a decreasing sequence
of qpsh functions of the form cylog |by|. Furthermore, we can choose ¢ = %

and by, = J (k) which form a subadditive sequence of ideals.

Note that a pointwise limit of a decreasing sequence of gpsh functions
of the form ¢ log|bg| is not necessarily qpsh.

Example 2.9. Let X =Spec k[z] be an affine line, and let ¢, =
Z?:l log | f;| where f; =2 — j. We see that ¢, is a decreasing sequence of
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ideal functions and the pointwise limit function ¢ exists. But ¢ is not gpsh
because ||¢ — ¢|| > 1 for any ideal function ¢.

Now we define a set of gqpsh functions associated to a graded sequence of
ideals. For the definition and basic properties of a graded sequence of ideals,
please refer to [31]. See also [29]. For a graded sequence of ideals ao, we use
the notation log |a,| to indicate the limit function of 4 log [ay|.

Definition 2.10. A gpsh function ¢ is algebraic if it is the poinwise limit
function of an increasing sequence of ideal functions ¢ = lim ¢,,. Equiv-
alently, a qpsh function ¢ is algebraic if it can be written as ¢ = log|a.|
which is associated to a graded sequence of ideals a,. The set of algebraic
gpsh functions is denoted by QPSH*(X).

Note that a general gpsh function is not necessarily algebraic.

Example 2.11. Let X = Spec k[z1, 23] be the affine plane. If we set ¢ =
k

> %log |fi| where f; =z + x%l, then ¢ converges to a qpsh function ¢
I=1
strongly in the norm. However, the qpsh function ¢ is not algebraic because

there is no ideal function ¢ < ¢.

In fact we can choose the standard graded sequence of ideals associ-
ated to an algebraic qpsh function. Before that we introduce the notion of
envelope ideals.

Definition 2.12. Let ¢ € BH(X) be a bounded homogeneous function. Its
envelope ideal a(y) is defined to be the largest ideal in the set {a|log |a| < ¢}
if this set is nonempty. If it is empty, we set a(¢) = 0.

Note that the envelope ideal of an algebraic gpsh function is always
nonzero. If we set a(y), = a(myp), then {a(p)e} is a graded sequence of
ideals. We can easily show that every algebraic qpsh function is of the form
log [a()e|. (See [[29], Theorem 4.12]).

Also note if an algebraic qpsh function ¢ is associated to a graded
sequence of ideals a,, then its multiplier ideal J () = J(as). Therefore the
definition from valuative analysis is compatible with the algebraic definition
of multiplier ideals of graded sequences of ideals. See [[29], Corollary 4.14].
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3. Log canonical thresholds

Given an ideal a on a scheme X, the log canonical threshold lct(a) is a
fundamental invariant both in singularity theory and birational geometry
(see [35], [36] and etc.). The log canonical threshold admits the following
description in terms of valuations:

. A(ordE)
let(a) = 1%f ordp(a)

where E runs over all prime divisors over X and A(ordg) = ordg(Ky,x) + 1.
In fact in the above formulae one can take the infimum over all real valuations
centered on X. It is well-known that if Y is a log resolution of a, then there
exists some prime divisor £ on Y such that ordg computes the log canonical
threshold, that is, lct(a) = ’:fgﬁﬁ)) . Given a gqpsh function ¢, we can define
the log canonical threshold as

. . A(ordg)

We can show that lct(p) equals to the limit of Ciklct(ak) where ¢ log |ay|
converges to ¢ strongly in the norm (see [[29], Theorem 4.24, Remark 4.25]
for an argument). Unfortunately, there may be no divisorial valuation which
computes the log canonical threshold in general. However, we can prove that
there exists a tempered valuation which computes the log canonical thresh-
old. This has been thoroughly studied in [31], [32] and other references. It is
conjectured (see [[31], Conjecture B]) that a valuation which computes the
log canonical threshold is always quasi-monomial. Equivalently we consider
the reciprocal of the log canonical threshold which is exactly the norm of ¢
by definition as below. By definition we note that let(¢) ™! = ||| T which is
also known as the Arnold multiplicity in the literature.

Definition 3.1. Let ¢ be a bounded homogeneous function and q be a
nonzero ideal on X. We say a nontrivial tempered valuation v € V% com-

putes ||p||q if the equality ||¢|q = % holds.

More generally, for a nonzero ideal ¢, there exists a tempered valuation
which compute this norm.

Theorem 3.2. Let ¢ be a gpsh function and let q be a nonzero ideal on X.
Then there exists a nontrivial tempered valuation v which computes ||¢||4.



62 Zhengyu Hu

Readers can consult [29] for a proof. Also see [31] and [32] for more
discussions.

Tame gpsh functions. We will discuss a class of algebraic qpsh func-
tions whose associated graded sequence of envelope ideals and associated
subadditive sequence of multiplier ideals ”converge uniformly” by abuse of
language (see Remark. If we work on X = SpecR where R is the local-
ization of C[z1, ..., x,] at the origin, then these tame gpsh functions defined
below are very close to the valuative transforms of tame psh weights in [[4],
Section 5.3, Section 5.2].

Definition 3.3. Let ¢ be a gpsh function on X. A qpsh ¢ is said to be
tame if there exists a constant C' > 0 such that

T ((t+C)p) Calty)

for every t > 0. Such a constant can be chosen to be minimal, and is called
its tameness constant. A gpsh function ¢ is said to be weakly tame if there
exists a nonzero ideal ¢ such that

J(te) - Ca(ty)

for all sufficiently large numbers ¢ > 0. Such an ideal can be chosen to be
maximal, and is called its tameness ideal.

Example 3.4. Given a complex projective manifold X and a big line
bundle L, we have a graded sequence of ideals aq := {b(|mL|)}>°_,, where
b(|mL|) denotes the base ideal of mL, and we have the corresponding alge-
braic qpsh function ¢ = log |ae|. Then, ¢ is weakly tame according to [[36],
Theorem 11.2.21].

Lemma 3.5. (1). If ¢ is tame, then it is weakly tame and its tameness
ideal contains a(ny) where n is its tameness constant.

(2). If ¢ is (weakly) tame, then so is ty for any t > 0. If ¢ and 1 are both
(weakly) tame, then so is ¢ + 1.

(3). A (weakly) tame function ¢ is algebraic.

Proof. (1). The assertion directly follows from the inclusion J (t¢) - a(nyp) C
a((t —n)g) - a(ne) € a(te) for t = 1.

