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Topological T-Duality for General Circle
Bundles

DaviD BARAGLIA

Abstract: We extend topological T-duality to the case of general
circle bundles. In this setting we prove existence and uniqueness of
T-duals. We then show that T-dual spaces have isomorphic twisted
cohomology, twisted K-theory and Courant algebroids. A novel
feature is that we must consider two kinds of twists in de Rham
cohomology and K-theory, namely by degree 3 integral classes and
a less familiar kind of twist using real line bundles. We give some
examples of T-dual non-oriented circle bundles and calculate their
twisted K-theory.
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1. Introduction

T-duality is a duality between spaces which are equipped with a degree 3
integral cohomology class arising from string theory (see for example [23] and
references therein). In this setting the dual spaces E, E are used as target
spaces for string theory and the duality is an equivalence between string
theories on F and on E. The most prominent example of this being T-duality
between type ITA-IIB superstring theories. In the physical interpretation the
degree 3 class h € H3(E,Z) called the H-flur is the Diximier-Douady class
classifying a gerbe G on E. When the gerbe G is equipped with connection
and curving one may define the holonomy of G over a compact oriented
surface ¥ — FE and this holonomy contributes to the path integral for string
theory on E.

Loosely speaking a pair of spaces are T-dual when they are torus
fibrations over a common base and the non-singular fibers are dual tori.
A more precise statement of T-duality is given by the Buscher rules [12]
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which apply to principal torus bundles with invariant metric g and closed
3-form H, which may be interpreted as the curvature of a bundle gerbe
with connection and curving (see Section [7.1]). The Buscher rules are given
by a local formula expressing a dual geometry (g, H ) from (g, H). However
the Buscher rules apply only in local charts where both the torus bundle
and the gerbe admit trivializations. This leaves the question of how to
understand the global nature of T-duality.

In [7] a global topological description of T-duality was formulated
which was shown to be consistent with the Buscher rules [8]. We call
this topological T-duality as it expresses a purely topological statement
of T-duality that does not involve metrics or other geometric structures.
For topological T-duality one considers pairs (E,h) where E is a principal
torus bundle and h € H3(E,Z) is a degree 3-cohomology class, the H-flux.
In this paper we extend topological T-duality from principal circle bundles
to general circle bundles which are not necessarily orientable. The idea
of developing such an extension actually arose from considering Courant
algebroids and their relation to T-duality. Many of the results will extend
to higher rank torus bundles where in place of non-orientability we consider
non-trivial monodromy. One of the motivations for developing a theory of
topological T-duality with non-trivial monodromy comes from topological
mirror symmetry [24]. When torus fibrations have singularities there will
generally be a non-trivial monodromy around the fibers, so we would like
T-duality to incorporate this feature in the hope of developing a topological
mirror symmetry with flux, expanding on [43]. We have decided to leave
the higher rank case to a forthcoming paper so that we can focus here on
the circle bundle case. This already demonstrates much of the relevant
modifications one needs without getting weighed down in the complications
that occur for higher rank T-duality [II], [8] which have been explained
in terms of non-commutative geometry [35], [36] and even non-associative
geometry [9].

To explain our formulation of T-duality let us first recall the definition of
topological T-duality in [7] for principal U(1)-bundles. Let (E, k), (E, h) be
pairs consisting of principal U(1)-bundles over a space M and h € H3(E,Z),
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h € H3(E, 7). We then have a commutative diagram

where F is the fiber product F = E x 3 E. The pairs (E,h), (E, fl) are said
to be T-dual if the following conditions hold:

~

e the first Chern class ¢i(F) of E equals 7.h
e the first Chern class ¢1(E) of E equals 7,h

~

o p*h = ph

where m, is the push-forward or Gysin homomorphism in cohomology
7. H*(E,Z) — H*~Y(M,Z) and similarly for #,. Roughly speaking
T-duality can be understood as an interchange between the first Chern
class and part of the H-flux. For every pair (E,h) there exists a T-dual
pair (E , ﬁ) which is unique up to bundle isomorphism.

Recall that for each class h € H3(E,Z) one may define a twisted K-
theory group K*(E,h). A key property of T-duality is that the twisted
K-theories are isomorphic up to a shift in degree:

K*(E,h) ~ K*Y(E,h).

If the spaces are smooth manifolds and H, H are closed forms representing
h,h in real cohomology then we can also define twisted cohomology and
there is an isomorphism

H*(E,H) ~ H*Y(E,H)

where the twisted cohomology H*(E, H) is the cohomology of the space
O*(E) of differential forms on E thought of as a Zs-graded complex with
differential dg = d + H.

We can formulate a similar notion of T-duality for general circle
bundles. We prove existence and uniqueness of T-duals in this more general
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setting. We also prove an isomorphism between the twisted K-theories and
twisted cohomologies of T-dual spaces but for this result to hold we need
to consider an additional kind of twist in K-theory and cohomology which
accounts for non-orientability of the circle bundles.

For T-duality we need to recall the classification of circle bundles and
this is done in Section Actually we classify affine torus bundles, those
torus bundles which have a reduction of structure to the group Aff(7") =
GL(n,Z) x T" of affine transformations of 7. Even if we are just interested
in the case of circle bundles this more general classification is useful because
the correspondence space F' = E Xy Fisa higher rank torus bundle and our
proof of existence of T-duals makes careful use of the Leray-Serre spectral
sequence for F — M.

In summary affine torus bundles over M are classified by a pair (p,c)
where p is a homomorphism p : (M) — GL(n,Z) called the monodromy
and ¢ € H?(M, A,) is a degree 2 cohomology class with coefficients in a local
system A, determined by p, called the twisted first Chern class. Two pairs
(p,c), (p',c) give the same T™-bundle if and only if they are related by the
natural action of GL(n,Z).

For circle bundles E — M the monodromy is just an element
¢ = wyi(E) € HY(M,Zs) which we also call the first Stiefel-Whitney class
of E and the twisted first Chern class an element ¢ = ¢ (E) € H?(M, Z)
where Z¢ is the system of local coefficients determined by &.

Now we can now give our definition of T-duality for circle bundles. Let
E — M be a circle bundle over a space M and h € H3(FE,Z). There is a
push-forward operation . : H*(E,Z) — H*"1(M,Z¢) where  Zg is the local
system determined by the class { = w1 (E). We say a pair (E h) consisting
of a circle bundle £ — M and flux h € H3(E,Z) is T-dual to (E,h) if the
following conditions are satisfied:

e the Stiefel-Whitney classes agree: £ = wy(F) = wy (E)

e ¢1(E) = #.h and ¢1(F) = m,h

o p*h = p*h.

In Proposition we prove that for any pair (E,h) there exists a

T-dual pair (E, h) havmg the desired properties and that (E,h) is unique
up to bundle isomorphism.
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For smooth manifolds we can give a description of T-duality using
differential forms. If (E,h) and (E, h) are T-dual pairs over M and we rep-
resent A in real cohomology by a closed 3-form H € Q3(E) then we can give
an explicit construction for the dual 3-form H representing h. For principal
circle bundles the usual construction is done by choosing connections on
E,E. We extend this construction to the more general case using a notion
of twisted connection introduced in Section Alternatively the fiber
orientation class ¢ € H'(M,Zs) determines a double cover m : My — M
such that m*(E) — My admits the structure of a principal circle bundle.
Moreover the composition m*(E) — My — M is a principal O(2)-bundle
and a twisted connection amounts to an O(2)-connection on m*(E). From
this point of view T-duality of circle bundles can be interpreted as a
T-duality of principal O(2)-bundles.

Next we compare the twisted cohomology of the pairs (E, H), (E, H).
We would like to define a map between twisted cohomologies of (E, H) and
(E, H) by means of a kind of Fourier-Mukai transform. Thus we first perform
a pull-back p* : H*(E,H) — H*(F,p*H), then since p*H = p*H there is a
2-form B € Q?(F) such that

p*H — p*H = dB

inducing an isomorphism e : H*(F,p*H) — H*(F, pH ) given by multipli-
cation by ef. The final step is a push-forward or integration over the fibers
Pyt H*(F,p*H) — H*Y(E, (¢, H)) where we have introduced a second kind
of twisted cohomology H*(E, (¢, H)). The lack of consistent fiber orientation
means that fiber integration picks up this additional twist. Corresponding
to the class £ € H'(M,Zs) is a flat line bundle (R¢, V). We then define
H*(E, (¢, H)) to be the cohomology of the complex * (E,Rg) with differ-
ential dv, g =dv+ H. Putting it all together we have defined a T-duality
map
T=p,0ePop*: H(E,H) — HYE, (¢ H)).

In a similar manner there is also T-duality map
Te : H*(E, (¢, H)) — H*Y(E, H).
We prove in Proposition [5.8] that the maps 7', T¢ are isomorphisms.

Turning now to twisted K-theory in addition to twists by classes in
H3(X,7Z) we would also like to be able to twist by classes in H'(X,Zs) in
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a way that accounts for fiber orientation. In fact such twists of K-theory
have been around since the work of Donovan and Karoubi [19], though
only for torsion classes. More recently Freed, Hopkins and Teleman [21]
consider precisely the type of twisted K-theory we require. For any
pair (&,h) € HY(X,Z9) x H3(X,Z) there is a twisted K-theory group
K*(E,(&,h)). More correctly twists of K-theory can be defined using a
notion of graded bundle gerbe which is a slight extension of the more familiar
ungraded bundle gerbes. We review this in Section The relevance of
twists by classes in H'(X,Zy) to type II superstring theory has been
observed in [I§], based on a different line of reasoning.

For a T-dual pair (E,h), (E,h) we construct maps

T :K*¥
Te  K*(

~

E,h) — K*Y(E, (&, h))
E, (&) — K* (B, )
which are similarly defined as a kind of Fourier-Mukai transform. In
Proposition [6.8 we show that 7', T¢ are isomorphisms, at least if the base
M admits a finite good cover.

There is a twisted Chern character in twisted K-theory. If G is a graded
gerbe with connection and curving with curvature H then the twisted Chern
character has the form

Chg : K*(X,G) — H*(X, (¢, H))

where ¢ is the H'(X,Zs)-component of the class of G in H(X,Zs) x
H3(X,7). The twisted Chern chacter is often described only for ungraded
bundle gerbes however the extension to graded gerbes is quite trivial and we
explain this in Section With suitable conventions in place the twisted
Chern character is preserved under T-duality in the sense that we can con-
struct a commutative diagram

K*(B,G) —> K*(E,7*y ® G)

o o

H*(E,H)—L~ H*Y(E, (¢ H))

here « is a graded gerbe that can be associated to the class £. To show this
we extend the Riemann-Roch formula in twisted K-theory from the case
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of twists classified by H3(X,Z) to twists classified by H' (X, Zs) x H*(X,Z).

In Section [8] we explain the connection between T-dual circle bundles
and Courant algebroids. Let w: F — M be a circle bundle over M and
h € H3(E,Z) a degree 3 cohomology class. Exact Courant algebroids on E
are classified by H3(E,R) so there is a unique exact Courant algebroid on F
classified by h. If E is given an affine structure then one can take invariant
sections which determines a corresponding Courant algebroid £(F,h) over
the base M. One can do the same thing for the T-dual pair (E,iz) to
get another Courant algebroid £(E, h) on M. We show in Proposition
that the Courant algebroids (E, h),E(E, h) are isomorphic. The existence
of such an isomorphism is a weaker statement than T-duality between
(E,h) and (E,h) due to a loss of information about torsion classes in
cohomology. Nevertheless it is an important part of the T-duality story
since geometric structures on £(F, h) can be transported to corresponding
geometric structures on &£ (E, }Az) In particular this applies to generalized
metrics [25] and recovers the Buscher rules.

In section [9] we study some low dimensional examples of T-duality of
non-orientable circle bundles. In some cases we are able to calculate all the
relevant twisted K-theory groups and the results are consistent with T-
duality. In other case we are only able to calculate the twisted K-theory
group modulo an extension problem. In this case we can actually use T-
duality to determine the group by calculating the corresponding twisted
K-theory group of the T-dual.

2. Local coeflicients

We provide a review of cohomology with local coefficients for the benefit
of the reader and to establish notation. References for local coefficients are
126, 4],

_ Let X be a path-connected topological space admitting a universal cover
X. Let A be an abelian group and Aut(A) the group automorphisms of A.
Consider the following structures:

e Representations p : m1(X) — Aut(A).

e Covering spaces Y — X with fibers isomorphic to A and a fiberwise
addition Y X x Y — Y which restricted to the fibers corresponds to
addition in A.
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e Sheaves of groups I' on X such that each point x € X has a neighbor-
hood U such that I" restricted to U is the constant sheaf A.

Up to isomorphism all three of these structures are in bijection. In the
case of representations 1 (X) — Aut(A) two representations are isomorphic
if they are conjugate under Aut(A). From a representation p we form a
covering space A, = X x, A and a sheaf I'(4,), the sheaf of sections of A,,.

Given this correspondence we will refer to any one these three struc-
tures as a system of local coefficients and call the group A the coefficient
group of the local system. Sometimes we will refer to the representation
p:7m(X)— Aut(A) as the monodromy of the local system.

We can consider homology and cohomology with local coefficients in
a number of ways. First we look at singular homology and cohomology.
Starting from the representation p we may form the chain complex with
coefficients in A,, Cyn(X,A,) = C,(X,Z)®, A. Here the tensor product
®, means a tensor product of right and left Z[m(X)]-modules. The
boundary operator 0 for C*(f( ,A) clearly descends to a boundary oper-
ator on C,(X,A,) and the homology H.(X,A,) of this complex is by
definition the homology of X with local coefficients in X 4. Similarly we
can form the cochain complex C"(X,A4,) = Homz[ﬂl(x)](Cn(X,Z),A) and
the coboundary operator § on C*(X ,A) descends to a coboundary oper-
ator on C*(X, A,). We let H*(X, A,) denote the corresponding cohomology.

If we consider a system of local coefficients as a sheaf I'(4,) then we can
take Cech cohomology groups H*(X,I'(A4,)). We have [41]:

Proposition 2.1. If X is locally contractible then there is a canonical iso-
morphism H*(X,T'(A,)) ~ H* (X, A,).

In particular this applies to all smooth manifolds. Henceforth whenever
we consider cohomology with local coefficients of a space X we assume X
is locally contractible and use H*(X, A,) to denote either singular or Cech
cohomology.

Next we will consider de Rham cohomology twisted by local coefficients.
Let X be a smooth manifold and A, — X a local system with coefficients a
finitely generated abelian group A. Then Agx = A ®7z R is a finite dimensional
vector space and (A,)r = X x » Ar is a vector bundle with flat connection
V. The monodromy of V is the image of p under Aut(A) — GL(Ag). We can
form the de Rham complex twisted by V which is the space Q*(X, (4,)r) =
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CO(N'T*X ® (Ap)r). There is a twisted exterior derivative dy characterized
by the property

dy(w®a) =dw®a+ (-1)’w A Va

where w is a p-form and a is a section of (A4,)r. We let H (X, (A,)r) denote
the cohomology of this complex.

Proposition 2.2. Let X be a smooth manifold and A, a system of local
coefficients with monodromy p for a finitely generated abelian group A. There
is a canonical isomorphism

Hy (X, (Ap)r) = H*(X, (4,)r)
where (Ay)r is the local system (A,)r = X x, Ag.

Remark 2.3. Note that the set (A,)r can be viewed as either a vector
bundle or a covering space. The topologies are different.

Proof. Let I'((A,)r) be the sheaf of sections of (A,)r with the covering space
topology. Then clearly I'((A,)r) is also the sheaf of covariantly constant
sections of (A,)r viewed as a flat vector bundle. From here the proof follows
the usual Cech-de Rham isomorphism. We have an acyclic resolution

dv dV
—=0l(X, (Ap)r) — ...

0 = F((AP)R) - QO(X7 (AP)IR)
Break the sequence up into short exact sequences, take the associated long
exact sequences and use the fact that each Q*(X, (4,)r) is acyclic. We thus
obtain canonical isomorphisms Hg (X, (4,)r) ~ H*(X,T'((Ap)r))- O

Next we recall that Poincaré duality has an extension to compact non-
oriented manifolds using local coefficients [26]:

Proposition 2.4 (Poincaré duality). Let X be a compact n-manifold.
There is a local system Zorm with coefficients in 7 given by assigning to
x € X the group Ho(X, X —{x},Z) ~ Z. For any local system A, There
are canonical isomorphisms

HY(X,A,) ~ Hypi(X, Ap @ Ziowm).

