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1. Introduction

This paper is dedicated to our friend, professor Andrey Todorov. In this paper

we study the Mumford goodness of various metrics on the logarithmic tangen-

t bundle over the moduli space Mg of hyperbolic Riemann surfaces which are

induced by canonical metrics on Mg. By the Chern-Weil theory we know that

for a Hermitian vector bundle (E, h) over a compact complex manifold X, the

k-th Chern form ck(E, h) represents the k-th Chern class of E. However, this

is no longer true in general if X is noncompact. In order to generalize the pro-

portionality theorem of Hirzebruch, in [8] introduced the goodness condition on

Hermitian metrics on holomorphic vector bundles over quasi-projective manifold-

s. These good metrics have desired asymptotics and the Chern-Weil theory still

hold in the sense of currents. As we know that the moduli space Mg is not

locally symmetric with respect to these canonical metrics. However Mg share

many properties of locally symmetric spaces and the Mumford goodness of the

canonical metrics is a strong evidence.

To setup notation we letMg be the moduli space of Riemann surfaces of genus

g ≥ 2 and let Mg be its Deligne-Mumford compactification where D = Mg \
Mg be the compactification divisor. Let E = T 1,0

Mg
(− logD) be the logarithmic

tangent bundle overMg and let E = E |Mg . The paper is organized as follows.

In Section 2 we will review the definition and basis properties of good metrics

in the sense of Mumford. We will also discuss the basic properties of the Weil-

Petersson, Ricci and perturbed Ricci metrics on the moduli spaceMg. In Section

3 we prove that the Ricci and perturbed Ricci metrics are good:

Theorem 1.1. Let τ be the Ricci metric, let τc be the perturbed Ricci metric

and let τ̃ and τ̃c be the Hermitian metrics on E induced by τ and τc respectively.

Then τ̃ and τ̃c are good in the sense of Mumford.

The proof of this theorem is based on a refined version of the asymptotic

analysis in [4] and [5].

Since each irreducible component of D′ ⊂ D is a moduli space of Riemann

surfaces with punctures, there is a natural Weil-Petersson metric on D′. It is well
known that the Weil-Petersson metric is natural in the sense that the WP metric

onMg can be extended to each D′ and coincides with the WP metric on D′. In
Section 4 we prove the naturality of the Ricci metric:
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Theorem 1.2. The Ricci metric on Mg can be extended naturally to D and

coincide with the Ricci metric on each component of D.

2. Mumford Goodness and Canonical Metrics on the Moduli Spaces

In this section we first recall the Mumford goodness of singular Hermitian

metrics. See [8] for details. We will use the following notations: let Δr be the

open disk in C with radius r, let Δ = Δ1, Δ
∗
r = Δr \ {0} and Δ∗ = Δ \ {0}.

Let X be a projective manifold of complex dimension dimCX = n. Let D ⊂ X

be a divisor with simple normal crossings and let X = X \D be a Zariski open

manifold. For each point p ∈ D we can find a coordinate chart (U, z1, · · · , zn)
around p in X such that U ∼= Δn and V = U ∩X ∼= (Δ∗)m ×Δn−m. We assume

that U ∩ D is defined by the equation z1 · · · zm = 0. We let U(r) ∼= Δn
r for

0 < r < 1 and let V (r) = U(r) ∩X.

On the chart V of X we can define a local Poincaré metric:

ωloc =

√
−1
2

m∑
i=1

dzi ∧ dzi

2|zi|2 (log |zi|)2
+

√
−1
2

n∑
i=m+1

dzi ∧ dzi.(2.1)

Now we cover D ⊂ X by such coordinate charts U1, · · · , Uq and let Vi = Ui∩X.

We choose coordinate zi1, · · · , zin such that D ∩ Ui is given by zi1 · · · zimi
= 0. A

Kähler metric ωg on X has Poincaré growth if for each 1 ≤ i ≤ q there are

constants 0 ≤ ri < 1 and 0 < ci < Ci such that ωg |Vi(ri) is equivalent to the local

Poincaré metric ωi
loc:

ciω
i
loc ≤ ωg |Vi(ri)≤ Ciω

i
loc.

We note that there exists a Kähler metric on X with Poincaré growth since X is

projective. In [8] Mumford defined good differential forms on X:

Definition 2.1. Let η ∈ Ap(X) be a smooth p-form. Then η has Poincaré

growth if for each 1 ≤ i ≤ q there exists a constant ai > 0 such that for each

point s ∈ Vi

(
1
2

)
and tangent vectors t1, · · · , tp ∈ TsX one has

|η(t1, · · · , tp)|2 ≤ ai

p∏
j=1

ωi
loc(tj , tj).

The p-form η is good if and only if both η and dη have Poincaré growth.
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Remark 2.1. It is easy to see that the above definition does not depend on the

choice of the cover (U1, · · · , Uq) but it does depend on the compactification X

of X. Furthermore, a direct computation shows that a p-form η ∈ Ap(X) has

Poincaré growth if and only if ‖η‖g < ∞ where ωg is any Kähler metric on

X with Poincaré growth. It follows that if η1 ∈ Ap(X) and η2 ∈ Aq(X) have

Poincaré growth, then η1 ∧ η2 also has Poincaré growth.

