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1. INTRODUCTION

In this paper we establish Floer theory over Zy (resp. Z) for a Lagrangian
submanifold (resp. relatively spin Lagrangian submanifold) under the assumption
that the ambient symplectic manifold is spherically positive. Here we define:

Definition 1.1. Let J be an almost complex structure on M. We call J spher-
ically positive if every J-holomorphic sphere v : S? — M with ¢;(M)[v] < 0 is

constant.

For a symplectic manifold (M,w), we denote by j(cj\l/fo?) the set of spherically

positive almost complex structures which are compatible with w.

We call a symplectic manifold (M,w) spherically positive if there exists a
compatible spherically positive almost complex structure J. Sometimes we say
(M,w, J) is spherically positive.

Throughout this paper all symplectic manifolds are assumed to be compact or
tame. We always assume that Lagrangian submanifolds are compact.

Example 1.2. (1) We recall that a symplectic manifold (M,w) is (positively
spherically) monotone if there exists ¢ > 0 such that [w](a) = cc1(M)(a) for
any a € mo(M). It is easy to see that any monotone symplectic manifolds
are spherically positive. For example, CP", C", T?" are spherically positive
with respect to the standard complex structure.

(2) If M is a Fano manifold, (M,w) is spherically positive for any Kéhler form
w.

(3) Any 4-dimensional symplectic manifold is spherically positive with respect to
generic almost complex structures.

(4) Any product of spherically positive symplectic manifolds is spherically posi-

tive.

Remark 1.3. The set j(cz\lff) may be neither path connected nor dense in the
set of almost complex structures compatible with w, except when dim M = 4 or

M is monotone.

If¢: (M,w) — (M’ ') is a symplectic diffeomorphism, it induces a bijection

. c1>0 c1>0 . .
Yy \7( Mw) j( M7y 1D a0 obvious way.
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Our main result in this paper is as follows. For a commutative ring R with
unit we define the universal Novikov ring Agnov over R by

(1) AR = {Z a;Thieti

=0

a; € R, pu; € Z, \j € R, 'lim)\i:—l—oo},

Mo}.

Here T, e are indeterminates. We define a filtration FAAE = {37, a;TNeti | \; >
A} and a degree deg(aT?et) = 2u for aT?e* € AR . Then AF, ., and AE

nov- 0,nov nov

o0
0 AR = {ZT & A

=0

become filtered graded commutative rings. We denote by A&;ﬁv the ideal of
AR

0moy that consists of elements such that A; > 0.

Theorem 1.1. Let (M,w,J) be a spherically positive symplectic manifold and L
its Lagrangian submanifold.

(1) We can associate a structure of filtered As algebra {mj}2 . on

H*(L; AZ2 ), which depends only on the connected component of j&lfu?)

0,nov
containing J up to isomorphism.

(2) If v : (M,L) — (M',L") is a symplectic diffeomorphism, we

can associate to it an isomorphism . (H*(L;Aoziwv),{mg ) —
(H*(L'; A%fnov), {mk*‘]}) of filtered Ay, algebras whose homotopy class de-

pends only on the isotopy class of symplectic diffeomorphism ) : (M, L) —
(M',L"). Moreover (¢ o ¢') = by 0 Y.
(3) The Poincaré dual PD([L]) € HO(L;A%anV) of the fundamental class [L]

1s the unit of our filtered Ao algebra. The homomorphism v, is unital.

(4) If L is relatively spin and the homology group H(L;Z) is a torsion free Z

Z Zg
0,nov 0,nov *

module, the above holds for the coefficient ring A in place of A
The tensor product of this filtered A algebra with Q becomes unitally

homotopy equivalent to the filtered A algebra of Theorem A [6].

Remark 1.4. We note that in Theorem 1.1 we put some assumption on the sym-
plectic manifold (M, w) but not on its Lagrangian submanifold L. For example,
Theorem 1.1 applies to any compact Lagrangian submanifold in C™.

Remark 1.5. In case L is relatively spin but the homology group H(L;Z) is not
free, we can prove a slightly different but a similar result. See Section 14. The
same remark applies to Theorem 1.2.
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Let Ly, Ly be Lagrangian submanifolds of (M,w). We assume that they have

clean intersection in the following sense.

Definition 1.6. A pair of submanifolds L, Ly of a manifold M is said to have
clean intersection if L1 N Ly is a smooth submanifold and

T.I1NT,Lo= Tw(Ll N L())

for each x € L1 N Ly.

We decompose
LiNLy= U Ry,
h
to the connected components. Let ur(Rp) be the Bott-Morse version of Maslov
index which is defined in Proposition 3.7.59 (3.7.60.1), also p.146, [6]. Actually
we need to fix an extra data, (denoted by w there) to define the Bott-Morse
version of Maslov index. [] denotes the degree shift. We put:

C(L1, Lo; AD2,,) = @ H(Rp; Zo) s (Rn)] ® AG2 o,
In case L; and Lo are oriented, we defined in [7] Subsection 8.8 a local system

@Eh on each of the connected component Rj of L1 N Ly by a homomorphism
:m1(Ryp) — {£1} = Aut(Z). We then put

C(Ly, Lo; AOZ,nov @ H(Rp; © ML(Rh)] ® AOZ,nov'

Theorem 1.2. Let Ly, Ly be a pair of Lagrangian submanifolds of M.

(1) O(Ly, Lo; AZ

omov) has a structure of unital filtered A bimodule over the

pair

(CH (L3 AT 00 A 3320), (H (L3 AT ), {mi 1725))

c1>0

(2) This depends only on the connected component of J € jMw)

up to an
isomorphism of unital filtered Ao bimodule.
(3) A similar functoriality as Theorem 1.1 (2) holds.

If (Lo, L) is a relatively spin pair and H (L1 N Lo; @;ih) is a free Z module, we

can take AZ_as a coefficient ring in place ofA This bimodule is homotopy

0,nov O,nov *

equivalent to the ones in [6] Theorem F after taking @Q.
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or A%

We can generalize various other results of [6], [7] to ones over AZ? 0 nov

0,nov
in a similar way. See Section 15 for the precise statement.

In [6], [7] we worked over A

onov Pecause we used multivalued perturbations

(multisections) to define (virtual) fundamental chains of various moduli spaces
involved in the construction. We need a multisection to perturb the moduli space
to achieve transversality since in general there is a nontrivial automorphism of
elements of the moduli spaces involved. More precisely, the moduli space we use
is the stable map compactification znflln(ﬁ) of the space of pseudo-holomorphic
discs with k£ 4+ 1 boundary marked points.

In order to prove Theorems 1.1 and 1.2 we need to use single valued sections
in place of multisections that satisfy some transversality properties. The space
glfln(ﬁ) is regarded locally as the zero set of a section of an orbi-bundle over an
orbifold. Transversality of the zero set in general fails even for a generic section
of an orbi-bundle over an orbifold. Our main technical result to prove Theorems

1.1 and 1.2 is stated in Section 3. (Theorem 3.1.)

We next mention some of applications of Theorems 1.1 and 1.2. Since many of
them are straightforward generalization of the results proved over Q coefficients
in [6],[7] we mention only a few of them below.

Theorem 1.3. Let L be a compact Lagrangian submanifold of C™ that satisfies
H?(L;Z3) = 0. Then its Maslov class py, € H'(L;Z) is nonzero.

Theorem 1.3 is proved in [6] under a similar but different assumption that
H?(L;Q) = 0 and L is relatively spin (Theorem K).

Theorem 1.4. Let L C (M,w) be a Lagrangian submanifold such that the Maslov
index homomorphism juy, : wa(M, L) — Z is trivial. Assume H*(L;Zs) = 0 and
M s spherically positive. Then for any Hamiltonian diffeomorphism ¢ : M — M,
we have

LNne¢(L) #0.
Moreover if L is transversal to ¢(L), there exists p € L N ¢(L) whose Maslov
index is 0.

Theorem 1.4 is a Zy coefficients version of Theorem L [6].

The main new part of this paper which consists of Sections 3-10 is written in
a way independent of [6],[7]. Actually the main result, Theorem 3.1, holds for an
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arbitrary space with Kuranishi structure with tangent bundle, which may or may
not be related to the moduli space of pseudo-holomorphic curve. (We would like
to recall the readers that the theory of Kuranishi structures itself that appeared
in 1996 is not restricted to but independent of the study of pseudo-holomorphic
curves, although its main application so far is aimed to the study of moduli spaces
of pseudo-holomorphic curves. )

Sections 11 and after are devoted to the generalizations of the results of [6],
[7] to the Z or Zg coefficients. So they necessarily use various results from [6],
[7]. We, however, try to make them separately readable without reading [6], [7]
modulo the details of the proofs, as much as possible. Especially Section 13, which
constructs a filtered A, algebra over Zs, we repeat the construction of compatible
sections carried out in the transversality part (Section 7.2) of [7]. There we use the
results on analysis and homological algebra (construction of Kuranishi structure
on moduli space of holomorphic discs), which we refer readers to [7].

This paper is one third of [8], that is ‘Chapter 8 of the 2006 preprint version
of [6], [7]. (‘Chapter 8’ is one of the two chapters which were removed from [6],
[7] when it was finally published. We removed them to keep the size of [6], [7]
within the requirement of the publisher.) During 5 years there are some progress.
For example, the readers can see such progress in Subsections 15.3, 15.4.

Another one third of [8] becomes [12]. The paper containing the rest of [8],
which proves Arnold-Givental conjecture in spherically positive case, is in prepa-

ration.

2. KURANISHI STRUCTURE: REVIEW

In this section, we review the definition of Kuranishi structure. There is noth-
ing new in this section except Definitions 2.7 and 2.8, which we use in later
sections. The main purpose of this section is a review and fixing notations. We
refer [14] and Section A1l of [7]. Let X be a compact metrizable space and p € X.

Definition 2.1. A Kuranishi neighborhood of p in X 1is a quintet
(Vp, Ep,T'p, 4y, 5p) such that:

(i) V} is a smooth manifold of finite dimension, which may or may not have
boundary or corner.
(ii) E, is a real vector space of finite dimension.
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iii) I', is a finite group acting smoothly and effectively on V,, and has a linear
(iii) T'p g g y y on V,
representation on FE,.
(iv) sp is a I') equivariant smooth map V, — E,.
(v) 1y is a homeomorphism from s, 1(0)/T, to a neighborhood of p in X.

We put U, = V,,/I',, and say that U, is a Kuranishi neighborhood. We sometimes
say that V), is a Kuranishi neighborhood by an abuse of notation.

We call E), x V, — V,, the obstruction bundle and s, the Kuranishi map. For
x € V), denote by I, the isotropy subgroup at z, i.e.,

I, = {y € Tyhz = z}.

Let us take a point o, € V,, with s,(0,) = 0 and 9([op]) = p. We may and will
assume that o, is fixed by all elements of I'.

Definition 2.2. Let (V,, Ep, Iy, ¢p, sp), (Vg, Eq, g, 14, sq) be Kuranishi neigh-
borhoods of p € X and ¢ € @bp(sgl(O)/Fp), respectively. We say a triple
(@,q, bpgs hpq) @ coordinate change if

(i) hpq is an injective homomorphism I'y — T'),.

(ii) ¢pg : Vpg — Vp is an hyy equivariant smooth embedding from a I'; in-
variant open neighborhood V,, of o, to Vj,, such that the induced map
qu : Vpg/T'qg — Vp/T'p is injective.

(iii) (Ppg, Ppq) i an Ry, equivariant embedding of vector bundles E, x Vpq —
E, x V.

(iv) ¢pq © sq = sp © ¢pq. Here and hereafter we sometimes regard s, as a section
sp : Vp — B, x V, of trivial bundle E, x V,, — V,,.

(V) g =1y o?pq on (s,(0) NVpy)/Ty. Here qu is as in (ii).

(vi) hpg restricts to an isomorphism (I'g)z — (I'p)g,,(z) for any z € V.

Definition 2.3. A Kuranishi structure on X assigns a Kuranishi neighborhood
(Vs Ep, Ty, 1y, sp) for each p € X and a coordinate change (quq, ®pg, hpq) for each
q € ¥p(s,'(0)/T,) such that the following holds.

(i) dimV, — rank E, is independent of p.
(i) If r € wq((sq_l(O) NVee)/Tq)s q € 1/}1,(5;1(0)/Fp), then there exists vy, € I'p
for each connected component « of (ﬁ;rl(%q) N Vgr N Vpy such that

-1

hpq o hqr = ’ngr : hpr : ('qur) ) ¢pq o ¢qr = ’qur : (bpr: ¢pq © ¢qr = 'YSqr : ¢pr-
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Here the second equality holds on the connected component o of qﬁgf (Vog) N
Vgr NVpy and the third equality holds on the restriction of E, X (¢, (Vpg) N
Vgr N V) to o In case V), has boundary or corners, we say that

(Vo Ep, L'y, 1y, sp) is a Kuranishi structure with boundary or corner.

We remark that (ii) is equivalent to the condition that

?pq ° qu - ?pr'

(We can prove this equivalence by using the effectivity of the I', action.)

We call dim V}, —rank E, the virtual dimension (or dimension) of the Kuranishi
structure.

In case K C X we say U is a Kuranishi neighborhood of K if U = {V,,/T'), },
K c; ¢p¢(5@1(0)/rpi)~

An orbifold structure on X is, by definition, a Kuranishi structure on X such
that E, = 0 for all p.

We recall:

Lemma 2.1. ([[14], Lemma 6.3]) Let X be a space with Kuranishi structure.
Then there exists a finite set P C X, a partial order < on P, and a Kuranishi
neighborhood (Vy, Ep, Ty, 1y, sp) of p for each p € P, with the following properties.

1) If ¢ < p ¢P(S;1(0)/FP) N 1/’q(5(1_1(0)/rq) # (), then there emists
(V;np ¢pq7 ¢pq, hpq) where:

(a) Vi is a Ty invariant open subset of Vg such that Vpq/T'q contains

by (Wp(sy 1 (0)/Tp) Ntbg(s 1 (0)/Ty)),

(b) hpq is an injective homomorphism Uy — Ty with its image (I'p)g,.(q);

(c) Opg : Vpg — V) is an hyq equivariant smooth embedding such that the
induced map Vpq /Ty — V, /T is injective,

(A) (dpg, bpq) is an hyy equivariant embedding of vector bundles Ey x Vipg —
E, xV,,

(€) bpg © 5¢ = 5p © Bpg, Yg=1pog, -

(i) If r < q < p, ¥p(s;(0)/Tp) Nhg(s;1(0)/Tg) Ny (5;1(0)/T) # 0, then there
exists Ypgr € I'p for each connected component o of qﬁqjl(%q) NVgr N Vyy such
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that

-1

hpg © hgr = ’qur < hpr - (VSqT) y Ppg © Qgr = '7;(17" “Pprs Ppg © Pgr = 'YSqr * Pprr-

Here the second equality holds on the connected component o of qb;rl(qu) N
Vgr N Vi, and the third equality holds on the restriction to o of E, X
(égr (Voa) N Var 0 Vpr).
(iii) We have | ] (s, "(0)/Tp) = X.
peEP
(iv) If p(s, 1 (0)/Tp) Ng(s71(0)/Ty) # 0, then either p < q or q < p.

We call the system of Kuranishi neighborhood and coordinate change

({(Vp, Ep, T, 00p, 5p) | p € P}, {(quﬂgpqaﬁbpqvhpq) | p,q € Pp<q})

in Lemma 2.1 the good coordinate system. (Note we require eristence of v, but
do not include it as a part of the structure. Compare Remark 4.5 (iv).)

Definition 2.4. Consider the situation of Lemma 2.1. Let Y be a topological
space. A family {f,} of I'j-equivariant continuous maps f, : V,, — Y is said to
be a strongly continuous map if

fp o dpg = fq

on Vpe. A strongly continuous map induces a continuous map f: X — Y. We
will ambiguously denote f = {f,} when the meaning is clear.

When Y is a smooth manifold, a strongly continuous map f : X — Y is defined
to be smooth if all f, : V,, — Y are smooth. We say that it is weakly submersive
if each of f, is a submersion.

When Y is a simplicial complex, we say f = {f,} is strongly piecewise smooth
if each of f, is piecewise smooth.

Consider the situation of Lemma 2.1. We identify a neighborhood of ¢4 (V}4) in
Vp with a neighborhood of the zero section of the normal bundle Ny, V), — Vi,
using an exponential map of an appropriate Riemannian metric. We take the
fiber derivative of the Kuranishi map s, along the fiber direction and obtain a

homomorphism

(3) dfiberSp + Nv,, Vo — Ep X Vg
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which is an hyg-equivariant bundle homomorphism. Note we need to take and fix
a connection on the bundle E, to define (3). However (3) is independent of the
choice of the connection on the zero set of s,,.

Definition 2.5. We say that the space with Kuranishi structure X has a tangent
bundle if dgpersp induces a bundle isomorphism

E V.
(4) Ny, Vp 2 2P
Ppg(Eq X Vipg)

as ['g-equivariant bundles on Vg N s, (0).

By definition, the following diagram commutes for each x € (bqj,l (Vo) WMV,

Ypgr-ddpq
(qur‘/;;)x (var V;?)m - (vaq ‘/p)(bqr(x)

5) | | |

Ey Vpar-$pq E, Ep
¢qr,rc(E7’) ¢p7"790 (ET) ¢pq,¢q,,-(x)(Eq)

Here and hereafter ngp,x : B, — E, is the restriction of the bundle map quq to
the fiber of . And we take and fix a connection on the bundle F), so that the
image of ¢y, is invariant under the parallel transport. Then (3) is well defined
and (5) commutes.

We may shrink Vj,, to a smaller subset if necessary so that (4) is an isomorphism
not only on Vg N's, 1(0) but also everywhere on V,,. So hereafter we always

assulne so.

Definition 2.6. Let X be a space with Kuranishi structure which has a tangent
bundle. We say that the Kuranishi structure on X is oriented if we have a
trivialization of
t t
APES @ NPTV,

which is compatible with isomorphism (4).

We next define the compatibility of sections of the obstruction bundles over

various Kuranishi charts as follows.

Definition 2.7. Let us consider the situation of Lemma 2.1. We assume that

our Kuranishi structure has a tangent bundle. Suppose p,q € P, ¢ < p and

/

suppose we have sections s,

sy of Ep x V, Eq x Vg respectively. We consider
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the embedding ¢pq : Vpq — V, in Lemma 2.1 (i) (c). We identify its normal
bundle Ny, V, with a tubular neighborhood of ¢,q(Vyq). For each x € V,,, we fix
a splitting
- E
(6) Ep = ¢pgu(Bg) & ———
Ppg.(Eq)

For each y € Ny V,, we obtain an element 1(y) of — L
pa ¢Pq,7r(y)(E‘1)

isomorphism (4). Then, on Ny, V,, we define a section s; @ 1 by

by using the

) E
s @1 = (7 1 2(Fyq Aingg‘
(5 9D =) D10 € Gpaa(E) © 5 2

Here we use the splitting (6). Now we say that s, is compatible with s, if the
restriction of s, to Ny, V,, coincides with s}, & 1.

We note that the section s, (that is a Kuranishi map) is compatible with s,
in the sense defined above. This follows from the fact that (4) is induced by the
fiber derivative of the Kuranishi map.

A global section s' = {s),},ep of the obstruction bundle of a Kuranishi struc-
ture is a compatible system of sections (s, : V,, — Ej). A section s' = {s},cp
of the obstruction bundle of a Kuranishi structure is also called a global section
if it is a compatible system of sections (s, : V; — Ej) after shrinking Kuranishi
neighborhood V), to a relatively compact subspace Vp’ C V), appropriately. Actu-
ally in the following definition we shrink Kuranishi neighborhoods and consider
the zero set of s; in the closure V; to construct a topological space X’.

Definition 2.8. In case s’ = {s;)}pe p is a global section we define a topological
space
X'=(s)70)

as follows. We consider the disjoint union

(s,)~"(0)
(7) U Pri x {p}.

P
peEP

Let Z € (s,)71(0) C V; and 7 € (s,)71(0) C V;. We define (z,p) ~' (y,q) if
q<p,z=[Z],y=1y],y € Vpq and

¢pq(g) =T
Let ~ be the equivalence relation on the set (7) which is generated by ~'. We
define X’ as the set of equivalence classes of this equivalence relation. We put
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quotient topology on it. We have a Kuranishi structure on X’ whose Kuranishi

map is s, in an obvious way.

If f is a strongly continuous map from X to Y, it induces a strongly continuous
map from X’ to Y. The case of strongly smooth map or strongly piecewise smooth

map is similar.

3. STATEMENT OF THE MAIN TECHNICAL RESULT

Let X be a space with Kuranishi structure. We fix its good coordinate system
({(VP7 Epv FPﬂ/]pa Sp) | pE P}7 {(qua ¢pq7 ¢pq7 hpq) ’ p,q € Pvp < Q})

Definition 3.1. Let z € X. We take p € P and Z € V}, such that s,(Z) = 0 and
Yp(Z) = x. We put

(8) I ={v el |z =17}

and call it the isotropy group. It is easy to see that I, is independent of the choice
of p and Z and depends only on .

For a finite group I', we define

(9) X" M) ={zeX|I, =T}

We decompse X=(T') into connected components

(10) X=() = UX%(F; P).

Definition 3.2. We define the integers d(X;T;i) as follows. Let z € X=(T;4).
We take p, Z as in Definition 3.1. The group I, acts on (E),)z, the fiber of the
obstruction bundle at . We then put

(11) El ={ve E; |Vy el yv =v}.

Its dimension depends only on I', ¢ but independent of p, , . The group I' acts
also on the tangent bundle 73V,,. We put

T:V) = {T5V, | Vy €T qv = v},
Its dimension depends only on I', 7 but independent of p, T, z. We now define

(12) d(X;T;4) = dim T3V, — dim E}.



202 Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, Kaoru Ono

Now the main technical result used in the proof of Theorems 1.1 and 1.2 is the
following;:

Theorem 3.1. Let X be a space with Kuranishi structure that has a tangent
bundle. We take a good coordinate system. Then there exists a strongly piecewise
smooth global section s', which is arbitrarily close to the original Kuranishi map
in O sense, such that the following holds for X' = (s')~1(0) defined in Definition
2.8 and its Kuranishi structure:

(i) X’ has a triangulation.
(ii) Fach of X'=(T) is a simplicial subcomplex of X'.
(iii) We have
dim X'=(T") < max d(X;T;4).

Moreover if f : X — Y is a strongly smooth map from X to a manifold Y, we
may choose the triangulation of X' so that f induces a piecewise smooth map
X —Y.

We note that if s, is a (single valued) section on V},/T,, then at Z € V}, with
I; = T, the value s;(ic) is necessarily in the I' = I'; fixed point set of (E),)s.
This implies that the dimension appearing in the right hand side of (iii) above is
optimal.

