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1. INTRODUCTION

This paper is dedicated to our friend, professor Andrey Todorov. In this paper
we study the Mumford goodness of various metrics on the logarithmic tangen-
t bundle over the moduli space M, of hyperbolic Riemann surfaces which are
induced by canonical metrics on M,. By the Chern-Weil theory we know that
for a Hermitian vector bundle (E,h) over a compact complex manifold X, the
k-th Chern form ci(E, h) represents the k-th Chern class of E. However, this
is no longer true in general if X is noncompact. In order to generalize the pro-
portionality theorem of Hirzebruch, in [8] introduced the goodness condition on
Hermitian metrics on holomorphic vector bundles over quasi-projective manifold-
s. These good metrics have desired asymptotics and the Chern-Weil theory still
hold in the sense of currents. As we know that the moduli space M, is not
locally symmetric with respect to these canonical metrics. However M, share
many properties of locally symmetric spaces and the Mumford goodness of the

canonical metrics is a strong evidence.

To setup notation we let M, be the moduli space of Riemann surfaces of genus
g > 2 and let ﬂg be its Deligne-Mumford compactification where D = ﬂg \
M, be the compactification divisor. Let E = T%Og (—log D) be the logarithmic
tangent bundle over M, and let E = E |z ,- The paper is organized as follows.
In Section 2 we will review the definition and basis properties of good metrics
in the sense of Mumford. We will also discuss the basic properties of the Weil-
Petersson, Ricci and perturbed Ricci metrics on the moduli space M. In Section
3 we prove that the Ricci and perturbed Ricci metrics are good:

Theorem 1.1. Let 7 be the Ricci metric, let 1. be the perturbed Ricci metric
and let T and T, be the Hermitian metrics on E induced by T and 7. respectively.

Then T and 7. are good in the sense of Mumford.

The proof of this theorem is based on a refined version of the asymptotic
analysis in [4] and [5].

Since each irreducible component of D’ C D is a moduli space of Riemann
surfaces with punctures, there is a natural Weil-Petersson metric on D’. It is well
known that the Weil-Petersson metric is natural in the sense that the WP metric
on M, can be extended to each D" and coincides with the WP metric on D’. In

Section 4 we prove the naturality of the Ricci metric:
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Theorem 1.2. The Ricci metric on Mg can be extended naturally to D and
coincide with the Ricci metric on each component of D.

2. MUMFORD GOODNESS AND CANONICAL METRICS ON THE MODULI SPACES

In this section we first recall the Mumford goodness of singular Hermitian
metrics. See [8] for details. We will use the following notations: let A, be the
open disk in C with radius r, let A = Ay, A¥ = A, \ {0} and A* = A\ {0}.

Let X be a projective manifold of complex dimension dim¢ X =n. Let D ¢ X
be a divisor with simple normal crossings and let X = X \ D be a Zariski open
manifold. For each point p € D we can find a coordinate chart (U, z1,--- , 2,)
around p in X such that U 2 A" and V = U N X = (A*)™ x A""™. We assume
that U N D is defined by the equation zj---z, = 0. We let U(r) = A} for
0O<r<landlet V(r)=U(r)nX.

On the chart V of X we can define a local Poincaré metric:

\/ dz; \dz; \/71 -
(2'1) Wioe = Z 5 Z dz; N\ dz;.

7 2|zi[* (log |z I) i
Now we cover D C X by such coordinate charts Uy, - - - , U, and let V U;nX.
We choose coordinate 2%, -, 2} such that D N Uj; is given by 2% - =0. A

Kahler metric wy, on X has Pomcare growth if for each 1 < ¢ S q there are
constants 0 < 7; < 1 and 0 < ¢; < Cj; such that w, |V%(n-) is equivalent to the local
Poincaré metric wfoc:

Clwloc < Wy ’V < Clwloc

We note that there exists a Kihler metric on X with Poincaré growth since X is
projective. In [8] Mumford defined good differential forms on X:

Definition 2.1. Let n € AP(X) be a smooth p-form. Then n has Poincaré
growth if for each 1 < i < q there exists a constant a; > 0 such that for each
point s € V; (%) and tangent vectors ty,--- ,t, € TsX one has

p
9 .
|77(t17 T 7tp)‘ < a lezoc(tﬁtj)'
j=1

The p-form n is good if and only if both n and dn have Poincaré growth.
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Remark 2.1. It is easy to see that the above definition does not depend on the
choice of the cover (Uy,---,Uy) but it does depend on the compactification X
of X. Furthermore, a direct computation shows that a p-form n € AP(X) has
Poincaré growth if and only if ||n|ly < oo where wy is any Kdhler metric on
X with Poincaré growth. It follows that if m € AP(X) and ne € AY(X) have
Poincaré growth, then m A ng also has Poincaré growth.

