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Moduli Spaces of Semistable Sheaves of
Dimension 1 on P?

YAO YUAN

Abstract: Let M (d, x) be the moduli space of semistable sheaves
of rank 0, Euler characteristic x and first Chern class dH (d > 0),
with H the hyperplane class in P2. We give a description of
M(d, x), viewing each sheaf as a class of matrices with entries
in @,., H°(Op2(i)). We show that there is a big open subset of
M (d, 1) isomorphic to a projective bundle over an open subset of a
Hilbert scheme of points on P2. Finally we compute the classes of
M(4,1), M(5,1) and M(5,2) in the Grothendieck ring of varieties,
especially we conclude that M(5,1) and M (5,2) are of the same
class.

Keywords: Moduli spaces, 1-dimensional sheaves on surfaces, pro-
jective plan, BPS states of weight 0.

1. Introduction.

Moduli spaces M of semistable sheaves of dimension 1 on surfaces are very
interesting and many people have studied on them. On K3 or abelian sur-
faces, for a large number of M, Yoshioka has given explicitly the deformation
classes of them in [9]. Le Potier studied a lot on M for P? such as their Picard
groups and rationalities in [5]. Drézet and Maican studied sheaves of dimen-
sion 1 on P? with multiplicity 4,5 and 6, via their locally free resolutions
(see [2],[7] and [8]). But except few trivial cases, the classes of M for P? in
the Grothendieck group of varieties are not known.

Let M(d,x) be the moduli space of semistable sheaves of rank 0, first
Chern class dH (d > 0) and Euler characteristic x on P2. M (d, x) ~ M (d, x’)
if x = +x’ (mod d). There is a map 7 : M(d, x) — |dH| sending each sheaf
to its support. Fibers of 7 over integral curves are isomorphic to their (com-
pactified) Jacobians. But fibers of 7 over non-integral curves are not well
understood.
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In this paper we build a 1-1 correspondence between pure sheaves of
dimension 1 on P? and pairs (E, f) with E direct sums of line bundles on P?
and f: E® Op2(—1) — E injective, then after putting a stability condition
on these pairs we can view M (d, x) as the moduli space of semistable pairs
(E, f). From this point of view, we somehow avoid studying fibers of =
over non-integral curves. However for a general d, the moduli space is still
very complicated. We are only able to describe a big open set of M(d, x)
with y = 1. We have the following proposition which is a generalization of
Proposition 3.3.1 in [2] to all multiplicities.

Proposition 1.1 (Proposition 4.5). There is an open subset W? C
M(d,1) with M(d,1) — W% of codimension > 2, and W ~P(V?%), where

d—1)(d—2 (d=1)(d=2)
Ve is a vector bundle of rank 3d over N§ = Hilbl“=% )](]P’Q) — QL_S .
with Hilb™(P?) the Hilbert scheme of n-points on P? and QL"] the closed
subscheme of Hilb™ (P2) parametrizing n-points lying on a curve of class

kH.

Denote by [X] the class of a variety X in the Grothendieck ring of
varieties. For d <5 and g.c.d.(d,x) = 1, we compute [M(d, x)] and get the
following three theorems, with L := [Al] the class of the affine line.

Theorem 1.2 (Theorem 5.1). For d <3, M(d,1) =W Moreover
W~ |dH| ~ P31 for d =1,2; W3 ~ C3 with C3 the universal curve in
P2 x |3H].

Theorem 1.3 (Theorem 5.2). [M(4,1)] = Zgo boi Lt and
bo =bsa =1, by =bga =2, by = b3y =6,
bg = bog = 10, bg = bag = 14, b1g = bay = 15,
biz = bia = big = big = by = b2z = 16.
In particular the Euler number e(M(4,1)) of the moduli space is 192.
Theorem 1.4 (Theorem 6.1). [M(5,1)] = [M(5,2)] = Z?ﬁo bo; ¥ and
bo =bsz =1, by = bso = 2, by = bug =6,
be = bag = 13, bg = bag = 26, b1o = bag = 45,
biz = byo = 68, big = bzg = 87, big = bge = 100,

big = b3y = 107, bog = b39 = 111, boo = b3y = 112,
boy = bog = bog = 113.
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In particular the Euler number of both moduli spaces is 1695.

Remark 1.5. The FEuler numbers e(M(d,x)) have been computed in
[4] partially using physics arguments for M(d,x) smooth. They have
e(M(d,x)) = (—=1)@mM @) R0 with nY so-called BPS states of weight 0 for
the local P? (see Equation (4.2) and Table 4 in Section 8.3 in [4]). We see

that our result accords with theirs for d <'5.

Remark 1.6. Theorem 1.8 and Theorem 1.4 give the motive decomposi-
tions of M(d,r) for d =4,5, r coprime to d. But according to the result in
[11] that these moduli spaces admit affine pavings, we also get cell decompo-
sitions of them.

The structure of the paper is arranged as follows. In Section 2, we con-
struct a 1-1 correspondence between pure sheaves of dimension 1 and pairs
(E, f). The stability condition of (E, f) is given in Section 3. In Section 4 we
study the big open set W% in M (d,1) and prove Proposition 1.1. Theorem
1.2 and Theorem 1.3 are proved in Section 5 while Theorem 1.4 is proved
in the last section—Section 6. We have Appendix A and B where we prove
some technical lemmas used in Section 6.

Acknowledgments.I was partially supported by NSFC grant 11301292.
The first version of the paper was written in 2012 when I was a post-doc at
Max-Plank Institute in Bonn. The paper was revised in 2013 when I was a
post-doc at MSC in Tsinghua University in Beijing. I thank D. Maulik for
telling me his prediction from GW/DT/PT theory that the Euler number
of M(d, x) only depends on d given g.c.d.(d, x) = 1 in 2009 in Hangzhou,
which motivated me to study [M(d, x)]. Finally I thank L. Gottsche, Y. Hu
and Z. Zhang for some helpful discussions.

2. Pure sheaves of dimension 1 on P2.

From now on except otherwise stated, a pair (F, f) on P? always satisfies
the following two conditions:

(2.1) (HE ~ @ Op2(n;) i.e.E is a direct sum of line bundles on P?;

)

(2.2) (2)f € Hom(E @ Op2(—1), E) and moreover f is injective.
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Definition 2.1. We say two pairs (E, f) and (E', f') are isomorphic if
E ~ E' and there exist two isomorphisms ¢ and ¢ from E to E' such that
the following diagram commutes

(2.3) E©On(-1) ~E

b

<P®Z'do]p2(—1)l
E @ O0p(-1)—~F.

Define two sets as follows

A = {Isomorphism classes of pure sheaves of dimension 1};

B := {Isomorphism classes of pairs (E, f)}.

We have a set-map 60 from B to A sending each pair to its cokernel. We want
to prove that 6 is bijective. First we have the following lemma.

Lemma 2.2. Let F be a sheaf of rank 0 and first Chern class dH (d > 0)
on P2, then F is pure of dimension 1 if and only if F lies in the following
exact sequence with Er a direct sum of line bundles.

(2.4) 0—>EF®O[E»2(—1) —Fpr —F — 0.

Proof. The “if” part is obvious: F' in (2.4) is of rank 0 and has a locally free
resolution of length 1, hence F' is pure of dimension 1. To show the “only
if”, it is enough to construct the sequence (2.4) for every pure sheaf F. We
first follow the construction given by Le Potier in Proposition 3.10 in [5].

Denote by Supp(F) the support of F. Since F' is a torsion sheaf, we can
take a point = € P2 — Supp(F). Let U := P2 — {z}, then U is isomorphic to
the total space of Opi(1) on P! with a projection p: U — P!, F is a sheaf
of Oy-modules. F is pure, hence p,F' is pure and hence of form €, Op: (n;).
p+F has a structure of p.Op-module which gives a morphism f; : p.F —
P« F @ Op1(1). Let Ep := p*(p«F). Pull f1 back to U and define the following
morphim

(2.5) f =" fi — Nidg-) @ p'ido,, (~1) : Er @ p"Op1 (—1) — Ep,

where A is the canonical section of p*Op:(1). f is injective and the cokernel
is the sheaf F'.
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On the other hand, P? — U = {z} is of codimension 2 and Ep is a direct
sum of line bundles on U, hence both f and Er can be extended to the
whole P2 and we get a resolution of F' on P? as in (2.4) and Ep ~ j,Ep ~
@D, Op2(n;) with j : U — P? the open immersion. Hence the lemma. O

Remark 2.3. The form of E in (E, f) is determined by h°(F(n)) with a
finite number of n, where F' = coker(f) and F(n) := F ® Op2(n). Moreover
E1 ~ By iff h%(Fy(n)) = h°(Fy(n)) for all n.

Lemma 2.2 implies that 6 is surjective, then we have the injectivity by the
following lemma.

Lemma 2.4. Toke any two exact sequences

OHEl(X)O[pz(—l)fl Eq F 0

OHE2®OP2(—1)f2 FEy 92

P 0,

with E; direct sums of line bundles, then Fy ~ Fy if and only if (E1, f1) =~
(E2, f2).

Proof. We only need to show the “only if”. Fy ~ Fs if F1 ~ F5 by Remark
2.3 . We then want to construct the commutative diagram (2.3). f; can be
represented by square matrices with entries in @, H°(Op2(i)). After some
invertible transformation, we can ask f; to have the following form

I, 0O

with I; the identity matrix and T; a square matrix with entries in
@D, H(Op2(i)). Hence we can write E; ~ K; & M; and E; ® Op2(—1) ~
K; ® Ny, such that f; splits into the direct sum of an identity on K; and a
morphism t; : N; — M; represented by T;. We then have the following exact
sequence which is a minimal free resolution of F; (see [3] Page 5 Definition)

t; gi\Ml-

0 N; —— M; F; 0.
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Because of the uniqueness of the minimal free resolution (see [3] Page 6
Theorem 1.6), we have the following commutative diagram

t1 91|Ml

(2.6) 0 N M, b} 0
,Bi: ai: l:
0 N2 12 M2 92|, F2 0.

Hence we have K1 ~ K5 because E1 >~ Fy and My ~ Ms. We define a map ¢ :
F1 — Estobelg @& a with I an isomorphism from K7 to Ks, and similarly
we define the other map ¢ ® idp_,(—1) : E1 ® Op2(—1) = F2 ® Op2(—1) to
be Ix @ . Then we have the following commutative diagram

2.7) 0—> B ® Op (1) By —% = Fy — 0

<P®idop2<—1>l~ ¢i~ lN
fo

0——Ey ®OP2(—1) FEs 92 Fy 0.

This finishes the proof of the lemma. O

We finally get the following proposition.

Proposition 2.5. There is a 1-1 correspondence between isomorphism
classes of pure sheaves of dimension 1 and isomorphism classes of pairs

(E, f)-
3. The stability condition.

