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742 Ron Donagi and Edward Witten

1. INTRODUCTION

It was shown in [1] that various natural moduli spaces of super Riemann surfaces,
with and without NS punctures, are not projected. The argument boiled down
to showing that the obstruction class w to the splitting of these moduli spaces
(by which we will always mean the first obstruction class, denoted ws in [1]) does
not vanish. In the present work we interpret this first obstruction class, for an
arbitrary supermanifold, as a component of the super Atiyah class. There are two
other components, which are the ordinary (bosonic) Atiyah classes of the even
and odd tangent bundles. For the relevant moduli spaces, we are able to write
down explicit formulas for the obstruction class and the Atiyah class. This leads
to an alternate proof for the non-vanishing of w for the moduli space M, 1 of super
Riemann surfaces of genus g > 2 with one (Neveu-Schwarz) puncture. This was
an important input in the other major results of [1], including non-projectedness
of My itself in genus g > 5. It would be desirable to have an explicit formula also
for the super Atiyah class; this should yield the results for the obstruction class
and the two Atiyah classes as special cases. This remains an open problem.

As we will review below, the first obstruction to splitting the supermanifold
S = (M,Og) is given [1, 2] by a cohomology class

w=wy € H'(M, (T ® NT_V)) = Ext" (NI, T2,

where T’y denote the even and odd tangent bundles of S. We start in section 2
by interpreting the obstruction class wg to the splitting of a supermanifold S in
terms of various data associated to S. One interpretation is based on rings of
differential operators: we interpret wg as an extension class encoded in the rings
ngv_ of i-th order differential operators on S whose symbol is purely odd. More
precisely, the relevant ring is D := D?S,— / D}gﬁ. It is an extension of /\QT_ by
Ty, so it has an extension class in Ext'(A\’T_, Ty ). We check that this coincides
with the first obstruction class w. A second interpretation is in terms of second
order deformations in S of points of the underlying manifold M. The latter form
an affine bundle (over a particular vector bundle over M), and the class of this
affine bundle can be identified with w .

The Atiyah class apsy = ay of a complex vector bundle V' on a manifold M
measures the obstruction to existence of a global connection on V. It lives
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in the cohomology group H'(M,TV ® End(V)), since a connection is a sec-
tion of a torsor (=principal homogeneous bundle) under the vector bundle of
1-forms with values in End(V). The Atiyah class can be viewed as a non-
commutative Chern character. Indeed, the Chern character is recovered as the
trace: ch(V) = Tr(exp (ay)), meaning that the i-th component of the Chern
character is recovered as: ch;(V) = Tr(ml—‘,/)l) The most important case is when
V happens to be the tangent bundle of M. The notation is then abbreviated to
an,T = oy, and some simplifications occur, related to the notion of torsion free
connection, which makes sense for 7" but not for a general V. We note in section
2.3 that this Atiyah class has characterizations, in terms of rings of differential
operators and second order deformations of points, that are very reminiscent of
the corresponding characterizations of the obstruction class.

The mystery is resolved in the next section 2.4: there are straightforward super-
versions agy and ag of the Atiyah class of a bundle (or the tangent bundle) on
a supermanifold S. When the latter is restricted back to the reduced manifold
M, it splits in three pieces. Two of these are the ordinary Atiyah classes of the
even and odd tangent bundles of S. The third is the obstruction class.

In section 3 we focus on moduli spaces of super Riemann surfaces, and give an
algebro-geometric interpretation of their obstruction classes. We have seen in
section 2 that on any supermanifold, the obstruction class w is the extension
class of a vector bundle on S, with quotient /\2T_ and subspace 7. When S
is the moduli space 9, of super Riemann surfaces, these bundles have natural
cohomological interpretations, in terms of spaces of differentials on the variable
curve. Our point is that the extension class too has a natural cohomological
interpretation. This is a little easier to state in terms of the duals: a point of
M, is a super Riemann surface, which determines a Riemann surface C' and a
square root To . = (Tc)'/? of its tangent bundle. The fiber at that point of
the dual T%w 4 is the space H oC, K(%) of quadratic differentials on C, while

the fiber of TS\J/%_ is the space H°(C, Kg/ 2) of sesquilinear differentials on C,

and the fiber of SQT%%? is SZHO(C, Kg/z). The latter can be interpreted as
the symmetric part (with respect to the involution that fixes the diagonal) of
®?H(C, Kg/2) = H°C x C, Kg/z X Kg/z). We show that there is a natural line
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bundle O(3,3,1) on C' x C that fits into a short exact sequence:

0— 0(3,3,0) = 0(3,3,1) % K2 — 0,

where O(3,3,0) is the invertible sheaf on C' x C' of sections of the line bundle
Kgﬂ XK?;/Q, O(3,3,1) is the invertible sheaf on C' x C of sections of the same line
bundle K g/ *RK g/ ? that are allowed to have a first order pole along the diagonal,
and Res is the restriction to the diagonal. These three sheaves have no higher
cohomology, so the short exact sequence of sheaves gives a short exact sequence
of spaces of global sections:

0— HYC x C, KPR KY?) — HO(C x C,0(3,3,1)) % HO(C, K2) — 0,

The involution of C x C acts on everything, and the invariant part gives the
extension whose class is the obstruction class wgy,. There is an analogous algebro-
geometric interpretation of the Atiyah class apq, of the moduli space of ordinary
Riemann surfaces. The proof is harder in this case, so we give it first, in section
3.4, and then give the parallel but easier proof for the obstruction class in section
3.5. It is not clear whether these fit together to give an explicit description of the
super Atiyah class agy, of the moduli space of super Riemann surfaces.

In section 4 we use this algebro-geometric interpretation of the obstruction class
of M,, and its variant for super Riemann surfaces with a puncture, to give a
new proof of the non-projectedness of the moduli space 9,1 of super Riemann
surfaces with a puncture, for genus g > 2.

1.1. Orbifolds and Stacks. We generally assume here a familiarity with the
basics of super manifolds and super Riemann surfaces. The background needed
for our purposes is explained in [1], and in other references cited there. In this
paper, a super manifold is assumed to be defined over a field of characteristic
zero, which we will eventually take to be the complex numbers.

One detail should perhaps be explained here. (See section 3.2.1 of [1] for a fuller
explanation, and [4, 5] for the relevant facts about SM,.) A generic Riemann
surface Y of genus g > 3 has no automorphisms. Because automorphisms can
occur, the moduli “space” of Riemann surfaces is best understood as an orbifold

or a stack. However, these issues are more prominent for super Riemann surfaces,
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because every super Riemann surface is infinitesimally close to a super Riemann
surface with a Zo group of automorphisms. Indeed, every split super Riemann
surface S = ITY2C = S(C,T'/?) (where C is an ordinary Riemann surface)
has such an automorphism group, acting as {£1} on the fibers of the fibration
sS(C,TY?) — C.

Actually, a spin bundle of C, understood as a line bundle K'/2 — C with an
isomorphism K1/2 @ K1/2 = K has a natural group {£1} of automorphisms. As
a result, the spin moduli space SM, should be understood (even if we ignore
the possibility that ¥ itself might have automorphisms) as an orbifold or stack
with Zo automorphism group and trivial action of Zs. SM, parametrizes a
family X, — S, of genus g curves C each of which is endowed with a K 12 up to
isomorphism, but there is no line bundle over X, whose restriction to each fiber
is isomorphic to K1/2. Accordingly, the odd tangent bundle T M, — SM, of
the super moduli space 9,, whose fiber at a point in SM, corresponding to C'is
supposed to be H'(C, T1/2) where TV/2 >~ K~1/2 does not exist as an ordinary
vector bundle over SM,. It exists as a Zy-twisted vector bundle, in other words
a vector bundle twisted by a Zsy gerbe.

The reason that this need not concern us is that what enters the definition of
the (first) obstruction class to splitting of M, is not T_M, but its second exte-
rior power /\QT,fmg. This exists as an ordinary vector bundle over SM,. The
obstruction class involves an extension by A2T_0, of T4M, — SM,, which is
also an ordinary vector bundle (with fiber H*(C,T)) .

Concretely, although there is no line bundle £ — X, that restricts to K 1/2 (up to
isomorphism) on each fiber of X; — SMy, there is a line bundle R — X x s, Xy
that restricts to K/2 X K'/2 on each fiber of X, Xsm, Xg = SMy. (The fibers
of Xy xsm, Xy — SM, are copies of C' x C.) The reason for this is simply that
the automorphism group {£1} of K 12 acts trivially on K 12 K12 s0 R exists
locally up to unique isomorphism and there is no problem to construct it globally.
It is convenient to simply denote R as K/2X K'/2, and we will do so in the text.
A2T_M,, is the part of H?(C x C, K'/2 X K'/?) that is odd under the involution
that exchanges the two factors of C' x C.
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2. OBSTRUCTION AND ATIYAH CLASSES

2.1. Obstruction class via differential operators.

Start with a supermanifold S = (M, Og), where M is a manifold and the sheaf of
rings Og on M is locally isomorphic to an exterior algebra over a vector bundle
VY on M. The vector bundle V can actually be recovered, globally, using the
maximal nilpotent ideal J C Og, which is the sheaf of ideals generated by all
elements of odd degree. The quotient Og/.J is identified with Oy, so M is always
a sub(super)manifold of S. The dual of the bundle V is recovered globally as the
quotient V'V := .J/J?. The associated graded sheaf of rings of Og with respect
to J is the exterior algebra on VV. It is the structure sheaf of a supermanifold
S(M,V), and we say that S is split if it is isomorphic to S(M, V).

The first obstruction to splitting the supermanifold S = (M, Og), or to finding a
projection S — M, is given [2, 1] by a cohomology class

w=wy € H'(M,(Ty @ N'T_)) = Ext"(N'T_, T),

where T denote the even and odd tangent bundles of S. (These are vector
bundles on M, in fact T is just the tangent bundle of M, and 7T_ is the above
V.) One way to see this is to note that the parity-respecting homomorphisms
On — Og/J? form a torsor under the derivations of Oy with values in J2/J3 =
NT_V.

Any such class w can be interpreted as the extension class [D,] of an extension
of vector bundles on M:

(2.1) 0— T, — D, — NT_ —0.