Now we consider a holomorphic vector bundle E or rank r over X. Let F =
E |x and let h be a Hermitian metric on E. According to [8] we have

Definition 2.2. The Hermitian metric h is good if for any point x € D, assume
x € U; for some i, and any basis e1,--- ,e, of E \U_(;), if we let haB = h(eq, €p)
i\2

then there exist positive constants c;,d; such that
d;

‘ 2
(1) |hyg|. (deth) ™! < ¢ (Z}":’l logIZjl) ;
(2) the 1-forms (8h . h_l)aﬁ are good on V; (%)

Remark 2.2. We note that the definition is independent of the choice of local

basis e, -+ ,ep.

The following important properties of forms with Poincaré growth and good
metrics are proved in [8].

Proposition 2.1. Let X, X, E and E be as above. Then

(1) If n € AP(X) be a form with Poincaré growththen n defines a p-current
on X . Furthermore, if 1 is good then d[n] = [dn].

(2) Let h be a Hermitian metric on E. Then there is at most one extension
of E to X for which h is good. Furthermore, if h is a good metric on
E, then the Chern forms cx(E,h) are good and the current [cp(E,h)] =
cx(E) € H**(X).

This theorem allows us to compute the Chern classes by using Chern forms of
a singular good metric.
Now we look at the case of logarithmic tangent bundle. In the following we let
E =Tg(—log D)

and let £ = F |x. Let U be one of the charts U; described above and assume
DNU is given by 21 --- 2z, =0. Let V=V, = U; N X. In this case a local frame
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of E restricting to V is given by

0 0 0
€l = 2=\l = Iy Em] = ———— o €y = ——.
0z " " zm T 0zme1’ " Oz

Let g be any Kéhler metric on X. It induces a Hermitian metric g on E. In local
coordinate z = (z1,- - , z,) we have

Zifjgij if 72,7 <m

203 if i<m<j
(2.2) 9ij = i ~ ’
Zj 9i7 if j<m<i

In the following we denote by 0; the partial derivative %. Let

ka = gpaaigkq
be the Christoffell symbol of the Kahler metric g and let
R, = 9" Ry = g” (‘31@91-3 + QStakgﬁazgs;>
be the curvature of g. We let

(2.3) pi = o
1 if i>m
and
—=L _ if i<m
(2.4) A = || log |2 ="
1 if i>m

Now we give an equivalent local condition of the metric g on E induced by the

Kahler metric g to be good. We have
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Proposition 2.2. The metric g on E induced by g is good on V (%) if and only
if
(2.5)

Gl 121 2ml™ “2deg(g) "t < ¢ (Z log zz\> for some constants c¢,d > 0

%Ffp =O0(Ap) foralll <ik,p<nexcepti=k=p
1 ’ o

- + 1% =0(N;) ifi<m

Fprq O(APA(])

Proof. We note that the first inequality of (2.5) follows from the first condition
of Definition 2.2 and formula (2.2) directly.

Now we let A = [8~ g~ 1] be the connection matrix. By direct computations
we know
(26) Ak: pp;C zpd’zp if l#korZ:kZm—l—l

. ; .

i Tipdzp + (L 4T3 dzi i i=k<m

The second and third inequalities of (2.5) are equivalent to the fact that the
local one forms Af have finite norm with respect to the local Poincaré metric
as defined by formula (2.1). By Remark 2.1 we know that the second and third
inequalities of (2.5) are equivalent to the fact that A¥ has Poincaré growth.

Now we looking at the last inequality of (2.5). We have dA = 0A — A A A.
By Remark 2.1 we know that if each entry of A has Poincaré growth, then each
entry of A A A has Poincaré growth. Thus each entry of dA has Poincaré growth
if and only if each entry of A has Poincaré growth. By formula (2.6) we know
that @A) =4 prqdzp A dZ4. Thus the last inequality of (2.5) is equivalent to
the fact that each entry of dA has Poincaré growth. The proposition follows from

Definition 2.2.
O

Next we recall several canonical metrics on the moduli space M, especially
those introduced in [4] and their properties. We assume g > 2 and let n =
39 — 3 = dim¢c M. For each point s € M, we let X be the corresponding
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Riemann surface. By the uniformization theorem we know that there exist a
unique Kahler-Einstein metric A on Xj:

9,0-1og A = A.