We put a stability condition on our pairs (F, f), so that the map 6 induces
a bijection from semistable pairs to semistable sheaves. Given a pair (E, f)
and its image F' via 0, we write down the exact sequence

(3.1) 0> E®0p(-1) =B 2-F 0.

Recall that the slop of a torsion free sheaf F, u(E), is defined as follows

_ deg(E)
HiE) = rank(E)’

and for a sheaf F' of dimension 1 we have

 x(F)
HE) = GeglF)
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We then have pu(FE) + 1 = p(F) for E, F in the sequence (3.1).

Definition 3.1. We say a pair (E,f) is (semi)stable if for any sub-
sheaf E' C E and E' a direct sum of line bundles such that f~Y(E') ~
E' ® Op2(—1), we have u(E')(<) < u(E).

Lemma 3.2. 0 induces a bijection from semistable pairs to semistable
sheaves.

Proof. Look at the sequence (3.1). To prove the lemma, we only need to
prove that VF' C F, 3E’ a direct sum of line bundles and f~}(E') ~ F' ®
Opz(—1), such that F' ~ coker(f|s-1(g)). Keep notations the same as in the
proof of Lemma 2.2, and we see that p,F’ is a direct sum of line bundles on
P! and p,F’ C p.F. By following the construction in the proof of Lemma, 2.2,
we get B ~ j,.p*p.F’ a direct sum of line bundles and moreover f~!(E’) ~
E’ ® Op2(—1), hence the lemma. O

Remark 3.3. By Remark 2.3, we see that E1 might not isomorphic to Es
while F1 is only S-equivalent to Fs.

From now on let H be the hyperplane class in P? and ug, the class
in the Grothendieck group of coherent sheaves on P2, which is of rank 0,
first Chern class dH and Euler characteristic x. Denote by M(d, x) the
moduli space parametrizing semistable sheaves of class ug,. Then M(d, x)
is irreducible (see [5] Theorem 3.1) and the stable locus M(d, x)*® is smooth.
M(d, x) ~ M(d,x') if x =+x (mod d). M(d,x) = M(d, x)*® if and only if
g.c.d.(d,x) = 1. Hence M(d,1) = M(d,1)® and the moduli space is smooth
of dimension d? + 1 for all d > 1. Moreover there is a universal sheaf on
M(d, 1) x P? by Theorem 3.19 in [5].

Let g.c.d(d, x) = 1, then we can assign every point F' in M (d, x) uniquely
to a pair (E, f) such that rank(E) =d and ¢1(F) = (x — d)H. We view
every point in M(d, x) as a pair (E, f) and stratify M (d, x) by the form of
E, then every stratum is a constructible set in M (d, x).

We write down the following lemma for future use.

Lemma 3.4. Let (E, f) be a semistable pair. Let D', D" be two direct sum-
mands of E such that D' ~ D" and f(D' ® Op2(—1)) C D". Then we have
(D) < w(E). In particular E must have the form ©F_ Op:(n + )% with
n some integer and a; > 0 for all 1 <i < k.



730 Yao Yuan

Proof. Since D' ~ D" and they are both direct summands of F, f(D' ®
Op(—1)) C D" & f~YD") = D' ® Op2(—1) ~ D" @ Op2(—1). Hence the
first statement.

Write E ~ 692“:1(’)1[»2 (n;)®% with a; >0 and ny > ng > ... > ny, then
we want to show that n; —mn;0p =1 for all 1<i<k—1. Assume
Jip such that ng —nj41 > 2, then f((@1,0p(n;)®%) @ Op2(—1)) C

b Op2(ny)®% and (@, Op2(n;)®%) > u(E), which is a contradiction.
Hence the statement. O

4. A big open subset in M(d,1).

We want to give a concrete description of an open subset in M (d, 1), where
the pairs (E, f) satisfy that E ~ Op> @ Opz(—1)%9~1, We first have the fol-
lowing lemma.

Lemma 4.1. If E ~ Op: @ Op2(—1)%4"1 then (E, f) is stable if and only
if for any two direct summands D', D" of E such that D' ~ D" and f(D' ®
Op2(—1)) € D", we have u(D') < p(FE).

Proof. The lemma is equivalent to Claim 4.2 in [6]. We also prove it here.
Because of Lemma 3.4, we only need to prove the “if”. By direct observation
we see that if E C E is a direct sum of line bundles such that pu(E') > u(E),
then F’ is a direct summand of E. Hence the lemma. (|

Define W4 := {(E, f)|E ~ Op> ® Op=(—1)®"1} ¢ M(d,1), we then
have the following lemma.

Lemma 4.2. M(d,1) — W is of codimension > 2 in M(d,1).

Proof. For any point = € P?, denote Y, to be the open subset of M(d, 1)
where the pair (FE, f) satisfies that x & Supp(coker(f)). M(d,1) can be
covered by finitely many Y. According to Proposition 3.14 in [5], Y, N
(M(d,1) — W) is of codimension > 2 in Y,, hence the lemma. O

Now we look at a pair (E, f) in W2 f(Op @ Op2(—1)) ¢ Op> by Lemma
4.1, hence the restriction fress : Opz ® Opz(—1) — Opz(—1)®4~1 is nonzero.
Therefore we can ask f to identify Opz ® Op2(—1) with a summand Opz(—1)
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and then f can be represented by the following matrix

0 1 0

A 0 B )’
where A is a (d — 1) x 1 matrix with entries in H(Op2(2)) and B a (d —
1) x (d — 2) matrix with entries in H%(Op=(1)). B provides a morphism fg :

Op2 (—1)%9-1 (’)]?Zd_Q. By Lemma 4.1 the stability condition is equivalent
to the following condition

Condition 4.3. For any 1 < d' < d, fp(Op(—1)%¥"1) ¢ OZ* 2.

Let fpe: Op2(—1)%42 - (’)E‘i‘d_l be a morphism represented by the
transform of B, B'. Then Condition 4.3 is equivalent to the following condi-
tion

Condition 4.4. For any 1 < d" <d—2, fgl(OZ") &£ Op2(—1)84".

We have the following diagram

(4.1) 0— Opz(—l)@d_Q fL> Ogédfl fa Qf 0.
fAtT Aqofm
Op2(—2)

The injectivity of fp: is because of the injectivity of f. Let F := coker(f)
and FV := Ext!(F, Op:z), then FVY ~ F and moreover F and F" are deter-
mined by each other (see [10] Lemma A.0.13). We write down a commutative
diagram as follows

(4.2) 0 0

|

00— Opz(—l)@d72 = Op2 (—1)@6172 @ Op2(—2) — Op2(—2) —=0
iﬁ i/fst@fAi af

0 $O]}»2(—1)€Bd_2 Iet O]?gdfl fa Qf 0
Y ®0p2(—2) = Y ®Op2(—2)

i |

0 0
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We see that the isomorphism class of F'Y is determined by the pair (Q £20F),
hence so is the isomorphism class of F'.

Define W4 := {[(E, f)] € W4|Q; is torsion free}. Then we have the
following proposition.

Proposition 4.5. W% ~ P(V9), where V¢ is a vector bundle of rank 3d over
d—1)(d—2 (d=1)(d—2)

Ng = Hilpl“ =% )](]P’Q) - 92_3 = with Hilbl (P2) the Hilbert scheme

of n-points on P? and Qggn] the closed subscheme of Hilb™ (P2) parametrizing

n-points lying on a curve of class kH.

Proof. Condition 4.4 is satisfied automatically for @); torsion free. Hence
W consists of all the pairs (Qf, o) in diagram (4.1) with @ torsion free.
Define d := W. If Q7 in diagram (4.1) is torsion free, then by
direct calculation we know that Q¢ ~ I7® Op2(d — 2), with I, the ideal
sheaf of a O-dimensional subscheme of length n on P2,
The following lemma shows that Ngl parametrizes all the torsion free Qs
in diagram (4.1).

Lemma 4.6. [j(d—2) :=1;® Op2(d — 2) has the following resolution
(43) 0— OPZ(—l)EBd_Q — O%;dil — Ig(d — 2) —0.
if and only if H(Iz(d — 3)) = 0.

Proof. The lemma is equivalent to Proposition 4.5 in [1] and it is also a
straightforward consequence of Corollary 3.9 in [3] Page 38 and Proposition
3.1 in [3] Page 32. O

Up to scalars, of can be viewed as an element in PH?(Q(2)) which is
exactly det(f). )

Because N¢ is open in H ilbl(P?), on P? x Ng we have a universal sheaf
Z; which restricted to the fiber over each point [I;] € N{ is the ideal sheaf
1;. We have the diagram

(4.4) Z;——P? x N¢

Rip.(Z;® q*Op2(d)) =0 for i > 1 and p.(Z;® ¢*Opz(d)) is locally free of
rank 3d. Define V¢ := p,(Z;® q*Op2(d)). There is a 1-1 correspondence
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between points in P(V?) and isomorphism classes of (Qy, o) with Q tor-
sion free. To prove the proposition, it is enough to construct a family F of
stable sheaves of class ug; over P? x P(V9).

We have the following commutative diagram

(4.5) P? x P(V4) 22T p2 o Nd
| | N
p p
P(V9) il N§ P2

Denote by Ox(1) the relative polarization on P(V?) over N¢. We have the
following exact sequence on P? x P(V?)

(4.6) 0= Opzepya) = 9" Ox(1) @ (idp2 x 7)*(Z3 @ " Op2(d)) — F¥ — 0.

We see that fiberwise (4.6) is the first vertical exact sequence from the right
hand side in (4.2) tensored by Op2(2). Hence F" is a family of stable sheaves
of class uw),. We get F by taking the dual. Hence the proposition. O

We now have a concrete description of W¢.
Proposition 4.7. M(d,1) — W% is of codimension > 2 in M(d,1).

Proof. By Lemma 4.2, we only need to show that W — W is of codimension
at least 2in M (d, 1). Denote by |dH | the linear system of divisors of class dH,
then non-integral curves form a closed subset of codimension > 2 in |dH]|.
Therefore by Proposition 2.8 and Lemma 3.2 in [5], we know that stable
sheaves with non-integral supports form a closed subset of codimension > 2
in M(d, 1). We then want to show that if Q¢ in (4.1) is not torsion free, then
Supp(F) = Supp(coker(f)) is non-integral.

Denote by T the torsion of QQ;. Since @)y has a free resolution of length
1, Ty must be a pure sheaf supported on a curve in |d'H|. Look back to
the diagram (4.2), the map § restricted to Ty gives a nonzero element in
Hom(Ty, FV¥ ® Op2(—2)). If d’ < d, then Supp(F") = Supp(F) can not be
integral. Now assume d’ = d and we look at the following exact sequence

O—>Tf—>Qf—>Q'}f—>0.