Now we consider a holomorphic vector bundle E or rank r over X. Let E =

E |X and let h be a Hermitian metric on E. According to [8] we have

Definition 2.2. The Hermitian metric h is good if for any point x ∈ D, assume

x ∈ Ui for some i, and any basis e1, · · · , er of E |Ui( 12)
, if we let hαβ = h(eα, eβ)

then there exist positive constants ci, di such that

(1)
∣∣∣hαβ∣∣∣ , (deth)−1 ≤ ci

(∑mi
j=1 log |zj |

)2di
;

(2) the 1-forms
(
∂h · h−1

)
αβ

are good on Vi

(
1
2

)
.

Remark 2.2. We note that the definition is independent of the choice of local

basis e1, · · · , er.

The following important properties of forms with Poincaré growth and good

metrics are proved in [8].

Proposition 2.1. Let X, X, E and E be as above. Then

(1) If η ∈ Ap(X) be a form with Poincaré growththen η defines a p-current

on X. Furthermore, if η is good then d[η] = [dη].

(2) Let h be a Hermitian metric on E. Then there is at most one extension

of E to X for which h is good. Furthermore, if h is a good metric on

E, then the Chern forms ck(E, h) are good and the current [ck(E, h)] =

ck(E) ∈ H2k(X).

This theorem allows us to compute the Chern classes by using Chern forms of

a singular good metric.

Now we look at the case of logarithmic tangent bundle. In the following we let

E = TX(− logD)

and let E = E |X . Let U be one of the charts Ui described above and assume

D ∩ U is given by z1 · · · zm = 0. Let V = Vi = Ui ∩X. In this case a local frame
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of E restricting to V is given by

e1 = z1
∂

∂z1
, · · · , em = zm

∂

∂zm
, em+1 =

∂

∂zm+1
, · · · , en =

∂

∂zn
.

Let g be any Kähler metric on X. It induces a Hermitian metric g̃ on E. In local

coordinate z = (z1, · · · , zn) we have

g̃ij =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
zizjgij if i, j ≤ m

zigij if i ≤ m < j

zjgij if j ≤ m < i

gij if i, j > m.

(2.2)

In the following we denote by ∂i the partial derivative
∂
∂zi
. Let

Γp
ik = gpq∂igkq

be the Christoffell symbol of the Kähler metric g and let

Rp

ikl
= gpjRijkl = gpj

(
−∂k∂lgij + gst∂kgit∂lgsj

)
be the curvature of g. We let

ρi =

⎧⎨⎩zi if i ≤ m

1 if i > m
(2.3)

and

Λi =

⎧⎨⎩ −1
|zi| log |zi| if i ≤ m

1 if i > m
.(2.4)

Now we give an equivalent local condition of the metric g̃ on E induced by the

Kähler metric g to be good. We have
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Proposition 2.2. The metric g̃ on E induced by g is good on V
(
1
2

)
if and only

if

|g̃ij |, |z1 · · · zm|−2 deg(g)−1 ≤ c

(
m∑
i=1

log |zi|
)2d

for some constants c, d > 0∣∣∣∣ ρiρkΓk
ip

∣∣∣∣ = O(Λp) for all 1 ≤ i, k, p ≤ n except i = k = p∣∣∣∣ 1zi + Γi
ii

∣∣∣∣ = O(Λi) if i ≤ m∣∣∣∣ ρiρkRk
ipq

∣∣∣∣ = O(ΛpΛq).

(2.5)

Proof. We note that the first inequality of (2.5) follows from the first condition

of Definition 2.2 and formula (2.2) directly.

Now we let A =
[
∂g̃ · g̃−1

]
be the connection matrix. By direct computations

we know

Ak
i =

⎧⎨⎩
∑

p
ρi
ρk
Γk
ipdzp if i �= k or i = k ≥ m+ 1∑

p �=i Γ
i
ipdzp +

(
1
zi
+ Γi

ii

)
dzi if i = k ≤ m

.(2.6)

The second and third inequalities of (2.5) are equivalent to the fact that the

local one forms Ak
i have finite norm with respect to the local Poincaré metric

as defined by formula (2.1). By Remark 2.1 we know that the second and third

inequalities of (2.5) are equivalent to the fact that Ak
i has Poincaré growth.

Now we looking at the last inequality of (2.5). We have dA = ∂A − A ∧ A.

By Remark 2.1 we know that if each entry of A has Poincaré growth, then each

entry of A∧A has Poincaré growth. Thus each entry of dA has Poincaré growth

if and only if each entry of ∂A has Poincaré growth. By formula (2.6) we know

that
(
∂A

)k
i
= ρi

ρk
Rk

ipqdzp ∧ dzq. Thus the last inequality of (2.5) is equivalent to

the fact that each entry of dA has Poincaré growth. The proposition follows from

Definition 2.2.

�

Next we recall several canonical metrics on the moduli space Mg especially

those introduced in [4] and their properties. We assume g ≥ 2 and let n =

3g − 3 = dimCMg. For each point s ∈ Mg we let Xs be the corresponding
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Riemann surface. By the uniformization theorem we know that there exist a

unique Kähler-Einstein metric λ on Xs:

∂z∂z log λ = λ.