We would also like to point out the existence of a push-forward map
for cohomology with local coefficients. For our purposes we really just need
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the following special case: let m: E'— B be a fiber bundle with fiber F' a
compact oriented manifold of dimension d. We get a local system I'p where
' is the sheaf associated to the presheaf U +— H(7~1(U),Z). Since F is
oriented we see that I'r is a local system with coefficient group Z. If A, is
any other local system on B there is a push-forward map

T H(E,7%(A,)) - H™%B,A, @ T'r).

One way to define the push-forward is through the Leray-Serre spectral
sequence for the fibration 7 : E — B [4] in which case it corresponds to the
composition

HY(E,7*(A,)) = ES% » B4 — HI=4(B, A, @ ).

In the case of de Rham cohomology twisted by a local system the push-
forward really is an integration over the fibers. The integration picks up a
sign ambiguity in choice of fiber orientation and this is accounted for by the
local system I'p.

3. Affine torus bundles
3.1. Classification

Let T" = R™/Z"™ be the standard n-dimensional torus. The classification
of principal T"-bundles is straightforward and very well known. Since we
are interested in extending topological T-duality to the non-principal case
we would like a classification of arbitrary torus bundles. This is a difficult
question but there is an easier intermediate, namely affine torus bundles.
For n < 3 it turns out that every torus bundle admits an affine structure,
so this gives a complete classification of T"-bundles for n < 3.

Let Diff (T™) be the group of diffeomorphisms of 7. Given a subgroup
G of Diff(T™) we can consider torus bundles constructed out of transition
maps valued in G. Principal T™-bundles for example have transitions func-
tions valued in T™ which acts on itself by translation. We will consider a
more general class of torus bundles, namely affine torus bundles, those built
out of transition functions valued in the group Aff(T") = GL(n,Z)x T"
which acts on 7™ by affine transformations. It turns out that for n <3
the inclusion Aff(7T™) — Diff(7T™) is a homotopy equivalence, from which it
follows that every T"-bundle with n < 3 admits an affine structure. The case
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n = 1 is straightforward, the case n = 2 was proved in [20] and n = 3 in [27].

In what follows we will come to a classification of affine torus bundles.
To simplify matters we will assume M is connected, paracompact and
locally contractible. The result is that affine T"-bundles correspond to pairs
(p,c) where p : 71 (M) — GL(n,Z) is a homomorphism and ¢ € H*(M, A,),
where A, is a local system determined by p. We identify pairs (p, ¢), (¢, )
when they are related by the action of GL(n,Z).

Let V' = R™ denote an n-dimensional vector space and A C V a lattice of
rank n. Let A* = Homy(A,Z) C V* be the dual lattice. The cohomology ring
H*(T™,Z) of the torus T™ = V//A can be identified with the exterior algebra
A*A* of the dual lattice, that is the subring of A*V* generated over Z by A*.

Let 7 : E — M be an affine T™-bundle. Thus F is associated to a princi-
pal Aff(7T")-bundle over M. Using the homomorphism Aff(7") — GL(n, Z)
we get a principal GL(n,Z)-bundle over M or equivalently a representation
p:m (M) — GL(n,Z) called the monodromy representation of E. The mon-
odromy representation has a more direct interpretation as we now explain.
Let M — M be the corresponding principal GL(n, Z)-bundle determined by
p and let A, be the local system of groups A, = M XGL(n,z) A- Since M is
locally contractible the dual local system AZ is the sheaf R'm,Z associated
to the presheaf which maps an open set U C M to H'(z~*(U),Z). More
generally we get a local system RFm,Z by taking fiber cohomology of any
degree. Since F is a torus bundle the sheaf associated to the presheaf
U+ H¥(m=Y(U),Z) can be identified with /\kAZ.

As above we let M be the principal GL(n,Z)-bundle corresponding to
p. Let E be the pull-back of E to a torus bundle on M. The local system
A, pulled back to M becomes trivial. It follows that F admits the structure
of a principal T™-bundle compatible with the existing affine structure.
Moreover, since E is a pull-back by the map 7 : M — M is follows that
there is a right action of GL(n,Z) on E by fiber bundle automorphisms.
The action of GL(n,Z) on FE mixes up the principal bundle action of T"
on F according to the usual action of GL(n,Z) as group automorphisms of
T™. To put it more concretely E — M is a principal GL(n,Z) x T"-bundle,
that is a principal Aff(T™)-bundle over M. Of course E is the associated
fiber bundle E = E Xag(rm) I
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Let £ — M be a principal Aff(T")-bundle over M. We identify Aff(T™)
with GL(n,Z) x T™ with group law

(9, t)(g',t) = (99', tg(t")).

There is an open cover {U;} of M such that E admits trivializations U; x
Aff(T™) with transition maps h;j : Uj; — Aff(T™) of the form

hij = (9ij, 1) (1, tij) = (i, 9ij (tij))

where g;; : U;jj = GL(n,Z) are transition functions for the underlying prin-
cipal GL(n,Z)-bundle M — M and t;; are maps t;; : Ujj — T™.

We identify the trivializations U; x Aff(T™) with U; x GL(n,Z) x T™ by
multiplication GL(n,Z) x T™ — Aff(T™). Under this identification the tran-
sition maps h;; act as

(3.1) hij(u, g,v) = (u, gij(u)g, tij(u, g)v)

where t;;(u,g) is defined to be g~ 't;;(u). One checks that t;;(u,g) :
Uij x GL(n,Z) — T" are the transition maps defining F' as a principal
T™-bundle over M.

Conversely given a principal GL(n, Z)-bundle M — M defined by transi-
tion functions g;; : U;; — GL(n,Z) and functions t;; : U;; x GL(n,Z) — T"
satisfying the conditions:

o t;;, =1onU;
o tij(u, 9)tji(u, gij(u)g) = 1 on Uy
® 1jr(u, 9)tij(u, gjrg) = tir(u, g) on Uiz and
o tij(u,gh) = h™'t;;(u, g)
we construct a principal Aff(T™)-bundle E — M with transition maps .

Assume now that the cover {U;} is such that on double intersec-
tions we can find lifts #;; : U;; x GL(n,Z) — R™ of the maps t;; : U;; X
GL(n,Z) — T™. We may also assume the lifts fij are equivariant in that
fij (u, gh) = h_lfij (u, g). The coboundary c¢;j, = fij + fjk + ty; is a map Cijk -
Uiji, x GL(n,Z) — A which is likewise equivariant. Thus {c;;;} determines
an element in H2(M,A,), degree 2 cohomology with local coefficients. It is
not hard to see that the cohomology class of {c;;ji} is independent of the
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choice of cover and choice of local trivializations. Thus associated to any
principal Aff(T™)-bundle E — M is a class ¢ € H*(M, A,) which we call
the twisted Chern class of E. Note that a principal GL(n,Z)-bundle over
M determines a monodromy representation p : (M) — GL(n,Z) only up
to conjugation. If p’ = gpg~! for some g € GL(n,Z) then g induces an iso-
morphism of local systems g : A, — A,. We should therefore consider pairs
(p,c), (¢, ) as equivalent if they differ by the natural action of GL(n,Z).

Proposition 3.1. For every representation p:mi (M) — GL(n,Z) and
class ¢ € H*(M, A,) there is a principal Aff(T™)-bundle over M with mon-
odromy p and twisted Chern class c.

Proof. Let p: M — M be the principal GL(n, Z)-bundle corresponding to
p. If we take the exact sequence of sheaves on M

1-A—=CR")—=C(UD)") =1

and quotient by GL(n,Z) we get a corresponding exact sequence of local
systems on M of the form
1— A, = C(R}) — C(U(1)y) — 1.

Now since C(R}) is a fine sheaf we have an isomorphism H 2(M,A,)
= H'(M,C(U(1)7)). Elements of H'(M,C(U(1))) can be represented as fol-
lows. There is an open cover {U;;} of M such that p~*(U;) = U; x GL(n,Z)
and a collection {t;;} of functions t;; : p~1(U;;) = U;j x GL(n,Z) — U(1)"™.
The functions {t;;} satisfy precisely the conditions required to construct
a principal Aff(7™)-bundle E. Moreover the corresponding element ¢ €
H?(M, A,) is easily seen to be the twisted Chern class of E. O

If E— M is an affine torus bundle then we have seen that there is
a principal GL(n,Z)-bundle p : M — M such that E = p*(E) admits the
structure of a principal Aff(7")-bundle and that E is the associated bundle
E=E X ai(n) 1™ Associated to F is a twisted Chern class ¢ € H? (M, A,).
However one must ask whether distinct principal Aff(7")-bundles can give
rise to the same T"-bundle. The following shows that in fact the classifi-
cation of affine torus bundles up to bundle isomorphism coincides with the
classification of principal Aff(7™) bundles:

Proposition 3.2. If M is connected then two affine torus bundles E — M,
E' — M with monodromy representations p, p' and twisted Chern classes ¢, c
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are isomorphic as T™-bundles if and only if the pairs (p,c) and (p',c') are
related by the action of an element of GL(n,Z).

Proof. Consider the case where E, E' — M are in fact principal T"-bundles.
There exists an open cover {U;} such that we have local trivializations
U; x T" for E,E’ with transition functions tij,tgj :Uij = T™. We can
assume the cover is such that tij,t;j admit lifts t,;j,fgi : Ui];—> Ril. The
Chern classes of E,E’ are then represented by c;ji = tij + tj5 + ty; and
Chip = iy + Uy 4 Ty

Now suppose ¢ : £ — E’ is a bundle isomorphism, but not necessarily
a principal bundle isomorphism. In local trivializations ¢ is given by maps
¢; Uy x T™ — U; x T™ fitting in to commutative diagrams

Uij X ’Im&-UZJ x Tm

passing to homology we see that (¢;). = (¢;)« : A = A so in each trivializa-
tion (¢;)« acts as some fixed g € GL(n,R).

A homeomorphism 7™ — T"™ lifts to a homeomorphism R™ — R"
because R™ is the universal cover of T". In particular we can lift the maps
é; to ¢; : Uy x R — U; x R™. The commutation relations ditij = t;jgbj lift
up to a map R"™ — R” which is the identity on T™. Such a map must be
translation by an element of A. If we assume the U;; are simply connected
then we can find 7;; € A such that

GitijTij = ti;0

where we identify an element of R” with the corresponding translation R"” —
R™. Now observe that

GBiCijkTijTjkai = GzifijTijEjijkfkﬂki
= EgjﬁgjgjijkEkiTki
ﬂjf}kflgkfkﬂki
b uti i

= Cindi-
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As elements of the Cech cochain complex we can write this as

cijie + (07)ije = &7 (cijp)
but note that since ¢}, is valued in A we have that qu_l(cgjk) = g_lc;jk. We
have thus shown that the Chern classes of E, E’ are related by an element
of GL(n,Z).

In the more general case of affine torus bundles a similar proof applies.
One needs to take care of GL(n,Z)-equivariance but otherwise the proof is
essentially the same as the principal T"-case above. O

Classification of circle bundles: consider the special case of circle
bundles over M. Since every circle bundle 7 : £ — M has an affine structure
they are determined by pairs (£, ¢) where £ is a homomorphism & : (M) —
GL(1,Z) = Zs. Thus € is an element of H'(M, Zs). The class ¢ measures the
orientability of £ — M so we call it the first Stiefel- Whitney class of E/ and
write £ = w;(E). In the differentiable case w; (E) is the first Stiefel-Whitney
class of the vertical bundle Ker(m,).

Let Z¢ be the local system with Z-coefficients determined by £. So the
twisted Chern class of a circle bundle with monodromy ¢ is an element of
H%(M, Z¢).

We conclude that circle bundles correspond to pairs (£,¢) with & €
HY(M,Zs3) and ¢ € H*(M,Z¢) modulo the action of GL(1,Z) = Zy where
—1 sends a pair (§,¢) to (£, —c).

3.2. Leray-Serre spectral sequence

For T-duality we will need to know the differentials on the FEs stage of
the Leray-Serre spectral sequence for affine torus bundles. This section is
dedicated to a proof of their structure, as given in Proposition [3.3]

Let 7 : E — M be an affine T"-bundle over M. We assume throughout
that M is connected. We can associate to E a monodromy representation
p:m (M) — GL(n,Z) and a twisted Chern class ¢ € H*(M,A,). As we
have shown in Proposition the pair (p, ¢) is only unique up to the action
of GL(n,Z).

Much information about the cohomology ring H*(E,Z) can be obtained
by the Leray-Serre spectral sequence of the fibration 7 : £ — M. Since we
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do not assume the action of 71 (M) on the cohomology of the fibers is trivial
we must use cohomology with local coefficients. The Fo page of the spectral
sequence is given by

EPT = HP(M, NIAZ).
The ring structure on Fs is the natural multiplication
HP (M, NA7) @ HP (M, /\q/AZ) — HPYP' (M, /\‘1+q1AZ)

obtained from the wedge product on A*A7.

Recall that the fibration E — M induces a filtration on H™(E,7Z)
0= Fm+1,m - Frmem C Fm—l,m C...C FO,m — Hm(E,Z)
such that the spectral sequence converges to the associated graded ring

Gr(H*(E)) = @ (Frm/Frthm)

p?m

or more specifically,
P.d _ [pp+q / pp+lptq
EPI = F 23 .

Of particular interest are the bottom row (¢ = 0) and top row (¢ = n)
of the spectral sequence for we have natural maps

(3.2) HP(M,7) = E?° — ER0 = FPP — HP(E,7)
and
(3.3) H"'P(E,Z) — FP"+P [FPhnte — Epr — ED™ = HP (M, A"A%).

It is well known that the map (3.2)) is the pull-back =* : HP(M,Z) —
HP(E,Z). As we have already argued the map (3.3) is the push-forward
T H'P(M,Z) — HP (M, \"A3).

We will need a description of the differentials for the Ey stage of the
spectral sequence. Consider first the case of a principal T™-bundle. Here
the monodromy p is trivial and we thus have EYY = HP(M,Z) ® ANTA*. In
particular consider the differential dy : HY(M,Z) ® A* — H?*(M,Z). This
is an element of Homgz(A*, H*(M,Z)) = H?(M,A). Tt is not hard to see
that this is precisely the Chern class ¢ € H?(M,A). Now we can com-
pletely determine the differentials dy : E? — E§+2’q_1 using the derivation
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property. Indeed do: HP(M,Z) ® NIA* — HPY2(M,Z) @ N9~YA* is given
do(x) = ¢ — x where ¢ — x is obtained by using the product in cohomology
and the contraction A ® AIA* — AY~YA*. More precisely if a € H2(M,7Z),
be A, ce HP(M,Z), d € NTA* then we define

(@a®b) ~ (c®d) = (=1)’(a~ b) @ (ird)
where i,d denotes the contraction of d by b.

For affine T™-bundles with non-trivial monodromy p one might guess
that the differentials do : HP(M, AN1A%) — HPP2(M, A97PA%) are similarly
given by da(z) = ¢ — x where c is the twisted Chern class F' € H*(M, A,)
and ¢ -« z is the combination of the product in cohomology with contraction.
In fact this is the case however the proof is more subtle since generally the
product HO(M, NIAY) @ HP(M,Z) — HP(M, A7A}) need not be surjective.

Proposition 3.3. The differentials dy : HP(M, NIA%) — HPT2(M, ANT7TA%)
for the Leray-Serre spectral sequence are given by the product with the twisted
Chern class followed by the contraction A, @ NTAY — /\q_lAl’;.

Proof. To prove this result we will step back and examine the construction of
the Leray-Serre spectral sequence. The approach that is the most convenient
for us uses a combination of Cech and singular cohomology [5].

Let U = {U;}ics be a good cover of M, that is each U; as well as the
multiple intersections Ujy,..;, = Uj, NU;; N---NU;, are all contractible.
We also assume J is a countable ordered set.

Let 7 : E — M be a fiber bundle over M and let 71U = {7~ Y(U;) }ies
be the the pull-back cover. We note that 7 1(U;) N7 1(U;)N---N

ﬂfl(UiP) = W*I(Ul-oz-lmip). Consider the double complex K** given by
KP4 = CP(n~1U,89) = H SUn ™ Uigiy..i, ) Z)
i0<i1<"'<ip

where S denotes the singular cochain complex. There are two commuting
differentials dg,dc on K™** namely the differential dg coming from the
singular cochain complex and the differential ¢ coming from the Cech
cochain complex. If we let D' =d¢, D" = (—1)Pdg then D = D'+ D" is
a differential D : K — K*! where K' = @D, =i K79 In [5] it is shown
that the cohomology of (K*, D) is the singular cohomology H*(FE,Z) of E.