In particular, this applies to our first obstruction class w. We claim that the
extension D, corresponding to w can be realized as a certain sheaf of differential
operators along S. Let Dg denote the sheaf of differential operators on S, and
Dg|pr its restriction to M. Technically, both can be viewed as sheaves on M:
Dg is a sheaf of Og modules, while Dg|,; is obtained by tensoring over Og with
On = Og/J, i.e. dividing by J, so it is a sheaf of Oy modules. But it is more
suggestive to say that Dg is a sheaf on S while Dg|ps is a sheaf on M. We



Super Atiyah Classes 747

can always identify the sheaf Dj; of differential operators on M as a subsheaf
of Dgjps: if A is a differential operator on M, its action on a function f on S
is defined to be A(fjp). When S = S(M,V) is split, we can also identify AV
as a subsheaf of Dg|ys, acting by contractions. Putting these together, we can
identify:

(2.2) Dsaavyp = NV ®0y Dt

Let ng denote the subsheaf of Dg consisting of differential operators of order
< ion S, and let D' = Dg denote its restriction to M, the sheaf on M of
differential operators of order < i along S, a subsheaf of Dg|y;. (The order of
a differential operator is the maximal number of differentiations involved, with
respect to both the even and the odd variables.) Let D* = Da_ denote the
subsheaf of differential operators of order < ¢ on M along S whose symbol, or
i-th order term, is purely odd, i.e. it is given in terms of local coordinates x, 0 as
a sum of terms of the form f(x)0/00y, - -- 0/06%,, with no 0/0z; involved. Note
that this is not the restriction to M of any reasonable sheaf Dfi— on S: if we did
not insist on restricting to M, we would allow more general expressions of the
form f(x,0)0/00, - - - 0/00),. When we change the choice of the local coordinates
x,0, such terms can go to terms whose symbols involve the forbidden 9/0x, but
always with a coefficient in the nilpotent ideal J. The effect of restricting to M
is to make the definition of D’ independent of the coordinates. (We check the
independence explicitly in (2.13) below.) The precise claim is that our extension
D, can be identified as the sheaf

(2.3) D:=D%*/D!

on M. In local coordinates, D? is generated by terms written schematically as
1,0/0x,0/00,0%/06. Similarly, D! is generated by terms written schematically
as 1,0/06, so the quotient D is generated by terms written as 9/0x,9?/90? and

it defines an extension as in (2.1).

We could prove this claim directly by tracing through Manin’s construction [2]
of the class w. Instead, we will start with the description of w in [1] as the
obstruction to splitting the second order neighborhood of M in S.
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Recall that a supermanifold S = (M, Og) admits a natural increasing filtration
Soq =80 cs®Wc...cgi)cgl)c...c g g

The S® are defined in terms of the nilpotent ideal sheaf J C Og:

(2.4) SW = (M, 04 = Og/J™H).

These S are locally ringed subspaces of S, though they are not supermanifolds,
except for the extremes i = 0,n. (They are superanalogs of everywhere non-
reduced schemes in ordinary algebraic geometry. ) Nevertheless, their sheaves of
differential operators are well defined, and satisfy:

By a splitting of the supermanifold S we mean an isomorphism from the split
supermanifold S(M,V) to S that induces the identity on both the underlying
reduced space M and the odd tangent bundle V. The family of all splittings of
S is parametrized by

Splittings(S) := Isomas,y (S(M, V), S).

This is a torsor over the group Splittings(S(M,V)). A bit more generally, we
have the notion of a splitting of the superspace S®, i.e. an isomorphism from
S(M,V)® to SO that induces the identity on both M and V, and the param-
eter space Splittings(S (i)) of all such splittings, which is a torsor over the group
Splittings(S(M, V)®).  Working locally over M, we get sheaves of groups
Splittings(S(M, V)#) and torsors Splittings(S) over them. In particular for
i = 2, the sheaf of groups Splittings(S(M,V)®?)) can be identified with the vec-
tor bundle Ty ® A’T_", while the torsor over it Splittings(S(®)) becomes an affine
bundle modeled on Ty ® /\QT_v the structure group being the group of transla-
tions. The first obstruction wy to the splitting of S was identified in [1] with the
class of this affine bundle, or equivalently with the extension class of the sequence
of vector bundles:

(2.6) 0Ty QNTY - X5 0y —0

from which Splittings(S®)) is recovered as 7~ 1(1).

We need to connect extensions (2.1) and (2.6). Very generally, giving an extension

0-AC —-X —-B—=0
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is equivalent to giving an extension
0—-A—-X -BC’—0.

Of course, both types of extension are given by elements of Ext!(B, A ® C).
Explicitly, we can go back and forth: X’ is recovered as

X':=(X®C")/(A®Endy(C)),
where Endy denotes traceless endomorphisms; and conversely:
X :=ker(X'® C — B ® Endy(C)).

We apply this with A =T,, B= 0y, C = /\2T_V, X" =D as in (2.3), and the
X in (2.6). So we need to identify X with

ker( D ® N*T_V — Endg(N°T_Y) ).
This boils down to an appropriate map from Splittings(S(Q)) to
D& NT_V = Hom(N*T_, D).

And indeed, given a local isomorphism S(M,V)? — S®) we use (2.5) to identify
Dg( M) with D% for i = 1,2, and get a corresponding identification of DS( MV)
with Dg. But by (2.2) there is a natural inclusion of A*T_ into Dg(ar,v), which
gives the required map from /\2T_ to Dg.

2.2. Obstruction class via map spaces.

For a supermanifold S and a super (i.e. Z/2-graded) Artinian C-algebra B, let
S(B) := Maps(Spec(B), S)

be the set of B-points of S, i.e. the set of all maps from Spec(B) to S. This is a
manifold, i.e. it is finite dimensional, smooth, and purely even. Indeed, since the
reduced space of Spec(B) is compact (it is in fact just a finite set of points), this
set of maps has a natural structure of a finite dimensional manifold. And since
maps of supermanifolds, or superschemes, are by definition always even, there
is nothing odd in the structure sheaf of S(B). Our main example will be the
ring B; = C[n1, ..., n;], where the n; are independent odd variables. Its spectrum
Spec(Clny, ..., m]) = ALY is the odd affine space. We think of S(B;) as the
space of (0|¢)-dimensional deformations in S of points of M = S,.4. Clearly
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S(B1) can be identified with the total space of T_M (considered as an ordinary
vector bundle, not a super vector bundle).

For S(B3) the situation is more interesting. It is a fiber bundle over M, whose
fibers are isomorphic to vector spaces; but it is not a vector bundle, only an affine
bundle. In more detail: Let m : Y — M be the projection, where Y is the total
space of the (even) vector bundle T_ @ T_. There is a natural map (of fibre
bundles over M):

p: S(BQ) — Y.
This p makes S(Bs) into a 7*T' -torsor, i.e. an affine bundle over Y, modeled on
the pullback vector bundle 7*T7 .
This is easy to see using local coordinates (z|0) = (z1,...,2m|01,...,6,) on S.
A map Spec(Bz) — S is specified in terms of even parameters z°, h, v!,v? by:
z =20 + mnah
0 =mv' + nov?,
If we now change coordinates to:
& =f(z)+0;0;9" () + ...
0 =0;u'(x)+ ...,

where the 6; are the components of 6, we find the transformation formulas:

.CEO:f$O)

7 = v%u(2?), a=1,2

i 0 1,2 2 1\ ij/ .0
(2.7) h=hf'(z") + (vjvi — vivj)g” (z°),

where the v are the components of v*. Since f’,u are the transition functions
for Ty respectively, we see that: z¥ describes a point of M; x° together with the
two v® describe a point of the total space Y of T_ & T_ over M; while h lives in

an affine bundle over this which is modeled on 7*T’; as claimed.

In general, given a vector bundle U over a space Y, the affine bundles on X
modeled on U are parametrized by the cohomology group H'(Y,U). In our case,
Y is the total space of T_ @& T_ over M, and U is the pullback to Y of T.
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Therefore, cohomology classes on Y can be replaced by their direct image on M
via the projection map 7w : Y — M:

HY(Y,U) = H(Y,m*Ty) = H (M, 7.7*Ty) = H'(M, 7.0y @ T,).

Since Y is a vector bundle over M, the direct image sheaf 7,0y is the tensor
algebra over the dual bundle. So:

HY(Y,U) = H (M, 7,0y @ Ty) = H(M,*(T_ & T_)" @ T,).

In particular, the class of our affine bundle S(Bs) on Y can be pushed forward
to a class on M, and the bilinear dependence of (2.7) on the v’s shows that this
extension class appears in @ = 2, in fact in the summand H'(M, Hom(A*T_, T,.))
of the direct image, which is the right place for the obstruction class. Geometri-
cally, this means that our affine 7', -bundle on the total space Y of T_ & T_ over
M is the pullback via the biliinear map

T aT. — NT-

of an affine T'.-bundle on the total space of A°T_ over M. This bundle is still
given by the transformation formula (2.7), which is now interpreted as linear in
/\2T_. But this is immediately recognized as the transformation formula defining
the differential operators ring D := D? /D! from (2.3) in the previous section. We
conclude that the class of the affine bundle involved in S(Bsy) and the differential
operators extension class [D] are actually equal. Using the local coordinates z, 6
on S, a point of S(Bs) which deforms a point of M with a given z° is specified by
v, v%, h as above, while h and v! ® v? give the components of an element of D in
Ty M and N*T_, respectively, according to (2.1). We summarize the conclusions

of the last two sections in:

Proposition 2.1. For any supermanifold S with reduced space M, the following
three classes in HY (M, Hom(N*T_,Ty)) are equal:

(1) The first obstruction w = wy to the splitting of S;

(2) The extension class [D] of the ring of differential operators D := D? /D! ;

(3) The class of the deformation space S(B2) as an affine T’y -bundle over the
total space’Y of T_ ®T_ over M.
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2.3. Atiyah class. For supermanifolds, our Proposition 2.1 gives the equivalence
of three objects. All three objects, and the proposition, have bosonic versions for
a complex manifold M with tangent bundle T' = Tj;, where the obstruction class
is replaced by the Atiyah class [3, 10].

We start with the sheaf Conn(7") whose sections on an open U C M consist
of all (holomorphic) connections on Ty. This is the sheaf of sections of an
affine bundle modeled on Hom(®2T,T). It contains the subsheaf Conng(T)
of torsion free connections. This in turn is the sheaf of sections of an affine
bundle modeled on Hom(Sym?7,T). The bosonic analogue of the obstruction
class w is the Atiyah class of the tangent bundle, ap € H'(M, Hom(Sym?T,T)),
which is the obstruction to finding a global section of Conny (7). (Alterna-
tively, this can also be defined as the obstruction to finding a global section of
Conn(T); a global connection determines uniquely its torsion-free part, which
is a section of Conny (7). A priori the obstruction to finding a global section
of Conn(T) lives in H'(M,Hom(®2T,T)), but it is in fact in the direct factor
H' (M, Hom(Sym?T, T)): the piece in H'(M, Hom(A\*T, T)) vanishes because the
corresponding Hom( /\ZT, T')-torsor is canonically trivialized by sending a connec-
tion to its torsion.)

Let D? be the sheaf of differential operators of order < i on M. We have a short
exact sequence of locally free sheaves on M:

(2.8) 0 =T — D*/D° = Sym?T — 0,
where we identify D'/D° with T' and D?/D' with Sym?T. We let [D?] be the

extension class of this extension.