(2). We only prove the case when ¢ and ¢ are weakly tame here because
the tame case can be proved in a similar way. If ¢ is weakly tame, then



Valuations and Log Canonical Thresholds 63

J('tp) - ¢ Ca(t'te) for every sufficiently large number ¢'. If ¢ and v are
weakly tame with their tame ideals ¢ and ¢’ respectively, then

Tt +1)) - CT(tp) - c- T(t) - Calt) - alty) C a(t(e + 1))

for every sufficiently large number ¢.
(3). If ¢ is weakly tame, then [Xlog|J(me)|— X logla(me)| <
L/ 1og [c|||. Therefore X log |a(m¢)| converges to ¢ strongly in the norm. [

Proposition 3.6. If ¢ is tame with its tameness constant n, then n >
let ().

Proof. If n < X :=lct(p), then one has

Ox =J((n+e)p) CL(ep) # Ox

for e sufficiently small, which is a contradiction. O

Now we need the notion of the envelope gpsh function of a bounded
homogeneous function.

Definition 3.7. Let ¢ be a bounded homogeneous function. Assume that
the set {1p € QPSH(X)|¢ < ¢} is nonempty. Then we say the maximal func-
tion in this set the gpsh envelope function. The existence of such maxi-
mal function follows from [[29], Lemma 4.15 and Definition 4.16] We sim-
ilarly define the algebraic qpsh envelope function of ¢ if it exists. Also
note that the algebraic qpsh envelope function exists if and only if the set
{ € QPSH*(X)|¢ < ¢} is nonempty.

Lemma 3.8. Let ¢ be a bounded homogeneous function. If ¢ is determined
on some dual complex A(Y, D) in the sense of p = @ ory p, and if we denote
the image of D on X by Z, then its qpsh envelope function v exists and it is
weakly tame. Assume further that inf,cv, , o(v) <0 for every generic point
& of Z. Then o is tame.

Proof. The existence of 1 follows from [[29], Lemma 4.17]. Let m be the cor-
responding ideal of Z. Note that log |m| is strictly negative on A(Y, D). There
exists an integer k such that v(m*) > 1 on A(Y, D). If f € T(U, J(ty)),
then v(f) 4+ A(v) + ty(v) > 0 for every v centered on U. The inequality
v(f) 4+ v(mF) + te(v) > 0 holds for every valuation v in A(Y, D) centered
on U, hence it holds on Vi by the convexity of log|f| + klog|m| (see [[29],
Proposition 3.11]). It follows that J(t)) - m* C a(ty) = a(ty).
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If infyev,  @(v) <0 for every generic point £ of Z, then ¢ is strictly
negative on A(Y, D). Therefore there exists a positive number C' such that
Cy(v) < =1 for every valuation v in A(Y,D). For any f e I'(U, J((t+
C)Y)), we have v(f) + ty(v) > 0 for every v in A(Y,D) centered on U.
Since ¢ < ¢, we have that v(f) + t@(v) > 0 holds for every v in A(Y,D)
centered on U and hence holds for every v € Vi;. It follows that f € a(tw)
which implies the conclusion. O

An immediate consequence of the previous lemma is the following corol-
lary.

Corollary 3.9. FEvery ideal function is tame.
Remark 3.10. If ¢ is weakly tame with its tameness ideal ¢, then we have
a(mlp) - ¢! € T(mlp) - € T(mp)' - ¢ C a(mep)’

for every sufficiently large integer m and every integer [. In particular,
w+ %log le| < %log la(ky)| for every sufficiently large integer k. However,
we still have no idea if the converse would be true (possibly with some
extra assumption).

On the other hand, we have
J(me)' - ¢ € a(mp)! € a(mlp) C T (mlyp)

for every sufficiently large integer m and every integer [. In particular, ¢ <
#log | T (k)| + 1 log |¢| for every sufficiently large integer k. Conversely, such
an inequality implies that ¢ is weakly tame by the definitions of envelope
ideals and weak tameness.

Tame Functions associated to Tempered Valuations. To investi-
gate more on the structure of the valuation space, we observe that for every
nontrivial tempered valuation v, we can construct the corresponding tame
function in a natural way.

Definition 3.11. Let v € V¥ be a nontrivial tempered valuation. We define
1 ifw=

a valuative function d,(w) = nw v which is called the Dirac func-
0 otherwise

tion of v. Further, we define ¢, to be the qpsh envelope function of —d,.

In fact we can describe the function ¢, more explicitly.
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Lemma 3.12. (1). (U, a(t¢,)) = {f € Ox(U)|v(f) >t} ifex(v) € U and
it is trivial otherwise. In particular, ¢,(v) = —1.

(2). ¢y is tame with its tameness constant n, < A(v).

(3). pp(w) = — iI[}f % where b runs over all nonzero ideals such that v(b) #
0.

Proof. (1). Let Z be an ideal sheaf such that I'(U,Z) = {f € Oplv(f) > t} if
cx (v) € U and trivial otherwise. We have that a(t¢,) C Z and equality holds
if 7 is coherent. By a similar argument used in the proof of [[29], Proposition
4.10] we obtain the conclusion. Consequenctly ¢,(v) = —1 by [[31], Lemma
2.4].

(2). Let C=A(w). If fel(UJ((t+ C)py)), then w(f)+ A(w)+
C) oy (w) > 0 for every w € V7, and it follows that v(f) > ¢ when cx (v)
Therefore f € T'(U, a(t¢y)).

(3). Since ¢, is tame, it is algebraic according to Lemma Therefore,
¢y = log|a(py)e|. Now we apply [[31], Lemma 2.4] and obtain the conclu-
sion. (]

(t+
eU.

An important feature of a qpsh function is its support. We introduce the
definition of the support of a gpsh function from [[29], Definition 3.10].

Definition 3.13. The support of a gpsh function ¢ is defined to be the
set {x € X|z = cx(v) for some nontrivial tempered valuation v such that
¢(v) < 0}, and is denoted by Supp(¢p).

We have a very straightforward description of the support of a tame
function ¢, as below.

Corollary 3.14. Supp(¢,) = {cx(v)}.
Proof. If ¢,(w) > 0, then by Lemma 3) we have tw > v for some real
number ¢ > 0. Hence cx(w) = ex (tw) € {cx(v)}. O

Another feature of ¢, is that the mapping v — ¢, preserves the partial
order of tempered valuations.