The Leray-Serre spectral sequence can be derived as the spectral sequence
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associated to this double complex.

Now let m: E — M be an affine T"-bundle over M with monodromy
representation p. Let p: M — M be the principal GL(n,Z)-bundle corre-
sponding to p, so E = p~'E admits the structure of a principal T™-bundle
over M and is furthermore a principal Aff(7")-bundle over M. We have a
commutative diagram of the form

E—L-

AN

/g

E
lw
M

There are local trivializations ¢~ !(U;) ~ U; x GL(n,Z) x T™ which
under the identification m : GL(n,Z) x T" — Aff(T") given by multiplica-
tion become trivializations of E' — M as a principal Aff(7™)-bundle.

Let t;;:Ujj x GL(n,Z) — T™ be transition functions for the 7™-
bundle F — M. We can take t;; to be equivariant in the sense that
tij(u, g) = g~ i (u, 1). Write t;;(u) = t;j(u, 1). Thenlet g;; : Uy; — GL(n,Z)
be transition functions for M — M. It follows that the Aff(7™)-bundle
E — M has transition functions h;j(u) = g;;(u)ti;(u).

Since U is a good cover we can find lifts fij : U;j — R™ of the t;; which
extend to equivariant maps fij : Uij x GL(n,Z) — R™. Moreover we get
equivariant maps c¢;; : Usjr X GL(n,Z) — A given by ¢ = zij + fjk + thi.
It is clear that {c;;i} represents the twisted Chern class for £ — M.

We now have two fiber bundles 7: F — M and 7 : E — M and two
open covers U, p U of the bases M, M so we get two associated double
complexes. We denote these by KP4(7), KP4(7) and the associated spectral
sequences EP?(m), EPY(7). Note that the action of GL(n,Z) on M lifts
to an action on E and this action restricts to an action on the subsets
q_l(UiOilmip) lifting the action on p_l(Uigil,..ip)- This induces an action on
the spaces S%(¢~'(Usyi,..:,)) of singular cochains and thus an action on
KP4(7) commuting with the differentials. If Ujy;,. ;, is non-empty then
p_l(Uioilmip) is isomorphic to Ujy,..;, X GL(n,Z) as a principal GL(n,Z)-
bundle. It follows that K?9(7) can be identified with the GL(n, Z)-invariant
subspace of KP9(7).
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We need also to consider the Fj-stage of the spectral sequences. It
is clear that EP?(m)=CP(U,NIA}) and that EPY(7) = CP(p~'U, NTA¥).
Notice that EY*(7) can be identified with the GL(n,Z)-invariant subspace
of EP(7). Note however that by the Fa-stage a similar identification need
not hold. It is for this reason that we need to go back to the earlier stages
of the spectral sequence.

Take an element a € EY(7). We need to determine da(a). Represent a
by an element w € KP9(7), which we can think of as an invariant element
of KP4(7). An element z € KP*2971(r) is a representative for da(a) if there
exists elements x € KPTH4(7), y € KPTH971 (1) related as follows:

éc
—_—

0
(—1)”5ST
w

x
(—1)"155T
do

Yy—>=z

Modulo the image of dg every representative of da(a) has this form for some
w, T, Y, 2.

Consider first an element a € Eg’l(fr) which is not assumed to be
GL(n, Z)-invariant. Let w; be a representative for a in Eg’l(fr). We have
that E?’l(ff) = C%p'U,A}) = []; Map(GL(n, Z), A*). Thus w; is given
by a collection {a;} of maps «; : GL(n,Z) — A*. For reasons that will
become clear later we restrict to the case where the «; are constant maps
a; : GL(n,Z) — A*. Since w represents the element a € Eg’l(fr) we have
di(w1) = 0. This can only be possible if for all non-empty U;; we have

a; = . Thus there exists a € A* such that a = a; for all 4.

We can represent w; by w € K%!(7) as follows: for each trivialization
we have a projection map pr;: U; x GL(n,Z) x T™ — T™. Since «; is a
constant it can be viewed as an element of A* = H(T™,Z). Choose a lift
a € SY(T™,Z) of a, where S*(T",Z) is the singular cochain complex. We
then take w € K%'(7) =[], SY(U; x GL(n,Z) x T",Z) to be w = {B;}
where 3; = pri(&). It is clear that w is a representative for wy in K% (7).

Now we attempt to determine dg(a) starting from the representative w.

Set z = dcw. Thus z = {r;;} is the element of [[,_, SY(U;; x GL(n,Z) x
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" 7Z) given by

(3.4) i = hi;(B;

Uiy xGL(n,2)xT") = BilU,, xGL(n,z) x T

We are identifying ¢~ (U;;) with U;; x GL(n,Z) x T™ through the inclu-
sion Uij — U; and h,’j : Ujj X GL(?’L,Z) x T — UZ']' X GL(TL,Z) x T™ are the
transition functions for £ — M. Recall that these have the form

hij(u, g,v) = (u, gij(u)g, tij(u, g)v).

In addition if we let pri; be the projection U;; x GL(n,Z) x T™ — T™ then
(3.4]) can be rewritten as

rij = hi;Bij — Bij

where 3;; = pr;‘jd.

Next we want to find functions s;; : Uj; x GL(n,Z) x T™ — 7Z such that
Tij = hfj(ﬁij) — Bij = 0s(si5). The function tii acts on T" by tran~slation:
tijv =v+t;; forv e T". Fort € I = [0, 1] let tt;; be the translation tt;;(v) =
v+ tfij (mod A). This gives a homotopy between t;; and the identity and one
sees easily that b (Bi) — Bij = ds(si;) where s;; is defined by

sij(u, g,v) = a(y;;7 7" (t))

and where ;79" (1) is the path v77"(t) : I — T™ given by ¢ = v + tt;;(u, g).

i )

We let y = {s;5} € K'Y(7) and set z = 0cy = {wijr}. To write w;jp, in
local coordinates we use inclusions U, — U;; — U; so that

uijk(”? g9, U) = Sij (u> g, U) + Sjk?(“’? Gij (U)g, (tij (u> g))U)
+3ki(u7 gik(u)ga (tik(ua g))”l))

It follows that
uwk(ua g, U) = d(ﬂ?j/g’v(t))

where ,u?j’g’v(t) is the path ,u?j’g’v(t) : I = Uijp x T™  given by
t— v +teijr(u, g)). Now since ¢, is integral this path closes and we
can think of d(ugj’g’v(t)) as the pairing of o € A* = H'(T™,Z) with the

twisted Chern class ¢ = {c;x} € H2(M,A,).
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Now let f € EYY(r). Let f; € KP(7) be an invariant representative for
f- We can write f; as follows:

fr=">" fre".

|Il=q

This expression requires some explanation. The sum is over ordered subsets
of {1,2,...,n} of size q. If I = (i1,ia,...,iq) then el =elt Nel2 A... el
where {e'} is a basis for A*. We view elements of A* as elements of
E?’l(fr) = C%p U, A}) = [ Map(GL(n, Z), A*)  corresponding to con-
stant maps GL(n,Z) — A*. The f; are elements of EPO(7) = CP(p~'U, Z).

For g € GL(n,Z) we may write ge’ = géej for some integer coefficients gj
defining ¢g. The action of g on AA* can similarly be written ge! = gﬁe‘l for
some coefficients g§ depending on the g; Let R4 denote the right action of
g € GL(n,Z) on M and R, the right action of g on E. Then by construction
we have

R;el = ghe!

and invariance of f; under GL(n,Z) translates to

(3.5) (R f1)gh = f71.

We can represent f1 in KP9(7) as

fi= Z fré’

[I1=q

where for I = (i;,12,...,i;) we have el =en Ng2A---Aé% and € is a
lift of €' corresponding to a lift of A* = H'(T™,Z) to singular cochains
SY T, 7).

Using the fact that dy(f1) = 0, where d; is the differential d; : KP9(7) —
KPTL4(7) one finds that 6o f; = 0. For the & we have elements z?,y’, 2°
related by

0
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From our earlier results it follows that

Prsi i)
R = g;e
pEi i
Ryt = g
Px i Qg
Ryy' = gjy
Rzt = gi2’

/U‘7g$/u
ijk
to v + ¢ijk(u, g). For I = (i1,ia,...,i,) define 2/ by

) with p;7?"" a path joining v

and 2% = {s{}; } where s, (u,g,v) = e"(n ik

q
pl = (1 TE NG A A A A
j=1

and similarly define y!, z!. Then &, 2!, y’, 2! are related as follows:

[
1 c ZI

and it follows that we have corresponding relations

0
(1)"53T
frét =22 frat

5
fry! —= frz!

By construction the terms in this diagram are invariant so da(f) is repre-
sented in EPT29=1(7%) by frz! which can be identified with ¢ « f where c
acts by a combination of cup product and contraction. Il

A slight generalization of this result is to consider the Leray-Serre
spectral sequence for an affine torus bundle E — M twisted by local
coefficients. If L is a system of local coefficients on M with coefficient
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group a free Z-module then the Fs-term for the spectral sequence has form
EY9 = HP(M,L® AIA%). The differential dy : E5? — EPT2071 g again
given by the product with the twisted Chern class followed by a contraction.
The above proof carries over to this case with one small modification. The
elements f; instead of being valued in CP(p~'U,Z) are taken to have val-
ues in CP(p~'U, L) and the transformation law is modified accordingly.

Gysin sequence with local coefficients: consider the special case
where n = 1, so that £ — M is a circle bundle. In this case the spectral
sequence only has two rows so by a standard argument we obtain a long
exact sequence:

= HY(M,Z) ™ HY(B,Z) ™ H'7 M, AY) 5 HY (M, Z) — ..

This is the Gysin sequence for non-oriented circle bundles. There is a similar
sequence for sphere bundles [32] but we only need the circle bundle case.

4. Topological T-duality of circle bundles

We are now ready to describe a version of topological T-duality which applies
to pairs (F, h) where 7 : E — M is a circle bundle over M and h € H?(E,7Z)
is an integral degree 3 cohomology class on E. There is a straightforward
notion of isomorphism of such pairs namely (E, h) and (E’, h') are said to be
isomorphic if there is a bundle isomorphism ¢ : E — E’ covering the identity
such that h = ¢*(h').

Definition 4.1. Two pairs (E,h), (E,h) consisting of circle bundles 7 :
E— M, #:FE— M and fluxes h € H3(F,Z), h € H3(F,Z) are said to be
T-dual if

e The first Stiefel-Whitney classes agree: £ = wy(E) = wy (E)
e The twisted Chern classes and fluxes are related by m,(h) = ¢1(E),

ﬁ'*(h) = Cl(E)

e Let p,p be the projections p: E xuyE—E and p: Exy E— E.
Then p*(h) = p*(h).

Denote by F' the fiber product F' = FE Xy E. We call F the correspon-
dence space. It is helpful to visualize the relation between the spaces as
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follows

Where we denote by ¢ the projection g =np =7 p: F — M. In this diagram
there are 5 different torus bundles corresponding to 7,7, p, p and gq. We will
need to refer to the associated Leray-Serre spectral sequences. To avoid
confusion we label the different spectral sequences by the associated map.
Thus for example the spectral sequence associated to w: E — M will be
denoted E(m) and similarly for the other maps.

Proposition 4.2. For any circle bundle 7 : E — M with fluz h € H3(E,7)
there exists a T-dual (E, h) which is unique up to isomqrpfaism. Furthermore
the T-duality relation is symmetric so the T-dual of (E,h) is (E,h).

Proof. Let &€ = w1 (E) and ¢ = ¢1(E). Define ¢ = m,(h) € H?(M,Z¢). Then
¢ is the twisted Chern class for a circle bundle p : E—> M unique up to
isomorphism and by construction we have w; (E) = ¢ =wi(E). From the
Gysin sequence for E we have ¢ — ¢ = 0. Feeding this into the Gysin sequence
for E we find that there exists h’ € H3(E, Z) such that 7, (k') = ¢. We would
like to say that (E,h) is the T-dual of (E,k) but there are two problems.
First A’ is not uniquely determined by the condition 7.(h’') = ¢, second we

need not have p*(h) = p*(h').
Lemma 4.3. There exists a € H3(M,7) such that p*(h) — p*(h') = ¢*(a).

We will prove Lemma below. Given this result we define h="h+a.
Then we have that (E,h) and (£, h) are T-dual. For uniqueness suppose
(E,h+ p) is also T-dual to (E,h). In this case we must have 7, = 0 and

P =0.

Lemma 4.4. Let € H*(E,Z) be such that 7, =0 and p*u = 0. Then
there exists « € HY(M, Z¢) such that p = #*(a w c).

From this Lemma it follows that k4 = h + #*(« < ¢). Uniqueness up
to bundle isomorphism will follow from:
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Lemma 4.5. Letm: E — M be a circle bundle with fiber orientation class
¢ € H'(M,Zs). For any o € H' (M, Z¢) there exists a bundle isomorphism
¢ : E — E such that for any v € H*(E,Z) we have

o' =+ (a0~ ).

Thus we can find a bundle isomorphism ¢ : E—E corresponding to
o € H' (M, Z¢) such that

¢*h = h+#*(o — 7xh) = h+ 7" (o~ ¢).

This establishes existence and uniqueness. O

Proof of Lemma[{.3 Recall that associated to the fibration F' — M is a
filtration on the cohomology of F'. In the case at hand we have

p*ﬂ'*(Hg(M,Z)) — F3’3 - F2,3 C F1,3 _ HS(F, Z)

and FP3/FPL3 s jsomorphic to E2°7P(¢q) in the Leray-Serre spectral
sequence. We must show that the class d = p*(h) — p*(h') € H3(F,Z) lies
in the subspace F33. Note that we have ¢,d = 0, which is precisely the
condition that d lies in the subspace F?3. Let d’ be the image of d in
F23/F33 — E2!(q). Tt remains to show that d’ = 0. Associated to the mor-
phism of bundles

F- Y. E
Nt
M——M

is a morphism of spectral sequences EY?(m) — EX%(q). The image of h
in Eg’l(w) = H?(M,Z¢) is given by m.h=¢. A similar statement holds
for h. Therefore we find that d' € E%'(q) is represented by d” = (¢, —c) €
E>'(q) = H*(M,Z¢) ® H*(M,Z¢). Clearly d” lies in the image of do:
HY(M,Z) = Ey*(q) — E3'(q), indeed da(1) = (& —c). Therefore d’ = 0 and
the result follows. g

Proof of Lemmal[{.4 Since 7, =0 we have from the Gysin sequence
that there exists v € H3(M,Z) such that #*v = pu. It follows also that
q¢*(v) =0. Let v3 denote the image of v in Eg”o(q). Now since ¢*(v) =0
it follows that there exists r € Eg’Q(q) such that v3 = d3(r). Next observe
that E§’2(q) is the subgroup of elements r € Z = HO(M,Z) = E3’2(q) such
that do(r) = (ré, —re) = (0,0), that is r¢ = 0, ré = 0.
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Suppose first that c¢,é are not both torsion. Then Eg’z(q) =0 and
vs = 0. Therefore there exists (o, &) € HY(M,Z¢) & H' (M, Z¢) such that
v=ds(o,&) =c~— a+ ¢~ & Now if we apply 7* and use the fact that

7*(¢) = 0 then we obtain p = v = 7*(c « «) as required.

We assume now that ¢, ¢ are both torsion. Let m be the least positive
integer such that mec = mé = 0. Then Eg’z(q) C Eg’Z(q) = H%(M,Z) is the
subgroup mZ C Z. We have that v3 = d3(r) where r € mZ. Consider the
short exact sequence 0 — Z¢ =5 Zg¢ — (Zy)¢ — 0 where (Zy,)¢ is the local
system with coefficients Z,, obtained from twisting by £&. As mc=mé =0
we have that there exists a,a € H'(M, (Zy,)¢) such that ¢ = 6(a), é = 6(a)
where ¢ is the coboundary operator associated to the above short exact
sequence. The element a can be thought of as an extension of the homomor-
phism 71(M) — Zo determined by £ to a homomorphism 71 (M) — Doy,
where Doy, = Zo X Zy, is the dihedral group of order 2m. It follows that
the pair (£, a) correspond to a pair of maps (f,g) forming a commutative
diagram as follows

M —2~ K(Dop, 1)

K(Z2a 1)

where  pr: K(Dgy,1) — K(Zy,1) is  the  projection  associ-
ated to the homomorphism D, — Zo obtained by pro-
jecting  out  Z,. There  exists a  universal class & €
HY(K(Z3,1),Z2) such that &= f*(&) and a universal class ag €
HY(K(Dam, 1), (Zin)pr-(¢,)) such that g*(ag) = a. If we let co = d(ao) €
H?(K (Do, 1), Zyy-(¢,)) then ¢ = g*(co) as well. Similarly we have a map
§: M — K(Dan, 1) such that pro g = f and a = §*(agp), so ¢ = §*(co).

