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On Hermitian Forms over Dyadic Non-maximal Local
Orders
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Abstract: We reduce a study of polarized abelian varieties over finite fields
to the classification problem of skew-Hermitian modules over (possibly non-
maximal) local orders. The main result of this paper gives a complete classi-
fication of these skew-Hermitian modules for the case where the ground ring
is a dyadic non-maximal local order.
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1. INTRODUCTION

Let p be a rational prime number. Let R := Zs[X]/(X? + p) = Za[r], an order
of the Qq-algebra F := Q3[X]/(X? + p), where Zy is the ring of 2-adic integers,
and 7 is the image of X in R. Denote by a — a the non-trivial involution on F
and Og the ring of integers in E. By a skew-Hermitian module over R we mean a
Zo-free finite R-module M together with a Zs-valued non-degenerate alternating
pairing

Y Mx M — Zs
such that ¥ (ax,y) = ¥ (z,ay) for all a € R and z,y € M. If M is self-dual with
respect to the pairing 1, then it is called a self-dual skew-Hermitian R-module.
In this paper we study the classification of self-dual skew-Hermitian modules
over R. As an elementary fact, the ring R is the maximal order if and only if
p=2orp=1 (mod4). It is easier to handle the case where R is maximal;
the classification is known even for any non-Archimedean local maximal order of
characteristic not equal to 2, due to Jacobowitz [6]. We give an exposition of the

Received July 14, 2010
MSC (2010): 11E41, 14K15.



1118 Chia-Fu Yu

classification in Section 2, for the reader’s convenience. The main part of this
paper treats the case where R is not maximal, that is, the case p = 3 (mod 4).
We now describe the main results.

Let r > 1 be an integer. Let S, be the set of symmetric matrices in GL;,(F2).
Define the equivalence relation ~ on S, by A ~ B, for A, B € S, if there exists a
matrix P € GL,(F3) such that B = P!AP. Denote by S,./ ~ the set of equivalence
classes in S,. Define integers m, for » > 0 by mg := 1 and

(1.1) my = #Sy/~, Vr>1.

Theorem 1.1. Assume p =7 (mod 8). There are

(1.2) > my
r=0

non-isomorphic self-dual skew-Hermitian R-modules of Zo-rank 2n.

Theorem 1.2. Assume p =3 (mod 8). There are

(1.3) S m,
r=0

non-isomorphic self-dual skew-Hermitian R-modules of Zo-rank 2n.

The proofs are given in Sections 4 and 5. Though the statements of Theo-
rems 1.1 and 1.2 look the same, the structures in the classification are different.
It is easy to compute the integers m,.; see Lemma 4.7. The classification problem
for (Zg-valued) skew-Hermitian R-modules is equivalent to the same problem for
Hermitian R-modules. Indeed, let (M, 1)) be a skew-Hermitian module over R.

Then there is a unique Hermitian form
o: MxM—2"R
such that
1/)($7y) = TrE/QQ 7T(,0(£1;‘,y), Va,y € M.
Here m is the largest integer such that R C 2R, where R" is the dual lattice of
R for the pairing (a,b) — Trg/q,(ab); in fact m = 0 or —1 depending on whether

R is maximal or not, cf. § 5.1. Conversely, given a Hermitian R-module (M, )
we get a (Zg-valued) skew-Hermitian R-module (M, 1)) by setting

Iﬁ(x,y) = TrE/QQ WQO(.’E,y), V$7y € M.
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It is worth noting that when p = 3 (mod 4), the ground ring R is not hereditary
(see Remark 3.4), nor the condition that a4+ a = 1 for some a € R is not fulfilled.
Therefore, results in the paper complement those of Riehm [12], and a general
Witt type cancellation theorem [1, Theorem 3] obtained by Bayer-Fluckiger and

Fainsilber; see Propositions 4.4 and 5.7.