In the situation where the space X with Kuranishi structure is a moduli space
of geometric origin, the number d(X;T';i) can be identified with an appropriate
equivariant index. Thus we can estimate this number under certain geometric
assumption. In case d(X;I';4) is strictly smaller than the virtual dimension of
X minus 1, Theorem 3.1 implies that X has a virtual fundamental chain over
Z or over Zs. (To define virtual fundamental chain over Z we need to include
orientation.) This is the way, we prove Theorems 1.1, 1.2. See Section 13 for
more detail.

The proof of Theorem 3.1 occupies Sections 4-10. A brief outline of the proof
is in order.

We use the theory of stratified sets for our proof. The collection of X (I';4)’s
for various I', 7 defines a natural stratification of X and the stratification extends
to the Kuranishi neighborhood. We construct our global section by an induction
on the Kuranishi neighborhood. We apply induction twice. For the first step we
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work on one Kuranishi neighborhood and then we use the partial order < of P
to inductively construct s;.

When we restrict ourselves to a single Kuranishi neighborhood, we deal with
an orbifold and an orbi-bundle. We use the stratification of an orbifold by its
isotropy group to construct s; on each of the Kuranishi chart. We use the normal
bundle of the stratum and a conical extension of the section on one stratum to
its neighborhood. In Section 6, we study normal bundle of a stratum. As we will
observe in Example 4.1 Section 4, the stratum (the set of x with given I,,) does
not have the normal bundle in a usual sense. Actually it has some twisted stack
structure and the normal bundle is well-defined as a bundle over this stack. We
will explain this point in Sections 4-6.

/
p

the normal bundles of various components. The story of compatible systems of

To construct the section s, inductively we need to use compatibility between
normal bundles is classical and was used in the study of triangulation of algebraic
sets. Especially J. Mather [20] gave a nice definition of compatibility which we
use with minor modification. (See Section 8.) We use this in our construction
of 5;, and triangulation of its zero set applied to each Kuranishi neighborhood in
Section 9.

The inductive construction over various Kuranishi charts is actually standard
using a good coordinate system. We perform this construction in Section 10,
where we complete the proof of Theorem 3.1.

4. SHEAVES OF GROUP-CATEGORY

Let X be an orbifold and I" a finite group. We define

X" M) ={zeX|I, =T}
In this paper, we need to consider a normal bundle Nx=ryX of X=(T) in X.
At first sight, one might expect that there exists a vector bundle Ny= )X over
the topological space X=(T") together with a I' action on Nx=rX such that
Nx=mX/T is diffeomorphic to a neighborhood of X=(T') in X. However such a
vector bundle Nx= )X does not exist in general. In fact, we have the following

counter example.
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Example 4.1. We consider C" x S! with Z,, action defined by
(13) [k] - (2, [t]) = (exp(2mv/ =1k /p)2, [t]).
Here [k] € Z mod p, [t] € R/Z = S'.
We define an isomorphism
F:(C"x8Y/z,— (C" x SY/z,
by
F([z, [t]) = lexp(2mv'=1t/p)z, [{]].
We take two copies (C" x D3)/Z, of (C* x D?)/Z, where Z, action is similar to
(13). We identify
(C" x SY) /7, = (C" x OD2)/7Z,
with
(C" x sYY/z, = (C" x 6D*)/7Z,
by F' and obtain an orbifold X.

In this example X=(Z,) = S?. The normal bundle N x=(z,)X does not exist
since F' does not lift to a bundle isomorphism : C* x S — C" x S1.

As Example 4.1 shows, the normal bundle of the singular locus X =(T") does not
exist in general as a global quotient of a vector bundle with a I' action. On the
other hand, in this paper we need to use the normal bundle of X=(T') to define
normally conical perturbations. For this purpose we define the notion of a normal
bundle in the sense of stack. We restrict our discussion of the stack to the case
we use for this purpose. Related material is discussed in various references such
as [2], [15]. The discussion here is related to the phenomenon that occurs when
we remove the effectivity of the I', action from the definition of orbifold. We feel
that the results of Sections 4-6 are not really new. However it is hard to find a
reference that contains the results written in a way we want to use. Also most of
the references on the stack are written in a very abstract way. To minimize our
usage of many abstract languages entering in the definition of stack-like objects,
we prefer to use more down-to-earth approach by explicitly writing down all the
formulas that we really need. This is the reason why we include the materials in
this paper.

Let G be a group. We consider the category G which has only one object
and morphism G(x,*) = G. Let M be a topological space and U = {U; | i € I}
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be an open covering of M. We assume that U;; N---NU;, (i1,...,i; € I) are
either empty or contractible. Namely we take a good covering.

Definition 4.2. (i) A sheaf of category of G on (M,U) consists of pair
({his}, {vijr}) of an isomorphism
hi; € Aut(G) for each U; NU; # 0
and an element
Yijk € G for each U; NU; N U, # 0
such that the following compatibility conditions (14a) and (14b) hold for
every UyNU; NU, NU; # 0:

(14a) hij o hjk = Yijk - I - %-;/i»

(14b) Yijk - Vikt = P (Vix1) - Viji-
Here the right hand side of (14a) means ad(7vjr) © hi. (We will explain
how (14) follows from the definition of a stack in the categorical context in

Remark 4.5 (v).)
(i) ({his}, {7ijr}) is said to be isomorphic to ({hi;}, {7;;}) if there exist
P; € Aut(G), Wij € G
for each ¢ and U; N U; # () respectively, and
hi; € Aut(G), Vi € G
for each i, U; NU; # 0, and U; N U; N Uy, # 0 respectively such that
15a) hij; =i o hij oy !,
15b) Yiik = i(Yij),
15c¢) paj - by - gt = R,
15d) fig - PG (i) - Yige = Vigk - Mk
We call a pair ({wi;},{¢i}) an idsomorphism :  ({hij}, {vijk}) —
by 1V p). We will prove in Lemma 4.2 that we can compose 1somor-
B Y A7 ))- We will in L 4.2 th i
phism and ‘isomorphic’ defines an equivalence relation.

(iii) We denote by Sh((M,U); Q) the set of all isomorphism classes of sheaves of
categories of G on (M,U).
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To illustrate the meaning of (14) we show the following:

Lemma 4.1. Let {Y;}; be a collection of sets such that a group G acts effectively
on each of Y;. Suppose that there is a point with trivial isotropy group on each
of Y;. Let hjj : G — G be group isomorphisms, v, elements of G, and let

¢ij  Y; — Y; be maps that are injective and h;j-equivariant. We assume
(16) ®ij © Pjk = YVijk - ik-
Then ;. satisfies (14).
Proof. Let g € G, and y € Y}, with trivial isotropy group. Then ¢;x(y) also has a
trivial isotropy group because ¢;;, are assumed to be injective and h;;-equivariant.

Again by the h;;j-equivariance of the map ¢;;,, we obtain

Yijk * hir(9) - die(y) = Vijk - Gir(9 - y) = ¢ij(Pjk(g - v))
= hij(hjk(9)) - i (e (y)) = hij(hjK(9)) - Vijk - ik(y)-

Because ¢;x(y) has a trivial isotropy group, (14a) follows.

Similarly for y € Y; we calculate

hig(vik) - Yigr - i (y) = hij(Vikr) - $ig(@51(y)) = Gij (Virr - d5u(y))
= 0ij (0 (Pr1(Y))) = Yijk - i (Pra(¥)) = Yiji = Vit - D (y)-

This implies (14b). O

In the definition of Kuranishi structure the group I', at each point p is assumed
to be a finite group and the space V), is a smooth manifold. One can show that
effectivity of the action of I', automatically implies existence of a point with
trivial isotropy group. And we also assume that the map ¢, is an hp,-equivariant

embedding and in particular injective. Therefore the same argument used in the
proof of Lemma 4.1, implies that 7,4 in Definition 2.3 satisfies (14b).

Lemma 4.2. The relation ‘isomorphism’ in Definition 4.2 is an equivalence re-

lation.

Proof. We use notation of (15) and put

(higsvisk) = (Lba)whig vige)s  (hig vige) = (pag> 1) (b, Yisn)-
We also put (g5, 1)« o (1,%)« = (pij,%i)«. We note that
(17) (1,40« 0 (1,45)s = (1,hi 0 ).
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We next claim
(18) (tigs Vs 0 (g, Vs = (pig - g5 D
Let us prove (18). We put
(:u;ja 1)*(hz‘lj>%1jk) = (h?ja%gjk)a (:u’ija 1)*(h12j7%2jk) = (h%»V?jk)-

Then
hzzj = puij - h}j : (H;j)_17
Vo = 1z hag (5) - vige - (i)
Therefore we have
h?j = Juij * i - h’zlj : (M;j)_l : Mi_jl
and
Vi = Hig b3 (k) - Ve - 1y,
= puij + iy + b (i) - i)™ i g () = vige - (i) ™" g
= ij * iz ° hzlj(/‘jk W) - W’iljk k- i)~
(18) is proved.

We next claim

(19) (L, i)« © (kg 1) = (Wi(piz), i)«
Let us prove (19). We put
(Wi 1)*(h11j77i1jk) = (h?ja%gjk)a (1a¢i)*(h12j77i2jk) = (h?jﬁ?jk)

Then

h?j = [ij - hzlj : Mz‘_jlv

Vo = tij - hij (i) - Yige - ()
Therefore we have

hiy = o (g - hiy - i) oyt = ilhig) - (Wi o hij o) - i) ™
and
Vo = Wilpg) - Vilhiy(ge)) - 0i(vign) - ian) ™
We next put
(1L, 000)« (s i) = (hijo i)y (Wilii), D« (g, vige) = (B im)-
Then
i =wiohi o, ik = i(ve)-
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Therefore hfj = hf’j and
Yo = ipaz) - iy (05 () - Visn, - i (pin) ™"
= Pi(piz) - Yi(hij(e)) - Vi(vi) - ilpar) ™" = 7
(19) is proved.

(17), (18) and (19) imply that we can compose isomorphisms. Hence the

relation ‘isomorphic’ is transitive.
On the other hand, (17) and (18) imply that each isomorphism has an inverse.

Hence the relation ‘isomorphic’ is symmetric. O

Remark 4.3. Suppose (hij, v;jx) satisfies (14). If we define (h;,v;;;) by (15), we
can check that (h;,7;;,) satisfies (14), in a similar way as the above calculation.
For example we consider the case ¢; = 1 and check (14b) as follows. We have
Vijk " Vik
_ -1
= pij - P () - Yigh - Pk (wt) - ikt - 1y
= g - P (i) - vigre - Pk () - vip - hig (i) - gt - g
On the other hand, we have
h;j(’Y}kz) "Yz{jz
= g - P (e - P (o) - i - 110" ) = iy~ i - hag (ge) =Ygt - g
= g - Pig(pgne) - vighe - Pk () - vigp - hig (i) - hag () - gt
- iy - hag(ugn) - vige - mg
Hence follows (14b).

Definition 4.4. Let 4’ = {U; | j € J} be another covering of M and let
i(+) : j = i(j) be amap J — I such that U} C Uy(;). We define a map:

i(-)" : Sh((M,U); G) — Sh((M,U"); G)

by
iC) ({hivia b {Virizis ) = {055, 1 AV1 s

where
oo hi

duie = MiGi)iGa)s Viigags = Yil)iia)ils)-
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We thus obtain an inductive system U +— Sh((M,U);G). We take the inductive
limit with respect to this inductive system and define

Sh(M, ) = lim Sh((M.U);G).

An element of Sh(M,G) is said to be a sheaf of category G on M.

Remark 4.5. (i) There is a more general notion, that is, a stack in the litera-

(iii)

ture. It was defined by Grothendieck ([17], [18]). See also [2], [15]. We only
consider the case we use for our purpose where the stalk of the sheaf is the
category G which is independent of the point.
In case when G is commutative, (14a) implies
hij o hjk = hig.

Therefore it defines a G local system &. Then (14b) becomes

Yijk + Yikt = hai (Vjrr) + Viji-
Namely {7} defines a Cech cocycle in C%(U, &).

Next we assume that ({f;;}, {7 }) is isomorphic to ({};}, {7j;.})- Then
(15a) and (15b) imply that the induced local system is isomorphic and {7,
is the same Cech cocycle as {7;;x} under this isomorphism. (15¢) and (15d)
imply that

Vz{jk - ’Y;;k = Mij + hglj(ujk) — Mik-
Namely {v;;;.} is cohomologous to {7/ }. Thus

Sh(M,G) = U H?(M;®)
&:G local systems
in the abelian case.
Usually (but not always) the effectivity of the (finite) group I', action on V},
is assumed when one defines the notion of a chart (V},,I';, ;) of an orbifold.
On the other hand, there is no such assumptions for stacks.

Note (14a) is the same formula as the first formula of Definition 2.3 (ii)
in the definition of Kuranishi structure. In Definition 2.3 (ii) we assumed
only the existence of 7,q.. Namely it is not a part of the structure. Also
the formula corresponding to (14b) is not in Definition 2.3. On the other
hand, in Definition 4.2 we include 7;j; as a part of the structure. (Note
in Definition 4.2, ’yiajk may depend on the connected component «. Here
Vp NV, NV, is connected since we assume our cover is a good cover.)
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Actually, in the situation of Definition 2.3 where the I', action is assumed
to be effective, the element 7, satisfying Definition 2.3 (ii) is unique if it
exists. Moreover a formula corresponding to (14b) can be proved. (Lemma
4.1.)

In our situation where the G action on M is trivial, 7;;; is not determined
from the other data and so we include it as a part of the structure. Also
(14b) is put as a part of conditions.

When the notion of orbifold was discovered by Satake [22], he assumed
the effectivity of the action of I'). Later when Thurston renamed Satake’s
V-manifold as an orbifold, he did not change its mathematical content and
still assumed the effectivity of I',. Because of this, we include the effectivity
of I, as a part of the definition of orbifold in this paper.

Consider the situation of Definition 2.3. Then, in Lemma 4.1, we proved
the equality

Yoar * Vors = Ppg(Vars) * Ypgs

where ¢ € ¥,(s,1(0)/Tp), 7 € ¥y(s;1(0)/Ty), s € ¢ (s;1(0)/T). Since (20)
is automatic, we did not put it as a part of assumptions in Definition 2.3.
In the situation where effectivity of the I', action is not assumed, (20) will
not be automatic.

Using the language of category theory, we can rewrite the definition of
Sh(M,G), as follows. (Our discussion below is informal since we do not
use it in this paper.)

We first define a category O(M). Its objects are open sets of M. There
is no morphism from U to V if U is not a subset of V. If U C V, there
exists exactly one morphism from U to V.

We next consider the 2-category G as follows. There is only one object
in it. The category of morphism from this object to itself is G.

Then an element of Sh(M, G) is regarded as a pseudo-functor from O(M)
to G, in the sense of [18] Exposé VI 8.

Let us explain how a pseudo-functor O(M) — G is related to an element
of Sh(X,G). A pseudo-functor O(M) — G first assigns a functor Fyy :
G — G for each U C V. Such a functor is nothing but a homomorphism
oyv : G — G.



Lagrangian Floer Theory over Integers 211

If U3 € Uy C Uy, then the pseudo-functor associate a natural transfor-

mation
Tu,v,uy = Fusu, — Fusu, © Fu,u,

which is (in our situation) automatically an equivalence. By definition of the
category G, such a natural transformation is given by an element vy,,v, €
G such that

VUsUUy * PUsU, = QUsU, © QUL -

This formula corresponds to (14a).

For the pair (Fyv,Yusu,u,) to be a pseudo-functor we need to assume
a compatibility condition between them, that is the commutativity of the
following diagram for each Uy C U3 C Uy C Uj.

Ty uzv, Ty uy0,
FU4U3 o FU3U1 I FU4U1 . FU4U2 o FU2U1
l(FU4U3)*(TU3U2U1) (FUQUl)*(TU4U3U2)l
FU4U3 @] 1?‘[]3[]2 [¢] FU2U1 f— FU4U3 [¢] F’U:,)U2 O FU2U1.

(See Definition 3.10 (iv)(b) [4] or [18] Exposé VI Proposition 7.4.) The
commutativity of this diagram is equivalent to

YULU3Us * YULU2Uy = ¢U4U3 (7U3U2U1) *YULU3U; -

This formula is the same as (14b). (14a) is a consequence of the fact that
Ty,v,u, 1s a natural transformation.

We note that, in the definition of pseudo-functor in Definition 3.10 [4],
there are other conditions (ii), (iv)(a). In our situation, it will become

hii(9) = Yiii - 9 Vi » Vit = Viiis Vigi = hij (V5)-
They follow from (14). In fact, the first formula follows from (14a) by
putting ¢ = j = k. The second formula follows from (14b) by putting
i = j = k. The third formula follows from (14b) by putting j = k = [.
We can continue and rewrite (15) using category theory. We do not try
to do it here. In fact, the theory of stack which is well established is based
on category theory, and in this subsection we try to give a self-contained

account of the part thereof which we need, without using category theory.
(vi) We did not assume

hii = 7,d, h,’j O hjz' = Zd,
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in Definition 4.2. There seems to be the version that assumes the above
identities together with

Vijk = %}}w Yijk = Pij(Vjki)-

In the abelian case, these conditions will become the condition that h;;...;,
is anti-symmetric with respect to the change of indices. It is well known
that we have the same Cech cohomology, whether or not we assume the

anti-symmetricity.

5. THE STACK STRUCTURE OF THE SINGULAR LOCUS

Now we apply the above discussion of stacks to the circumstance that arises

in later sections in relation to the study of normal bundles of the singular locus

~

X(T).

Example-Definition 5.1. Let G be a finite group acting effectively and
smoothly on a smooth manifold X. Consider the orbifold X = X/G. Such
an orbifold is said to be a global quotient. Let I' be an abstract group. We put

X=)={zeX|I,=T}/G,

where

I,={9g€G|gx=ux}

It follows from (21) below that X=(T") is a smooth manifold.

We now give a construction of an element of Sh(X=(T"),G). We decompose

~

X~(I") as in (21) and study each of them separately. Namely, for each subgroup
I'g € G with I'g 2 I', we consider

X=(Ty)={z e X | I, =T}

Denote the normalizer of I'g by

N(To) ={g€G|glog ' =To}.

Then H (o) = N(I'g)/Ty acts freely on X=(I'g) and by definition we have

(21)

XH() = JX=(To)/H(Ty),
To
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where the union is taken over a complete system of representatives of the conju-
gacy classes of the subgroups of G isomorphic to I'. We have an exact sequence

(22) 1—Ty— N(y) — H([y) — 1.

We choose a sufficiently fine good covering U = {U; | i € I'} of X=(T) and a lift
U cX =(Tg) of U; so that the projection X — X restricts to a homeomorphism
from U; to U;.

For each i, j with U; N U; # ) there exists a unique h;; € H(I'g) such that

Ui N (hy;U;) # 0. We remark that hy; - hjy, = hy, in H(To), if U; N U; N Uy # 0.

We choose lifts Eij € N(Ig) of h;;.

We define an automorphism h;; : 'y — I'g by
hij(g) = hij - g hy; -
We define v;j;, € I'g by
Yijk “hy = ﬁij ﬁ]k
Then it is easy to check that {v;;,} satisfies (14).
We can generalize the above construction and include the case of an orbifold
that is not necessarily a global quotient of a manifold. We do not discuss it here
since we do not use it in the main application (the proof of Theorem 3.1).

We note that we can choose 7, = 1 if the exact sequence (22) splits. But this
is not always the case.
Example 5.2. Let us consider the orbifold X given in Example 4.1. Then

~

X=(T") = S%. The Z, local system is necessarily trivial on S2. So
Sh(S%Z,) = H*(S%Z,) 2 Z,.

The element thereof defined in Example-Definition 5.1 is the generator of Z, and

hence is nonzero.

Lemma 5.1. The element of Sh(X™(T),G) represented by ({hi;}, {vijr}) is in-

dependent of various choices involved in the construction.

Proof. We first fix 4 = {U; | i € I}. We change U; to o;U; where oy € N(Ip).
We also change h;; to

~1 ~ 1
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Then h;; € Aut(G) is transformed to
h;,] = ad(ai) e} hz’j e} ad(aj)_l,

where ad : N(Tg) — Aut(Ty) is defined by ad(g)(¢') = g-¢' -9~ We put
¥ = ad(oy) and p;; = 1. Then (15a), (15¢) are satisfied and hence ({pi;}, {®:})
defines an isomorphism.

We also have
Vi = i gk - o = i(ign)-
Therefore the isomorphism class is independent of the choice of U;.

We next fix U; and change the lift Eij € N(Tg) of h;;. We put

~/ ~

hyj = pij - by

Then we have

~/

~1 ~ _1
%{jk = ﬁij 'ﬁjk < (hig) b= Hij - hij(ﬂjk) “Yigk " g

as required. The invariance under the refinement of the covering is easy to prove.

O

Definition 5.3. We call the structure defined by ({4;}, {vijx}) € SH(XZ(T),G)
in Example-Definition 5.1, the standard stack structure on X=(T').

6. THE NORMAL BUNDLE OF THE SINGULAR LOCUS AND (' LOCAL
TRIVIALITY

Going back to the general topological space M, we next define a vector bun-
dle on the stack defined by an element of Sh(M,G). Let ({hij}, {vijr}) €
Sh((M,U),G).

Definition 6.1. A vector bundle on ({hi;}, {vijx}) € Sh((M,U),G) is a pair
({Fi},{9ij}) such that Fj is a vector bundle on U; with G action and g;; is an
hij-equivariant bundle isomorphism g;; : F}]| vinu; F;| Ui, such that:

(23) Gij © Yjk = Vijk - Gik-

We assume that ({su;},{1:}) is an isomorphism ({h},{vijr}) —
({hi;} {vije}).  An isomorphism from a vector bundle 7 = ({Fi},{g;j}) on
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({hij} {7ijr}) to a vector bundle ' = ({F]}, {ggj}) on ({h;j}, {fyl’]k}) is a family
{¢i}ier of yi-equivariant isomorphisms of vector bundles ¢; : F; — F! such that
(24) gij 0 b5 = ij - (Fi © gij).-

We say {¢i}icr is an isomorphism : F — F' over ({pij}, {1i})-

Lemma 6.1. The relation ‘“isomorphic’ in Definition 6.1 is an equivalence rela-

tion.