We assume s € M, is a smooth point and let B C M, be an open neighbor-
hood. We consider the harmonic Kodaira-Spencer map

KS:THB - B (X, 1)

where HO! (X 5 T;g?) is the space of harmonic Beltrami differentials with respect
to the Kéhler-Einstein metric on X,. Let t = (t1,--- ,t,) be any holomorphic
coordinates on B. We let B; = KS (%). Then Weil-Petersson metric at 0 is
defined as

hﬁ(s) = / BZ'EJ‘ dv
where dv is the Kahler-Einstein volume form.

The curvature of the WP metric is computed by Wolpert [10]. Let fz =
B;Bj € C*®(Xy), let O = —A719,0; be the Hodge Laplacian and let &5 =
O+1)" (fﬁ). The curvature of the WP metric is

(2.7) Rz =— /X (eﬁfki + eizfﬁ) dv.

It follows from this formula that the curvature of the WP metric has various
negativity properties. In particular the Ricci curvature of the WP metric is
negative definite. However, the curvature of the WP metric has no lower bound
and this metric is incomplete.

In [4] we introduced the Ricci metric
wr = —Ric(wy,p)
and the perturbed Ricci metric
wo = wr + Cwy,

for any constant C' > 0. It turns out that the Ricci and perturbed Ricci metrics

have many nice properties.

Similar to formula (2.7) we can establish integral formulae for the curvature
of the Ricci and perturbed Ricci metrics. These curvature formulae are crucial
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in estimating the asymptotic of these metrics and their curvature. To establish
these formulae, we need to introduce some operators. We let

P C%(X,) —» AY (19}
be the operator defined by
fr0(w loof).

In local coordinate we have P(f) = 0, (A*18Zf) dz® O5. Foreach 1 <k <n we
let

& 1 CF(Xs) = C™(Xs)
be the operator defined by
f =0 (Bradf) = =By - P(f).

In local coordinate we have &,(f) = —A710, (Ax0,f) where By, = Apdz ® %.
Finally for any 1 < k,1 < n we define the operator

Qi : C®(X5) = C™(Xy)
by
Qui(f) =P (e;) P(f) — 2f,30f + X0 f,;0=F.

These operators are commutators of various classical operators on Xg. See [4] for
details. Now we recall the curvature formulae of the Ricci and perturbed Ricci
metrics established in [4]. For convenience, we introduce the symmetrization
operator.

Definition 2.3. Let U be any quantity which depends on indices i,k,«, j,1, 3.
The symmetrization operator o1 is defined by taking the summation of all orders
of the triple (i,k, ). That is

Ul(U(ia ka Oé,j, LB)) :U(Za ka aa;vlﬁ) + U(i,Oé, ka;aza B) + U(k7i7a33777 B)
+ U(k7 «, Iivjv Zv B) + U(Oé, i? km?a Za E) + U(aa k7 i737 Z7 B)

Similarly, oy is the symmetrization operator of j and B and o7 is the symmetriza-

tion operator of j, 1 and f5.

Now we can state the curvature formulae.
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Theorem 2.1. Let s1,---, 5, be local holomorphic coordinates at s € Mgy and
let Rz‘}k? be the curvature of the Ricci metric. Then at s, we have

(2.8)

e {awa / {O+ D7 @leg)leas) + O+ 1) Erleg)Esleq) } d”}
_ poB {01 /X Quilez)e,s dv}

+ 7PApeB e {01 /X Ekleg)e,s dv} {51 /X El(ezﬁ)eﬁ) dv}

_}pPq _
+ijh Riqkl'

Theorem 2.2. Let 7~'ﬁ =715+ C’hﬁ where T and h are the Ricci and WP metrics
respectively where C > 0 is a constant. Let Pi}ki be the curvature of the perturbed
Ricci metric. Then we have

(2.9)

+ FPAROP R0 {01 /X Ek(eig)eqs d”} {51 /X &ileg)es) dv}

+ 7" Ry + CRgp

In order to estimate the connection forms of the metrics on E induced by the
Ricci and perturbed Ricci metrics we also need to following formula about the
first order derivatives of the Ricci metric.

