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1. Introduction

Let K be a global field. Given a finite extension L/K, let J;, denote the
idele group of L, and let N i : Jp — Jk denote the natural extension of
the norm map associated with L/K. When K does not vary, we will write
N(L*) and N(J1,) respectively in place of N, x(L*) and Ny (Jr). A finite
extension L/K is said to satisfy the Hasse norm principle if

K*NN(Jy) = N(L®).
The obstruction to the norm principle is given by the Tate-Shafarevich group

K*NN(Jp)

ML/ K) = =

By analogy, we say that a pair of finite extensions L, Lo of K satisfies the
multinorm principle (cf. [7]) if

K* O N(Jp,)N(Jr,) = N(L{)N(L3).
The obstruction to the multinorm principle is given by the quotient

K* N N(J,)N(Ji,)
N(L{)N(L3)

HI(Ll,LQ/K) =
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The multinorm principle has a variety of applications (cf. loc. cit., §1), but it
is not fully understood. The main theorem of [7] says that II(L;, Lo/ K) =
{1} whenever L1, Ly is a pair of finite separable extensions of K with linearly
disjoint Galois closures. However, little is known about III(L;, Ly/K) for
more general pairs of extensions.

In this paper, we describe a general approach to the multinorm principle
that builds on the techniques used in [7]. The idea is that we should try to
describe III(L1, Ly/K) by studying the map

£: UI(Ly /K) x T(Ly/K) — (L1, Lo/ K)

defined by
(&N (Ly), yN(L3)) = oy~ N(L{)N (L)

Since II(L;, Ly/K) is determined up to extension by Im f and Coker f,
it suffices to describe

I_Hl(Ll, LQ/K) = Im(f) and LHQ(Ll, LQ/K) = Coker(f)

individually, and we refer to these groups as the first and second obstruc-
tions to the multinorm principle. We will analyze III;(L;, Ly/K) and
Iy (Ly, Ly/ K) using group cohomology and class field theory respectively,
and prove estimates which will allow us to compute both obstructions in
some important special cases. This approach can be used to recover the
main theorem of 7] (see §5), and it enables us to prove the main theorem
of this note, which characterizes the multinorm principle for pairs of finite
abelian extensions.

Theorem 1. Let L1, Lo be a pair of finite abelian extensions of K. Then
HI(Ll,LQ/K) ~ HI(Ll N LQ/K)

In particular, L1, Lo satisfies the multinorm principle iff Ly N Lo satisfies the
norm principle.

This result does not extend to non-abelian extensions. In fact, the con-
clusion of the theorem fails for all of the pairs of extensions constructed in
Proposition 12 of [4]. For example, if K = Q, L; = Q(v/—1,v/2), and Ly =
Q(v—1,v/7V?2), then III(L N Ly/K) = {1}, but III(Ly, Ly/K) ~ Z/27.

We begin in §2 and §3 by giving descriptions of the first and second
obstructions respectively. Then we apply these descriptions in the special
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case where L1, Lo is a pair of abelian extensions of K to prove Theorem 1
in §4. Finally, §5 contains several examples and applications related to our
analysis of the multinorm principle.

Remark. Earlier versions of this paper contained additional sufficient
conditions for the multinorm principle to hold for n-tuples of exten-
sions (see https://sites.google.com /site/timothypollio/papers). By general-
izing the proof of Proposition 15 in [7], we were able to show that the
multinorm principle holds for n-tuples of finite separable extensions whose
Galois closures are linearly disjoint as a family and for pairs of Galois exten-
sions with cyclic intersection. Meanwhile, Demarche and Wei obtained sim-
ilar results which they describe in [4]. Their argument is similar to ours and
their results are slightly stronger, so we decided to omit these results from
the final version of this paper.

If Ly and Lo are finite abelian extensions of a global field K, then they
satisfy the hypotheses of Theorem 6 in [4]. Let T' be the multinorm torus (cf.
[7]) associated to the pair L1, Lo/ K, and let S be the norm torus associated
to L1 N Lo/ K. Then according to 4], IT12 (T)) ~ I1I2(S). This does not imply
our Theorem 1 since HIZ(T ) depends on the defect of weak approximation
for T" as well as on III(T"). However, we can combine this statement with
Theorem 1 to get a result for weak approximation. Let A(T) denote the
defect of weak approximation for T'.