We assume s ∈ Mg is a smooth point and let B ⊂ Mg be an open neighbor-

hood. We consider the harmonic Kodaira-Spencer map

KS : T 1,0
s B → H

0,1
(
Xs, T

1,0
Xs

)
where H0,1

(
Xs, T

1,0
Xs

)
is the space of harmonic Beltrami differentials with respect

to the Kähler-Einstein metric on Xs. Let t = (t1, · · · , tn) be any holomorphic

coordinates on B. We let Bi = KS
(

∂
∂ti

)
. Then Weil-Petersson metric at 0 is

defined as

hij(s) =

∫
Xs

BiBj dv

where dv is the Kähler-Einstein volume form.

The curvature of the WP metric is computed by Wolpert [10]. Let fij =

BiBj ∈ C∞ (Xs), let � = −λ−1∂z∂z be the Hodge Laplacian and let eij =

(�+ 1)−1
(
fij

)
. The curvature of the WP metric is

Rijkl = −
∫
Xs

(
eijfkl + eilfkj

)
dv.(2.7)

It follows from this formula that the curvature of the WP metric has various

negativity properties. In particular the Ricci curvature of the WP metric is

negative definite. However, the curvature of the WP metric has no lower bound

and this metric is incomplete.

In [4] we introduced the Ricci metric

ωτ = −Ric (ωWP )

and the perturbed Ricci metric

ωC = ωτ + CωWP

for any constant C > 0. It turns out that the Ricci and perturbed Ricci metrics

have many nice properties.

Similar to formula (2.7) we can establish integral formulae for the curvature

of the Ricci and perturbed Ricci metrics. These curvature formulae are crucial
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in estimating the asymptotic of these metrics and their curvature. To establish

these formulae, we need to introduce some operators. We let

P : C∞(Xs)→ A1,0
(
T 0,1
Xs

)
be the operator defined by

f �→ ∂
(
ω−1

KE
�∂f

)
.

In local coordinate we have P (f) = ∂z
(
λ−1∂zf

)
dz ⊗ ∂z. For each 1 ≤ k ≤ n we

let

ξk : C
∞(Xs)→ C∞(Xs)

be the operator defined by

f �→ ∂
∗
(Bk�∂f) = −Bk · P (f).

In local coordinate we have ξk(f) = −λ−1∂z (Ak∂zf) where Bk = Akdz ⊗ ∂
∂z .

Finally for any 1 ≤ k, l ≤ n we define the operator

Qkl : C
∞(Xs)→ C∞(Xs)

by

Qkl(f) = P
(
ekl

)
P (f)− 2fkl�f + λ−1∂zfkl∂zf.

These operators are commutators of various classical operators on Xs. See [4] for

details. Now we recall the curvature formulae of the Ricci and perturbed Ricci

metrics established in [4]. For convenience, we introduce the symmetrization

operator.

Definition 2.3. Let U be any quantity which depends on indices i, k, α, j, l, β.

The symmetrization operator σ1 is defined by taking the summation of all orders

of the triple (i, k, α). That is

σ1(U(i, k, α, j, l, β)) =U(i, k, α, j, l, β) + U(i, α, k, j, l, β) + U(k, i, α, j, l, β)

+ U(k, α, i, j, l, β) + U(α, i, k, j, l, β) + U(α, k, i, j, l, β).

Similarly, σ2 is the symmetrization operator of j and β and σ̃1 is the symmetriza-

tion operator of j, l and β.

Now we can state the curvature formulae.
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Theorem 2.1. Let s1, · · · , sn be local holomorphic coordinates at s ∈ Mg and

let R̃ijkl be the curvature of the Ricci metric. Then at s, we have

R̃ijkl =

− hαβ
{
σ1σ2

∫
Xs

{
(�+ 1)−1(ξk(eij))ξl(eαβ) + (�+ 1)−1(ξk(eij))ξβ(eαl)

}
dv

}
− hαβ

{
σ1

∫
Xs

Qkl(eij)eαβ dv

}
+ τpqhαβhγδ

{
σ1

∫
Xs

ξk(eiq)eαβ dv

}{
σ̃1

∫
Xs

ξl(epj)eγδ) dv

}
+ τpjh

pqRiqkl.

(2.8)

Theorem 2.2. Let τ̃ij = τij +Chij where τ and h are the Ricci and WP metrics

respectively where C > 0 is a constant. Let Pijkl be the curvature of the perturbed

Ricci metric. Then we have

Pijkl =

− hαβ
{
σ1σ2

∫
Xs

{
(�+ 1)−1(ξk(eij))ξl(eαβ) + (�+ 1)−1(ξk(eij))ξβ(eαl)

}
dv

}
− hαβ

{
σ1

∫
Xs

Qkl(eij)eαβ dv

}
+ τ̃pqhαβhγδ

{
σ1

∫
Xs

ξk(eiq)eαβ dv

}{
σ̃1

∫
Xs

ξl(epj)eγδ) dv

}
+ τpjh

pqRiqkl + CRijkl.