Theorem 2.3. Let I'Y be the Christoffell symbol of the Weil-Petersson metric.
Then

(2.10) OkTi5 = he? {01 /X (fk(eij)eaﬁ) d”} + ijri‘ok'

Now we look at properties of the Ricci and perturbed Ricci metrics. Here we
collect the important ones from [4] and [5].
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Theorem 2.4. For any g > 2 let w; and w, be the Ricci and perturbed Ricci

metrics on My. Then

(1) The Ricci and perturbed Ricci metrics are complete and have Poincaré
growth. In particular the moduli space equipped with any of these metrics
has finite volume.

(2) These metrics are equivalent to the Kdhler-Einstein metric, the Kobayashi
metric, the Carathédory metric, the Bergman metric and the McMullen
metric on M.

(3) The curvatures of the Ricci and perturbed Ricci metrics are bounded. Fur-
thermore, on the Teichmiiller space Ty the injectivity radius of these met-
rics 15 bounded.

(4) With suitable choice of C the holomorphic sectional curvature and the
Ricci curvature of the perturbed Ricci metric w,, are bounded from above

and below by negative constants.

3. GOODNESS OF THE RICCI AND PERTURBED RiIcCI METRICS

In this section we show that the metrics on F induced by the Ricci and per-
turbed Ricci metrics are good in the sense of Mumford.

Theorem 3.1. Let 7 and 7, be the Ricci and perturbed Ricci metrics on M,

and let 7 and T, be the metrics on E = T%Og (—log D) induced by T and 7.
My
Then T and T, are good.

To prove this theorem we first describe the local pinching coordinates near the
boundary of the moduli space due to the plumbing construction of Wolpert as

well as the asymptotic of these metrics.

Let M, be the moduli space of Riemann surfaces of genus g > 2 and let M, be
its Deligne-Mumford compactification [2]. Each point y € M, \ M, corresponds
to a stable nodal surface X,. A point p € X, is a node if there is a neighborhood
of p which is isometric to the germ {(u,v) | uv =0, |ul, |v| < 1} c C2.

We first recall the rs-coordinate on a Riemann surface defined by Wolpert in
[12]. There are two cases: the puncture case and the short geodesic case. For
the puncture case, we have a nodal surface X and a node p € X. Let a,b be two

punctures which are glued together to form p.
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Definition 3.1. A local coordinate chart (U,u) near a is called rs-coordinate
if u(a) = 0 where uw maps U to the punctured disc 0 < |u| < ¢ with ¢ > 0,
and the restriction to U of the Kdhler-Einstein metric on X can be written as

W|du| The rs-coordinate (V,v) near b is defined in a similar way.

For the short geodesic case, we have a closed surface X, a closed geodesic
v C X with length [ < ¢, where ¢, is the collar constant.

Definition 3.2. A local coordinate chart (U, z) is called rs-coordinate at v if
v C U where z maps U to the annulus c_1|t|% < |z| < c\t\%, and the Kdhler-

Einstein metric on X can be written as 3 (T csc © og|z |) |dz|?.
2\ og t] [ log [t]

By Keen’s collar theorem [3], we have the following lemma:

Lemma 3.1. Let X be a closed surface and let v be a closed geodesic on X
such that the length | of v satisfies | < c.. Then there is a collar Q0 on X with

holomorphic coordinate z defined on €2 such that

212

(1) z maps Q to the annulus e~ "1 < |z| < c for ¢ > 0;
(2) the Kdhler-Einstein metric on X restricted to S is given by
1
(3.1) (§u2r_2 csc? 7)|dz|?
l

where u = 5, r = |z| and T = ulogr;

72

(3) the geodesic v is given by the equation |z| = e~ T .
We call such a collar 2 a genuine collar.

We notice that the constant ¢ in the above lemma has a lower bound such that
the area of 2 is bounded from below. Also, the coordinate z in the above lemma

is rs-coordinate. In the following, we will keep the notations w, r and 7.

Now we describe the local manifold cover of M, near the boundary. We take
the construction of Wolpert [12]. Let X o be a stable nodal surface corresponding
to a codimension m boundary point and let pq, - - - , p,, be the nodes of Xy . The
smooth part Xo = Xoo\ {p1,--- ,pm} is a union of punctured Riemann surfaces.
Fix the rs-coordinate charts (U;,n;) and (V;,(;) at p; for i = 1,--- ;m such that
all the U; and V; are mutually disjoint.