The torsion free sheaf Q'}f has the form I,(m) := I, ® Op2(m) such that
m+d = deg(Qf) = d — 2. On the other hand, the surjective morphism f,
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induces a surjective morphism from (’)H?Zd_l to Q'}f , hence m > 1 and thus
d < d— 2 < d which is a contradiction. This finishes the proof. O

5. M(d,1) with d < 4.

In this section we study M(d, 1) with d < 4. Notice that for d < 4, up to
isomorphism M (d, 1) is the only moduli space such that there is no strictly
semistable locus, since M(d, x) ~ M (d,x') if x = +x’ (mod d).

For d < 3, M(d, 1) is very easy to understand and the following theorem
is already known by Theorem 3.5 and Theorem 5.1 in [5]. But however using
our new description we give another proof. Recall that we have defined a
big open subset W¢ C M (d,1) in the previous section.

Theorem 5.1. For d <3, M(d,1) = W9 Moreover W% ~ |dH| ~ P3d~!
for d =1,2; W3 ~ C3 with C3 the universal curve in P? x |3H|.

Proof. By Lemma 3.4 we see that for d < 3, the sheaf F in a stable pair
(E, f) can only have the form Op: @ Opz(—1)®4~1. From the proof of Propo-
sition 4.7 we see that the torsion of )y can only be supported on a curve
of degree no bigger than d — 3, hence @y is always torsion free for d < 3.
Hence the first statement. By direct observation, we get the form of W¢ for
d < 3. This finishes the proof. O

Denote by [X] the class of a variety X in the Grothendieck ring of varieties.
Define L := [A!] with Al the affine line. We have the following theorem.

Theorem 5.2. [M(4,1)] = Z}io boiL! and

bo = b3s = 1; by = b3z = 2; by = b3g = 6;
bg = bog = 10; bg = bag = 14; b1g = bag = 15;
bi2 = b1sa = b1g = b1g = bag = b = 16.

In particular the Euler number e(M(4,1)) of the moduli space is 192.
To prove Theorem 5.2, we first define two strata as follows.

M= {[(E,f)]e M(4,1)|F ~ Op= ® Opz(—l)@g};
My:= {[(E, )] € M(4,1)|E ~ OF ® Op:(~1) ® Op2(—2)}.

According to Lemma 3.4, M (4,1) = M; U Ms.
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Lemma 5.3. A pair (E, f) with rank(E) =4 and deg(E) = —3 is stable
if and only if for any two direct summands D', D" of E such that D' ~ D"
and f(D' @ Op2(—1)) C D", we have u(D") < u(E).

Proof. We only need to prove the lemma for FE ~ (9]1?22 @ Op2(—1) @
Op2(—2). We want to show that if IE' C E, E’ is a direct sum of line
bundles with u(E’) > u(E) and f~Y(E') ~ E' ® Op2(—1), then 3D, D' C E
two direct summands with D ~ D" and u(D) > u(E), such that f(D®
Opz2(—1)) C D’. With no loss of generality, we assume that E’ has the form
@B, Op2(n;)®* with a; > 0 and n; — nj11 = 1.

Let E' ~ E” C E and E” is not a direct summand of E. Then E” has
to be one of the following two cases:

(1) B c O and E" ~ Op: @ Opa(—1);

(2) E" C Oﬂ?éz ® Op2(—1) and E" ~ Op= & O]pm(—l)@?.

Let E” be in case (1). If E is a direct summand of E, then f~1(E’) #
E" @ Opz2(—1) because by Nakayama’s lemma E” ® Op:(—1) C f~Y(E') =
022 ® Op2(—1) C f~1(E') which contradicts the injectivity.

If B/=FE" and f~1(F') = E” ® Op2(—1), then again by Nakayama’s
lemma we have f(O%? ® Opz(—1)) C OF2. Hence we get D = D' = OS2

If ' =E" and f~1(F’) is a direct summand of E ® Opz(—1) isomor-
phic to B’ ® Op2(—1), then we have D = 0% & Op2(—1) = D’ and f(D ®
Op2(—1)) C D', since there is no nonzero morphism from Op: @ Op2(—1) to
Op2(—2). Hence case (1) is done.

Case (2) is analogous and this finishes the proof of the lemma. O

For a pair (E, f) € Ma, f can be represented by the following matrix

by by 0 O

0 0 1 0
(5.1) 0 0 0 1 |’

ar a9 0 O

where b; € H°(Op2(1)) and a; € H°(Op2(3)). The injectivity of f implies
that det(f) = bias — baa; # 0. Moreover by Lemma 5.3 (E, f) is stable if
and only if kby # k'by for any (k, k') € C? — {0}.

Lemma 5.4. [M;] = [P? x P13].
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Proof. We have the following diagram

I

(5.2) 0—— On:(—1) 222 022 - R, "
(a17a2)T Aro(al,@)
Op2(—3)

Since kby # k'by for any (k,k’) € C? — {0}, we have Ry ~ I1(1) and every
I1(1) can be put in sequence (5.2). Hence M» consists of all the isomorphism
classes of pairs (Ry¢,wy) with Ry ~ I;(1). Hence My is isomorphic to a pro-
jective bundle over Hilb!! (IP?) with fibers isomorphic to P(HO(I;(4))) ~ P'3.
Hence the lemma. O

The big open subset W* defined in the previous section is contained in
M. We have [W*] = [(Hilbl®¥(P?) — Q[lg]) x P by Proposition 4.5.

Lemma 5.5. Q[lg} o~ CF’] with CP] the relative Hilbert scheme of 3-points on

the universal family Cy C P? x |H|, and hence [9[13]] = [P? x P3].

Proof. We have a natural map ¢ : CF’] — 9[13]. ¢ is an isomorphism because
there is at most one curve in |H| passing through any 3 points. C; — |H| is
a Pl-bundle, hence the map p : CF’] — |H| is a projective bundle with fibers

isomorphic to (P1)B ~ P3 therefore [9[13}] = [CF’]} = [P? x P3]. O

Now we want to compute [M; — W*]. Look back to diagram (4.1), we want
to see what @)y will be if it is not torsion free for d = 4. We know that the
torsion of Q)¢ can only be supported on a curve of degree no bigger than
d—3 =1 (See the proof of Proposition 4.7). We write down the following
exact sequence

O—>Tf—>Qf—>Qtff—>O,

with Ty the torsion of @y and Q'}f a torsion free sheaf of rank 1.

Since T is supported on a curve in |H| and h%(Ty ® Opz(—1)) < h%(Qf ®
Op2(—1)) =0, T ~ Op(t) ~ Op:(t) with ¢t < 0. Let Q;f ~ [,,(m) with m >
0,n > 0. Then we have m = 1 and n — ¢ = 1 by direct calculation.
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If t =0,n =1, then we have the following commutative diagram

(5.3)

00— Op2(—1) Ope On 0

0 0
¥ b ¥
(_

v

|
0 —— Op2(—-1)%%2 — OF? Qy 0

which contradicts Condition 4.4. Hence we have t = —1,n = 0 and Q; lies
in the following exact sequence

(5.4) 0— Ou(—1) = Qf = Op(1) — 0.

Ext!(Op:2(1), O (—1)) ~ H'(Op (—2)) ~ C, so for a fixed projective line P!
of class H, if (5.4) does not split, Q is unique up to isomorphism.

Lemma 5.6. Q¢ in (5.4) also lies in the following exact sequence (5.5) if
and only if (5.4) does not split.

(5.5) 0— Op(—1)%? - 05 — Qs — 0.

Proof. If Q5 ~ Op(—1) ® Op2(1), it certainly can not lie in (5.5). If the
sequence (5.4) does not split, then @ is unique, so we only need to construct
the sequence (5.5) with Qf contains Op(—1) as its torsion. Write P? =
ProjClzg, x1,z2]. With no loss of generality we assume that Op(—1) is
supported on {xg = 0}, then the following matrix represents a morphism
fpt s Op2(—=1)%2 — OF? such that coker(fp:) contains Ofzy—0y(—1) as its
torsion.

zg O
(5.6) fer =1 o1 w9
0 =z
This finishes the proof. O

Remark 5.7. fp: defined in (5.6) also satisfies the stability condition i.e.
Condition 4.4.
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Lemma 5.8. Decompose |H| into cells and write |H| = U?_oA’. Then A’
parametrizes isomorphism classes of Qy such that there are pairs (Qf,0y) €
My — W4 and Ty are supported on curves in A* C |H|.

Proof. Lemma 5.6 implies that there is a 1-1 correspondence between iso-
morphism classes of Q¢ and points in [H|. We need to decompose |H| into
cells so that we have a universal family over P? x A’ for each i.

We have the following diagram

(5.7) C, —=P? x |H|,

o

with C; the universal curve of degree 1.

Ext!(Op2(1), 0 (—1)) = 0 for all i # 1 and Ext!(Op=(1), Oy(-1)) ~ C,
therefore L := Ext)(q*Op2(1), O¢, ® ¢*Op2(—1)) is a line bundle on |H|.
Moreover ch(L) = —ch(R®*p. o R*Hom(q*Op2(1), O¢, ® ¢*Op2(—1))), so by
Grothendieck-Hirzbruch-Riemann-Roch Theorem we can compute and get
that ¢1(L) = c1(Ojg((1)) and hence L >~ Og(1). ‘

L has a nowhere vanishing global section on each A’, in other words, we
have an exact sequence on P2 x A’

(5.8) 0 — Oc, ® ¢*Op2(—1)|p2xeni — Q" — ¢*Opz2(1)|p2xai — 0,

such that restricted on the fiber over any point y € A’ it does not split.
Hence Q' is the family we want and hence the lemma. O

We rewrite diagram (4.1) for d = 4 as the following diagram

(5.9) 0> Opa(—1)82 12" oD} i Qy 0.

Tar T Aoﬂﬂ

Op2(—2)

Denote P(p.(Q ® ¢*Op=(2))) to be the union of the projective bundles
P(p.(Q' ® q*Op2(2)|p2xcas)) over A® with fibers isomorphic to PH?(Q(2)) ~
P!, Analogously, isomorphism classes of pairs (Q £,0f) can be parametrized
by P(p«(Q® q*Op2(2))). However P(p.(Q® ¢*Op2(2))) ¢ M(4,1). Look
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back to diagram (4.2), it is easy to see that

(5.10)  P(p«(Q® ¢ Op(2))) N M(4,1) = {[(Qf, )| Im(oy) £ Ty},

with Im(oy) the image of oy and Ty the torsion of Q.

The complement of (5.10) in P(p«(Q ® ¢*Op2(2))) is the union of the pro-
jective bundles P(p.(Oc¢, ® q*Op2(1)|p2xa:)) over A® with fibers isomorphic
to PHO(Op(1)) ~ P!. The following lemma is a straightforward consequence.

Lemma 5.9. [M; — W4 = [P?2 x P! — P2 x P!].

Proof of Theorem 5.2. By Lemma 5.4, Lemma 5.5 and Lemma 5.9, we have
[M(4,1)] = [(HilbP(P?) — P? x P?) x P! + P2 x (P — P') + P? x P'3],

which leads to the theorem by direct calculation. O

6. M(5,1) and M (5,2).

Up to isomorphism M (5,1) and M (5, 2) are the only two moduli spaces with
d = 5 such that there is no strictly semistable locus. In this section we prove
the following theorem.