(2.9)

In order to estimate the connection forms of the metrics on E induced by the

Ricci and perturbed Ricci metrics we also need to following formula about the

first order derivatives of the Ricci metric.

Theorem 2.3. Let Γp
ik be the Christoffell symbol of the Weil-Petersson metric.

Then

∂kτij = hαβ
{
σ1

∫
Xs

(ξk(eij)eαβ) dv

}
+ τpjΓ

p
ik.(2.10)

Now we look at properties of the Ricci and perturbed Ricci metrics. Here we

collect the important ones from [4] and [5].
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Theorem 2.4. For any g ≥ 2 let ωτ and ωC be the Ricci and perturbed Ricci

metrics on Mg. Then

(1) The Ricci and perturbed Ricci metrics are complete and have Poincaré

growth. In particular the moduli space equipped with any of these metrics

has finite volume.

(2) These metrics are equivalent to the Kähler-Einstein metric, the Kobayashi

metric, the Carathédory metric, the Bergman metric and the McMullen

metric on Mg.

(3) The curvatures of the Ricci and perturbed Ricci metrics are bounded. Fur-

thermore, on the Teichmüller space Tg the injectivity radius of these met-

rics is bounded.

(4) With suitable choice of C the holomorphic sectional curvature and the

Ricci curvature of the perturbed Ricci metric ωC are bounded from above

and below by negative constants.

3. Goodness of the Ricci and perturbed Ricci Metrics

In this section we show that the metrics on E induced by the Ricci and per-

turbed Ricci metrics are good in the sense of Mumford.

Theorem 3.1. Let τ and τC be the Ricci and perturbed Ricci metrics on Mg

and let τ̃ and τ̃C be the metrics on E = T 1,0

Mg
(− logD)

∣∣∣∣
Mg

induced by τ and τC .

Then τ̃ and τ̃C are good.

To prove this theorem we first describe the local pinching coordinates near the

boundary of the moduli space due to the plumbing construction of Wolpert as

well as the asymptotic of these metrics.

LetMg be the moduli space of Riemann surfaces of genus g ≥ 2 and letMg be

its Deligne-Mumford compactification [2]. Each point y ∈Mg \Mg corresponds

to a stable nodal surface Xy. A point p ∈ Xy is a node if there is a neighborhood

of p which is isometric to the germ {(u, v) | uv = 0, |u|, |v| < 1} ⊂ C
2.

We first recall the rs-coordinate on a Riemann surface defined by Wolpert in

[12]. There are two cases: the puncture case and the short geodesic case. For

the puncture case, we have a nodal surface X and a node p ∈ X. Let a, b be two

punctures which are glued together to form p.
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Definition 3.1. A local coordinate chart (U, u) near a is called rs-coordinate

if u(a) = 0 where u maps U to the punctured disc 0 < |u| < c with c > 0,

and the restriction to U of the Kähler-Einstein metric on X can be written as
1

2|u|2(log |u|)2 |du|2. The rs-coordinate (V, v) near b is defined in a similar way.

For the short geodesic case, we have a closed surface X, a closed geodesic

γ ⊂ X with length l < c∗ where c∗ is the collar constant.

Definition 3.2. A local coordinate chart (U, z) is called rs-coordinate at γ if

γ ⊂ U where z maps U to the annulus c−1|t| 12 < |z| < c|t| 12 , and the Kähler-

Einstein metric on X can be written as 1
2(

π
log |t|

1
|z| csc

π log |z|
log |t| )

2|dz|2.

By Keen’s collar theorem [3], we have the following lemma:

Lemma 3.1. Let X be a closed surface and let γ be a closed geodesic on X

such that the length l of γ satisfies l < c∗. Then there is a collar Ω on X with

holomorphic coordinate z defined on Ω such that

(1) z maps Ω to the annulus 1
ce
− 2π2

l < |z| < c for c > 0;

(2) the Kähler-Einstein metric on X restricted to Ω is given by

(
1

2
u2r−2 csc2 τ)|dz|2(3.1)

where u = l
2π , r = |z| and τ = u log r;

(3) the geodesic γ is given by the equation |z| = e−
π2

l .

We call such a collar Ω a genuine collar.

We notice that the constant c in the above lemma has a lower bound such that

the area of Ω is bounded from below. Also, the coordinate z in the above lemma

is rs-coordinate. In the following, we will keep the notations u, r and τ .

Now we describe the local manifold cover ofMg near the boundary. We take

the construction of Wolpert [12]. Let X0,0 be a stable nodal surface corresponding

to a codimension m boundary point and let p1, · · · , pm be the nodes of X0.0. The

smooth part X0 = X0,0 \ {p1, · · · , pm} is a union of punctured Riemann surfaces.
Fix the rs-coordinate charts (Ui, ηi) and (Vi, ζi) at pi for i = 1, · · · ,m such that

all the Ui and Vi are mutually disjoint.