Finally, let
(2.9) M(A;) := Maps(Spec(A;), M)

be the space of A;-valued points of M, where A; is the (commutative) Artinian
ring (C[Gl, ceey 61‘]/(6?, j = 1, cee ,i). So M(A()) = M, M(Al) = TM, and M(AQ)
will be our bosonic analogue of S(Bs). It is an affine T bundle over the total
space of T'® T'. Proposition 2.1 has a straightforward analogue:

Proposition 2.2. The following three classes in H'(M, Hom(Sym*T,T)) are
equal, for any complex manifold M :
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(1) The Atiyah class oy, ;

(2) The extension class [D?] of (2.8), given by the sheaf of differential oper-
ators D*/D on M;

(8) The class of the deformation space M(A2) as an affine T'y-bundle over
the total space Y of T_ & T_ over M.

More generally, to a (holomorphic) vector bundle V' on a complex manifold M is
associated its Atiyah class:

ay =ayy € H (M, TY @ End(V))

which is the class of the sheaf Conn(V') whose sections on an open U C M
consist of all (holomorphic) connections on V7. This is the sheaf of sections of
an affine bundle modeled on TV ® End(V). In the special case that V = T,
the notion of torsion free connections reduces the underlying vector bundle from
TVQEnd(T) =TV TV ®T to Hom(Sym?T,T) = Sym?T" @ T. Both the general
case and the special case V = T are studied in [3] and reviewed succinctly in [10],
where several additional interpretations of the Atiyah classes are given. One of
these involves the sheaf D' @p V'V of first order differential operators from V to
O. This fits into the short exact sequence:

(2.10) 0=V =DV =TaVY =0

In case V = T, the symmetric part of this sequence matches sequence (2.8). A
partial generalization of Proposition 2.2 is:

Proposition 2.3. The following classes in H*(M,TV @ End(V)) are equal, for
any complex manifold M and holomorphic bundle V' on it:

(1) The Atiyah class apy;
(2) The extension class [D' @0 V] of (2.10), given by the sheaf of first order
differential operators from V to O.

Proof. See [10], (1.1.4). O

2.4. Super Atiyah class. So far, the analogy between our bosonic Proposition
2.2 and the supermanifold version Proposition 2.1 may seem somewhat mysteri-
ous. We wil now see that the Atiyah class of M and the obstruction class of the
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supermanifold S are two (of the three) components of a larger object, the super
Atiyah class of S .

The definition of the Atiyah class, and the analogue of Proposition 2.2, extend
immediately to the super world. Let S be a supermanifold with tangent bundle
T = Ts. The (super) Atiyah class ay of a (super) vector bundle V on § is
defined exactly as before: it is the class, in H'(S, TV ® End(V) ), of the sheaf
Conn (V') whose sections on an open U C M consist of all connections on V.
As in the bosonic case, this is the sheaf of sections of an affine bundle modeled
on TV ® End(V). And again, in the special case that V = Tg, the notion of
torsion free connections reduces the vector bundle underlying Conn(T") from TV ®
End(T) =TV @ TV ® T to Hom(Sym?T, T) = Sym?TY @ T. (Here T is a graded
vector bundle and the symmetric product is in the graded sense.)

Similarly, we define the sheaf D of differential operators of order < i on S, and

the extension class [D?] of the extension corresponding to (2.8).

Finally, let A be a graded Artinian algebra. We want to define the supermanifold
S (A) of A-valued points of S. It should parametrize superfamilies over A of
points of S. The first guess might be the space S(A) := Maps(Spec(A4),S) of
A-valued points of S. This is wrong: it is a set, and has a natural structure
of a manifold, but we want a supermanifold that keeps track of both even and
odd aspects of S. The problem is that maps of supermanifolds are by definition
always even, so S(A) = Maps(Spec(A), S) gives only the reduced space of the
desired S(A). Instead, we need to consider what amounts to internal-Hom (or
internal-Maps) in the category of supermanifolds. Namely, S (A) is defined to be
the supermanifold Maps(Spec(A), S) representing the functor of A-valued points
of S. The defining property is that for every supermanifold X there should be a
natural identification:

(2.11) Maps(X x SpecA, S) = Maps(X, Maps(Spec(A), S)).

This property is strong enough that any two candidates for Maps(Spec(A4),.S)
are naturally identified. In particular, it gives a natural way to build S (A) =
Maps(Spec(A), S) by glueing EI(A) and :9;(14) whenever S is the union of open
subsets 51 and Sy, by identifying the restrictions to Sy NSy, So it suffices to
construct S (A) when S is affine (or Stein). When our S happens to be a super
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vector space W, we can take Maps(Spec(A), W) to be A® W, the tensor product
taken as Z/2-graded vector spaces. In general, the affine S is defined in some
super vector space W by an ideal I. We then take Maps(Spec(A4),S) to be the
subspace of Maps(Spec(A4), W) defined by the ideal: I:=(for|feArel),
with A* the super vector space of linear functions on A.

We are interested in S (4;), the supermanifold of A;-valued points of S, where as
before A; is the (purely even) Artinian ring Cley, . .. ,ei]/(e?, j=1,...,7). So
S(Ag) = S, and we see from the construction above that S(A;) = Ty, the total
(super)space of the tangent bundle of S. Finally, S(As3) will be our super version
of M(As2). It is an affine T's bundle over the total (super)space of Ts @ Ts. The

extension of Proposition 2.2 to supermanifolds is trivial:

Proposition 2.4. The following three classes in H'(S, Hom(Sym?*Ts,Ts)) are

equal, for any complex supermanifold S':

(1) The super Atiyah class arg;

(2) The extension class [D?] of the sheaf of differential operators D?/D° on
S:

(3) The class of the deformation space S(As) as an affine Ts-bundle over the
total space Y of Tg ®Ts over S.

More generally, for any vector bundle V on our supermanifold S we have the
obvious analogue of Proposition 2.3. When V = T'| the extension classes in
Proposition 2.3(2) and Proposition 2.4(2) agree.

The interesting new feature arises when we restrict this super Atiyah class back
to the reduced space M. The decomposition of the tangent bundle:

(T =T © T
causes the cohomolohy group to decompose as the sum of three pieces:

(2.12) HY(M,Hom(Sym?Ts, Ts)) =
HY(M,Hom(Sym?T,T})) & H (M, Hom(N*T_, T, )) & H'(M,Hom(T, @ T_,T_)).

The point is that we can identify the three components of the super Atiyah class:
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Theorem 2.5. The three components of the super Atiyah class aty of a super-
manifold S = (M, Og) under the decomposition (2.12) are:

(1) The Atiyah class ar,, of the reduced manifold M ;
(2) The obstruction class w(S) to splitting S;
(8) The Atiyah class ap_ of the vector bundle V-="T_ on M.

Proof. We could use part (3) of Proposition 2.4 to replace ary by the map space
S(Ay). We recover M(A,) as the reduced space of S(As):

g(AQ)red = Maps(point, g(AQ»

= Maps(Spec(A2), S) (this is a special case of (2.11))
= Maps(Spec(As), M) (since Ag is even and M = S,¢q )
= M(A2) (by the definition (2.9)).

We recall that S (Ag) is an affine T's bundle over the total space of Ts ®Ts. When
this is restricted to M, Ts decomposes as T @ T—. The affine bundle splits into
four pieces (the even ones, i.e. those involving an even number of 7_’s). The
two mixed pieces among these coincide, and can be identified with a7 . The two
other pieces can be identified with the map spaces M(Ay) = S(As) = S(A2)red
and S(Bz), respectively. The details become somewhat complicated, partly due
to the interpretation of the mixed piece, so we follow a different route.

Instead, we use part (2) of Proposition 2.4 to replace ar,, by the extension class
[D?] of the sheaf of differential operators D?/DY on S occurring in (2.8). In this
language, the analogue of the decomposition (2.12) involves the three invariant
submodules Di, D? D2 of D?:

DI = Oy < 9%/(0x)?,0/0z >
D% = 0y < 9%/(00)2,0/0x >
DL = Oy < 8%/0200,0/00 > .
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Their invariance on M, i.e. modulo the nilpotent ideal J, under a coordinate
change:

7 =7%(x,0)
0 =0(z,0)

follows immediately from the fact that the off-diagonal coefficients in the trans-

formation laws:
0/dx; = 0%/ 0x; 0/0F; + 00~/ 0w; 0/ 00
0/00; = 0%;/00; 0/0%; + 065/00; 0/96;

are odd, hence in J. So for example to see the invariance of D? , we note that:

82
90,100,
8?6% o 85; 0 851.7 0 80]‘7 0
PP g R g R S R
00, 017~ 001 gg;" 00> 01y 902 96

85; 8@7 o? 85’5 %~ 9
901 00, 065005 90, 965005 0z

+ 6 more terms in J.

It is now clear that the extension in the super version of (2.8), which represents
the super Atiyah class, splits as a direct sum of three extensions, each involving
one of the three invariant subrings D2, D%, D2 of D?. The identification of the
corresponding extensions with the three summands in (2.12) now follows from
Proposition 2.2, Proposition 2.1, and Proposition 2.3 for 7T, respectively.

3. OBSTRUCTION AND ATIYAH CLASSES FOR MODULI SPACES

In this section we specialize the previous results to obtain concrete cohomological
descriptions of the obstruction and Atiyah classes of moduli spaces of (super)
Riemann surfaces. We start in 3.1 by describing a useful class of short exact
sequences on the product C' x C. In the next two sections we use it to describe
the obstruction and Atiyah classes of moduli spaces. The proof for the Atiyah
class is given in detail in section 3.4. The proof for the obstruction class is
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similar though somewhat easier; it is outlined in section 3.5. Ideally, there should
be an analogous expression for the super Atiyah class as well, from which the two
previous results should follow. For now, this remains open.

Our aproach is as follows. As we saw in section 2, the first obstruction to the

splitting of a supermanifold S = (M, Og) is a class
(3.1) w € HY(M,Hom(N'T_, T})).

We may interpret any such class as the extension class of a short exact sequence
of vector bundles on M:

(3.2) 0Ty = E— NT_ =0
or equivalently of the dual sequence:
(3.3) 0— NT* = E* =T —0.

In section 3.2 we give an algebro-geometric interpretation of the bundles F, E*
and the sequences (3.2),(3.3) in the case that S = My, M = SM,. A similar
general description as extension class applies to the Atiyah class of a manifold.
We give the corresponding algebro-geometric interpretation for the Atiyah class
of the moduli space M, of Riemann surfaces in section 3.3.

