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Intersection Cohomology of the Universal
Imploded Cross-Section of SU(3)

NAN-Kuo Ho AND LiSA JEFFREY

Abstract: We compute the intersection cohomology of the univer-
sal imploded cross-section of SU(3), and show that it is different
from the intersection cohomology of a point.
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1. Introduction: purpose of imploded cross-sections

Let K be a compact Lie group with maximal torus 7', and let M be a
Hamiltonian K-manifold. The Guillemin-Sternberg symplectic cross-section
theorem tells us that the K-orbits of ®~!((t)°) (the preimage of the interior
of the positive Weyl Chamber (¢ )° under the moment map @) is dense in M
and is symplectic with Hamiltonian T-action on ®~!((;)°). One motivation
in [3] was to complete this space in a nice way that is also compatible with
symplectic reduction. For points in the interior of the positive Weyl chamber,
the stabilizer is the maximal torus 7. However, for points on the boundary
of 7, the stabilizers are bigger than T and the preimage under the moment
map is not a symplectic manifold. So the idea of the imploded cross-section
is that for those faces, we must collapse further (taking the quotient by the
commutator subgroup of their stabilizer) so that the quotient becomes a
symplectic stratified space and that it would have a Hamiltonian T-action
on each stratum. One beautiful property is that the symplectic quotient of
the resulting imploded space by the T-action is the same as the original
symplectic quotient of the manifold M by the K-action.

The universal example of an imploded cross-section is defined as the
imploded cross-section (17K )imp of the cotangent bundle of the Lie group
K.

It is important to understand the invariants of imploded cross sections.
In the simplest case K = SU(2) the universal imploded cross-section is C2,
so its topology is trivial. In this paper we study the universal example for
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SU(3). The universal imploded cross-section for SU(3) contracts to a point,
but its topological invariants are not all trivial. We compute its intersection
cohomology (which is not a homotopy invariant), and find that this invariant
distinguishes it from the intersection cohomology of a point. In this paper
all intersection cohomology groups are computed with middle perversity,
as in [5] which is our main reference, and all the cohomology groups and
intersection cohomology groups are with real coefficients.

Acknowledgments. We would like to thank Reyer Sjamaar for many useful
discussions.

2. Universal example for SU(3)

For more detailed accounts of symplectic implosion, please see [3].

Let (M,w) be a Hamiltonian K-space with moment map & : M — ¢*.
Fix a maximal torus 7" and a closed fundamental Weyl Chamber t’ . Denote
K the centralizer of A € € and [-, -] the commutator subgroup. Introduce
an equivalence relation in ®1(t%) as follows: Vmy, mg € ®71(t}), we say
mi ~ me if Ak € [Kd)(ml)a K@(ml)} such that mo = kmj.

Definition 2.1. The imploded cross-section of M is the quotient space
Mimp) := @fl(ti)/ ~, equipped with the quotient topology.

Proposition 2.2. [3, Theorem 3.4] The space Mimp is a stratified (in the
sense of Sjamaar-Lerman) Hamiltonian T-space with moment map Pippi :
Mimp1 =t induced by ®. Moreover, VA € %, the canonical map ®~*(\) —
@;H}pl()\) induces an isomorphism of symplectic quotients

M//o, K = Minp //\T.

Here, if K is a nonabelian group, the symbol M // o, K denotes the symplectic
quotient of a Hamiltonian K-manifold M at the orbit Oy. Likewise, if T is
a torus and M is a Hamiltonian T-space, the symbol M //\T denotes the
symplectic quotient of M at A.

This proposition introduced a way to abelianize Hamiltonian K-space
for any compact connected Lie group K. The following proposition is one
of the reasons why the study of the universal imploded space (17K )impl is
important, and why [3] called (T K )imp1 the universal imploded space.
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Proposition 2.3. [3, Theorem 4.9] Consider the imploded cross-section
(T*K)imp1 of the cotangent bundle T*K. Then there is an isomorphism
between Hamiltonian T'-spaces

Mimpl = (M X (T*K)impl)//OK
where the quotient is taken with respect to the diagonal K-action.