Proposition 3.15. w > v if and only if ¢y, > @y.

Proof. If w > v, then ¢,(w) < ¢y(v) = —1 = ¢y(w) by Lemma [3.12{1).
Since ¢, is the gqpsh envelope function of —d,,, the inequality ¢,, > ¢, follows
directly by definition. Conversely, if ¢, > ¢y, then —1 = ¢y (w) > Py (w).
Thus w > v by Lemma [3.12(3). O
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Computing Sets of Log Canonical Thresholds. We continue our
study by computing the log canonical thresholds of qpsh functions, or equiv-
alently by computing the norms (see [[29], Section 5]). The following con-
jecture was raised as [[31], Conjecture B] (see also [[3I], Theorem 7.8]). It
is already known for several special cases (see [[31], Section 8 and 9] for
thorough proofs). Their recent work [32] reveals the relation between this
conjecture and the openness conjecture. Recently Q. Guan and X. Zhou
announced a proof of the openness conjecture (see [27]).

Conjecture 3.16. Let ¢ be a gpsh function on X and q be a nonzero
ideal on X . Then there exists a nontrivial quasi-monomial valuation v which
computes ||pl|lq. Conversely, if a nontrivial tempered valuation v computes
the norm of some gpsh function, then v is quasi-monomial.

Further, one can ask if it is possible to characterize those tempered
valuations which compute the norm of some gpsh function. By convention
we use the notation lct(p) as the reciprocal of ||¢l|q. The following lemma
and its proof are taken from [31].

Lemma 3.17. Letv € Vg be a nontrivial tempered valuation. The following
statements are equivalent.

(1). There exists a qpsh function ¢ such that v computes lct(p).

(2). For every tempered valuation w > v, we have A(w)+ w(q) > A(v) +
v(q).

(3). v computes lct(¢py).

Proof. (1)=(2). If ¢ is a gpsh function such that lct?(y) = M then

for any tempered valuation w > v we have A(g)tz)(q) < A(Z);(rw)(q) and p(w) <

©(v). Therefore A(w) +w(q) > A(v) + v(q).

(2)=-(3). For an arbitrary tempered valuation w with ¢,(w) # 0, we replace
w by (—qﬁv(w))*lw. Therefore we can assume ¢,(w) = —1. Since w > v by
Lemma (3), we have A(w)+ w(q) > A(v) +v(q), and it follows that
Alw)tw(a) (v)+v(q)

b0 (w)
(3)=(1). Note that ¢y is obviously gpsh. O

Definition 3.18. A nontrivial tempered valuation that satisfies one of the
conditions in the previous lemma is said to be g-computing. Given an ideal
q, we define

Aq = {v € Vx[A(v) +v(q) = 1},
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and we denote the set of g-computing valuations in A4 by €. Given a gpsh
function ¢, the set of all valuations in A4 which compute lct?(¢) is denoted
by Q4(¢). Moreover, one defines a partial order on A4 such that w > v if

Qq(dw) S Qq(0).

Lemma 3.19. Let w, v € Ay be two tempered valuations.

(1). v € Qq if and only if lct7(¢p,) = 1.

(2). w € Qq(Py) if and only if w > [|pyl|q - v, or equivalently ¢, > (lct¢y,) -
Py

(3). If w, v € Qq. Then w = v if and only if w > v.

(1) 1 9wl Idulla-v, or equivalently (let76,) - 6 > (lct76,) - 6,
then w > v.

Proof. (1). According to Lemma [3.17((3), v € Q4 if and only if v computes

lct%¢,,. Therefore, lct9¢, = % =1

(2). w € Qq(¢y) if and only iflct?(¢,) = %. That is, irgf% = ||éwllg-

This is equivalent to saying that w > ||¢y||q - v.

(3). If w, v € Qq and w = v, then w € Q4(¢,) by Lemma [3.17)(3). Therefore
w > ||pullq - v = v by (1). Conversely if w > v, then Qq(¢y) = {ulu > w} C
{ulu > v} = Qq(¢v) by (1) and (2).

(4). If uw € Qq(¢w), then by (2) u > [|¢w|lq - w. It follows that u > ¢y ||q - v
and by (2) again u € Qq(¢y). We conclude that Qq(dw) € Qq(Pv)- O

Remark 3.20. On the subset 2, the partial order = is nothing else but
>. But this is much more complicated on the whole space Ay. An interest-
ing question is, given a tempered valuation v € Ay, is it possible to find a

valuation w € €4 such that Qq(¢y) = Qq(Pw)?

Corollary 3.21. Let v be a nontrivial tempered valuation, and let n, be its
tameness constant. Then, we have the inequality

let(¢y) < mu < A(v).
As a result, if v is computing, then n, = A(v).

Proof. The assertion follows by combining Proposition Lemma 1)
and (2). O

Remark 3.22. We expect that there would be an invariant which give a
criterion for a g-computing tempered valuation. As the previous corollary
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asserts, if v is computing, then its tameness constant 7, = A(v). However it
is not known if the converse statement is true.

Definition 3.23. Given a nontrivial tempered valuation v € V¥, we define
the set Qq(v) := {w € Aqlw > v}.

Lemma 3.24. Let v be a nontrivial tempered valuation.

(1). Qq(tv) is a closed subset of Aq for every t >0, and Qq4(tv) D Qq(t'v) if
0<t<t.

(2). ||¢ollq = max{t|Qq(tv) # 0}. In particular, for a valuation v € Aq, v €
Qq if and only if Qq((1 +e)v) =0 for every e > 0.

Proof. (1). Note that Qq(tv) = {w € Aq|pw(w) < —1} by Lemma [3.12)3).
This is closed since ¢y, is continuous (see [[29], Section 4.2]).

(2). If Qq(tv) # 0, then [|¢pylq > Wf:ﬁgq) > t. Conversely, if there exists a
tempered valuation w € Ay which computes ||¢y||q, then w > ||¢y|q - v by

Lemma [3.12((3). This proves ||¢y||q < max{t|Qq(tv) # 0}. O

Theorem 3.25. Let v be a nontrivial tempered valuation. If ry p(v) is q-
computing for all sufficiently high log resolutions (Y, D) of X, then v is
q-computing.