Theorem 6.1. [M(5,1)] = [M(5,2)] = 3.2°, by, ¥ and
bo =bs2 =1, by = bsg =2, by = byg =6,
bs = bag = 13, bg = baa = 26, b1 = bax = 45,
bia = byg = 68, b1y = bzg = 87, big = bze = 100,

big = b3qg = 107, bag = b3z = 111, bagy = b3 = 112,
boy = bog = bag = 113.

In particular the Euler number of both moduli spaces is 1695.

¢ Computation for [M(5,1)]

According to Lemma 3.4 we first stratify M (5,1) into three strata defined
as follows.

M= {[(E.f)] € M(5,1)|E = Op & Ops (—1)%};

My = {[(E,f)] € M(5,1)|E ~ 0% & Op:(—1)%2 ® Op2(—2)};
Mz = {[(E,f)] € M(5,1)|E =~ Op:(1) & Op> & Op2(—1) & Ops (~2)®2}..

—~
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Lemma 6.2. A pair (E, f) with rank(E) =5 and deg(E) = —4 is stable
if and only if for any two direct summands D', D" of E such that D' ~ D"
and f(D' @ Opz2(—1)) C D", we have u(D") < u(E).

Proof. See Appendix A. O
For a pair (E, f) € M3, f can be represented by the following matrix

0 1 0 0 O

0 01 0 O
(6.1) 0o 001 0 [,

ai 0 0 O b1

ag 0 0 O b2

where b; € HO(Op2(1)) and a; € H°(Op2(4)). The injectivity of f implies
that det(f) = baa; — bjaz # 0. Moreover by Lemma 6.2 (E, f) is stable if
and only if kby # k'by for any (k, k') € C2 — {0}.

Lemma 6.3. [M;] = [P? x P19)].

Proof. The proof is analogous to that of Lemma 5.4. M3 is isomorphic to a
projective bundle over Hilb(P?) with fibers isomorphic to P(H?(I1(5))) ~
P'?. Hence the lemma. O

We stratify My into two strata as follows.

Ms = {[(E,f)] € M2|f|(9ﬂ?§2®0p2(—1)i3 surjective onto Opz(—1)%2};
M§ = M — M.

For a pair (E, f) € M3, f can be represented by the following matrix

0 0 1 0 O

0 0 0 1 0
(6.2) o 0 00 1|,

by b 0 0 O

ay ag 0 0 O

where b; € H°(Op2(2)) and a; € H°(Op=(3)). The injectivity of f implies
that det(f) = bias — baa; # 0. Moreover by Lemma 6.2 (FE, f) is stable if
and only if kby # k'by for any (k, k') € C% — {0}.

Lemma 6.4. [M5]=[Gr(2,6) x P16 — P2 x P2 x P?] with Gr(2,6) the
Grassmannian parametrizing 2-dimensional linear subspaces of CO.
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Proof. We have the following diagram

b1,b2 -

(al,az)T A,o(al,az)

Op2(—3)

(6.3) 0—> Op2(—2)

Since kby # k'ba,V(k, k') € C? — {0}, the isomorphism classes of R¢ 1-1 cor-
respond to points in Gr(2, h°(Opz2(2))) = G7(2, 6). Denote by G the tautolog-
ical bundle on Gr(2,6). Then on G7(2,6) x P2 we have the following exact
sequence.

(6.4) 0 — ¢*Op2(—2) = p*G¥Y - R — 0,

with p and ¢ the projections to Gr(2,6) and P? respectively. R restricted
to the fiber over [(b1,b2)] € Gr(2,6) is Ry. Hence isomorphism classes of
(Rf,wy) are parametrized by the projective bundle P(p.(R ® ¢*Op=(3)))
over Gr(2,6) with fibers isomorphic to P*O.

However M35 C P(p«(R ® ¢*Op2(3))) and the complement of M5 in
P(p+(R ® q*Op2(3))) consists of all (Ry,wy) such that the images of wy are
contained in the torsions of R;.

If by is prime to b, then Ry is torsion free. If by is not prime to bs, then
Ry lies in the following exact sequence.

(6.5) 0— Op(—1) = Ry — I (1) = 0,

with H a hyperplane in P2. The closed subset |H| x Hilbl](P?) < Gr(2,6)
parametrizes all the Ry that are not torsion free.
We write down the following diagram.

P2 < |H| x HilbM (P?) x P2

ST

C1 = |H| x P? |H| x Hilbl(P?)

Those (Rf,ws) not in MjJ are parametrized by the projective bundle
P(p.(piOc, ® ¢*Op=(2))) over |H| x HilbM(P?) with fibers isomorphic to
P(H(Oy(2))) ~ P2

Hence we have M35 ~ P(p.(R ® ¢*Op2(3))) — P(p«(p7Oc, ® ¢*Op2(2))),
hence the lemma. g
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For a pair (E, f) € M3, f can be represented by the following matrix

by b2 0 0 O

0 0 1 0 0
(6.6) ap az 0 bg 0 y

0 0 0 0 1

(] €9 0 as 0

where b; € HO(OPQ(l)), a; € HO(O[W (2)) and e; € HO(O]}W(?))) det(f) 75 0.
Lemma 6.2 implies that (E, f) is stable if and only if kby # k'be,V(k, k) €
C? — {0} and k"a3 # b - b3, V(k",b) € C x H*(Op2(1)) — {(0,0)}.

Lemma 6.5. [Ms] = [Hilb"(P?) x Hilbl? (P?) x P'7 — Hilbl(P?) x P! x
P!].

Proof. We first write down the following two exact sequences.

(b1,b2) fr

(6.7) 0 — Op(—1) 0% —~ Ry 0
(as,b3) fs
(6.8) OHOPQ(—I)HOPQ(D@OPZ4>Sf4>0

Because of the stability condition, we see that both Ry and Sy are torsion
free and hence Ry ~ I1(1) and S; ~ I>(2). On the other hand, any I;(1)
(I2(2)) can be put in the sequence (6.7) ((6.8)).

We write down a commutative diagram as follows.

(6.9)
0 0 0
(a33b3)®idop)2<71) f5®idop2(*1)
0 Op2(—2) —— Op2 ® Op2(—1) ——— 54(—1) ——0
(blvb2)®ido]})2(_l) (bl’b2)®idow2(l>®(bl’b2) id5f®(b1,b2)
—_ @2 —_— 2 2 692 692
0 O]PQ( ]') (as,bs)@Q(OP (1) @ OP ) 12 Sf ’
Jr®ido,, (-1 fr®idoy, )& fr ids; @Fr
N | ) p—
0 Rt ® Op( )ide®(a3’b3) Ry @ Rys(1) Y Ry® Sy 0
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We have another commutative diagram

®2

(6.10)  Opa(—2) 22, (1) @ Op )22 P2
f7‘®id0p2(1)@frl lidsf@fr
Rf@Rf(l) Ry ® S;.

ide ®fs

Isomorphism classes of (E, f) € M5 are parametrized by (R, Sy, wy) with
wy: Op2(—2) = Ry ® Sy the composed map in (6.10). We write down the
following diagram.

P2 ‘Hinl(P2) x Hilb2 (P?) x P2
/ pl \
Hilbl(P?) x P2 Hilbl(P?) x Hilbl (P?) HilbPl(P?) x P?

Denote by Z; (Z) the universal family of ideal sheaves on Hilbl!(IP?) x
P? (Hilbl (P?) x P2). Isomorphism classes of (R, Sy, wy) are parametrized
by the projective bundle P(p.(piZ @ piZs @ ¢*Op2(5))) over Hilbl(P?) x
HilbP(P?) with fibers isomorphic to P(HO(I; ® I ® Op2(5))) ~ P'7,

There are still points in P(p«(piZ1 ® p3Zso ® ¢*Op2(5))) that we must
exclude. They are points (Ry,Sf,wys) such that the images of wy are con-
tained in the torsions of Ry ® Sf.

We write down the following exact sequence.

(6.11) 0—1I1 = Op: — O, — 0,

with O, the skyscraper sheaf supported at a single point z. Tensor (6.11)
by Is, and we get

0= Tor (O, L) =L@ = I, = [, O, — 0.

We see that the torsion of I1 ® I3 is isomorphic to Tor!(O,, I3). Tensor (6.8)
by O, and we get

(as,bs)

0 —=Tor' (O, I5(2)) O, 0L? I)(2) ® Op —0.

Hence we see that the torsion of Ry ® S} is either zero or isomorphic to O,.
The later implies that Ry ~ Ity (1) and Tor!(Og, I2) # 0 < (a3, b3)|. = 0.
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We then want to parametrize all (I, [3) such that I} ® I contain torsion.
We first write down the following diagram

(6.12) P2 P2 x Hilb(P?) x |H|
/ l
Pps
C1 — P? x |H| Hilbl(P?) x |H| <= P(V1),

where V! is the rank 2 vector bundle on Hilbl!(P?) defined as s.(7; ®
t*Op2(1)) with s and t the projection from Hilb!M(P?) x P? to Hilbll(P?)
and P? respectively. Let Z be defined by the following Cartesian diagram

(6.13) Z P(p3:(¢7(Oc,) ® ¢*Op2(1)))
P(V!) Hilb(P?) x |H|.

P(V') parametrizes all the pairs ([z],[C]) € HilblJ(P?) x |H| such that
x € C, and Z parametrizes ([z1], [(C, x2)]) € HilblJ(P?) x C; such that z; €
C. Define 1: Z — Hilb1(P?) x HilbZ(P?) such that o(([z1], [(C,z2)])) =
([x1], [x1, 22, C]). Tt is easy to see that ¢ is an embedding with its image
exactly the set of points (I1, I2) such that Iy ® I have torsion.

P« (D11 @ piTe @ p*Oz) ~ p (P11 ® piT2) ® Oz by the flatness of p.
p1Z1 ® piZy ® p*Oz contains pjOz, as its torsion where Z; is the univer-
sal subscheme in Hilbl!(P?) x P2, Hence we can embed Z into P(p.(piZ; ®
p3To ® ¢*Op2(5))) by taking the non-zero constant section of pjOz,.

Hence we have M§ ~ P(p.(piZ1 ® p5Zs ® ¢*Op2(5))) — Z. The lemma
follows since [Z] = [HilblJ(P?) x P! x P1]. O

Finally let (E, f) € My — W5. Rewrite (4.1) for d = 5 as follows

(6.14) PG YR B IO TN (R, P—

Jar T Aoffﬂ

Op2(—2)

Notice that the torsion T of Qs contains neither Oy nor Oap(z) as a
subsheaf with z a single point on the curve, otherwise we will have a diagram
similar to diagram (5.3) which contradicts Condition 4.4. Also H°(Ty ®
Op2(—1)) = 0. Hence we see that if ¢;(Ty) = 2H, then x(Tf) = 1 and Q;f ~
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Op=(1). Moreover since Ty does not contain O (n) with n > 0, T is stable
and hence by Theorem 5.1 there is only one stable sheaf for each curve in
|2H|. Hence Ty ~ Oy

We have the following commutative diagram.