Corollary 2. If Ly and Lo are finite abelian extensions of K, and S and
T are as above, then

[A(T)| = [A(S)].

In particular, weak approrimation holds for T iff weak approximation holds

for S.

2. The First Obstruction

Fix a separable closure K of K. We will only consider extensions of K
which are contained in K. Our analysis of the first obstruction begins with
the following observation.

Lemma 3. Let L1, Ly be a pair of finite extensions of K, let L = L1Lo, and
let

g: II(L/K) — II(L1/K) x II(Ly/ K)
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be the map defined by
aN(L*) — (zN(L]),zN(LJ)) .
Then 111 (L1, Lo/ K) is isomorphic to a quotient of Coker(g).
Proof. 1t is clear that Im(g) C Ker(f), so the claim follows from the first

isomorphism theorem. ]

In this section, we give several results which can be used to compute
Coker(g) when Lj and Lo are Galois extensions of K. More generally, if F’
and L are Galois extensions of K with L C F', we will describe the map

K*NN(Jr) K*NN(Jp)

e HUE/K) = =™ = =y = W/

defined by
aN(F*)— aN(L™).

Given a finite group G and a G-module A, we let H(G, A) denote the
ith Tate cohomology group of A, and let Cor, Def, and Rsd denote the
corestriction, deflation(cf. [§]), and residuation (cf. [5]) maps. We consider
Z as a G-module with trivial action. Let H;(G, A) denote the ith homology
group of A, and identify H;(G, A) with H="1(G, A) for i > 1 (cf. [3, Ch
IV, §6]). If ¢: G — H is a group homomorphism, then ¢ induces a map of
standard complexes which induces a map of homology groups

Py : Hl(G,Z) — Hi(H, Z)

(cf. [3, p-99]). When A = Z, the corestriction and residuation maps can both
be interpreted as induced maps in this sense.

Proposition 4. Let i > 1 and identify Hi(—,Z) with H=""Y(—, Z).

1) If G’ is a subgroup of G and v: G' — G is the canonical inclusion map,
then
Coré,: Hy(G',Z) — Hi(G,Z)
15 equal to Ly.

2) If H is a quotient of G and w: G — H is the canonical projection map,
then

Rsd%: H;(G,Z) — H;(H,Z)

18 equal to Ty.
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Proof. This follows from the definitions of the corestriction and residuation

maps given in [3, p. 99| and [5].

O

Let G = Gal(F/K) and H = Gal(L/K). For each valuation v of K, let H"
and G be the decomposition groups of compatible fixed extensions of v to L
and I respectively. Let ¢f,: GY — G and 1} : HY — H denote the canoncial
inclusion maps, and let 7: G — H and n¥: GY — H" denote the canonical
projection maps. We note that %, o ¥ = m o, and that the construction
of induced maps is functorial so the following is a consequence of Proposition

(4
Corollary 5. Fori>1and A=17,
CorG. = (1), Corl, = (1%)., Rsd% =m. and

Moreover, the diagram

(67, 7) 22 H1y(@,7)
degf,l degl
Ho(HY,Z) S Hy(H,7)
commutes.
Lemma 6. The diagram
®, Ho(G",Z) =% my(a,2)
(1) (Rsd$) l Rsd§ l
@, Hy(H,Z) =2 1,(H,Z)

commutes. Let

VF = Z Corl, and = Z Corlt,.
v v

Then h can be identified with the map
Ry Coker(yr) — Coker(vz)

induced by Rsd.

GY _ v
R/SdH'u = Ty.
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Corollary 7. g can be identified with the map
Rrr, X Ry, Coker(vyr) — Coker(vz,) x Coker(vr,).

Proof of Lemma @ Both parts of the lemma are proved in [5, §4|. For com-
pleteness, we reproduce the argument here. The reader may find it helpful
to consult the properties of the deflation and residuation maps described in
[7, §3] and to compare the following with the proof of proposition 5 of [7].