The motivation of this work is to determine the Tate modules of certain abelian
varieties over finite fields as Galois modules. The reader who is not familiar with
abelian varieties may consult the reference [9] by Mumford. An abelian variety
A over a field k of characteristic p is said to be superspecial if it is isomorphic
to a product of supersingular elliptic curves over an algebraic closure k of k.
Let X, (FF,) denote the set of isomorphism classes of n-dimensional superspecial
abelian varieties (A, \) over [, together with a principal polarization X over [,
such that 7r?4 = —p, where w4 is the Frobenius endomorphism of A. Suppose
(A, ) is an element in X,,(F,). For any prime £ # p, the associated Tate module
Ty(A) is a free Zsp-module of rank 2n together with a continuous action p4 of
the Galois group G := Gal(F,/F,) and a Galois equivariant self-dual alternating
pairing (the Weil pairing)

ep: Ty(A) x Ty(A) — Z(1),

where

Zo(1) = lim juon (F,)
is the Tate twist. Let o : © — 2P be the Frobenius automorphism of G. Since
ox = mpx for all z € Ty(A), the action of the Galois group G on the Tate module
Ty(A) factors through the quotient

LZe[G) — Ze[X]/(X? + p) = Ze[ma].

The pairing ey induces an involution a — @ on Zg[m 4] by the adjoint. It follows
from maT4 = p and 7r124 = —p that this involution is non-trivial. Fix an iso-
morphism Z,(1) ~ Zy as Zy-modules. The problem of classifying Tate modules of
superspecial abelian varieties in ¥,,(F,) as G-modules together to the Weil pairing

amounts to

(1) classifying self-dual skew-Hermitian modules over the ring Z,[X]/(X?+p),
and



1120 Chia-Fu Yu

(2) determining the image of 3, (F,) in the set of isomorphism classes of
skew-Hermitian modules over Z;[X]/(X? + p).

The second problem seems to be hard. Besides, in order to state the result
of the second problem, one needs an explicit description of the classification. In
this paper we limit ourselves to the first problem.

As mentioned before, if the ring Z,[X]/(X? + p) is the maximal order in the
(commutative and semi-simple) Qg-algebra Q[ X]/(X?+p), then the classification
is known. As well-known the ring Z,[X]/(X? + p) is maximal except when ¢ = 2
and p = 3 (mod 4), which is also the most complicated case. Theorems 1.1 and
1.2 solve the first problem in this exceptional case. An immediate consequence
of Theorems 1.1 and 1.2 (also using Lemma 4.7) is the following result.

Theorem 1.3. Notation as above. Assume p = 3 (mod 4). There are at most
n + |n/2| isomorphism classes of polarized 2-adic Tate modules (To(A), pa,e2)
for all elements (A, X) in 3, (F)p).

The paper is organized as follows. In Section 2 we give an exposition of the
classification of Hermitian forms over non-Archimedean local maximal orders
of characteristic not equal to 2, following Jacobowitz [6]. Section 3 gives the
complete classification of R-modules. Sections 4 and 5 treat the classification of
skew-Hermitian R-modules in the split case p = 7 (mod 8) and the inert case
p =3 (mod 8) separately.

Acknowledgments. The manuscript is prepared during the author’s stay at
I'Institut des Hautes Etudes Scientifiques. He acknowledges the institution for
kind hospitality and excellent working conditions. The research was partially
supported by grants NSC 97-2115-M-001-015-MY3 and AS-99-CDA-MO1. The
author acknowledges the referee for his/her careful reading and helpful comments
which remove many errors and inaccuracies.

2. HERMITIAN FORMS OVER LOCAL FIELDS

In this section we give an exposition of the classification of Hermitian forms over
local maximal orders, for the reader’s convenience. Our reference is Jacobowitz
[6].
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2.1. Hermitian spaces. Let F' be a non-Archimedean local field of char F' # 2.
Let Op be the ring of integers of F, and 7w a uniformizer of Op. Let E be a
quadratic field extension of F'; E is necessarily separable over F'. Let Og be the
ring of integers in F, and 7 a uniformizer of Og. Write a — a for the non-trivial
automorphism of E over F, and let m = 7p if the extension F/F' is unramified.
Let v be the normalized valuation on E such that v(7) = 1.