0 0
| |
00— Op2(—1)% - K Ty 0
Ao
00— Op(—1)® 2= 05 > Qy 0
o |
Q}f ~ Q}f

: :

0 0

(6.15)

We stratify M; — W? into three strata as follows.

I = {[(E, )] € My — W*|T} ~ Opp, QY ~ Op2(1)};
o= {[(E,f)] € My = WP|Tj = O (1), QY ~ L(2)};
My := {[(E, f)] € My — W°|T ~ O (-2),Qf ~ 1(2)}.

A priori there is the fourth possibility that Ty ~ Oy (—3), Q'}f ~ Op2(2), we
will explain why this case is excluded later in the computation for [II3].

Lemma 6.6. [II;] = [P° x P4 — P5 x P4].

Proof. Notice  that  Ext!(Opz(1),02y) =0 for all i#1 and
Ext!(Op:2(1), Oap) ~ C, and the proof is analogous to that of Lemma
5.9. O

Let (E, f) € Ily. Since Q}f ~ [5(2), we have the following exact sequence

(616) 0— O[pz(—l) @i; O]pz(l) S, O[pm i> 12(2) — 0,

with b€ HO(Op2(1)), a€ H°(Op:(2)) and b prime to a. Take
Hom(—,Op(—1)) on (6.16) and we get

(6.17)

0 — Hom(Opz (—1), Ox(—1)) = Ext!(I2(2), Or (—1)) & Ext' (Opz (1) & Opz, On (1)) — 0,
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Lemma 6.7. Q7 with Ty ~ Og(—1) and Q;f ~ [5(2) lies in diagram (6.15)
if and only if the image of the following exact sequence via g is not zero

(6.18) 0= Ou(-1) = Qf = I>(2) =0,
i.e. (6.18) is not contained in the image of Hom(Op2(—1), Op(—1)).

Proof. The map g gives the following commutative diagram

(6.19) 0 0
! !
Ops (—1) —=— Ops(—1)
i \L(ab
0—0g(-1) Qr Op2(1) @ Op2 —0 (x*)
I~ Is Is
0—=Ox(-1) Q; I5(2) 0 (%)
| |
0 0

where the sequence (x) is the image of the sequence (*x) via g and @Vf is the
Cartesian product of @y and Op2(1) ® Op:> over I5(2).

From (6.19) we see that Hom(Opz,@) ~ Hom(Op2, Op2(1) & Op2) and
Hom(Op>, Q¢) ~ Hom(Op>, I2(2)). Moreover the map f;, in (6. 15) factors
through a surjective map s : 05! — Op:(1) © Ops Slnce Hom(OP2 ,Op2(1) &
Op:) »Hom(0%', I5(2)), and s lifts to a map 5 : OF' — Qy such that f, =
do3s.

If the sequence (x) in (6.19) splits, then Qvf ~ Op2(1) © Op2 ® Oy (—1)
and § o § can not be surjective. Hence (x) does not split. -

On the other hand, Ext!'(Opz(1) @® Op2,Op(—1)) ~C, hence Qy is
unique up to isomorphism if (x) does not split. We see that in this case
Qf ~Op @ Q} with Q}c lying in the following non-splitting sequence

0—0g(-1) — Q} — Op2(1) — 0.
By Lemma 5.6 Q} lies in the following sequence

0 = Ops(—1)%2 = 0F3 12, QL



Moduli Spaces of Semistable Sheaves of Dimension 1 on P? 747

We then have the following commutative diagram

(6.20) 0

0

} |
Op2(—1)%2 == Op2 (—1)#?

! @)

0 —> Ops (—1)%3 oot T

Qs 0
ifql ®ido,, ig

i
(
J |
0 0

Hence Qy lies in (6.19) and hence the lemma. O
Lemma 6.8. [IIy] = [HilbP/(P?) x |H| x (P! — 1) x (P'* — P1)].

Proof. Lemma 6.7 implies that for fixed Op(—1) and I3(2), isomor-
phism classes of @ are parametrized by P(Ext!(I5(2),0pn(-1)))—
P(Hom(Op2(—1),0n(—1))). Hence isomorphism classes of all @Q; are
parametrized by the following scheme

P(Extl (T @ q* Op2(2), Oc, @ q*Op2(—1))) — Hilb?/(P?) x |H];

where p and ¢ are projections from P? x Hilb?(P?) x |H| to HilblZ (P?) x
|H| and P? respectively, Zp and C; are the pull back of the universal ideal
sheaf and the universal curve to P? x Hilbl? (P?) x |H| from P? x Hilbl? (IP?)
and P2 x |H| respectively. Notice that we embed Hilbl?/(P?) x |H| into
P(Ext)(Ir ® ¢*Op2(2), O, ® ¢*Op>(—1))) by taking the nonzero constant
section of the line bundle Hom,(¢*Op(—1),O¢, ® ¢*Op2(—1)) ~ p.O¢, ~
O iz (p2) x| H| -

Analogously the space parametrizing (Qf,o) is the difference of two
projective bundles with fibers isomorphic to P(H°(Qf(2))) ~ P! and
P(HY(Op(1))) ~ P! respectively over the space parametrizing Q. Hence
the lemma. O

Now we do the computation for [II3] and we will also explain why the
case that Ty ~ Og(—3), Q;f ~ Op2(2) is not included. Notice that the map
ftg in (6.15) is not surjective on global sections. We first write down the
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following commutative diagram.

(6.21) 0 0

l >

®4+n 9 tf
0—>G—>OP1 "t QY —0

/ |

0 0

where n = 1if QY ~ I;(2) and n = 2 if QY ~ Op2(2).

From (6.21) we see that HY(G(1—1i))=0 for i>0, hence by
Castelnuovo-Mumford regularity G(1) is globally generated. Therefore
the map 7 ® ido,, (1) : G(1) = Op2(1)®" must be surjective on global sec-
tions, since otherwise 7 is not surjective. Hence h°(K (1)) = h%(G(1)) —
nh%(Op=(1)). So if n = Z,Q;f ~ Op2(2), then we have h°(K (1)) = 2 which
implies that K can not contain Op:(—1)®3 as a subsheaf. Hence we only
have n = 1 and Q;f ~ I,(2).

Ty ~ Op(—2) hence Hom(Op2(—1),Ty) = 0, the inclusion 2 in (6.15) is
unique up to isomorphisms of Op2(—1)®3 for a fixed K. Hence fp: is deter-
mined by the inclusion j and hence is determined by f;;. Parametrizing
fBt is equivalent to parametrizing the surjective map fi4, hence equivalent
to parametrizing 7. We first assume Qj’cf =~ Ij,0,1)(2), then g can be repre-
sented by a 1 x 5 matrix (xg, Tox1, ToT2, T1T2, .T}%) 7 can be represented by
h := (ho, h1, he, hs, hy) with h; € C. We want to parametrize the class of h
modulo scalars.

The sheaf G can be generated by 6 generators < €q, €1, €2, 19, 11, 2 > in
H°(G(1)) with two syzygies (woeg + w1€1 — T262 = 0, 2010 + X111 — T27)2 =
0).

The map 7 is determined by 7°:=h"(7r ®ido,q)): H*(G(1)) =
H®(Op:(1)), and also 7 is induced by 7. Hence 7° is determined by h and
we can write down explicitly the images of ¢; and 7; as follows

7‘0(60) = h2.7)1 — hlxg; 7‘0(61) = h().%‘g — h2.7}0; 7'0(62) = h().l‘l — hlx(]
T

O(no) = haw1 — haza; T°(m1) = hize — hawo; 7°(1n2) = hiw1 — haxo.
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We can get (6.21) if and only if 7° is surjective. In other words, the
following 3 x 6 matrix has rank 3.

0 —hy —hy 0 —hg —hy
MatT = h2 0 ho hg 0 h1
—h1  ho 0 —-hs M 0

By direct computation we see that
rank(Mat,) < 3 < hihg — hohs = h? — hohy = h1hs — hahy = 0.

Hence we know that f;; are parametrized by P := Pt — {h1hg — hohs =
h? — hohy = hihs — hahy = 0}.

One can easily compute that [P;] = [P* — (P! + A2 + A')]. Moreover we
can cover Hilbl! (P2) by finitely many Zariski open subsets U; such that
(I1(2),7) with [[;] € U; are parametrized by U; x P-. For example, we can
take U; such that p.(Z1 ® ¢*Op2(2))|v, ~ O%f, where p and ¢ are the pro-
jections from Hilbl(P?) x P? to Hilbl!)(P?) and P? respectively and Z; the
universal ideal sheaf.

(I1(2),7) determines @y and analogously we know that (Qf, o) are
parametrized by a difference of two projective bundles over the space
parametrizing (). Hence we have the following lemma as a direct conse-
quence.

Lemma 6.9. [II3] = [HilblJ(P?) x (P* — (P! + A% 4+ A1) x (P —1)].

We have already known that [W°] = P x [Hilbl® (P?) — Q[QG}]. The proof
of the following lemma is postponed to the appendix.

Lemma 6.10. [QF] = L1 4 3110 4 8L% 4 1813 + 3017 + 396 + 38L° +
2814 + 1513 + 61L% + 2L + 1.

Proof. See Appendix B. a
Proof of Theorem 6.1 for M(5,1). We have

3
[M(5,1)] = [Ms] + [M3] + [M5] + > [1L;] + ([Hatbl (B?)] — [5]) x [BY).

Combine Lemma 6.3, Lemma 6.4, Lemma 6.5, Lemma 6.6, Lemma 6.8,
Lemma 6.9 and Lemma 6.10, and we get the result by direct computa-
tion. O
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¢ Computation for [M(5,2)]
We stratify M (5,2) into three strata defined as follows.
Mz = {[(E, f)] € M(5,1)|E ~ Og & Op(-1)%°};

My = {[(E.f)] € M(5,1)|E = OF & Opa(~1) & Oz (~2)};
My = {[(E.f)] € M(5,1)|E = Op:(1) & Ops & Opa(—1)%? & Opa(~2)}.

Here we use notation Mj instead of My because we want to specify the lower
index of the subspace to be h’(F) with F' any sheaf in it.

Lemma 6.11. A pair (E, f) with rank(E) =5 and deg(E) = —3 is stable
if and only if for any two direct summands D', D" of E such that D' ~ D"
and f(D' @ Opz2(—1)) C D", we have u(D") < u(E).

Proof. See Appendix A. O

For a pair (E, f) € M3, f can be represented by the following matrix

(6.22)

o QO O O
SO O O+
[ el =)
QL " O O O
OO = OO

where b€ HY(Op2(1)), a€ H°(Op:(2)), c€ HY(Op:(4)) and de
HY(Op:2(3)). det(f) =ad—bc#0 and by Lemma 6.2 (E,f) is stable
if and only if b is prime to a.