Now pick an open set Uy C Xg such that the intersection of each connected

component of Xy and Uy is a nonempty relatively compact set and the intersection



234 Kefeng Liu, Xiaofeng Sun and Shing-Tung Yau

UoN(U;UV;) is empty for all .. We pick Beltrami differentials v, 41, - - - , v, which
are supported in Uy and span the tangent space at X of the deformation space of
Xo. For s = (spq1,--- ,8n), let v(s) = >0 1 siv. We assume |s| = (3 |sz|2)%
small enough such that |v(s)| < 1. The nodal surface X, is obtained by solving
the Beltrami equation dw = v(s)Ow. Since v(s) is supported in Uy, (U;,7;) and
(Vi, ¢i) are still holomorphic coordinates on Xo . Note that they are no longer
rs-coordinates. By the theory of Alhfors and Bers [1] and Wolpert [12] we can
assume that there are constants d,c¢ > 0 such that when |s| < J, n; and (; are

holomorphic coordinates on Xo , with 0 < |n;| < c and 0 < |¢;| < c.

Now we assume t = (t1,--+ ,t;,) has small norm. We do the plumbing con-
struction on Xg s to obtain X;,. We remove from Xy, the discs 0 < |n;| < @
and 0 < |G| < lt—g‘ for each ¢ = 1,---,m, and identify % < |mi| < ¢ with
@ < |G| < ¢ by the rule n;¢; = t;. This defines the surface X;s. The tu-
ple (t1, - ,tm, Sm+1,° " , Sn) are the local pinching coordinates for the manifold
cover of ﬂg. We call the coordinates 7; (or ¢;) the plumbing coordinates on X s

and the collar defined by ‘t—g'

< |ni] < ¢ the plumbing collar.

Remark 3.1. ;From the estimate of Wolpert [11], [12] on the length of short

geodesic, we have u; = QL;T ~ —ﬁ'
1

We also need the following version of the Schauder estimate proved by Wolpert
in [12].

Theorem 3.2. Let X be a closed Riemann surface equipped with the unique
Kdéhler-Finstein metric. Let f and g be smooth functions on X such that (O +
1)g = f. Then for any integer k > 0, there is a constant cx such that ||g||g+1 <

k|| f1lk-

Let (¢,s) = (t1, -+ ,tm, Sm+1," - ,Sn) be the pinching coordinates near Xj .
For |(t, s)| < &, let ©Q be the j-th genuine collar on Xt s which contains a short
geodesic ; with length I;. Let u; = 2%, ug = YT uj + D00 Isils Ty = 1]
and 7; = ujlogr; where z; is the properly normalized rs-coordinate on O such
that

272

W ={z|clte b <zl <c}
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(From the above argument, we know that the Kahler-Einstein metric A on X ,
restrict to the collar Q, is given by

1
(3.2) A= §u§7’j_2 csc? 7.

For convenience, we let 2. = U;”:JZZ and R, = X5 \ Q¢ In the following, we
may change the constant ¢ finitely many times, clearly this will not affect the

estimates.

To estimate the WP, Ricci and perturbed Ricci metrics and their curvatures,
the first step is to find all the harmonic Beltrami differentials By, - -- , B, which
correspond to the tangent vectors aitﬁ S as . In [7], Masur constructed 3g — 3
regular holomorphic quadratic differentials 1, -+ ,%, on the plumbing collars
by using the plumbing coordinate 7;. These quadratic differentials correspond to
the cotangent vectors dty,--- ,dsy.

However, it is more convenient to estimate the curvature if we use the rs-
coordinate on X; , since we have the accurate form of the Kahler-Einstein metric
A in this coordinate. In [9], Trapani used the graft metric constructed by Wolpert
[12] to estimate the difference between the plumbing coordinate and rs-coordinate
and described the holomorphic quadratic differentials constructed by Masur in the
rs-coordinate. We collect Trapani’s results (Lemma 6.2-6.5, [9]) in the following
theorem:

Theorem 3.3. Let (t,s) be the pinching coordinates on M, near Xq o which cor-
responds to a codimension m boundary point of Mg. Then there exist constants
M,6 >0 and 1 > ¢ > 0 such that if |(t,s)| < d, then the j-th plumbing collar on
Xi,s contains the genuine collar Q. Furthermore, one can choose rs-coordinate
zj on the collar o properly such that the holomorphic quadratic differential-
s Y1, -+ , Y, corresponding to the cotangent vectors dty,--- ,ds, have the form
W = goi(zj)dzjz- on the genuine collar QJ for 1 < j <m, where
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Here @j and B; are functions of (t,s), ¢

7 and q; are functions of (t,s, z;) given

by
@l (z) =D _ady(t, )t 2+ "ol (t, s)
k<0 k>0
and
2) = Yokt )52 + ) ailt, 5)2)
k<0 k>0
such that
(1) 2k<o |O‘jk|c_k <M and Yy lafy|ch < M if i # j;
(2) Yo logrle™ < M and 32 lajulc® < M;
(3) 187] = O(t;5~) with e < § if i # j;
(4) 18] = (1 + O(uo)).