The imploded cross-section of the universal example for SU(3) ([3, exam-
ple 6.16]) is a complex hypersurface determined by the quadratic equation
Zi:l wizr = 0 where wy, 2 are complex variables (k = 1,2,3). This space
has an isolated singularity at 0, because it can be constructed from the
preimage of 0 under the holomorphic map f: (z,w) — >, w2, and the
derivatives are

df(0/0z) = wy, and  df(9/0wy) = 2k

SO
df = (21, 22, 23, w1, w2, w3),

which equals 0 only if z; = w; = 0 for all j, so (0,--- ,0) is the only singular
point.

Remark 2.4. For moduli spaces of flat connections on 2-manifolds the
imploded cross-sections were defined in [}]. These are imploded cross-sections
for quasi-Hamiltonian spaces. For a compact Lie group K, the quasi-
Hamiltonian analogue of the universal imploded space is the imploded cross-
section of the double DK = K x K. When K = SU(n), the imploded cross-
section of the double DK has a stratum whose closure is a smooth even-

dimensional sphere. (See [4].)
3. Intersection cohomology

Our main reference for this section is book [5]. Intersection homology and
cohomology are designed to understand the topology of singular spaces.
Since the imploded cross-section is almost always singular (often worse than
orbifold singularities, see [3, Section 6]), it is natural to consider the inter-
section cohomology of the space. The definition for intersection cohomology
is somewhat lengthy so we do not state it here. Instead, we list some of its
important properties.

Proposition 3.1. (¢f: [5])
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1) If the space is smooth, then its intersection homology (resp. cohomol-
ogy) is the same as its ordinary homology (resp. cohomology).

2) Intersection homology (resp. cohomology) is a homeomorphism invari-
ant but not a homotopy invariant.

3) Poincaré duality holds (cf: [5, Theorem 5.1.1]).

4) Excision and the Mayer-Vietoris sequence are valid (cf: [5, Section

4.6]).

For our purposes, we will also state the result for computing the inter-
section cohomology of spaces with isolated singularities as follows.

Let U be an open neighbourhood of real dimension 2n in a space with
an isolated singularity at x. Then the intersection homology of U is, (see [5,
p. 94, Chap. 6.3])

H;(U\ {z}) i<n-—1
IH;(U) = { Im (H;(U \ {z}) = H;(U)) i=n
H;(U) i>n+1

In fact ([5] p. 95, taking duals of equation (6.13)) we have the following
characterization of the intersection cohomology of U:

H(Y) i<n-—1
0 >n

TH(U) = {

when U is homeomorphic to the cone C(Y') for a compact Riemannian man-
ifold Y of real dimension 2n — 1.

4. Intersection cohomology of SU(3) universal example

The universal imploded cross-section that we want to consider is
(T*SU(3))impl = {(z,w) € C* x C*: z-w = 0}.

As explained in Section 2, this space has an isolated singularity at (0,0).
Let

U={(z,w) €eC*xC?®: 2 -w=0,|z* + |w? < 1+¢}
be an open neighborhood of the singularity, then IH’((T*SU(3))impl) =
THI(U), since (T*SU(3))imp1 is homeomorphic to U.
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Consider a compact Riemannian manifold Y defined by
Y ={(z,w) e C3*xC3: 2-w=0,2> + |w|* = 1}.
Then the space U is homeomorphic to the cone C(Y), and dimpY = 9.
According to Section 3, this means n = 5 and I H’(U) is the same as H’(Y))
for 0 < j <4, and is 0 otherwise.
Consider the subspace of real dimension 9

X = {(z,w) € (C3\ {0}) x (C>\ {0}) : z-w=0,|2)* +|w|* =1} C V-

The following Lemma gives us a deformation retraction from X to
SU(3).