3.1. Short exact sequences on C' x C.

We fix a spin curve (C, Té/z) € SM,. Given integers a,b, ¢, we consider the line
bundle O(a, b, c) on the surface C' x C:

(3.4) O(a, b, C) = pl*Kc®a/2 X pQ*KC®b/2 X OCXc(CA),

where p1,ps : C x C — C' are the projections, and A is the diagonal. Restriction

to the diagonal gives our basic short exact sequence:
(3.5) 0— O(a,b,c—1) — O(a,b,c) Res (KC)®(a+b—20)/2 o

This is a sequence of coherent sheaves on C' x C. The first two sheaves are line
bundles. The third is a line bundle on the diagonal, interpreted as a sheaf on
C x C supported on the diagonal. The map denoted Res can be interpreted either
as a restriction to the diagonal, or as a residue.



Super Atiyah Classes 759

When a = b, we are going to decompose sequence (3.5) under the action of an
involution. Let z be a local coordinate on C, and let x := p3(z),y := p5(z) be the
corresponding local coordinates on C' x C'. We will need to identify pi*Kc®Y? @
pg*Kc®b/2 with pg*Kc®b/2 ® pl*KC®“/2. This involves a more or less arbitrary
choice of sign. We will stick with the usual rule of signs:

(3.6) dac‘g’%dy®g — (—l)abdy@)gdm@%.

(Some formulas below would actually be simpler if we omit the (—1)® sign. We
keep it to emphasize the fermionic nature of half differentials.) Having made
this choice, the natural involution (x,y) — (y,z) of C' x C then sends O(a, b, ¢)
to O(b,a,c), so it acts on Ocxc(a,a,c) and on its cohomology; we indicate the
eigenspaces with + superscripts. Locally, a section is of the form

d:c®%dy®%
(x—y)’

with holomorphic f. It is even under the involution if the parity of the function

(3.7) ¢ = f(z,y)

f is the same as that of the integer a — ¢, while if these parities are opposite the
section is odd under the involution. The involution acts on sequence (3.5)qqc,
which breaks as a sum of its even and odd pieces. Note that the third term K¢ °
has pure sign (—1)*"¢, since if f in (3.7) is antisymmetric then Res(¢) = 0. So
sequence (3.5)qqc breaks as a sum of its (—1)%~¢ subsequence:

(38) 0= O(a,a,c = 1) = Ofa,a,¢) " KL =0

and its trivial (—1)*~¢~! subsequence:

a—c—1

)(_)afcfl Res

(3.9) 0— Oa,a,c— 1)) — O(a,a,c — 0—0.

3.2. A cohomological interpretation of wy,.

Consider the sequence (3.5)331 :
(3.10) 0— O(3,3,0) = 0(3,3,1) = Kc* — 0.

The three sheaves occurring here have no higher cohomology, so the long exact

sequence is:

(3.11) 0 — HY(CxC,0(3,3,0)) = H(CxC,0(3,3,1)) = H°(C, Kc?) — 0,
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or equivalently:
0 — HO(C, K¥*)®? - HO(C'xC,0(3,3,1)) — H(C, K¢?)) — 0.
Under the action described in section 3.1 of the involution
(z,y) = (y,2)
of C' x C, the sequence splits into a trivial odd part (3.11)~:

0 —»Sym?(HO(C, K2?))  —Sym?(HO(C, K%)= 0 ~0

and a non-trivial even part (3.11)" :

0 - N(HO(C,KY?)  —HY(CxC,0(3,3,1)" % H(C,Kc?) —o.

(The somewhat awkward interpretation of the symmetric (respectively antisym-
metric) square as the odd (respectively even) subspaces under the involution
results from our convention (3.6). If we had dropped the (—1)? sign there, the
identification here would have flipped.)

The Serre dual (i.e. the dual tensored with the canonical line bundle) of the

inclusion
0(3,3,0) = 0(3,3,1)
is the inclusion
O(-1,-1,-1) = O(-1,-1,0)
which is part of the sequence (3.5)_1 1 :

(3.12) 0= O(=1,-1,-1) » O(~1,-1,0) = Kc~' = 0.

The long exact sequence is now:
(3.13)
0— HYC,Tg) — H*(CxC,0(-1,-1,-1)) = H*(CxC,O(-1,-1,0)) — 0,

which is the dual of (3.11). This can also be written:
0— H'Y(C,Te) — HX(CxC,0(~1,—1,-1)) = (H'(C, T *)®* > 0.
Under the involution this again splits into a trivial odd part (3.13)7:

0— 0— Sym*((HY(C, TY?)) — Sym*(HY(C,TY?)) —

0
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and a non-trivial even part (3.13)% :
0 HYC,To)— (H(CxC,0(-1,-1,-1)))" —»  NHNC,TY) = o,

Proposition 3.1. (1) The fiber at (C, Té/z) € SMg of the extension (3.3) ex-
pressing the first obstruction w to the splitting of M, is canonically identified with
the even part (3.11)% of the long exact sequence (3.11) of the restriction-to-the-
diagonal short exact sequence (3.10) = (3.5)33.1.

(2) Dually, the fiber at (C, Té/Z) € SMy of the extension (3.2) given by the first
obstruction w to the splitting of M, is canonically identified with the even part
(3.13)" of the long exact sequence (3.13) of the restriction-to-the-diagonal short
exact sequence (3.12) = (3.5)_1 1.

Our claim that these identifications are “canonical” means that they remain valid
in families. In particular, the sequence (2.1) on SM,, expressing the first ob-
struction class (3.1) to the projectedness and splitting of 91,, can be construct-
ed as follows. We start with the universal families 7 : SMy; — SM, and
7 s SMg1 xsm, SMg1 — SMy over SM,, whose typical fibers are C' and
C x C, respectively. Let T, K, denote the relative tangent and cotangent bun-
dles, and let p1, p2 be the two projections of SMy1 xsm, SMy1 to SMy1. On
the total space SMy 1 xsam, SMgy1 there are short exact sequences analogous to
(3.10) = (3.5)331 and (3.12) = (3.5)_1_10:

(3.14) 0— O(3,3,0) = O(3,3,1) » K2 -0
and
(3.15) 0—O(=1,-1,—1) = O(=1,-1,0) = T — 0,

where we set:

65/\/‘9,1 XSMgSMg,1 (a,b,c) := pT(Kﬂ)a/z X p;(Kw)b/z ® OSMg,l XsMgSMyg,1 (cA),

with A now denoting the diagonal copy of SMy 1 in SMy 1 Xsm, SMy .

On each C x C fiber, these restrict to the previous sequences (3.10),(3.12). The
direct images on SM, give the dual sequences:

(3.16) 0= 7m0(3,3,0) = 7m.0(3,3,1) = T, — 0
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and
(3.17) 0 — Tsm, — R2rmO(—1,—1,—1) = R*rm,O(—1,-1,0) — 0,
so we conclude:

Theorem 3.2. The obstruction class of the moduli space SM, is given by the
even (=antisymmetric!) part of the extension class of sequence (3.16), or, dually,
(3.17).

3.3. Bosonic version: an interpretation of a,,.

Before we prove Proposition 3.1, we pause to discuss the analogous result in the
bosonic world. There is a large literature devoted to describing higher order
neighborhoods of points in various moduli spaces and the functions and differen-
tial operators on them [6]-[14]. The result we have in mind describes the Atiyah
class a(My), or any of the equivalent objects appearing in Proposition 2.2, for
the moduli space M, of complex structures on a Riemann surface C. We do this
in terms of the sheaves Ocx¢(a, b, ¢) occurring in the extensions (3.5) on C x C.
We were unable to find this result in the literature, so we thought it was worth

discussing here.!

Our usual notation O¢xc(a, b, ¢) for the line bundle
Ocxcolab, ) = pi(Ko)? @ py(Kc)"? @ Ocxo(c),

with A the diagonal, seems inappropriate for the bosonic case, where there are
no natural spin structures. So we use the alternative notation

Ocxclax, bk, c) = Ocxc(2a,2b,¢) = pi(Ke)®* @ pi(Ke)? @ Ocxo(cA).
These fit into the restriction-to-A (or: residue) short exact sequence:

(3.18) 0 — O(ax*,bx,c — 1) = O(ax, bk, c) s K&t 0.

LA related result appears in [6], where the authors calculate the Atiyah class of the canonical bun-
dle of the moduli space M, of complex structures on a Riemann surface C. This is determined
by the Atiyah class a(Myg) of the full tangent bundle of Mg, which is what we find here, but
it does not fully determine o(M,). Beilinson has explained that nevertheless, our result about
a(My) can be deduced from the details of the proof of the main theorem of [6]. In the proof,
in section 2.3.3 of [6], Beilinson and Schechtman construct a canonical isomorphism of certain

extensions, and this canonical isomorphism can be used to derive our description of a(My).
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As previously, let z be a local coordinate on C, and let x = pj(2),y = p3(2)
be corresponding local coordinates on C' x C. The involution (z,y) — (y,z) of
C x C now sends O(ax, bx,c) to O(bx, ax*, ¢) naturally, without the ambiguity we
encountered in equation (3.6). In particular, it acts on O¢xc(a*, ax, c) and on its
cohomology; we indicate the eigenspaces with + superscripts. Locally, a section
is of the form:

dx®e dy®a

(3.19) SOZf(JUaZ/)W,
with holomorphic f. It is even under the involution if the parity of the function f
is the same as that of the integer ¢, while if these parities are opposite the section
is odd under the involution. The involution acts on sequence (3.18), which breaks
as a sum of its even and odd pieces. Now the third term Kéafc has pure sign
(—1)¢. So sequence (3.18) breaks as a sum of its (—1)¢ subsequence:

(3.20) 0 = O(ax,a%,c — 1) = O(ax, ax, )" Res K27 50

and its trivial (—1)°~! subsequence:

c—

(3.21) 0 — O(ax,ax,c — 1)) i O(ax, ax, c)(_)k1 5% 0-0.

The case relevant tousisa=b=c = 2:

Res

(3.22) 0 — O(2%,2%,1) — O(2%,2%,2) =5 K& — 0.

For g > 1, these sheaves have no higher cohomology, so the long exact sequence
is
0 — H°(O(2%,2%,1)) — H(O(2%,2%,2)) — H°(KZ) — 0,
which decomposes into an uninteresting odd part:
H°(O(2%,2%,1))” = H°(O(2%,2%,2)) 7,
and an even part:
(3.23) 0 — Sym?H(K?) — H°(O(2%,2%,2))" — H°(K2) — 0.

Here the identification Sym?HC(K?) = HO(O(2%,2%,1))" comes from sequence

(3.21) for a = b = 2,¢ =1, i.e. it is the even part of the long exact sequence
0 — H°(O(2%,2%,0)) = H°(O(2x%,2%,1)) — H(K2) — 0,
coming from the short exact

0 — O(2%,2%,0) = O(2%,2%,1) — K2 — 0,
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where we recall that HY(K?,) is odd under the involution. To dualize the sequence
(3.22), we take the Serre dual of the first map (between the line bundles) and
find the new cokernel:

(3.24) 0— O(—1%,—1%,-2) = O(—1%,—1%,—-1) = T — 0.
The even part of the long exact sequence is now the dual of (3.23):
(3.25) 0 — HY(To) — H*(O(—1%, —1%, —2))" — Sym?H(T¢) — 0.