Proof. Let (Miﬁwi)*(hf}ja%'ljk) = (hzzja%gjk) and (M;ﬁwz{)*(h%ja’)’?jk) = (h?j77z3jk)'
Let 7¢ = ({F7},{g;;}) be a vector bundle on ({hf;}, {7;x}) and {¢i}ticr : Fl—

F2 and {¢j}ier + F2 — F3 be isomorphisms over ({ui;}, {¥i}), (w1 A1),
respectively. Then we can check easily by calculation that {¢, o ¢;}icr is an

isomorphism : 71 — F% over ({si;}, {vi}) o ({miz}, {vhi}) = ({usf; - ¥i(pis) }. {¢f 0
Yi})- O
Lemma 6.2. Let F = ({Fi},{9ij}) be a vector bundle on ({hi;}, {vijr}) and let

({ij . {wbi}) be an isomorphism ({hij}, {viju}) — ({hi;} {viju})- Let F} be a G-
equivariant vector bundle on U; and let ¢; : F; — F be a 1;-equivariant bundle
isomorphism. We define g;; by (24). Then ({F},{g};}) is a vector bundle on

({h;j}a {’Yz{jk:})'
Proof. Tt is easy to see that g;; is h;; equivariant. So it suffices to check (23) for g;;
and 7};;,. We may divide the cases into (5, ¢:) = (1,45) and (pij, ¥i) = (piz, 1)
In case (pij, ;) = (1,1;) we have
i © Gi © bk = @i © gij © gjr = Gi(Vijk - Gik)
= Pi(Yijk) - ¢i © Gik = Vijk - Gir © Ok
as required.
In case (pij, Vi) = (1ij, 1) we have
915 © Gr. © Gk = gij © (jk - (95 © gjn))
= hi; () - pij - @i © (9ij © gj)
= pij - hij(hgn) - Yighe - 1~ (9ig. © )
= %{jk ‘ (gz,'k ° Pr),

as required. The proof of the lemma is now complete. O
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We next discuss how a vector bundle behaves under the refinement of the

covering. Let

iC) ({havia b {ivizia ) = {50 b {fjngs H-
See Definition 4.4. Then a vector bundle ({F;},{gi,ir}) on ({hiyiy}s {Viriis})
induces ({Fj},{gj,;,}) on ({f,;,}: {7}, .5 }) by

g;ljZ = gi(h)i(jz)‘U;m'

Therefore we can define the notion of a vector bundle on a pair
(M, [{hi} {vigr}]) where [{hi}, {vijr}] € Sh(M, G).

We consider the situation of Example-Definition 5.1 and use the notations
there.

Definition 6.2. We define the normal bundle Nx=)X over X=(T') with the
standard stack structure as follows: We identify U; C X=(T') with U; € X=(I0)
by the projection and put F; = NIZ-)N( , the normal bundle of (71 in X. The Iy

(C @) action on X induces one on F;.
We next define g;;. We have
(hy; Uy) N T; € U 2 U;.
We identify @;]1)(7, N ﬁj with U; N U;. Then an open embedding
hi; Ui NU; — U; 2 U
is induced. It extends to a map X — X. Then we have
gij = (hi;)s : Filvinw, = NE;@X — Fy =Ny X.

Since El-j -Ejk = Yijk -Eik, we obtain (23). Therefore ({F;},{g:;}) is a vector
bundle on ({hi;}, {7vijx}) € Sh(X=(I'),G) in the sense of Definition 6.1. We put

Nx=m)X = ({Fi}, {9i5})
which we call the normal bundle of X=(T').

We can generalize this construction to the case when X is an orbifold, not
necessarily a global quotient of a manifold. We do not discuss this here since it
is not needed in our main application (the proof of Theorem 3.1).

Lemma 6.3. The vector bundle ({F;},{gi;}) in Definition 6.2 is independent of
the choices involved in the construction up to isomorphism.
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Proof. We use the notation of the proof of Lemma 5.1. Let o; € N(T'p).
We first change 171 to oy - ﬁl Then «; induces a map
o Nﬁi)? — Nai_ﬁi)z.
It induces
bi = (@i-)s : Fy — F.
Since 1; = ad(«y;), it follows that ¢; is v; equivariant. The equality

~/ ~

_ -1
hij = - hyj - o

implies that
gij © &5 = ¢i © gij-
Since p;; = 1 in this case, we obtain the required isomorphism.

We next fix {U;} and change the lift {EU} to

~/ ~

(25) ﬁi]’ = Hij ﬁzj
In this case we have F; = F! and ¢; = identity. (25) implies
~/ ~
9ij = (Rij)e = pij - (hij)w = pij - gij-
The invariance under the refinement of the covering is easy to prove. (|
Example 6.3. In the situation of Example 4.1, the normal bundle does not exist

as a (usual) vector bundle on S2. But it exists over S? with nontrivial stack
structure, which corresponds to the generator of H2(S?;Z,). See Example 5.2.

Definition 6.4. We consider the situation of Example-Definition 5.1 and let E be
a G equivariant vector bundle on X. It induces an orbi-bundle E on X = X /G.
We define a vector bundle E|y=r) on X=(T) as follows: We use the notation in
Example-Definition 5.1 and Definition 6.2.

We put
B = El,
and regard it as a vector bundle on U;. As in Definition 6.2, we have an open
embedding
hi;- U\ U; — U; 2 U,

Since Eij € @, it induces a bundle map

gij : Ejlu,nu; — B
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It follows that g;; satisfies the required relation in the same way as in Definition
6.2. We define

E\X%(F) = ({E:}, {Qij})

and call it the restriction of E to X=(T').

We can also generalize this construction to the case of an orbifold which is not
necessarily a global quotient.

In the same way as Lemma 6.3, we can prove that ({E;}, {gi;}) is independent
of the choices up to isomorphism.

Before proceeding further, we review the definitions of diffeomorphisms be-
tween orbifolds and of locally trivial C*° fiber bundles with orbifolds as fibers.
Those notions will be used in Sections 7, 8 and 9. They are of course well es-
tablished. However there are several delicate points in its definition. Since those
points are related to the arguments of later sections, we state a precise definition
that we use in this paper.

Let X be a smooth manifold and G a finite group acting effectively on it.
The quotient X = X /G defines an orbifold. Let X’ = X’/G’ be another global
quotient and W C X, W’ C X' open subsets.

Definition 6.5. A homeomorphism F : W — W' is said to be a diffeomorphism
if the following holds for every p € W and p’ = F(p).

Let p € X , P € X' be lifts of p and p’, respectively. Then there exist open
neighborhoods (,Nf, U’ of them, an isomorphism ¢ : Iz — Iy and a ¢-equivariant
diffeomorphism F}, : U — U’ such that (7/]15, [7’/[,,;/ are open subsets of X, X’
and that F' induces the restriction of the map F to U /1.

Definition 6.6. Let N be a smooth manifold, X = X /G, X' = X'/G' global
quotients, and W C X, FF C X’ open subsets. A continuous map 7 : W — N is
said to be a locally trivial fiber bundle of C°°-class with fiber F' if the following
holds.

For each p € N there exist an open neighborhood U, of it and a diffeomorphism
¢p : ' x Uy — wil(Up) in the sense of Definition 6.5, such that the following
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diagram commutes.

FxU, — 7 YU,)
P

(26) l lw

U P = Up

Remark 6.7. We require the commutativity of the Diagram (26) set theoreti-
cally. In general, the notion of morphisms between orbifolds must be carefully
defined. In fact, the systematic study of it requires to use the notion of 2 category.
In this paper, we assume effectivity of the finite group action in the definition
of orbifold and in Definition 6.6 we assumed the base space N is a manifold. So
it suffices to require the commutativity of Diagram (26) set theoretically, in our
situation.

Now let F = ({F;},{gij}) be a vector bundle over ({h;;},{vijr}) € Sh(M,G).
Assume that the G action on the fibers of F; is effective. We are going to define
an orbifold structure on F/G. We define an equivalence relation ~ on | J; F; as
follows. (Here F; also denotes the total space of the vector bundle F; over U;.)
Let x € F; and y € F;. Then x ~ y if and only if one of the following holds.

(1) i =4, = ~yy for some v € G.
(2) w(z) € UyNUj, y = v - gji(x) for some v € G. Here 7w : F; — Uj,

7 : Fj — Uj are the projections.

It is easy to see that ~ is an equivalence relation. We put
/G = F/ ~
i

and define a quotient topology on it. The projection 7 : F; — U; C M induces a
map

7 |F/G| — M.
Let F' be the fiber of the vector bundle F;. F' is a vector space on which G acts
effectively. We assume that M is a smooth manifold.

Lemma 6.4. |F/G| has a structure of an orbifold. We denote it by F/G. If F
is isomorphic to F', then F /G is diffeomorphic to F'/G as an orbifold.

Moreover, 7 : F/G — M is a locally trivial fiber bundle of C*-class, whose
fiber is F/G.
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Proof. Let Uy, .4, = ﬂ§:1 Uij. The bundle isomorphism g;; induces an h;;-
equivariant embedding Fj|y,, — F;, which we also denote by g;;. By the definition
of a vector bundle over ({h;;}, {7ijr}), we have

9ij © gjk = Yijk9ik  on Filu,, -

Therefore we find that F;/G’s are glued to an orbifold. Hence |F/G| has a
structure of an orbifold.

Let 7 and F' be vector bundles over ({hs;}, {vijx}) and ({hi;}, {7j;.}), re-
spectively. Suppose that ({ju}, (i) + ({hish i) — ({3} {20p) s am
isomorphism and {¢;} : F — F’ is an isomorphism over ({ui;},{t:}). Then ¢;
is a diffeomorphism between global quotient orbifolds F;/G and F!/G. Clearly
they are glued to a diffeomorphism between orbifolds /G and F'/G.

If necessary, we take a refinement of {U;} such that F; is G-equivariantly
isomorphic to U; x F. Note that G acts trivially on U; and effectively on F.
The open subset 7~ (U;) C |F/G| is nothing but F;/G = U; x F/G. Therefore
m: F/G — M is alocally trivial fiber bundle whose fiber is F'/G. O

Example 6.8. Let F = ({F;},{g:j}) be a vector bundle over ({h;;}, {vijr}) €
Sh(M,G). By Lemma 6.4 7 : F/G — M is a locally trivial fiber bundle of C*°
class with fiber R¥ /G, where g;; : R¥ — R

We remark that here we regard M as a manifold and not a stack.

We assume that g;; € O(k). Namely we assume that it preserves a metric of
the fiber. We consider the set of the equivalence classes of all € F; with ||z|| < r
and denote it by F/G(r). Then the restriction 7 : F/G(r) — M is also a locally
trivial fiber bundle of C'*° class, that is a ‘ball bundle’. Similarly when we denote
the set of all the equivalence classes of z € F; with |z|| = r by S(F/G), it is
a locally trivial fiber bundle of C*° class over M with fiber S"~!/G. This is a
‘sphere bundle’.

In particular, if X = )Z'/G is a global quotient, then the map Ny X/T" —
X=(T') defines a locally trivial fiber bundle of C* class. We can define ‘ball
bundle’ and ‘sphere bundle’, that are locally trivial fiber bundles of C*° class,
also in this case.
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Example 6.8 says the normal bundle of X=(T) is locally trivial in C* sense.
We note that in the theory of stratification of analytic set or of Whitney strat-
ification one important point (observed by Whitney) is that the normal cone to
the stratum is locally trivial only in C sense.

Example 6.9. Let C, = {(tz,ty,t) eR3 | -1 <2 < 1,0 <y < 1+a—alz|,t > 0}
and we put

X ={(z,y,z,w) €RY| (z,9,2) € Cyp,0 <w < 1}.

Using the fact that C, is not affine isomorphic to Cj for a # b, we can prove
that a neighborhood of w axis in X is not diffeomorphic to the product R x Z
for any Z C R3. (Here we say X is diffeomorphic to R x Z if there exists a
homeomorphism which extends to a diffeomorphism to its sufficiently small open
neighborhoods.)

For the stratification {X*(I')} of the orbifold X = X /G, we have the following:

Lemma 6.5. (Tubular neighborhood theorem) Consider the situation of
Ezample-Definition 5.1. Denote by B(Nx=r)X) the unit ball bundle of Nx=rX.
Then (B(Nx=mX))/T is diffeomorphic to a neighborhood of X=(T') in X as an
orbifold.

Proof. We use the notation of Definition 6.2. We recall that

Nx=mnX = ({Ei}, {9i})

where F; = Nﬁv)?. Note that F; is the restriction of N)?:(F))? to (7; c X.

We pick open neighborhoods Wy > Wy D --- of [Jpop X7(IV) in X such
that (), Wr N X~ (I') = 0. We may assume that X~ (I')y = X~ (I') \ Wy is a
closed submanifold in X \ Wj. Denote by X=(T")y = X~ (') \ 7~ 1(W}), where

7: X — X is the projection.

We take a & invariant Riemannian metric on X and use the exponential map
to identify E; = Ny X with a neighborhood of U; in X as follows.

Denote by B(;(Ny(:(r)f() the ball bundle of N)?:(F))N( of radius §. For k =

1,2,..., we take d; > 0 such that the exponential map
exp: v € ng(N;(:(F))a;(:(F)k) — exp(v) € X,

which is a diffeomorphism to an open neighborhood of X=(I)y.
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We pick an H (I')-invariant smooth positive function x : X=(I') — R such that
X < 641 on X=(I') N7~ 1(W}). Denote by p; : E; — U; the projection and set
By (E;) = {v € Ejl|jv|]] < x(pi(v))}. Then the exponential map exp restricted
to By (FE;) induces a diffeomorphism from B, (E;)/G to an open neighborhood of
U; in X as orbifolds. Clearly, we find that h;; o exp |BX(Ej) = exp ‘Bx(Ei) o gij on
Ej| h;]l(ﬁz) N ﬁj. Hence they are glued together and we obtain a diffeomorphism
exp(x - ¢) from (B(Nx=)X))/T to an open neighborhood of X=(T').

O

Finally we remark that various operations on vector bundles such as Whitney
sum, tensor product, Hom bundle, symmetric tensor product, etc. can be gener-
alized to the case of vector bundles on [{hi;}, {7ijr}] € Sh(M;G). For example,
it F = ({FZ},{gf;}) and & = ({EZ},{gg}) are vector bundles on ({hs;}, {7vijx})
then Hom(F, &) = ({Hom(F;, E;)}, {gi;}) where

E Fy—1
gij(uj) = Gi; ©U; 0 (gij) .
We use the next lemma in Section 9.

Lemma 6.6. Let £ = ({E;},{gi;}) be a vector bundle on ({hi;},{vijr}) €
Sh(M,G). We put

Ef ={ve E;|Vye€G =0}

Then they are glued by g;; to define a vector bundle on the topological space M
(in the usual sense).

Proof. Let gg : B¢ lv,; — EJG be the restriction of g;;. Since G action on EY is
trivial, it follows from (23) that

G G G
9ij © 9k = Gik-
The lemma follows. U

Remark 6.10. In some situation we need to consider subspaces Y, C V), of a
space X with Kuranishi structure (V,, E,, 'y, ¥y, sp) and put a Kuranishi struc-
ture on the subspace. When the action of I', is not effective, we need to add
some I'), vector space F}, to both Y}, and obstruction bundle E,, of each Kuranishi

neighborhood, in order to define a Kuranishi structure on the subspace U,Y,,. We
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need some care to carry this out. Namely we should glue those vector spaces by
a family of linear isomorphisms g,q : Upqy — Hom(Fy, F},) so that

9pq © Yqr = Ypgr = Gpr

where 7,4 is the one appearing in Definition 2.3 (ii). For example, in the case of
Kuranishi structure with corners, we define Kuranishi structure on codimension
k corner Si X by taking the normal bundle of S; X and adding the normal bundle
to both 53V}, and the obstruction bundle in order to make the I',, action effective.

7. SINGLE VALUED PIECEWISE SMOOTH SECTION OF ORBI-BUNDLE:
STATEMENT

Let X = X /G be a global quotient. We consider the situation of Example-
Definition 5.1. We decompose X=(T") into the connected components

(27) X=() = U X=(;4).

Let [p] € X=(I';i) where p € X. Let E — X be a G equivariant vector bundle.
It is, by definition, an orbi-bundle E/G on X. A single valued section of this
orbi-bundle is, by definition, a G-equivariant section of £ — X.

We have a I' action on the fiber E, of our vector bundle F. In this situation
we recall from Definition 3.2 :

(28) Egz{veEp\nyeF”yv:v}.
(29) d(X;T;4) =dim X=(T;4) — dim E}, .
In Sections 8-9 we will prove the following:

Proposition 7.1. For each C°-section s of the orbi-bundle E/G — X, there
exists a sequence of single valued piecewise smooth sections se converging to s in
C®-sense such that the following holds:

(i) s-1(0) has a smooth triangulation. Namely for each simplex the embedding
A — X locally lifts to a map to X which is a smooth embedding.
(i) s-H(0)NX=(T) is a PL manifold such that each simplex is smoothly embed-
ded into X=(T).
(iii) If A is a simplex of (i) whose interior intersects with X=(T'), the intersection

of A with X=(T') is A minus some faces and is smoothly embedded in X=(T').
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(iv)
dim s; ' (0) N X=(T;4) = dim X=(T';i) — dim E}, .

Remark 7.1. We note that if s is a single-valued section and if [p] € X=(I)
then s(p) € Eg . So the dimension given in (iv) is optimal.

We will use Proposition 7.1 in the proof of Theorem 3.1 in Section 10.

8. SYSTEM OF TUBULAR NEIGHBORHOODS

The proof of Proposition 7.1 is closely related to the proof of existence of a
triangulation of the space with Whitney stratification. (See [16]). Especially, we
use the notion of a system of tubular neighborhoods introduced by Mather [20].
Mather used this notion to prove the famous first isotopy lemma (see 8 in Section
I [20]). The first isotopy lemma implies that Whitney stratification has a C°
locally trivial normal cone. (See Theorem 8.3 [20]). Note that existence of smooth
triangulation of an orbifold is well-known which is not what we intend to prove.
In order to show that the zero set of our section has a smooth triangulation, we
use various constructions appearing in the proof of existence of a C9-triangulation
on the Whitney stratified space.

As we explained in Example 6.8, we have a C'*° locally trivial tubular neighbor-
hood in our situation. This property makes the system of tubular neighborhoods
(or the system of normal cones) in this case carry some properties better than
that of [20].

We follow Section II in [20] in the next definition.

Definition 8.1. A tubular neighborhood of the stratum X=(T") in X is a quadru-
ple (mp, Nx=m X, 0, ¢) satisfying

(i) mr : Nx=mnX — X=(T') is a vector bundle in the sense of stack. (See
Definition 6.1.)
(ii) o : X=(I') — R4 is a smooth positive function.
(iii) ¢ : B,(I')/T — U=(I) is a diffeomorphism (in the sense of Definition 6.5)
onto a neighborhood UZ(T") of X=(T') in X. Here B, (T') = {v € Nx=)X |
vl < o(rr(o)}.
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We define 7r : US(I') — X=(T') as the composition 7 o ¢~1. We also define
o : US(T) — R by
Pr(e(v)) = [l
We call p. the tubular distance function. We note that both maps are smooth
and 7r is a submersion. Moreover the pair
(7, pp) : UT (D) N XT(T) — X7(T) x Rso
defines a locally trivial fiber bundle of C'° class.

We need to adjust them so that they become compatible for different I's.

Remark 8.2. In the situation of [20], the maps 7p, pp are smooth only in the

interior of the stratum.

Definition 8.3. A system of tubular neighborhoods of our stratification { X=(T") |
I'} is a family (7, pfr) such that

(30&) Trr O T = T/
(30D) prv © Tr = Pl

holds for IV D I'. Here we assume the equalities (30a), (30b) whenever both sides
are defined.

Proposition 8.1. There exists a system of tubular neighborhoods.

The proof is actually the same as that of Corollary 6.5 of [20]. Mather proved
the existence of a system of tubular neighborhoods for the space with Whitney
stratification. In his case the situation is less tame than our case since the normal
cone exists only in CY sense. (See example 6.9.) In our case, the proof is easier
since the normal cone we produce by Lemma 6.5 is already smooth. For the
sake of completeness, we give the proof of Proposition 8.1 later in this subsection
(Proposition 8.3).

We next define the notion of a family of lines following Goresky [16]. For e > 0

we put:
(31) ST (e)={p € US(T) | pr(p) = *}
(32) U=(D)(e)={p € US(T) | pr(p) < €*}.

Here we modify pf. to pr in the following way. (See the lines 2-5 from the bottom
of [16] p 193. We warn that our notation pr corresponds to Goresky’s p’y and pf.
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to Goresky’s px.) We take pf(p) = ||v]|? for p = ¢(v) where |- || is an appropriate
norm induced by an inner product. We take a function fr : X=(I') — R, that
goes to infinity on the boundary. Then we define pr(z) = (fr o mr(x))pp(z).
(Note f is related to o in Definition 8.1 by o = €2/ f2.)

X(T)
Figure 1

Definition 8.4. A family of smooth maps
rr(e) : US(D) \ X=(T) — 8" (e)
is said to be a family of lines if the following holds for IV D I':

(i) rr(€) o rr(e) = rr(e) o rpi(€') € ST(e) N ST (¢) for all €, € > 0.
(i) prvorr(e) = pr.
) prorr(e) = pr.

(iv) @ orp(€) = 7.

)

)

)

(i
(v) If0 < e <€ < d then rp(€') orp(e) = rp(€).

(vi) mp orp(e) = 7.

(vii) We define

hr : US(T)(e) \ X=(I') — ST (e) x (0, ¢€)

by
hr(p) = (re(€)(p), Vor(p))
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and extend it to a map from U=(T;€) to the mapping cone of
7TF|SF(€) : SF(E) - Xg(]-—‘)a

by setting hr(p) = (p,0) on X=(T). Then hr becomes a diffeomorphism.

Note the mapping cone of 7p|gr( : ST(e) — X=(T) is identified with {p €
U=(T) | pr(p) < €2}. So it is an orbifold with boundary. (It is a total space of
the ball bundle discussed in Example 6.8.) We remark that the diffeomorphism

in (vii) is one in the sense of Definition 6.5.

Y ©®y @E©)p@ = «@©7E)P)
rz l—‘l l—‘1 FZ

X(T)

Figure 2

The above definition except (vii) exactly coincides with that of Goresky [16].
The condition (vii) is stronger than the corresponding one from [16]. This is
because in our situation the normal cone is smooth and diffeomorphic to a neigh-
borhood U=(T") of X=(I).

Proposition 8.2. There exists a family of lines.

We can prove Proposition 8.2 in the same way as in [16] except that we need
some extra argument to check (vii). Instead of working this out, we give a slightly
different self-contained proof of Propositions 8.1 and 8.2 below, which exploits
the special case of orbifolds (or the space with a stratification whose strata have
locally trivial normal bundles of C*-class). The proof below is simpler than
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those by Mather or Goresky. This is because we have already proved that there
exists a normal cone which is C'*° locally trivial. For the cases studied by Mather
or Goresky, proving existence of CY trivial normal cone is one of the main goals
of their study. So our proof here rather goes in the direction opposite to their
study.