By a Hermitian space over E we mean a finite-dimensional vector V' over E,
together with an F-bilinear pairing

h:VxV—-FE

such that h(az,by) = abh(x,y) and h(y,z) = h(z,y) forall a,b € E and z,y € V.
The pairing h is called a Hermitian form. It is called non-degenerate if the
induced linear map V. — V* := Hompg(V,E) by z — h(-,z) is injective (and
hence isomorphic). By a Hermitian module over O we mean a finite free Opg-
module L together with a Hermitian form h on V = E ®o, L, not necessarily
assumed that h(L,L) C Opg. It is called non-degenerate if the Hermitian E-
space (V, h) is non-degenerate; it is unimodular if h(L, L) C Og and the induced
map L — L* := Homp,(L,Og) is an isomorphism. A full rank Og-submodule
in a Hermitian F-space is usually called an Opg-lattice. A decomposition of a

Hermitian module (resp. space) L into submodules (resp. subspaces) Ly and Lo:
L=1,®Ls

means that L = Ly + Ly, L1 N Ly = 0 and h(z,y) = 0 for all x € Ly and
y € Ly. For a submodule (resp. subspace) L; of L, denote by Li- the orthogonal
complement of Ly in L.

Lemma 2.1. Any Hermitian space (V,h) over E has a decomposition
V=Vtown,

where Vi is any E-linear subspace complementary to the null subspace V*. The
Hermitian subspace Vi, if non-zero, is non-degenerate and the projection Vi —
V/VL s isometric.

From now on, we assume that (V,h) is non-degenerate. The determinant or
discriminant of V' (resp. of a lattice L), denoted by dV (resp. dL), is defined
as det(h(x;,x;)), where x1,...,x, is an E-basis for V' (resp. an Og-basis for L).
The determinant dV (resp. dL) is unique up to an element in Ng,p(E£>) (resp.
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Ng/p(Op)). Write dVi ~ dV (resp. dLi =~ dLs) if there is an element a €
Ng/p(EX) (resp. a € Ng/p(Op)) such that dVs = a - dVy (vesp. dLo = a-dLy).

Theorem 2.2.

(1) We have V. = Ex1 @ -+ ® Exy—1 ® Ex, with h(z;,x;) = 1 for i =
1,...,n—1 and h(xy,x,) = dV.

(2) Two Hermitian spaces Vi and Va over E are isometric if and only if
dim V] =dim V5 and dVq >~ dV5.

PrOOF. This is Theorem 3.1 of [6]. The statement (1) follows from the fact that
any non-degenerate quadratic form of rank > 4 over F' represents every non-zero
element in F'. The statement (2) follows from (1).

2.2. General properties of Hermitian lattices. Let (L,h) be a Hermitian
lattice. For any elements x1,...,z, in L, denote by < z1,...,z, >0, the Op-
submodule generated by x1,...,x,. If L has an orthogonal basis z1, ..., z, with

h(zi, z;) = o, we will write
L=<21>® - ®<zp > (1) B DB ().
Definition 2.3.

(1) A vector x € L is called mazimal if x & L.

(2) Let sL := {h(z,y)|z,y € L}, and let nL be the Og-submodule in F
generated by elements h(z,x) for all x € L. Clearly, one has nL C sL.

(3) We call L normal if nL = sL, and subnormal otherwise.

(4) A lattice L is called 7'-modular, where i € Z, if h(z,L) = () for every
maximal vector x € L; L is called modular if it is 7’-modular for some
i € Z.

Clearly, if L; and Lo are both 7*-modular, then so is their direct sum L; & Lo.
Any rank one lattice is modular. The lattice L =< z,y > with v(h(z,y)) =
i,v(h(z,r) > i, and v(h(y,y)) > i is a 7'-modular plane. We write

()
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for the Hermitian plane (O%, h) with h(e1,e1) = a, h(e1, e2) = band h(es, e2) = c.
For any ¢ € Z, define the hyperbolic plane H(i) to be

0 7t
70/

Proposition 2.4. There is an Op-basis 1,...,Tr, Y1, - .-, Ys, 21, - - - » Zs Such that
V=<21>® &<z, >0 <Yy,21 >D D < Ys, 25 >

and all components are modular.

