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Abstract: Given a morphism between complex projective varieties, we

make several conjectures on the relations between the set of pseudo-effective

(co)homology classes which are annihilated by pushforward and the set of

classes of varieties contracted by the morphism. We prove these conjectures

for classes of curves or divisors. We also prove that one of these conjec-

tures implies Grothendieck’s generalized Hodge conjecture for varieties with

Hodge coniveau at least 1.
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1. Introduction and conjectures

Let X and Y be complex projective varieties and let φ : X → Y be a mor-

phism. We say that an irreducible subvariety Z of X is contracted by φ if

dim(φ(Z)) < dim(Z). If k := dim(Z), this is equivalent to saying that the

class [Z] ∈ H2k(X,R) is in the kernel of the push-forward morphism

φ∗ : H2k(X,R)→ H2k(Y,R).

In this article, we discuss some extensions of this equivalence to more general

cycle classes. In H2k(X,R), classes of irreducible subvarieties of X generate a

closed convex cone, called the pseudo-effective cone, whose elements are called
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pseudo-effective classes. We are interested in pseudo-effective classes annihilated

by φ∗ and make the following conjecture.

Conjecture A. Let X and Y be complex projective varieties and let φ : X → Y

be a morphism. Then any pseudo-effective class α ∈ H2k(X,R) such that φ∗α =
0 in H2k(Y,R) belongs to the real vector space (resp. the closed convex cone)

spanned by classes of k-dimensional subvarieties of X which are contracted by φ.

The “resp.” form of the conjecture is obviously stronger and will be refered to

as “Strong Conjecture A,” as opposed to “Weak Conjecture A.”

Now assume moreover that X and Y are smooth and set c := dim(X)−dim(Y ).
Using Poincaré duality, one defines Gysin morphisms

φ∗ : H2l(X,R)→ H2l−2c(Y,R)

as the compositions

H2l(X,R)
PDX−−−→ H2 dim(X)−2l(X,R)

φ∗−→ H2 dim(X)−2l(Y,R)
PDY−−−→ H2l−2c(Y,R).

Any subvariety Z of X has a cohomology class, and Z is contracted by φ if and

only if this class is annihilated by the suitable Gysin morphism. Conjecture A

then takes the following form.

Conjecture B. Let X and Y be smooth complex projective varieties and let

φ : X → Y be a morphism. Then any pseudo-effective class α ∈ H2l(X,R)

such that φ∗α = 0 belongs to the real vector space (resp. the closed convex cone)

spanned by classes of l-codimensional subvarieties of X which are contracted by

φ.

Finally, a variant of Conjecture B is obtained by modifying the positivity

notion used: instead of algebraic pseudo-effectivity, we can consider weak, that

is, analytic pseudo-effectivity, where we say that an algebraic cycle is weakly

pseudo-effective if its cohomology class is the class of a positive current. Pseudo-

effective cycle classes are weakly pseudo-effective, but the converse is unknown

except in the divisor case (see [De1]) and the curve case, which follows from

Kleiman’s theorem. More generally, we will say that a real cohomology class is

weakly pseudo-effective if it is a limit of weakly pseudo-effective cycle classes.

We can consider the following strengthening of the weak form of Conjecture

B.
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Conjecture C. Let X and Y be smooth complex projective varieties and let

φ : X → Y be a morphism. Then any weakly pseudo-effective class α ∈ H2l(X,R)

such that φ∗α = 0 belongs to the real vector space spanned by classes of l-

codimensional subvarieties of X which are contracted by φ.

Evidence for these conjectures is provided in Section 2, where we prove them

when no subvarieties are contracted by φ (i.e., when φ is finite). In Section 3,

we prove that we may assume that φ is surjective and Y is a projective space.

We show furthermore that Conjecture A can be reduced to the case where φ

has connected fibers (a reduction that we were unable to perform in the smooth

setting).

Our first main result is then the following.

Theorem 1.1. For curves (k = 1 and l = dim(X) − 1), Weak Conjecture A,

Strong Conjecture B, and Conjecture C all hold true.

For divisors (l = 1), Strong Conjecture B holds true.

In other words, if φ : X → Y is a morphism between projective varieties, a

pseudo-effective degree-2 homology class annihilated by φ∗ belongs to the vector
space generated by classes of contracted curves. If X is smooth, it belongs to

the closed convex cone generated by these classes and the same result holds for

divisor classes.

The proof of this theorem occupies Sections 4 (for the curve case) and 5 (for

the divisor case).

Finally, we show in Section 6 that Conjecture C implies a strong form of

the generalized Hodge conjecture for smooth projective varieties X such that

H i,0(X) = 0 for i > 0 (see Theorem 6.4). This is similar to the implication

proved in [V2], where effectivity of certain strongly positive cycles on Fano vari-

eties of lines of complete intersections is proved to imply the generalized Hodge

conjecture for coniveau-2 complete intersections in projective spaces.

Acknowledgements. We thank Mihai Fulger for pointing out an error in a

previous version of this article.
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2. The finite case

A first evidence for our conjectures is provided by the case where no subvarieties

are contracted by φ.

Proposition 2.1. Let φ : X → Y be a finite morphism between projective va-

rieties. If α ∈ H2k(X,R) is pseudo-effective and φ∗α = 0 in H2k(Y,R), then

α = 0.

Proof. Let L be an ample line bundle on Y . Then φ∗L is ample on X. Choose a

projective embedding i : X ↪→ PN such that i∗OPN (1) = φ∗L⊗m for some m > 0,

and let ω ∈ A1,1(PN ,R) be a positive Chern form of OPN (1). As the class [ω] of

ω is c1(OPN (1)), its restriction to X is c1(φ
∗(L⊗m)), hence we have

〈α, [ω]k|X〉X = 〈φ∗α, c1(L⊗m)k〉Y = 0.