Lemma 6.12. [Mj}] = [HilblZ (P?) x P8].
Proof. We have the following exact sequence
(6.23) 0= Op(—1) “Y Opa(1) ® Opz — Ir(2) — 0,

and for every [Io] € Hilbl? (P?), I5(2) lies in (6.23). Hence analogous to
Lemma 5.4, M3 is isomorphic to a projective bundle over H ilpl2 (P2) with
fibers isomorphic to P(H?(I3(5))) ~ P8. Hence the lemma. O
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For a pair (F, f) € M3, f can be represented by the following matrix

n o o W
o O = O
o = O O

where A is a 1 x 3 matrix with entries in H°(Op:(3)) and B a 2 x 3
matrix with entries in H%(Op2(1)). The parametrizing space of B is of class
[HilbBl(P?) — |H| x P? 4 |H|] by Lemma 5.5 and Lemma 5.8. We have the
following lemma.

Lemma 6.13. [Ms] = [(Hilb®/(P?) — |H| x P? 4 |H|) x P'7 — |H| x P?].

Proof. Mjs is the union of a projective bundle over Hilbl3(P?) — 9[13] with
fiber isomorphic to P(H?(I3(5))) ~ P! and a difference of two projective
bundles over |H| with fibers isomorphic to P!” and P(H®(Opy(2))) ~ P?
respectively. Hence the lemma. O

We stratify Ms into two strata as follows.

f‘o 5 (—1)B2
2 u

Mj = {[<E,f>] € My | Jrs: Or(=1)%

E%%%ﬂ%};

18 injective.
M5 = My — M5.
For a pair (E, f) € M3, f can be represented by the following matrix
0 1.0 0
0o o1 0 |,
A 0 0 B

where A is a 3 X 2 matrix with entries in H°(Op2(2)) and B a 3 x 1 matrix
with entries in H°(Opz(1)).
We stratify M3 into two strata as follows.

=1 = {[(E, f)] S MS‘B ~ (a:o,ml,mg)t}; =9 1= Mzs — =1
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If B ~ (xq,71,72), then (E, f) always satisfies the stability condition. We
have the following diagram

(6.24) 0 Op(—1) T2 e Jo

EO 0)

fAtT Eri=foofat
Op2(—2)%2

with Fy a rank 2 bundle which is the dual of the kernel of the surjective

map (9%?23 (IOM ) Op=2(1). Isomorphism classes of & are parametrized by

Gr(2,15) since h(Ey(2)) = 15. Moreover det(f) # 0 < the image of &7 is a
rank two subsheaf of Ey < Im(£y) is not contained in a rank one subsheaf
of E().

Assume Im(&y) is contained in a rank one subsheaf F; C Ey. Since Ey
is locally free, we ask Fq to be a line bundle. Hence either Fq ~ Op2 or
Ey ~ Opz2(—1). Notice that for any n a map Opz(n) — Ey always factors
through map fj in (6.24).

Since Hom(Op:, Ey) ~ Hom(Opz, 0%?), all inclusions i : Op: — Ey are
parametrized by Hom(Opz, 0%) — {0}. Moreover Vi, i’ € HO(Op:, OF) —
{0},i # 7, Im(i)NIm(i') =0. Hence all & such that Im({f) are
contained in Op: ~ E; C Ey are parametrized by G7(2,h%(Opz(2))) x
P(Hom(Op:, OF)) ~ Gr(2,6) x P2.

Let 2 € Hom(Op2(—1),O0p2) — {0}. All inclusions j: Op2(—1) — Ej
that do not factor through ¢:Op2(—1) < Op: are parametrized by
Hom(Op:(—1), Ey) — i(Hom(Op2, 0%)), where i: Hom(Op, Ey) —
Hom(Op2(—1), Ey) is the map induced by . Moreover Vj,j' €
HO(Opz(—1), Eg) — {0}, 5 # 7/, Im(j) NIm(5") =0, and Ve, i €
HO(Op2(—1),0p2) — {0},2 2 ¢/, Im(1) NIm(s/) = 0. Hence all & such
that Im(&y) are contained in Opz2(—1) but not Op= in Ej are parametrized
by Gr(2,h%(Op2(1))) x (P(Hom(Op2(—1), Ey)) — P(Hom(Op=, Ep)) X
P(Hom(Op:2(—1), Op2))) =~ P2 x (P7 — P? x P?).

We have the following lemma as a direct consequence.

Lemma 6.14. [Z;] = [G7r(2,15) — Gr(2,6) x P2 — P2 x (P7 — P? x P?)].
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For a pair (F, f) € Zg, f can be represented by the following matrix

0O 0 1 0 O
0 0 0 1 0
(6.25) ap a2 0 0 O ,
a3 ag 0 0 by
as ag 0 0 by

where b; € HY(Op2(1)) and a; € H°(Op2(2)). By Lemma 6.2 (E, f) is stable
if and only if kby # k'bo, kay # K'a2,V(k, k') € C — {0}.
We write down the following two exact sequences.

(6.26) OHOﬂm(—l)(M O[?QQLRJ:HO
(a1,02) ~po  f
(6.27) 0 ——> Op2(—2) > O =S} ——=0

Ry ~ I, (1). Either Sy ~ I4(2) or S lies in the following exact sequence.
(6.28) 0— Op(-1) = Sy = ILi(1) —0.

Isomorphism classes of (Ry, Sy) are parametrized by Hilbl!(P2) x Gr(2,6).
We have two commutative diagrams as follows.

(6.29)
0 0 0
0 Op(—g) 20 G Lyt Pon g Ly
(b1,b2)®ido, (-2) (by,by)®2 ids, ®(b1,bz)
0 Opa(—2)e2 e 7 S 0
fr®ido, (—2) 792 ids, ®f,
0 Ry @ Ops(—2) 20 R M R e s 0
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3,04)B(as,a6) &

(6.30) Op (=2 02! 592
fﬁﬂl lidsf ®fr
B2
Rf ide@fS Rf@Sf.

Isomorphism classes of (E, f) € Ep are parametrized by (Ry, S¢,wy) with
wy : Op2(—2) = Ry ® Sy the composed map in (6.30). Hence firstly we have
a projective bundle over Hilbl!l(P?) x Gr(2,6) with fibers isomorphic to
P(HY(Ry ® S¢(2))) ~ P!, which contains 5 as an open subset. The com-
plement of Zy in that projective bundle is the set of all (R, Sy, wys) such
that Im(wy) are contained in the torsions of Ry ® Sy.

Torsion free Sy are parametrized by Gr(2,6) —P? x P2. For S tor-
sion free, Ry ® Sy has torsion if and only if (a1, a2)|, = 0 with Ry ~ I,(1),
and the nonzero torsion must be isomorphic to O,. Define Vi := p,(7; ®
q*Opz(i)) with Ty, p, ¢ the same as before. Vi and V? are two vector bundles
of rank 2 and 5 respectively over Hilbl!J(P?). Hence (Ry, Sy, w;) with Sy tor-
sion free and Im(wy) contained in the torsion of Ry ® Sy are parametrized by
Gr(2,V3) — Gr(2,V]) x P(H°(Op:=(1))) U Gr(2, h°(Op2(1))) x P(V}), where
Gr(2,V1) is the relative Grassmannian of the vector bundle Vi. And

[Gr(2, V1) x P(H?(Op2(1))) U Gr(2,h°(Or: (1)) x P(V})]
= [Gr(2,V]) x P(H*(Op=(1)))] + [Gr(2,h° (O (1)) x P(V})] = [P(V})]
[HilbM(P?) x (P? + P? x P' — P)].

Now let Sy lie in (6.28). Write Ry ~ I,(1) and I, (1) the quotient of Sy in
(6.28). If « # y, then Ry ® I,(1) is torsion free and in this case (R, Sy, wy)
with Im(wy) contained in the torsions of Ry ® Sy are parametrized by a pro-
jective bundle over Hilb!(P2) x P2 x P2 — Gr(2,V]) x P(H(Op=(1))) with
fibers isomorphic to P(H%(11(1) ® O (1))) ~ P2

Finally we have a projective bundle over Gr(2, Vi) x P(H%(Op=(1))) with
fibers isomorphic to P(H®(O,) ® H°(I;(1) ® Oy (1))) ~ P parametrizing
(Rf, Sy,wy) such that x =y and Im(wys) are contained in the torsions of
R; ® Sy. Hence we have the following lemma.

Lemma 6.15. [Z2] = [HilbM(P?) x (Gr(2,6) x P — Gr(2,5) — P? x
P? x P2 — P2 x P3 — P! + P2 x P2 4 P! x P2 + P2)).
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For a pair (E, f) € MS§, f can be represented by the following matrix

by b 0 O
o 0 1 0 |,
A1 A2 0 B

where b; € HO(Op2(1)), A; is a 3 x 1 matrix with entries in H%(Op2(2))
and B a 3 x 2 matrix with entries in H°(Op2(1)). (E, f) is stable, hence
kby # k'by,V(k, k') € C?> — {0} and the parametrizing space Mp of B is of
class [HilbBl(P?) — |H| x P3 + |H|] by Lemma 5.5 and Lemma 5.8. We write
down the following two exact sequences.

(6.31) 0—>Op(-1)22 2 023 L p, ¢

b1,ba s
(6.32) 0= Op(-1)" o2z =g, g
Sy~ I1(1). Either Ry ~ I3(2) or Ry lies in the following exact sequence.
(6.33) 0— OH(—l) — Rf — O]}m(l) — 0.

Isomorphism classes of (R, Sy) are parametrized by Mp x Hilbl!(P?).
We have two commutative diagrams as follows.

(6.34)
0 0 0
0 Ops (=)0 L P 8 yen
Fot®idoy (1) @2 ids, ®(b1,b2)
0 Opa(—1)@8 L7 O 4 S¢? 0
fr®idoy, (-1) Fo2 ids, ®f,
0 Ry ® Ops (<1t R}? It Rw s 0
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AL @A}

(6.35) Op2(—2) Op S§
fﬁﬂl lidsf ®fr
D2
Rf ide@fS Rf@Sf.

Isomorphism classes of (E, f) € M§ are parametrized by (Ry,Sf,wy)
with wy: Op2(—2) = Ry ® Sy the composed map in (6.35). Hence we
have a projective bundle over Mp x Hilbl!)(P?) with fibers isomorphic to
P(H°(Rf ® S¢(2))) ~ P, which contains M as an open subset.