Let Cp, and CF denote the idele class groups of L and F respectively, and
identify H with the quotient G/Gal(F/L). Since the Gal(F/L)-fixed points
of

(2) 12> F*—>Jp—=Cp—1
form the short exact sequence
(3) 1L —J,—Cp—1,

we have the following commutative diagram with exact rows coming from
the long exact sequences in cohomology corresponding to the short exact

sequences and .
(4) ) )
H NG, Jp) 25 HY(G,Cr) —— HY(G,F*) =25 HY(G,Jp)
lDeff, lDefﬁ lDeff, lDefﬁ
H-YH,J,) -~ HY(H,Cp) —— HO(H,L”) -~ HO(H,J).
Recall that
K*NN, J X
r/k(JL) _ Ker< K o JK
Npg (LX) Npg(L*)  Np(Jr)

Similarly, III(F/K) = Ker(kr), so we can identify h with the deflation map

I(L/K) =

) = Ker(kp).

Def%: Ker(rp) — Ker(kr).
Using we identify this with the map
D: Coker(ap) — Coker(ary,)

induced by
Def%: HY(G,Cr) — H™Y(H,Cp).
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Next, we apply the isomorphisms
dq: HYG,Cr) ~ H3(G,Z) = Hy(G, 7Z)
and

Vo: H NG, Jp) ~ P H NG, F)~ P H G, Z) = D Ha(G", Z)

(cf. [3, Chapter 7]), together with the the corresponding isomorphisms
for H, to the groups in the left half of (). The discussion in |3} p. 198] tells
us that the diagrams

HYG,J,) —— HYG,Cp) HY(H,Jp) -2 HY(H,CF)
qzcl @Gl and szHl (I)Hl
@, H2(G*,Z) ——  Hy(G,7Z) @, Ho(H",Z) —“—~ Hy(H,Z)

commute, and Theorem 1 in [5] tells us that

HY(G,Cr) —— Hy(G.Z)
lDefﬁ def,l
H-Y(H,Cp) -2 Hy(H,Z)

commutes, so these isomorphisms transform

H G, Jp) -2~ HYG,Cp) @, Ho(G*,Z) —"— Hy(G,7Z)
lDefi into degl
H-Y(H,Jy) —* HY(H,Cp) @, Hy(H",Z) —*— Hy(H,Z)

Thus, we can identify D with Ry p. Finally, Corollary [5| tells us that is
commutative. Il

Next we give modified versions of Lemma [6] and Corollary [7] which are
more useful for computations by using two different descriptions of the Schur
multiplier Ho(—,7Z).



554 Timothy P. Pollio

Let G be a finite group. Following [2, 1.3], we define M(G) to be the
group given by the Schur-Hopf formula,

where
l1-R—F—>G—1

is any free presentation of G. As discussed in loc. cit., the isomorphism
class of M(G) is independent of the choice of free presentation, and M (—)
becomes a functor from groups to abelian groups once we choose a fixed free
presentation for each group G.

Lemma 8. For each finite group G there is an isomorphism Ho(G,Z) ~
M(Q). These isomorphisms can be chosen such that for all homomorphisms
of finite groups p: G — H, the natural diagram

HZ(GaZ) L) HZ(H7Z)
Mm@ MO vy
commutes.

Proof. This follows from Proposition 5.5 of [2], p. 51]. O

Lemma 9. The diagram

@, M(Gv) = )
(5) (M(ﬂ))l M(”’l
S, M)

D, M(H") ——— M(H)

commutes. Let
Ja ::ZM(L%) and 0, ::ZM(L%).
Then h can be identified with the map

Sryr+ Coker(6r) — Coker(dy)

induced by M ().
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Proof. We obtain by applying Lemmas [4| and |8| to . This proves the
commutivity of and allows us to identify Rp/;, with Sp/r. O

Corollary 10. g can be identified with the map
St/r, X Spyr,: Coker(dr,) — Coker(dy,) x Coker(dp, ).
The exterior square of a finite abelian group G is defined as
GAG:=G®G/{gRglg€q).