Our claim is that the extension (3.25) can be naturally identified with the fiber
at (the isomorphism class of) C of the extension (2.8) on the moduli space:

Proposition 3.3.

(1) The fiber at C € M of the extension (2.8) expressing the Atiyah class o
of the moduli space My is canonically identified with the even part (3.25)
of the long exact sequence of the restriction-to-the-diagonal short exact
sequence (3.24).

(2) Dually, the fiber at C € Mg of the extension expressing the Atiyah class o
of the moduli space My is canonically identified with the even part (3.23)
of the long exact sequence of the restriction-to-the-diagonal short exact
sequence (3.22).

Again, our claim that these identifications are ”canonical” means that they re-
main valid in families. In particular, the sequence (2.8) on My, expressing the
Atiyah class of My, can be constructed as follows. We start with the universal
families m: My 1 — My and 7 : My1 X pm, Mg1 — My over My whose typical
fibers are C' and C x C, respectively. On the total space M1 Xa, My there
are short exact sequences analogous to (3.22) and (3.24):

(3.26) 0 — O(2%,2%,1) = O(2%,2%,2) = K2 — 0
and
(3.27) 0 —= O(=1%, —1%,=2) = O(—=1%, —1x, —1) = Ty — 0,

where with the obvious modifications of the notation,

6C><C(a*a b*v C) = pi (Kﬂ')a ® p;(Kﬂ>b ® OMQJ XpmgMg,1 (CA)7
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and T, K, denote the relative tangent and cotangent bundles. On each C x C
fiber, these restrict to the previous sequences (3.22),(3.24). The direct images on
M, give:

(3.28) 0 — 7m.O(2%, 2%, 1) = 7w, O(2%,2%,2) = Ty, — 0

and

(3.29) 0—=Tpr, — R 17, O(—1%, —1%, —=2) = R*7m,O(—1%, —1%, —1) — 0,
so we conclude:

Theorem 3.4. The Atiyah class of the moduli space Mg is given by the even
(=symmetric) part of the extension class of sequence (3.28), or, dually, (3.29).

Note that all of this is in perfect analogy with the picture for the obstruction class
in the previous section. The only change there is that we replace the central sheaf
Ocxc(2%,2%,2) = Ocxc(4,4,2) by Ocxc(3,3,1). (And the part even under the

involution is symmetric here, antisymmetric there.)
3.4. Proof for the Atiyah class.

3.4.1. Deformations. Let C be a Riemann surface, or more generally a complex
manifold. The complex structure of C is given in terms of the almost complex
structure operator

J:TRC — TRC, J>=-1
on the real tangent bundle, or equivalently in terms of the decomposition

TiC @ C=1T""Caq1%C.

Equivalently, it is specified by a C* section of A%!(T'C'), which depends on € and
vanishes for € = 0. Indeed, let 710, 71 1.0 0.1 be the projections and inclusions
of the summands. For a deformation C. depending on a parameter €, we have a

family of decompositions
Ti:C®C=THCoT1>C.
For small €, the composition a, := 701 001 7010 — T is an isomorphism,

so the complex structure of C, determines a linear map

he := (ae)—l o 7r60,1 o Z-l,() . Tl,O N T071
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and is detremined by it. This map can be interpreted as a (0,1)-form valued
section of TC, or a C™ section of A%!(T'C), which depends on € and vanishes for
e = 0. (As in the rest of this paper, we will usually abbreviate the holomorphic
tangent and cotangent bundles T4 oC, TYOC to just TC, T*C.) We write the
map h, in local holomorphic coordinate(s) z on C as h = h(z, e)dé%. It specifies
an explicit deformation of the 0 operator 0 = dé%:

(3.30)

a;:5+m:5+«m@@mz%:da944M4@y;% h e ASN(TC).

One convenient interpretation of the ’small €’ assumption above is that € and h,
are nilpotent elements of some (local) Artinian algebra A. When we work over
the Artinian ring A; = C[e]/(€?), the C* function h(z,€) becomes linear in e:

(3.31) O =0+ (6h(2’))d5%, he ASYT0).

When we work over the Artinian algebra Ay = Cle1, €2]/(€7, €2) the deformation
becomes:

(3.32) 9. = 3+(61h1(z)+62h2(z)+6162h12(z))dz§z, Al h? 2 e AMY(TC).

Such a deformation is trivial if it comes from the gauge action of a global vector
field w € A%°(T'C), which acts as:

w

0. — e Yo.ev.

Over the Artinian algebra As = Cley, €2]/(€3, €3), w becomes:

(3.33) w = eral + 20 + ere0!? = (€101 (2) + e20%(2) + 61620[12(2’))%,

SO

1
e’ =1+ eal + eaa® + 6162(a12 + 5((11042 + a2a1))

and the action on 0, is given by the somewhat complicated transformation for-
mulas:
R B+ 0at, i=1,2

(3.34) _ 1 _ _
h'? = b2 + 9a'? + A, o] + [h?, at] — 5([041, da?] + [a?, da']),
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as can be seen from the calculation:
0. — e Y9V

1
= (1 — 61&1 — 620[2 — 6162(@12 — 5(041042 + 052051)))
(5 + (Elhl + 62h2 + 61€2h12))

1
(1+ era! + e20” + erea(al? + §(a1a2 +a?ah)))

= O+

e (bt + 0(ay))+

e2(h? 4 d(ag))+

erea(h'2 4+ [hY, 0% + [h% o] + Do+
1. _
58(041042 +a?al)) + (a'a? + a?at)o

— (@'da? + a?dat) — (ata? 4+ aal)d)
= O+ e0(a1) + e20(az)+

ere2(0at? + [}, ] + [h2, ol -

1 _ _
5([a1, oa’?] + [a?,da))).
It is of course much easier to work infinitesimally, i.e. to switch from the Lie group
to its Lie algebra. In our case this simply means that we drop terms quadratic
in the a’s, so the transformation formulas (3.34) are replaced by the infinitesimal
transformation formulas :
(3.35) Rt — k' +0at, i=1,2
3.35 _

h'? — 12+ 9a'? + [h, o] + [R?, .
3.4.2. The pairing. To prove our Proposition, we exhibit a natural pairing be-
tween elements ¢ of the central cohomology group H®(O(2%,2%,2))T in (3.23),
which is dual to the central cohomology group in extension (3.25), and elements
of the extension (2.8), which according to Proposition 2.2 we describe in terms
of pairs
hl ® h2 h12

where h!, h? h'?2 € A%L(TC) are the parameters (3.32) on the deformation space
M(A,), i.e. they are defined only modulo the infinitesimal transformation rule
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(3.35). If ¢ is in the kernel of the Residue map, i.e. ¢ € Sym?HO(K(), it is
clear that we can pair it with the cohomology class of h' ® h%. Similarly, it is
clear how to pair Res(y) with the cohomology class of h'2. The subtle point
is to check that the non-trivial extension (3.25) exactly matches the non-trivial

transformation rule (3.35).

We define the pairing to be
(3.36) < o h >i= / o(h! ®A?%) — m'/ Res(¢)h'? = I — L.
CxC C
The definition of I; requires some care, since the form ¢ has a (second order)
pole along the diagonal in C' x C.

Let u be a local parameter that vanishes along the diagonal C' C C' x C. We
are trying to integrate over C' x C' a form © that has a singularity near u = 0
that looks like dudzi/u?. An integral with such a singularity is not absolutely
convergent, so a priori it is not well-defined. However, because the average of the
function 1/u? over a circle |u| = ¢ (for small positive ) vanishes, the integral can
be defined by restricting to |u| > € and then taking the limit ¢ — 0. Accordingly,
the integral I; involves what is known in distribution theory as a principal value
distribution.

A coordinate free way to define the integral I is as follows. Let © = ¢(h'&Kh?) be
the form that we are trying to integrate; it has the singular behavior of dud/u?

near the diagonal. We make the decomposition
(3.37) O =dA+E,

where the form E is everywhere smooth and A behaves near the diagonal as da/u.
There is no obstruction in making such a decomposition. It is unique up to

(3.38) A=A+ 2= E—d

where the form A is smooth. Given such a decomposition, we define I; as

(3.39) L= / =
cxC

In other words, formally we take fo o dA = 0. This definition of I; is well-
defined, since fC’x ¢ = is certainly invariant under = — Z—dA\, where A is smooth.
The definition of I given in (3.39) also agrees with the principal value procedure
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mentioned in the last paragraph. The reason for this is that if, using some
arbitrary Riemannian metric on C, we define (C' x C). to be the submanifold of
C x C consisting of points that are a distance > ¢ from the diagonal, and if A
behaves near the diagonal as da/u, then lim._,q [ (CxC). dA = 0. So the principal
value procedure would indeed instruct us, after making the decomposition © =
dA + E, to drop the dA term, as we have done in the definition (3.39).

For future reference, we will describe this situation a little more thoroughly. The
essence of the matter is that on the complex u-plane C,, the (1,0)-form du/u?
makes sense as a distribution on (0, 1) forms with compact support. (Equivalently,
1/u? makes sense as a distribution on smooth two-forms of compact support,
or dudii/u? makes sense as a distribution on smooth functions with compact
support.) For any (0, 1)-form x with compact support, we define the pairing of
the distribution du/u? with y by using the fact that du/u? = —9(1/u) where as
usual 0 = du d,. So formally

du 1
3.40 = Zoy.
(3.40) /(Cuugx [Cuux

The integral on the right hand side is absolutely convergent, and we take this
formula as the definition of the left hand side, or in other words the definition
of the pairing of the distribution du/u? with the (0,1)-form . In general, the
derivative of a distribution is defined by integration by parts in this fashion. For
example, if u = uj + fug, the delta function distribution §(u) is defined by saying

that for any smooth function f,

(3.41) /dulduQé(u)f(u) = f(0).

We note for later reference that this formula has the inconvenient-looking conse-

quence

(3.42) / dudii 6(u) f(u) = —2i f(0).

Defining the derivative 9,,0(u) by integration by parts, we have for any smooth f

(3.43) / durdusdd(u) f(u) = — / durdusd (w) D f (1) = —u £(0).

Now consider the classical formula (for example, see p. 62 of [15])
01

Ot u

(3.44) o (u).
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Defining the derivative of 1/u (understood as a distribution on smooth two-forms)
by integration by parts, the precise meaning of this formula is that for any smooth

f of compact support,

10
(3.45) / duldugaa—g — _xf(0).
Differentiating the formula (3.44) with respect to u, we find that
01
4 2 = 18,0(u).
(3.46) 57 02 mO,0(u)

In the last paragraph, we have considered an isolated du/u? singularity at u = 0,
but the same applies in general to a du/u? singularity along a divisor in a complex
manifold. In our application, the complex manifold is C' x C' and the divisor is
the diagonal.