Now we recall the asymptotic of the WP and Ricci metrics.

Theorem 3.4. Let (t,s) be the pinching coordinates. Then the WP metric has
asymptotic

3
Uy

(1) ht = 2u-_3]ti|2(1 +O(up)) and hyy = 5 (1+ O(ug)) for 1 <i < m;
2) hiJ tit;|) and bz = O Y Cif1<i,j<mandi# j;
£t
(3) h7 = O(1) and h; = O(1), if m+1<i,j <n;
(4) h9 = O(|t;]) and hz O<|t‘) if i <m < j;

and the Ricci metric has asymptotic

(1) 75 = 22 1% (1+ O(up)) and 7 = 422152 (1 4 O(ug)) | if i < m;
i In2 |52 0 T = wo)) 5 if i < m;

u2u2 i X L ) .
(2) i3=0 (ltitj (us +“J)> and 77 = O(|tit;|) , if 1 <i,j <m and i # j;
(3) 75 =0 (fiy) and W5 = O(It), if i < m < j;
(4) 7;=0(1 and 79 = O(1), if m+1<i,j <n.

We will also need the following estimates.

Lemma 3.2. Let (t,s) be the pinching coordinates. We have

w; ul e
(M) [illoa; = 0 () and |Adloxe: = O (7). if i < m:
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@) I4illo=0(1), if i >m+1;
u2 ’lLG
(3) Ialog; =0 () and | filloxies = O (7)., if i < m;
(4) Illo = OV, if irj > m +1;
uiu} udu
©) Ifgloor = O (i) and 15logs = O (i1) and M1glo xypons) =

O |ttj| ifi,7 <m andi#j;

(6) I7lo0: = O () and 1 flloxver = O (7)), if i < moand j = m+1;

)

(7) |5l = O), if 4,5 > m+1;

(8) |fi§‘L1 :O(m), ifit <mandj>m+1;
)

u33
9) |f5] :O<M) ifi,7 <m andi#j.

Lemma 3.3. Let j < m. Then fﬂj fm dv >0 and
4
O [ - k>m
It
~ U? “2 .
Cl -
u? X

where {féﬁ} are the functions constructed in [4].

Furthermore, we have

Lemma 3.4. Let E;; be the functions constructed above. Then

’LL4
(1) e; = +O(|t;|> if i <my;

wdu3
(2) e5=¢5+0 |'Lij7>,zfzj<mand17é],
(3) e +O(%>,zfz<mandj>m+1
(4) ’eszO 0(1)7 ZfZaJZm—i-l

In [6] we showed

Theorem 3.5. The metric h on E induced by the WP metric h is good in the

sense of Mumford.

Now we are ready to prove the main theorem 3.1.
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Proof. Let T and 7, be the metrics on E induced by the Ricci and perturbed
Ricci metrics. Since the proof of goodness of these two metrics are similar we
will only show that 7 is good.

We note that, the zero order estimate, namely the first condition in Proposition
2.2 follows from Theorem 3.4 directly. We let I‘fp and ffp be the Christoffell
symbols of the WP and Ricci metrics respectively. By Theorem 3.5, since the
metric h on E induced by the WP metric is good, we know that {Ffp} satisfy

the second and third conditions in Proposition 2.2.
To verify the first order estimates for 7, we only need to show that

o (fi?p o Ffp)

" —0(A,).

By Theorem 2.3 the above estimate is equivalent to

%Tk;hag {01 /Xs (ACTEND dv}‘ =0®y)

forall 1 <1, k,p<n.

(3.4)

By using Theorem 3.4, a direct computation shows that, in the sum of the left
side of the above formula, if k # j or a # (3, then the norm of that term is of
order O (A,). The conclusion follows from the estimate
ud

. &i(e;)e; dv = —m (14 O(uop))
which was established in the proof of Theorem 4.4 of [4].

Finally we look at the second order estimate. Let R/im be the curvature of the
Ricci metric. In [4] and [5] we showed that
‘ Rim‘ = O (MAjARA)) .