ProOF. This is Proposition 4.3 of [6].

Proposition 2.5. A w'-modular lattice L has an orthogonal basis if any of the

following conditions holds:

(1) L has odd rank.
(2) L is normal.
(3) @ =0 and there is an element a € E such that v(a) = v(a+a) = 0.

PRroOOF. This is Proposition 4.4 of [6].
Definition 2.6.
(1) For any integer j € Z, define
Ly ={x € L|h(z,L) C (x7) }.

This defines a decreasing filtration {L;} on L.
(2) A decomposition L = @1<x<¢Ly of L is called a Jordan splitting if each
L) is modular and

sLi 2D ..., sLy.

Two Jordan splittings
L = ®1<xn<tly, K =®1<a<rK)y

are said to be of the same type if t = T, and for each A, one has
sLy =sK), rankL, =rankK),

and either both Ly and K are normal or both are subnormal.
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It follows from Proposition 2.4 that every lattice has a Jordan splitting. Any
two Jordan splittings of a lattice L are of the same type (see [6, p. 449]). For
a Jordan splitting L = @)L, define the integers s(A) and u(\) = wug(A) for
A=1,...,t by

sLy = (1°™V),  nLny) = (1Y),
and the fractional Og-ideals f(A) for A=1,...,t—1 by
f(>\) — (ﬂ_u()\)-l—u(k—i-l)—Qs()\)).

Since any two splittings are of the same type, the invariant {s(A)}, and hence the
invariants {u(A)} and {f(\)} are independent of the choice of Jordan splittings.

Theorem 2.7. Suppose E/F is unramified. Then

(1) There is an element a in E such that v(a) = v(a +a) = 0.
(2) Any 7 -modular lattice L is isomorphic to (%) @ ..., (7).
(3) Any two lattices are isometric if and only if they are of the same type.

PrROOF. This is Theorem 7.1 of [6].

Theorem 2.8. Suppose that E/F is ramified and non-dyadic.

(1) Let L be a w*-modular lattice of rank n.
If i = 2d is even, then

LYoo @) e (r~Ddgr).
If i is odd, then n is even and
L~H(i)®---®H(i).

(2) Let L and K be two lattices with Jordan splittings ®Ly and ® Ky, respec-
tively. Then L ~ K if and only if L and K are of the same type and
dL; ~ dK; for every index j for which s(j) is even.

PROOF. These are Proposition 8.1 and Theorem 8.2 of [6].

Theorems 2.7 and 2.8 complete the classification in the cases where E/F is un-
ramified, or E/F is ramified and non-dyadic. It remains to describe the ramified

dyadic case.
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2.3. The ramified dyadic case: modular lattices. In the remaining of this
section we assume that F/F is ramified and dyadic.

Proposition 2.9. Suppose that L is a m*-modular lattice of rank > 3. Then
L~Lo®dH@)® @& H(i).

where Lo is a ' -modular lattice of rank one or two satisfying nLy = nL.

PrOOF. This is Proposition 10.3 of [6].

Proposition 2.10. Let Ly and Ly be two m'-modular lattices. If L1 & H (i) ~
Lo @ H(i), then Ly ~ Ls.

ProOF. This is Proposition 9.3 of [6].

By Propositions 2.9 and 2.10, the classification of modular lattices is reduced

to the case of planes. Furthermore we may assume that ¢ = 0 or 1.

We need a classification of dyadic ramified extensions. For an element a in
Oy, denote by dp(a) the smallest Op-ideal J such that a mod J is a square.
If a is a square, then define dp(a) to be (0). Since the squaring = +— 22 is an
automorphism on O /(7r), one has 9p(a) C (7p) for any a € Of. It is known
that the Op-ideals occurring as 9 (a) for some a € Oy, are precisely (0), (4), and

all (m211) with 0 < 2k + 1 < vg(4) where vp(np) = 1. Furthermore, one has
or (1 72) = ()
for every 6 € O and every integer k such that 0 < 2k + 1 < vp(4).