Lemma 11. If G is abelian, then M(G) is naturally isomorphic to G A G.
That is, for every homomorphism of finite abelian groups p: G — H there is
a commutative diagram of the form

M@ 29 v

GAG 25 HAH
where @ A @ s the map induced by ¢ @ @.

Proof. This follows from 4.5 and 4.7 in 2] 1.4]. O

Lemma 12. The diagram

PO ze
IR

®, G AGY GAG
(6) (e | e |

2, L\
I

@, H' A HY HAH

commutes. Let

€F ::ZL”G/\L”G and  €r, ZZZL}){/\LUH.

v v

Then h can be identified with the map
Tr/1: Coker(er) — Coker(er,)

induced by ™ A 7.
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Proof. We obtain @ by applying Lemma |11|to . This proves the commu-
tivity of @ and allows us to identify Sp/y, with Tp/r. O

Corollary 13. g can be identified with the map
Tr/r, X Tryr,: Coker(er) — Coker(er,) x Coker(ep, ).
3. The Second Obstruction

We begin this section by constructing an exact sequence that contains the
map

f: (L /K) x II(Ly/K) — HI(L1, Lo/ K)
defined by
(aN(Ly), yN(L3)) = oy~ N(L{)N(L3).

Proposition 14. If L1, Lo is a pair of finite extensions of K, then there is
an exact sequence of the form

KX ﬂN(JLl) ﬂN(JLQ)

f
- L NI N HI(L,/K) x I (Ly/K) 5
JK
H_[(L1,L2/K) — KX (N(JLl) ON(JLQ)) -
JKr I L

1.
K*N(Jp,) " K*N(J,)  K*N(Jp)N(,)

We can think of this as a generalization of Proposition 1 in [7]. The proof
of Proposition [I4] uses the following elementary lemma.

Lemma 15. Let A be an abelian group with subgroups B and C. The
sequence
A KN A o A N A
ANB B C BC
where @ and ¥ are defined by

11—

p(xANB) = (zB,2C) and ¥ (zB,yC) = zy~'BC,

1S exact.
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Proof of Proposition [ We obtain the commutative diagram

1 . KX KX KX K* 1
N(LI)NN(L) N(LY) & N(L3) N(LY)N(L3)
N Jr JK JK JK
1 N, )NN(J5,) N X N(J,) Nz, )N(J1,) 1

by applying Lemma twice. The top row corresponds to A = K*, B =
N(L{), and C = N(LJ ), while the bottom row corresponds to A = Jg, B =
N(Jr,), and C = N(Jr,). The vertical maps are induced by the inclusion
K* — Ji. Applying the snake lemma to this diagram gives . O
It follows from the exactness of that

K*N(Jp,)NK*N(JL,)
K*(N(Jp,)NN(JL,))

(8) IHQ(Ll,LQ/K) ~

We give an upper bound for the order of IIly(L;, Lo/ K) by using class
field theory to estimate the order of this quotient. For a global field F', we
let Cr denote the idele class group of F.

Lemma 16. Let L1, Ly be a pair of finite extensions of K, and let L = L1 Lo.
If M; is the mazimal abelian subextension of L;/K, and M is the mazimal
abelian subextension of L/K, then

[M : K]

|2 (L, Lo/ K)| < Mol K]’

In particular, if M = My My, then the second obstruction is trivial.

Proof. Clearly N(Jr) < N(Jr,) " N(Jr,), so it follows from that
HlIy(Ly, Lo/ K) is isomorphic to a quotient of

K*N(J,) NK*N(Jy,) _ N(Cr,)NN(Cy,)

(9) K*N(JL) = TN

According to [3l, Exercise §|,

N(Cr) = N(Cwm), N(Cr,) = N(Cw,),

i

by [1I, p. 55],
N(Cwm,) N N(Cun,) = N(Cutyt,),
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and by [3, p.172 Theorem 5.1 B|,