Now we will prove the relative versions of Propositions 8.1 and 8.2 below
which include the propositions themselves. Hereafter we write (m, p,7) in place
of {(mr,pr,rr) | T C G} for simplicity. We also write 7 o r = 7 etc. in place of
Definition 8.4 (vi) etc. by an abuse of notations.

Proposition 8.3. Let X be a global quotient and K a compact subset of X.
Assume that there exist a system of tubular neighborhoods (w, p) and a family of
lines r in a neighborhood U of K. Then there exist w, p and r on X that coincide

with the given ones in a neighborhood of K respectively.

For the proof of Proposition 8.3, we generalize it to the following relative
version. (Compare this with 6 in Section II [20] where a similar procedure of the
proof is applied.)

Proposition 8.4. Let X be a global quotient and K a compact subset of X.
Let Uy,Uy be open subsets of X such that Uy O K and Uy D Uy. Assume that
there exist a system of tubular neighborhoods (m,p) and a family of lines r on
Uy. We also assume that there exists a locally trivial fiber bundle of C*° class
pry : X \ Uy — N where N is a manifold. We assume pry om = pry, and
pryor =pry on Uy \ Uy.

Then there ewist open sets Uz, Us with U; D UjH for j =1,2 3 and there exist
w, p and r on X which coincide with the given ones on a neighborhood of K in
Uy. In addition, pry or = pry and pry om = pry hold on Us \ Us.

Again we write pryom = pry etc. in place of pry onp = pry etc. by an abuse
of notations.

Proof. By shrinking U; if necessary, we may assume that X=(T;4) C Uy if and
only if X=(T;4) C U; for each T'. We put

D =dim X — inf{dim X~ (I';4) | X~ (T';4) is not contained in Uy }
(33) =sup{codim X~ (I';i) | X~ (T;i) is not contained in Uy }.
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The proof is given by an induction over D. If D is 0, there is nothing to prove.

We assume that Proposition 8.4 is proved when (33) is D — 1 or smaller and
prove the case of D. Let X=(T;i) be a stratum of codimension D. Since this is
the stratum of smallest dimension in X \ Uy, it follows that it is a smooth manifold
outside Uy. We put X (I';i) = X=(I';4) \ Uss. Here Uss is a neighborhood of
K, which is slightly bigger than Uy.

By Example 6.8, we have the locally trivial fiber bundle of C*° class
(34) ONy= i X/T — X (L19).

By Lemma 6.5 (see also Mather’s version of tubular neighborhood theorem in
p.213 [20]) we may take the projection nr : NXOE(F;i)X/F — X; (i) so that
pry o T = pry, by choosing the Riemannian metric we use to prove Lemma 6.5

so that each of the fibers of pry is totally geodesic.

We will now modify the tubular neighborhood and the family of lines on (Uy \
Uss) N BNXOE(M)X/F (which is given by assumption) so that we can apply the
induction hypothesis to 8NX05(F;Z-)X/F and the fibration

(35) mr : ONx2 0y X/T — X; (T;4).

Note when we apply the induction hypothesis XOg (T';4) plays the role of N and
nr plays the role of pry. Moreover Uy N ONXOg(Fﬂ-)X/F plays the role of Uj.

To apply the induction hypothesis to (35), we need to check that the assump-
tion is satisfied. In particular we need to find a tubular neighborhood and a
family of lines on Uy N aNXOE(F;z‘)X/F that is compatible with mp.

By the assumption of Proposition 8.4, there exist a tubular neighborhood and
a family of lines (7, p/, 7’) on the set U; that is compatible with pry. It induces a
tubular neighborhood and a family of lines (7/, p/, ") on the set 8NX0%(F;Z-)X/F N
U;. This is compatible with pry but not necessarily compatible with 7. We
claim that we can modify 7 so that it is compatible with (7', p/,7’) on the set
ONy= .y X/T N UL,

Since there exists (7', p/, ') on the set Uy, there exists
mp : ONyzp X/T — Xg ([34)

such that if I' D I, the map . is consistent with @], pf and 7, in the sense of
(30) and Definition 8.4 (iv).
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We note that 7 may not coincide with 7 given by Lemma 6.5. But we can
modify and glue them as follows: The difference between two projections (.
above and 7r) can be chosen to be arbitrarily small (in C! sense), by taking
the tubular neighborhood small. Then we can use the minimal geodesic of a
Riemannian metric on X; (I';4), to find an isotopy between them. Hence by a
standard argument we can glue them. We thus proved the claim.

Thus we can apply our induction hypothesis to (35) and obtain the sys-
tem (m,7,p) on 8NXOE(F;Z-)_X/F. Since NXOE(M)X/F ~ U(Xy(T)) is a cone of
8NXO§(F;Z~)X/F, the system (7,7, p) on ONx= (r;1)X/T" induces one on Ny @y X/T
in an obvious way. It commutes with the projection U(Xy (T')) — N, since

~

U(X, (I')) — N factors through 7p.

Recall that we have (m,7,p) on U by assumption. On U; N U(Xy (T)), this
system may not coincide with the one we have just constructed above. We now
explain how we adjust this system to carry out the gluing process.

We first note that the projection 7 : GNXOg(F;i)X/F — Xy (T i) coincides for
the two systems on Uj since they are already arranged so when we apply the
induction hypothesis above. Since both systems on U; are the cone of the same
system (m, p,r) on QNX()%(F;Z-)X/F by the same map, it follows that they are the
same as an abstract structure.

od

However, the diffeomorphism from the cone of 9N X?(F;i)X /T to U(Xy (T';4))
(which exists by (vii)) may not coincide. (Note this map is defined by r, the
family of lines of each of the structures.) But we can show that they are isotopic
by the same method as before. Namely, we go to a branched covering of the cone
of ON X2 )X /T and join the two diffeomorphisms by the minimal geodesic of a
G-equivariant Riemannian metric that is totally geodesic along the fiber of pry.
Therefore we can glue them by the standard method.

Now we have extended the systems (7, p, ) to a neighborhood of X=(T';i). We
repeat the same construction for each X=(T';4) with dim X=(T;4) = dim X — D.

We thus reduce the problem to the case when D is strictly smaller. The proof
of Proposition 8.4 is now finished by induction. U
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9. SINGLE VALUED PIECEWISE SMOOTH SECTION OF ORBI-BUNDLE: PROOF

Proof of Proposition 7.1. Let us fix a sufficiently small d > 0 and put

(36) It X)) = X=(T)\ | J Int US(IT)(d).
"o

By definition of system of tubular neighborhoods we observe the following:
(37) US(T)NUT(Ty)#0 = TyclyorTycTy.

It follows from (37) that IntX(T") is a smooth manifold with corners. The codi-

mension k corner of IntX%(I") is a union of

k
(38) X([;T, Ty, ..., Ty) = X5(T) N (1) ST (d)
i=1
where
(39) I'1D>IyD>---DIy DI

Int X (1)

X(T)

X(T)
X(Ir . T) XL
X(F;Fl) 1

Figure 3
Later in this section, we will first define our section s, on (Jp IntX%(T") and

then extend it so that its zero set is a cone with respect to the family of lines.

Thus our proof is an analog to the proof given in §3-5 [16].
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Let E}; be as in (11). We put:
_ T 1L
(40) E,=E, ® E,
where EpL is the complement of E}; in E,.

On X (I';T', Iy, ..., T'y) we define E,(I") inductively on #I" and decompose EII;
into

k
(41) E, = (P Ep(I:) & Ey(T)
i=1

as follows.

If T is maximal, we set E,(I') = E} on X~ (T'). Using local triviality of E(T'),
we extend our subbundle F(I') to the neighborhood U=(T)(d) for a sufficiently
small d so that

E,(T) C EY
is satisfied for p € U=(T')(d) N X=(I''), and T D I as follows:

We take a I-invariant connection V of E on U=(T")(d) so that each of ET is
a totally geodesic subbundle and that the curvature of V is zero on each fiber of
U=(T)(d) — X=(T). Then we can use the parallel transport with respect to V
along the path contained in the fiber of U=(I')(d) — X=(T') to extend E(T') to

~

U=(T)(d).

We next consider p € X (I';T'1). We may assume that E,(I'1) is defined. Then
we define E,(I") as the orthonormal complement of E,(I'1) in EII: . We extend
them to its neighborhood. We thus obtain

E, = Ep(Th) & Ep(I') & E;Jf-
We can continue by a downward induction on #1I', k and obtain the decomposition
(41).
We use (41) to perform our construction of s.. We also need the following

lemma.

Lemma 9.1. Let f : M — N be a locally trivial fiber bundle of C*° class between
smooth manifolds and F a vector bundle on M. We fix a smooth triangulation
of N. Let s be a section of F. Then there exists a family s of piecewise smooth

sections of F' such that

(i) s¢ converges to s in C° topology.
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(ii) s¢ is of general position to 0.
(iii) f: (s9)71(0) — N is piecewise linear with respect to some smooth triangu-

lation of (s°)~(0) and a subdivision of the given triangulation of N.

Proof. Since f is a locally trivial fiber bundle of C'™° class, we may choose a
triangulation of M and a subdivision of the given one on N with respect to
which f is piecewise linear. (See [21], [23].) In other words, there exist simplicial
complexes K s, Ky and homeomorphisms iy : |Kp| — M, iy : |Kn| — N with
the following properties:

(i) The restrictions of the homeomorphisms ij; and iy to each simplex are
diffeomorphisms onto their images.
(ii) i&l o f oiy is induced by a simplicial map. Namely it sends a simplex of

K to a simplex of K and is affine on each simplex.

We next take a smooth triangulation of the total space F' of our vector bundle
so that the projection F' — M is piecewise linear. By taking an appropriate
subdivision of the simplicial decomposition, we may approximate our section s
by a section s€ : M — F which is piecewise linear, C close to s, and of general
position to the zero section. (Existence of such s€ is a standard result of piecewise
linear topology. See, for example, [19].) Then (i) and (ii) are satisfied. Since s¢ is
piecewise linear, which is affine on each simplex, it follows that the intersection
of (5€)71(0) with each simplex is affine. Hence we can find a subdivision of K,
and K such that (s€)~!(0) is a subcomplex and the restriction of f to (s¢)~1(0)

is piecewise linear. O

We note that Lemma 9.1 (iii) implies that the mapping cone of f : (s€)~1(0) —
N has a smooth triangulation.

Now we start the construction of our section s.. We will put

(42) 56:@3?@55@0
i

according to our decomposition (40), (41). Note the E>--component is necessarily
zero because of the G-invariance. (In other words it is zero since s, is single-
valued.)

We will construct s!' by the downward induction over the order of T.
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Let ' be maximal. We consider the vector bundle E¥' — X=(T"). We note that
this is a vector bundle on a manifold and is not only an orbi-bundle. So for each
given section s we can take a smooth section s. which is transversal to 0 and C°
close to s. We extend s! to a section of E(I') on U=(I') so that it is covariantly
constant along the fiber of np.

We next consider the case of I' that is not necessarily maximal but has a
property that there is no I'y D T's D T' with X(I';Tq,T3) # 0. We consider
IntX4(T") N STt (d). By assumption

(43) Ot XT) = | X(IyTy),
ror
where the right hand side are disjoint each other and I'; are maximal. By induc-
tion hypothesis we have defined s.! already. We now apply Lemma 9.1 to
r: (se)7H0) N X (T3 T) — (s¢)7H(0) N X ()

and the bundle E(I') — (sL1)71(0)N X (I";T';). We then obtain s! on (sI*)=1(0)n
X(I;T1). We extend it to X(I';T1) \ (s£1)71(0) in an arbitrary way. (It does not
matter how we extend since it will not change the zero set.)

We have thus defined s, = sI* @ sI' on (43). Note that on
Int X4(I') \ @ Int X(I")

E is decomposed to E' = E(T') and E+. (We remark that we decompose E' to
E(I'1)@® E(T) only at their boundaries.) On the boundary we defined the section
of E'' = E(I') @ E(I'1) already which is of general position relative to zero. We
can then extend it to Int X%(T") so that it is of general position to zero. (Note E-+
component is necessarily zero again.) We then extend this to its neighborhood
so that it is covariantly constant in each of 7 fibers.

Now the main induction step goes as follows: Assuming SE/ is defined for
#IV > #T", we consider I'. Take the decomposition

(44) OTnt X*(T) = JX(@;T1, Ty, ..., Tk).

We will define s.' on X(I';T';,I's,...,T%) by a downward induction on k.

We consider a chain of isotropy groups I'y,..., Iy given as in (39) for which
X(I;Tq, Ty, ..., T'k) is nonempty. Let k& be maximal among such choices. We
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now apply Lemma 9.1 to
) mr,, (851 @@ st TH0) N X (5T, Ty, ..., T)
- (851 DD Sgk)_l(()) N X(Fk;F17F2a cee >Fk’—l)7

and E(I') — X(I';T'1,T',...,T'x). Here we note that the well-definedness of (45)
is a consequence of compatibilities of w and r stated in Definitions 8.3 and 8.4.

We thus obtain sl on (sI* @ - @ st*)71(0) N X([';T'1,Te,...,T%) which we
extend to X(I';T'1, 'y, ..., I'y) in an arbitrary way.

Now we can extend s! to various X (I';Ty,Ta,...,T) by a downward in-
duction on ¢ using an appropriate relative version of Lemma 9.1. Namely we
assume s. is defined on X (I';T1,Ty,...,T%) for k& > ¢ then s! is defined on
0X(I';T1,Ty,...,Ty). Then we extend it to X(I';T'1,T2,...,T) by applying a
relative version of Lemma 9.1 to

(si1@- @sl)7H0) N X(T;T1,Ty,...,T)
— (SEI D---D SE’Z)*I(O) N X(Fz;rl, FQ, . ,ngl)
and a bundle E(T").

Thus we have constructed s on (44). Again we extend s! to Int X¢(T') so that
it is of general position to 0.

Therefore we have constructed s, on the union
(46) |t X*(T).
r
We will extend this to X as follows: We first observe

X\ Jmex4r) = ((U%(r)(d) N gt (Int X4(T))) \X%’(r)) .
T

T

We will define s, on
(@)@ g (e X)) \ X¥(D))

by an upward induction on #I'. Let

oY

p € (U(I)(d) N g (Int XU(T))) \ X=(T)

and consider

(47) re(d)(p) € S"(d) € | US(I)(d) N (Int XUT))
’er
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and
mr(p) € Int X4(T).

We note that the right hand side of (47) contains the case I'' = {1}. In that case
U=(I")(d) N mp! (Int X4(I)) = Int X4(IV).

r(@(Q) Int X (1)

X(T)
Int X
np) X
Figure 4

T

€

(mr(p)) coincides with s! (rr(d)(p)) under the identification

Erp(p)(T) = Erp(ay () (1)

By construction, s

We now put

@) )=o) o (g o) e e @),

pr(p)) S

This section coincides with previously defined one when /pr(p) = 0 or d. (We
set exp(1/d?—1/0) = 0 as definition.) Hence it defines a piecewise smooth section
on X.
We remark that by definition
s (0) N (UZI)(d) Np ' (Int X(T)))

is the cone of the map

ar : s2H0) N ST (d) — X=(I).
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Since we constructed our section applying Lemma 9.1 repeatedly, it follows that
this cone has a smooth triangulation. (We use Definition 8.4 (vii) and the ar-
gument of section 3,4 [16] for this.) On (46) we have a transversality and hence
Proposition 7.1 (ii) holds. Proposition 7.1 (iii) and Proposition 7.1 (iv) are also
obvious from construction. The proof of Proposition 7.1 is now complete. 0

10. SINGLE VALUED PERTURBATION OF A SPACE WITH KURANISHI
STRUCTURE: PROOF OF THEOREM 3.1

In this section we prove Theorem 3.1. For the proof we need the following
relative version of Proposition 7.1.

Definition 10.1. A piecewise smooth single-valued section of an orbi-bundle
E/G — X = M/G is said to be normally conical if the following holds:

(i) There is a decomposition of X = M /G into

JIntx4(r) U J(X=() \ Int X))
r r

as in (36).
(i) On IntX%(T) the E--component s is of general position to 0. (The ET

component is necessarily 0.)
(iii) On X=(T) \ IntX4(T'), the section s is given by (48).

Proposition 10.1. Let X be a global quotient, K a compact subset of X and U
a neighborhood of K. Let s be a C°-section of the orbi-bundle E/G — X. We
assume that s satisfies Proposition 7.1 (i)-(iv) on U and is normally conical in
the above sense. Then there exists a sequence of single-valued piecewise smooth
sections s. converging to s in C° sense satisfying Proposition 7.1 (i)-(iv) such
that sc = s on K.

The proof is the same as Proposition 7.1 and is omitted.

Proof of Theorem 8.1. The proof is by induction on p € P with respect to the
partial order <. (See Lemma 2.1 for the finite set P and the partial order.) If p
is minimal, we apply Proposition 7.1 to obtain 31’0. Assume that we have sfl for
every q¢ < p. We consider s’q and the image ¢pq(Vpq). We restrict s; on the image
¢pg(Vpq) and use the embedding quq to obtain a section of Eyly v,y — Vpg
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We can extend it to its neighborhood, so that the compatibility in the sense of
Definition 2.7 is satisfied.

We note that the required properties (i) - (ii) are satisfied on the tubular
neighborhood Ny (v, ) if it is satisfied by sﬁl.

Now we can use Propositions 10.1 to obtain the section s;,. The proof of
Theorem 3.1 is complete. O

11. MODULI SPACE OF PSEUDO-HOLOMORPHIC DISCS: REVIEW

We will apply Theorem 3.1 to the moduli space of pseudo-holomorphic discs.
We review the definition and basic facts on the moduli space in this section.

Let (M,w) be a symplectic manifold and L a Lagrangian submanifold of M.
We take a compatible almost complex structure J on M. Let 8 € Hy(M, L;Z).
We consider (v; 2, ..., z;) such that

(1) v: (D? 0D?% — (M, L) is J-holomorphic.

(2) 2; € OD?. 2 # z; for i # j.

(3) (20,.-..,2r) respects the counter clock-wise cyclic order of D2
(4) The homology class v.([D?]) € Ha(M, L) is (3.

We say (v;20,...,2) and (v;2),...,2,) are equivalent if there exists a biholo-
morphic map ¢ : D? — D? such that ¢(z}) = z; and v o ¢ = v/. The set of the
equivalence classes is written as M?jiln’reg (). We can compactify it as follows.
We consider a pair ((X, 2),v) where v : ¥ — M, ¥ is a bordered Riemann surface
of genus zero, Z = (zp,...,2;) and z; € 0% satisfies (2) and (3) above. We also

assume v is a J-holomorphic map of homology class f3.

Moreover we assume that ((X, 2),v) is stable: namely there exist only a finite
number of biholomorphic maps ¢ : ¥ — 3 such that ¢(z;) = z; and vop = v. We
say ((X2,2),v) ~ ((X', 2), ) if there exists a biholomorphic map ¢ : ¥’ — ¥ such
that ¢(2}) = z and v o =v'. We denote by MP2(3) the set of ~ equivalence
classes of such ((X, (20,...,2k)),v). (See Subsection 2.1.2 [6] for detail.)

main

We define a map ev = (evy, ..., evg) : MIZ(B) — LF by

evi((X, (20, - - -, 2k)),v) = v(zi).
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Theorem 11.1. We can define a topology on I,fjlln(ﬁ) with respect to which it
is compact and Hausdorff.

main

k+1
given by:

(8) has a Kuranishi structure with corner. Its (virtual) dimension is

(49) dim M (8) = n+ pr(8) + k — 2.

Here pp(B3) is the Maslov index of 3. Moreover M (3) has a tangent space.
If L is relatively spin, znjlln(ﬁ) 1s orientable. The orientation is determined by

the relative spin structure.

The evaluation map ev induces a strongly smooth and weakly submersive map.

This theorem is proved in Section 7.1 [7].
Let P; (i =1,...,k) be simplices and f; : P; — L smooth maps. We define:

(50) gljiln(ﬁ; P, ,Pk;) = znflln(ﬁ) (V1 eemreV) X (F1yeeer i) (Pl Xoree X Pk)'

(Here and hereafter we write P; in place of the singular chain (P, f;).) Since ev is
weakly submersive, we can use Lemma A1.39 [7] to define a Kuranishi structure

on M};lfil“(ﬂ; Py, ..., P;). We will define the filtered Ao, structure my by

(51)  my(Pr....P) = 3 TP O ey, (IMPE(B; P, P
B

Here evg, ([MP4R(8; Py, ..., Py)]) is the virtual fundamental chain of this moduli
space, which is regarded as a chain on L by the map evg. In general, virtual

fundamental chain depends on the choice of perturbation.

In [6], [7] we used multivalued perturbations (or multisections) to define this
virtual fundamental chain. So it is defined over Q. (We need the orientation,
which is induced by the relative spin structure.) In this paper we will use Theorem
3.1 to define a virtual fundamental chain over Z or Zs.

In the next section we will also use a moduli space znjllng (6; P, ..., P;) which
is defined as follows: We consider ((X,Z,%),v), where ((%,Z),v) satisfies the
same assumption as in the definition of Mkmflln (B; P, ..., Py), except the stability,
W= (w1,...,we), w; € X\ 0X, and w; # wj for i # j. We assume ((£, 2, W), v) is
stable: namely there exists only a finite number of biholomorphic maps ¢ : ¥ — X
such that ¢(z;) = 2, p(w;) = w; and vop = v. We define an equivalence relation
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on the set of such ((X, Z, @), v) in a similar way. The set of equivalence classes is
denoted by Mglfiff(ﬁ; P, ..., P).

We can generalize Theorem 11.1 to gljifjg(ﬁ; Py, ..., Py), where the formula
(49) is replaced by
(52) dim MPEY(B) = n+ pr(B) + 20 + k - 2.

Using the evaluation map ev = (evy,...,evg) : zn_ﬁilné(ﬁ) — L1 we define the
fiber product /\/lgfil‘?g(ﬁ; Py, ..., P;) in the same way as in (50).

12. ESTIMATE OF THE VIRTUAL DIMENSION OF THE SINGULAR LOCUS

The main result of this section is:

Proposition 12.1. Suppose (M,w, J) is spherically positive. Then for each I #

{1} and i, we have

(53)  dimMEEN(B: Pr .. Pe) — dOMEERN(B; Py B)iThd) 2 2.
We recall that d(MP(8; Pr, ..., Py);T;4) is defined in (29).

Proof. Let ((¥,%),v,Z) be an element of }aniln(ﬁ;Pl,...,Pk): Namely ¥ is
a genus zero bordered Riemann surface, v : (3,0%) — (M, L) is pseudo-
holomorphic, 2'= (2, ..., 2;) are boundary marked points of ¥, and

= (x1,...,2), x; € P satisfying v(z) = fi(zi).