3.4.3. Gauge invariance. To show gauge invariance of our pairing, we must show
that when the h’s vary according to (3.35), although the integrals I and I
change, their difference remains invariant. Because I is bilinear in hi and ho, it
suffices to consider the case that they are each supported in small open sets in
C'. Because (as the following derivation will show) gauge-dependence of I; comes
only from the behavior along the diagonal, we can assume that h; and hy are
supported in the same coordinate chart O C C. We write z for a local parameter
in this chart and z,y for its pullbacks to the two factors of C' x C.

By linearity, it suffices to check gauge invariance when only one of the a’s is

non-zero. We take a' # 0, «a? = a'? =0. (The case of non-zero o? is identical,

and the case of non-zero a2 is trivial.) So we have:

(3.47) Sht =0al, 6h* =0, O6n'?=[n%al,
We write
(3.48) o' = a(z,7)0y, h* =dyh(y, )0,

where the notation a(z,z) and h(y,y) is just meant to remind us that these
functions are C'°° but neither holomorphic nor antiholomorphic. We also recall
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from (3.19) that in the same local coordinates,

dx®2dy®2

(3.49) ¢ = f(z, y)w;

with holomorphic f.

We want to analyze
0l = / ©(dat B h?)
cxC

by integration by parts. Here, da! = dz(da(x,Z)/07)0,, and in detail our inte-
gral is in the chosen coordinates

(3.50) ST, = /Cxcdxda?dydﬂ m%a(%i)-h(y,y).

After a few steps, we will arrive at a simple answer that does not depend on the

chosen system of coordinates.
Upon integrating by parts, we will have to calculate

Because of the pole at x = y, this derivative must be understood in a distribu-
tional sense. For a single pole, equation (3.44) gives:

(3.51) — = 716%(x — y).

Differentiating this formula with respect to y (or using equation (3.46)), we have:

o 1 On . _ T O Do
oz —y? "oy Y= Talg, Ty Y
Since f is holomorphic, we find:
9 flay) o« 9 9\
(3.52) ACET 5 /(@) (5 ay)é (z—y).

A fuller explanation of the meaning of these manipulations was given in section
3.4.2.
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Now we are ready to integrate by parts in the formula (3.50):

51y = g/cxcdazdidydg (((,fx - ;y) 82(x — y)) F(z,y)alz, 2)h(y, 7)
= g/cxcdxd:fdydg (((,fx — ;y) (0%(z — y)f(w,y))> a(z,2)h(y, ¥)

__T =177 da(x, ) - _ Oh(y,7)
S 2 /0xcdxd$dydy e =y @) <81:h(y,y) —a(z,2) dy )

(3.53)

. _ da(y,y),, _ Oh(y,9)
_m/cdydyf(y,y)< ay h(y,9) — a(y,y) ay )

where:

e the first formula comes by integration by parts in (3.50) with respect to
Z, using (3.52);

e the second step uses the fact that 62(x — y)(a% - (%)f(m, y) = 0, since f
is symmetric;

e the third step is integration by parts with respect to « and y, and

e in the fourth step the delta function integration amounts to substituting
y for z and adjusting the coefficient by a factor of —2i as in (3.42).

At this point, we can restate our result in an invariant language. We have
Res(p) = (dy)?f(y, y), and the two terms in eqn. (3.53) add up to a Lie bracket
[R%, a1]. So finally

o = m’/ Res(p)[h?, a1]
C

:m'/ Res(p)dh!?
C

=0ls.

3.5. Proof for the obstruction class. In this section, we will perform an anal-
ysis for the obstruction class woy, to splitting of supermoduli space 9, that is
analogous to the analysis of the Atiyah class of M, that we have done in section
3.4. The required steps are quite similar. In section 3.5.1, we describe deforma-
tions of a split super Riemann surface S over the Zg-graded Artin ring Clny, n2],
with odd parameters 71,72. In section 3.5.2, we describe the pairing of such
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a deformation with an element of the extension that we claim is associated to
wan, and show its gauge-invariance. Though the logic in defining the pairing and
proving its gauge invariance are the same as in the bosonic case, technically the
details are simpler, since the form we have to integrate has only a simple pole
on the diagonal and the integral is absolutely convergent. On the other hand,
the description of deformations of a super Riemann surface involves a few details
that are probably less familiar than their bosonic analogs.

3.5.1. Deformations. We will describe deformation theory of a super Riemann
surface from a smooth point of view. To do this, we will first embed the sheaf of
(holomorphic) functions on a super Riemann surface S as a subsheaf of the sheaf
of functions on a smooth supermanifold S. In the last sentence, the word “holo-
morphic” is in parentheses because it is actually redundant: a super Riemann
surface S is best defined as a purely holomorphic object, in terms of a certain
sheaf of Zg-graded holomorphic functions (see for example [1] for this definition)
over its reduced space C = Sieq, which is an ordinary Riemann surface. So there
is no notion of functions on S that are not holomorphic. We will introduce S

precisely in order to have such a notion.

There are several approaches to embedding the sheaf of holomorphic functions
on S in the sheaf of functions on a smooth supermanifold S , but for us the most
economical approach will be most convenient.? We work in the context of what
have been called cs supermanifolds in [16], p. 95 (see also section 5 of [17] for
a more leisurely account). A brief definition is as follows. A supermanifold is
a locally ringed space S = (M, Og) consisting of a manifold M and a sheaf of
Z/2-graded algebras Og on it which is locally isomorphic to the sheaf of sections
of the exterior algebra of a vector bundle V- — M. If M is a real manifold, V is a
real vector bundle, and by “sections” we mean smooth sections, then S is a real
supermanifold. If M is a complex manifold, V' is a holomorphic vector bundle,

and “sections” are holomorphic sections, then S is a complex supermanifold. If

2 Some authors instead take S to be a real supermanifold of dimension 2|2, with local anti
holomorphic coordinates z|0 that are complex conjugates of local holomorphic coordinates z|6.
Then there is a canonical choice of §, but on the other hand introducing @ is extraneous for our
purposes and the S constructed this way is not useful in most applications in string theory. The

object S that we describe in the text can be understood as the worldsheet of a heterotic string.



774 Ron Donagi and Edward Witten

M is real, but V is a complex vector bundle, and “sections” are complex-valued
smooth sections, then S is a cs supermanifold.

Like a real supermanifold, a cs supermanifold S is determined up to isomorphism
by its reduced space M and the normal bundle to M in S, which is also called
the odd tangent bundle 7M. This can be proved by the same arguments used
for real supermanifolds. In the case of a real supermanifold, T_M = IIV where
V — M is a real vector bundle (and IIV is V with parity reversed, in other
words, with the fibers taken to be purely odd); in the case of a cs supermanifold,
T_M = 11V where now V — M is a complex vector bundle. From the fact that
S is determined up to isomorphism by the pair M,V it follows that any family
of cs super manifolds is locally constant, up to isomorphism. There is no notion
of a function on a cs supermanifold being real (except after reducing modulo the
odd variables), just as there is no notion of a real section of a complex vector
bundle. Functions on a cs manifold are the analog of complex-valued smooth
functions on an ordinary manifold. A real supermanifold is the same thing as a
cs supermanifold in which one is given a notion of what functions are real.

A split complex supermanifold S = (M, \®* V) determines the c¢s supermanifold
(3.54)

§ = (MRvCOO(MR) ROy OS) = (MR)COO(MR) X0 (/\ V)) = (MR’COO(/\ V))?

where Mp is the real smooth manifold underlying the complex M. This still
works when S is projected, but does not extend naturally to the general nonsplit
case (in which S depends on some odd parameters), since in general Og need not
be a sheaf of Oj; modules.

For our application, we take S to be a smooth cs supermanifold of dimension 2|1,
whose reduced space is an ordinary Riemann surface C. We describe S locally
by even coordinates Z and z and an odd coordinate §. We assume® that modulo
the odd variables, Z is the complex conjugate of z and that z and z are local

3This assumption is stronger than necessary: in what follows, it would make sense to assume
merely that Z is sufficiently close to the complex conjugate of z in the sense that Z and z reduce
to local complex coordinates in oppositely oriented complex structures on Srea. However, since
we will work over an Artin ring, and make only nilpotent deformations away from the familiar

situation in which Z is the complex conjugate of z, the condition stated in the text is natural.
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holomorphic and antiholomorphic coordinates on the reduced space S..q. We
assume that S is endowed with a sheaf of holomorphic functions, which are the

functions annihilated by an operator that we can write

~ .0
(3.55) 0= dza—z.
Thus locally holomorphic functions are functions f(z|6). The reduced space of S
is assumed to be that of the purely holomorphic super Riemann surface S that
we started with (namely the Riemann surface C'), and the sheaf of holomorphic
functions on S , understood as a sheaf on C, is assumed to coincide with the sheaf
of holomorphic functions on S. Thus one can think of S as a smooth superman-
ifold that maps to the complex supermanifold S. Similarly, S is endowed with a
sheaf of antiholomorphic functions which locally are functions of z, in other words
the functions annihilated by 0, and dy. (These vector fields generate the holo-
morphic tangent bundle of S , which we will denote as TS, since it corresponds
in an obvious sense to the tangent bundle of the super Riemann surface S. A
section of T'S — S is holomorphic if it can be written locally as v0y + w0, where
v and w are holomorphic functions on S. ) Thus one can also think of S as a
smooth supermanifold that maps to a complex manifold C (which is the complex
conjugate of Sieq = C if z reduces modulo nilpotents to the complex conjugate
of Z). Putting these together, we get an embedding of S into S x C. The choice
of the embedding is not canonical (unless S is split), but varying the embedding
(with small parameters) affects neither the holomorphic nor the antiholomorphic
structure of S , which are pulled back from S and C , respectively. Deformation-
s of the holomorphic and antiholomorphic structures of S are therefore simply
deformations of the holomorphic structures of S and C.

The subtlety in this construction is that unless S is split, there is no canonical
construction of S. (Our ultimate application will involve the case that S is split,
in which case, as in eqn. (3.54), there is a canonical S.) There is no obstruction
to deforming S to compensate for small deformations of S (or of 5), so a suitable
S always exists. Any choice of S provides a framework for studying deformations
of S from a smooth point of view. Moreover, since a family of cs supermanifolds
is locally constant up to isomorphism, when we vary C x S over an Artin ring (or
even when we make small deformations in the complex topology) we can consider
S to be constant while only its holomorphic and antiholomorphic structures are
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modified. This is the analog of the statement that in deformation theory of an
ordinary Riemann surface C, we can consider C' to be fixed as a smooth two-
manifold, while only its holomorphic and antiholomorphic structures vary. So
it is the reason that the consideration of S gives a framework for studying the
deformations of S from a smooth point of view.