Proof. After replacing v by mv, we can assume that v € Agy. If v is not
g-computing, then Qq((1 + 6)11; # () for some small number £ > 0. Therefore
Qq((1+¢)ry,p(v)) # O since v > ry,p(v). Assume the log resolution (Y, D) is
sufficiently high such that (1 + ¢)(A(ry,p(v)) + ry,p(v)(q)) > 1 + ¢ for some
sufficiently small number 6 > 0. Let w = A(ry,D(v))iry,D(v)(q)TY’D(U) € A,q.
Since Q4((1+d)w) # 0, we deduce that w ¢ Qy by Lemma [3.19(1) and
Lemma [3.24)2), and thus ry,p(v) is not g-computing. O

Remark 3.26. We do not know wether €24 is closed or not. The previous
theorem only asserts that if v lies outside £, then ry, p(v) is not g-computing
provided that (Y, D) is sufficiently high. Also, it is natural to ask if the
converse statement of the previous theorem is true which is closely related

to Conjecture [3.16]

Conjecture 3.27. Let v be a nontrivial tempered valuation. If v is q-
computing, then ry,p(v) is q-computing for all sufficiently high log reso-
lutions (Y, D) of X.
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4. Restrictions of valuative qpsh functions

In this section we will discuss restrictions of (valuative) gpsh functions and
their basic properties. A natural way to define the restriction of a (valua-
tive) qpsh function is to use the fact that every qpsh function ¢ is of the
form ¢ = log |be| where by, = J(ky) forms a subadditive sequence of ideals.
Unfortunately, we will see that this definition is not a precise analogue of the
restriction of gqpsh function in analytic geometry via the valuative transfor-
mation (see [[4]. 5.2] for valuative transform of a psh germ). One important
reason that we cannot construct such an analogue is that we do not have an
algebraic description of the weak topology of psh germs (see [[4], Corollary
5.7]).

Definition 4.1. Let Z C X be an irreducible regular closed subscheme and
let ¢ be a qpsh function. If we write o = %log |J (kg)|, then we say that ¢
satisfies the restriction condition to Z if

(1) prz == +log |7 (k) - O] is well-defined, that is, J (k) - Oz # (0), for
every integer k, and

(2). ¢p|z converges strongly in the norm.

In this case then we define the restriction ¢z to be the limit function of
¢k|z- Note that Condition (2) will be automatically satisfied if the qpsh
function ¢ is associated to a Q-Cartier Q-divisor D or a Q-line bundle L.
See Proposition [5.5)

Remark 4.2. If we work on X = Specﬁ where R is the localization of

Clx1,...,zy] at the origin, then the gpsh functions are exactly the formal
psh functions discussed in [4] (See [[29], Remark 4.27] for an argument). If
we take the analytic psh germ ¢ = — log(— log max |z1|), then the valuative

transform @ is the zero function because the singularity is too mild to be
detected by tempered valuations. On the other hand, the equation ¢(z) =
—o0 holds identically on {z; = 0}. This example shows that the valuative
transform loses some important information from complex analysis.

Lemma 4.3. (1). If ¢ satisfies the restriction condition to Z, then so does
ty for every t > 0. Further, (t¢)|z =ty z.
(2). If ¢ and 1 satisfy the restriction condition to Z, then so does ¢ + 1.

Further, (¢ + ¢)|Z =9z + Y|z

Proof. (1). By definition of the multiplier ideal we have [J(kty) - Oz # (0),
and by [[31], Lemma 2.6] we have that % log |7 (kty) - Oz| converges to Y1z
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strongly in the norm. Therefore tpy; 1= 1 log|J (the) - Oz form a Cauchy
sequence which converges to ty|z strongly in the norm.

(2). For every integer k and every sufficiently small number € > 0, there
exists a sufficiently divisible number m such that J(k(p +1)) = J((1+
€)k(om + ¥m)) according to [[29], Lemma 4.20]. Therefore,

1 1
7108 T(k(p +9)) 2 (1 + €)(pm + ¥m) = (1 +€)log | (mp) - T (m3)]
and it follows that

(T (ks + 1)) - O7)™HIF) = T (k(ip + 1))/ H1F9) . Oy
2 J(my) - T(mip) - Oz
= (J(mep) - Oz) - (T (my) - Oz) # (0).

Now we write @4 = +log|J(k(¢+v))| and @y, = +log|T (k(p + 1)) -
Oz|. We have

Orz +Vriz = Pz 2> (1+€)(0m)z + VYm|z)
> (1+e)(pz +vz)-

Since € can be chosen arbitrary small, we have vz + ¥z > Priz > 9|z +
Y)z. Thus Py 7 converges to ¢z + Y|z strongly in the norm.

The previous lemma shows that qpsh functions which satisfy the restric-
tion condition to Z form a convex subcone of QPSH(X). We denote this
subcone by QPSH 7 (X). Like [[29], Lemma 4.16, Proposition 6.10 and Propo-
sition 6.11], it is natural to ask the following question.

Question 4.4. Is the cone QPSH,(X) closed under taking the supremum?

We will only give the affirmative answer in some cases (see Proposition
. However, we expect this to hold unconditionally.

Remark 4.5. Note that the cone QPSH;(X) is NOT closed in norm. We
will give a counter example later (See Example |5.11)).

Theorem 4.6 (Restriction Theorem I). If ¢ is a gpsh function which
satisfies the restriction condition to Z, then we have the inclusion

JT(p1z) €I (p) - Oz.



Valuations and Log Canonical Thresholds 71

Proof. By the definition of the restriction condition, ¢|z is approximated by
¢1|z strongly in the norm. Therefore from [[29], Lemma 4.20] there exists a
small number € > 0 such that J(¢|z) = J((1 + €)pyz) and T (¢) = T ((1 +
€)yy) for every sufficiently divisible integer k. Now we apply [[31], Theorem
A.1] and hence conclude this inclusion. O

Definition 4.7 (Local log canonical threshold). Let X be a scheme
and & be a point of X. The inclusion SpecOx ¢ — X induces an inclusion of
tempered valuation spaces Vspeco, . — Vx which preserves the log discrep-
ancy. If ¢ is a gpsh function on X, then we define ¢ to be the pull-back
of ¢. In this case, we denote the log canonical threshold of ¢ by lcte(yp).
It is easy to see that lcte(¢) <lcte (¢) if & dominates &'. Further, if Z is a
closed subset of X, then we define the log canonical threshold of ¢ on Z to
be lctz(p) = infec 7 Icte(¢). Clearly, if Z’' C Z, then lctz(p) < lctz (¢).