Now pick an open set U0 ⊂ X0 such that the intersection of each connected

component ofX0 and U0 is a nonempty relatively compact set and the intersection
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U0∩(Ui∪Vi) is empty for all i. We pick Beltrami differentials νm+1, · · · , νn which
are supported in U0 and span the tangent space at X0 of the deformation space of

X0. For s = (sm+1, · · · , sn), let ν(s) =
∑n

i=m+1 siνi. We assume |s| = (
∑ |si|2)

1
2

small enough such that |ν(s)| < 1. The nodal surface X0,s is obtained by solving

the Beltrami equation ∂w = ν(s)∂w. Since ν(s) is supported in U0, (Ui, ηi) and

(Vi, ζi) are still holomorphic coordinates on X0,s. Note that they are no longer

rs-coordinates. By the theory of Alhfors and Bers [1] and Wolpert [12] we can

assume that there are constants δ, c > 0 such that when |s| < δ, ηi and ζi are

holomorphic coordinates on X0,s with 0 < |ηi| < c and 0 < |ζi| < c.

Now we assume t = (t1, · · · , tm) has small norm. We do the plumbing con-

struction on X0,s to obtain Xt,s. We remove from X0,s the discs 0 < |ηi| ≤ |ti|
c

and 0 < |ζi| ≤ |ti|
c for each i = 1, · · · ,m, and identify |ti|

c < |ηi| < c with
|ti|
c < |ζi| < c by the rule ηiζi = ti. This defines the surface Xt,s. The tu-

ple (t1, · · · , tm, sm+1, · · · , sn) are the local pinching coordinates for the manifold
cover ofMg. We call the coordinates ηi (or ζi) the plumbing coordinates on Xt,s

and the collar defined by |ti|
c < |ηi| < c the plumbing collar.

Remark 3.1. ¿From the estimate of Wolpert [11], [12] on the length of short

geodesic, we have ui =
li
2π ∼ − π

log |ti| .

We also need the following version of the Schauder estimate proved by Wolpert

in [12].

Theorem 3.2. Let X be a closed Riemann surface equipped with the unique

Kähler-Einstein metric. Let f and g be smooth functions on X such that (� +

1)g = f . Then for any integer k ≥ 0, there is a constant ck such that ‖g‖k+1 ≤
ck‖f‖k.

Let (t, s) = (t1, · · · , tm, sm+1, · · · , sn) be the pinching coordinates near X0,0.

For |(t, s)| < δ, let Ωj
c be the j-th genuine collar on Xt,s which contains a short

geodesic γj with length lj . Let uj =
lj
2π , u0 =

∑m
j=1 uj +

∑n
j=m+1 |sj |, rj = |zj |

and τj = uj log rj where zj is the properly normalized rs-coordinate on Ω
j
c such

that

Ωj
c = {zj | c−1e

− 2π2

lj < |zj | < c}.
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¿From the above argument, we know that the Kähler-Einstein metric λ on Xt,s,

restrict to the collar Ωj
c, is given by

λ =
1

2
u2jr

−2
j csc2 τj .(3.2)

For convenience, we let Ωc = ∪m
j=1Ω

j
c and Rc = Xt,s \ Ωc. In the following, we

may change the constant c finitely many times, clearly this will not affect the

estimates.

To estimate the WP, Ricci and perturbed Ricci metrics and their curvatures,

the first step is to find all the harmonic Beltrami differentials B1, · · · , Bn which

correspond to the tangent vectors ∂
∂t1

, · · · , ∂
∂sn

. In [7], Masur constructed 3g − 3

regular holomorphic quadratic differentials ψ1, · · · , ψn on the plumbing collars

by using the plumbing coordinate ηj . These quadratic differentials correspond to

the cotangent vectors dt1, · · · , dsn.

However, it is more convenient to estimate the curvature if we use the rs-

coordinate on Xt,s since we have the accurate form of the Kähler-Einstein metric

λ in this coordinate. In [9], Trapani used the graft metric constructed by Wolpert

[12] to estimate the difference between the plumbing coordinate and rs-coordinate

and described the holomorphic quadratic differentials constructed by Masur in the

rs-coordinate. We collect Trapani’s results (Lemma 6.2-6.5, [9]) in the following

theorem:

Theorem 3.3. Let (t, s) be the pinching coordinates onMg near X0,0 which cor-

responds to a codimension m boundary point of Mg. Then there exist constants

M, δ > 0 and 1 > c > 0 such that if |(t, s)| < δ, then the j-th plumbing collar on

Xt,s contains the genuine collar Ωj
c. Furthermore, one can choose rs-coordinate

zj on the collar Ωj
c properly such that the holomorphic quadratic differential-

s ψ1, · · · , ψn corresponding to the cotangent vectors dt1, · · · , dsn have the form

ψi = ϕi(zj)dz
2
j on the genuine collar Ωj

c for 1 ≤ j ≤ m, where

(1) ϕi(zj) =
1
z2j
(qji (zj) + βj

i ) if i ≥ m+ 1;

(2) ϕi(zj) = (− tj
π )

1
z2j
(qj(zj) + βj) if i = j;

(3) ϕi(zj) = (− ti
π )