Let Ey — K(Dap, 1) be the circle bundle with monodromy pr*(§y) and
twisted Chern class cg. We can identify E as the pull-back of Ey under g
and E the pull-back of Ey under §. Next let Y = K(Dap, 1) X K (Do, 1)
and let pri,pro be the projections of Y to the respective factors. Set
Fy = pri(Eg) xy pri(Eo), so F = E xy; E is the pull-back of Fy under
(9,9). Let us define & = pripr*(&), ¢ =pri(co) and set e=¢& +&o.
We have that £=1(9,9)"¢1 = (9,9)*¢, (9,0)*¢ =0, c=(g9,9)*c1 and
¢=1(9,9)%co.
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Let go be the projection qo: Fy — Y and let EX%(qp,Z) denote the
Leray-Serre spectral sequence associated to gg with coefficients in Z.. The
reason for using coefficients in € is so that ES’Q(QO, Ze) = HOY, Zete,1¢,) =
HY(Y,Z) =7 and since mc; =0, mcy =0 we find that Eg’z(qo,ZE) C
Eg’2(qo,Ze) corresponds to mZ C Z. Let 1 € Eg’3(qo,Z€) = H3(Y,Z) be
a representative for ds(r) € Eg’?’(qo, Z.). The point is that it follows
that (g, )"y € H3(M, Lgg)e) = H3(M,Z) is a representative for dz(r) €
E93(q). Therefore there exists (e,é) € Ey'(q) = HY (M, Z¢) ® H' (M, Z¢)
such that v = (g,9)*Y + da(e, é) = (9,9)" v + ¢~ e+ ¢~ é. If we apply 7
we obtain

(4.1) j= FY = (g, 9) 0 + 7 (e - €)

where we have used 7*(¢) = 0. Observe now that 7*(g,§)* = (go 7, go7)*.
Note that since 7*¢ = 0 we have (g o 7)*co = 0. This is precisely the con-
dition that go# : E — K(Dap,1) factors through K(Zy,1), that is there
is a map h:F — K(Za,1) such that go7 is homotopic to the compo-
sition £ % K(Z,1) % K (D, 1) where i: K(Zy,1) — K(Day,, 1) is the
natural map corresponding to the homomorphism Zs — Ds,,. One sees
that i*pr*&y = & and it follows that h*{y = &. Thus h is homotopic to
fo#:E — K(Z,1). The main point is that § o # is homotopic to i o f o 7,
so (gom,gom) h = (gom, fom) (id,1)*1, where (id,7) is the map (id,7) :
K(ng, 1) X K(ZQ, 1) — K(ng, 1) X K(ng, 1)

Note that ¢*(Ep) has trivial twisted Chern class so admits a section
o : K(Z2,1) — i*(Ep). We then get a commutative diagram

idXo

pri(Xo) ————Fp

ilh l%
(id,7)
K(ng, 1) X K(Zg, 1) —=Y

where we let pri,pro denote the projections of K (Dagy,,1) x K(Zg,1) to
the first and second factors. Let EX?(qy,Z,) be the Leray-Serre spectral
sequence for qp: Xog — K(Dam,1) x K(Z3,1) with coefficients in Z,
where €1 = (id,i)*e = pripr* (&) + pr3(§o). We have that (id,i)*y is a
representative in E5 (q1, Z, ) for (id, i)*ds(r) = d3((id, i)*r) € Eg”o(ql, Z.,),
but note that ¢ : pri(Xo) — K(Dam, 1) x K(Z3,1) has rank 1 so in fact
(id,i)*r € Eg’z(ql,Zel) =0 and thus (id,i)*y =da(j) = pri(co) — j
for some j€ HY(K(Dam,1) x K(Z2,1),Zpz¢,). We now  have
(go,go) = (gof, fonr) (id i)y =7a"(g, f)*(pri(co) ~ j) = 7" (c ~
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k) where k= (g,f)*j € H'(M,Z¢). Combining with (4.1) we obtain
pu=7"(c~— (k+e)) which on setting a« = k + e has the desired form. O

Proof of Lemmal[{.5 We follow the proof of [I0, Theorem 2.16] and
adapt it to general circle bundles. The class ¢ € H'(M,Zy) determines
a double cover My — M. Let mg: Eo — My denote the pull-back of E
over My. Then as we have seen Fo admits the structure of a principal
circle bundle over M> and there is an involution ¢ : Fy — Eo which cov-
ers the involution on Ms and makes Fs into a principal O(2)-bundle over M.

Consider now the following commutative diagram:

122 X [J(l)——124>_Eb

lpr l

Ey —" > My

where pr is the projection to the first factor and m is the principal bundle
right multiplication. The involution o acts on all spaces in this diagram,
where we let o act on Ey x U(1) by (e, g) = (e, g~ 1) for e € Ey, g € U(1).
Let £ = (Ey x U(1)) /o. The diagram then descends to the following:

m

E-"sF
lpr iﬂ
E—">

Note that since Fo x U(1) is a trivial principal bundle we have that pr:
E — E has trivial twisted Chern class. Indeed E admits a section s : E — E
given by s(e) = (¢/,1) where ¢’ € Es is any lift of e € E and 1 € U(1) is the
identity. It follows that the Gysin sequence for E — E splits giving

(4.2) H"E,7) = H*(E,Z) @ H*\(E, Z).

The isomorphism (4.2) is given by sending a € H*(E,Z) to (s*a, prya).
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Now for z € H*(E,Z) we would like to determine m*z € H*(E,Z). We
use the diagram (which is commutative except for s*)

H*(M,Z) "~ H*(E,7Z) —> H*1(M, Z)

iﬂ'* \Lm* lw*
pre

H*(E,Z) __~ H¥E,Z) —2> H" (B, Z)
e

to see that pr.m*z = n*m.z. One easily checks that ms=id: F — F so

that s*m*x = x. Thus m*z corresponds to (x,7*m,z) under (4.2)).

Now consider an equivariant gauge transform, that is a map g : My —
U(1) such that g(op) = g(p)~!, for p € Ms. The map g determines a principal
bundle automorphism of Fo which can be described as the composition

id s id,
B Y gy o, YL By < U(1) T By

and this descends to a bundle automorphism ¢ : £ — E given by

id,m ~
Y By« M) Jo—> BT E.

Note that the composition of the first two maps is a map §: E — E
which is a section of pr:E — E. For a class z € H*(E,Z) we would
like to determine ¢*x = §*m*x. We have already described m*z so the
next step is to understand pull-back under 5. We have observed that
there is an isomorphism 0 : H*(E,Z) — H*(E,Z) ® H*'(E,Z¢) given by
0(z) = (s*x,pry(z)). We now describe an inverse. Since E — F has trivial
twisted Chern class the Leray-Serre spectral sequence converges at the Fo-
stage. It follows that there exists a class 7 € H'(F,Z¢) such s*(7) = 0 and
such that that the restriction of 7 to any fiber of E — E is a generator of
H'(S',Z). We may define a map ¢ : H*(E,Z) ® H*"Y(E,Z¢) — H*(E, Z)
by ((a,b) = pr*(a) + 7 — pr*(b). It follows that ( is inverse to 6.

Now we have seen that (m*x) = (z, 7*m.x), so m*(x) = {(z, T*m.x) =
pri(x) + 7~ pr*(7*mex). Thus ¢*x = §*m*z = x + f — 7 (mex), where 8 =
§*t € HY(F,Z¢). To finish the proof we note that any class o € H*(M, Z¢)
can be thought of as being represented by an equivariant map g : My —
U(1). Under this correspondence it is easy to see that if §: F — E is
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the section corresponding to g then = §*(7) = 7*(«). Thus we arrive at
o*(x) = x + 71" (a — mi(x)), as required. O

5. Differential form approach to T-duality

We will now present an alternative approach to T-duality via differential
forms. This approach has the advantage that the construction of the T-dual
is more transparent but has the drawback that we work with real coho-
mology so all torsion information is lost. On the other hand the differential
form approach will lead directly to an isomorphism between twisted coho-
mology on T-dual spaces and is relevant when we consider the twisted Chern
character and Courant algebroids.

5.1. Twisted connections

Let m: E— M be a circle bundle over M, where M and FE are now
assumed to be smooth manifolds. If F is a principal bundle we can choose a
connection on E to relate invariant forms on £ with forms on M. We would
like to employ similar techniques in the general case of circle bundles.

We have seen that every circle bundle has the form E = F X0(2) St
for some principal O(2)-bundle. We can then view E as a sort of twisted
principal circle bundle. By this we mean that locally E admits the structure
of a principal U(1)-bundle but that the local actions are related on overlaps
by an element of Zs = Aut(S!). This local action depends on the identifi-
cation of E as the circle bundle associated to a principal O(2)-bundle so
is not canonical, however any two local actions are related by a fiber bun-
dle automorphism of E so that any two local actions are essentially the same.

Given a local action on E the vertical bundle Ker(w, : TE — TM) can
be viewed as a flat line bundle corresponding to an element & € H'(M, 7o) =
Hom(71 (M), Zs). More precisely there is a flat line bundle V' on M such that
(V') can be identified with the vertical bundle.

We can find an open cover {U;} of M and vertical vector fields X; €
I'(U;, V') which generate the local action. On the overlaps we have X; = &;; X
where &;; are valued in Zo and is a representative for £ = wq (V) in Cech
cohomology. Put another way there is a double cover My — M such that
sections of My — M correspond precisely to vector fields which restrict to
+X; over U;. Let V denote this sheaf.
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Definition 5.1. A differential form w € Q*(F) is invariant if for every open
subset U C M and section X € V(U) we have Lxw|y = 0.

Alternatively the double cover p : E — E is a principal O(2)-bundle and
a form w € Q*(E) is invariant if p*w is invariant in the usual sense. Note that
if W is a flat vector bundle on M then it makes sense to speak of invariant
differential forms on F with values in 7#*(W). There is also a notion of an
invariant vector field which is defined similarly to invariant differential forms.

Next consider extending the notion of a connection to such bundles.

Definition 5.2. A twisted connection on E is an invariant form A €
QYE,7*(V)) such that restricted to the vertical bundle A is the identity
(V) — 7*(V).

A twisted connection can be viewed as a choice of invariant horizontal
complement to the vertical bundle of E or simply as an ordinary connection
for K. We thus have:

Proposition 5.3. Twisted connections always exist and form an affine
space modeled on QY (M, V).

Definition 5.4. Given a twisted connection A € Q(E, 7*(V)) there exists
a unique form F' € Q%(M, V) such that

dy A = 7 (F)

where V is the flat connection on V. We call F the curvature of A. Clearly we
have dyF' = 0 and thus the curvature determines a cohomology class with
local coefficients [F] € H2(M, V). It is not hard to see that [F] is the image of
the twisted Chern class ¢; € H?(M, A) under the coefficient homomorphism
Ag — Ag RzR=V.

5.2. Invariant cohomology

Let m: E — M be a circle bundle an equip E with the structure of a locally
principal S'-bundle. We then have a notion of invariant forms Qf (E) C
O*(F) and it is clear that the subspace of invariant forms is preserved by
the exterior derivative. Therefore we may consider the cohomology of d
restricted to invariant forms which we denote by H; (E). The inclusion
i:Qf (E) — QF(F) induces a morphism i, : H (E) — H*(E).

inv inv
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Proposition 5.5. The morphism i, : Hf (E) — H*(E) is an isomor-
phism.

Proof. Let ¢ € H' (M, Zs) represent the monodromy of the vertical bundle.
There is a corresponding principal Zs-bundle m : My — M over M with
the property that Fy = m*(E) is a principal Zs x U(1) = O(2)-bundle over
M.

It is clear that invariant forms on E correspond precisely to O(2)-
invariant forms on Ep. Thus H} (FE) is the cohomology of the complex
(o (E2)0(2),d) of O(2)-invariant differential forms on Es with respect to
the exterior derivative. Next we argue this is the same as the Zs-invariant
subspace of H*(Es). In fact, since O(2) is compact we can average over
O(2) giving a projection operator P : Q*(E;) — Q*(E2) which commutes
with d. It follows that the cohomology of the complex (Q*(EQ)O(Q),d) is
precisely the subspace of H*(E3) fixed by O(2). However the action of
O(2) must preserve the image of the integral cohomology H*(F3) and so
the identity component SO(2) of O(2) acts trivially, so the action factors
through to the action of Zs.

So far we have shown that H; (F) is isomorphic the H*(E2)%, the
subspace of H*(FE>) invariant under the Zs-action. However since Zs is finite
we can average over the fibers of Fo — E and this gives an isomorphism

H*(Ey)P2 = H*(E). 0

Let H € Q3(E) represent a class in H3(E). The H-twisted cohomology
is the cohomology of the complex (Q*(FE),dy) where the twisted differen-
tial dp is defined as dgw = dw + H A w. Note that there is a Zs-grading
given by even and odd forms. Let H*(E, H) denote H-twisted cohomology.
Twisted cohomology depends up to isomorphism only on the cohomology
class of H and thus we may take a representative form H which is invari-
ant. Upon making such a choice the twisted differential dy preserves the
subspace of invariant forms and thus we can take cohomology of the com-
plex (4 (E),dn). Let Hi (E, H) denote the cohomology of this complex.

(E,H) - H*(E,H).

There is an evident map 7, : H;,

Proposition 5.6. The map i, : H (E,H)— H*(E,H) is an isomor-

inv
phism.

Proof. We would like to repeat the proof of Proposition [5.5] however there is
an additional technical detail to address. Let My — M and m : Fs — E be
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the double covers as in We similarly find that H (E, H) is isomorphic
to the O(2)-invariant subspace of H*(FEy, m*H). What is not so obvious is
that the O(2)-action once again factors through to a Zg-action. To see this
note that the twisted differential d,-g on Q*(Es2) preserves the filtration
*=J(Esy) of forms of degree greater than or equal to some integer. There
is an associated spectral sequence which computes the twisted cohomology.
The E; page in this sequence is just the ordinary cohomology H*(E»).

The O(2)-action on forms preserves the filtration and thus induces an
action on each page the spectral sequence. However we can see that the
SO(2)-subgroup must act trivially on the E; page since it preserves the
lattice of integral cohomology classes.

The filtration on forms induces a filtration on the twisted cohomology
H*(FEy,m*H) and the spectral sequence converges to the associated graded
space. The Lie algebra of O(2) acts trivially on the associated graded space,
so it must act on H*(E2,m*H) by nilpotent elements. But since this Lie
algebra action must integrate to an action of SO(2), we are looking for a
nilpotent map N : H*(Ey,m*H) — H*(Ey, m*H) such that e*™ = 1. This
can only happen if N = 0.

We have thus shown that H;; (E, H) is isomorphic to the Zy-invariant
subspace of H*(E, m*H ), but by a similar argument to this is precisely
H*(E,H). O

5.3. T-duality

Let m: E — M be a circle bundle as before and now introduce a class
H € H3(E,Z). Suppose that H is represented by a differential form in Q3(E)
which we also denote by H. By Proposition [5.5| we also assume the represen-
tative is invariant. Next let A € QY(E, 7*(V)) be a twisted connection with
curvature F' € Q2(F, V). We may now decompose H as follows:

(5.1) H=7"(H3) + AAT*F
where Hz € Q3(M) and F € Q2(M,V*). The wedge product in (5.1 com-

bines the wedge product of forms with the pairing of local systems V @ V =
V @ V* — R. That H is closed is equivalent to the pair of equations

dHs+ FAF = 0
dvF = 0.
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Notice that the second equation implies that F determines a cohomology
class [F] € H 2(M V*) and the first equation implies [F] < [F] = 0. Indeed
it is clear that [F] is the image in H2(M,V*) of the class ¢ = m,(H) €
H?(M,A*) under change of coefficients A* — A* ®z R = V*. As we have
seen the class ¢ determines a circle bundle # : £ — M. It follows that there
exists a twisted connection A € Q'(E, (V")) on E such that F is the
curvature of A. Now we define H € Q3(F) by

(5.2) H = #*(Hs3) + AANR*F.
By construction we find that dH =0 and thus H represents a class [ﬁ | €
H3(E). Observe also that [#,H] = [F] and that

p*H — p*H = d(p*A A p*A)
so that p*[H] — p*[H] =0 € H3(E x E).