By using this estimate and Theorem 3.4 we know that the last estimate of e-
quations (2.5) hold for £ > m or i = k < m. The remain case follows from the
estimate

‘éijkf‘ = O (A ApAuy)
when 7 < m and i # j. Again the above refined estimate follows from the proof
of Theorem 4.4 and Lemma 4.10 of [4].

g
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4. NATURALITY OF THE RIcci METRIC

In this section we prove the restriction property of the Ricci metric. We let
M, be the moduli space of genus g curves where g > 2 and let M, be its Deligne-
Mumford compactification. We fix a point p € M, \ M, and let X = X, be the
corresponding stable nodal curve. The moduli space M(X) of the nodal surface
X is embedded into Mg holomorphically. Furthermore, since each element Y in
M(X) corresponds to a hyperbolic Riemann surface, there is a unique complete
Kaéhler-Einstein metric on Y whose Ricci curvature is —1.

By the discussion in Section 2 there is a natural WP metric h on M(X). The
curvature formula (2.7) is still valid for this WP metric and it is easy to see that
the Ricci curvature of the WP metric & is negative. We can take —Ric (wil) to
be the Kahler form of a Kahler metric on M(X). This the the Ricci metric 7 on
M(X).

In [7] Masur showed that the WP metric h on M, extends to M, and its
restriction to M(X) via the natural embedding M (X) < M, coincides with the
WP metric h on M(X). We now describe this phenomenon in local coordinates.

Let p € ﬂg \ Mg be a boundary point of codimension m and let X = X,.

Let (¢t,s) = (t1, - ytm, Sm+1,- - ,Sn) be the local pinching coordinates around p
where n = 3g — 3 and t1,--- ,t,, represent the degeneration directions. By the
construction in Section 2 we know that s = (S;41, - , Sp) are local holomorphic

coordinates on M(X) around p. The naturality of the WP metric is equivalent
to

lim i (t, ) = hi3(0,5) = i (s)
for any 4,7 > m.

The main result of this section is the naturality of the Ricci metric.
Theorem 4.1. Let 7 be the Ricci metric on the moduli space of genus g curves
where g > 2. Then T extends to ﬂg. Furthermore, let p € Mg \ My be a
boundary point and let X = X, be the corresponding stable nodal curve. Let 7 be

the Ricci metric on M(X). Then the restriction of T on M(X) via the natural
embedding M(X) < M, coincides with 7.

We will need some technical results in [6].
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Proposition 4.1. Let (t,s) be local pinching coordinates. We have
O<AAq|t|> J<m, k>m

O (ApAg) j>m, k>m

(4.1) |Ry5pal = .
O(A Aq|ttk|> 7<m, k<m

O(A g ‘) ji>m, k<m.
Consequently, we have

Pi Rk

4.2
(42) i

= O(ApA,).

Proof. We fix a local pinching coordinate chart
(U7t7 S) = (U7t17 o 7tm7 Sm+1, " 78n)

around p as in the above discussion and use s as coordinates on M(X) around
p. Let R and R be the curvature of the WP metrics h and h on M, and M(X)
respectively. We have

_ Kp __ Ep Kp Ep Ep
T3 = —h Rijkl = § : h Rijkl E : h Rijkl Z h Rijkl Z h Rijkl‘
k,l>m k<m<l I<m<k k,l<m

In the rest part of this proof we assume ¢,j > m. Firstly by using Corollary 3.4
and Proposition 4.1 we have

(4.3) > h’”R”kl =0 (u}) and | > h’”R”kl =0 ().

k<m<l I<m<k

Similarly we also have

(4.4) k;; W Rz = O (uf).
<m

Now we estimate ’Rﬁk%‘ when £ < m. Let X = X, ;. By the curvature formula

(2.7) we have
(4.5) ‘Rukk ‘/ zkfkj +ekkfz] d” ‘/ lkfkj dv| + ‘/ ekkf dv|.

To estimate the first term on the right side of the above formula, we first note
that if e € C*°(X,C) is a complex valued smooth function and (O + 1)e = f,
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then |le|lo < 2|/f]lo- This follows from applying the maximum principle to the
real and imaginary parts of e directly. By using Lemma 3.2 we have

' /X etz dv

<lleglo|£i3],, < 205zlo|£5], .

o(ir)e (i) -0 (i)

To estimate the second term on the right side of formula (4.5) we have

an | [ ety o < | [ty aol v | [ @ e g o).