Write £ = F (\/5), where 6 is a non-square unit or a prime element. We have

the following two cases [6, p. 451]:

(a) 0 is a prime element, or
(b) 6 is a unit and 0p(0) = (72 ) with 0 < 2k + 1 < vp(4). In this case,

E = F((1+ n2+15)1/2)
for some unit § € OF.

Note that the case 9p(0) = (4) occurs only when E/F is unramified. We refer the
case (a) as ramified prime, (“R-P”), and the case (b) as ramified unit, (“R-U").
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We use a notation from [6, p. 450]: to indicate an unspecified element a in F
with v(a) > v(b), we shall write a = {b}; to indicate an unspecified element a
with v(a) = v(b), write a = [b].

Proposition 2.11.
(1) If L is w*-modular, then nL D nH(i).
(2) Ifa € F is any element in nH (i), then the w'-modular lattice (OZ. m > is
T a

isomorphic to H(i).

Proor. This is Proposition 9.1 of [6].

Proposition 2.12. Let L be a w*-modular plane, where i = 0 or 1, with nL =

(1) If L is isotropic, then L ~ H(i).

(2) Either in R-P with i = 1 or in R-U with i = 0, the lattice L must be
isotropic; particularly one has L ~ H(i). In the other two cases, if L is
anisotropic, then (h(z,z)) = nL for any mazimal vector x € L.

(3) If K is another w*-modular plane, with nK = nL and dK ~ dL, then one
has K ~ L.

Proor. This is Proposition 9.2 of [6].

Propositions 2.11 and 2.12 handle the case where L is a 7’-modular plane with
nL = nH (i), the minimal case. The other case nL # nH (i) is treated in the
following proposition.

Proposition 2.13. Let L be a w'-modular plane, where i = 0 or 1, with nL =
(72m) 2 nH(i).

11
(1) If L is normal, then L ~ (1) @ (dL) ~ (1 {1}> .
(2) If L is subnormal, then

N T t
L‘(ﬂ{@)

where a = 47?}7”“ in R-P, and a = 47?}2]“_7””_1 in R-U.
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ProOOF. This is Proposition 10.2 of [6].

Using Propositions 2.9-2.13, one can obtain the following characterization for
modular lattices (see [6, Proposition 10.4]).

Theorem 2.14. Let L and K be two ©*-modular lattices for some i € Z. Then
L ~ K if and only if rank L = rank K, nL. = nK, and dL ~ dK.

2.4. The ramified dyadic case: the invariants. Let L and K be two Her-
mitian lattices, and let I C Of be a proper ideal. We write dL/dK ~ 1 (mod I)
if v(dL) = v(dK) and there are Og-bases z; and y; for L and K, respectively,
such that

det(hp(x;,xj))/ det(hk (yi,y;)) =1  (mod I).

The following theorem [6, Theorem 11.4] gives a complete classification of
Hermitian forms over local maximal orders by the invariants.

Theorem 2.15. Let L and K be two Hermitian lattices. Suppose
L =®1<x<tLyx and K = ®1<x<7K)

are any Jordan splittings of L and K, respectively. Then L and K are isometric

if and only if the following four necessary conditions hold:

(1) L and K are of the same type.

(2) dL ~ dK.

(3) ur(N) = ur(A) forall X =1,...,t.
(4) Forallj=1,...,t—1, one has

AL & - ®L;)/dK & @ K;)~1 (mod f(j)).

3. UNPOLARIZED CASES

In this section we assume that p = 3 (mod4). Recall that R = Zy[X]/(X? +
p) = Zo[r] and E = R ®z, Q2 = Q2[r]. Let Og be the ring of integers of E;
Op is either a complete discrete valuation ring or is isomorphic to Zs X Zo. Put
a:=(m—1)/2. Then a € O and

Op = Zola] = Z2[X]/(X* + X + (p+1)/4).
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Put w:= 7 — 1, and one has
R="7olw] = Zo[X]/(X?+2X +(p+1)) and 20 =w.