The construction of the pair (E , H ) relied on a number of choices, namely
a choice of invariant representative for [H| and choice of twisted connections
A, A. If one goes through the above construction allowing for all different
possible choices we find that H changes at most by a term of the form
(e A F) where e is a dy-closed element of Q!(M, V*). Since the class of e
in H'(M,V*) need not be integral, there is more ambiguity in defining H
than arises from bundle isomorphisms as determined by Lemma There-
fore this construction does not fix the isomorphism class of H completely.
However we have the following:

Proposition 5.7. For any choice of representatives H, A, A one can make
a change A A+ 7re for some dy-closed element e € QY(M,V*) so that
the class ofﬁ lves in the image H3(E, Z) — H3(E, R) of integral cohomology
in real cohomology. With this additional condition the pair (E,[H)) is unique
up to bundle isomorphism. Moreover for each h € H3(E, Z) such that [H] is

the image of h in real cohomology there exists h € H3(E, Z) such that [H]
is the image of h in real cohomology and the pairs (E, h),(E, h) are T-dual.

Proof. Let h € H3(E,Z) be a class such that the image hg of h in real
cohomology equals [H]. Let h € H3(E,Z) be such that (E,h) is T-dual to
(E,h). Let a = hg — [H] € H3(E,R). By construction p*a = 0 and #.a = 0,
so by Lemma there exists a class [e] € H'(M,R) represented by a dy-
closed form e € QY(M,V*) such that a = 7#*([e] « F).
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Now replace the tWiAsted connection A by A + #*e. We still have dvfl =
#*F and we find that H changes to H + 7*(e A F). The result now follows
because [H + (e A F)] = [H] + a = hg. O

5.4. T-duality of twisted cohomology

In the case of principal circle bundles it is one of the main properties of
T-duality that the twisted cohomologies H*(E, H) and H*~(E, H) are iso-
morphic. In the case of general circle bundles a similar result applies but
needs to be modified to take into account the local system of fiber orienta-
tions. Recall that one proves the isomorphism of twisted cohomologies by
means of a map ¢ : Q*(E) — Q*(E)

(5.3) B(w) = pu (e~ AN g

that induces an isomorphism on twisted cohomology. The expression
is also known as the Hori formula [28],[7],[8]. It can be understood as
the twisted de Rham version of the Fourier-Mukai transform of [38]. This
transformation has also been proposed in the context of mirror symmetry
[44]. In the case of non-oriented circle bundles this formula can still be
applied, however the fiber integration p, picks up the sign factor ambiguity
due to fiber orientation. To formalize this we introduce a variant of de
Rham cohomology twisted by closed 3-forms and flat bundles. This twisted
cohomology will be the target of the twisted Chern character for twisted
K-theory.

Let X be a smooth manifold. Given a closed 3-form H € Q3(X) and a
flat vector bundle (V, V) we may define the (V, H)-twisted de Rham com-
plex. The space of the complex is Q*(X,V) = C>®(A*T*X ® V'), the space
of form-valued sections of V' and the differential d(v g is characterized by
the property

(5.4) dv,mw@v)=do@v+HANw®v+ (=1)PwA Vo

where w is a p-form and v a section of V. Note that al2V m =0 so we
have a complex. The cohomology of the complex is the (7V,H )-twisted
cohomology denoted H*(X, (V,H)) or H*(X,(V,H)) when the connection
V is understood. Note that the twisted cohomology is only Zo-graded
where the grading comes from form parity. Up to isomorphism the twisted
cohomology depends only on the cohomology class H € H3(X,R) and the
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monodromy representation corresponding to V. If p: m(X) — GL(n,R) is
a representation of the fundamental group of X then we also use notation
H*(X,(p,H)) for the (V,H)-twisted cohomology where V is the flat
connection associated to p.

Now returning to T-duality suppose we have T-dual pairs (E,H) and
(E, H) where H and H are representative 3-forms and A, A are twisted
connections related to H, H as in {Hi and recall

p*H — p*H = d(p*A N p*A) = dB
where we have defined B = p*A A p* 4 € Q2 (F'). We define T-duality maps

T :H*(E,H)— HYE, (& H))

T, :H*(E,(,H)) — HY(E, H)
by the Hori formula (5.3):

T = poocBop*
T, = piocBopt,
Let R¢ be the flat line bundle corresponding to & € H'(M,Zs). The push-

forward maps p : QF(F) — QF1(E,R) and p. : QF(F,Re) — QF1(E) are
essentially fiber integration.

By symmetry of the T-duality relation we can easily define T-duality
transformations 7' Tg in the reverse direction:

T = poeBop
Te = poeBop

Proposition 5.8. Let (E, H),(E, ﬁ) be T-dual pairs with & the orientation
class of the fibers. We have isomorphisms of twisted cohomologies

12

H*(E,H) H*Y(E, (¢ H))
H*(E,(¢&,H)) ~ H*YE, H).

More speczﬁcally the T- dualzty maps T, Tg,T Tg are isomorphisms with
T-!'=—Te and T, ' = -T.



Topological T-Duality for General Circle Bundles 403

Proof. We proved in Proposition that the twisted cohomology H*(E, H)
can be computed using the subcomplex of invariant forms. The proof can
easily to be extended to show that the twisted cohomology H*(E, (£, H))
with local coefficients is likewise isomorphic to the subcomplex of invariant
forms. The only difference is that H; (FE, (£ H)) corresponds to the

—1-eigenspace of the Zg-action on H*(FEy,m*H), where m : Ey — E is the
double cover determined by &.

Take x € QF (F). Using the twisted connection A we may uniquely

mv
decompose x as follows:

r=1r"(a) + ANT"(B)

where a € Q*(E), B€Q*1(E,R¢). One easily checks that T €
Qi (B, Re) is given by

Tz =7*(8) — AA7*(a).

Repeating this we find that TgT:c = —ux, so that T is invertible on the space
of invariant forms with inverse —7¢. Since every cohomology class has an
invariant representative the result follows. The proof that Tgl = —T isiden-
tical. O

6. Twisted K-theory

Having demonstrated that T-duality gives an isomorphism between twisted
cohomologies we would like to lift our results to twisted K-theory. For this
we need K-theory twisted not only by elements of H3(X,Z) but also by
HY(X,Zs). We will provide an overview of such twisted K-theory in terms
of graded bundle gerbes.

The K-theory of a space twisted by classes in H'(X,Z) x H3(X,Z)
was introduced by Donovan and Karoubi [19] in the torsion case and by
Rosenberg [37] for arbitrary classes in H3(X,Z). Other papers introduc-
ing twisted K-theory are [6], [2] and [2I]. We mostly follow the paper [21]
of Freed, Hopkins and Teleman since they work with general classes in
HY(X,Z5) x H*(X,Z). However we have chosen to describe twists of K-
theory in terms of bundle gerbes rather than graded central extensions of
groupoids.
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6.1. Graded bundle gerbes

On a given space X the different possible twists of K-theory are clas-
sified by H(X,Zs) x H3(X,7Z), however this only classifies twists up
to isomorphism. In the various models of twisted K-theory one can
introduce a category of twists on X which has H'(X,Zs) x H*(X,7Z) as
the set of isomorphism classes of objects. We will describe twists using a
notion of graded bundle gerbes, a mild extension of the notion of bundle
gerbe as introduced by Murray [31]. Our presentation is a straightfor-
ward adaptation of [3I], [42], [6]. Graded bundle gerbes are close to the
definition of twists used in [21] using graded central extensions of groupoids.

Let X be a Hausdorff space. We will be concerned with pairs (Y, )
where Y is a Hausdorff space and 7 : Y — X a surjective map that admits
local sections. If (Y,7),(Z, ) are two such pairs over X then the fiber
product (Y xx Z,m xx u) is also a pair. When we turn to the twisted
Chern character we will need to work in the smooth category so a (smooth)
pair (Y,7) over a smooth manifold X is a smooth manifold ¥ and a
surjective submersion 7 :Y — X that admits local sections. In this case
the fiber product of two smooth pairs is again a smooth pair.

A pair (Y, 7) over a space X has a groupoid interpretation. We think
of X as a topological groupoid with only identity morphisms and we think
of Y as a topological groupoid with objects Y*) = ¥ and morphisms Y2 =
Y xx Y, so that any two objects of Y have exactly one morphism between
them if they lie in the same fiber of 7. There is an evident functor 7 : ¥ — X
which is a local equivalence in the language of [21].

Example 6.1. Let U = {U;};c; be an open cover of X. We let X;; =
[1;c; Ui be the disjoint union. The evident map 7 : Xy — X gives a pair
(Xy,m) over X.

Example 6.2. Let 7 : P — X be a principal G-bundle. Then the groupoid
structure on P associated to the map 7 : P — X coincides with the groupoid
structure on P given by the right action of G. This groupoid is usually
denoted P//G.

Definition 6.3. A grading on a groupoid G = (Obj(G), Mor(G)) is a func-
tor € : G — {pt}//Za, that is an assignment € : Mor(G) — Z3 of £1 to mor-
phisms of G such that e(fg) = €(f)e(g) when the composition is defined.
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Example 6.4. A grading for a pair (X, ) associated to a cover U of
X is a collection of continuous maps &;; : U;; — Zo satisfying the cocycle
condition. That is a grading for (X, 7) is a Zg-valued Cech 1-cocycle.

Example 6.5. If X is connected and 7 : P — X a principal G-bundle then
a grading for P//G is precisely a group homomorphism G — Zs.

Definition 6.6. Let (Y,7) be a pair over X regarded as a groupoid. Y.
A central extension of Y is a topological groupoid L and functor p: L — Y
such that p: Obj(L) — Y is a homeomorphism, p: Mor(L) — Y2 is a
Hermitian line bundle and the groupoid multiplication in L is complex linear
and Hermitian in the fibers of p.

A bundle gerbe (Y, m, L,p) on X is consists of a pair (Y, 7) over X and
a central extension p: L — Y.

A graded bundle gerbe is a bundle gerbe (Y, 7, L,p) and a grading € :
Y = {pt}//Zs.

We will say that a gerbe (Y, 7, L,p) or graded gerbe (Y, 7, L,p,¢€) is
associated to the pair (Y, 7).

To each morphism f € Y& we get a complex line L ¢ and isomorphisms
myg: Ly ® Ly — Lt, whenever the composition fg is defined. This com-
position must be associative in the evident sense. We can think of the
grading e : Y12 — Z, as assigning to each line L; a grading e(f) € Zy and
the multiplication my , respects the grading. Throughout this section the
tensor product is to be understood in the graded sense, so there is a sign
involved when exchanging factors of a tensor product.

Fix a pair (Y, 7) over X. We say that two graded gerbes (Y, m, L, p, €),
(Y,m, L', p',€") are strictly isomorphic if there is an invertible functor of
groupoids F : L — L' such that p=p'oF and F is a linear isometry
between the fibersof p: L - Y and p' : L' — Y.

The product of graded gerbes (Y, 7, L,p,e) ® (Y, m, L', p/,€) is a graded
gerbe of the form (Y, 7, L ® L', e + €'). Here L ® L' denotes the graded tensor
product of L and L'. Let f, ¢ € Y2 be morphisms such that the composition
fg is defined. The groupoid structure on L ® L’ is defined as follows:

mfv9®m.lf,g

(L@ L) @ (Lyg @ Ly) === (Lf @ L) ® (L ® L) Lig® LY,
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where sw is the morphism which swaps the inner two factors with appropri-
ate sign factor. It is this sign factor that makes a difference between graded
gerbes and ungraded gerbes.

One way to construct a graded gerbe is a follows: let (T,t) be a graded
Hermitian line bundle over YU, that is 7 — YU is a line bundle and ¢ :
Y1 — Zy alocally constant function which specifies a grading on the fibers
of T. Let m, 71 : Y& — YU be the source and target maps. Then we define
a graded gerbe (Y, L,p,€) as follows: we let L =n3(T) ® m(T~1) and
e=m5(t) — mi(t).

To define the groupoid structure on L, let f,g € Y2 be a pair such
that the composition fg is defined. Under the inclusion Y2 € Yl x y{U
we may write f = (i,7),9 = (j, k), fg = (i, k). The groupoid structure on L
is the following:

Li@Ly=T,0T ' o Ty e Ty — Lol = Ly,

We let 6(T") denote this gerbe. Such a gerbe is called trivial.

Suppose that (T,t),(T”,t') are graded line bundles over Y and
6(T),6(T") the associated gerbes. A grading preserving isomorphism
o : T — T’ induces a canonical strict isomorphism (o) : 6(T) — 6(T").

We will now make a 2-category out of graded bundle gerbes associated to
a pair (Y, 7). A 1-morphism (7, t, 7) between (Y, 7, L, p,¢) and (Y, 7, L', p', €)
consists of a graded line bundle (7,t) over Y and a strict isomorphism
T:L®d(T)— L.

A 2-morphism ¢ between 1-morphisms (T,t,7),(T",t,7’) is an isomor-
phism o :T — T’ of graded line bundles inducing a strict isomorphism
5(o) : 6(T) — 6(T") such that the following diagram of strict isomorphisms
commute:

L®§(T)—1I'

1®5(o’)l /

L® (T

Observe that the automorphisms of a graded gerbe modulo 2-morphisms
can be identified with the group H®(X,Zs) x H*(X,Z) of isomorphism
classes of graded line bundles on X.
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For a given pair (Y, 7) over X let Gy denote the 2-category of gerbes
associated to (Y, m). There is an associated 1-category [Gy] which has the
same objects as Gy but the morphisms of [Gy| are morphisms of Gy modulo
equivalence under 2-morphisms.

6.2. Twists of K-theory

So far we have made a 2-category Gy out of graded bundle gerbes associated
to a fixed pair (Y, 7) over X. Objects of Gy determine twisted K-theory
groups of X. With some effort we can assemble the Gy for different Y into
a single category of twists on X. We will not spell out the details since the
construction is somewhat complicated and not necessary for our application.
The details can be found in [2I] or [42]. However we will still need to
work with gerbes defined for different pairs so we discuss the relevant points.

Given a pair (Y,7) over X twisted K-theory can be thought of as a
functor K : Gy — Ab from Gy to the category of abelian groups which is
made into a 2-category with only identity 2-morphisms. Put another way
the functor K factors to the 1-category quotient K : [Gy] — Ab. Given a
graded gerbe a € Gy we let K*(X, a) denote the corresponding twisted K-
theory. It is a Zs-graded abelian group. The definition is given in Section[6.3]

To compare gerbes on different spaces we consider a general notion of
strict morphism between graded gerbes. Let X, X’ be spaces (Y, 7), (Y, 7)
pairs over X, X’ and let «, o’ be graded gerbes o € Gy, o/ € Gy+. Let L —
Y, I/ — Y’ be the corresponding line bundles. We will use the term
strict morphism to mean a triple of maps (f,g,h) forming a commutative
diagrams

h

jp—_—
Y
v 97y
and
y 2.y’
n
x—t.ox

such that for each u € Y2 the map h,, : L, — L; 21, 18 an isomorphism and
such that h respects the grading and multiplication structures in the evident
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sense [42]. We write (f,g,h) : (X,a) = (X', &'). Provided that the map f :
X — X'’ between bases is a proper map such a triple induces a pull-back
operation (f,g,h)* : K*(X', o) - K*(X, «). The pull-back makes K-theory
into a contravariant functor between spaces with graded gerbes.

In the special case that X' = X and f =id is the identity it follows
from [21] that the pull-back (id, g, h)* : K*(X,o/) = K*(X, a) is actually
an isomorphism.

There is a notion of homotopy between triples ( fo, go, ho) and (f1, g1, h1).
It can be viewed as a strict morphism (f¢, g¢, ht) : (X x [0,1],p*a) — (X', &)
where p is the projection p : X x [0,1] — X. For twisted K-theory we want
to assume fo, fi are proper and f; is a homotopy through proper
maps. Homotopy invariance of twisted K-theory is the property that if
(fo, 90, ho), (f1, 91, h1) are homotopic triples then (fo, go, ho)* = (f1, 91, h1)*.