It is easy to check that, if a qpsh function ¢ is induced by a finite
number of ideals a; in the sense of ¢ =) ¢;log |a;|, then lcte(¢) is precisely
the log canonical threshold of []a;* at §. Similarly if ¢ is induced by a
graded sequence of ideals a,, then Ict¢ () is exactly the local log canonical
threshold lcte(ao). For details, we refer to [[29], Section 3.2].

Theorem 4.8 (Restriction Theorem II). Let ¢ be a gpsh function which
satisfies the restriction condition to Z. Given a point £ € Z, we have the
inequality of norms || z¢ll > |lwell, or equivalently of log canonical thresh-
olds, Icte(p|z) < lete(w). In particular, given a closed subsetY of Z, we have

lety (¢)7) < lety (¢).

Proof. After replacing X and Z by SpecOx¢ and SpecOz¢ respectively,
we will show that lct(p);) < lct(yp). If we set A := lct(p|z), then we have
J((A—€)pz) = Oz for every € > 0. By theoremwe have Oz = J((A —
€)¢1z) € T((A—€)p) - Oz. Therefore J((A—¢€)p) contains the maximal
ideal m¢ properly since mz C mg, which implies that J((A — €)p) = Ox and
hence A < lct(p). The last assertion follows from the definition directly. O

Remark 4.9. The readers could compare the previous result to [[15], 2.2.
Proposition]. Note that if an analytic psh function ¢ has algebraic singu-
larities, then the complex singularity exponents cx (@) on an irreducible
analytic set K is exactly the log canonical threshold of its corresponding
"algebraic data” on K. As we mentioned in Remark the restriction of a
valuative gpsh function is not a precise analogue of that in complex analysis.
For instance, if we take an analytic psh function ¢ and denote its valuative
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transform by @, then we have cx(¢) = lctx (@) by [[15], 3.2 Theorem(3)].
But in general, cx(¢|z) can be very different from letx (7).

Proposition 4.10. Let Z C X be a regqular closed irreducible subscheme.
If ¢ is a tame gpsh function, then ¢ satisfies the restriction condition to Z if
and only if p(orde) = 0 where & is the generic point of Z. In this case, a(kep) -
Oz # (0) for every integer k > 0 and |z, which is of the form log|a(¢)z|,
1s also tame.

Proof. By definition there exists a constant C' > 0 such that log|J((C +
t)p)| < te. It follows that p(orde) < ordeJ((C + 1)¢) =0 provided that
¢ satisfies the restriction condition to Z. Conversely if ¢(orde) =0,
then we have a(ky) - Oz 2 J((k+ C)p) - Oz # (0). Set ¢y, = + log |a(ky)|
and Yy z = %log la(kp) - Oz|, and hence ¢z > Pz > (1 + %)gpk‘z. Since
te|z = {a(kp) - Oz}, is a graded sequence of ideals, vy, converges
strongly in the norm. We obtain that ¢y 7 converges to ¢z strongly in
the norm.

To see that |7 is tame, it suffices to consider the inclusions

T((k+C)piz) € T((k+C)p) - Oz Calkp) - Oz C alky|z)

as an application of Theorem [4.6] O

k

Corollary 4.11. If o = Y ¢;log|a;| is an ideal function, then ¢ satisfies
i=1

the restriction condition to Z if and only if all a; do not vanish along Z. In

k
this case, gz = 3 c;logla; - Oz.
i=1

Proof. This assertion follows by combining Proposition Corollary
and Lemma [£.3] O

Inversion of adjunction. The aim of this subsection is to prove the
following theorem which is a version of inversion of adjunction. In the the-
ory of classification of higher dimensional varieties inversion of adjunction
provides a central tool. This was originally proved by V. Shokurov in [43]
in dimension 3 and generalized to all dimensions by J. Kollar in [34]. Here
is a non-exhaustive list of references in recent progress: [28], [33], [44], [45],
[18], [19], [2].

Theorem 4.12. Let H C X be an irreducible regular closed subscheme of
codimension one, and let ¢ be a qpsh function which satisfies the restriction
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condition to H. Write ) = log |Ox(—H)|. Given a point & € H, Icte(ppr) >
1 if and only if lctg (@ + 1) > 1. In particular, given a closed subset Z of H,
letz(@y) > 1 if and only if lctz(p + ) > 1.

Proof. Note that the assertion is equivalent to saying that [[pgel <1 if
and only if ||¢g + ¢¢| < 1. According to [[31], Proposition 1.9] and [[29],
Proposition 4.22], we can replace X by Spec@ (See [[31], Appendix A]
for more details). Therefore, by Cohen’s structure theorem we can assume
that X = Speck[[z1,...,Zn]], for some m, and that H is defined by the ideal
(z1). In particular, we can assume that ¢ is a closed point of X.

Now we prove the "only if” part since the ”if” part is easier and can be
argued similarly. Assume that Icte(¢z) > 1. It follows that J((1 — €)ppa)e
is trivial for every sufficiently large integer k£ and every sufficiently small
number € > 0 by [[29], Lemma 4.20]. Recall that ¢, = 1 log|J (ky)| as we
denoted earlier. From the fact that J((1 — €)opn) =y T(T(kp)g +

mp)F) and J((1=e)(pr +v)) = Ny T(T (k) - Ox (—H)F +m") &),
where J (ky)g and my denotes the restriction of J(ky) and m to H respec-
tively, we only need to show that J((J(ke) - Ox(—H)* +m) %) is trivial
for every N. For this reason we can assume that X = A}". By [[31], Example
1.1] we can assume that k is algebraically closed.

Pick a general member f of the ideal J(ky) and denote the correspond-
ing divisor by Dy. It is obvious that f is also a general member of J (ko)m.
Therefore, by usual inversion of adjunction (for example, see [[19], Theorem
0.1]) and [[36], Proposition 9.2.28], we obtain that J((1 —€)(vr + 1)) =
J (36D + (1 — €)H)) is trivial from that J((1 — €)orn) = J (< Dyyy) is
trivial, and hence lcte (¢ + 1) > 1. O

Remark 4.13. The readers could compare the previous theorem with [[15],
2.5. Theorem)].