We shall classify R-modules M which are free Zs-modules of finite rank. Write
< X1,...,Tm >p for the R-submodule of M generated by elements x1, ..., Zm,.

We divide the classification into two cases:

Case (a): p = 3 (mod8). In this case, the algebra E is an unramified
quadratic extension of Q2. We have (at least) two indecomposable Za-free finite
R-modules: R and O as R-modules. The R-module structure of Og is given as
follows: write O =< 1, >7,, then

(3.1) wl=2a and wa=-2a-(p+1)/2.

If M is an R-module of the form R®" ¢ O%S for some non-negative integers r
and s, then the integers r» and s are uniquely determined by M. Indeed, we have
r+s=dimg M Q74 Q9, and M/(Z,W)M = (]FQ)T D (FQ D FQ)S.

Case (b): p =7 (mod8). In this case, the algebra F is isomorphic to Q3 X Q5.
Let a1 and s are the roots of the quadratic polynomial X2 + X + (p+1)/4 in
Zs. By switching the order, we may assume that «; is a unit and ag € 2Z5. By
the Chinese Remainder Theorem, we have the isomorphisms

Op = Zsla) ~ Og/(a — a1) X Op/(a — ag) ~ Zo X Zs.

Clearly, X2 +2X + (p+1) = (X — 201)(X — 2a2) and (w — 201)(w — 2a2) = 0
in R. There are (at least) three indecomposable Zs-free finite R-modules:

R, R/(w-—2a1), and R/(w—2a2).
Among them, one has
Op ~R/(w—2a1)® R/(w—2a2)

as R-modules. If M is an R-module of the form R"®[R/(w—2a1)]*®[R/(w—2a2)]!
for some non-negative integers r, s and ¢, then the integers r, s and t are uniquely
determined by M. Indeed, we have

rankz, M = 2r +s+t, M/(2,w)M =T, o F @ F,
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and
M/(w—201)M = [R/(w — 2a1)]""* @ (Fq)".

Conversely, we shall show that the indecomposable finite R-modules described
in Cases (a) and (b) exhaust all possibilities.

Theorem 3.1. Let M be a Zo-free finite R-module. Then

(1) Assume p = 3 (mod 8) (Case (a)). The R-module M is isomorphic to
R" @ O3 for some non-negative integers r and s. Moreover, the integers
r and s are uniquely determined by M.

(2) Assume p =7 (mod 8) (Case (b)). The R-module M is isomorphic to
R @ [R/(w — 201)]" @ [R/(w — 202)]'

for some non-negative integers r, s and t. Moreover, the integers v, s and

t are uniquely determined by M.

PROOF. We have seen that the integers r, s (and ¢ for (2)) are uniquely deter-
mined by the R-module M. We now prove the first part of each statement.

(1) Assume p = 3 (mod 8). In this case we have M ®7, Q2 = M @pr E ~ E" ~
2n_and hence M ~ 73" and M := M/2M ~ F3". Let

(3.2) M = M/2M = (Folw]/w?)" ® (F2)*

be the decomposition as R/2R = Fa[w]/(w?)-modules. We first show that if
s =0, then M ~ R". Since r = dim M ®rFy = dimg M ®r F and R is a local
Noetherian domain, the module M is free.