On the other hand, we have

〈α, [ω]k|X〉X = 〈i∗α, [ω]k〉PN .

Note that α being pseudo-effective, i∗α is pseudo-effective, and thus i∗α is the

class of a positive current T of type (k, k). We now use the following standard

result.

Lemma 2.2. Let T be a compactly supported positive current of type (k, k) on

a complex manifold endowed with a positive (1, 1)-form ω. If
∫
T ω

k = 0, then

T = 0.

We apply this lemma to a neighborhood U of X in PN which is a deformation

retract of X. Let us denote by iU the inclusion of X in U . The homology

class iU∗α ∈ H2k(U,R) is the homology class of the compactly supported closed

positive current T on U , hence it is 0 by the lemma above. On the other hand,

iU∗ : H•(X,R) ∼→H•(U,R) is an isomorphism, because U retracts onto X. Thus

α = 0 in H2k(X,R). �

Remark 2.3. In this proof, we used an embedding of X into PN because X

could be singular. When X is smooth, we can of course directly use Lemma 2.2

on X.

Remark 2.4. The same proof applies in the setting of Conjecture C, which

therefore holds true for finite morphisms.
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We use Proposition 2.1 to show the following.

Corollary 2.5. In order to prove Conjecture A, it suffices to prove it for mor-

phisms with connected fibers.

Proof. Let φ : X → Y be a morphism, where X and Y are projective, and let

α ∈ H2k(X,R) be a pseudo-effective class such that φ∗α = 0. We use the Stein

factorization φ = h ◦ ψ, where ψ : X → Z has connected fibers and h : Z → Y

is finite. The class ψ∗α is pseudo-effective on Z and it is annihilated by h∗. By
Proposition 2.1, ψ∗α = 0. If Conjecture A is true for morphisms with connected

fibers, α is in the real vector space (resp. in the closed convex cone) spanned by

classes of subvarieties of X contracted by ψ, hence by φ. �

3. Reduction to the surjective case

Proposition 3.1. In order to prove any of the conjectures stated in the intro-

duction, it suffices to do so when φ is surjective and Y is a projective space.

Proof. Let us do it for Conjecture B. For the other two conjectures, the proof is

similar. Set Y ′ := φ(X) ⊂ Y and d := dim(Y ′). Let us denote by φ′ : X → Y ′

the surjective morphism induced by φ. We choose a rational map Y ��� Pd

which restricts to a finite morphism π : Y ′ → Pd. Such a map is obtained by

restricting to Y ⊂ PN a general linear projection PN ��� Pd. The morphism

π ◦φ is surjective and contracts the same subvarieties as φ. Set n := dim(X) and

c := dim(X) − dim(Y ). If φ∗α = 0 in H2l−2c(Y,R), then for any line bundle L
on Y , we have

〈φ∗α, c1(L)n−l〉Y = 0,

which implies

(1) 〈φ′∗α, c1(L|Y ′)n−l〉Y ′ = 0.

The brackets in the above equations are computed as follows: the class φ∗α ∈
H2l−2c(Y,R) is, by definition of the Gysin morphism φ∗, the Poincaré dual on Y of

the homology class φ∗(PDX(α)) ∈ H2n−2l(Y,R), where PDX(α) ∈ H2n−2l(X,R)
is the Poincaré dual on X of the cohomology class α. The intersection num-

ber 〈φ∗α, c1(L)n−l〉Y is then given by the pairing between H2n−2l(Y,R) and
H2n−2l(Y,R). Similarly, the intersection number 〈φ′∗α, c1(L|Y ′)n−l〉Y ′ is given

by the pairing between H2n−2l(Y ′,R) and H2n−2l(Y ′,R).
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We apply (1) to the line bundle L giving the rational projection Y ��� Pd. On

Y ′, we have L|Y ′ = π∗OPd(1), and thus we get from the projection formula

(2) 0 = 〈φ′∗α, c1(L|Y ′)n−l〉Y ′ = 〈(π ◦ φ′)∗α, c1(OPd(1))n−l〉Pd ,

where the second intersection number is computed using the pairing between

H2n−2l(Pd,R) and H2n−2l(Pd,R). Formula (2) says that (π ◦φ′)∗(PDX(α)) = 0

in H2n−2l(Pd,R), hence (π ◦ φ′)∗α = 0 in H2d−(2n−2l)(Pd,R). The morphism

π ◦ φ′ is surjective and X and Pd are both smooth.

Hence, if we know Conjecture B when the morphism is surjective onto a pro-

jective space, we conclude that the class α belongs to the real vector space (resp.

the closed convex cone) spanned by classes of subvarieties contracted by π ◦ φ′,
which is the same as the real vector space (resp. the closed convex cone) spanned

by classes of subvarieties contracted by φ. �

4. The curve case

The following theorem solves Strong Conjecture B in the curve case. It is a

straightforward application of the relative Kleiman criterion for ampleness.

Theorem 4.1. Let X and Y be smooth complex projective varieties and let φ :

X → Y be a morphism. Set n := dim(X). Then any pseudo-effective class

α ∈ H2n−2(X,R) such that φ∗α = 0 belongs to the closed convex cone spanned

by classes of curves on X which are contracted by φ.

Before beginning the proof, we introduce some notation. For a smooth pro-

jective variety X, we denote by N1(X) its Néron-Severi group, i.e., the free

abelian group of divisors on X modulo numerical equivalence. By the Lefschetz

(1, 1)-theorem, the real vector space N1(X)R := N1(X) ⊗ R is isomorphic to

H1,1(X)R.