5. Applications

If X is a smooth complex projective variety, then we can associate a valuative
gpsh function to a line bundle. This has been studied for ideal functions (see
Definition in many relevant references such as [3], [16], [17], [20], [37],
[40]. We developed such a theory for gpsh functions in [[29], Section 6].
Besides, it might be possible to generalize the results to varieties with mild
singularities such as klt singularities (see [§], [9]).
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Throughout this section X will be a projective smooth variety over C
for simplicity. The term ”divisor” will always refer to a Q-Cartier Q-divisor.
Given a section s € HY(X, L) of a line bundle, the notation log |s| denotes
the gpsh function defined locally by a regular function corresponding to s.

Restriction of D-psh functions. To begin with, we briefly review the
definitions and propositions from [[29], Section 6].

Definition 5.1. Given a divisor D, we define the set

1
Lp ::{% log |a| [kmD ® a™ is globally generated

for every sufficiently divisible m}.

We then define the set of D-psh functions to be the closure PSH(D) = Lp
in the norm.

Definition 5.2. The set of pseudo D-psh functions is defined to be

PSH,(D) := (| PSH(D + €A) where A is an ample divisor.
e>0

Note that the above definition is independent of the choice of the ample
divisor A. As in complex algebraic geometry, we have the corresponding
vanishing theorem, global generation theorem, etc. We will frequently use
them and we present here for the reader’s convenience. See [[29], Theorem
6.5, Theorem 6.6] for proofs and more details.

Theorem 5.3 (Nadel Vanishing). Let L be a line bundle on a smooth
projective variety X and L= A+ D where A is a nef and big Q-divisor.
Assume that ¢ € PSHy(D). Then

H(X,(Kx+L)® J(p)) =0
for alli > 0.

Theorem 5.4 (Global generation). Let D be a divisor on X and ¢ be
a gpsh function. Then, @ is pseudo D-psh if and only if there exists a line
bundle G such that (mD + G) @ J (my) is globally generated for allm € Z
with mD integral.

Now we discuss of the restriction of a pseudo D-psh function and that of
a D-psh function. An important feature of a pseudo D-psh function is that
condition (2) in Definition automatically holds as long as condition (1)
is satisfied.
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Proposition 5.5. Let Z C X be a smooth closed subvariety, let D be a
divisor and let @ be a pseudo D-psh function. If we write @), = % log |7 (k)]
then ¢ satisfies the restriction condition to Z if gy z = %log |T (kp) - Oz is
well-defined, that is, J(ky) - Oz # (0), for every integer k, or equivalently
p(ordz) = 0.

Before we prove this proposition, we show the following useful lemmas
as preparation.

Lemma 5.6. Let D be a divisor on X, and let {¢r} be a decreasing sequence
of pseudo D-psh functions. Then, ¢ converges to a pseudo D-psh function
strongly in the norm.

Proof. For every integer m, the sequence of ideals {7 (m¢y)} satisfies
descending chain condition as a result of Theorem [5.4] That is, J(mdoy)
stabilizes when k > N(m), which in turn implies that ||¢, — ¢p|| < = for k
and k' > N(m). O

Now we can prove the following stronger version of Proposition [5.5

Corollary 5.7. Let D, Z, X and ¢ be as in Proposition |5.5. Then, the
function ¢ is well-defined and pseudo D|z-psh.

Proof. There exists an ample divisor A such that ¢, € Lp, 4 for every inte-
ger k by Theorem It follows that ¢z € Lp|, 44|, for all k. Note that
{J(kp) - Oz} is a subadditive sequence of ideals. Therefore, {¢yz} has a
decreasing subsequence of D|z + A|z-psh functions (see [[29], Remark 4.25])
which converges to the limit function of ¢y, strongly in the norm by [[31],
Lemma 2.6] and Lemma O

In the previous corollary we see that being pseudo D-psh can be ”pre-
served” under restricting to a smooth closed subvariety. However, if we
assume that ¢ is D-psh, then ¢ is not necessarily D|z-psh.

Example 5.8. Let D be a nef and abundant divisor on X, and let Z be
a smooth hypersurface of a variety X such that D|z is not abundant. It is
easy to see that the zero function ¢ is D-psh and its restriction ¢|z is also
a zero function. But ¢|z is not D|z-psh (see [[29], Corollary 5.13(2)]).

Proposition 5.9. Let D, Z and X be as in Proposition[5.5, and let {¢;}
be a decreasing sequence of pseudo D-psh functions such that ¢y, satisfies the
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restriction condition to Z for every integer k. If we denote the limit function
of ¢r by @, then p|z is well-defined and klim vz = Pz
— 00

Proof. Since J(my) = J((1 + €)mdy) for a sufficiently small number e and
every sufficiently divisible integer k& by [[29], Lemma 4.20], we have ¢, >
(1+ €)¢r and hence ¢, is well-defined such that ¢,z > (1+ €)¢yz. By
Lemma we have that ¢y, converges to a function. Now we obtain that

®m|z = lim (1 + €)¢y 7z and hence ¢,z > lim ¢z since € can be chosen
(e.9) o0
arbitrary small. By Proposition ¢z = lim @,z is well-defined and
m—0o0
lim ¢z < ¢p|z. On the other hand, we have lim ¢z > ¢z since ¢ > ¢
k—00 k—o0

for every integer k. Therefore we obtain the equality. O

Remark 5.10. The previous proposition asserts that the definition of the
restriction of a pseudo D-psh function ¢ is independent of the choice of a
decreasing sequence of ideal functions which converges to ¢ although the
multiplier ideals provide us a natural way. As an application of the previous
discussions we construct an example below to give a negative answer of [[29],

Question 6.3].

Example 5.11. Let X = CP?, U = C2 C X, Z be the closure of the zs-axis,
k

and let ¢p = > o log|f;| where f; =z + 23 on U. Note that ¢}, converges
=1

to a gpsh function ¢ strongly in the norm because ||¢p, — ¢n|| < 2% when

m < n. We can explicitly compute that ¢y, = klog|mg| by Lemma (2),

where mg = {22 = 0} on Z. Therefore ¢r|z doe not converge and ¢z is not

well-defined. Hence, ¢ is not pseudo D-psh for any divisor D by Proposition

5.5l and Proposition 5.9

Proposition 5.12. Let D, Z and X be as in Proposition|5.5], and let ¢ be a
set of pseudo D-psh functions such that ¢y satisfies the restriction condition
to Z for every index A. Then, supy @ satisfies the restriction condition to

Z and (supy @i )|z = sup, PN Z-
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Proof. The first assertion follows directly from Proposition [5.5} To see the
second assertion, we notice that

(supa)|z = lim (sup SDA)MZ
A k—oo )\
= lim sup )y x|z
k—oo )\
> sup lim ¢, k| Z
A k—oo 77