Now suppose s > 0. Choose an element a # 0 € (F2)? and let x € M
be an element such that & = a. As Wz = 0, the element wzx/2 € M. Put
M :=< z,wx/2 >z,; it is an R-module and is isomorphic to Og. Let w’ denote
the conjugate of w; one has W' = —2 — w and ww’ = (1 + p). Note that (1 + p)/4
is a unit. Since Z ¢ w'M, one has x ¢ w'M. We show that wz/2 # 0. Suppose
not, then wx = 4y for some y € M. Applying o/, we get x = W'y’ for some
y' € M, contradiction. We show that the Fao-vector space M1 := Mi/2M =<
Z,wx/2 > is 2-dimensional. Suppose that = + wz/2 = 2z for some z € M. Since
(14 w/2) = —w'/2, we get © = —[4/(ww')] - wz € wM and T € WM = w'M,
contradiction. Therefore, the quotient M /M7 has dimension decreased by 2. On
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the other hand, the Zgy-rank of M /M; also decreases by 2. This shows that M /M;
is free as Zo-modules. If the integer s in (3.2) for M /M; is positive, then we can
find an R-submodule My =< z3,wz2/2 >7,~ Op not contained in the vector
space £ ®o, M; such that M/(M; + My) is free as Zo-modules. Continuing this
process, we get R-submodules M, ..., My, which are isomorphic to Og, such
that My +---+ My =M @---® My and M/(M;+---+ My) is a free R-module.
It follows that M ~ O%’ @® R". Since s’ and r’ are uniquely determined by M as
before, the integers s’ and r’ are actually equal to s and r in (3.2), respectively.
This proves (1).

(2) Assume p =7 (mod 8). Let
M, ={x e M|(w—2a1)x =0},
and
My :={x e M|(w—2a2)x=0}.
Using the relation
2= (w—20) (200 + 1) — (w—2a3)(2az + 1),

one shows that 2M C M; + My, and hence the quotient M/(M; + Ms) is an Fa-
vector space, say of dimension r. Let z1,...,z, be elements of M such that the
images Z1,. .., T, form an Fo-basis for M /(M; + My). Put Fy :=< z1,...,z, >R,
which is isomorphic to R", as Z}s form a basis for Fy/(M; + M) = Fy/(2,w)Fp ~
F;. Now (w — 2a2)Fy C M;, we choose elements yi,...,ys in M; so that the
images 41, . . ., ¥s form an R/(w — 2aq)-basis for M7 /(w —2as9) Fy, and put F; =<
Yi,---,Ys >Rr. We have

My :(w—2a2)F069F1, and FynNF; =0.
Similarly, we have a free R/(w — 2ag)-submodule F, of Ms, of rank ¢, such that
My = (w—?al)Fo@Fg, and FynNFy, =0.

We have (Fy + Fi) N Fy = FyNFy, = 0 and M = Fy + F; + F,, and hence
M = Fy @ F; @ F,. This proves (2). 1

Corollary 3.2. Assume p =3 (mod4). Let A be an n-dimensional superspecial
abelian variety A over F, with 7% = —p. Then the Tate module Ty(A) of A is
isomorphic to R"®© 0%, for some non-negative integers r and s such that r+s = n.
Moreover, the integers r and s are uniquely determined by To(A).
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PRrOOF. Note that the Tate space Va(A) = Th(A) ®z, Q2 is a free E-module
of rank n; this follows from the fact that tr(a; V2(A)) = ntr(a; E) for all a € R.
It follows that the numbers s and ¢ in Theorem 3.1 (2) above are the same.
Therefore, the corollary follows. &

Lemma 3.3. Assume p = 3 (mod4). Let n > 1 be an integer. For any non-
negative integers r and s with r+s = n, there exists an n-dimensional superspecial
abelian variety A, over F), with 71124 = —p such that the Tate module T»(A;) of A,
is isomorphic to R" © O3.

Proor. Choose a supersingular elliptic curve Ey over I, such that the endomor-
phism ring Endg, (Ep) is equal to the ring Ogq(/=p) of integers in the imaginary
quadratic field Q(y/—p), and a supersingular elliptic curve E; over F), such that
the endomorphism ring Endr, (Ejp) is equal to Z[\/—p] (see Waterhouse [17, The-
orem 4.2 (3), p. 539]). Put A, = E] x Ef, then the superspecial abelian variety
A, has the desired property. I