There are some special cases of this pull-back operation to con-
sider. Given a proper map f: X — X' between spaces, a pair (Y',7')
over X' and a graded gerbe o € Gy, then there is an evident
pull-back Y = f*(Y'), a= f*&’ € Gy which defines a pull-back map
f*: KX’ a) - K*(X, f*a’). Next consider the case X' =X, f=id.
Thus suppose that (Y, ), (Y, 7’) are pairs over X. Givenamap g:Y — Y’
such that 7 = 7’ o g and an element o’ € Gy there is an evident pull-back
g*a’ € Gy. This is a special type of strict morphism so we get a pull-back
g K*(X,d') —» K*(X, g*d’), which as we have already remarked is in fact
an isomorphism.

Using pull-back we can form the product of gerbes A, B associated to
different pairs (Y, ), (Y’, 7’) over X. We pull-back A, B to gerbes associated
to the fiber product (Y xx Y', 7w x x 7’) and then use the product structure
on Gy x .y’ that we have already defined. The product defined in this way
is associative. Two graded gerbes A, B are said to be stably isomorphic if
the product A ® B* of A and the dual of B is trivial [6].

Given a graded bundle gerbe a over a pair (Y,7) we can find an
open cover {U;} with sections s;: U; — Y. This further defines sections
sij = (5i,85) : Uy — Y. If Q — Y12 is the principal U(1)-bundle defined
by « then we may assume the cover is such that sij is trivial. Let
rij - Uyj — @ be a section. Define U(1)-valued maps g : Uy — U(1)
by m(rij,rjr) = Tikgijr where m denotes the gerbe multiplication. One
sees that {g;x} is a Cech cocycle and that the class of {g;} in
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H?(X,C(U(1))) = H3(X,Z) does not depend on the choice of cover or
choice of local sections. The class [g;;x] is called the (ungraded) Dizimier-
Douady class of a.. If we assume also that the U;; are connected then s7;Q has
either even or odd parity and this gives us a Zo-valued cocycle e;;, the class
of which lies in H'(X,Z2). The pair ([e;;], [gix]) € H (X, Z2) x H3(X,Z)
will be called the graded Dizimier-Douady class of a, or just the Diximier-
Douady class if no confusion will arise. Stably isomorphic graded gerbes
have the same Diximier-Douady class and it is not hard to see that the
converse is also true.

Let TWx denote the set of all graded gerbes on X. Elements of TWyx
are what we use for twists of K-theory. The set |7 Wx| of stable isomorphism
classes of graded gerbes is isomorphic to H' (X, Zs) x H3(X,Z) through the
Diximier-Douady class. The multiplication defines a group structure on the
set |[TWx| of isomorphism classes of graded gerbes. One finds that [T W x|
fits into an exact sequence

0— H3X,Z) = [TWx| — H'(X,Z3) — 0.

Under the canonical splitting [TWx | = H' (X, Zy) x H3(X,Z) given by the
Diximier-Douady class the group operation becomes the following [21]:

(6.1) (0, V) (w0, W) = (v +w,V + W + f(vw))
where (3 : H?(X, 7o) — H3(X,7Z) is the Bockstein homomorphism.

Given a graded gerbe a € TWx we let |« denote the isomorphism class
of ain [TWx| = HY(X,Zs) x H*(X,7Z). Since the twisted K-theory group
K*(X,«) depends up to isomorphism only of the stable isomorphism class
of a we sometimes write K*(X, |«a|). It is important to note however that
if @, o’ have the same graded Diximier-Douady class then K*(X,«) and
K*(X,da') are not canonically isomorphic.

6.3. Definition

We outline the definition of twisted K-theory associated to a graded bundle
gerbe. For the most part we will not work directly with the definition which
is quite technical. It is included mainly for completeness. Our definition is
based upon [21], [13], [2].
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Let H = Ho @ H1 be a Zs-graded separable complex Hilbert space with
both the even and odd degree subspaces infinite dimensional. Following [2]
the group U(H) of unitary operators is given the compact-open topology as
a subspace of End(H) x End(#) through the map g+ (9,9~ 1). We then
give the projective unitary group PU(H) quotient topology. If Z is metriz-
able and we are given a continuous map Z — U(H) then the associated map
Z x H — Z x H is a homeomorphism, so we can speak of Hilbert bundles
with structure group U(#). Similarly for any space on which U(H) or
PU(H) act continuously we can speak of fiber bundles with structure group
U(H) or PU(H). More relevant here is the subgroup U(Hy) x U(H1) of
U(H) preserving the Zs-grading and the subgroup Zs x (U(Hg) x U(H1))
of elements that either preserve or reverse the grading. A Zs-graded Hilbert
bundle will be assumed to have structure group U(Hg) x U(H;1).

Let 7 : Y — X be a pair and L — Y@ a graded bundle gerbe associated
to Y. A Hilbert module for L is a Zs-graded Hilbert bundle H — Y together
with an isomorphism ¢: L ® nfH — w3 H of graded Hilbert bundles on
Y2, The isomorphism ¢ is required to be compatible with the gerbe
multiplication on Y in the evident sense. There is also an evident notion
of morphism between Hilbert modules which requires compatibility with
the gerbe module structure.

Following [21] a Hilbert module H for L is called universal if for every
Hilbert module V for L there is a unitary embedding V — H and locally
universal if H|y is universal for every open subset U C X. According to
[21, Lemma 3.12] every graded bundle gerbe admits a locally universal
Hilbert module H which is unique up to unitary isomorphism. For each
y €Y, the isomorphism L, ., ® Hy, — H, determines a representation
of U(1). By [2I, Lemma 3.11] the eigenbundle H(1) C H on which U(1)
acts by its defining representation is also locally universal. Henceforth
we assume this property whenever we choose a locally universal Hilbert
module. It follows that the projectivization P(H (1)) descends to a bundle
of projective Hilbert spaces over X. The associated structure group is
the group Zgo x P(U(Hp) x U(H1)) of projective unitary transforma-
tions of H = Hg ® H1 that either preserve or interchange the subspaces
P(Ho), P(H1).

We now introduce a space on which the group Zy x P(U(Hy) x U(H1))
acts. Let Fred®) (H) denote the space of odd skew-adjoint Fredholm opera-
tors A for which A2 + 1 is compact. The topology of Fred(®) (H) is induced by
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the map Fred® — End(H) x K(H) sending A to (4, A2+ 1), where End(H)
is given the compact-open topology and IC(H) is the space of compact oper-
ators with the norm topology. According to [2] the space Fred® (H) is a
classifying space for untwisted K-theory.

For any graded bundle gerbe L on X and locally universal Hilbert module
H we get a bundle of projective spaces on X with structure group Zs X
P(U(Ho) x U(H1)). Since this group acts continuously on Fred® (%) we
get an associated fiber bundle Fred(LO) (H) of Fredholm operators. We would

also like to define bundles Q?{Fred(LO) (H) whose fibers are iterated based
loop spaces. For this a little care is required. The space Fred® doesn’t
have a natural basepoint. We can take any invertible element as a base
point but such a point will not be fixed by the group action. Thus to define
the bundles Q}Fred(LO)(H ) of loop spaces we need to first choose a section
s0: X — Fredg))(H ) which takes values in the invertible operators. Such
a section exists because the space of invertible elements of Fred® (%) is
contractible.

Definition 6.7. The twisted K-theory group K~ "(X,L) of the graded
bundle gerbe L is the space of homotopy classes of compactly supported
sections of the fiber bundle Q}Fredg)) (H). A section of Fredg))(H ) is com-
pactly supported if there is a compact subset of X outside of which the
section takes values in the invertible operators. A similar notion of com-
pactly supported section applies to the bundles Q’}(Fredg))(H ).

As it stands the definition appears to depend on the choice of Hilbert
module H. However any two Hilbert modules are isomorphic and any two
such isomorphisms can be shown to be homotopic [2I], so that there is a
canonical identification of homotopy classes of sections of the associated
bundles. From the definition we see that the K~"(X, L) have a natural
abelian group structure.

Let f:Y — X be a proper map and suppose L is a graded gerbe on X
and H a locally universal Hilbert module. We can define the pullback f*L of
L and f*H with the property that f*H is a Hilbert module for f*L. Let H’
be a locally universal Hilbert module for f*L and choose a unitary embed-
ding f*H — H'. This induces a map f*Q%Fredg))(H) — Q?/Fredgg)L(H’)
and further a map f*: K" (X,L) — K "(Y, f*L) which can be shown
to be independent of choices involved. More generally there is a pullback
operation (f, g, h)* associated to triples (f, g, h) as described in Section
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In [2] it is shown that there is an equivariant homotopy equiv-
alence Fred®(H) — 02Fred®(#). This gives natural isomorphisms
K" 2(X,L) ~ K (X, L) and allows the definition of K*(X, L) for pos-
itive ¢ by periodicity.

6.4. Some properties of twisted K-theory

We now outline some of the main properties of twisted K-theory as
developed in [21],[13],[2]. These properties make it possible to carry out
calculations of twisted K-theory groups without directly working with the
definition.

Multiplication: given twists a;, 8 € TWx there is a corresponding mul-
tiplication:
K'(X,a)® K'(X,3) = K (X,a® p)

which is associative and graded commutative. In particular this gives
K*(X, a) the structure of a K*(X)-module.

Push-forward: To define the push-forward first we must explain how
a graded gerbe can be associated to a vector bundle. Let V' — X be a rank
k orthogonal vector bundle over X. Associated to V is the principal O(k)-
bundle 7 : P — X of orthonormal frames. We view (P, ) as a pair over X or
as the groupoid P//O(k). There is a natural identification P12 = P x O(k).
Now the groug| Pin®(k) fits into an exact sequence [1]

1 —U(1) — Pin(k) — O(k) — 1

and this defines a principal U(1)-bundle over PP and an associated line
bundle L — PP, The group multiplication in Pin°(k) then determines a
multiplication on L giving it the structure of a bundle gerbe. Moreover the
determinant homomorphism O(k) — Zg gives L the structure of a graded
gerbe. We call L = L(V) the lifting gerbe of V. The Dixmier-Douady class
of Lis |L| = (w1 (V), W3(V)), where w; (V) is the first Stiefel-Whitney class
of V and W3(V) is the third integral Stiefel-Whitney class of V.

Let X,Y be smooth manifolds and let f: X — Y be a smooth map.
Choose Riemannian metrics on X and Y. The bundle TX @ f*(TY) has

*There are two distinct pin groups Piny (k) but the associated pin® groups are
isomorphic.
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a metric so we may take the lifting gerbe L(TX & f*(TY)) which we also
denote by L(f). If we choose different metrics on X and Y we get isomorphic
lifting gerbes. Indeed choosing a path of metrics joining the given metrics we
can identify the frame bundles by parallel translation and this gives an iso-
morphism. Two different paths are homotopic and this induces a homotopy
between the two isomorphisms.

Let a € TWy be a graded gerbe on Y. The push-forward is a map

for KX(X, L(f) ® f*(a)) = KUY, a)

where d = dim(X) — dim(Y"). Note that the class of L(f) is trivial if and
only if TX & f*(TY) admits a Spin®-structure which is the condition one
usually requires to define a push-forward in untwisted K-theory.

The push-forward respects compositions and commutes with pull-backs
in the obvious sense.

The case where f: X — Y is a fiber bundle deserves special atten-
tion. Let V = Ker(fs) be the vertical bundle. Choose metrics on Y and
V and choose an isomorphism 7X =V & f*(TY). This determines a corre-
sponding metric on X. As bundles with metrics we have TX @ f*(TY) =
V& ff(TY @ TY). We show there is a canonical isomorphism between the
lifting gerbe for TX @ f*(TY) =V @ f*(TY @ TY) and the lifting gerbe
for V. For this it suffices to show that for any rank k vector bundle F
with metric there is a canonical Pin®(2k)-structure on E @ E. Recall that
the map U(k) — SO(2k) admits a lift U(k) — Spin®(2k). We then have a

commutative diagram

O(k) %ﬁpmc%
Pin‘(2k)
O(k) x O(k) O(2k)

which gives the desired Pin®(2k)-structure. Let L(V) be the lifting gerbe
for V and let o € TWy be any graded gerbe on Y. It follows that there
is a canonical isomorphism K*(X,L(f) ® f*(a)) ~ K*(X,L(V) ® f*(a)).
We then have the following alternative form of the push-forward for fiber
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bundles:
fo: KX, L(V) @ f*(@)) = K* (Y, ).

This form of the push-forward also respects composition and commutes
with pull-backs.

Finally another special case of the push-forward occurs for open embed-
dings i : U — X. Suppose « is a gerbe on X and by restriction defines a
gerbe a|y on U. The push-forward i, : K*(U, a|y) — K*(X, «) amounts
to taking a homotopy class of section supported on U and extending it
trivially to X.

Mayer-Vietoris: if Uy, Us are open sets covering X and o € TWyx is a
twist then we have a natural long exact sequence

KO(X,a) KO(Ul,Oz)@KO(UQ,OJ)%KO(UHQUQ,@)

| T

Kl(UlmUQ,a)HKl(Ul,Oé)@Kl(UQ,Oé) Kl(X,Oz)

where « defines twists on Uy, Uy, Uy N Uy by restriction. Moreover the Mayer-
Vietoris sequence is natural is the sense that pull-back, push-forward and
isomorphism of twists yield commuting Mayer-Vietoris sequences.

6.5. T-duality of twisted K-theory

Now we consider the behavior of twisted K-theory under T-duality of cir-
cle bundles. Let (E,h), (E,h) be T-dual pairs over a base M. We assume
that F, E, M are smooth manifolds since we want to use the push-forward
in twisted K-theory. It may be possible to define the push-forward in a
more general context but we will not pursue this. Represent h, h by twists
ap € TWg, a; € TWg such that h,h are the graded Dixmier-Douady
classes of ap,aj. As usual let F'=FE x E be the correspondence space
with projections p,p. Since p*h = ﬁ*fz it follows that there is an isomor-
phism 7 : p*(ay) — p*(aj,) inducing an isomorphism

u: K*(F,p*ap) — K*(F,p*a;)
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which generally depends on the choice of isomorphism 7. Let ¢ € H' (M, Zs)
denote the Stiefel-Whitney class of E, E. Let v = L(V) € TWay be the lift-
ing gerbe for the vertical bundle of E (and also E). Note that the Dixmier-
Douady class of v is (£,0) € [TW)y|. Then 8, = v ® ay, represents (£, h) and
B;, =7 ® qj, represents (¢, ﬁ) We then have an isomorphism 1 @ : B, — f3;,
so there is an associated isomorphism

ug : K*(F,p*By) — K*(F.5"5,).

Following the example of twisted cohomology we will define a T-duality
transformation

Ty : K*(E,Bp) — K HE, ;)
by the composition
Te =psougop™

Expressed as a diagram the map T is the composition
K*(E, B) —= K" (F,p" ) — = K*(F,p* ;) == K™~} (B, ).
Note that this is well defined since the push-forward p, has the form
be: K (F,p*B;) = K*(F,p™y @ pay) = K™ (B, o)
since p*~ is the lifting gerbe for the vertical bundle of F' — E.

We can similarly define a T-duality map T : K*(E, ap,) — K*Y(E, B;)
by the following composition

K*(B, o) —2= K*(F,p*an) —> K*(F, p*a;) —2= K*1(E, 8,).

Note that in order to define the push-forward here we are identifying
p*y ® p*B;, with p*a; by means of a trivialization of v ® 7. Since 7 is a lifting
gerbe we have seen that there is a trivialization of v ® v which at the level of
K-theory gives a canonical isomorphism K*(F, p*y ® p* ;) — K*(F, p*a;,).
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At the level of isomorphism classes we can view T',T¢ as maps

T :K*(Eh) = KNE, (€ ])
Te :K*(E,(&h) —» K\ (E,h)

though T, T; viewed in this way are not natural transformations due to the
choices involved.