1
z2j
(qji (zj) + βj

i ) if 1 ≤ i ≤ m and i �= j.
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Here βj
i and βj are functions of (t, s), qji and qj are functions of (t, s, zj) given

by

qji (zj) =
∑
k<0

αj
ik(t, s)t

−k
j zkj +

∑
k>0

αj
ik(t, s)z

k
j

and

qj(zj) =
∑
k<0

αjk(t, s)t
−k
j zkj +

∑
k>0

αjk(t, s)z
k
j

such that

(1)
∑

k<0 |α
j
ik|c−k ≤M and

∑
k>0 |α

j
ik|ck ≤M if i �= j;

(2)
∑

k<0 |αjk|c−k ≤M and
∑

k>0 |αjk|ck ≤M ;

(3) |βj
i | = O(|tj |

1
2
−ε) with ε < 1

2 if i �= j;

(4) |βj | = (1 +O(u0)).

Now we recall the asymptotic of the WP and Ricci metrics.

Theorem 3.4. Let (t, s) be the pinching coordinates. Then the WP metric has

asymptotic

(1) hii = 2u−3i |ti|2(1 +O(u0)) and hii =
1
2

u3
i

|ti|2 (1 +O(u0)) for 1 ≤ i ≤ m;

(2) hij = O(|titj |) and hij = O

(
u3
i u

3
j

|titj |

)
, if 1 ≤ i, j ≤ m and i �= j;

(3) hij = O(1) and hij = O(1), if m+ 1 ≤ i, j ≤ n;

(4) hij = O(|ti|) and hij = O
(

u3
i
|ti|

)
if i ≤ m < j;

(5) hij = O(|tj |) and hij = O

(
u3
j

|tj |

)
if j ≤ m < i

and the Ricci metric has asymptotic

(1) τii =
3

4π2

u2
i

|ti|2 (1 +O(u0)) and τ ii = 4π2

3
|ti|2
u2
i
(1 +O(u0)) , if i ≤ m;

(2) τij = O

(
u2
i u

2
j

|titj | (ui + uj)

)
and τ ij = O(|titj |) , if 1 ≤ i, j ≤ m and i �= j;

(3) τij = O
(

u2
i
|ti|

)
and hij = O(|ti|), if i ≤ m < j;

(4) τij = O(1) and τ ij = O(1), if m+ 1 ≤ i, j ≤ n.

We will also need the following estimates.

Lemma 3.2. Let (t, s) be the pinching coordinates. We have

(1) ‖Ai‖0,Ωi
c
= O

(
ui
|ti|

)
and ‖Ai‖0,X\Ωi

c
= O

(
u3
i
|ti|

)
, if i ≤ m;
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(2) ‖Ai‖0 = O(1), if i ≥ m+ 1;

(3) ‖fii‖0,Ωi
c
= O

(
u2
i

|ti|2
)
and ‖fii‖0,X\Ωi

c
= O

(
u6
i

|ti|2
)
, if i ≤ m;

(4) ‖fij‖0 = O(1), if i, j ≥ m+ 1;

(5) ‖fij‖0,Ωi
c
= O

(
uiu

3
j

|titj |

)
and ‖fij‖0,Ωj

c
= O

(
u3
i uj

|titj |
)

and ‖fij‖0,X\(Ωi
c∪Ωj

c)
=

O

(
u3
i u

3
j

|titj |

)
if i, j ≤ m and i �= j;

(6) ‖fij‖0,Ωi
c
= O

(
ui
|ti|

)
and ‖fij‖0,X\Ωi

c
= O

(
u3
i
|ti|

)
, if i ≤ m and j ≥ m+ 1;

(7) |fij |L1 = O(1), if i, j ≥ m+ 1;

(8) |fij |L1 = O
(

u3
i
|ti|

)
, if i ≤ m and j ≥ m+ 1;

(9) |fij |L1 = O

(
u3
i u

3
j

|titj |

)
, if i, j ≤ m and i �= j.

Lemma 3.3. Let j ≤ m. Then
∫
Ωj

c1
ẽjjfkk dv ≥ 0 and

∫
Ωj

c1

ẽjjfkk dv =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

O

(
u4
j

|tj |2
)

k > m

O

(
u4
j

|tj |2
u6
k

|tk|2
)

k ≤ m, k �= j

O

(
u5
j

|tj |4
)

k = j

(3.3)

where
{
ẽij

}
are the functions constructed in [4].

Furthermore, we have

Lemma 3.4. Let ẽij be the functions constructed above. Then

(1) eii = ẽii +O
(

u4
i

|ti|2
)
, if i ≤ m;

(2) eij = ẽij +O

(
u3
i u

3
j

|titj |

)
, if i, j ≤ m and i �= j;

(3) eij = ẽij +O
(

u3
i
|ti|

)
, if i ≤ m and j ≥ m+ 1;

(4) ‖eij‖0 = O(1), if i, j ≥ m+ 1.

In [6] we showed

Theorem 3.5. The metric h̃ on E induced by the WP metric h is good in the

sense of Mumford.

Now we are ready to prove the main theorem 3.1.
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Proof. Let τ̃ and τ̃C be the metrics on E induced by the Ricci and perturbed

Ricci metrics. Since the proof of goodness of these two metrics are similar we

will only show that τ̃ is good.