Similarly, we denote by N1(X) the group of 1-cycles on X modulo numerical

equivalence. By the Lefschetz (1, 1)-theorem and the hard Lefschetz theorem,

the real vector space N1(X)R := N1(X)⊗R is isomorphic to Hn−1,n−1(X)R and

it is dual to N1(X)R. It contains the closed convex cone spanned by classes of

curves in X, called the Mori cone and denoted by NE(X).

Proof of the theorem. In the vector space N1(X)R, we have two closed convex

cones: the intersection C1 = NE(X) ∩ Ker(φ∗) and the closed convex cone C2



Pseudo-Effective Classes and Pushforwards 649

spanned by classes of curves contracted by φ. We have C2 ⊂ C1 and we need to

prove that these cones are equal.

We argue by contradiction. If C2 � C1, there exists a class d ∈ N1(X)R =

N1(X)
∨
R such that d is positive on C2\{0}, but d·α < 0 for some α ∈ C1. We may

even choose for d the class of a divisor D on X. The divisor D is then φ-ample

by the relative Kleiman criterion ([KM, Theorem 1.44]). If H is an ample divisor

on Y , the divisor mp∗H +D is therefore ample for m
 0. But we have

(mp∗H +D) · α = m(H · φ∗α) + (d · α) < 0,

which, by the usual Kleiman criterion, contradicts α ∈ NE(X). �

We now prove Conjecture A in its weak form for degree-2 homology classes.

Note that the proof above does not apply because we do not have in the singular

case a duality between the real vector space spanned by homology classes of

curves and the space N1(X)R. However, the proof given below does apply in the

setting of Conjecture C, which therefore holds true in the curve case.

Theorem 4.2. Let X and Y be complex projective varieties and let φ : X → Y

be a morphism. Then any pseudo-effective class α ∈ H2(X,R) such that φ∗α = 0

in H2(Y,R) belongs to the real vector space spanned by classes of curves in X

which are contracted by φ.

Proof. By Proposition 3.1, we can assume that Y is smooth. Next, we prove the

following result.

Lemma 4.3. In order to prove Theorem 4.2, it suffices to show that, under the

same assumptions, the class α belongs to the real vector subspace V of H2(X,R)

spanned by the jy∗(H2(Xy,R)), for y ∈ Y , where jy : Xy ↪→ X is the inclusion

of the fiber Xy.

Proof. This follows from mixed Hodge theory and is proved as follows. The set

of cycle classes in H2(X,Q) is contained in the pure part WpureH2(X,Q) of the

mixed Hodge structure on H2(X,Q), since cycle classes lift to cycle classes on a

desingularization of X. Choose finitely many points y1, . . . , yN ∈ Y such that V

is spanned by the spaces jyi∗(H2(Xyi ,Q)), for 1 ≤ i ≤ N . The morphism

J :=

N∑
i=1

jyi∗ :
N⊕
i=1

H2(Xyi ,Q)→ H2(X,Q)
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is a morphism of mixed Hodge structures, hence is strict for the weight fil-

tration by [D2]. Since α is in (Im(J) ⊗ R) ∩ WpureH2(X,R), it belongs to

J(
⊕

iWpureH2(Xyi ,Q))⊗R. Furthermore, the morphism

J :
⊕
i

WpureH2(Xyi ,Q)→WpureH2(X,Q)

is a morphism of polarized Hodge structures, hence maps the space of Hodge

classes Hdg2(
⊕

iWpureH2(Xyi ,Q)) onto the set of Hodge classes belonging to

Hdg2(WpureH2(X,Q)) and to Im(J). If our class α belongs to

(Hdg2(WpureH2(X,Q)) ∩ Im(J))⊗R,

it thus belongs to the space( N⊕
i=1

jyi∗
(
Hdg2(WpureH2(Xyi ,Q))

))⊗R ⊂ H2(X,R).

To conclude, it suffices to recall that Hodge classes in Hdg2(WpureH2(Xyi ,Q))

are algebraic, because they come from degree-2 Hodge homology classes on a

desingularization X̃yi , which are known to be algebraic on X̃yi . �

Going back to our pseudo-effective class α ∈ H2(X,R), we choose an imbed-

ding i : X ↪→ PN and denote by U a neighborhood of the image of (φ, i) in

Y × PN . Thus φ is the composition of the inclusion i′ of X into U and of the

first projection p : U → Y . If U is small enough, it retracts over Y onto X, so

that we have an isomorphism i′∗ : H2(X,R)
∼→H2(U,R), and for each y ∈ Y , we

have an isomorphism

H2(Xy,R)
∼→H2(Uy,R)

compatible with the maps jy∗ and jUy∗, where jUy : Uy ↪→ U is the inclusion

of the fiber Uy. It thus suffices to prove that i′∗α ∈ H2(U,R) belongs to the

subspace spanned by the jUy∗(H2(Uy,R)), for y ∈ Y . Since U is smooth, we

can use currents to compute H2(U,R). In fact, α being written as limk[Ck]fund,

where the Ck are effective 1-cycles on X with Q-coefficients, i′∗α is the class of

the weakly positive current T := limk TCk
, where TCk

is the current of integration

over i′(Ck) acting on 2-forms of U . The limiting current exists, upon taking a

subsequence if necessary, by [De2, Chapter III, Proposition 1.23]. The current T

is positive, closed of type (N + r− 1, N + r− 1), compactly supported on U , and
it satisfies

(3) p∗T = 0
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as a current of type (r − 1, r − 1) on Y . Indeed, the current p∗T is positive on