What we have described so far is a c¢s supermanifold S that has a holomorphic
structure in which it is a complex supermanifold of dimension 1|1, and an anti-
holomorphic structure in which it is a complex supermanifold of dimension 1|0.
(Moreover, these structures are complex conjugate if one reduces modulo the odd
variables.) S is a smooth model of a super Riemann surface if in addition T'S
is endowed with a rank 0|1 holomorphic subbundle D that is everywhere un-
integrable. An easy lemma shows that if so, then locally one can choose local
holomorphic coordinates z|f on S — called local superconformal coordinates —
such that D is generated by

(3.56) Dy = 9y + 60..

The sheaf of holomorphic sections of T'S has a subsheaf S consisting of “super-

2

conformal vector fields.” These are holomorphic vector fields that preserve the
subbundle D C T'S. Concretely, in local superconformal coordinates z|6, the

general form of a superconformal vector field u is
1
(3.57) u=1v(z)(0p — 00,) +w(2)0, + 58210(,2)089,

where v(z) and w(z) are functions only of z and not 6. If S is split (but not
otherwise), the decomposition of u as the sum of an “even” part involving w and
an “odd” part proportional to v is valid globally. Locally, a smooth section of
S — S is given again by the formula (3.57), except that now v and w depend on
both z and z (but not on #), as in eqn. (3.63) below.

Now let us recall some facts about the purely holomorphic theory of a super Rie-
mann surface S. The first order deformations of S as a complex supermanifold
are parametrized by H'(S,TS), but its first order deformations as a super Rie-
mann surface are parametrized by H'(S,S). The basis for these statements is
standard: T'S (or S) is the sheaf of infinitesimal automorphisms of S as a com-
plex supermanifold (or as a super Riemann surface), so H'(S,T'S) (or H(S,S))
parametrizes its first order deformations as a complex supermanifold (or as a
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super Riemann surface). In all these statements, S is understood as a purely
holomorphic object, and H'(S,T'S) and H'(S,S) can be defined, for example, as
Cech cohomology groups.

An immediate consequence of introducing S is that there is a Dolbeault model
for HY(S,TS) and H*(S,S): they can be computed as the Dolbeault cohomology
groups H1(§, TS) and Hl(g, S). (This can be proved by slightly adapting any
standard proof of the relation of Cech and Dolbeault cohomology.) Thus, an
element of H* (§, T'S) is represented by a (0, 1)-form X on S valued in T'S. Locally,
after trivializing T'S with the basis dy, 0., we can write such a form as

(3.58) A = x89 + ho.,

where x and h are smooth (0,1)-forms on 5. (One cannot make such a decom-
position of A globally unless S is split.) The deformation by A is subject to the
usual equivalence relation of Dolbeault cohomology

(3.59) A — A+ du,

where wu is a smooth section of TS — S. The advantage of the Dolbeault descrip-
tion is that it is straighforward to describe deformations of higher order. To go
beyond a first order deformation, we perturb the operator 9 to

=5 = 0 0
(3.60) 0 za—i-x%—i-h&,
and we do not work just to first order in x and h. After the perturbation, a
holomorphic function is a smooth function on S that is annihilated by d'. For
example, to construct deformations over a Zs-graded Artin ring B, we simply
take y and h to have coefficients in B. The gauge equivalence relation for such
deformations is simply

(3.61) J — e "0e",

where u is a section of T'S with coefficients in B. Here we take x, h, and u to all

vanish if reduced modulo the ideal of nilpotent elements of B.

Similarly, H'(S,S), which parametrizes the first order deformations of S as a
super Riemann surface, can be computed as the Dolbeault cohomology group
H1(S,S). The procedure is the same as before, except that A must now be a
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(0,1)-form valued in S:

(3.62) X = x(2,2) (99 — 60,) + <h(z, 2d. + %(‘Lh(z, aaag) .

The equivalence relation can still be written as in (3.59), but now w is a smooth

section of S:

1
(3.63) u=wv(z2)(0g — 00,) + w(z,2)0, + iﬁzw(z, 2)00y.
To go beyond a first order deformation, we perturb the operator d to
~ = 1
(3.64) 0 =0+ x(2,2)(0g — 00,) + (h(z, 2)0, + 28Zh6’89> .

The equivalence relation takes the same form as in (3.61) except that now, of
course, u is a smooth section of S and thus has the local form (3.63).

The procedure of the last paragraph can be used, in particular, to describe de-
formations of the super Riemann surface S parametrized by any Zs-graded Artin
ring B. For our purposes, we want to take B to be C[n1,n2], where 1, and 7 are
odd parameters. We also assume that prior to the deformation, S = IITY/2C is
split. (This is the case we need to investigate the obstruction class wyy,.) Then

the most general nilpotent deformation (3.64) takes the form
-~ o~ , 1
(3.65) 0 =0+ Y mix'(2,%) (99 — 00:)+mp (h12(z, 2)0. + Qazhu(z,z)eag) .
i=1,2

Thus, the deformation involves the two (0,1)-forms x*, i = 1,2 on C valued in
T'/2C, and a (0,1)-form h'? on C valued in TC. The gauge parameter u has a

similar expansion:
» 1

(3.66) u= Z niv'(z,2) (0p — 60.) + mmn2 (w(z,%’)@z + §8Zw(z, 230&9> .

i=1,2
The equivalence relation (3.61) can easily be worked out explicitly. As in the
bosonic case, the most useful version of the equivalence relation is the linearized
version, in which we work to first order in the vector field u. This comes out to
be

X —>Xi—|—5yi 1=1,2

(3.67) A2 = B2 4 0w + v\ — 2L

The analogy with the corresponding bosonic formula (3.35) is hopefully clear.
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3.5.2. The pairing and its gauge invariance. We are in a situation very similar
to what we encountered in section 3.4.2. The claim of Proposition 3.1 is that
the extension expressing the first obstruction w to splitting of 9, is associated
to the global sections on C' x C of O(3,3,1) = K32 X K32 @ O(A). We view a
section ¢ of 0(3,3,1) = K32 K K32 ® O(A) as a section of K32 K K3/2 that
has a pole along the diagonal C' C C' x C. The residue of this pole is a section
Res(y) of K? — C.

To establish the proposition, we need to show that there is a natural pairing
between such a ¢ and the triple b = (x!, x?, h'?) that describe a deformation of S
over the ring C[n,n2]. Clearly, if Res(p) = 0, so that ¢ is a holomorphic section of
K3P?RK3? - C'xC, then ¢ can be paired with xy'Xy? € H?(C xC, T'/?RT"/?),
Equally clearly, Res(p) € H(C, K?) can be paired with h'2 € HY(C,T).

The more subtle fact is that these pairings can be combined to give a pairing of
¢ with the triple h = (x!, x%, h'?) that is invariant under (3.67). The definition
is precisely analogous to eqn. (3.36):

(3.68) (p,h) := / o(x' B x?) — 271'2'/ Res(¢)h'? := 1) — L.
CxC C

Because ¢ now has only a simple pole along the diagonal, there is not much
to say about the well-definedness of this formula: the integral I; is absolutely
convergent, because the form dudu/u is integrable near v = 0. The proof of
gauge-invariance is similar to what we explained in section 3.4.3, but much sim-
pler, again because ¢ has only a simple pole. By linearity, it suffices to verify
separately the invariance of the pairing under the transformations generated by
the parameters v, v?, and w in (3.67). Invariance under the even parameter w
is a triviality, and the odd parameters ! and v? enter symmetrically (they are
exchanged by the exchange of the two factors of C' x ('), so it suffices to verify
that the pairing is invariant under the transformation generated by v!.

We have

(3.69) 81 = / (A, ).
cxC
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Integrating by parts as we did in (3.53) but using (3.51) instead of (3.52), we get
(3.70) o = 27ri/ Res(p)v!y2.
C

In this formula, the product v'yx? is a (0,1)-form valued in T, which can be
naturally paired with Res(¢) € H(C, K?). In (3.68), this variation of I; cancels
the variation of I that comes from the v!y? term in the transformation of h'2.

3.6. Variant for punctured SRSs.

Proposition 3.1 has an analogue giving an extension class interpretation of the
first obstruction to the splitting of the moduli space 9, 1 of marked super Rie-
mann surfaces. We fix the point (S, p) of My 1, where S is a split super Riemann
surface: S = S(C, Té/ 2), with puncture p € C. Consider the sheaves (line bun-
dles, actually):

(3.71) O(a(p), b(p), c) := p1*Kc®*(p) @ pa* Kc®2(p) @ Ocxo(ch),

and especially O(3(p),3(p),1). As before, the restriction to the diagonal gives a
short exact sequence:

(3.72) 0 — O(3(p),3(p),0) — O(3(p),3(p), 1) — Kc*(2p) — 0.

This may be the most obvious guess for the punctured analogue of Proposition
3.1, but it turns out to give the wrong answer. Instead, we have to introduce the
subsheaves

(3.73) I,(a(p),b(p),c) == I, ® O(a(p),b(p), c),

where I, is the ideal sheaf of the point (p,p) in C x C. Now the restriction to
the diagonal gives a short exact sequence:

(3.74) 0= OB(p).3(p),0) = L(3(p), 3(p), 1) = Kc*(p) — 0

where each term is a subsheaf of the corresponding term in (3.72). The long exact
sequence of (3.74) gives:

0 — H°(CxC,0(3(p),3(p),0)) = H(CxC, I,(3(p), 3(p), 1)) = H*(C, Kc*(p)) — O,

and the even part under the involution (z,y) — (y,z) gives:
(3.75)

2
0= \HUEN(p) = HO(CXC, L(3(p),3(p),1) )" — H(KZ(p)) — 0.
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As previously, we are giving only the fiber of this SES at the point (C, Té/ 2,p)
of M, 1. Everything globalizes naturally to a SES of vector bundles on 9, 1,
obtained by replacing each occurrance of HY by m,, where 7 : My — My is the
natural projection (= the universal curve).

Proposition 3.5. The extension class of SES (3.75) is the first obstruction to
the splitting of the moduli space My 1 of punctured SRS.