= Sup ¢y |z
A

where the second equality follows from the definition of multiplier ideals and
Proposition [5.9

Now we prove that the inequality appeared above is in fact equality.
Because sup), ¢z can be approximated by sup, ¢z, we can replace A by
a countable subset. We consider the sequences {¢y 47 }ter.,- Given a non-
trivial tempered valuation v and an arbitrary small number € > 0, there
exists some Ao such that lim supy ¢, z(v) —€ < lim @y 4 z(v). Hence

. . t—oo ’ . t—o0 .

lim supy ) x|z < supy lim @) x 7z and we obtain the conclusion. (I
k—o0 ’ k—oo 7

Extensions of pluri-canonical forms on a dlt pair. Now we discuss
the extension problem of pluri-canonical forms as an application of the above
constructions. Recall that the augmented base locus of a big line bundle L is
defined to be B (L) =), B(L — A) where A runs over all ample divisors,
and that the restricted base locus of a pseudo-effective line bundle L is
defined to be B_(L) = |J, B(L + A) where A runs over all ample divisors.
We use the notations v(||L||z) := v(aez) where ayz = b(|kL]|) - Oz and
ou(||L||z) :=sup4 v(|]|L + Al|z) where A runs over all ample divisors.

Lemma 5.13. Let Z be a smooth closed subvariety, let L be a big line
bundle on X such that the augmented base locus B4 (L) does not contain Z,
and let ¢ be the maximal L-psh function, or explicitly, o(v) = —v(||L||) (see
[[29], Proposition 6.10]). Then, o)z is well-defined and ¢|z(v) = —v(||L]|z).

Proof. Note that ¢ is weakly tame (see Example . In particular, by the
proof of [[36], Theorem 11.2.21] there exists a divisor E > 0 such that E
does not contain Z in its support and

J(me) - Ox(=E) € b(lmL|)
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for every integer m > 0. It follows that
J(mep) - Oz(—E|z) € b(|mL|) - O

for every sufficiently divisible integer m > 0. Therefore, ¢z = log|a,z|
where ay; = b(|[kL]]) - Oz. O

Lemma 5.14. Let Z be a smooth closed subvariety, let L be a pseudo-
effective line bundle on X such that the restricted base locus B_(L) does not
contain Z, and let ¢ be the mazximal pseudo L-psh function, or explicitly,
o(v) = —ou(||L|l) (see [[29], Proposition 6.11]). Then, p|z is well-defined
and p|z(v) = —ou(||L] z)-

Proof. Fix an ample divisor A, and we have that ¢ = klim ¢ where ¢y, is
—00

the maximal (L + 1 A)-psh function. Because B4 (L + +A4) does not con-

tain Z, ¢y 7 is well-defined and ¢y z(v) = —v(||L + $A| z) by Lemma

Therefore by Proposition @ we have ¢|; = klim bz which gives the con-
—00

clusion. O

The notion of adjoint ideals is crucial in birational algebraic geometry.
It is powerful in inductive proofs with the aid of Nadel vanishing. Here
we introduce the adjoint ideal of a pseudo D-psh function along a reduced
simple normal crossing (snc for short) divisor.

Definition 5.15. Let S = Zizl S; be a reduced divisor with its support
snc on X, and let ¢ be a pseudo D-psh function such that ¢, is well-defined
for every lc centre Z of the pair (X, S). The adjoint ideal Adjg(¢p) is defined
to be

Adjg((1 + €)pr) = Adjg(T (ke) +")

for a sufficiently small number ¢ > 0 and every sufficiently divisible integer
k> 0.

Lemma 5.16. The adjoint ideal appeared in the above definition is well-

defined. Further, if there is a decreasing sequence of (D + A)-psh functions

o such that o = klim ¢r for an ample divisor A, then Adjg(p) = Adjg((1+
— 00

€)om) for a sufficiently small number € > 0 and every sufficiently divisible
integer m > 0.

Proof. We only prove the latter assertion by induction on the number of
components of S which essentially implies the first statement. If [ = 1, then



Valuations and Log Canonical Thresholds 79

S is a smooth hypersurface and hence we have the following exact sequence
of ideals

0 — J(p) Ox(=S) — Adjs((1 +€)pr) — T(ps) — 0

for a sufficiently small number ¢ > 0 and every sufficiently divisible integer
k > 0 by definition. It is easy to check that Adjg((1 + €)¢py) stabilizes when is
e sufficiently small and & is sufficiently divisible by 5-lemma. Now we assume
that the adjoint ideal is well-defined for [ — 1. If we write S = S’ + S; where
S; is an irreducible component, then we have the following exact sequence

0 — Adjs () - Ox(=51) — Adjs((1 + €)¢r) — Adjg (¢1s,) — 0

for a sufficiently small number € > 0 and every sufficiently divisible integer
k > 0 by Proposition [5.9] and the inductive assumption which implies the
conclusion. O

Remark 5.17. The previous lemma shows that the definition of adjoint
ideal is independent of the choice of a decreasing sequence of ideal functions
which converges to ¢.

We apply the above constructions to prove the following extension of
pluri-canonical forms on a dlt pair. See [[14], Theorem 1.7] and [[23], Propo-
sition 5.11] for a comparison.

Let (X,S + B) be a dlt pair such that |S+ B| = S. Assume that the
restricted base locus B_(Kx + S + B) does not contain any lc centre of
(X,S+ B). Let 7 : X’ — X be a log resolution of (X, S + B) and we write

Ky +S8+B =a"(Kx+S+B)+F

where (X', 8" + B’) is dlt such that S’ + B’ and E’ > 0 does not have com-
mon components and | S+ B'| = 5’. Following [30], [42], [14] and [10], if
we consider the extension obstruction divisor

Z:= Ny(|Kx + S5 + B'||s/) A B'|s
on S’ for every log resolution X', then we have the following result.

Proposition 5.18. Let (X,S + B) be a dlt pair such that |S+ B] = S.
Assume that

(1). there exists an effective divisor D ~g Kx + S + B such that D con-
tains S in its support,
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(2). the restricted base locus B_(Kx + S + B) does not contain any lc
centre, and

(8). Kx + S+ B is abundant.

Let m be an integer such that m(Kx + S + B) is Cartier. If o is a section
of m(Kg + Bg) such that for every log resolution of (X,S + B) we have

divr* (o) + mE'|s > mZ,
then o extends to X.