Y and its homology class is equal to φ∗α ∈ H2(Y,R). The vanishing (3) thus

follows from Lemma 2.2. Choose a volume form ν on Y . We claim that locally

on U , we have

T = p∗ν ∧ T ′(4)

for a current T ′ of type (N,N) supported on X ⊂ U . This equality means

that for any 2-form η on U , one has T (η) = T ′(p∗ν ∧ η). To see this, we use

the fact that U is contained in the product Y × PN . Our local holomorphic

coordinates on U will be of the form (y1, . . . , yr, z1, . . . , zN ) where (y1, . . . , yr)

are local holomorphic coordinates on Y and (z1, . . . , zN ) are local holomorphic

coordinates on PN . Write

T = ιr+N−1
r∑

i, j=1

fij int

(
∂

∂yi
∧ ∂

∂yj

)
(dy1 ∧ dy1 ∧ · · · ∧ dyr ∧ dyr

∧ dz1 ∧ dz1 ∧ · · · ∧ dzN ∧ dzN )

+ ιr+N−1
N∑

k, l=1

gkl int

(
∂

∂zk
∧ ∂

∂zl

)
(dy1 ∧ dy1 ∧ · · · ∧ dyr ∧ dyr

∧ dz1 ∧ dz1 ∧ · · · ∧ dzN ∧ dzN )

+ ιr+N−1
r∑
i=1

N∑
k=1

hik int

(
∂

∂yi
∧ ∂

∂zk

)
(dy1 ∧ dy1 ∧ · · · ∧ dyr ∧ dyr

∧ dz1 ∧ dz1 ∧ · · · ∧ dzN ∧ dzN )

+ ιr+N−1
r∑
i=1

N∑
k=1

hik int

(
∂

∂yi
∧ ∂

∂zk

)
(dy1 ∧ dy1 ∧ · · · ∧ dyr ∧ dyr

∧ dz1 ∧ dz1 ∧ · · · ∧ dzN ∧ dzN ),
where ι2 = −1 and the coefficients are distributions. The positivity condition for
T says that for any form α =

∑r
i=1 αidyi +

∑N
k=1 βkdzk of type (1, 0), one has

T (ια ∧ α) ≥ 0, or equivalently that the Hermitian block matrix

M =

(
(fij) (hik)

(hki) (gkl)

)
is a semi-positive Hermitian matrix of distributions, meaning that for any (r +

N)-uple Z = (Zr, ZN ) of complex functions, with Zr = (αi)1≤i≤r and ZN =

(βk)1≤k≤N , tZMZ is a measure on U .
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Since p∗T = 0, we get that for any form α =
∑r

i=1 αidyi on Y , one has

T (p∗(ια ∧ α)) = 0. As this is the integral over U of the measure tZr(fij)Zr,

where Zr = (αi), we conclude that this measure is 0, that is fij = 0 for all

i, j ∈ {1, . . . , r}. The semi-positivity of M implies then (hik) = 0, so that

T = ιr+N−1
N∑

k, l=1

gkl int

(
∂

∂zk
∧ ∂

∂zl

)
(dy1 ∧ dy1 ∧ · · · ∧ dyr ∧ dyr

∧ dz1 ∧ dz1 ∧ · · · ∧ dzN ∧ dzN ).

Assuming that ν = ιrdy1 ∧ dy1 ∧ · · · ∧ dyr ∧ dyr, this gives the desired result with

T ′ = ιN−1
N∑

k, l=1

gkl int

(
∂

∂zk
∧ ∂

∂zl

)
(dz1 ∧ dz1 ∧ · · · ∧ dzN ∧ dzN ).

Lemma 4.4. The subspace K :=
⋂
y∈Y Ker(H

2(U,R) → H2(Uy,R)) is the set

of de Rham cohomology classes of closed 2-forms on U vanishing on all fibers Uy.

Proof. Let α ∈ K. Then for any y ∈ Y , there is an open subset Vy ⊂ Y containing

y such that α|UVy
= 0 (we use for this the fact that for any y ∈ Y , there is a

neighborhood Wy of y in Y such that UWy has the same homotopy type as Uy).

The class α is represented by a closed 2-form α̃ and we have

α̃|UVy
= dβy.

Let (fi) be a partition of unity on Y relative to an open covering of Y by finitely

many of the Vy, say Vy1 , . . . , VyM . Then α̃− d(
∑

i(p
∗fi)βyi) has the same class as

α̃ and it is equal to

α̃−
∑
i

p∗fidβyi −
∑
i

p∗dfi ∧ βyi = −
∑
i

p∗dfi ∧ βyi ,

which clearly vanishes on each fiber Uy. �

We now finish the proof of Theorem 4.2. We wanted to prove that the homology

class of T belongs to the space spanned by the jUy∗H2(Uy,R), for y ∈ Y . The

orthogonal of this space in H2(U,R) is K. The result is thus equivalent to saying

that for any η ∈ K, one has T (η) = 0. By Lemma 4.4, η is the class of a closed

form η̃ vanishing on all the Uy. On the other hand, it follows from (4) that for

any 2-form η̃ on U vanishing on the fibers Uy, we have T (η̃) = 0. �
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5. The divisor case

5.1. Weak Conjecture B for divisors. The following theorem solves Conjec-

ture B in its weak form in the divisor case.

Theorem 5.1. Let X and Y be smooth complex projective varieties and let φ :

X → Y be a morphism. Then any pseudo-effective class α ∈ H2(X,R) such that

φ∗α = 0 belongs to the real vector space spanned by classes of divisors on X which

are contracted by φ.