[CKN(CM)]:[MK] and [CK3N(CM1M2)]:[M1M23K]7

S0
N(CL,)NN(Cyr, N (Chr, 1, M: K
a2, Lo/ 1) < [P C) | (2 ae) |
O
Another approach to the second obstruction is to consider the map
¢ Jr, /Ly Ny, (i) X Ji, /Ly Ny, (Jr) — Ji /KN i (JL)
induced by the product of norm maps Ny ,x and Ny, i as in [6] and [7].
Lemma 17. If ¢ is injective, then
(10) KX ONUL)N(L) = (KO NN LON(LS).
In particular, Uy (Ly, Lo/ K) = {1}.
Proof. See the proof of Lemma 3 in [7]. O
Corollary 18. If L1 C Lo and ¢ is injective, then the natural map
HI(Ly/K) — I(L1/K)
18 surjective.
Proof. In this case, takes the form
K*NN(Jp,) = (K* N N(JL,))N(LY).
O

Lemma 3 of [7] says that ¢ is a bijection if Ly, Ly is a pair of linearly
disjoint Galois extensions of K. This result can be strengthened as follows.

Lemma 19. Let L1, Ly be a pair of Galois extensions of K, let L = L1Lo
and E = Ly N Ly, and let (=)™ denote the abelianization functor. ¢ is injec-
tive iff the natural map Gal(L/E)*® — Gal(L/K)®™ is injective. In particular,
p 1is injective whenever Ly and Lo are both abelian extensions of K.



On the Multinorm Principle for Finite Abelian Extensions 559

Proof. We can factor ¢ as
0 Ng/x
Jea /LY Npyp, (J1) X iy /L3 Niyp, (J1) = Jp/E* Ny p(Jr) =

Jr /KNy (JL),

where ¢q is induced by the product of the norm maps N, g and Np,/g.
L1, Lo is a pair of linearly disjoint Galois extensions of F, so g is an iso-
morphism. It follows that ¢ is injective iff N, is injective. Since the Tate
isomorphisms commute with corestriction [3, p. 197], there is a commutative
diagram

Ng/k
Je/E*Nyp(Jr) — Jk/K*Npg(JL)
Gal(L/E)® ——  Gal(L/K)%®
and the claim follows. O

4. Proof of Theorem 1

Let L1, Lo be a pair of finite abelian extensions of K, let L = L1 Lo, and let
E = Ly N Ly. We begin the proof of Theorem 1 by computing Coker(g).

Lemma 20.
Coker(g) ~ II(E/K).

Let G, G;, and G denote the Galois groups Gal(L/K), Gal(L;/K), and
Gal(E/K) respectively, and let GV, GY, and GY, denote the decomposition
groups of (compatible) fixed extensions of v to the fields L, L;, and E.
Let mi: G — Gy, p: G — GE, pi: G; = G, and p}: GY — G, denote the
canonical projection maps, and let .V: G — G, o7 : GY — G, and },: G —
G g denote the canonical inclusion maps.

By Lemma [I2] and Corollary [I3] there are commutative diagrams

D,G'NG" —— GAG

| el

€r

(11) DG NG — GiNG,

L; J{ PiNps l

@UGUE/\GUE e G NGE
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for i = 1,2 where

eL:E DVANAN eLizg VA
v v

eE:ZLUE/\L%, and Ei:@(pf/\pg),
v

v

and we can identify g with the map
T : Coker(er) — Coker(er,) x Coker(ey,)
induced by the map
To: GAG — (G1 ANG1) x (G2 A Ga)
defined by
To(and) = <7r1(a) A 71(b), ma(a) A 7T2(b)>

for a,b € G.

We start by analyzing 7g. Given subsets A and B of an abelian group
C, we let AA B denote the set of all sums in C' A C of the form , a; A b;
with a; € A and b; € B. Let i be a fixed section of p and define a section py

of py by p1 =mop.

Lemma 21.

(11(Ge) A Ter(p).0) = T i) A Gal(L/ ) ),

(Ker(pl) A (G, o) =T <Gal(L/L2) A u(GE)),
and

(Ker(pl) AKer(p1), 0) =T <Gal(L/L2) A Gal(L/L2)>.

Proof. Direct computation. We note that m(Gal(L/L2)) = Gal(L1/E) =
Ker(pl), Wg(Gal(L/Lg)) =1, 7T1(/L(GE)) = ,ul(GE), and that gy Aga =0
whenever go = 1.