We need to exclude all the points (R, Sf,wy) that Im(wys) are con-
tained in the torsions of Ry ® Sy. Firstly let Ry lie in (6.33), then the tor-
sion of Ry ® Sy is isomorphic to Op(—1) ® I1(1). These (R, S§,wy) are
parametrized by a projective bundle over (UZ_oA%) x Hilb!!(P?) with fibers
isomorphic to P(H*(Og(1) ® I;(1))) ~ P2,

Let Ry ~ I3(2). Denote S¢ ~ I.(1). The torsion of Ry ® Sy is a linear
subspace of 092 ~ C? which is the kernel of B!|,. If z & Supp(Op:(2)/Ry),
R; ® Sy is torsion free. If Supp(Op2(2)/Rys) = {x,y, 2} with y,z # z, for
simplicity we let x = [0,0,1], y = [0,1,0] and z = [1,0,0] and the matrix B
have the following form.

I 0
o o
0 xI9

Hence for this case Tor(R; ® S¢) ~ O,.
Let Ry ~ I, 9,1(2), then B can be

i) 0
T2 Xo
0 I

Hence for this case Tor(R; ® S¢) ~ O,.
Let Ry >~ I{9,,3(2), then B can be

xg O
1 o
0 x

Hence for this case Tor(R; ® Sy) ~ O,.
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Let Ry =~ I{3,3(2), then B can be

ZTo 0
r1 xy |, for any k e C.
k‘.CEQ T

Hence for this case Tor(Ry ® Sy) ~ O, if k#0, Tor(Rf ® Sy) ~ OL? if
k=0.

The projective bundle P(V}) as defined before over HilbY(P?)
parametrizes all (x,C) with z a single point and C' a curve of degree 1
passing through z. Hence we have the universal family C; C P? x P(V]).
Denote Z; to be the universal family of subschemes in Hilb!(P?) x P?
and 7 : P(V}) — Hilb1(P?) the projection. Define E(l) = C1 — (7 x idp2)*Z1.
Denote P(V))[Z the relative Hilbert scheme of 2-points on P(V}) over
Hilbl(P?). There is a natural embedding + : P(V}) < P(V})P! sending every
point to the double-point supported at it. We have the following diagram

’

=0 =0 "
(6.36)  C} Xpiyx.evi) C1 — P APV X

Pl p’

P(V) xx POV]) — APOVY)) ——P(VHP —o(P(V))),

with A the diagonal embedding and X defined to make (6.36) a Cartesian
diagram. Notice that a priori X may not exist, but if it exists, it parametrizes
isomorphism classes of (Ry, Sy, wy) with Sy ~ I(1), Ry ~ I, , 1(2) for
{z,y,2} € NY ie. HO(I{Ly’Z}(l)) =0, and Im(w) C Tor(Ry ® S¥).

Lemma 6.16. X exists and [X] = [Hilbl(P?) x (P2 — P!) x (P! — 1) x
(P! —1)].

Proof. Take an affine cover of Hilbl! (P2) = U;U; with U; ~ A2, Tt is enough
to prove the lemma with Hilb(P?) replaced by U;. Denote by Zi|y,,
POV, POVHP |y, Ci|y, and E?\Ui the pull back of these schemes via
the open embedding U; — Hilb(P?). Then we have that 2|y, ~ U;,
P(V)|y, = U; x P, P(VH) |y =~ U; x P2, Cy|y, =~ U; x P x P! and Co|y, ~
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U; x P! x Al. Hence (6.36) becomes the following commutative diagram.

5

(6.37) U; x (P x P! — A(P!)) x Al x Al X;

pil ipz

U; x (PL x P! — A(PY)) Ui x (P? —o(PY)),

[

with X; ~ U; x (P2 —3(P')) x A! x A'. Hence the lemma. O
Isomorphism classes of (Ry,Sy) with Sy~ I.(1), Ry~ Ip,,,(2) for
H(It3,,3(1)) =0 and Im(w) C Tor(R;® Sy) are parametrized by

(P(V}) x HilblV (P2) @(1)) — A, where A is defined by the following Cartesian
diagram

A )

|,

P(V]) s (V1) — T Hilpl(P2)

Lemma  6.17. [(P(V]) X gipm (p2) C)) — A] = [Hilb(P?) x P! x (P! —
1) x (P! —1)].

Proof. Take the affine cover Hilbm(IPﬁ) = U;U; with U; ~ A%. Replace
Hilb(P?) by U; and the lemma follows immediately. O

The normal sheaf of C; in P2 x P(V}) is locally free over @(1). We denote by
Ng the total space of the normal bundle over C;. Then isomorphism classes
of (Rf,Sf,Wf) with Sf ~ I,(1), Ry ~ I{m,Qy}(Q) for HO(I{x,Qy}(l)) =0 and
Im(w) C Tor(Ry ® Sy) are parametrized by M.

Lemma 6.18. [NVY] = [HilbY(P?) x P! x (P! — 1) x (P! — 1)].

Proof. [NJ] = [A! x (C1 — (7 X idp2)*Z1)]. Also we sce [(7 X idp2)*Zy] =
P! x Hilbl](P?)] and [C1] = [Hilb" (P?) x P! x P!]. Hence the lemma. [

If Ry~ If3,1(2) with HO(Rg(—1)) =0 and Tor(Ry ® I,;) ~ O,, then
Ry, viewed as an ideal of (/9\]P>27x ~ C[[xo, z1]], is generated by (kz¢ — x2, m3)
with m the maximal ideal in C[[zo,z1]] and k € C*. Hence such Ry are
parametrized by (zo,k) for any fixed z € P2. Hence isomorphism classes
of these (R, Sy, wy) such that Im(w) C Tor(Ry ® Sy) are parametrized by
P(V) x (A1 — {0}).
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Finally, let Sy~ I.(1), Ry~ I,3(2) with HO(Ry(—1)) =0 and
Tor(Ry ® Sy) ~ OF2, then Ry is determined by z since Ry(—2) ~ I2. Hence
isomorphism classes of these (Ry, Sy, wy) such that Im(w) C Tor(Ry ® Sf)
are parametrized by HilblJ(P?) x P(HO(0$2)) ~ HilblJ(P?) x PL.

Lemma  6.19. [Ms] = [Mp x HilbM(P?) x P16 — P2 x P2 x P2 — P2 x
P! x P! x (P! — 1) — P? x P? x (P?2 — PY)|, with [Mp] = [HilbB(P?) — P? x
P3 + |H|J.

Proof. [M5) = [Mp x Hilbl(P?) x P16 — P2 x |H| x HilblJ(P?) — P(V]) x
(AY = 1) — Hilb)(B?) x P! — X — P(V}) X e C1 + A — NZ].

By Lemma 6.16, Lemma 6.17 and Lemma 6.18, we get the lemma by
direct computation. O

Proof of Theorem 6.1 for M(5,2). We have
[M(5,2)] = [M3] + [M3] + [E1] + [E2] + [M3].

Combine Lemma 6.12, Lemma 6.13, Lemma 6.14, Lemma 6.15 and Lemma
6.19, we get the result by direct computation. O

Appendix
Appendix A. Proofs of Lemma 6.2 and Lemma 6.11.

Lemma A.1 (Lemma 6.2). A pair (E,f) with rank(E)=5 and
deg(E) = —4 is stable if and only if for any two direct summands D', D" of
E such that D' ~ D" and f(D' ® Op2(—1)) C D", we have u(D') < u(E).

Proof. We first prove the lemma for E ~ O22 @ Op:2(—1)%2 @ Op2(—2). We
want to show that if 3£’ C E a direct sum of line bundles with u(E’) > u(E)
and f~}(E') ~ E' ® Opz(—1), then 3D, D’ C E two direct summands with
D ~ D" and p(D) > u(E), such that f(D ® Op2(—1)) C D’. With no loss of
generality, we assume that £’ has the form @@, Op2(n;)®* with a; > 0 and
Ny — Nj4+1 = 1.

Let E' ~ E” C E with E” not a direct summand of E. Then E” has to
be one of the following three cases:

(1) B c OF? and E" ~ Op: @ Op2(—1);

(2) B C OF ® Op2(—1) and E" ~ Op2 @ Op:(—1)%?;

(3) E" C O @ Op2(—1)%? and " ~ OF? @ Op2(—1) @ Op2(—2).
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By Nakayama’s lemma, we know that E” ® Op2(—1) can’t be the preim-
age of any direct summand of E and also f~Y{(E") = E" ® Op:(—1) =
f(D® Op2(—1)) C D with D the smallest direct summand of E contain-
ing E”.

So we assume that f~1(E") = E' ® Op2(—1) with E' a direct summand
of E isomorphic to E”.

Let E” be in case (1). By the assumption we have f(E' ® Op2(—1)) C
OZ%. On the other hand, write E = Op: ® E' @ Opz(—1) @ Op2(—2), so
for the other direct summand Op: we have f(Op: ® Op(—1)) C ORF @
Op2(—1). Hence f((Opz ® E') @ Op2(—1)) C OPZ @ Op2(—1), and hence we
get D=D'=E' & Op: = O5F ® Op2(—1).

Case (2) is analogous to case (1).

Let E” be in case (3). By the assumption we have f(E’' ® Op2(—1)) C
OD? @ Op2(—1)2. Write E = E' @ L with L ~ Op2(—1). We can ask f to
identify L ® Opz(—1) with the summand Op2(—2) in E.

Denote by f,: E' ® Op2(—1) — E"” the restriction of f. If f,((O%* @
Op2(—1)) ® Op2(—1)) C OZ? @ Op2(—1), then we have D= D'= O’
Op2(—1) C F'.

If fo((O%2 ® Op2(—1)) ® Op2(—1)) ¢ O @ Op2(—1), f, induces an iso-
morphism from the direct summand Opz(—1) ® Opz2(—1) of E' @ Op2(—1) to
the direct summand Op2(—2) of E”. Hence we can ask f, to identify these two
direct summands. Write £/ = Op2(—1) @ L' with L' ~ O%? © Op2(—2), then
we have f,(L' ® Op2(—1)) C OZ* @ Op2(—1). Moreover because f identifies
L ® Op2(—1) with the summand Op2(—2) in E, f((L® L") ® Op2(—1)) is
contained in the direct summand OF? @ Opz(—1) ® Op2(—2) of E, hence we
have D = L ® L' and D' is the direct summand OF @ Op:(—1) @ Op2(—2)
containing f(D @ Op2(—1)).

This finishes the proof for F ~ OF? @ Op:2(—1)%2 @ Op=(—2).

Let E ~ Op2(1) ® Op2 ® Op2(—1) & Op2(—2)®2. We have the following
six possibilities for E”.

(4) E"” C Op2(1) and E" ~ Ops2;

(5) E" C Op2(1) ® Op2 and E" ~ OF%;

(6) E" C Opz(l) @® Op2 and B ~ Op> @ Opz(—l);

(7) E" C Opz(l) D Opz(—l) and B ~ Op: @ O]pz(—l);

(8) E" C Op2(1) ® Op2 @ Op2(—1) and E" =~ OF? @ Opa(—1);

(9) E" C Op2(1) ® Op2 ® Op2(—1) and E” ~ Op> & Opz(fl)@Q.