Proof. Using Proposition 3.1, we can assume that φ is surjective hence, c :=

dim(X) − dim(Y ) ≥ 0. If c ≥ 2, any divisor on X is contracted by φ, so the

theorem holds in this case. There are thus two cases to consider, namely c = 0

and c = 1. We treat them separately.

Case c = 0. We have dim(X) = dim(Y ) = n. Let Z ⊂ X be the (finite) union

of the divisors of X contracted by φ and let Z ′ ⊂ Y be the image of Z in Y . By

construction, dim(Z ′) ≤ n− 2. Set Y ′ := Y \ Z and X ′ := X \ φ−1(Z ′). Since Y
is smooth, the map

φ′ := φ|X′ : X ′ → Y ′

is proper with finite fibers.

We now use the following Lefschetz-type result conjectured by Deligne and

proved in [HL, Thm 2.1.4 and Remark 1.1.2, (iii)].

Theorem 5.2 (Hamm-Lê). Let X0 be an n-dimensional smooth complex quasi-

projective variety, let φ0 : X0 → PN be a morphism with finite fibers, and let

L ⊂ PN be a linear subspace of codimension c, in general position. Then the pair

(X0, φ
−1
0 (L)) is (n− c)-connected.

We apply this statement to the composition of φ′ : X ′ → Y ′ and an embedding
of Y into some PN . We conclude that for a general complete intersection surface

SY ⊂ Y , with inverse image SX ⊂ X, the pair (X ′, S′X) is 2-connected, where
S′X := X ′ ∩ SX . It follows that the restriction map

H2(X ′,Q)→ H2(S′X ,Q)

is injective.
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Note that by Bertini’s theorem, both surfaces SX and SY are smooth. Denoting

by φS : SX → SY the restriction of φ to SX , we have, for any class α ∈ H2(X,R)

such that φ∗α = 0 in H2(Y,R),

(5) (φS)∗(α|SX
) = 0 in H2(SY ,R).

Indeed, using the smoothness of X, Y , SX , and SY , we easily show that

(φ∗α)|SY
= (φS)∗(α|SX

) in H2(SY ,R),

so (5) follows from the vanishing of φ∗α.

Assume furthermore that α is a pseudo-effective class on X. Then α|SX
is a

pseudo-effective class on SX since SX is moving in X, and we just proved that it

is annihilated by φS∗. By Theorem 4.1, we conclude that the class α|SX
belongs

to the real vector space spanned by classes of curves in SX contracted by φ, hence

that the class α|S′
X
is equal to 0, since φS is finite on S′X . We thus proved that

the class α|X′ ∈ H2(X ′,R) vanishes in H2(S′X ,R).

Since the restriction map H2(X ′,R) → H2(S′X ,R) is injective, we conclude
α|X′ = 0. We finally use the following easy fact ([V1, 11.1.2]).

Lemma 5.3. The kernel of the restriction map H2(X,R) → H2(X ′,R) is s-

panned by classes of divisors contained in X \X ′.

By construction, these divisors are also the divisors contracted by φ hence, this

proves the theorem in the case c = 0.

Case c = 1. We now have dim(Y ) = dim(X) − 1 and the general fibers Xy :=

φ−1(y) of φ : X → Y are smooth curves. We first observe the following.

Lemma 5.4. Let ψ : X̃ → Z be a smooth projective model of the Stein factoriza-

tion of φ, with induced birational morphism τ : X̃ → X. A class α ∈ H2(X,R)

is annihilated by φ∗ : H2(X,R)→ H0(Y,R) if and only if the class τ∗α is anni-

hilated by ψ∗ : H2(X̃,R)→ H0(Z,R).

Proof. Take a general point y ∈ Y . The restriction map H0(Y,R)→ H0({y},R)
is an isomorphism, and the composition

H2(X,R)
φ∗→ H0(Y,R)→ H0({y},R)

maps α to the sum d of the degrees di of its restrictions to the components

(Xy,i)1≤i≤m of the smooth curve Xy := φ−1(y).
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Similarly, for each i ∈ {1, . . . ,m}, the composition

H2(X̃,R)
ψ∗→ H0(Z,R)→ H0({zi},R),

where zi := ψ(τ−1(Xy,i)) ∈ Z is over y, maps τ∗α to the degree d̃ of its restriction
to the smooth irreducible curve X̃zi . We have d =

∑m
i=1 di = md̃.

It follows that d vanishes if and only if d̃ does. This proves the lemma. �

Note also that τ∗α belongs to the real vector space spanned by classes of

divisors contracted by ψ if and only if α belongs to the real vector space spanned

by classes of divisors contracted by φ. Moreover, if α is pseudo-effective, so is

τ∗α. Combining these arguments, we are reduced to the case where φ : X → Y

has connected fibers (and X and Y are still smooth).

Let Y ′ ⊂ Y be the dense Zariski open subset defined by the condition that

y ∈ Y ′ if and only if the fiber Xy := φ−1(y) is a smooth curve. Set X ′ :=
φ−1(Y ′) ⊂ X.

Let α be a pseudo-effective divisor class on X which is annihilated by φ∗. Its
restriction to X ′ belongs to the kernel of the map

H2(X ′,R)→ H0(Y ′, R2φ′∗R),

which is the first quotient map

(6) H2(X ′,R)→ E0,2
2

of the Leray spectral sequence of φ′. Recalling from [D1] or [V1, II, 4.2.3] that

the Leray spectral sequence of φ′ degenerates at E2, we find that the kernel

L1H2(X ′,R) of the map (6) maps onto E1,1
2 = H1(Y ′, R1φ′∗R). The kernel of

this last map is E2,0
2 = H2(Y ′, R0φ′∗R).