Lemma 4.1. There is a surjective map
{(z.w) € (C2\ {0}) x (C*\{0}) : z- w = 0} = SU(3)

defined as follows:

z/lzl o/ lw| u/|ul
(z,w) = M = | zo/|2| wa/|w] uz/|u|
z3/lz| w3/lw| uz/|ul

where u := (uy,ug,uz) € C3\ {0} satisfy z-u=0, w-u=0 and the deter-
minant of M is 1.

Proof. We solve for (uq,us,us) as follows. Let

(1) U121 + ugz9 +uzzz =0

(2) u1wy + ugwo + ugws = 0
Multiply (1) by w; and multiply (2) by z;, then subtract to eliminate u;:
(3) ug(Zowy — Zywe) + us(Zzwy — zZyws) =0

Likewise, multiply (1) by we and multiply (2) by Z2 to eliminate us:
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(4) u1(Z1we — Zowy) + ug(Zzwe — Zows) = 0

This determines (u1, ug2,ug) up to multiplication by a complex constant.
We find

_Z3W — 2wy

(5) up = —= -
Z1W2 — ZoW1
(6) Uy = _5311)1 — Z1Ws3

Zowy1 — Z1w2

The value of ug is determined (up to multiplication by a complex con-
stant of unit norm €) by the condition

(7) lur? + Jug|* + |ug|* = 1

In fact it is uniquely determined by the additional condition that the deter-
minant of the matrix M with columns z, w, u is 1 (since we want this matrix

to be in SU(3)). O
‘We now state our result:

Theorem 4.2. The intersection cohomology of the universal imploded
cross-section of SU(3) is

¢ g ~ [ R j=04
THI((T*SU(3))imp1) = {0 ‘;:1 9. 3.andj > 5

Proof. As explained earlier, we only need to compute the cohomology of Y.
Define

W={(z,w) eC3xC>:2-w=0,]z> + |w?=1,|z> <eor |uf* < e} CY.

So W retracts to the disjoint union of two copies of S°.
Then Y =W U X, and we compute the cohomology of Y using the
Mayer-Vietoris sequence for W and X as follows.
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The intersection W N X retracts to the disjoint union of
{(z,w) eC* xC?>:2-w=0, |z =¢,|w* =1 ¢}
and
{(z,w) €C*xC3: 2. w=0, |2 =1—¢|w]® =€}
Each of these spaces is another copy of SU(3).
So our Mayer-Vietoris sequence involves
s H(WUX) - HW)e H(X) - HWNX) = -,
in other words
— HY(Y) — HY(S%) @ H'(S®) @ H'(SU(3)) — H(SU(3)) ® H'(SU(3)) — .

The cohomology ring of SU(3) is the exterior algebra generated by one
generator u of degree 3 and another generator v of degree 5

2

<U,v:v :u2:0,uv:—vu>,

so we get
HO(SU(3)) = H3(SU(3)) = H*(SU(3)) = H3(SU(3)) =R

and all the others are 0.
The Mayer-Vietoris sequence shows that the value of the map

S HI(W) @ H3(X) — H3(W N X)

determines the value of H3(W U X). By definition, the map ¢* sends (o, 3) €
H3(W) @ H3(X) to Blwnx — alwnx € H3(W N X). Since H3(W) 20, a is
zero and so (* : H3(X) — H3(W N X) is just the diagonal map x — (z,7)
from H3(SU(3)) to H3(SU(3)) ® H3(SU(3)), which is injective. From exact-
ness of the sequence, it implies that H3(W U X) = 0 and HY(W U X) &2 R.
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As a result

HY(Y) =R = HY)

where we have used Poincaré duality since Y is a compact smooth manifold.
So we conclude that

THI(T*SU(3))imp1) = ITH’(U)
~ {HJ(Y) j<4
B 0 )

~ R 57=0,4
o 0 57=1,2 3,andj>5
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