The proof is of course parallel to the proof of Proposition 3.1 given in the previous
section. Instead of a split super Riemann surface S with underlying Riemann sur-
face C, our basic object is now the punctured super Riemann surface: (5, p). Its
sheaf of infinitesimal automorphisms as a punctured supermanifold is* Ts(—p),
the subsheaf of Ts consisting of vector fields that vanish at p. Likewise, its sheaf
of infinitesimal automorphisms as a punctured super Riemann surface is S(—p),
the subsheaf of S consisting of superconformal vector fields that vanish at p. It
follows that the first order deformations of (S, p) as a punctured complex super-
manifold are parametrized by H'(S,TS(—p)), while its first order deformations
as a punctured super Riemann surface are parametrized by H'(S, S(—p)). As pre-
viously, this can be computed as the Dolbeault cohomology group H 1(§ ,S(—p)).
The procedure is the same as in (3.62), except that the (0, 1)-form A valued in S:

(3.76) X = x(2,2) (9 — 60,) + (h(z, 0. + %azmz, z)eae> .

must now vanish at the puncture p. Note tht p is given by a condition such as
2|60 = 2|0, and the condition for A to vanish at p is concretely

1
(377) _X(Z[Ja 57)00 + h(z()?z) =0, X(Z()v g) + §azh(zoa 57)90 =0.

The equivalence relation can also still be written as in (3.63), except that the
gauge parameter u:

(3.78) u=1v(2,2)(0p — 00,) + w(z,2)0, + %@w(z, 2)00y

must now vanish at p as well. In particular, the deformations parametrized by
the Zgy-graded Artinian ring B = C[n;, 72| are given by the immediate analogue

4p is not a divisor in S but a subvariety of codimension 1|1, so the sheaf of functions on S that
vanish at p is not locally free, and neither is T's(—p). In the super Riemann surface case that
we come to momentarily, both S and S(—p) can be given the structure of a locally free sheaf,

but we will not make use of this.
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of (3.65):

~ A 1
BY%67=6+§:nm%%aﬁ%—9@%Hmh<W%%3Wa+2@h”&£W%>,

i=1,2

with coefficients that vanish at p. Thus, the deformation involves
(3.80) W2 e AN To(-p), x' e ASNTY (—p)), i=1,2

The gauge parameter v has a similar expansion:

. 1
(381) wu= Z niv'(z,2) (0p — 00,) + mmng2 <w(z,2)83 + iazw(z, 2)969) ,
i=1,2
where now ¢!, w must vanish at p. The (linearized) equivalence relation remains

precisely (3.67):
X' o+ ot i=1,2
(3.82) h'2 = B2 4 0w + v\ — 2L

In our application, we are interested in deformations of a split punctured super
Riemann surface S over the Artin ring B = Cln1, 12], so in contrast to eqn. (3.77),
we set Oy = 0, and view p as a point in the reduced space C' = Syeq. So the x* are
(0,1)-forms on C' valued in TCY?(—p) and h'2 is a (0,1)-form on C valued in
TC(—p). Likewise * and w are smooth sections of TC'/?(—p) and of TC(—p).

As in previous sections, we will now describe a pairing between even sections
of I,(3(p),3(p),1) and the second order deformation data. We view a section ¢
of O(3(p),3(p), 1) = K32(p) W K3/?(p) @ O(A) as a section of K32 X K3/2 that
has a pole along the diagonal C' C C x C and along the horizontal and vertical
curves C x p,px C. The residue along the diagonal is a section Res(¢) of K?(2p).

Let z be a local coordinate on C' centered at p, and let x := pj(2),y := p5(2) be
the corresponding local coordinates on C' x C. Locally, our section ¢ is of the

form

dx®%dy®%
3.83 = flz,y) ————,
(35 o=y o
and its residue is:
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Note that our ¢ is a section of the subsheaf I,,(3(p),3(p), 1) C O(3(p),3(p), 1) if
and only if f(0,0) = 0, which is exactly the condition for Res(y) to land in the
subsheaf K2(p) C K?(2p). Note also that the function f(z,y) is even (or odd)
if and only if ¢ is even (or odd, respectively), with respect to the action of the
involution (x,y) — (y,x) of C x C.

To establish the proposition, we need to show that there is a natural pairing
between such a ¢ and the triple h = (x1, X2, h12), as in (3.80), which describes
a deformation of (S, p) over the ring C[n,n2]. Clearly, if Res(p) = 0, so that ¢
is a holomorphic section on C' x C' of K3?(p) K K3/%(p), then ¢ can be paired
with x' X x? € H?(C x C,TY?(—p) R TY?(—p)). Equally clearly, Res(p) €
H°(C, K?%(p)) can be paired with h'?2 € H(C,T(—p)).

As previously, we need to check that these pairings can be combined to give a
pairing of ¢ with the triple A = (x!, x?, h'?) that is invariant under (3.82). The
definition is identical to equation (3.68):

(3.84) (p,h) := / o(x' B x?) — 2772'/ Res(¢)h'? := 1) — L.
CxC C

The extra poles of ¢, along the horizontal and vertical copies of C, are canceled by
the extra zeros of x', x2. So our new integral I; has the same behavior along the
diagonal as the one in equation (3.68), and is therefore absolutely convergent.
Likewise, the proof of gauge-invariance is identical to the non-punctured case,
since the transformation formulas (3.82) have the same form as the transformation
formulas (3.67), and are applied to a subset of the parameters w, v* that appeared
there. This completes the proof of Proposition 3.5.

4. NON-PROJECTEDNESS OF I, 1

The main result of [1] was that super moduli space 91, is non-projected and
non-split for g > 5. As explained there, this follows from an algebraic geometry
construction (embedding 9, 1 in Mz for appropriate g) together with:

Theorem 4.1. The first obstruction to the splitting of Mg 1:

w e HY (SMy1, Hom(N'T_, T))
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does not vanish for g > 2 (and even spin), so the supermanifold My 1 is non-
projected.

Here and in the rest of this section, T% refer to 749, 1, which are vector bundles
on the reduced space SMg 1. In [1] we gave a proof of this result which relied
on somewhat delicate properties of supermanifolds and maps between them. We
reprove it here using the deformation theory we have developed, especially the
explicit cohomological interpretation of the obstruction class.

proof. We fix a spin curve (C, Tcl/ 2) € S/\/l; which we identify as a fiber of
T Mg1 — My, and choose a point p € C C S.M;l. We have interpreted
we HY(SM} | Hom(N'T_, T}))

as the extension class of a short exact sequence of vector bundles, and have
obtained a canonical identification (3.75) of the fiber at (C,T, é/ 2, p) of this SES
with:

2
(4.1) 0= N\ HUKY (p)) — HO(CXC, L(3(p).3(p), 1) )* — HO(K2(p)) — 0.

On the other hand, we also have the pullback to SM, 1 of the first obstruction to
the splitting of 91,. In Proposition 3.1 we have obtained a canonical identification
of the fiber at (C,p) of the corresponding SES with our SES (3.11)%:

2
42) 0= \HOUKY?) —» HY(COxC, 0(3,3,1) )" — HO(KZ) — 0.

The pullback 7* maps sequence (4.2) into sequence (4.1) , so we form the term

by term quotient sequence Q:
0—=0Q1— Q22— Q3—0.
on the other hand, consider the odd cotangent sequence of 7
(4.3) 0— " T*My — T*Myy — T — 0,
/2 .
whose fiber at (C,T//",p) is:

(4.4) 0 — HYKY?) — HO (KX (n) — Kl = 0.
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Lemma 4.2. The quotient sequence ) is canonically identified with the odd
cotangent sequence (4.3) of m, tensored with the odd relative cotangent line bundle

r_ = T;ng’l/mgyi, whose fiber at (C, Té/Q,p) is
. * * 1/2
( W,—)(C7Té/2,p) = (T(C,Té«/Q717)7—mtg71)/(T(C,Té/27—)mg) = KC,p'

Proof. We are trying to identify the bottom row of the array:

A2 HO(KZ?) HY(CxC, O(3,3,1) )~ HO(K2)
A2 HY(K? (p)) —— HY(CXC, L(3(p),3(p), 1) )~ HO(K2(p))
Q1 Q2 Q3

in which the top two rows are sequences (4.2) and (4.1) respectively. Each of the
nine entries here represents a vector bundle over S/\/l;r, but for simplicity we will
focus on its fiber at the point (C, Té/ Q,p), which is a vector space (depending
of course on (C,T, Cl/ 2, p)). The point is that we have already identified each of
the top six of these vector spaces, as well as the maps between them, as global
sections of an appropriate sheaf over C' x C' and the induced maps between them.

The corresponding array of sheaves on C' x C' is:

0(3,3,0)~ 0(3,3,1)" K2

3/2 1/2 3/2 1/2
K o Ky Keo'(p)® Kg,, Ky o Ky
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Here each row is a restriction of a sheaf on C' x C to the diagonal A, while each
column is a restriction of a sheaf on C' x C' to the horizontal curve C' x p. The
sequence in our Lemma is now obtained as global sections of the bottom row. [J

It may be helpful to describe sections of the top left corner of the last diagram in
terms of local coordinates x,y on the two copies of C' near p. A local section of
O(3,3,0) can be written as a(z,y)dz*? @ dy*/? for some holomorphic function
a. A local section of O(3,3,1) can likewise be written as (agcf’?;))dac?’/2 ® dy3/? for
some holomorphic function a. A local section of O(3(p),3(p),0) can be written

as (%)dazz”/ 2 @ dy/? for some holomorphic function a. And a local section of

I,(3(p),3(p), 1) can be written as ((@ - @)/(w —y))da®? @ dy®/? for some
holomorphic functions a,b. The superscript T restricts in each case to sections
that are invariant under the involution (x,y) — (y,z). The five remaining ob-
jects in the diagram can be deduced immediately from these local forms and the

obvious inclusions between them.

Our Theorem follows immediately from this Lemma: it suffices to show that the
restriction

wic € HY(C,Hom(N'T_, T ))
does not vanish. So we hold the even spin curve (C, Té/ 2) fixed at some generic
value for which H(C, Té/Z) = 0, and vary p € C. The restriction to C' of the
odd cotangent sequence (4.3) of 7 is then the projection pi. of the SES (3.5)0.3.1
of sheaves on C' x C"

(45) 0 0(0,3,0) + 0(0,3,1) — Kc'/? - 0.

Its extension class in Hl(Kal/Q) ® HO(Kgﬂ) = End(HO(Kg/2)) is the identity
element, so it is non-zero. This shows that sequence (4.3), and hence also sequence
@, do not split. We deduce the non-splitting of SES (4.1) by a diagram chase:

Any splitting:
HY(KZ(p) = H(CXC, 1,(3(p), 3(p), 1) )*
of SES (4.1) restricts to a homomorphism

HO(K2) — HY(CxC, I(3(p),3(p), 1) )*.
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We compose this with the given map to (J2. The further image in ()3 vanishes,

so it factors through a homomorphism
HYK2) = Q1 = KJ? @ HY(KY?),

and our assumption that H?(K, é/ 2) = 0 implies this vanishes. We conclude that
any splitting of SES (4.1) restricts to a splitting of SES (4.2) and therefore induces
a splitting of the quotient sequence @, but we have just seen that this sequence
does not split when restricted to generic even (C, T, Cl/ 2).
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