Here f;: P, — L and (P, f;) are regarded as smooth singular chains of L, which
we write just as P; by an abuse of notation.

We recall that the genus of X is zero and the disc components cannot have
non-trivial automorphism groups since it has at least one special point, i.e., either
marked or nodal points, on the boundary. Therefore for every non-trivial element
¢ € Aut((%, 2),v) and any sphere component S? = S2 C 3 preserved by ¢, the
automorphism ¢ acts as the multiplication by e2mV/=1t/k ,

> e27r\/—1é/k’z

with the identification S? = C U {oo}. And ¢ permutes other components: This
is because any finite subgroup of PSL(2;C) = Aut(S?) that fixes oo is conjugate

to such a group.
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As a consequence, the quotient space (X,%Z) = X/Aut((X,2),v) is again a
(pointed) bordered Riemann surface of genus zero. The pseudo-holomorphic map
v induces a map v : 3/Aut((%, 2),v) — M.

Definition 12.1. We call ((X,%),7, ) the reduced model of (X, Z), v, T).

We note that the reduced model could be unstable. Namely there may appear
a sphere component with two singular points where the map v is trivial. Even if
the reduced model is stable, it may have a nontrivial automorphism.

Remark 12.2. We note that the notions of “trivial automorphism” and “some-
where injective” are two different notions: Somewhere injectivity implies triviality
of the automorphism group, but not the other way around. For example, there is
a branched covering S? — S? with no nontrivial automorphism. For the abstract
perturbation s, its transversality to zero is related to the existence of nontrivial
automorphism but not to the somewhere injectivity. (Somewhere injectivity is
essential if one uses perturbations only of J to achieve transversality.)

We now compare the virtual dimension of (3, 2), v, Z) € MPA(8; Py, ..., P)
with that of its reduced model. We begin with a discussion of the deformation
complex of a multiple sphere. Let o € my(M) and M™8(M;a) be the set of
pseudo-holomorphic maps v : S? — M with [u] = a. For u € ./Wreg(M ;) we
define Ry (1) € M™E(M;ma) by Ry (u)(z) = u(z™).

For each v € M™8(M;ma), we consider the linearization
D0 : T(S%v*TM) — T'(S% A% (v* T M))

of the Cauchy-Riemann section 8. We denote by C(v) = (Co(v), C1(v), D,0) the
elliptic complex given by

Co(v) = T(S8%0*TM), Ci(v) =T(S% A" (v*TM)).

We consider the assignment of the pull-back complex C(R,,(u)) to u €
M*8(M; ) on which the group Z,, acts. We regard this assignment of Z,-
modules as a Z,-equivariant family index over M*8(M; «).

Lemma 12.2. The index of C(Rp(u)) as a Zy,-module is
2c1(M)(cr) Regy, ®2nl.

Here Regy, ~is the regular representation of Z,, and 1 is its trivial representation.
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Proof. Let v be an element of Z,, with v # unit. We use the Lefschetz fixed
point formula by Atiyah-Bott [1] to obtain

S (<) Tr (7 B (C(Rin(w) — B (C(Rpa(w)) = 2.

*=0,1
Note there are only two fixed points of v and we take the trace over R. On
the other hand, the numerical index of D ()0 is 2n + 2mei(M)(a), which
coincides with the super-trace of the unit element e € Z,,. The lemma follows

immediately. (]

(We note that we can also prove Lemma 12.2 by directly calculating the kernel
and cokernel without using [1].)

In particular, Lemma 12.2 implies that the Z,,-invariant part of the index of
C' (R (u)) for the Zy,-cover of a holomorphic sphere is equal to the index of C'(u)
for its reduced model. We will use this fact in the proof of Proposition 12.3

coming later.

Let ((%,2),v,Z) € MpP2(3 : Py,...,B) and ((%,%),7,7) be its reduced
model. We first recall the definition of the deformation complex of ((%, 2),v, Z)

which is an elliptic complex acted upon by the group I' of automorphisms of
((%,2),0).
We decompose ¥ into irreducible components ¥ = | J, X, where 3, is a sphere

or a disc and put v, = v|y, and consider the elliptic complex
C(va) = (Co(va), C1(va), Dy, 0)
where

Dy, 0 1 Co(va) =T(Eq, 08a; viTM, w;TL) — C1(vq) = I'(Sa; A™ (0T M)).
(The boundary condition v}TL is empty if ¥, = S2.) For each singular point
sing

18 we take zflfg € Ya(i1), zflgg € Yq(i,2) which are 28 in ¥, We put

60((27 2)7 U>+ - @ CO(va)y

zZ

(54) § _
Co((%,2),v) = {(Wa) e & Co(va)

Wa(i,l)(zz?,i{lg) = Wa(w)('zii;g)} :

We put C1((, 2),v) = @, C1(va). The operators D,,d induce
Dy : Co((%, 2),v) — C1((%, 2), v).
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Let Aut(X, 2) be the group of all automorphisms of (X, Z). We have a canonical

homomorphism of its Lie algebra aut(3, Z) into Cy((X, Z),v): Note that by the

definition of Aut(X, 2) any element of aut(X, 2) has its value zero at the singular

points. The stability condition implies that this homomorphism is injective and

so we may regard aut(3, Z) as a subspace of Co((2, Z),v). Moreover the image of
aut(%, 7) lies in the kernel of D,d. Therefore we have the following complex

(55) 0 — aut(, 2) — Co((%,2),v) — C1((Z, 2),v).
We put
Co((2.2),0.%) = {(Wa). (v0)) | (W) € Col(£.2).v), vi € T, P,
W (26) = (de f2)(v0) }.

(We note that f; : P; — L is our smooth singular simplex.) Since Aut(X, 2) fixes
main

the marked points Z, it induces an action on M (8 : Pp, ..., P;) and so its Lie
algebra aut(X, 2) injects to 50((2, Z),v,&). This leads us to define

Co((Z, 2),v, %) = Co((, 2), v, F)/ aut(S, 7)

Cl((zv Z)a v, f) = Cl((z> 5)7 U)'
Here z; € ¥,,. The operator D, also induces a homomorphism Cy((%, 2), v, &) —
C1((%, 2),v,Z). We denote by
c(%, 2),v, %), C(%,2),v,7)

the complexes
D0 : Co((%, 2),v,%) — C1((Z, 2),v, T),
D3 : Co((2, 2),v, &) — C1((Z, 2), v, B),
respectively. The group I' = Aut(3, 2) acts on these complexes in an obvious
way.
To describe the relation between the deformation complex of ((3, 2),v, ¥) and
that of its reduced model, we need one more notation.

Definition 12.3. We call a point z € X a free fixzed point if the following holds:

(i) z is not a singular point.
(ii) 2 is on a sphere component S2 of ¥ such that there exists v € T which
preserves S2 and acts nontrivially on S2. Moreover v(z) = z.
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For IV C T we denote by F(I") the set of all z satisfying (i), (ii) above for v € T".

For IV C T' we define
C(FIT) = P Cl
zeF(IV)

the vector space whose basis is identified with F(I").

In case I normalizes a subgroup I''(C T'), I acts on F(I") in an obvious way
and so induces an action on C(F(I")). We put

CFMNW" ={ve C(F@) |Vy eI, yo =0}
It is easy to see that
dime C(F(I))™" = # (F(I')/T")
and in particular
(56) dime O(F(I))" = # (F(T)/T).

Definition 12.4. For each sphere component S2, we define its distance from the
disc components as the minimal edge distance of the vertex corresponding to the
component S2 from the vertices corresponding to the disc components in the dual
graph of 3.

We recall that the minimal edge distance between two vertices in a graph
is defined to be the minimum number of edges in all connected paths between
the two in the graph. We denote by ¥; the union of all disc components and
the sphere components whose distance from the disc components are < d. By
definition Y is the union of all the disc components.

Let (52, P, 04) be a sphere component of ((X, 7),v), whose distance from the
disc components is d. Here o, is the point where S? is attached to ¥4_; and p,
is the set of other singular points, i.e., those to which some sphere components
of distance d + 1 from the disc components are attached. Put n, = #p, and let
I, be the group of automorphisms on (S2,p,,0,) consisting of the restrictions
of some elements of I' to S2. Denote by Conf,,1(CP?') the moduli space (i.e.,
divided by the action of PSLy(C)) of m + 1 ordered points on CP!. Denote by
Confﬁ;ﬂrl (CP') the moduli space of distinct m+1 points on CP! with the symme-

try group 'y, (that is the set of (CP!, (20, ..., zm)) such that vz; € {z0,...,2m}
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for each i = 1,...,m and v € I';.) Let Aut(S,, pPa,0q) be the group of all bi-
holomorphic maps ¢ : S, — S, such that ¢(p,) = p, and ¢(04) = 0,. We
put

Aut(S,, Pa, 00)' = {@ € Aut(Sy, Pa, 0a) | ¥y € Tay woy =70 ¢}
We define
r — dimg Aut(Sy, Pa, 04)" ifng,+1<3

p a(SavﬁmOa) = 1 .
dimg Confle  (CP') ifng+12>3.

ng+1

Let (Sy, Py, 0b) be a sphere component of the reduced model ((X,Z%),v). Here o,
is the point of Sy at which it is attached to ¥4_1, and ﬁb are those at which some
sphere components of distance d + 1 are attached. Put mp, = #ﬁb. We define

— dimg Aut(Sy, Dy, 0p) if iy +1<3

ﬁ(gb,ﬁbﬁb) = . 1 L
dimg Confg,+1(CP') ifm,+1> 3.

Let (D2 5P, 5) be a disc component of ¥. Here p = (pfl, ..pD,.) is the
boundary marked points and p> = (pf,l, ce pas:na) is the interior marked points.
We put
p(D3: 5y D7) = ma + 2ng — 3.

This number is the negative of the dimension of the automorphism group if
mg + 2n, < 3 and is the dimension of appropriate moduli space (of CP! with
marked points) if m, + 2n, > 3. (We remark that the I'-action is trivial on
each disc component ) We define p(Db, pb Do ) by the same formula for the disc

-D =S
component (Db,pb ,Dp ) of 3.

Let {S,(p) | b € I} be a complete set of representatives of the I-orbits in the set

of sphere components of ((, 7),v). Let I” and T be the sets of disc components
of ¥ and X, respectively. Note that there is a canonical identification between
the two sets. We define

v) = Zpra<b>(sa(b)vﬁa(b)7Oa(b)) - Z p(D?; 5P 5.

bel acIP

For the reduced model, we define

—— —2 »D =8
V) = Zp(Sb,pb,ob)+ Z p(Dy; Dy 5Dy )-

bel beTD

Then we have the following:
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Proposition 12.3.

dimg Index(C/((2, 2), v, )" + o' (

Proof. We begin with the following lemma.
Lemma 12.4.

dimg Index(C((2, 2), v, )" = dimg Index(C((T, %), 7, 7).

Proof. Let us consider the complex C (%, 2),v,2)"

D, : Co((2,2),v,8)T — CL((2, 2),v, T)

where we replace Co((Z, 2), v, ) by Co((Z,2), v, Z)T. (See (54).)

We first prove
(57) Index(C((%, 2),v, ) 1) = Index(C((T,%),7,7)").

Note the index of C((X,Z),v,Z)" is the sum of indices of its components. Since
the I'-action is trivial on disc component, (57) is trivial for disc components. The

part of sphere components of the left hand side is

(58) > Index(Dy,,,d) ®.

bel
Here {S,u) | b € T} is the complete set of representatives of the I'-orbit space of
the set of all sphere components of (X, Z,v) and the map Uq(p) 18 the restriction
of v to Sg(p). The group I'y(y) is a subgroup of I' consisting of the elements which
preserve S,p). We remark that I'yp) is a cyclic group. Hence we can apply
Lemma 12.2 to show that (58) is equal to the sum of Index(Dz,0). Here vy, is the

restriction of ¥ to Sy /Tap) = Sy C X. (57) follows.
We next observe that there exists an exact sequence
(59) 0— 6((27 5),1)7;?) - 5((27 Z)vvaf)Jr - @ Tv(m)M — 0.
z€Sing ¥

Here the @ Ty@x)M is the sum over all singular points = of 3.

z€Sing X
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We remark that I" action on @rESing s Ty(z)yM is by interchanging the factors.

It follows that
r

dim [ P T,w)M | =2n#((Sing X)/T).
x€Sing ¥

Note that (Sing ¥)/T" 2 Sing 3. Therefore (57), (59) and a similar exact sequence
for ¥ imply the lemma. U

We compare pra(b>(Sa(b),ﬁa(b),oa(b)) and 5(S4, Dy, 05). Note that Ly is iso-

morphic t0 Zp, . If map) =1, Iy = {e} and so it is obvious that
(60) P O (St Pav) Oa(v)) = P(Sbs Pys Ob).-
Note that there is no free fixed point on S, ).

From now on, we assume that m,;) > 1. The marked point o,) is a Iy
fixed point. Denote by qq(;) the other fixed point on Syp). Let g, be its image of
the reduction in Sj. There are two cases: Qa(b) € Da(b) OF da(b) ¢ Da(b)-

First consider the case qqp) € Pa(p)s 9b € 5b~ We claim that
(61) P O (St Pav) Oa(v)) = P(Sbs Pys Ob).-
If Ng(b) = 1, then np = 1, ﬁa(b) = Qa(b)> ﬁb = q,. We have

Aut(Su)s Ga(v): Oa(n) *® = Aut(Su(m), da(s): Oa(h))-

Both Aut(Sus), da) oa(b))ra@ and Aut(Sy, g, 0p) are isomorphic to C* and hence
(61) follows.

In case nyp) > 2, we have mp > 2 and

r, = ~ = =2 —
Confnafll:iJrl(Sa(b);pa(b)v 0q(p)) = Confr, +1(Sp; Py, 0p)-

Hence, we obtain (61).

We next consider the case o) € Pav), @b ¢ Pp- In this case, the position of G,
in the reduced model is not a part of the data of the reduced model, (gb,ﬁb, 0p).
We claim

(62) P 2O (Su(b)> Pab) Oa(v) = P(Ss,00) + 2.

If nyp) = 0, then mp = 0. Note that g, ) is a fixed point on Sgy. We find

Aut(Sa(v) Da(v)s Oa(b)) ® =2 Aut(Sa(v), Ga(b): Oa(t))>
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which is isomorphic to C*. On the other hand, Aut(S}, ;) is isomorphic to the
semi-direct product C* x C that is the group of all affine maps z — Az 4+ B with
A #0. (62) follows.

Suppose that n, = 1. Denote by p;, the unique point in ﬁb. In this case,
we find that Confzzg_ﬂ((CPl) is a point and n4p) > 2. On the other hand,
Aut(CP*',p,,0p) is isomorphic to C*. (62) follows.

If iy, > 1, then pyy) consists of My T'gp)-orbits in Syp) \ {qa(s)s 0a(p) }- Therefore
we have

dimg confgzgg ,(CPY) = 27, — dimp C* = 27, — 2,

where C* 22 Aut(CP!, a(b), Oa(b))- On the other hand,
dimg Confr, 11(CPY) = 2(7, + 1) — dimg Aut(CP') = 27, — 4.
We also obtain (62).

Note that gq) is a free fixed point if and only if q,(3) & Pa(r)- Therefore (62) is
applied to the component S, if it contains a free fixed point. Otherwise (60),(61)
apply.

We observe that the contribution of disc components to p' ((%, Z),v) coincides
with that of disc components to p((, %), 7).

Combining these, we obtain

PT((2,2),0) = B((E, 3),7) + dimg C(F(D))".

This formula together with Lemma 12.4 implies Proposition 12.3. O

We next identify each side of Proposition 12.3 with the dimension of appropri-
ate moduli space.

Definition 12.5. We say that ((3, 2), v, Z) has the same combinatorial type as
(X', 27),v',2") if the following holds: There exists a homeomorphism ¥ — ¥’
preserving all the marked points together with the order. We also assume that
the restriction of v to each component of ¥ is homologous to the restriction of v’
to the corresponding component of ¥'. We denote by S an equivalence class of
this equivalence relation and call S the combinatorial type of ((%, 2), v, Z).

We denote by

R8s Prye o, PO, T) (= MEER(B: Pr -, Br)(S)7(D))
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the moduli space of ((X, 2), v, Z) with given combinatorial type S and its isotropy
group I

—

Let S be the combinatorial type of ((X, 2), v, Z).
Lemma 12.5. The left hand side of Proposition 12.3 is

dimg MP8Y(B; Py, ..., Pp)(S,T).

Proof. p*' (%, Z,v) is the number of deformation parameters of (X, Z,v) keeping
the I'-equivariance and the combinatorial type minus the dimension of the au-
tomorphism group of (X,2). (Note that we did not include the parameter to
resolve singularities of ¥. So this corresponds to the deformation keeping the

combinatorial type.) Lemma 12.5 follows. O

To study the right hand side of Proposition 12.3 we need some notation. For
each ((,2),v,Z) we consider its reduced model ((X,%),7,Z). We then add the
image of elements in F(I') to the reduced model as additional (interior) marked
points. We denote them by Z, and the resulting stable map by ((%, zZ, Zy),0, ).

Note
47, = 4F(D)T.
We call ((%,%,2,),7,Z) the marked reduced model of ((X,%),v,Z). In this way,
we have obtained a natural assignment
(2,2),0,%) — ((E,%,2,),7, 7).
We note that the reduced model ((X,Z),7,#) may be unstable. On the other

hand the marked reduced model is always stable.

Let us denote by S the combinatorial type of the marked reduced model. We

consider g‘fllne(ﬁ, Py, ..., P)(S), the moduli space of marked reduced models
with the combinatorial type S. Here £ is the order of F(T')/I". We now have:

Lemma 12.6. The right hand side of Proposition 12.3 is equal to
dimp M85 Pi, ..., P)(S).

Proof. In the same way as in the proof of Lemma 12.5, we find that

dimg Index(C((X%,%),7, 7)) + p((%, Z),7)
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is the virtual dimension of the moduli space of reduced models. Adding marked
points Z; increases the dimension by 2#2, = 2#F(I')/T', which is equal to
dimg C(F(I'))", a

We next show the following.

Lemma 12.7. Suppose that (M, J) is spherically positive and S contains at least
one sphere component. Then we have

dimp MR, (B; Pr,..., P)(S) < dimp M8 Py, .., Py) — 2.

Remark 12.6. We have not used spherical positivity of J up to this point.
Namely the proof of Lemma 12.7 is the only place where we use this assumption.

Proof. Let J be a spherically positive almost complex structure. We consider a
component S, of an element of M‘,fjiln(ﬁ; Py, ..., P)(S). Let @y, z, be the sets
of all marked or singular points on S,, 9S,, respectively. Let v, = v|g,. We put
ko = #Wo + #7,/2. We put s, = 3 if S, is a disc component and s, = 6 if S, is
a sphere component. Set

c(a) = 2¢1(M)[va]
for a sphere component and
c(a) = pr(va)

for a disc component.

We claim that
(63) c(a) + 2kq — 54 > —2

holds for the sphere components.

In fact, if the map is trivial on this component, then 2k, > 6 and c(a) = 0.
(63) holds. If the map is nontrivial on this component, then we have c(a) > 2
by the choice of J made in the beginning of the proof using spherical positivity.
Since 2k, > 2 and s, = 6 for a sphere component, (63) also holds.
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We put €(a) = 2 for a sphere component and €(a) = 1 for a disc component.
It is easy to see from the index theorem that

dimg MPEY(8; Py, ..., Pi)(S)
(64) = Z(e(a)n + c(a) + 2kq — 84q)

a€l
— (2n) #Singg2S — n #Singp2S — Y~ deg P,

where [ is the set of all components of S, #Singg.S is the number of singular
points which intersect with sphere components and #Singp2S is the number
of singular points which do not intersect with sphere components. We recall
2n = dim M.

We have the similar identity for dimg M (5; P1, ..., P;)(S). Namely for
each component Sy, of S we define ky, 35, ¢(b), €(b) and obtain

dimg MPEY(5; P, .., Pr)(S)
(65) = Y Eb)n+2(b) + 2k, — )

bel
— (2n) #SinggeS — n#SingpS — > deg P,
where I is the set of all components of S.

For each component b € I we take a(b) € I such that Sa) is a branched
covering of Sy. (There may be several of them. We choose one of them.)

If Sy is a disc component, we have
(66) ¢(b) + 2ky — 5 = c(a(b)) 4 2ka@p) — Sa@),
since the automorphism group is trivial on the disc components.

We next prove the following:
Sublemma 12.8.

¢(b) + 2ky — 5 < c(a(b)) 4 2ka@p) — Sa@),

if Sy is a sphere component.
Proof. We have 5, = s, = 6. By the spherical positivity we have ¢(b) > 0.

It also follows that ¢(b) < c(a(b)). If there is no free fixed point on Sy), then
ky < kqp) and we are done.
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Now assume that there is a free fixed point on S,). In this case the degree,
denoted by deg, of the map S,;) — S is greater than one.

We first consider the case when [vp] # 0. Then by the definition of spherical
positivity we have c(a(b)) > 2. Therefore

b
e(b) = c(ge(g)) < c(a(b)) — 2.
(Note that ¢(a),¢(b) are even numbers for the sphere components.) On the other
hand, since there exists at most one free fixed point on Sg(), it follows that

Eb < ka(b) + 1.

The sublemma follows in this case.

We next assume [vp] = 0. Then k,;) > 3 by stability. Namely there exist
at least 3 singular or marked points. The component S is identified with the
quotient of S,y by the cyclic group Iy of order deg € {2,3,...}. Let d be
the distance of S, from the disc components. Let o, be the singular point
on S, ) where S, ) is attached with ¥;_1. Clearly o4(p) is a fixed point of I'y().
Since there is a free fixed point on S,), no other singular points are fixed by
Lo@)- In other words the image in Sy of the singular points of S, consists of
14 (kq@p) — 1)/ deg points. Therefore

kbzzﬁa@g—l.
Since k) > 3, we derive
ky < k)
The proof of Sublemma 12.8 is now complete. O

It follows from Sublemma 12.8 and (66) that

(67) > _(EB)n+E(d) + 2k —5p) < D (e(a(b))n + c(a(d)) + 2kam) — Sag))-

bel bel
(63) implies that for each sphere component S, (a € I) we have

2n + c(a) + 2kq — Sq > 2n — 2.
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Note that the number of sphere components of S and of S are equal to #Singg.S
and to #Singg:S, respectively. Therefore we have

Z(e(a)n + c(a) + 2kq — sq) — (2n — 2)#Singg2S
acl

> (e(a(®)n + c(a(d)) + 2ka@m) — Sagp)) — (2n — 2)#Singg:S.

bel
We remark that Sing;2S = Sing;2S. The Formulas (64), (65), (67) and (68)
imply

(68)

dimg MR (B; Py, ..., Pe)(S)
< dimgp MPH(B; Py, - . ., Py)(S) + 2(#Singg>S — #SingS).
On the other hand, we have
dimp MPEP(5; Pr, .. ., Pr)
= dimgp MPH"(8; Py, ..., Py)(S) + 2#SinggsS + #Sing 2.