Proof. After replacing (X, S + B) by a log resolution, we can assume that
(X, S + B) is log smooth. We divide the proof into three steps.

Step 1. Let ¢ be the maximal (Kx + S + B)-psh function. If we write
S = Zlizl Si, then we will show that log|o|s,| < mpg, for every 4. To this
end, we choose an ample divisor A and fix an index i. For every suffi-
ciently large integer ¢, we have Kx +S + B + %A ~o Kx +Si+ A4+ Ay
such that

o (X,S;+ Ay, +A,) is plt and A, is ample;

e Supp(4A,) € Supp(S — S; + B).

If we write Kx/ + S; + A, + A}, = m*(Kx + S; + Ag + Ay) + E;, such
that S is the birational transformation of .S;, Ay, is ample, the effective divi-
sors Ay and Ej have no common components and the pair (S;, Agjs, + Ays,)
has terminal singularities. If s4 is a section of Ox (A), then for a sufficiently
divisible integer [ we have

R l
divr (U|lsi : Sgré?) +ImE;, > lmAl'ﬂS; A No(||Kx: + S;+ Ay + A lls:)
This implies that afs_ 'SZ&%? extends to X by the extension theorem (for
example, see [[10], Theorem 3.4] or [[30], Theorem 6.3]), which in turn implies
that log|ojs,| < mepgs, where o, is the maximal (Kx + S+ B + %A)—psh
function. Therefore we obtain that log|o|g,| < meps, by [[29], Proposition

6.11].
If we write by = J(ky) and b = Ox(—mB), then we set an ideal

(tom=-» = 1
IT:=7J(b,g*" -bg ) for a sufficiently small number € > 0 and every suf-

ficiently divisible integer k£ > 0. Note that Z is well-defined on S because
Z = Adjg((m — 1)¢ + 1) where ¢ = L log |s;,p| and s, is the tautologi-
cal section of Ox(—mB). Since

log |Zs,| =log |Adj(s_g,)|s, ((m = 1)is, + ¥is,)
=log|Adj(s_g,)s, (M = 1)1+ €)gis, k. + Yys,)| = logloys, |
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on every S;, the section o vanishes along 7.
Step 2. One observes that the following exact sequence

0— J((m—-1e+v¢) Ox(=S) — Adjg((m —1)p+¢) — T — 0
is exact. Since 0 € H°(S,m(Kg + Bls) ® T), it suffices to show that the map

HYX,0x(m(Kx +S +B) = 8)® J((m —1)¢ + 1))
— HY(X,0x(m(Kx + S+ B)) ® Adjg((m — 1)p + 1))

is injective. Since Kx + S+ B is abundant, by [[29], Proposition 6.10,
Proposition 6.11 and Corollary 6.13(5)] and Lemma we choose a

sufficiently divisible integer k such that J(me+1)=J (ak% . bi) and

(+e)m )
Adjg(my 4+ 1)) = Adjg(b, * -bw) where ap =b(|k(Kx + S+ B)|). Let
m: X — X be a log resolution of aj-bg-b. If we write a;-Ox =
Ox/(—Fg), by - Ox: = Ox/(—Gy) and T := |21 F, + B| — | 2-1Gy, + B,

then we have a natural isomorphism

~1 ~1
HY (X, Ox (Kx 4+~ mk

— M+ { Fy. + B}))
~ HYX,0x(m(Kx +S+B) - S) @ J((m—1)p+1))

where M}, is a free divisor such that |kn*(Kx + S+ B)| = | M| + F}, and
an inclusion

HY(X,0x(m(Kx + S+ B)) ® Adjg((m — 1) +9))
— H' (X', 0x/(Kx + 8 + (m —1)n*(Kx + S + B)—
(LrDt =D, 4 p))

by the Leray spectral sequence and the exact sequence of low degrees.
Step 3. Note that the morphism

-1 -1
L HY(X, Ox (Ko + mTMk + {mk Fy + B}))
1 m—1

— H'(X',Ox/(Kx + mT_Mk +{——Fi + B} + 5"+ 1))

factors through HY X' Ox/(Kx + S5+ (m—-1)r*"(Kx +S+ B) —
L%Gk + B]J)). We write T = Eé-:l a;jT;. After reindexing we
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can assume that

orde(Lmk_ le+BJ — L(l—i-t€)](€7n—1)Gk+BJ) >0
for 1 <j<pand
ordr, (| 7 1FHBJ - LM,:%_DGHBJ) <0

for p < j <. It is easy to check that the morphism

"L+ BY)

m—1 m—1
m=ly
o Met i

m—1
HY(X',Ox/(Kx + TMk +{

— H'(X',Ox/(Kx + Fy+ B} +1T'))

is injective where 7" is a reduced divisor which consists of those T}’s such
that 1 < j < p and T; ¢ Supp({Z2F; + B}) by the exact sequence of low
degrees, and the morphism

—1 —1
VHY X, O (Ko + 2= My 4+ {2

F B T’
3 A k+ B} +1T))

p
Fp+ B} +S5'+) a;T)))
j=1

—1 —1
s HYX, Ox (K + 2 mk

M,
2 k1

factors through HY X', Ox/(Kx' + 8 + (m—1)7*(Kx + S+ B) —
L%Gk + B])). Therefore it suffices to prove that ¢ is injec-
tive. Since there exists an effective divisor D ~g Kx + S+ B
such that D contains S in its support, we can assume that
(X', 22 My, + {22+ B} +T') is log smooth and dlt such that
Supp(S’ +>2%_ a;Tj) C Supp(™t My + {™-LF, + B} +T'). Hence the
injectivity of ¢/ follows from [[22], Theorem 1.1] or [[I], Corollary 5.2]. O

Remark 5.19. It is conjectured that Proposition holds without the
assumption Kx + .5+ B being abundant. Using analytic methods, J.-P.
Demailly, C. D. Hacon and M. Paun proved this in [I4] when (X,S + B)
is plt and there exists an effective divisor D ~qg Kx + S + B such that
S C Supp(D) C Supp(S + B). At this point we cannot attack similar prob-
lems without using complex analysis. However, the analytic argument fails
in the dlt case because the L?-estimates behave badly on the intersection of
components of S. It is expected that we could combine algebraic and analytic
methods to deal with these problems. It is also interesting that the proof
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above provides an essential application of the recent injectivity theorem (see
[1] and [22]).
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