By Lemma 3.3 and the fact that the support of the function €, is in QF we have

‘/ ekkf dv| < / ekkf dv
QR\Qk

—0 (“i>+/ Sl |-
[te|? Q0 W

Since the function e, is real and nonnegative, by direct computations we have

U4
€ dv| < ||f7 / gdv:O(k).
/Q s, 5507 9 < Wghoosios, [, % E

c Cl
By combining the above two formulas we get

e 7t o] =0 ()

By Lemma 3.4 we have
< llexr — exzllo | f

i

(4.6)

d
. ekkf )

4
Uk
(49) ’/ ekk ekk f dv 1 =0 <|tk|2> .

By combining formulas (4.5), (4.6), (4.7), (4.8) and (4.9) we know that

4
_ Uy
’RﬁkE‘ =0 <’tk|2)

when £ < m. Thus by Corollary (3.4) we have

(4.10) thkRUkk = O (ug) .

k<m
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Now we combine estimates (4.3), (4.4) and (4.10) we conclude that

(4.11) hmT 5(t,s) = lim Z hklegkl (t,s).

t— t—0
k,l>m

By definition of the Ricci metric 7 on M(X) we know that

(4.12) fa(s) == > WM R(s).

k,l>m

By the work of Masur we know that lim;_,o hki(t, s) = flkz(s). Thus by combining
formulas (4.11) and (4.12), to prove the naturality of the Ricci metric we only
need to show that

(4.13) lim R=;(t, ) = Rzp(s)

t—0
for all 4, j,k,l > m. By using the curvature formula (2.7) we only need to show
that

t—0

lim /X V (eijfki + eﬂf@) dv | (t,s) = /X (eﬁsz + eﬂfk;) dv | (s).

However, the above formula follows from estimates (3.2) and the fact that |Bg(2)| —

0 as z approach the cusp on a nodal surface.

REFERENCES

[1] L. Ahlfors and L. Bers. Riemann’s mapping theorem for variable metrics. Ann. of Math.
(2), 72:385-404, 1960.

[2] P. Deligne and D. Mumford. The irreducibility of the space of curves of given genus. Inst.
Hautes Etudes Sci. Publ. Math., (36):75-109, 1969.

[3] L. Keen. Collars on Riemann surfaces. In Discontinuous groups and Riemann surfaces (Proc.
Conf., Univ. Maryland, College Park, Md., 1973), pages 263-268. Ann. of Math. Studies,
No. 79. Princeton Univ. Press, Princeton, N.J., 1974.

[4] K. Liu, X. Sun, and S.-T. Yau. Canonical metrics on the moduli space of Riemann surfaces.
1. J. Differential Geom., 68(3):571-637, 2004.

[5] K. Liu, X. Sun, and S.-T. Yau. Canonical metrics on the moduli space of Riemann surfaces.
I1. J. Differential Geom., 69(1):163-216, 2005.

[6] K. Liu, X. Sun, and S.-T. Yau. Good geometry on the curve moduli. Publ. Res. Inst. Math.
Sci., 44(2):699-724, 2008.

[7] H. Masur. Extension of the Weil-Petersson metric to the boundary of Teichmuller space.
Duke Math. J., 43(3):623-635, 1976.

[8] D. Mumford. Hirzebruch’s proportionality theorem in the noncompact case. Invent. Math.,
42:239-272, 1977.



Goodness of Canonical Metrics on the Moduli Space... 243

[9] S. Trapani. On the determinant of the bundle of meromorphic quadratic differentials on the
Deligne-Mumford compactification of the moduli space of Riemann surfaces. Math. Ann.,
293(4):681-705, 1992.

[10] S. A. Wolpert. Chern forms and the Riemann tensor for the moduli space of curves. Invent.
Math., 85(1):119-145, 1986.

[11] S. A. Wolpert. Asymptotics of the spectrum and the Selberg zeta function on the space of
Riemann surfaces. Comm. Math. Phys., 112(2):283-315, 1987.

[12] S. A. Wolpert. The hyperbolic metric and the geometry of the universal curve. J. Differential
Geom., 31(2):417-472, 1990.

Kefeng Liu

Center of Mathematical Sciences, Zhejiang University, Zhejiang 310027, China.
Department of Mathematics, University of California, Los Angeles, USA.
E-mail: liu@math.ucla.edu

Xiaofeng Sun
Department of Mathematics, Lehigh University, Bethlehem, PA 18015, USA.
E-mail: xis205Qlehigh.edu

Shing-Tung Yau

Department of Mathematics, Harvard University, One Oxford Street, Cambridge,
MA 02138, USA.

E-mail: yau@math.harvard.edu




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