Since #Singg2S > 1, we obtain the lemma. g

Now we are in the position to complete the proof of Proposition 12.1. Let
I' # {1} be an abstract group. By Proposition 12.3 and Lemmas 12.5, 12.6, 12.7

we have
dimg MP(3; P, ..., P)(S,T) = dimg MP32(B; Py, . ..., Py)(S)

(69) . .
< dlmR Mglflln(ﬂ, Pl, ey Pk) — 2.

By definition (12), we have
max d(MEF (8; Pr, ..., P) i) = max dimg M2 (6; Py, .., Py)(S,T).
7

Here the maximum in the right hand side is taken over S such that
}c“jlln(,& Pi,...,P:)(S,T') is nonempty. Now Proposition 12.1 follows from
(69). O

Remark 12.7. Consider the case when S is a union of a disc D? and a sphere 52
where c1(M)[v|g2,([S?])] = 0. We assume that v|g2 is a cyclic multiple cover of a
map u. The reduced model consists of the same configuration where the map v|g2
is replaced by u. The virtual dimension of the reduced model is the same as the
virtual dimension of Mg‘filn(ﬂ; Py, ..., P)(S), the moduli space with combinato-
rial type S. Since there is one sphere bubble, the virtual dimension of the moduli
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space glfiln(ﬂ; Py, ..., P)(S) is the virtual dimension of ‘,;filn(ﬁ; Py,..., Py)

minus 2.

However, since there is one free fixed point on the sphere bubble, it follows
that the virtual dimension of marked reduced model M, (3; P1,..., P)(S) is
equal to the virtual dimension of Mfcnfiln(ﬁ; Py, ..., P;). Namely (53) does not
hold.

This is the reason why we assume spherical positivity in this paper.

If we can use the reduced model in place of the marked reduced model, this
condition would be removed. However it seems rather difficult to show the com-
patibility of the normally conical perturbation with the process of forgetting extra
marked points in the marked reduced model.

13. FILTERED A, ALGEBRA OVER Zs

13.1. Construction of a filtered A, g structure over Z;. We now use The-
orem 3.1 and Proposition 12.1 to prove Theorem 1.1 (except Item (4), that is
the case of A%,nov coefficient). Actually we need the following relative version
of Theorem 3.1. We say a global section s = {s},} of a space with Kuranishi
structure to be normally conical if each of s;, is normally conical in the sense of
Definition 10.1. Let X be a space with Kuranishi structure with corners. The
boundary of X is decomposed into spaces 9.X with Kuranishi structures such
that 0,X intersects with 0, X along the corner (= J.»X) of X with codimension
> 2. (More precisely, there exists a map from 9.X to the boundary of X so
that it is injective outside the codimension 2 corner J..X. See [7] right before

Definition A1.30.)

Let X has a Kuranishi sturucture with corners. We denote by S; X the set of
the points of X that lies on the codimension k corner. If p € S X, then we may
take its Kuranishi neighborhood V},/T", so that

Vo=V, x[0,p)".

(Here Vp’ is an open set of the Euclidean space.) The finite group I', acts on V,,
and preserves its stratification as a manifold with corners. So the action of I',

exchanges the second factor [0, p)*. We write

0V =V x [0, p)° 1 x {0} x [0, p)*~°
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Assumption 13.1. All the elements of I',, preserve each of 0.V,.

We remark that Mznjlln(ﬂ) satisfies Assumption 13.1. In fact in the case of
X = MP2n(3) the coordinates [0,1)™ that parametrize the direction normal to
the corner, is the glueing parameter of the boundary singular points. On the
other hand, the element of the isotropy group I'j, is the automorphism that is
supported on sphere bubbles. Therefore the I', action on [0,1)™ is trivial.

Since ?flln (6; P, ..., Py)is afiber product of ?j’ln(ﬁ) with P;, Assumption
13.1 is also satisfied for M?jiln(ﬂ; Py, ..., Py).

Under Assumption 13.1 we can easily prove the following:

Lemma 13.1. The Kuranishi neighborhood and obstruction bundle of a neigh-
borhood of codimension k corner SpX is the product of the induced Kuranshi

structure on SpX and [0, p)*.

Namely we can take the diffeomorphism
(70) V, 2V x[0,p)"

so that it is ') equivariant and is compatible with the coordinate change, for

each p € S X. Moreover we have an equivariant isomorphism of the obstruction

bundles

(71) Ey & Eply; x [0,p)".

We remark that the Kuranishi map s, may not be constant in the [0, p)*
direction (under the identifications (70),(71).)

Theorem 13.2. Let X be a space with Kuranishi structure with corners and
tangent bundle. We assume that X satisfies Assumption 13.1. Suppose that
we have global sections s.. of 0.X for each ¢ such that they coincide with each
other at the intersections O.o X . We assume s, are normally conical and satisfy
the conclusion of Theorem 3.1. Then we can extend them to a normally conical

global section of X satisfying the conclusion of Theorem 3.1.

Remark 13.2. Actually we can prove Theorem 13.2 without assuming Assump-
tion 13.1. We assume it only to simplify the proof. In our application this
assumption is satisfied.
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Proof. We put
$uX = | J SmX.
m>k
Let U.(SgX) be the € neighborhood of Sy X. (Here we take a metric on X and
fix it.) Let N be the smallest positive integer such that Sy;1X is empty. We
will prove the following by induction on my =0,1,..., N.

Lemma 13.3. There exists €;,, for m < mg and k = N —m,...,N and a

normally conical global section s, on a Kuranishi neighborhood of

N
(72) U .. (SeX)
k=N-m

such that they have the following properties.

(1) sp, satisfies the conclusion of Theorem 3.1.

(2) The restriction of sy, to the intersection of (72) and 0.X coincides with
the restriction of s...

(3) €bms1 < €xm if kK > N —m. Moreover s,,11 = Sy, on a Kuranishi
neighborhood of Up_y_m Uepnir (SeX).

Proof. We first prove the first step mo = 0 of the induction. We need to find ex

and sy on U€N’0 (SyX). By assumption Sy X has a Kuranishi structure without

boundary. The restriction of various s, to Sy X gives a global section on Sy X

that satsifies the conclusion of Theorem 3.1. We will extend it to a neighborhood

of SNX.

We take an isomorphism
(73) F:SyX x[0,)Y - X

to an open neighborhood. (More precisely (73) is a family of isomorphisms
(70),(71) that are I', equivariant and compatible with the coordinate change.

We remark that
=1

N
(74) ([o, DY, U (10,17 x {0} x o, 1)“))

is PL isomorphic to

(75) ([0,1) x BN~ {0} x BN 1)
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as a pair. Here BN~1 = {z € RV~ | |2| < 1} is an open ball of dimension N — 1.

We remark that we are given a family of global sections s/, on a Kuranishi
neighborhood of

N
Sy X x| ([0,1)7" x {0} x [0,1)V7)

c=1
so that they are compatible on the overlapped part. So we use the isomorphism
between (74) and (75) to extend the section s/, to a Kuranishi neighborhood of

SyX % [0,1) x BN = gy X % [0,1)V

so that it coicides with s/, on (a Kuranishi neighborhood of)

N
SNX x {0} x BN = 5y X x | ([0,p)°7" x {0} x [0,p)V ).
c=1
Namely we take the extension so that it is constant in the [0,1) factor. Then it
is easy to see that extended section has the required properties. We have thus
proved the case mg = 0 of Lemma 13.3.

We next discuss the induction step for my < N. We remark that Sy_,,, X has
a Kuranishi structure without boundary. We take €y, < €x mo—1 for k > N—my.
We put

N
Umo—1)= |J  Ugpyr(S6X)
k=N-—-mo+1
and
N
Umo-1)= |J U, (SiX)
k:N—m0+1
and

SN—meX = SN-mX \ U™ (mo —1).
We have a piecewise smooth isomorphism between a Kuranishi neighborhood in

X of Sy_,,,X and the product of a Kuranishi neighborhood (in Sn—,,X) of
SN _moX and [0,1)™0 in the sense above.

We also have a piecewise smooth isomorphism between Kuranishi neighbor-
hoods of

(76) S X % [0, 1)
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and of

(77) Sy

NemoX x [0,1) x Bmo—1
so that Sy, X x {0} x B™~1 becomes the intersection with | J,9.X under the

identifications.

By induction hypothesis we have s,,,_1. We take its restriction to (a Kuranishi
neighborhood of)

U(mo —1) N (S;V_mOX % [0, 1)m0) :

We may identify a Kuranishi neighborhood of U(mg—1)N (S&_moX x [0, 1)’”0)

with a Kuranishi neighborhood of (U(mg -1)n S;,_mOX> x [0,1)™0. By con-
struction we also have a piecewise smooth diffeomorphism

(U(mo 1N Sy X) % [0,1)m0

N—m
(78) '
= (U(mo -1)n S;]_mOX) x [0,1) x Bm™o~!

such that s,,,—; is constant in the [0,1) factor by this identification.

By changing the identification between (76) and (77) if necessary we may
assume that the identification between (76) and (77) coincides with (78) except
in a small neighborhood of 9U (mo —1) N Sy _,, X.

Thus we define s,,,, so that it is constant in the [0, 1) factor of (77) under the
above identifications. Then it is easy to see that extended section has the required
properties. We remark that we use my < N here. In fact in case mg = N, the
stratum S; X is not contained in any of 9.X so we can not define s,,, by taking
it independent of [0,1) factor.

We have thus proved the lemma for mg < N. So we have defined a global
section on a (Kuranishi) neighborhood of the boundary 9X. We can then extend
it by the following relative version Propositin 13.4 of Theorem 3.1. It proves the
case of mg = N. The proof of Lemma 13.3 is complete. O

By taking mg = N Lemma 13.3 implies Theorem 13.2. O

Proposition 13.4. Let X be a space with Kuranishi structure that has a tangent
bundle, K C X a compact subset and U a Kuranishi neighborhood of K.

We take a good coordinate system of X.
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Suppose we have a sequence of normally conical strongly piecewise smooth global
sections s on U such that it satisfies Theorem 3.1 (1)(ii)(iii) and converges to the

Kuranishi map in C° sense as € — 0.

Then there exists a sequence of normally conical strongly piecewise smooth
global sections s. on X such that it satisfies Theorem 3.1 (i)(ii)(iii), coincides
with s on a Kuranishi neighborhood of K and converges to the Kuranishi map

in CY sense as € — 0.

Moreover if f : X — Y is a strongly smooth map from X to a manifold Y,
and if we have a triangulation of an intersection of (s¢)~*(0) with a Kuranishi

neighborhood of K, such that f induces a piecewise smooth map (s.)~1(0) — Y,

/

")=1(0) so that f induces a piecewise

then we can extend the triangulation to (s
smooth map (s.)~1(0) — Y.

We remark that Theorem 3.1 is proved by induction using Proposition 10.1,
which is a relative version of Proposition 7.1. (See Section 10.) So we can prove
Proposition 13.4 in the same way as Theorem 3.1.

We can use Theorem 13.2 in place of Theorem A1.23 [7] (which is a similar
result for multisection) together with Proposition 12.1 to prove Theorems 1.1, 1.2
in the same way as in Chapter 7 [7]. Below we explain this construction, which
is parallel to Section 7.2 [7].

Now we consider Mi“filn(ﬁ; Py, ..., P;). By Proposition 7.1.2 [7], its boundary
is decomposed into the following:

(79a) malm (3 P, ..., 0iP;,...,P)
where 0; P; is the i-th factor of the singular simplex P; and

(79b) (MBS (B1)ewy Xevs ML (B2)) vt X pi (P X -+ X By)
where k1 + ko = k+ 1 and ¢ € {1,...,ko}. The evaluation map

main main

ev' = (ev],...,ev}): MEE (B1)evy Xev; Migya1(B2) — Lk,
which we use to take the fiber product in (79b), is defined by
ev;(r) if 7 <1,
€U;'(Zﬂv D) = evi_ip(n) ifi<j<i+ ks,
eVj_kot1(r) if j >0+ ko.
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Therefore (79b) is identified with

M (B1) X pay (PLx oo X P

(80) .
X Mggiri(ﬂQPPZa '7-Pi+k271) X Pi+k2 X X Pk)

Proposition 13.5. Let E and K be fized integers. Then there is a system of
global sections E/B,PL---,Pk of }gnjiln(ﬁ; Py,...,Py) for each k < K and [ with
w(B) < E with the following properties:

(i) They are normally conical and satisfy the conclusion of Theorem 3.1.
(ii) They are compatible at the boundary component (79a,).
(iii) The zero set of each section 5’@]317.”7]31C is given with triangulation. Fach
simplex of it is identified with a smooth singular chain of L by the (strongly
smooth extension of ) the map evy.

(iv) Let P’ be a simplex of the zero set ofs’ﬁ P Then the restriction of

Pitky—1"
/
S5 p,...p, b the subset

A (B1) X kg (PrX oo X Py X P/ X Piggy X -+ X Pg)

of (80) coincides with 5/617P17-~~7Pi717P/7Pi+k27--~7Pk'

Remark 13.3. The way how the statement (iv) above is made is slightly im-
precise. Namely we need to describe the relation between obstruction bundles to

make a precise statement. See Proposition 7.2.35 [7].

Proof. The proof of Proposition 13.5 is by induction. We consider the order on
the set of pairs (3, k) such that (8,k) < (8, k') if either (1) w[f] < w[F'] or (2)
wlBl =wlf], k< K.

The conditions (ii) and (iv) describe the global section s} 5 p  p, at the bound-
ary. We can check that they are consistent at the corners of codimension > 2.
(See Lemma 7.2.55 [7].) Then by Theorem 3.1 we can extend it to the whole
moduli space MP(3; Py, ..., P). We refer Section 7.2 [7] for the detail. O

Now we fix a system of global sections 5’5’ py...p, 8 in Proposition 13.5 for each
k,B,Pi,..., P, with k < K and w(8) < E. Let MP(8; Py,..., P,)¥ be the
zero set of s p . We fixed its triangulation in (iii).

Up to this point, spherical positivity is not assumed. Now we assume that
(M,w, J) is spherically positive. Then Proposition 12.1 implies the following.



Lagrangian Floer Theory over Integers 261

Lemma 13.6. If P’ is a simplex of gfil“(ﬁ; Py,..., Py with
dim P’ > dim/\/lglfiln(ﬁ; Py,...,P)—2
then the interior of P' does not intersect with Mt (8; Py, ..., Py)(T) for T #

{1}.

Let P, (a € A) be the set of all simplices of dimension MPH2(6; Py, ..., Py).
We put

(81) €V0x [Mrlgl—ﬁlln(ﬁa Pla"'7pk)5,:| = ZP(;,
a
this is a smooth singular chain of L with Zy coefficients. We now put
(82) mes( P, ..., Pr) = evpu[MP2R(B; Pr, ., P
We use Lemma 13.6 and Proposition 13.5 (i), (iii) to obtain the following formula:

8mk,ﬁ(P17"'7Pk)+ka,ﬁ(P1,...,aB Pk)

(83) = Z Z Z my, 8 (P, ..., Pie1,

Br+B2=0 k1+ko=k+1i=1,....k2
mkg,ﬁz(-Pi7 ceey P£+k2—1)7 Pi+k27 sy Pk)7
where we put my g, = 0 (8 = 0 is zero in Hy(M;L)). Taking the sum over [,
(83) gives rise to the Ay, formula which defines an A, algebra. More precisely,
the formula gives rise to a filtered A,, g structure in the sense defined in Section

7.2 [7]. Here the integer K is as above and n is determined by E as follows. We
consider the subset of R defined by

{(w[B], nL(B)) | Mu(B) # 0} C R x Z.

We take the additive submonoid of R x Z generated by this set and denote it by
&(L,J). For an element 8 € &(L, J) we put

18] = sup {n

3B € (L, ), Y Bi= ﬁ} :
=1

We say (n, K) < (n/,K’) if either (1) n+ K <n'+ K or (2) n+ K =n' + K,
n < n'. Filtered A, i structure is by definition a system of operators my, g which
are for k¥ < K and (@ with (||3]|,k) < (n,K) such that it satisfies (83). (See
Definition 7.2.70 [7].)
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Remark 13.4. See Subsection 7.2.3 [7] for the reason why we need to restrict
to k < K and w(f) < E for the proof of Proposition 13.5.

13.2. Construction of a filtered A, x homomorphism over Z,. We can
work in the same way as Section 7.2 [7] to go from an A,, g structure (for arbitrary
but fixed n, K) to an Ay structure. For this purpose we should also use the
construction of filtered A, g homomorphisms which we describe later in this
subsection. See Lemma 13.9. In this way we associate a filtered Ao, structure to
the singular chain complex of a Lagrangian submanifold over Zs coefficients in the
spherically positive case. Then it was proved in Theorem 5.4.2 [6] that this A
structure on the singular chain complex induces a canonical filtered A, structure
on the cohomology group, which we call the canonical model. (We use Lemma
14.1 for this purpose.) To show that the canonical model depends only on the
connected component of J € j&lff) up to an isomorphism we proceed as follows.
Let Jy, Ji be elements of j(cj\lfu?) We use each one of them to construct our filtered
A structure on singular chain complex. (We also fix a system of global sections,
triangulation of their zero sets etc..) Let {J,},c[0,1) be a path in \7&\1;3) joining
them. We now consider the moduli space M’ *({J,}, : B;top(p); P1,- .-, Pr)
which was introduced by Definition 4.6.10 [6].

We here recall its definition. Let (3, ) be a bordered Riemann surface of genus
0 with k£ of boundary marked points. We consider each of disc component of X
and attach tree of sphere components rooted on it. We thus decompose

m
Y= U Y
a=0

where each of 3, contains exactly one disc components. Let ¥y be the component
which contains 0-th marked point zy. We define a partial order < on the set of
components as follows: Y, < Y if every path joining ¥, to 2o intersect Y. We
consider p, € [0, 1] for each a = 0,...,m such that if ¥, < X} then p, < pp. We
call {pq}ir, the time allocation. We consider the set of ((X, Z), {pq},v) such that

(1) (%, 2) is a bordered Riemann surface of genus 0 with & of boundary marked
points.

(2) {pa}iy is its time allocation.

(3) v:(X%,0%) — (M, L) is a continuous map.

(4) On each component X, the restriction of v to ¥, is J,,-holomorphic.
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(5) We assume the stability in the following sense: the set of biholomorphic
map ¢ : X — X such that ¢(z;) = 2, v o ¢ = v is finite.

We say ((%,2),{p},v) ~ (X, 2),{p],},v") if there exists a biholomorphic map
¢ : ¥ — ¥ such that ¢(z]) = z;, vop =o' and p, = py, where p(Xy) = X,. We
denote by M2({J,}, : B;top(p)) the set of ~ equivalence classes of the triple
((3,2),{pa},v) satisfying (1)-(5). Using the evaluation map

ev = (evo, ..., evy) : M ({Jp}, : i top(p)) — LM,

we obtain Mg‘fjiln({Jp}p . Bitop(p); Pi,y...,Py) for smooth singular chains
Py, ..., P.. It is a space with Kuranishi structure with tangent space. Its bound-
ary is decomposed into three parts which correspond to the following 5 possibil-

ities
(A) The moduli space

(84) MET({To}p : Bitop(p); Pr,..., 0P, ..., Py)

where 0;P; is the i-th face of P;.

(B) One of the time allocation becomes 0.

(C) One of the time allocation becomes 1.

(D) Two time allocation p, and pp coincides, and corresponding component >,
and X, intersects.

(E) One disc component splits into two in the limit.

One can prove (D) and (E) above cancel to each other. (See Figures 4.6.2 and
4.6.3 [6].) Therefore the actual boundary is only (A),(B),(C) above.

We next describe (B) and (C) by fiber product. (See Subsection 7.2.9 [7] for
details.)

(B) is described as the union of the following fiber product over ky, k2, 81, B2, i
with ki +keo=k—1, 61+ P=0,i=1,... ks

M (o} : Brtop(p))

(85) .
X k1 (Pl X Py X ;cnga—‘,l—li(‘]())ﬁQ;Pia s ’Pi-‘rkg—l) X Pi-i—kg X X Pk)
Here we write I,;;ﬁli(Jo, Bo; Py, ... Pitgy—1) in place of
gﬁfi (B2; Py ..., Pitgy—1) to clarify the almost complex structure we use

for definition.
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(C) is described as follows. We consider 1 < ¢y < --- < 4, < {41 = k. Then
(C) is a union of the following fiber products:

(86) main (1, B') X pm HMZHfln vi1({dp}p 2 Bistop(p); Py -y Pryyy—1)-

Here we take union over m,{f1,...,¢m+1}, 3, ;i such that ¢; is as above and
B+ > B; = 3. Note we include the case ¢;11 = ¥¢;+1 and 3; =0 € Ho(M, L; Z).
In that case we put

(87) M (T}, 2 05top(p); Pr,) = P,
by definition.

In a way similar to Proposition 13.5 we can prove the following. Let E and
K be fixed integers. We take and fix a system of global sections 5{107 8.p...p Of

znjiln(Jo, B; Py, ..., P)and 5{117@1317_“71316 of./\/lfcnjiln(Jl, B; Py, ..., P) asin Propo-
sition 13.5.

Proposition 13.7. There is a system of global sections 5’{%}7571317 p of

glflln({J },0 /87 tOp( );Pla e 7Pk:)
for each k < K and 8 with w(3) < E with the following properties.

(i) They are normally conical and satisfy the conclusion of Theorem 3.1.
(ii) They are compatible at the boundary component (84).
(i) Fach simplex P’ of the zero set of 5Jo B1,PittrPisky 1 is identified with a
smooth singular chain of L by the (strongly smooth extention of) the map

- p
evg. Then the restriction ofs{(]p}ﬂ’Pl’ p, o

(88) At ({Jp}p : Brstop(p); Prye ... Pict, Py Prgy—1s- ., Pr)

coincides with 5/{Jp},ﬁ1,P1,~ Pr 1 P!\ Pry 1o P Here (88) is a part of (85).

(iv) Each of the zero set of the global section sf{Jp}pvﬂivpé Py of

M?::_i;_nlfﬁm+1({Jp}p : ﬁi; tOp(p); P&‘v s 7P€i+1—1)

is giwen with triangulation. Let P! be a simplex of the zero set of

/ ) y /
510} pBirPey e Prpyy1” Then the restriction of ST BoPr P to the corre

sponding subset of (86) coincides with ;. Bos Pl P
0, ) 17 7
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Note the same remark as Remark 13.3 applies to (iii) and (iv) above.