We note that, the zero order estimate, namely the first condition in Proposition

2.2 follows from Theorem 3.4 directly. We let Γk
ip and Γ̃k

ip be the Christoffell

symbols of the WP and Ricci metrics respectively. By Theorem 3.5, since the

metric h̃ on E induced by the WP metric is good, we know that
{
Γk
ip

}
satisfy

the second and third conditions in Proposition 2.2.

To verify the first order estimates for τ̃ , we only need to show that∣∣∣∣ ρiρk
(
Γ̃k
ip − Γk

ip

)∣∣∣∣ = O (Λp) .

By Theorem 2.3 the above estimate is equivalent to∣∣∣∣ ρiρk τkjhαβ
{
σ1

∫
Xs

(ξp(eij)eαβ) dv

}∣∣∣∣ = O (Λp)(3.4)

for all 1 ≤ i, k, p ≤ n.

By using Theorem 3.4, a direct computation shows that, in the sum of the left

side of the above formula, if k �= j or α �= β, then the norm of that term is of

order O (Λp). The conclusion follows from the estimate∫
Xs

ξi (eii) eii dv = −
u6i

32π3|ti|4ti
(1 +O(u0))

which was established in the proof of Theorem 4.4 of [4].

Finally we look at the second order estimate. Let R̃ijkl be the curvature of the

Ricci metric. In [4] and [5] we showed that∣∣∣R̃ijkl

∣∣∣ = O (ΛiΛjΛkΛl) .

By using this estimate and Theorem 3.4 we know that the last estimate of e-

quations (2.5) hold for k > m or i = k ≤ m. The remain case follows from the

estimate ∣∣∣R̃ijkl

∣∣∣ = O (ΛiΛjΛkΛluj)

when j ≤ m and i �= j. Again the above refined estimate follows from the proof

of Theorem 4.4 and Lemma 4.10 of [4].

�
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4. Naturality of the Ricci Metric

In this section we prove the restriction property of the Ricci metric. We let

Mg be the moduli space of genus g curves where g ≥ 2 and letMg be its Deligne-

Mumford compactification. We fix a point p ∈Mg \Mg and let X = Xp be the

corresponding stable nodal curve. The moduli spaceM(X) of the nodal surface

X is embedded intoMg holomorphically. Furthermore, since each element Y in

M(X) corresponds to a hyperbolic Riemann surface, there is a unique complete

Kähler-Einstein metric on Y whose Ricci curvature is −1.

By the discussion in Section 2 there is a natural WP metric ĥ onM(X). The

curvature formula (2.7) is still valid for this WP metric and it is easy to see that

the Ricci curvature of the WP metric ĥ is negative. We can take −Ric
(
ωĥ

)
to

be the Kähler form of a Kähler metric onM(X). This the the Ricci metric τ̂ on

M(X).

In [7] Masur showed that the WP metric h on Mg extends to Mg and its

restriction toM(X) via the natural embeddingM(X) ↪→Mg coincides with the

WP metric ĥ onM(X). We now describe this phenomenon in local coordinates.

Let p ∈ Mg \ Mg be a boundary point of codimension m and let X = Xp.

Let (t, s) = (t1, · · · , tm, sm+1, · · · , sn) be the local pinching coordinates around p

where n = 3g − 3 and t1, · · · , tm represent the degeneration directions. By the

construction in Section 2 we know that s = (sm+1, · · · , sn) are local holomorphic
coordinates on M(X) around p. The naturality of the WP metric is equivalent

to

lim
t→0

hij(t, s) = hij(0, s) = ĥij(s)

for any i, j > m.

The main result of this section is the naturality of the Ricci metric.

Theorem 4.1. Let τ be the Ricci metric on the moduli space of genus g curves

where g ≥ 2. Then τ extends to Mg. Furthermore, let p ∈ Mg \ Mg be a

boundary point and let X = Xp be the corresponding stable nodal curve. Let τ̂ be

the Ricci metric on M(X). Then the restriction of τ on M(X) via the natural

embedding M(X) ↪→Mg coincides with τ̂ .

We will need some technical results in [6].
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Proposition 4.1. Let (t, s) be local pinching coordinates. We have

|Rkjpq| =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

O

(
ΛpΛq

u3
j

|tj |

)
j ≤ m, k > m

O (ΛpΛq) j > m, k > m

O

(
ΛpΛq

u3
j

|tjtk|

)
j ≤ m, k ≤ m

O
(
ΛpΛq

u3
k
|tk|

)
j > m, k ≤ m.

(4.1)

Consequently, we have ∣∣∣∣ ρiρkRk
ipq

∣∣∣∣ = O(ΛpΛq).(4.2)

Proof. We fix a local pinching coordinate chart

(U, t, s) = (U, t1, · · · , tm, sm+1, · · · , sn)

around p as in the above discussion and use s as coordinates on M(X) around

p. Let R and R̂ be the curvature of the WP metrics h and ĥ onMg andM(X)

respectively. We have

τij = −hklRijkl = −
∑
k,l>m

hklRijkl−
∑

k≤m<l

hklRijkl−
∑

l≤m<k

hklRijkl−
∑
k,l≤m

hklRijkl.