Lemma 5.5. Let α be as above. Then the restricted class α|X′ maps to 0 in the

Leray quotient H1(Y ′, R1φ′∗R).

Proof. Let C ⊂ Y be a curve which is a complete intersection of ample hypersur-

faces in general position. Set C ′ := C ∩ Y ′, XC := φ−1(C), and X ′C := XC ∩X ′,
and let φ′C : X ′C → C ′ be the restriction of φ. According to Theorem 5.2, the

pair (Y ′, C ′) is 1-connected hence, the restriction map

H1(Y ′, R1φ′∗R)→ H1(C ′, R1φ′C∗R)
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is injective. It thus suffices to show that the image of α in H1(C ′, R1φ′C∗R)
vanishes, which we do now.

The space H1(C ′, R1φ′C∗R) is the second Leray quotient of the group

H2(X ′C ,R). The image of α in this group can be obtained as well by restricting

first α to the smooth surface XC , and observing that the class αC so obtained has

the property that its restriction to X ′C belongs to the Leray level L1H2(X ′C ,R).
On the other hand, the class αC is pseudo-effective on XC and it is annihilated

by the map φC∗ : H2(XC ,R)→ H0(C,R). Hence, we can apply Theorem 4.1 to

αC and conclude that it belongs to the space spanned by classes of components

of fibers of φC : XC → C. It follows that the restriction αC |X′
C
vanishes in the

Leray quotient H1(C ′, R1φ′C∗R). �

Lemma 5.5 tells us that α|X′ belongs to the subspace

E2,0
2 = H2(Y ′, R0φ′∗R) ⊂ H2(X ′,R).

As we assumed that φ has connected fibers, R0φ′∗R = R and H2(Y ′, R0φ′∗R) ⊂
H2(X ′,R) is nothing but φ′∗H2(Y ′,R) ⊂ H2(X ′,R).

We have the following result.

Lemma 5.6. Let α ∈ N1(X)R. Assume that its image β ∈ H2(X ′,R) under

the restriction map belongs to φ′∗H2(Y ′,R). Then β belongs to the image of the

composed map

N1(Y )R
φ∗→ H2(X,R)→ H2(X ′,R).

More precisely, we have

(7) α = φ∗β′ + α′,

where β′ ∈ N1(Y )R and α′ is an R-linear combination of classes of divisors

supported on X \X ′.

Proof. We have β = α|X′ , with α ∈ NS(X)R and β = φ′∗β′′ for some β′′ ∈
H2(Y ′,R). Let l be an ample class on X, with degree e > 0 on the general fibers

of φ. We have by the projection formula

eβ′′ = φ′∗(l ∪ φ′∗β′′) = φ′∗(l ∪ β),
which can be rewritten as

eβ′′ = φ∗(l ∪ α)|Y ′ .
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The class β′ := 1
eφ∗(l ∪ α) belongs to N1(Y )R. We thus have

β = φ′∗β′′ = φ∗β′|X′

for some β′ ∈ NS(Y )R. Recalling that β = α|X′ , we get

(φ∗β′ − α)|X′ = 0 in H2(X ′,R).

By Lemma 5.3, the difference α′ := φ∗β′ − α belongs to the real vector subspace

of N1(X)R spanned by classes of divisors supported on X \X ′.
Hence we proved that

α = φ∗β′ − α′,
for some β′ ∈ N1(Y )R and some α′ in the real vector subspace of N1(X)R

spanned by classes of divisors supported on X \X ′. �

This lemma immediately implies the theorem when c = 1. Indeed, let α be

a degree-2 pseudo-effective class which is annihilated by φ∗. Using Lemmas 5.5
and 5.6, we decompose α as in (7). Clearly, φ∗(N1(Y )R) is spanned by classes

of divisors contracted by φ and similarly, the divisorial part of the complement

X \X ′, being sent by φ to the proper closed algebraic subset Y \Y ′ ⊂ Y , consists

of subvarieties contracted by φ. �

5.2. Strong Conjecture B for divisors. We now show that for divisors, the

strong form of Conjecture B follows from its weak form.

Theorem 5.7. Strong Conjecture B holds true for divisors (l = 1).

Proof. As in the proof of Theorem 5.1, we may by Proposition 3.1 assume that φ is

surjective and that c := dim(X)−dim(Y ) is 0 or 1. We denote by φ : X
ψ−→ Z

h−→ Y

the Stein factorization of φ, where X and Y are smooth and Z is normal.

Case c = 0. The morphism φ is generically finite. Let α ∈ H2(X,R) be a

pseudo-effective cohomology class annihilated by φ∗ : H2(X,R)→ H2(Y,R). By

Theorem 5.1, we can write α =
∑

i ai[Ei], where the ai are real numbers and the

Ei are effective divisors contracted by φ. In the Stein factorization, ψ is birational

and the Ei are ψ-exceptional divisors. By a result of Lazarsfeld ([KL, Corollary

13]), the ψ-exceptional divisor
∑

i aiEi is pseudo-effective if and only if ai ≥ 0 for

all i. Hence α belongs to the convex cone spanned by classes of effective divisors

of X which are contracted by φ.
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Case c = 1. We use the same reduction as in the proof of [M, Theorem (1.12)].

By the flattening theorem of Hironaka or Gruson-Raynaud, we can find a desin-

gularization g : Z ′ → Z such that the induced morphism (X ×Z Z ′)main → Z ′

is flat. Let X ′ be the normalization of (X ×Z Z ′)main. We have a commutative

diagram of induced morphisms

X ′
f

��

ψ′
��

X

ψ
��

φ

��
��

��
��

��

Z ′
g

�� Z
h

�� Y.