O

These identities allow us to compute the cokernel of 7j.
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Lemma 22.

Coker(’ﬁ]) ~Ggr NGEg.

Proof. Since Coker(7y) and Gg A G g are finite groups, it suffices to construct
a surjective homomorphism from each to the other. We define a surjective
homomorphism

Py (Gl/\Gl) X (Gz/\Gz)—) G NGg

Py(a Ab,0) = pi(a) Api(b) and  Py(0,cAd) = —pa(c) A pa(d)

for a,b € Gy and ¢,d € Ga. Pyo Ty =0, so Py induces a surjective homomor-
phism

P: Coker(’ﬁ)) — Gg NGE.

To get a homomorphism in the other direction, we first define a set map

So: Gg x Gg — Coker(%)

%@Jw:Qm@Aumﬁm)+hM%>

fore, f € Gp. If e1,e2 € G, then py(ere2)p1(e1) tpi(e2) ™t € Ker(p1), so it
follows from Lemma [21] that

So(erea, f) — So(e1, f) — Solez, f) =

(m@w»mwn*m@ﬁ*Aumﬁn)+hﬂ%>=a

A similar calculation can be done for the second argument, so Sy is bilinear
and induces a homomorphism S: Gg A Gg — Coker(7y). It remains to show
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that S is surjective. Since w9 A Ty is surjective, we have
Coker(7py) = (Gl NG, 0) + Im(7y),

and it suffices to show that

(91 A g, o) T (7o) = ((m 0 p1)(91) A (11 p1)(2). o) T Im(To)

for all g1, g2 € G1. Since

(k10 p1)(gi)g; " € Ker(pr),

for ¢ = 1,2, this follows from Lemma 2] O

Proof of Lemma[20 Since g can be identified with 7 and III(E/K) can be
identified with Coker(eg), it suffices to prove that Coker(7) ~ Coker(eg). P
induces a homomorphism

P: Coker(T) — Coker(eg)

which must be surjective since P is surjective. Since the maps £; in are
surjective, and since P is injective, a short diagram chase shows that P must
also be injective. OJ
Proof of Theorem 1. By Lemma Is(Ly, Lo/ K) = {1}, so
II(Ly, Le/K) = 11 (Ly, Ly/K). According to Lemmas and
II(Ly, Ly/K) is isomorphic to a quotient of III(E/K). Since both of
these groups are finite, it suffices to show that III(E/K) is isomorphic to a
quotient of III(L;, Ly/K). Consider the map

j: HI(L/K) - II(L,E/K) = III(E/K)
defined by
aN(L*) — xN(E™).

L, E is a pair of abelian extensions of K, so Lemma and Corollary
guarantee that j is surjective. j factors through II(Lq, Lo/ K), so HII(E/K)
is a homomorphic image of III(L1, La/K). O
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5. Examples and Discussion

In this section we describe several applications of the methods developed in
the previous sections and discuss some problems related to the multinorm
principle.

Example 1. If Ly, Lo is a linearly disjoint pair of finite Galois extensions
of a global field K, then we can recover the main theorem of 7] by using
the results from §2 and §3 to prove that III(L;, Ly /K) = {1}. To prove that
HI,(Lq, Lo/ K) = {1}, it suffices to show that

g: T(L/K) — T(Ly/K) x TI(Ly/K)

is surjective. Let G = Gal(L/K), G; = Gal(L;/K), and let m;: G — G; be
the natural projection map. By Corollary [10] it suffices to show that

(12) M(m1) x M(ms): M(G) — M(G1) x M(G2)

is surjective. Let ¢;: G; = G be the monomorphism corresponding to the
natural identification

Then m; 0¢; =idg, and ms_; o ¢; is the trivial homomorphism, so M(m;) o
M (1;) = idpy(q,) while M (m3-;) o M (1) is the zero map, and the surjectivity
of follows.