In order for the T-duality transformations 7',T¢ to be isomorphisms
we need to choose the isomorphism 7 :p*(ay) — p*(a;) to have a spe-
cific property [11]. For each point b € M consider the fibers T, = 7~ 1(b)
and T, = #71(b) of E and E over b. The fiber of the correspondence space
F over b is then T, x Tp. Since the fibers Tb,Tb are one dimensional we
have that the restrictions of h,iL to the fibers are trivial. Thus «p and
«a;, restricted to Tj and Ty respectively admit trivializations 7:0 — ap|7,,
7:0 = a7, Now comparing the isomorphisms 7|,z and p*7 o (p*r)~!
we have they differ by an automorphism of p*(ap)|y, 4 and this projects
to a class u € H?(Ty x Ty, Z). If we change the trivializations 7,7 then the
class pu changes by elements in the subspaces H 2Ty, 7)), H Q(Tb,Z). In our
case Ty, T, are 1-dimensional so in fact the class p € H*(Ty x Tb, 7)~17is
well defined. Note that since E, E have the same Stiefel-Whitney class the
bundle F' — M is oriented and a choice of orientation fixes the isomorphism
H%(T, x Ty, Z) ~ Z.

The condition we require on 7 is that for all b € M the class p = u(n)
under the above identification equals 1. This condition ensures that the
transformations 7', T¢ restricted to individual fibers recovers the K-theory
equivalent of the Fourier-Mukai transform. The class 1 € Z ~ H?(T}, x Ty, 7)
is the Chern class of the Poincaré line bundle. An isomorphism 7 with this
property will be said to have the Poincaré property.

It is always possible to find an isomorphism 7 with the Poincaré property.
Our proof makes use of gerbes with connection and curving so we defer the
proof until Section where it is proved in Proposition

Proposition 6.8. Let M be a smooth manifold admitting a finite good
cover. For T-dual pairs (E,h), (E,h) over M we have isomorphisms

K*(E,h) ~ K*YE,(¢

(&, 1))
K*(E,(¢,h) ~ K*“YE,h).
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The T-duality transformations T, T¢ are isomorphisms provided we choose an
isomorphism 1 : p*(an) — p* () with the Poincaré property, as explained
above.

Proof. Following [10] we will prove the result in the case that the base has
a finite good cover using the Mayer-Vietoris sequence for twisted K-theory.

First note that for any open subset U of M, we may define the restric-
tions By =~ Y(U), Ey = #71(U) of E, FE and if ap, «j, are twists repre-
senting h, h we can restrict ap, aj, to Ey, EU The morphism w : p*(ay) —
p*(eyj) restricts to a morphism ug : p*(alv) — p*(eylv) over p~ i 1(U) =
p a7 1(U). Tt follows that the T-duality maps T, T¢ can be restricted to
open subsets and we get commutative squares

T

K*(E, (§,h))

Z*T T

Te ~ ~
K*(Ey, (Elv, hlv)) —= K*(Ey, hlu)
and similarly for T'.

Now suppose we have a decomposition M = U UV of M into two open
subsets. Taking the open cover Ey = “LU), By =771(U) of E and a
similar open cover Ey,Ey for E we get two associated Mayer-Vietoris
sequences. Naturality of the Mayer-Vietoris sequence ensures that the
T-duality map is a chain map between the two exact sequences. If the
T-duality map restricted to U,V and U NV are isomorphisms then by the
5-lemma the T-duality map itself is an isomorphism.

Now we prove that the T-duality maps are isomorphisms whenever the
base has a finite good cover. Say a space has a good cover of order n if it
has a good cover with n elements. We prove the result by induction on n.

When n =1 we have that M is contractible and the result is trivial to
verify. In fact E,E must be oriented circle bundles so the result already
follows from [10]. Note it is here that we require the property u(n) = 1.

If the space M has a good cover Uy, Us, ..., Uy, Upyq then let U = Uy U
UyU---UU,, V =Upyi. Clearly U has a good cover of order n and V' a good
cover of order 1, so by induction the T-duality map is an isomorphism on U
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and V. By the Mayer-Vietoris sequence the T-duality map is an isomorphism
on M too. O

7. The twisted Chern character

We have shown that one can define T-duality maps which are isomorphisms
between twisted cohomology or twisted K-theory on T-dual circle bundles.
Now we would like to refine this result to a statement that T-duality com-
mutes with the Chern character in the sense that we have a commutative
diagram of the form

K*(E, h) —— K*~Y(E, (¢, h))

o o

H*(E,H) —X~ H*Y(E, (¢, H))

and similarly with (E,h),(E,h) interchanged. We will see that this is
indeed the case although it requires some care. The main issue is that
to define the twisted K-theory we need a graded gerbe, while to define
the twisted cohomology we need a 3-form representing the class of the gerbe.

To obtain a commutative diagram as above we need to unify these
objects using gerbes with connection and curving. A related problem is
that the T-duality maps (denoted by T¢ in the diagram) depend on certain
choices. A morphism at the level of gerbes with connection and curving will
simultaneously make choices for the T-duality transformations on K-theory
and twisted cohomology which commute with the Chern character.

7.1. Gerbe connections

Gerbe connections and curving for graded gerbes are identical to the
ungraded case as can be found in [31], [42], [6]. In this section we review
relevant details.

In order to define connections on gerbes we work in the category of
smooth manifolds. Thus a pair (Y, ) over a smooth manifold X is a smooth
manifold Y and surjective submersion 7 :Y — X. Let Y* denote the k-
fold fiber product of Y with itself. We get natural projections m; : Y+ —
Y for i =0,...,k which omit the (i + 1)-th factor. Define § : Q*(Y*) —
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Q* (Y1) to be

For any p the sequence
0—— QP(X) "> Qr(v ) s op(yRl) 2
is exact [31].

Let (Y,m,L,p) be a gerbe on X, so in particular p: L — Y2 is a
line bundle. Associated to L is a principal U(1)-bundle Q@ — Y. A gerbe
connection is a Hermitian connection 6 € Q1(Q) ® C for Q — Y2 which
preserves the gerbe multiplication. Since 6 respects the multiplication
one finds that the curvature of the connection F € Q?(Y!?)® C satisfies
d(F) =0. Since 0 is Hermitian we have that F/2mi is real, so one can
find a 2-form w € Q?(Y!!) ® C such that F = §(w) and such that w/27i is
real. Such a choice of w is called a curving for the gerbe connection. We
have that 0(dw) = d(éw) = dF =0 so that there exists a unique 3-form
H € Q3(X) such that 7*H = dw/(27i) called the curvature of the curving.
Clearly H is a representative in de Rham cohomology for the image of the
Dixmier-Douady class of the gerbe in real cohomology. Note that every
gerbe admits a connection and curving.

Fix a pair (Y, ) over X. We will make a 2-category out of gerbes asso-
ciated to (Y,7) with connection and curving. Let (Y, 7, L,p), (Y, w, L', p)
be gerbes associated to (Y, 7) we sometimes use just L, L’ to refer to the
gerbes. Next suppose 6,w and #’,w’ are connections and curvings for G' and
G’ respectively. A 1-morphism (T, 7, V, B) consists of:

e a Hermitian line bundle 7 — YU

e a connection V on T'

e a 2-form B € Q?(X)

e a strict isomorphism of gerbes 7: L ® 6(T) — L’

satisfying some conditions that we now explain. Note that the trivializable
gerbe §(T') inherits a natural connection and curving. The connection comes
from V and the curving F' is the curvature of 7. Then we require that 7
identifies the product connection on L ® §(T") with the connection on L’ and
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that the curvings w,w’ of L, L' are related by
(7.1) W' =w+ F+27iB.

A 2-morphism (o,u) between 1-morphisms (7, 7,V,B),(T',7',V', B)
consists of an isomorphism o : T'— T" of line bundles inducing a strict iso-
morphism §(c) : §(T) — 6(T") and a 1-form u € Q*(X) satisfying some con-
ditions which we explain. There must be a commutative diagram of strict
isomorphisms:

L®§T)—1L
1®5(o’)l
L® (T

T/

Moreover the connections V, V' on T,T" are related as follows:
(071)*V = V' + 2miu
and the 2-forms B, B’ are related by
B' = B — du.

We can repeat all of the above definitions for graded gerbes. If two
gerbes L, L' are isomorphic and we give L, L’ any choice of connections
6,0 and curvings w,w’ there exists an isomorphism between (L, 6,w) and
(L',0',w"). The group of of automorphisms of a gerbe with connection and
curving modulo 2-morphisms is the group of isomorphism classes of line
bundles.

We call a 1-morphism determined by a 2-form B € Q?(X) a B-shift.
There is a more restricted notion of 1-morphism in which we set the 2-form
B = 0. Obviously every morphism factors into a B-shift and a morphism
with B = 0.

So far we have made a 2-category out of gerbes with connection and
curving which are associated to a fixed pair (Y, 7). There is an evident
notion of pull-back under diagrams of the form
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or even a pull-back under base maps f : X — X’. Using this we can speak
of isomorphism between gerbes with connection and curving defined with
respect to different pairs.

7.2. Twisted Chern character

Given a graded gerbe G on X with connection and curving one may define
a twisted Chern character

Chg : K*(X,G) — H*(M, (¢, H))

where H is the curvature of G and ¢ is the H' (X, Zs) part of the Diximier-
Douady class of G. For simplicity we assume that X is compact although
it should be possible to define the Chern character more generally using
compactly supported cohomology. We have used Chg to denote the twisted
Chern character associated to the gerbe with connection and curving G.
This notation obscures the fact that Chg depends on the connection and
curving however.

The twisted Chern character in the case of K-theory twisted by classes
in H3(X,Z), that is by ungraded gerbes is defined in [6], [34]. The extension
to the more general class of twists is quite straightforward. Indeed, a class
¢ € HY(X,Z3) defines a double cover m : Xy — X with an involution o :
Xy — X5 which permutes the elements in each fiber. Associated to £ is
a flat line bundle L and associated to L is a lifting gerbe ~ which has
Diximier-Douady class (£,0). Any graded gerbe G with Diximier-Douady
class (&, h) can be canonically factored into a product G = v ® Gy where Gy
is an ungraded gerbe with Diximier-Douady class h. We then have an exact
6-term sequence [22]

K°X,0) _m K%(X2,m*Gy) — K°(X, Go)

T i

K'(X,Go) <— K'(Xa,m*Go) <*— K'(X, )

Now suppose we give Gy a connection and curving with curvature H. As an
ungraded gerbe 7 is canoncially trivial so we can give it the trivial connection
and curving. We then give G the product connection and curving which
also has curvature H and m*Gy the pull-back connection and curving with
curvature m*H.
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There is a similar long exact sequence in twisted cohomology which is
split:

HO(X, (¢, H)) —"> HO(Xy, m*H) — H°(X, H)
I §
HY (X, H) <—— HY(Xo,m*H) <"— H(X, (¢, H))

Given this there is a unique way to define Chg : K*(X,G) — H*(X, (¢, H))
so that we have a commutative diagram

L ——= KX, Gy) —= K*(X,G) — ™ K*(X5,m*Gy) — ...

iohgo \Lchg iChm*g

L ——= H 7YX, H) % H*(X, (¢, H)) 2> H*(X9,m*H) — . ..

We remark that for any compact smooth manifold X the twisted
Chern character Chg : K*(X,G) @ R - H*(X, ({, H)) tensored by R is an
isomorphism [22]. The twisted Chern character respects pull-backs.

Let G,G" be graded gerbes with connection and curving associated to
a pair (Y, 7) over X. Suppose there is an isomorphism u: G — G’ which
involves a B-shift by B € Q?(X). Let ¢ be the H'(X,Zs)-part of the
Diximier-Douady class of G and G’ and let H, H' be the curvature 3-forms.
Clearly H' = H + dB. The twisted Chern characters of G,G’ are related
through the following commutative diagram:

K*(X,0) = K*(X,d)

iChg \LChg/

H*(X, (&, H)) > H*(X, (&, H'))

Let f: X — Y a smooth map, a an ungraded gerbe on Y and L(f)
the lifting gerbe for f. Give o a connection and curving with curvature
H € Q3(Y). The U(1)-bundle defining the lifting gerbe (with respect to some
choice of metrics on X,Y") is associated to a Zg-bundle and so L(f) can be
equipped with a canonical flat gerbe connection and zero curving. Of fun-
damental importance is the following version of the Riemann-Roch formula
for twisted K-theory [14], [15]:

Proposition 7.1 (Riemann-Roch formula for bundle gerbes). Sup-
pose X,Y are oriented, f: X —Y a map and « is ungraded. If a €
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K*(X,L(f) ® f*a) then

Cha(fsa)A(Y) = [u(Chy(p)ps-a(a) AX)).

Note that in order to make sense of this equation one must first define
a push-forward operation for compactly supported cohomology twisted by
3-forms and flat line bundles. We omit the details since the construction
parallels the construction of the push-forward in twisted K-theory as in [13].

It takes only a little work to remove the hypotheses that X,Y are ori-
ented and « ungraded:

Proposition 7.2 (Riemann-Roch formula for graded bundle
gerbes). For any X,Y, map f: X — Y and graded gerbe o we have for
a€ K*(X,L(f)® f*a):

ha(f*a)A(Y) = f*(ChL(f)@)f*a(a)A(X))'

Proof. We can prove this result in increasing stages of generality. For
example assume « is ungraded, Y is oriented but X is not oriented. Let
m : Xo — X be the orientation double cover of X and set fo = f om. The
Riemann-Roch formula for f will follow from Riemann-Roch for fo. Indeed

take a € K*(X,L(f) ® f*a) @ R. Then a = m,(a’) where o’ =m*(a)/2 €
K* (X2, L(f2) ® fya) ® R. We first note that we have an equality
m«(Chi(fyep5a(@) = Chpepalmaa’).

Indeed the twisted Chern character commutes with pull-backs so

m*(Chy(posala)) = Chypopalm’a) = 2Chyf,)s pala’)

then apply m. to both sides and use m,m* = 2.

Now we find

Cha(fra)A(Y) = Cha((f2)sa')A(Y)

= (f2)«(Chrpyefala NA(X2))
= fam«(Chp (f2)® ( /)A(X2))
= [(Chypes- a( )A(X))

where we have used Riemann-Roch for fs.
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A similar argument can be use to remove the other hypotheses and the
result follows. O

7.3. The twisted Chern character in T-duality

Now that we have reviewed the twisted Chern character we show how the
T-duality transformations of twisted K-theory and twisted cohomology can
be defined so as to commute with the twisted Chern characters.

Let (E,h),(E,h) be T-duals over a compact base M. As in Section
we may find twisted connections A, A with curvatures F, F and a 3- form
Hj € Q3(M) such that if we define H, H by

H = 7*(H3)+AAT*(F)

H = #*(H3)+ AN (F)

then H, H represent h, h in real cohomology. Next we choose (ungraded)
bundle gerbes an, @, representing the classes h, h. We equip ap,a; with
connections 6,0 and curvings w,@w such that H, H are the respective
curvatures. It is straightforward to see that given h,h, H ,H we can find
such triples (o, 0,w), (aﬁ,é,d)). We write G = (ap, 0,w), G = (aﬁ,é,cb) for
short.

On the correspondence space F = E x5 E we have p*h = p*h. It fol-
lows that there is an isomorphism of gerbes with connection U : p*G — p*G.
Underlying U is an isomorphism 7 : o, — «;, of gerbes without connections.