Let α ∈ H2(X,R) be a pseudo-effective cohomology class annihilated by φ∗ :
H2(X,R) → H2(Y,R). By Theorem 5.1, α belongs to the real vector space

spanned by classes of hypersurfaces contracted by φ, hence also by ψ. Since X is

smooth, α is in particular the class of an R-Cartier R-divisor on X, hence f∗α
is the class of an R-Cartier R-divisor D :=

∑
i aiDi, where ai ∈ R and the Di

are irreducible hypersurfaces on X ′ contracted by ψ′ (i.e., ψ′(Di) �= Z ′).

More precisely, since X ′ → (X ×Z Z ′)main is finite and (X ×Z Z ′)main → Z ′

is flat, the ψ′(Di) are hypersurfaces in Z
′. For each irreducible component Ej of

ψ′(D), we write ψ′∗Ej =
∑

i b
j
iDi. Set

cj := min
bji 	=0

ai

bji

and E :=
∑

j cjEj ; since Z
′ is smooth, this an R-Cartier R-divisor. The R-

Cartier R-divisor G := D − ψ′∗E is then contracted by ψ′. Moreover, for any

irreducible component Ej of ψ
′(G), there exists an irreducible component of

ψ′−1(Ej) not contained in Supp(G).

To conclude the proof of Theorem 5.7, we just need to prove the following.

Claim. The class [E] in H2(Z ′,R) is pseudo-effective.

Indeed, if the claim holds, there exists a sequence (Vn)n of effective divisors of

Z ′ such that limn→∞[Vn] = [E] in H2(Z ′,R). We have then

α = f∗f∗α = [f∗D] = [f∗G] + [f∗ψ′∗E] = [f∗G] + lim
n→∞[f∗ψ

′∗Vn]

hence α is pseudo-effective.
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Proof of the claim. Let ε : X̃ → X ′ be a desingularization and set ϕ := ψ′ ◦ ε :
X̃ → Z ′. We have ε∗D = ε∗G+ϕ∗E and ε∗G is an effective R-Cartier R-divisor

contracted by ϕ. Moreover, for any prime divisor P on Z ′, there exists a prime
divisor Γ on X̃ such that ϕ(Γ) = P and Γ is not contained in Supp(ε∗G). In

other words, ε∗G is a ϕ-degenerate divisor in the sense of [GL, Definition 2.14].

We now consider the σ-decomposition (see for instance [GL, Definition 2.8 and

Lemma 2.9])

ε∗D = Pσ(ε
∗D) +Nσ(ε

∗D).

Recall that Pσ(ε
∗D) is pseudo-effective and

Nσ(ε
∗D) :=

∑
Γ

σΓ(D)Γ

is an effective R-divisor, where, fixing some ample divisor A on X̃, we set

σΓ(D) := min
t>0
{multΓ(D′) | D′ ∼Q D + tA}.

Let H be a very ample divisor on Z ′. Then by definition of Nσ, we have

Nσ(ε
∗D + ϕ∗H) ≤ Nσ(ε

∗D).

On the other hand, ε∗D+ϕ∗H = ϕ∗(E+H)+ ε∗G. We may assume that E+H

is effective. Then by [GL, Lemma 2.16], we have

ε∗G ≤ Nσ(ε
∗D + ϕ∗H).

Thus ε∗G ≤ Nσ(ε
∗D) hence,

ϕ∗E = ε∗D − ε∗G = Pσ(ε
∗D) + (Nσ(ε

∗D)− ε∗G)
is pseudo-effective. Thus E is pseudo-effective. �

6. Weakly pseudo-effective cycles

We turn now to Conjecture C, a variant of Conjecture A involving weakly

pseudo-effective classes. This variant is quite natural, as we already used currents

in the arguments in previous sections and they seem to be the right tool to attack

the problem. We will show however that it would have strong consequences for

the generalized Hodge conjecture.

Let X be a smooth projective variety such that H i,0(X) = 0 for i > 0. E-

quivalently, the Hodge coniveau of H i(X,Q) is at least 1 for any i > 0. The
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following conjecture is a particular case of the generalized Hodge conjecture of

Grothendieck ([Gr]).

Conjecture D (Grothendieck). If X is as above, there exists a proper closed

algebraic subset Y ⊂ X such that the restriction maps H i(X,Q)→ H i(X \Y,Q)
are zero for all i > 0.

If n = dim(X), by the Künneth decomposition, the conclusion is equivalent to

the fact that the cycle class

[ΔX − x×X] ∈ H2n(X ×X,Q)
vanishes in H2n(X× (X \Y ),Q) or, equivalently, comes from a class in H2n(X×
Y,Q).

A stronger version of Conjecture D thus asserts that there exist a proper closed

algebraic subset Y ⊂ X and an n-cycle Z ∈ Zn(X ×X)Q supported on X × Y

such that the class of Z in H2n(X ×X,Q) is equal to [ΔX − x×X]. We prove

below (Theorem 6.4) that this strong form of Conjecture D is a consequence of

Conjecture C made in the introduction.

We begin with the following.

Proposition 6.1. Let X be as above (that is, H i,0(X) = 0 for i > 0) and let

ω ∈ H2(X,Z) be the class of an ample line bundle on X. Then for λ 
 0, the

class

λ(pr∗1 ω + pr∗2 ω)
n−1 ∪ pr∗2 ω + [ΔX − x×X]

is weakly pseudo-effective, where pr1 and pr2 are the two projections from X×X
to X.