If M; and M denote the maximal abelian subextensions of L;/K and
L1Ly/ K respectively, then M = MMy, so s (L1, La/K) = {1} by Lemma
116l

Example 2. In light of Theorem 1, it is natural to ask what can be said
about the multinorm principle for n-tuples of abelian extensions. Unfortu-
nately, the conclusion of Theorem 1 can fail for n > 3. That is, there are
n-tuples of abelian extensions which do not satisfy the multinorm principle
even though their intersection satisfies the norm principle. For example, if
K =Q, L1 = Q(+/13), Ly = Q(v/17), and L3 = Q(+/13-17) are the exten-

sions from Example 2 in [7], then

K*NN(Jp,)N(Jr,)N(JL,)
N(L{)N(L3)N(L3)

m(Ll,LQ,Lg/K) = ZZ/QZ
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even though Ly NLeNLs=K. (So L1 N LyN L3/K trivially satisfies the
norm principle.)

One of the key ingredients in our proof of Theorem 1 is the fact that the
map

f : I_[I(Ll/K) X H_I(LQ/K) — IlI(Ll,LQ/K)
defined in §1 is surjective for every pair of abelian extensions. We can define

analogous maps for n > 3, but we cannot get surjectivity for all families of
extensions. For example, the map

HI(L,/K) x II(Le/K) x HI(Ls/K) — II(Ly, Lo, L3/ K)
defined by
(@N(LY), yN(L3), 2N(L5)) = zyzN(L{ )N (L3 )N(L3)

is not surjective for the extensions in Example 2 since each individual exten-
sion satisfies the norm principle and all of the groups II(L;/K) are trivial.
It does not help to add other Tate-Shafarevich groups to the domain. For
example, the natural map (L, Ly/K) — (L1, Lo, L3/ K) factors through
ITI(L,/K), so incorporating it into the definition above does not enlarge the
image.

Another generalization of f is the map

fs: HI(Ly/K) x UI(Lse, Ls/K) — II(Ly, Lo, L3/ K)
defined by
(&N (Ly),yN(L3)N(L5)) = ay~ N(L{)N (L3 )N(L3).
We can construct an exact sequence analogous to that contains f3 by
adapting the proof of Proposition but this is rarely sufficient to compute

HI(Ly, Lo, L3/ K). The domain is trivial for the extensions of Example 2, so
f3 can also fail to be surjective.

Example 3. If L1, Lo is a pair of finite extensions of a global field K, let us
say that L1, Lo satisfies the intersection principle if

K* AN(Jp,) N N(JL,) = N(LY) N N(L).
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The obstruction to this local-global principle is given by

KX ﬂN(JLl) ﬂN(JL2)
N(LY)NN(L*)

mm(Ll,Lg/K) =

This group naturally arises as the first nontrivial term in , and we can
truncate to obtain the short exact sequence
(13)

1— Iﬂm(Ll,LQ/K) — LH(Ll/K) X IH(LQ/K) — Iﬂl(Ll,Lg/K) — 1.

One possibility this suggests is that we may be able to learn about the
first obstruction indirectly by studying the intersection problem. On the
other hand, we can use to determine if the intersection principle holds
whenever we understand 11, (L;, Lo/ K). In particular, we have the following
corollaries to the main theorem of 7] and Theorem 1 of this paper.

Corollary 23. If Ly, Ly is a pair of finite separable extensions of K with
linearly disjoint Galois closures, then

(L1, Lo/K) ~ II(L1/K) x II(Ly/K).

Corollary 24. If L1, Lo is a pair of finite abelian extensions of K, then

~|HI(Ly/K)||OI(Ly/ K)|
’IHQ(LLL?/K)‘ o |]_H(L1ﬂL2/K)| .

Example 4. The map ¢ defined in §3 may fail to be injective even if
E = Ly N Ly is a cyclic extension of K. Let K = Q, L1 = Q(4, 21/4), and Ly =
Q(v2,v3). Then L = Q(3,2"/4,v/3) and E = Q(v/2). Let G = Gal(L/K),
let H = Gal(L/E), let 7 € H be the automorphism defined by complex con-
jugation, and let o € G be the automorphism which sends 21/4 to 21/4
and fixes 4 and v/3. Then H = H® and [0, 7] is a non-trivial element of
Ker(H®™ — G), so it follows from Lemma that ¢ is not injective.
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