Analogously E” ® Opz2(—1) can not be the preimage of any direct
summand of E and also f~1(E") = E” @ Opz(—1) = f(D ® Op2(—1)) C D
with D the smallest direct summand of E containing E”. Let Ef and EJ be
the bundles in case (6) and (7) respectively. f~1(EY) = Ef @ Op2(—1) =
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f((O[p&(l) ©® O[[ﬂ ) O]}»Z(—l)) & O]pﬂ(—l)) C O]Pm(l) ) O]pz D O[pﬂ(-l), and
fHEY]) = BY @ Op(=1) = f(Op2(1) ® Op2(—1)) C Op2(1).

Hence we then assume E’ a direct summand of E isomorphic to E” and
f7HE") = E' @ Op2(—1).

For case (4), by assumption we have f(Opz @ Op2(—1)) C Op2(1) & Op2
hence D = D' = O]}D?(l) ® Ops:.

Bundles in case (5), case (8) and case (9) can not be direct summands
of F, hence these three cases are done.

For case (6), by assumption we have f((Op2 & Op2(—1)) ® Op2(—1)) C
Opz(l) @ Opz Opz(—l) hence D = D' = OHD2(1) @ Opz & O]pz(—l).

For case (7), by assumption we have f(Op2 ® Opz2(—1)) C Op=2(1) ®
Opz(—l) hence D = D' = Opz(l) @ Opz B O[pm(—l).

This finishes the proof for the whole lemma. O

Lemma A.2 (Lemma 6.11). A pair (E,f) with rank(E)=15 and
deg(E) = =3 is stable if and only if for any two direct summands D', D" of
E such that D' ~ D" and f(D' ® Op2(—1)) C D", we have u(D') < pu(E).

Proof. We use the same notations as in the proof of Lemma A.1, we list out
all the possibilities of E” as follows.

Let E ~ O @ Op2(—1)®3,

(1) B ¢ O and E" ~ Op: @ Op2(—1);

Let E ~ 0% @ Op2(—1) ® Op2(—2).

(2) B c OF and E" ~ Op: @ Opa2(—1);

(3) B" c O} and E" ~ O @ Op:(—1);

(4) B" C O%) @ Op2(—1) and E" ~ O3 @ Op=(—1)%2;

Let F ~ O[P?(l) @ Opz (919)2(*1)692 D Opz(*Q).

(5) E" C O[pm(l) and B ~ Op2;

(6) B" C Op2(1) ® Op: and E" ~ OF%;

(7) E" C O]pz(]_) @ Op2 and E" ~ Op: @ OP2(—1);

(8) E" C (9]1»2(1) D Opz(—l) and B ~ Op: ® Opz(—l);

(9) E" C Opz(l) ® Op2 ® O]pz(—l) and B ~ Og?f D Opz(—l);

(10) E" C O[pm(l) D Opz D O]pz(—l)@Q and E" ~ Opz(l)@pz %)

Op2(—1) @ Op2(—2).

Cases (1) (5) (6) (7) (8) (9) are the same as cases (1) (4) (5) (6) (7)
(8) in Lemma A.1 respectively. Case (10) is analogous to case (3) in Lemma
A.1. Cases (2) (3) (4) are analogous to case (1). Hence the lemma. O
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Appendix B. Proof of Lemma 6.10.

Lemma B.1 (Lemma 6.10). [9[26]] = LY + 310 + 8LY + 1818 + 30L7 +
3915 + 3815 + 284 + 1513 + 6.2 + 21 + 1.

Proof. Denote by Cy the universal curve in P? x [2H| and C%G] the relative

Hilbert scheme of 6-points on Cy over |2H|. We have a surjective map & :
Céﬁ} — 9[26}. The fiber of § over Iy, . .1 consists of all curves passing through
z1,...,2¢ and hence isomorphic to IP’(HO(I{%M@G}@))). Let S, :={ls €
O R0 (T5(2)) = n + 1}, then QF = [[2_, S,. Define R, :=£71(S,,), then
Ry =~ P(p«(Z(2)|p2xs,)) is a projective bundle over S,, with fibers isomorphic
to P".

Denote by C§ the family of integral curves in [2H|. C§ is open in Cs.

Lemma B.2. [C39] = [(|2H| — Sym2(|H]|)) x P%] with Sym?2(|H|) the
symmetric power of order 2 of |H]|.

Proof. The subspace [2H|° in |2H| parametrizing integral curves is [2H| —
Sym?(|H|). €99 is a projective bundle over |2H|° with fibers isomorphic to
PS. Hence the lemma. g

Denote by C& — (Sym?(|H|) —|H|) and CY —» |H| the families of
reducible curves and non-reduced curves in |2H| respectively. Let CT* be
a reducible curve in [2H| and CV a non-reduced curve. Denote RE (RE) =

Ry O Hilbl(CR) (Y and RY (RY) = R, 0 Hilb(CV) (™). Then
we have the following lemma

Lemma B.3. [R)] = [RY x |H|], forn=0,1,2.

Proof. We can take an affine cover of |H|, write |H|= U;V; such that
CYlv, =~ V; x CN. Hence the lemma. O

Denote m =< x,y > the maximal ideal of S := C[[z,y]]. To study RY for
n =0,1,2, we write down a table for ideals in S/(z?) as Table 1.
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Table 1 Ideals T of S containing (z?)
Co-length of T Ideal T INn(m? —md)
1 m Caz? ® Cay @ Cy?
2 m? + (kx + k'y)S, (k, k') # 0 Ca? @ Cay @ Cy?
3 m? Cx? ® Caxy @ Cy?
m3 + (z + ky?)s Caz? @ Cxy
228 + (ky? + K'zy)S + m3, (k, k') # 0 C2? @ C(ky? + K'zy)
4 (x+ k> +Ky)s+mi E#0 Ca?
(z + Ky3)Ss +m? Cz? @ Cxy
22 +m? Ca?
225+ (zy + kP + K'y2)s +mL k£ 0 Ca?
5 2?8 + (xy + k'y3)S + m? Cz? @ Cxy
(x 4+ k> + Kyh)S +md k #0 Ca?
(z +KyH)s +m® Ca? @ Cay
228+ (kzy? + Ey®)s +m¥ (K, E) £ 0 Ca?
228+ (vy + ky> + K'yH)S +m® k £ 0 Ca?
6 228 + (xy + k'yh)S + md Cz? @ Cxy
(x + ky® + Kyt + K"yP)s +mS, (k, k") # 0 Cax?
(z + E"y®)S + mP Cz? @ Cxy

Let CN be the reduced curve supported on CV, then CV ~ P
Denote by S? the subset in Hilbl%(CN) consisting of [I7 N Is_;] with [I]] €
Hilb(CN) and i maximal for this expression. S := S* N RY. We then have

Lemma B.4. S! are empty except the following 9 terms:
[S3] = [P°T; [S1] = [P? x Pt x AlJ; [S7] = [P? x P x AY);

We omit the proof of Lemma B.4 since it can be done by elementary
analysis and computation case by case. Lemma B.4 together with Lemma
B.6 gives [RY] for n = 0,1, 2. -

To compute [RE], we first define Cf by the following Cartesian diagram.

~R ™ R
Cy Cs

| |

P2 x P2 — A(P?) —=> Sym?2(P?) — P2,
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where 7 is the quotient of the free action of the order two permutation
group o2. The action of o9 lifts to 67%[6] with C§[6] the quotient. Recall that
RE (RE) = R, n Hilb)(CE) (CEP). Let RE := w5 (RE) with 75 the lift
of m. RE is the quotient of RE by the action of o.

Lemma B.5. [RE] = [(P? x P2 — A(P?)) x RE] forn =0,1,2.

n

Proof. Analogous to Lemma B.3, we can take an affine cover of P? x P? —
A(P?) which trivializes CI. O

Denote by 0 the only singular point in C. C* — {0} = A' U AL (/Q\CR’O ~
S/(xy) = C[[z,y]]/(zy). We make a table for ideals of S/(zy) as Table II.

Table II Ideals I of S containing (zy)
Co-length of T Ideal T IN(m?—md)
1 m Cz? @ Czy @ Cy?
2 m? + (kz + k'y)S, (k, k') # 0 Cz? @ Cxy @ Cy?
m? Cz? @ Czy @ Cy?
3 m3 + (x + ky?)s Cz? ® Caxy
m3 + (y + kz?)s Caxy @ Cy?
zyS + (k2 + K'y?)S + m3, (k, k') # 0 | Cay @ C(k2? + k'y?)
4 (x + ky®)Ss +m? Cz? @ Caxy
(y + kz?)s +m? Cxy @ Cy?
TyS +m? Caxy
ryS+ (2 + ky®)S+mLkE#0 Czy
ryS + x2S + m? Cz? @ Cry
5 ryS+ (2 + k2®)S+mLk #0 Czy
2yS + y?S + m? Cxy & Cy?
(r + kyH)Ss + m® Cx? @ Cxy
(y + kzH)s + m® Caxy @ Cy?
2yS + (kx + K'y3)S +m*, (k, k') #0 Czy
ryS + (22 + kyh)S +m’, k # 0 Czy
zyS + 2SS+ m’ Cz? @ Cxy
6 zyS+ (2 + kaH)S+md k #0 Cay
ryS+ y*S +m® Caxy @ Cy?
(x + ky°)S +m Ca? @ Cay
(y + kz°)S + m® Cxy @ Cy?

o9 acts on H ilb[G](CR) by exchanging the two irreducible components
of CE. Write Hilbl®/(C®) = H* U H® I HY such that oy(H*) = HY and
oo(H®) = H®. Let H* =R,, N H* and analogously we have H; and H3.
Then o9(HZY) = HY,00(HS) = HS.

Lemma B.6. 1) [HZ] = [A® 4+ 2A° + 3A% + 3A3 + 2A2 — 1];
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2) [H¥] = [A® + 2A5 + 2A% + 2A3 + 2A% 4+ 2A1);
3) [Hg) = [P%);

4) [H§] = [AS + A% x P! 4+ A? x P! + PLJ;

5) H{ = H5 =)

Proof. Y1s € Hilbll(C®), 30 <i <6, such that I = I? N Is_; with [IV] €
Hilb'({0}) and [Is_] € Hilb6~4(CR — {0}) = Hilbl6=(A' U A). Then the
lemma can be proved by elementary analysis and computation case by case.

O

Lemma B.7. [RE] =[H® x (P? x P2 — A(P?))] + [HZ x Sym?(P?) — P?].

Proof. o2(HE x (P? x P2 — A(P?)) = H] x (P? x P2 — A(P?)) and o9 (H? x
(P2 x P2 — A(P?)) = H? x (P? x P2 — A(P?)). Hence the lemma. O

Now combine Lemma B.2, Lemma B.3, Lemma B.4, Lemma B.5, Lemma
B.6 and Lemma B.7, we get [R,,] for n = 0,1, 2. Since [9[26]] = Zizo [Sn] and
[Sp, X P"] = [R,,], Lemma 6.10 follows after direct computation. O
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