Proof. Let (αp,qi )i, p+q>0 be a basis for H
>0(X,C), where αp,qi has type (p, q), and

let (βn−p,n−qi ) be the dual basis for H<2n(X,C). By Hodge theory, these classes

are represented by closed forms α̃p,qi and β̃n−p,n−qi of the given type. The class

[ΔX − x×X] is the cohomology class of the closed form∑
p,q,i

pr∗1 β̃
n−p,n−q
i ∧ pr∗2 α̃p,qi ,(8)

where only couples (p, q) with p+ q > 0 appear. Our assumption is H i,0(X) = 0

for i > 0, which by Hodge symmetry also gives H0,i(X) = 0, so only couples
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(p, q) with p > 0 and q > 0 actually appear. The form appearing in (8) is thus a

sum of forms

Re(pr∗1 β̃
n−p,n−q ∧ pr∗2 α̃p,q),

with p > 0 and q > 0.

In local coordinates, every form decomposes as a sum of decomposable forms,

and the fact that p > 0 and q > 0 implies that each term in the decomposition is

of the form

α̃p,q = dzi ∧ dzj ∧ α′p−1,q−1

for some indices i and j and some form α′p−1,q−1. Proposition 6.1 thus follows

from the following lemma. �

Lemma 6.2. Let ω be a positive (1, 1)-form on an open subset U of Cn and let

β̃n−p,n−q and α′p−1,q−1 be, respectively, an (n−p, n−q)-form and a (p−1, q−1)-
form on U . Set

γ := Re(pr∗1(β̃
n−p,n−q) ∧ pr∗2(dzi ∧ dzj ∧ α′p−1,q−1)).

Then there exists locally on U × U a positive real number λ such that

(9) λ(pr∗1 ω + pr∗2 ω)
n−1 ∧ pr∗2 ω ≥ γ

as real (n, n)-forms on U × U .

Proof. For any (n− 1, n− 1)-form βn−1,n−1 and any (1, 1)-form β1,1, we write

Re(βn−1,n−1 ∧ β1,1) = Reβn−1,n−1 ∧ Reβ1,1 − Imβn−1,n−1 ∧ Imβ1,1.

Applying this to βn−1,n−1 = pr∗1(β̃n−p,n−q) ∧ pr∗2(α′p−1,q−1) and β1,1 = pr∗2(dzi ∧
dzj), we obtain

γ =Re(pr∗1(β̃
n−p,n−q) ∧ pr∗2(α′p−1,q−1)) ∧ pr∗2(Re(dzi ∧ dzj))(10)

− Im(pr∗1(β̃
n−p,n−q) ∧ pr∗2(α′p−1,q−1)) ∧ pr∗2(Im(dzi ∧ dzj)).

The forms Re(pr∗1(β̃n−p,n−q)∧pr∗2(α′p−1,q−1)) and Im(pr∗1(β̃n−p,n−q)∧pr∗2(α′p−1,q−1))
are real of type (n− 1, n− 1) on U × U , hence satisfy local inequalities

Re(pr∗1(β̃
n−p,n−q) ∧ pr∗2(α′p−1,q−1))≤ λ′(pr∗1 ω + pr∗2 ω)

n−1,

Im(pr∗1(β̃
n−p,n−q) ∧ pr∗2(α′p−1,q−1))≤ λ′(pr∗1 ω + pr∗2 ω)

n−1
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for λ′ 
 0. The forms Re(dzi ∧ dzj) and Im(dzi ∧ dzj) are real of type (1, 1) on
U , hence satisfy local inequalities

Re(dzi ∧ dzj) ≤ λ′′ω and Im(dzi ∧ dzj) ≤ λ′′ω

for λ′′ 
 0. Letting λ = 2λ′λ′′, we get from (10) the desired inequality (9). �

Remark 6.3. Proposition 6.1 suggests the following question: under the same

assumptions, is the class

λ(pr∗1 ω + pr∗2 ω)
n−1 ∪ pr∗2 ω + [ΔX − x×X]

pseudo-effective for λ
 0?

As an immediate consequence of Proposition 6.1, we get the following.

Theorem 6.4. If Conjecture C is true then, for any smooth projective variety

X such that H i,0(X) = 0 for i > 0, there exist a proper closed algebraic subset

Y ⊂ X and an n-cycle Z ∈ Zn(X×X)Q supported on X×Y , where n := dim(X),

such that the class of Z in H2n(X ×X,Q) is equal to [ΔX − x×X].

Proof. Let ω be the class of an ample divisor on X. By Proposition 6.1, we know

that for λ
 0, the class

A := λ(pr∗1 ω + pr∗2 ω)
n−1 ∧ pr∗2 ω + [ΔX − x×X] ∈ H2n(X ×X,Q)

is weakly pseudo-effective. On the other hand, the class A is clearly annihilated

by pr2∗ : H2n(X × X,Q) → H0(X,Q). Conjecture C tells us that there exist

n-dimensional subvarieties Yi ⊂ X ×X contracted by pr2 such that

A =
∑
i

αi[Yi]

for some αi ∈ R. As A is rational, this implies

(11) A =
∑
i

βi[Yi]

for some βi ∈ Q. Since the Yi are contracted by pr2, their images pr2(Yi) ⊂ X

are proper closed algebraic subsets, and there exists a proper closed algebraic

subset Y ⊂ X, such that pr2(Yi) ⊂ Y for all i. Enlarging Y if necessary, we may

furthermore assume that Y is a divisor whose class is a multiple of ω. Formula

(11) then says that A is the class of a Q-cycle supported on X×Y . On the other
hand, the class (ω1+ω2)

n−1∪ω2 is also clearly the class of aQ-cycle supported on
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X ×Y . Hence we conclude that [ΔX −x×X] is the class of a Q-cycle supported

on X × Y . �
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