The proof of Proposition 13.7 is similar to the proof of Proposition 13.5. In
other words it is similar to the proof of Proposition 7.2.100 [7]. We use global
single valued sections (and Theorem 13.2) here in place of multisections used in

7).

Lemma 13.8. We assume J, € jcl>0 for each p. Let I' be a nontrivial finite
group. Then we have

dim M ({Jp}, : B top(p); Prs - -, P)

(89) .
— d(MIET ({Jp}p : Bitop(p); Py ..o, Pr); Tsd) > 2.

See (29) for the notation of the second term. The proof is the same as the
proof of Proposition 12.1.

It implies that for a global section of Mr,ffiln({Jp}p : B;top(p); Pr, .. ., Py) sat-
isfying the conclusion of Theorem 13.2, the simplex which lies in the fixed point
locus of some non-trivial group I' is codimension > 2. Thus we can define its
virtual fundamental chain over Zy. We use it to define

(90)  fus(Pryeen s P) = evod[MEET ({ T}y 2 Bstop(p); Prs . Pr)®]
in the same way as (81). We put also
f1,8, = identity

for o =0 € Hao(M, L;Z). (Compare (87).) Then we have the following formula:
(In the next formula we write mioﬂ, milﬁ to distinguish two filtered A,,  struc-
tures which depend almost complex structures Jy, Ji together with other choices
made.)

Zm fﬁ1,52 51+1(P17 v 7P51)7 . '7fﬁm,5m+1*€m+1(Pmﬂ v 7Pk))

= Z fk‘lﬂl Pl, - z 1,mk2 32(P - 7~Pi+k271)7 PiJer’ - ,Pk).
Here the sum in the right hand side is taken over ki, ko, 01, (2,7 with k1 + ko =
k—1, 01+ B2 = 3,7 =1,...,ko and the sum in the left hand side is taken
over all m,{l1,...,0ms1},0,5; such that 1 < ¢4 < -+ <y, < b1 = k and
B+ 8i=0
In fact, the left hand side except those for 3/ = 0, m = 1 corresponds (C) (in
other words (iv) Proposition 13.7). The right hand side except those for fa = 0,

(91)
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k2 = 0 corresponds (B) (in other words (iii) Proposition 13.7). The right hand
side for By = 0, k2 = 0 corresponds (A) (in other words (i) Proposition 13.7).
Compeatibility spelled out in Proposition 13.7 and Lemma 13.8 implies that the
boundary of fg5(Pi,..., P), that is nothing but the left hand side for 5’ = 0,
m = 1, is equal to the sum of the terms corresponding to (A),(B),(C). It implies
(91).

(91) implies that

o= S TelBlens /2,
B
+

0,nov?’

define a filtered A, x homomorphism. By definition f; = identity mod A

+
where Ao,nov

Theorem 4.2.45 [6] implies that f; defines a homotopy equivalence of filtered A,,

is the set of sums (2) such that all \; are strictly positive. Therefore

structures.

13.3. From A, g structure to A, structure. Now we go back to the con-
struction of filtered Ay structure. We recall (n,K) < (n/,K’) if either (1)
n+K<n+Ko (2n+K=n+K,n<n'

Lemma 13.9. If (C,my ) (resp. (C',my 3)) is a filtered An i (resp. Ap i)
algebra with (n, K) < (n/,K'). Suppose there exists a filtered A, x homomor-
phism f : C'— C" which is a homotopy equivalence in the sense of filtered Ay
homomorphism. Then we can extend the filtered A, i structure of C to a filtered
Ay g structure without changing operations which already exist in the filtered
An i structure. We then can also extend § to a homotopy equivalence in the

sense of filtered Ay, g1 homomorphism.

This is Theorem 7.2.72 [7]. We already explained the construction of filtered
Ay i structure on the smooth singular chain complex of L for arbitrary but fixed
n, K. We also proved that they are homotopy equivalent to each other. So we
can use Lemma 13.9 to construct a filtered Ay, structure. (See Subsection 7.2.9
[7] for detail of this construction.)

Then as we mentioned before we obtain a filtered A, structure on the coho-
mology group H(L; A%Q). We remark that this is ordinary cohomology group and
is not a Floer cohomology. Namely we take the boundary operator with respect
to the usual boundary operator which does not include m; g for 8 # 0.



Lagrangian Floer Theory over Integers 267

By construction the filtered A, algebra obtained on H (L; AOZQ) is independent,
up to the homotopy equivalence, of the choices we have made of filtered A,, i
algebra for any n, K. Then we can use the following.

Lemma 13.10. Let (C,{m}) and (C',{m'}) be filtered Ao, algebras over Af,,,

for a finite field R. We assume that they are homotopy equivalent as filtered A, i

R
0,nov

algebras for any n, K. We assume that C and C' are finitely generated free A
modules. Then they are homotopy equivalent as filtered Ao, algebras.

Proof. Let V(n,K) be the set of all filtered A, x homotopy equivalence from

(C,{m}) to (C",{m'}). Using the fact that R is a finite field we can easily see

that this is a finite set. By assumption it is nonempty. Therefore the projective

limit

{iinV(n, K)

with respect to the order < on (n, K) is nonempty. It is easy to see that this

implies that (C, {m}) is homotopy equivalent to (C’,{m’}) as filtered A, algebra.
O

We remark that Lemma 13.10 is related to Lemma 7.2.177 [7]. In other words,
we are taking the short cut given in Subsection 7.2.11 [7] using the fact that our
ground field R is Zs.

We can prove that our filtered A., algebra has a unit in the same way as in
Section 7.3 [7].

Remark 13.5. In Section 7.2 [7], we introduced the notion of generation to the
smooth singular chains and organized the induction in the way depending to the
generation of P;. We did so in order to work on the countably generated subcom-
plex of smooth singular chains. (Actually by slightly modifying the argument
there we can work on finitely generated chain complex.)

Actually we can use the whole smooth singular chains and do not need to
introduce generations. (Since our global section 5’57 py...p, may depend on F;’s,
we can apply Baire’s category theorem, which we need to apply general position
argument, even in case we have uncountably many singular chains.) That is the

way taken in this section.

This may slightly simplify the argument of Section 7.2 [7]. On the other hand,
some people (including some of the authors of the present paper) may feel happier
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to use only countably many (or finitely many) singular chains, since to make a
choice of perturbations, uncountably many times (for each of the singular chains
Py, ..., Py) is rather a wild use of the axiom of choice.

The proof of Theorem 1.2 is similar and parallel to [6], [7] and so we omit it.

14. THE CASE OF Z COEFFICIENTS

So far we study the case of Zy coefficients. The case of Z coefficients goes in
mostly a similar way. In this section we discuss it. We focus on the points which
are new in Z coefficients and avoid repeating the same material.

We first discuss the construction of a filtered A, structure on the singular

Z
0,nov

chain complex S(L; A ) of a relatively spin Lagrangian submanifold L of a
spherically positive symplectic manifold (M,w). The construction is mostly the
same as in Section 13. Using the relatively spin structure we can define an
orientation of the moduli space and hence the simplices in Propositions 13.5 and
13.7 are oriented. Moreover, the orientation is compatible with the description
of the boundary. Thus we can define the operator my g by using the virtual
fundamental chain (81) regarded as a singular chain with Z coefficients. We need
sign that is the same as in [7] Definition 8.4.1. The formula (83) becomes the

following

(92)
mLomk,g(Pl, c. ,Pk) + Z(—l)*mkﬁ(Pl, . ,mlyo(PZ‘), e ,Pk)
A

- Z Z(_l)*mklﬁl(Plv-”7mk2ﬂz(Pi7"'aPiJrszl)r-'?Pk)y

B1+B2=08, k1tko=k+1; ¢
B1#0 or kq#1,
B27#0 or ko#l

where x = 23;11 deg’ P;, (deg’ Pj = deg Pj +1) and my o = (—1)"9, (n = dim L).
See (3.5.15) and Definition 3.5.6 of [6]. The sign is checked in the same way as
in [7] Section 8.5. Furthermore in the same way, (91) holds with an appropriate
sign. (See [7] Subsection 8.9.1.)

We thus obtain the following.
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(1) We have a pair of sequences (n(l),K(l)) — (00,00) as I — oo and
a filtered A, (p) g (1) structure {mié} on S(L; A%nov) for each I. (Here
we take the whole smooth singular chain complex and do not introduce
generation. See Remark 13.51.)

(2) For I < I, we can prove that (S(L; A%

0,nov
lent to (S(L; A%nov) {mgﬁ‘]}) as filtered A, (1) k() structure.

(3) We use an appropriate obstruction theory and Item (2) to enhance the
filtered A, (1) k(1) structure (S(L; AZ ), {m }) to a filtered Ay, struc-

0,nov

), {méé}) is homotopy equiva-

ture.
(4) For each I the filtered Ay structure obtained in Item (3) is independent
of the choice of almost complex structure J (in the given connected com-

c1>0 )

ponent of j and of other choices involved up to filtered A1) x (1)

homotopy equ1valence.

Now there are some difference between the case of Z coefficients and the case of
Section 13. Namely Lemma 13.10 does not hold over Z. See [7] Remark 7.2.181.
Instead we proceed as follows.

){mll‘]}) be filtered
A1),k (1) structures obtamed by different choices of J etc. Then

(5) Lot (S(L5AZ ), b7} and  (S(LiAZ,,
there exists a pair of sequences (n/(I),K'(I)) — (o0,00) such that
(S(L; Af o) {mi‘é}) is homotopy equivalent to (S(L; Af ), {m ']‘]}
as filtered A,/ (1) k(1) algebras.

(6) Moreover for I < I' the following diagram commutes as a diagram of
filtered A,/ (1) r/(r) homomorphisms.

(S(L; Af o) i 5)) —— (S(L5Af ) i i })

o ! 1

(S(L A%nov) { /IJ}) - (S(L A%nov) { W J})

Here horizontal arrows are ones of Item (2) and the vertlcal arrows are
ones of Item (5).

We can prove Items (5) and (6) in a way similar to [7] Subsection 7.2.10
by modifying in the following manner: We replace multisections used in
[7] Subsection 7.2.10 by a single valued normally conical section by using
our assumption (spherically positivity) and Theorem 13.2.

lwe may use generation and discuss in the same way as in [7] Section 7 as well.
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(7) Then we can use [7] Lemma 7.2.129 inductively to show that the filtered
A structure in Item (3) is independent of J (in the given connected com-
ponent of \7(3\1/;‘3)) and other choices up to filtered A, homotopy equiva-

lence.

Remark 14.1. We did not claim that homotopy equivalence obtained in Item (7)
above is independent of the choices up to filtered Ay, homotopy. This indepen-
dence was proved in [7] Subsections 7.2.12-7.2.13 over Q. We can actually prove it
in the same way over Z. Namely we define the notion of homotopy of homotopies
as in [7] Subsection 7.2.12 and proceed in the same way as in [7] Subsections
7.2.12-7.2.13. The rather cumbersome homological algebra in [7] Subsections
7.2.12-7.2.13 is carefully designed so that it works over arbitrary coefficients.

In order to prove the independence of homotopy equivalence up to filtered Ao
homotopy over a finite field, we can again use the short cut used in [7] Subsection
7.2.11.

We next mention the reason why we assumed that H(L;Z) is torsion free
in Item (4) of Theorem 1.1. In the last section we first construct a filtered
A structure on the singular chain complex of L and reduce it to the singular
cohomology. For this purpose we use the following lemma.

Let (C, {m;}?2,) be a filtered Ao algebra over Af, ... We put

0,nov*
_ R
C=C®gr A(),nov’

where C is a graded free R module. The R reduction m; : C — C of m; satisfies
m; om; = 0 and hence (C,m7) is a chain complex.

Lemma 14.1. Suppose we have a direct sum decomposition C = D @ D of R
module such that (D, m) is a subcomplez of (C,m1) and the inclusion (D,m1) —
(C,m1) is a chain homotopy equivalence. Then a filtered Ao, structure is induced
on D =D ®p Agnov such that it is homotopy equivalent to C.

The proof of Lemma 14.1 is the same as the proof of [6] Theorem 5.4.2 and so
is omitted.

Example 14.2. (1) When R is a field, we always have a splitting

(94) C=H(C,m)aC
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such that H(C,m;) (with zero boundary operator) is chain homotopy equivalent
to (C,my). Therefore by Lemma 14.1 we obtain a filtered A, structure on
H(C,m;) @R A, We used this fact in the last section.

(2) In the case R = Z (or any Dedekind domain), the splitting (94) exists if
H(C,m,) is torsion free. (Note that any finitely generated torsion free module
over a Dedekind domain is projective.) Therefore under the assumption that
H(L; R) is torsion free, the filtered Ao structure on the singular chain complex

induces one on its singular cohomology.

Remark 14.3. In general, we can obtain a filtered A, structure on a finite di-

Z

0 nov Uusing some additional information on L as follows:

mensional complex over A

(1) Let us fix a Morse function f on L. We obtain a Morse complex C(L; f).
It is a chain complex over Z and is torsion free as Z module. Using Lemma
14.1 and a filtered A structure on the singular chain complex we obtain
a filtered Ay structure on C(L; f) @ Af .- See [9] Theorem 5.1.

(2) Let us take either a simplicial decomposition or a CW decomposition of
L. Then we have a finite dimensional chain complex C'(L;Z) which is free
over Z and is chain homotopy equivalent to the singular chain complex
of L. So we obtain a filtered Ay, structure on C(L;AZ ..).

0,nov

To prove the last claim in Item (4) of Theorem 1.1 it suffices to prove the

following.

Lemma 14.2. Let (S(L;Af ). {m%}) be the filtered As algebra in Theorem
1.1 and (S(L;Agnov), {mg}) the filtered Ao algebra in [6] Theorem 3.5.11. Then
(S(L; A%,nov)a {mZ}) ® Q is homotopy equivalent to (S(L; Agnov), {m(g})

Proof. We consider the moduli space

(95) M { T}« B top(p): Prs -, P)

defined in Section 13. Here we fix J € ‘7((’}\1;‘3) and use the constant family p +— J
of almost complex structures. We use appropriate perturbation of this moduli
space to define the required homotopy equivalence.

Note that we took a system of single valued normally conical sections s of
the moduli space MP2(B; Py, ..., P;) to define mZ. We also took (in [6]) a
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transversal multisection s© of the same moduli space to define mg. We will find
a perturbation of (95) which interpolates these two perturbations.

Definition 14.4. A strongly piecewise smooth multisection s on a space with
Kuranishi structure X is said to be a weakly transversal and weakly normally
conical multisection, if the following condition is satisfied. We decompose

S:@Sri@SF@SL
i
according to the decomposition (40) (41).

(1) Each of s' is of general position to 0 on X=(I).
(2) Instead of (48) the following equality is satisfied.

s(p) =s" (mr(p))

(96) + 2 ((1 — exp <;2 - prl(m» s" (7 (p))

- . 1 1\ o
v (5= ) ()0 )

(Note for each branch of s (r(p)) there is a branch of s (rp(d)(p)). We
take the sum branch-wise in (96).)
We note that if s is a single valued section then s (7p(p)) is automatically 0.
(Note s is a component of s1.) So (96) coincides with (48) in that case. When
s is a multisection s (I” € T') may not be 0 on X=(T).

We also note that we may choose our multisection s so that it is weakly
transversal and weakly normally conical. In fact, we may take (s@)rl to be
locally constant in the normal direction. Namely

I/ I/
(s (7r(p) = (sH (re(d) ()
Now in the same way as in Section 13 we can construct a system of weakly
transversal and weakly normally conical multisections s on (95) such that it is

compatible with s on the component of time allocation 0 and with s© on the

component of time allocation 1.

We may choose s so that s~1(0) has a triangulation, in the following way.

(1) As for the component of the obstruction bundle coming from the compo-
nent with time allocation 0, we assume s+ = 0.
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(2) For other components, we assume s is transversal to zero.
(3) In the tubular neighborhood of the stratum of the moduli space defined by

1

the equation that time allocation = 0, the section s— is normally conical.

We explain Item (1) above more precisely. Let p = (X, Z,u, {ps}) represent an
element of MP2R({J}, : 8;top(p)), where (3, Z) is a bordered marked Riemann
surface, u : (2,0%) — (M, L) and {p,} is a time allocation. The fiber E, of the
obstruction bundle is a finite dimensional subspace of C*°(X;u*TM ® A%!), the
space of the smooth sections of the vector bundle w*T'M ® A%, (See [7] proof of
Proposition 7.1.12.) The support of elements of E, is disjoint from the singular
points. And E, is decomposed to the direct sum @, (Ep)q, where ¥ = Uy%, is
a decomposition to the components and elements of (E,), are supported on 3.
The consistency with sZ requires us to set the component of s in (E,), with
pa = 0 is zero. This is Item (1) above.

We can construct such a multisection by the inducition of the stratum in the
same way as in Section 9. It is easy to see that s~!(0) satisfies the conclusion
of Theorem 3.1. Therefore, we can use it in the same way as (90) to define the
required homotopy equivalence. The proof of Lemma 14.2 is complete. O

The proof of Theorem 1.1 is now complete. O

The proof of Theorem 1.2 over Z is again similar and parallel to [6], [7]. So we

omit it.

15. HOW THE RESULTS OF [6], [7] ARE GENERALIZED TO Z OR Zo
COEFFICIENTS

15.1. Statements. Throughout this section we always assume (M, w) is a spher-
ically positive symplectic manifold. We assume its Lagrangian submanifold L is
compact, oriented and relatively spin when the ground ring R is a Dedekind
domain (for example Z) or is a finite field of odd characteristic (for example
Zy = L/pZ (p # 2)). In case when R is a finite field of even characteristic (for
example Zy) we only assume L to be a compact Lagrangian submanifold.

The various structures we mention in this section depend on the connected
component of j(cj\lff) The various well-definedness or functoriality statement
should be understood in the same way as in Theorem 1.1 (2).
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The following is a version of Theorem B [6]. Theorem 15.1 follows from The-

orem 1.1 by a purely algebraic argument.

Theorem 15.1. We can associate a set Myeak(L; R) and a map PO
Meak (L; R) — AR which have the following properties

0,nov?

(1) There is a Floer cohomology HF ((L,by), (L, bo); AF

0,nov
<b17 bO) € Mweak(L; R) XpO Mweak(L; R)

Here Myeak(L; R) Xpo Myeak(L; R) is the set of pairs (bi,by) €
Mieak (L; R) X Miyeak(L; R) such that PO (by) = PO (by).
(2) There exists a product structure
mo: HF((L’ b2)’ (L7 bl)a A(I]%,nov) ® HF((L7 b1)7 (L’ bO), Agnov)
H}I}?((L’Z)Q)v(Labo)?‘/\R )

0,nov
if (b1,bo), (b2,b1) € Myeak(L; R) Xpo Muyeax(L; R). The product my is
associative. In particular, HF((L,b), (L,b); A(Ifnov) has the ring structure
for any b € Myeax(L; R).

(3) If v : (M,L) — (M', L") is a symplectic diffeomorphism, then it induces a
bijection 1y : Myeak(L; R) — Myeak(L'; R) such that BOo), = PO. The
map V. depends only on the isotopy class of symplectic diffeomorphism
0.

(4) In the situation of (3), we have an isomorphism
(N HF((L> b1)7 (L7 bO); A()R,nov) = HF((le ¢*(b1)), (L/’ ¢*(bo)), A(})%,nov)>

and P, commutes with mo.

) parameterized by

(5) The isomorphism 1, in (4) depends only on the isotopy class of symplectic
diffeomorphism 1 : (M, L) — (M',L"). Moreover (1 o 1)'), = 1, o 9.

Remark 15.1. (1) We do not include bulk deformations in Theorem 15.1.
Namely we consider Myeax(L; R) and not Myeak def(L; R). Including
bulk deformations is a bit difficult to work out in our case for coeffi-
cients in a Dedekind domain or a finite field. For example, we used
homotopy theory of filtered Lo, algebra in [7] Section 7.4, for the alge-
braic formulation of bulk deformations and of the operator q. Homotopy
theory of filtered L., algebra is hard to study over torsion coefficients.
However, it seems very likely that we can go around this problem and
define Myeak def(L; R) and Floer cohomology parametrized by it over a
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Dedekind domain or a finite field coefficients. We postpone it to future
research.
(2) The Maurer-Cartan moduli space Myeax(L; R) in Theorem 15.1 is one

over Aaf;ﬁv. Namely it is the set of the gauge equivalence classes of the

chains b € S(L; Aaf;f)\,) satisfying the equation
o
(97) ka(bk) =0 mod Aar’;ﬁve
k=0

where e is the unit. (See [6] Section 4.3.) In [10, 11, 5] we enhanced it to

one over AL

0moy Coefficients in case B =R or R = C. We will discuss this

enhancement in the case when R is a Dedekind domain or a finite field in
Subsection 15.3.

The next result is a version of Theorem C [6]. The proof is the same as that
of Theorem C [6] by using Theorem 1.1.

Theorem 15.2. There exists a series of positive integers my < dim L/2 and

classes
[0} (L; weak)] € H*™(L; R)

k = 1,2,..., such that, if [ozm’“ (L;weak)] are all zero, then Myeax(L; R) is
nonempty. The number 2 — 2my is a sum of the Maslov indices of a finite col-
lection of the homotopy classes in wo(M, L) realized by pseudo-holomorphic discs

(with respect to a given almost complex structure on M).

Next, we consider analogs of Theorem D and Theorem E [6] on the spectral

R

sequence. Because of convergence issue of the spectral sequence over Ay, .,
k)

we

consider the following assumption.
Assumption 15.2. We assume one of the following conditions.

(1) R is a finite field of characteristic 2.

(2) R is a finite field of odd characteristic and L is relatively spin.

(3) R is a Dedekind domain, L is relatively spin and rational in the sense of
[6] Definition 6.2.1. In this case, Theorem 15.3 only applies to b, by of
the form > T eli/2h; such that the subgroup of R generated by the set
{NitU{B(w) | B € ma(M, L)} is isomorphic to Z.
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We denote by (AF

0,nov

deg(aT?e!) = 2u for aT et € AR

nov-

() the degree p part of AZ where we recall
) g

0,nov?

Theorem 15.3. Under Assumption 15.2 there exists a spectral sequence for each
(b1,b0) € Myeak(L; R) Xpo Myeak(L; R) with the following properties:

(1) ES? = @, H*(L; R) @ (T o, /TOTVANE, )P=F) . Here A > 0.
(2) There exists a filtration §*HF ((L,b1), (L, bo); A(Ifnov) on the Floer coho-
mology HF((L,by),(L,bo); A¥..,) such that

0,nov

SIHFP((L,by), (L, bo); Al .)