In the rest part of this proof we assume i, j > m. Firstly by using Corollary 3.4

and Proposition 4.1 we have∣∣∣∣∣∣
∑

k≤m<l

hklRijkl

∣∣∣∣∣∣ = O
(
u3k

)
and

∣∣∣∣∣∣
∑

l≤m<k

hklRijkl

∣∣∣∣∣∣ = O
(
u3l

)
.(4.3)

Similarly we also have ∣∣∣∣∣∣
∑

k �=l≤m
hklRijkl

∣∣∣∣∣∣ = O
(
u3l

)
.(4.4)

Now we estimate
∣∣∣Rijkk

∣∣∣ when k ≤ m. Let X = Xt,s. By the curvature formula

(2.7) we have∣∣∣Rijkk

∣∣∣ = ∣∣∣∣∫
X

(
eikfkj + ekkfij

)
dv

∣∣∣∣ ≤ ∣∣∣∣∫
X
eikfkj dv

∣∣∣∣+ ∣∣∣∣∫
X
ekkfij dv

∣∣∣∣ .(4.5)

To estimate the first term on the right side of the above formula, we first note

that if e ∈ C∞(X,C) is a complex valued smooth function and (� + 1)e = f ,



Goodness of Canonical Metrics on the Moduli Space... 241

then ‖e‖0 ≤ 2‖f‖0. This follows from applying the maximum principle to the

real and imaginary parts of e directly. By using Lemma 3.2 we have∣∣∣∣∫
X
eikfkj dv

∣∣∣∣ ≤‖eik‖0 ∣∣∣fkj∣∣∣L1
≤ 2‖fik‖0

∣∣∣fkj∣∣∣
L1

=O

(
uk
|tk|

)
O

(
u3k
|tk|

)
= O

(
u4k
|tk|2

)
.

(4.6)

To estimate the second term on the right side of formula (4.5) we have∣∣∣∣∫
X
ekkfij dv

∣∣∣∣ ≤ ∣∣∣∣∫
X
ẽkkfij dv

∣∣∣∣+ ∣∣∣∣∫
X

(
ẽkk − ekk

)
fij dv

∣∣∣∣ .(4.7)

By Lemma 3.3 and the fact that the support of the function ẽkk is in Ω
k
c , we have∣∣∣∣∫

X
ẽkkfij dv

∣∣∣∣ ≤
∣∣∣∣∣
∫
Ωk

c1

ẽkkfij dv

∣∣∣∣∣+
∣∣∣∣∣
∫
Ωk

c\Ωk
c1

ẽkkfij dv

∣∣∣∣∣
=O

(
u4k
|tk|2

)
+

∣∣∣∣∣
∫
Ωk

c\Ωk
c1

ẽkkfij dv

∣∣∣∣∣ .
Since the function ẽkk is real and nonnegative, by direct computations we have∣∣∣∣∣

∫
Ωk

c\Ωk
c1

ẽkkfij dv

∣∣∣∣∣ ≤ ‖fij‖0,Ωk
c\Ωk

c1

∫
Ωk

c\Ωk
c1

ẽkk dv = O

(
u4k
|tk|2

)
.

By combining the above two formulas we get∣∣∣∣∫
X
ẽkkfij dv

∣∣∣∣ = O

(
u4k
|tk|2

)
.(4.8)

By Lemma 3.4 we have∣∣∣∣∫
X

(
ẽkk − ekk

)
fij dv

∣∣∣∣ ≤ ‖ẽkk − ekk‖0
∣∣∣fij∣∣∣

L1
= O

(
u4k
|tk|2

)
.(4.9)

By combining formulas (4.5), (4.6), (4.7), (4.8) and (4.9) we know that∣∣∣Rijkk

∣∣∣ = O

(
u4k
|tk|2

)
when k ≤ m. Thus by Corollary (3.4) we have∣∣∣∣∣∣

∑
k≤m

hkkRijkk

∣∣∣∣∣∣ = O (uk) .(4.10)
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Now we combine estimates (4.3), (4.4) and (4.10) we conclude that

lim
t→0

τij(t, s) = lim
t→0

⎛⎝− ∑
k,l>m

hklRijkl

⎞⎠ (t, s).(4.11)

By definition of the Ricci metric τ̂ onM(X) we know that

τ̂ij(s) = −
∑
k,l>m

ĥklR̂ijkl(s).(4.12)

By the work of Masur we know that limt→0 h
kl(t, s) = ĥkl(s). Thus by combining

formulas (4.11) and (4.12), to prove the naturality of the Ricci metric we only

need to show that

lim
t→0

Rijkl(t, s) = R̂ijkl(s)(4.13)

for all i, j, k, l > m. By using the curvature formula (2.7) we only need to show

that

lim
t→0

(∫
Xt,s

(
eijfkl + eilfkj

)
dv

)
(t, s) =

(∫
X0,s

(
eijfkl + eilfkj

)
dv

)
(s).

However, the above formula follows from estimates (3.2) and the fact that |Bk(z)| →
0 as z approach the cusp on a nodal surface.
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