Proposition 7.3. The isomorphism U can be chosen so that n satisfies the
Poincaré property described in Section [6.5

Proof. First we make an observation about the automorphisms of a gerbe
with connection and curving. Consider an automorphism determined by a
line bundle with connection (7, V) and a shift in curving by a 2-form B. We
see that by we must have B + 2miF = 0, where F' is the curvature of
V. Thus if ¢(T') is the Chern class of T' then we have that B represents the
image of ¢(L) in real cohomology. Let us now apply this to the case at hand.
Associated to the morphism U is a B-shift by some 2-form C € Q?(F). We
then have

p*H —p*H = dC.
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For any b € B let Ty = 7~ (), T = 7' (b) be the fibers of E, E. The
restrictions h|r,, th vanish for dimensional reasons so it follows that there
are trivializations 7 : 0 — G|p,, 7: 0 — G|Tb where 0 denotes the trivial gerbe
with trivial connection and curving. The isomorphisms U ‘Tbeb and p*T o
p*t map from p*(G|z,) to p*(G |7,) so they differ by an automorphism. Up
to 2-morphism any automorphism is determined by a line bundle T with
connection V. Suppose that associated to 7,7 are B-shifts by 2-forms p €
O%(Ty), € Q(Ty). In fact since Ty, T, are 1-dimensional we have p, i = 0.
Let F' be the curvature of V. In then follows that

C‘Tb be =F ’
so C restricted to the fibers is integral and represents the class
p € HX(T, x Ty, Z) as described in Section‘m

Now recall that the 2-form B = —p*A A p*A has the property pH —
p*H = —dB. Therefore the 2-form ¢ = C + B is closed. Moreover restricted
to the fibers T, x T}, we have that both C' and B represent closed integral
2-forms. This means that even though the class [C + B] € H?(F,R) might
not be integral its restriction to the fibers is. Making use of the filtration on
cohomology associated to the Leray-Serre spectral sequence it follows that
we may write [C + B] = z + p*(y) + p*(z) where x € H?(F,R) is integral,
y € HX(E,R), z € H*(E,R). Now we can find a line bundle T on F with
Chern class that equals —x in real cohomology. Let us compose the mor-
phism U with the gerbe automorphism associated to this line bundle. Then
redefine U as this composition and redefine C' as the 2-form shift associated
to this newly defined U. It now follows that C + B restricted to the fibers
is cohomologically trivial. Thus the class of C restricted to the fiber T x Ty
agrees with the class of _B‘Tbeb‘ But since —B =p*A A ]5*/1 this class in
H2(Ty, x Ty, R) is exactly image of the class of the Poincaré line bundle. It
then follows that U has the Poincaré property. O

If we now assume that U satisfies the Poincaré property then as we
have seen the 2-form d = C' + B has the property that restricted to the
fibers it is cohomologically trivial. By considering the Leray-Serre spectral
sequence for q: FF — M we see that the class of d can be written in the
form [d] = p*(y) — p*(2) for some classes y € H2(E,R), z € H*(E,R). Let
B, B be 2-forms on E,E representing ¥, z. Now let us redefine the gerbes
with connections and curvings G, G by performing a shift in curving by S, B
respectively. Then we get a morphism from p*G to »*G by composing U
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with the appropriate 2-form shifts. Let us redefine U to be this composition
and redefine C' to be the corresponding 2-form shift. After doing this we
find that C and —B differ by an exact term. In summary given h, h,H, H as
above we may choose representative gerbes with connections and curvings
g, Q and an isomorphism U : p*G — p Q such that the B-shift associated to
U has the form C = —B + da. From U we get an induced isomorphism w :
K*(F,p*G) — K*(F,p*G) of twisted K-theory that fits into a commutative
diagram

K*(F,p*G) —“> K*(F, p*G)

o o

H*(F,p*H) —=~ H*(F,p*H).

This is already close to proving the result that T-duality respects the
twisted Chern character. We know that pull-back respects the twisted Chern
character so we get a commutative diagram

K*(E,G) —2—~ K*(F,p*G)

oo

H*(E,H) -2~ H*(F,p*H)

The remaining ingredient is the behavior of the twisted Chern character
under push-forward. This relation is given by the Riemann-Roch formula
for twisted K-theory. In the simple case at hand ¢*V = Ker(p, : TF — T E’)
is a real line bundle so A(¢*V) = 1. It follows that Riemann-Roch in this
case reduces to a commutative diagram

K*(F,q"y ® 5*G) —2= K*(E, §)

b

H*(F, (&, H)) —— H*(

A~

, H)
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where v is the lifting gerbe for V equipped with flat connection and zero
curving. Using the canonical trivialization v ® v =1 we get a similar com-
mutative diagram

Putting it all together obtain:

Proposition 7.4. We have a commutative diagram

K*(E,G) > K*Y(B,#"y @ §)

lCh iCh
H* (B, H) —— H*~Y(B, (&, 7))
where TX = p, o uwo p* and TH = p, o €B o p*. Similarly we have a com-

mutative diagram

* * T =11 A
K*(E,m"y®G) —— K" (E,G)

o o

T o .
with TgK , TgH defined similarly.
8. Courant algebroids

The structure of Courant algebroids is intimately linked to T-duality, see
for example [25, Chapter 8],[16, Chapter 7] and [29]. We will demonstrate
that such a relation extends to T-dual circle bundles by associating to a

pair (E, H) a Courant algebroid £(F, H) over M and show that T-dual
pairs have isomorphic Courant algebroids.

Courant algebroids were introduced in [33] as a generalization of the
bracket used by Courant [17] to define Dirac structures. We recall the
definition of Courant algebroids from the point of view of the Dorfman
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bracket [39]. A Courant algebroid on a smooth manifold X can be defined
as a vector bundle C' — X with non-degenerate bilinear form (, ) bilinear
bracket [, | : T'(C)®@T'(C) — I'(C) called the Dorfman bracket and bundle
map p: C'— TX called the anchor such that

s [CL, [b7 CH = Ha7 b]? C] + [bv [av CH

e pla,b] = [p(a), p(b)]

e [a, f0] = p(a) ()b + fla, ]

e [a,b] + [b,a] = d(a,b)

e p(a)(b,c) = ([a, 0], ¢) + (b, [a, c])

where a,b,c € I'(C), f is a function on X and d is the operator
d:C®(X)—=T(C) defined by (df,a)=p(a)(f). Courant algebroids
are more often defined in terms of a skew-symmetric bracket called a
Courant bracket as in [33]. The Courant bracket is the anti-symmetrization
of the Dorfman bracket.

A Courant algebroid C' — X is ezact if the sequence

0 X0 foTx 0

is exact. Here p* is the transpose T*X — C* of p followed by the identifica-
tion of C' and C* using the pairing. Exact Courant algebroids over a man-
ifold X are classified by third cohomology with real coefficients, H3(X,R).
In fact given a closed 3-form H representing a class in H3(X,R) we make
C=TX ®T*X into a Courant algebroid with H-twisted Dorfman bracket
[40] given by

(8.1) (A, ), (B, B)la = ([A, B], Laf —ipda + ipiaH),

pairing (, ) given by the obvious paring of T'X with 7*X and anchor
the projection p:C — TX. Then (C,[, ]u,(, ),p) is an exact Courant
algebroid and one can show that every exact Courant algebroid on X
is isomorphic to one of this form. Given two closed 3-forms H, H' the
associated exact Courant algebroids are isomorphic if and only if H and H’
represent the same class in H3(X,R).
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Given a pair (F, h) consisting of a circle bundle 7 : E — M over M and a
class h € H3(E,Z) there is an exact Courant algebroid C}, — E over E cor-
responding to the class hg € H3(E,R). Given a representative H € Q3(E)
of the class h we can realize C} as the bundle TE @& T*FE equipped
with the Dorfman bracket twisted by H. If we choose an invariant
representative for H then the space of invariant sections of TE & T*FE
is closed under the twisted Dorfman bracket and this defines a Courant
algebroid £(E, H) over M. The anchor is the composition Cy, - TE — TM.

Let (E, h), (E, h) be T-dual circle bundles. As in Sectionwe may find
twisted connections A, A with curvatures F, F and a 3-form Hj € Q3 (M)
such that if we define H, H by

A (F)
A 7*(F)

H = 7"(H3)+A

H = #*(H3)+ A
then H, H represent h, h in real cohomology. The twisted connections AA
yield associated splittings

TE = TM®R;
T"E = T*M &R
TE = TM®R;
T"E = T"M &R

where & € H'(M,Zs) is the first Stiefel-Whitney class of £ and E and R¢
the associated flat line bundle. Notice that the bundles TE ©® T*E and
TE ®T*E can both be identified with TM © R © Re @ T M.

The idea now is that T-duality is an exchange of the two Re-factors.
Define a map ¢ : TE®T*E — TE @& T*FE to be the interchange

¢(X7 :B, a’ A) = (X’ a’? :E, >\)

where we have identified TE ® T*E and TE © T *F with TM OR: DR ®
T*M.

Proposition 8.1. The map ¢ : TEDT*E — TE @ TfE’ determines an
isomorphism of Courant algebroids ¢ : E(E,H) — E(E, H).
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Proof. Our proof is a straightforward adaptation of [16, Theorem 7.2]. Recall
that for an invariant form w € Qf (E,R) we have a decomposition

w=7"(a)+AANT(B)
and that the T-duality map T' = p, o €5 o p* sends w to
Tw=#*(8) — AA7*(a)

which is an element of Q,(E, Re).

mv

There is a natural action of sections of TE & T*E on Q*(F). Let a =
(Y,n) be a section of TE @ T*E and w € Q*(E). Then

aw =1tyw +n A w.

If L is any flat line bundle the above action can similarly be defined on
O*(E,L). If a and w are invariant one sees easily that

(8.2) T(aw) = —¢(a)Tw
We also have that T intertwines dy and dj up to sign:
(8.3) T(dpw) = —dg(Tw)

where on the right hand side dy, is the twisted differential on Q*(E,Rg) as
defined in equation ({5.4]).

The Dorfman bracket is a derived bracket in the sense that
[a, bl gpw = [[dm, a, blw

[30] where a,b are sections of TE & T*E and w € Q*(E). Writing this out
in full we have

[a,blgw = dy(abw) — adp (bw) — bdy (aw) + badgw.
Applying T and using properties (8.2)),(8.3) we find

¢(la,0]m)Tw = dg(d(a)p(b)Tw) — ¢(a)dy((b)Tw)
—¢(0)d g (d(a)Tw) + ¢(b)¢(a)d y Tw,
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which reduces to simply

¢(la, blm) = [p(a), (b)) -

We have shown that ¢ exchanges the Courant brackets on &(E, H) and
E(E,H). To complete the proof one also needs to check that ¢ exchanges
the anchors and bilinear forms. This is straightforward to verify. O

9. Examples

We will consider some low dimensional examples of circle bundle T-duality.
Since the case of oriented circle bundles has already been considered in the
literature our examples will focus on non-oriented circle bundles.

In order to calculate twisted K-theory we make extensive use of
the Atiyah-Hirzebruch spectral sequence. For a twisting class 7 = (§,n) €
HY(M,Zs) x H3(M,Z) The spectral sequence has EY? = HP(M, K9(pt))
and abuts to the twisted K-theory K*(M,7) [2]. Note that the coefficients
in the E» term are twisted by &.

For examples of dimension no greater than three the only possibly non-
trivial differential is d3 : HO(M, Z¢) — H3(M, Z¢). If the class £ is non-trivial
then HY(M,Z¢) =0, so Es = E. If £ =0 then it is known that ds(z) =
Sq¢3 () — nz, where Sg3 is an integral Steenrod operation [3]. Restricted to
ds : H'(M,Z) — H3(M,Z) however the differential reduces to just ds(z) =
—nz. In either case, we see that it is quite simple to apply the spectral
sequence in low dimensions.

In some examples we will only be able to determine the twisted K-theory
groups up to an extension problem. In such cases however we get an exact
result on the T-dual, so T-duality allows us to solve the extension problem.

9.1. Klein bottle

Let M = S!. There are two S'-bundles over M, the trivial oriented bundle
T? — S' and the unique non-oriented bundle K — S which is the Klein
bottle. Since these bundles are 2-dimensional they can not have a non-trivial
H-flux. We conclude that T2 and K are self T-dual.
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Let ¢ denote the non-trivial class in H'(S!, Zs) = Zy. The cohomologies
of K with coefficients in Z or Z¢ are easily computed to be

i | H(K,Z) | H(K, Z)
0|Z 0

1|7Z YASYA

2| Zy Z

From this table we can easily apply the Atiyah-Hirzebruch spectral
sequence. There is no extension problem and we find

i | K'(K) | K'(K,§)
0|Z&Zs | Z
1|7 Z& Ly

in accordance with T-duality.

9.2. Non-oriented circle bundles over compact Riemann surfaces
Let ¥, be a compact connected Riemann surface of genus g. We will con-
sider circle bundles over ¥, with fiber orientation class 0 # ¢ € H'(Z,, Zs).
Note that HY(3,,Z) = Zgg, so we assume g > 0.

The cohomologies of ¥, with coefficients Z, Z¢ are

i | H(Xy,Z) | H(Zy, Z¢)
0|7z 0
1|2z2% 72972 7,
217 Zs

in particular, H 2(29, Zg¢) = L, so there are exactly two circle bundles over
¥, with fiber orientation class equal to . For j € Zy, let Ej denote the
corresponding circle bundle. ‘

We will determine the cohomology of Ej with coefficients in Z and Z.
To do this we first calculate the cohomology with local coefficients Z¢ by
the Leray-Serre spectral sequence then we use Poincaré duality to determine
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the cohomology with Z coefficients. Doing this avoids an extension problem.

i | H(EQ,Z) | H'(E),Z¢) | H'(E},Z) | H'(Ey, Z¢)
0|2 0 Z 0

1|2z2% 729 1Y 7y | 7% 72971 @7,
2| 7229V pZy |29 Ly | 72971 729

3| Zs Z Zo Z

For either bundle we find H3(Eg, L) = ZLs. Let k € Zy and let n, € H? (E},7)
be the corresponding H-flux. T-duality of pairs (Ej, ) in this case is easily
seen to be the interchange j < k.

We now turn to the calculation of the twisted K-theory. Using the
Atiyah-Hirzebruch spectral sequence we obtain

K'(E),mo) | K'(Ey,(&,m0)) | K'(Eg,m) | K*(Eg, (& m0))
729 & 7oy 729 ® 7o 729 729

729 ® 7 | * 729 07y |

K'(E),m) | K'(Ey, (&,m)) | K'(Ey,m) | K'(Eg, (&m))
79 DLy | 7% ® 7y 729 729

729 * 729 *

where the four * terms indicates that the spectral sequence does not com-
pletely determine these groups. Fortunately we can use T-duality to fill in
the remaining blanks, thus the complete list is

K'(EJ,mo) | K'(Ey, (& m0)) | K'(Eg,m0) | K'(Ey, (& m0))
7YX 7y | 229 &7 729 729

79 @7y | 7?9 &7y 79 &7y | 7?9 &7
K'(Ey,m) | KY(Ey, (&m)) | K{(Eg,m) | K*(Eg, (§,m))
ZX9 7y | Z29 &7 729 729

729 729 729 729
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9.3. Non-oriented circle bundles over non-orientable compact
surfaces

Consider now connected, compact non-orientable surfaces. Every such
surface can be expressed as an n-fold connected sum M, = #"RP". We
have H'(M,,Zs) = Z%. We consider non-orientable circle bundles over
M,, with fiber orientation class 0 # ¢ € HY (M, Zs). Let w € H'(Mz,Zs)
denote the first Stiefel-Whitney class of M,. For simplicity we will only
consider the case £ = w, although the case £ # w is no harder to compute.

The cohomologies of M;, with Z and Z¢ coefficients are

i | Hi(M,,7) | H{(M,,Z¢)
0|z 0

1| zn1 71 g 7,
2 | Zy z

Let jeZ= HQ(MH,Zg) and EY — M, the corresponding circle bundle.
Next we will compute the cohomology of Ej. For this the Leray-Serre spec-
tral sequence by itself is inadequate and so we consider the fundamental
group of Ej},. One finds

2 2

m(ED) = (a1, ag,. .. an,x | d3a3 ... a2 = 27, qjza; ! = 28(®)).

We conclude that Hy(E;,Z) = Z"' ® Zs & Zs if j is even, Z" 1 @ Zy4 if j is
odd. From here the Leray-Serre spectral sequence suffices and we obtain

i | H(E),Z), j even | H'(E},Z), j odd | HY(E}, Z¢), j =0 | H(E}, Z¢), j #0
0|z z 0 0

1|z} znt 7" ® Ly 2" @ Ly
2|2 92 dZy | ZV B2y zr ' e 7

3|1 7Z Y/ Zo Zs

Let k € Z and let g, € H 3(E,%, Z) be the corresponding class. As in the last
example T-duality amongst pairs (E3,7;) is the interchange j < k.

As usual we attempt to calculate the twisted K-theory with the Atiyah-
Hirzebruch spectral sequence. We again find that some of the groups are
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determined up to an extension problem, but we can use T-duality to deter-
mine the answer. We find

i | KB, ) KB, m) K(E3, m) K(E3,, m)
jeven, k=0 |jodd, k=0 jeven, k#0 jodd, k#0

0| Z"DZoDZo |Z" D7y I @l @l | T DLy

1|z Al VAN VARV

i | KB (me) | KO (B (6ne) | K'(ER, (€m)) | K (B, (6m1)
j=0,keven | j+#0,keven 7=0,kodd j#0, kodd

0|z" Z" e Z; " Z" e Z;
1| Z"DZe®Zy |2 @ LoD 7y | 2" DLy "oz,
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