P o 0,nov )
& SQ+1HFP((L,b1)7(LabO);Agtnov)

3) Consider the subgroup K, C E, = EP? defined by
Psq

K} = @ PD(Ker(Hy,—(L; R) — Hy—(M; R)))
k
® (TqAA(?HOV/T(qul)AA(I)%HOV)(p_k)7

K, NnKer 6, c
K,NImo, — "
Then we have Im 6, C K, for every r, under the additional assumption
that bg = by.

In particular, if the homomorphism i, : H,(L; R) — H.(M; R) induced

by the inclusion is injective, the spectral sequence collapses at the Eo level.

Kr—i—l =

(4) The spectral sequence is compatible with the ring structure in Theorem
15.1 (2). In other words, we have the following. Each of E,. has a ring

structure mg which satisfies :

0r(ma(z,y)) = —ma(dr(x),y) + (~1)*5 ma(z, 5, (y))-

The filtration § is compatible with the ring structure in Theorem 15.1 (2).
The isomorphisms in Theorem 15.3 (1),(2) are ring isomorphisms.

By using Theorem 1.1, the proof of Theorem 15.3 is the same as that of The-
orem D [6], except the following two points. Assumption 15.2 is used in a way
described in (1) below.

(1) During the construction of the spectral sequence, we used the algebraic
material given in [6] Subsections 6.3.1 and 6.3.2. We assumed that the
ground ring R is a field there. (The authors do not know how to prove
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the convergence of the spectral sequence in the case R = Z.) In the
case L, by, by satisfy Assumption 15.2 (2), we can use the argument of
[6] Section 6.2 and can construct the spectral sequence and prove its
convergence in the case when R is a Dedekind domain also.

(2) In [6] we used the operator p and the cyclic cohomology of L to prove a
statement (3) of degeneration of the spectral sequence over Q ([6] Sub-
section 6.4.2). It seems hard to study cyclic cohomology over torsion
coefficients. However in Subsection 15.4 we will use the Hochschild ho-

mology instead, and introduce an analogous operator p’ to prove (3) over
R.

The following non-vanishing theorem is an analog of Theorem E [6] and the
proof is the same except that of PD[pt] ¢ Im(d,) in (1), where we used the
operator p for the case over Q in [6] Subsection 6.4.3. We will also use the
analogous operator p’ over R. See Subsection 15.4 for this point.

Theorem 15.4. Let us consider the situation of Theorem 15.3. We assume
bp = bi. Then, there erxists a cohomology class PD[L] € H”(L;Agfnov) with
PDIL] = PD[L] mod A% which has the following properties.

0,nov

(1) For each r we have §,(PDI[L]") = 0 and PDpt] ¢ Im(0,), where §, is the
differential of the spectral sequence in Theorem 15.3.

(2) If the Maslov index of all the pseudo-holomorphic discs bounding L are
non-positive, then 0,(PD[pt]) =0 and PD[L]" ¢ Im(J,).

R

nov Coefficients.

The same conclusion holds for A
The next theorem is an analog of Theorem G [6] and follows from Theorem
1.2.

Theorem 15.5. Let (L1, Lo) be a pair of Lagrangian submanifolds of M of clean
intersection. Then, for each (bi,by) € Myeak(L1;R) Xpo Myeak(Lo; R), we
can associate a Floer cohomology HF((L1,b1), (Lo, bo); Agnov) with the following

properties. We put

HF((L1,b1), (Lo, b0); Affuor) ®ar AR = HF((L1,b1), (Lo, bo); AL,).

0,nov nov

(1) If Lo = Ly = L, then HF((L1,b1), (Lo, b0)§A§nov) coincides with the one
in Theorem 15.1.
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(2) If R is a field, then we have

rankye HF((L1,b1), (Lo, bo); AfL,) <) rankgH*(Rp; O ),
Rk
where each Ry is a connected component of Lo N Ly and @]}h is a local
system on it.
(3) If : M — M’ is a symplectic diffeomorphism with(L;) = L., (i =0, 1),
then we have a canonical isomorphism

(M HF((lebl)v (L07b0);Agnov) = HF(( llvw*bl)’ (Lévw*bo);Agnov)

where Yy : Myeak(Li; R) — Myeax(Li; R) is as in Theorem 15.1. The
isomorphism 1, depends only on the isotopy class of symplectic diffeo-
morphism ¢ with ¢¥(L;) = L}. We also have (¢ o ¢'), = 1, o 9.

(4) If vf - M — M (i = 0,1, s € [0,1]) are Hamiltonian isotopies with
VY = identity and ¥} (L;) = L., then it induces an isomorphism

(¢f7¢8)* : HF((lebl)a (Lo,bo);Afov) = HF(( llﬂvb%*bl)?( 67¢6*bo)§Afov)'

The isomorphism (¢¥3,1§)« depends only the isotopy class of the Hamil-
tonian isotopies ¥ : M — M (i = 0,1, s € [0,1]) with ¢) = identity and
Yi(L;) = L.. The isomorphism (15,18)« is functorial with respect to the

composition of the Hamiltonian isotopies.

(5) HF((L1,b1), (Lo, bo); AE.o,) is a bimodule over the ring pair

0,nov
(HF((L1,b1), (L1,b1); Al uee)s HE (Lo, bo), (Lo, bo); Afuey) -

The isomorphisms (3), (4) are bimodule isomorphisms.

We state Theorem 15.5 only in the case when (Li, Ly) has clean intersection.

In the case when R is a finite field, we can use a version of Theorem 6.1.25 [6]
R

in the same way as in [6] Subsection 6.5.4 to remove this assumption over Ag',,.,

coefficients.

[6] Theorem I can be generalized as follows.

Theorem 15.6. Under Assumption 15.2 (1) or (2), we assume that Myeax(L; R)
is non-empty. Denote A = Y rank H,(L;R), B = Y, rankKer(H.(L; R) —
H,.(M;R)). Then we have

#(LNG(L) > A-2B
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for any Hamiltonian diffeomorphism ¢ : M — M such that L th ¢(L).

The proof is the same as that of [6] Theorem I using Theorems 15.3 and 15.5.

Theorem J [6] is generalized as follows. We consider the case when Assumption
15.2 (1) or (2) is satisfied. Let ¢ be a Hamiltonian diffeomorphism. We assume
¢(L1) is transverse to Lo and b; € Myeax(Li; R) with PO (bg) = PO(b1). Since
the algebraic argument in Subsections 6.3.1 and 6.3.2 [6] works over an arbitrary
field R, we can prove

b
(98) HF((LI; bl)a (L07 bO)? A(I)%,nov) = (A(I]?tnov)@a D @(A(I){:nov/T/\iAORinov)
i=1
in the same way as in [6] Theorem 6.1.18 (and also Theorem 6.1.20). We call a
the Betti number and \; torsion exponents.

Theorem 15.7. Under Assumption 15.2 (1) or (2), we denote
b([[ol) = #{i | A = lloll},

where \; are the torsion exponents as in (98) and ||| is the Hofer norm. Then
we have

(99) #(#(L1) N Lo) = a+ 2b(|[¢]])-

The original proof of Theorem J [6] contains an error related to an energy
estimate. See [13]. We now have corrected it in [13]. Then the proof of Theorem
15.7 is the same as that of Theorem J given in [13]. Theorem 6.1.25 [6] can be

generalized in the same way.
15.2. Proof of Theorems 1.3 and 1.4.

Proof of Theorem 1.3. We prove Theorem 1.3 by contradiction. Suppose that the
Maslov class vanishes. Theorem 15.2 and the assumption imply that all the ob-
struction classes [ozmk (L; weak)] are in H?(L;Zs). Therefore by assumption that
H?(L;Zy) = 0, we have b such that the Floer cohomology H((L,b), (L,b); AZ2 )

0,nov
is defined.

By Theorem 15.4 (1) we have §,(PD|[L]") = 0. Moreover by Theorem 15.4 (2)
PDIL) ¢ Im§,. Thus we have H((L,b),(L,b); A%2) # 0. Then Theorem 15.5
(1),(4) imply that

H((L,b), (¥(L), b); Agdy) # 0
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for any Hamiltonian diffeomorphism . Theorem 15.5 (2) now implies

LOy(L) #90,

which leads to a contradiction. O
Theorem 1.4 follows easily from Theorem 1.3.

15.3. Maurer-Cartan moduli space over AL
Ao algebra (S(L; AF

0,nov

Omov+ We considered the filtered
), {mz}) in Sections 13 and 14. For b € S*(L; AT ) we

0,nov
define a deformation of filtered A, structure by

(100) wl(z1,. .., Z ka+zg (b5, xq, b, g, b)),
lo=0  £—0

Using the fact that b = 0 mod A
(100) converges 1n T adic topology. The Maurer-Cartan equation (97) becomes

we can prove that the right hand side of

0 nov

mo =0 mod AO o€

In the case R =R (resp. C), this story is generalized in [10, 11, 5] to the case
when b € SY(L; AR ) (resp. b € SY(L;A§

O.nov dnov)) as follows. We recall the case

R = R only, because the case R = C is similar. We put

b="by + by
where
b€ SHL:R), by e SHLADE®) o @) s (L A N )e ",
k>1
Here Aé I)IOV is the degree 0 part of AO nov» Namely, the part which does not contain

the indeterminate e. We assume 9b; = 0, where 0 is the usual boundary operator.
(This will follow from the Maurer-Cartan equation.) We decompose my, as

my = Z T“’(ﬁ)e“(ﬁ)ﬂmkﬁ.
BETl>(M,L)
In the situation of [10, 11, 5] we take the moduli space Mj.1(8) and its pertur-
bation so that it is compatible with the forgetful map of the 1st,. .. k-th marked
points My1(68) — M1(B). (See [5] Section 5 for the precise description of the
compatibility.) We used this fact to show the following formula for b; € S*(L;R):

— — b1(0p))"
(101) > s, m b)) = (1(6,@)“%,,8(951, ey TE).

bo+tl=C
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(See [11] Lemmas 7.2, 9.2 and [5] Lemma 13.1.) Using (101) we define for b €
Sl<L AI§HOV)

(102)

my (21, ..., 2) = Z Z TP el )2 exp (b1 (9B)) My g5 0,500, 21, ., 2, bF)
B €0yrliy=0

by modifying the definition (100) for the case b € S'(L Agﬁv) See (11.4) in [11]

for toric cases. Using Gromov’s compactness we can show that the right hand
side converges in T' adic topology. (See [11] Section 9 and [5] Lemma 13.3.) This
definition is closely related to the idea of [3] to use nonunitary flat bundles on L.
Namely, in this case we take a flat line bundle with monodromy

v — exp(b1(7)).

In order to generalize this story to the case when R # R, C but R is a Dedekind
domain or a finite field, there are two points we need to take care of.

Firstly the compatibility of the perturbation to the forgetful map My1(5) —
M () is hard to prove when we use single valued perturbations. (The proof of
[5] does not work.) So instead of proving (101) we use the right hand side as the
definition.

Secondly there is a denominator ¢! in (101) which may not be invertible in
R. So instead of requiring by € R we require exp(b1(93)) € R. (Compare [11]
Remark 11.5.)

After these explanations we state our results. We conside a pair (p,by) where

p € Hom(mi(L), R"), by € SHLANIE™) & @ W2 (L ATM )e ™.

0,nov 0,nov
k>1

Here R* is the group of units of the ring R. We put
(103)

MWC&k(L AO nov) - { p7 b-i- ‘ ZTUJ eu(ﬁ)/Q (8/8)mk /3( ) =0 mod AO nov® }
ﬁ?

The infinite sum appearing in (103) converges in T adic topology.

Remark 15.3. We may use a flat vector bundle in place of a flat line bundle p.

We say (p,by) is gauge equivalent to (p', V) if p is conjugate to p’ as repre-
sentations of 71(L) to R* and by is gauge equivalent to 0/, as Maurer-Cartan
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elements of the filtered Ao structure m} in the sense of [6] Definition 4.3.19,
where

mf = Z T“’(ﬂ)e“(ﬂwp(aﬁ)mkﬁ.
B

We denote the set of gauge equivalence classes of ﬂweak(L; Aé%nov) by
Mweak(La A&nov) .

Definition 15.4. For (p,by) € Mweak(L;Agnov) we define a deformed filtered

Ay structure m,(f b+) by

mlgp’b+)(x1, CeTE) = Z Z T“(ﬁ)e“(ﬂ)mp(aﬂ)mﬂz giﬂ(bﬁ),ml, . ,xk,bﬁf).
3 lo,.l=0

We use it in the same way to show the following:

Theorem 15.8. Theorems 15.1, 15.8, 15.4, 15.5 hold with Myeax(L; R) replaced
by Mweak(L; AR )

0,nov

Remark 15.5. We may take the pair (p, bhigh) where

pim(L) > {y € Aoy [y=7 mod AJY,, 7€ R}

0,nov>’

and

Dhign € @D ST (L AL )e
E>1

in place of (p,b4).

In [10] we discussed the case of 7" = L C X where X is a toric manifold and
T™ is an orbit of the T™ action. There we take b = > x;e;, x; € ASHOV. We then
change the coordinate from x; to y; = exp(x;). This corresponds to take p as
above. Thus in case y; is congruent to an element of R* modulo AJ ;ﬁv we can
apply the argument of this section. In the toric case, there are many examples
where the leading order term of y; is in a number field (a finite extension of Q)
or its integer ring. (In particular, y; is a unit of its appropriate localization.) For
example, in the case X = CP" nonvanishing Floer cohomology appears when y;
is the (n + 1)-th root of unity. Thus we have many examples for which it seems

interesting to study Floer cohomology over A&no\, with a Dedekind domain R.
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15.4. Hochschild homology, operator p’ and degeneration of the spectral
sequence. In this subsection we prove Theorem 15.3 (3) and the claim PD|pt] ¢
Im(d,) in Theorem 15.4 (1). In their proofs over Q coefficients given in [6], we
used the operator p whose domain is the cyclic homology of L. See Subsections
3.8.1 and 6.4.2 in [6]. Since it is rather difficult to study cyclic homology over
torsion coefficients, we use the Hochschild homology instead in this subsection.

Let (C,{my}) be a filtered A algebra. We put

———00

(104) CH(C) =P, _ Besr(CL].
We define the Hochschild differential §7 on it by
§H(zo® -+ ® )

— Z (—1)*1;1’:{:0@-..@1’2‘_1 ®m]—l(x277$]—1)®x]®®xk
0<i<j<k
k

+ Z(*l)*l;i-‘rlxo QR ® mk—i(xiJrl? ey .’Ek)
(105) =0

+ Y (DM (T, Tk B0, ) @ T ® - ® T
0<i<j<k

k
+Zmi+1(m0,...,xi) QXj11 Q-+ Q X,
=0

where *;; = degzo + -+ + degx;—1 + 1, *2,; = (degzo + --- + degx; +j +

1)(degzjt1 + -+ + degay + k — j). (Note the sum of terms containing myg is

tromy(l) @21 @ Q£ +x0® -+ ®xp @ mp(l), each term of which

comes from the first and second lines of (105). ) It is straightfoward to check
5o s =0.

We thus obtain a chain complex (CH(C[1]), ).

We next define a chain map

P’ (CH(S(L; Affuo)[1]),6™) — S(M; Affey)-

0,nov

We use the moduli space My.;(f) which we defined in Section 11. (It is the
moduli space of pseudo-holomorphic discs of homology class ¢ with & boundary
and 1 interior marked points.) We have evaluation maps

(ev,evT) = (evy, ..., evg,evt) : Mg (B) — LF x M.



284 Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, Kaoru Ono

The boundary of the moduli space is described as follows.
oMa(B)= | U U Mea(B)ew Xew, Miyi1:1(B2)
B1+L2+0 k1+keo=k i=1,...,k2

@] U U U Mk1+1;1(51)ev0 Xev; Mk2+1(ﬁ2)'

B14B2+8 ki+ko=k i=1,....k2

(106)

Let Py,..., P; be smooth singular chains on L. We put
M (Bs Py, ..o, Pr) = My (B)ev X (Py X -+ X Py).
In Sections 13 and 14 we took a global section of

Mk—f—l(ﬂ; Py, .. ~aPk:) = Mk-&-l(ﬁ)(em,...,evk) X (Pl XKoo X Pk)a

which is normally conical. Then we took a triangulation of its zero set so that
the virtual fundamental chain is defined. (We use our assumption that (M,w) is
spherically positivity here.) Now we have:

Lemma 15.9. We can take a global section of My.1(8; P, ..., Py) which satisfies
the conclusion of Theorem 3.1 and is compatible with the description (106) of its
boundary.

We clarify the meaning of compatibility with (106) during the proof.

Proof. Once we clarify the meaning of the compatibility with (106), the lemma
follows from (relative version of) Theorem 3.1, by an induction on w(3) and k.
(We define triangulation of its zero set at the same time by induction.)

We first study the first term of the right hand side of (106). We consider

Mkl—‘rl(ﬁl; -Pi7 ceey -Pi+k1—1)'

It corresponds to the first factor of the first term of the right hand side of (106).
We fixed a global section of it already. A triangulation of its zero set is also taken
already. So using evg we have smooth singular chains P, ..., P, of L such that

Pll —+ -+ P(; = mklﬁl(Pi, ey Pi+k1—1)-
(In case R is not characteristic 2 we need an appropriate sign.) We next consider

(107) Miyi11(B2; Pry oo, Pict, Py, Py, P).



Lagrangian Floer Theory over Integers 285

The sum of these spaces over j = 1,...,a corresponds to the first term of the
right hand side of (106). By induction hypothesis a global section of (107) and
the triangulation of its zero set are already taken.

We next study the second term of the right hand side of (106). We consider

(108) Mk2+l(ﬂ2)evl,,..,evifl,evprl,‘..,evk2 X (Pl X X Pifl X Pz'-l—kl XKoo X P/c)

This corresponds to the second factor of the second term of the right hand side
of (106). We rename the boundary marked points such that the i-th boundary
marked point becomes the 0-th marked point and that the cyclic order of the
boundary marked points is preserved. Then (108) is identified with

Mk2+1(ﬂ2;Pi+k‘17 .. '7Pk:aP17' . ';B*l)-

In Sections 13 and 14 we took a global section of this moduli space and a tri-
angulation of its zero set. Together with evy, which is the evaluation map at
the renamed 0-th marked point on the f2-disc, it defines smooth singular chains
P!,..., P of L. We then consider

(109) Mkl—l—l,l(/ﬁl;P]{/vBa"'aPi—l-k:l—l)-

By induction hypothesis a global section of (109) and a triangulation of its zero
set are already taken. Note (109) corresponds to the second term of the right
hand side of (106).

Thus we have found the way how to define the global section of the boundary
of My.1(B; P1,...,P). The compatibility at the codimension > 2 corner can be
checked easily. The proof of Lemma 15.9 is now complete. O

Definition 15.6. We put
p?g;ﬁ(le . aPk) = (Mk;l(ﬁ;Plv s 7P/€)7€v0) € S(M7R)

Here (S(M; R),0pr) is the smooth singular chain complex with R coefficients. We
also denote by &, its extension over A(Ifnov coefficients. We define

0,nov 0,nov

b= ST D2 B(S(L AR o)1) — S(M3 AR o)
B

and

0,nov

P= P CH(S(L; Aguo)[1]) = S(M; Aflyey)-
k
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Let iy : S*(L; R) — S*(M; R) be the Gysin homomorphism. Then we show
the following properties which are analogs of (3.8.10.1) and (3.8.10.2) of [6].

Lemma 15.10.

(110) pi =14 mod AL,
(111) Spop +p o =0.

Proof. (110) is nothing but (3.8.10.1) of [6]. Note that pj g = p1o = 4. (111) is
a consequence of Lemma 15.9. In fact, the first term of the right hand side of
(106) corresponds to the first and the second terms of (105) and the second term
of the right hand side of (106) corresponds to the third and the fourth terms of
(105). O

We can include the homotopy unit to the story of p’ as follows. Let (C,{my})
be a filtered Ay algebra. We put Ct = C @ Af et & Al f. If C has a
homotopy unit, we can extend the filtered A, structure of C' to ones on Ct such
that e™ is the exact unit. (See [6] Section 3.4 for the precise definition.) Our Ay
algebra S(L; Aé‘%nov) has a homotopy unit. (The proof of this fact is the same as
in [7] Section 7.3 using (relative version of) Theorem 3.1.) Now we can use the

construction of [7] Subsection 7.4.1 to extend p’ to

P CH(S(Li Afo) T[1]) = S(M; Af o)

0,n0v
that satisfies
(112) Spopt 4+ ptost =0.
Moreover it satisfies
(113) pr(..,ef ) =0
for k # 1. We also have p|"(e*) = PD[L].

Remark 15.7. The R = Q version of this statement is (3.8.10.4), (3.8.10.5) [6].
We note that (3.8.10.6) [6] states p3 (re™) = x. Actually this is an error. The
correct statement is p3 (vet) = 0.

Now we use this operator to prove Theorem 15.3 (2) and PDIpt] ¢ Im(J,) in
Theorem 15.4 (1). Let b € Myear(L; R). Namely b € S(L; Al )T is degree 1

0,nov
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such that b= 0 mod AT® and b satisfies

0,nov

(114) D mp(b*) =0 mod AJl et
k

We define p;f - S(L; Agnov)+[1] — S(M; A(}fnov) by
(115) ppi () = p't (zeh).
Lemma 15.11.
(116) pyt =i mod Ag L,
(117) pyTomb + Sy oppt = 0.

Proof. Since b=0 mod Aatﬁv, (116) follows from (110). To prove (117), we first
note that (112) implies

5M(p'+(xeb)) + p’+(m(ebxeb)eb) + p’+(mebm(eb)eb) =0.

The first term is dp7op," by definition. The second term is p;" om§ by definition.
The third term is zero by (113) and (114). Hence the lemma. O

The conclusion of Lemma 15.11 is the same as [6] Lemma 6.4.5 (for the case
b = 0). Therefore we can prove Theorem 15.3 (3) and the claim PD[pt] ¢ Im(J,)

in the same way as in [6] Subsection 6.4.2 and Subsection 6.4.3 respectively. [

Remark 15.8. We do not know how to generalize the formula [6] (3.8.10.3)
p1omo(l) 4 dar o po(1) + GWo 1 (M)(L) =0

to our situation. So we do not know how to generalize [6] Theorem 3.8.11 to Z or
Zy, coefficients. In fact, the proof of [6] (3.8.10.3) uses the moduli space M. ()
of pseudo-holomorphic discs without boundary marked point. An element of this
moduli space may have a nontrivial automorphism even in case it does not have
a sphere bubble. So the argument of Section 12 does not apply.
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