Remark 3.4. We recall that a (not necessarily commutative) ring A is said to be
left hereditary if every left ideal of A is a projective A-module [11, Section 2f,
p. 27]. One defines in a similar manner for the notion of right hereditary. If A is
both left and right Noetherian, then A is left hereditary if and only if it is right
hereditary [11, p. 29]. In this case A is simply called hereditary. Suppose that
A is a Dedekind domain with quotient field K so that A # K and B is a finite-
dimensional semi-simple K-algebra. A hereditary A-order in B is an A-order A
which is hereditary; note that A is both left and right Noetherian as it is finite
as an A-module. Write B = []'_; B; as the product of its simple factors and let
A; be the integral closure of A in the center K; of B;. Under the assumption
that each A; is a finite A-module, any hereditary A-order A in B has the form
A = [Ii_; A;, where A; is a hereditary A;-order in B;; cf. [11, Theorems 40.7,
p. 369]. The finiteness assumption is used to make sure that any A;-order in B;
is also an A-order. This assumption is fulfilled if A is Japanese or B is separable
over K, that is, the center of B is a finite product of separable field extensions
of K. We refer the reader to [8] for the definition of Japanese rings. Note that
Theorem 40.7 of [11] is proved under the stronger assumption that B is separable

over K; however, the proof only uses the finiteness assumption as stated.
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As a special case, if B is separable and commutative over K, then the maximal
A-order in B (it exists under the finiteness assumption) is the unique hereditary
A-order in B.

From the discussion above, the non-maximal order R = Zy[r] is not hereditary.

4. PROOF OF THEOREM 1.1.

4.1. In this section we assume that p = 7 (mod8). Thus, the algebra FE is
isomorphic to Q2 x Qo. Write g; : £ — Qo for the ith projection for ¢ = 1,2.
Let (M, ) be a self-dual skew-Hermitian R-module of Zs-rank 2n and let V :=
M ®z, Qq. For i =1,2, let

(4.1) V.= {l’ € V;ax =o;(a)z, Ya € E} and M':=ViAM

be the g;-components of V' and M, respectively. It follows from the property
Y(ax,y) = (x,ay) that each V? is an isotropic subspace over Q2. Thus, dim V* <
n for i = 1,2 and hence dim V! = dim V2. This shows that V is a free E-module
of rank n. Therefore, by Theorem 3.1, there are unique non-negative integers r
and s with 7 + s = n such that

(4.2) M ~ R¥" @ O%°

as R-modules. Note that » = 0 if and only if M = M+ M?, and we always have
M/(M' + M?) ~ (Z)2Z)".

Define a self-dual skew-Hermitian R-module (Ly, ¢p,) as follows. The R-module
Ly is Op = Zo ® Zs. Put e; = (1,0) and ey = (0, 1), and set 1y (e1,e2) = 1.

4.2. Suppose that there exist elements z € M! and y € M? such that ¢ (z, y) = 1.
Then the submodule M} =< x,y >pr generated by x and y is isomorphic to Ly,
as skew-Hermitian R-modules and we have the decomposition

(4.3) M = M, & Mi-

as skew-Hermitian R-modules, where Mf- is the orthogonal complement of M;.
Therefore, if s =n, then M ~ Lf” as skew-Hermitian R-modules.
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4.3. Recall that the polarization type of a non-degenerate alternating pairing 1)/
on a free module M’ over a PID R’ of rank r is a tuple (dy, . .., d,) of elements in R’
with dy]...|d, such that there exists a Lagrangian R'-basis x;,y; for i =1,...,r
such that ¢'(z;,y;) = d;. The elements d; are unique up to a unit in R’. The
choice of the Lagrangian basis {z;, y;} gives rise to a splitting of M’ = M| & M,
into isotropic submodules M/ :=< z1,...,z, >p and M} =< y1,...,y, >p.
Conversely, if M’ splits into the direct sum of two isotropic submodules M] and
M. then a Lagrangian basis {x;, y;} can be chosen so that z; € M{ and y; € M},

foralli=1,...,r.
Lemma 4.1.

(1) The polarization type of the pairing 1 on the R-submodule M' + M?
viewed as a Zg-module is (1,...,1,2,...,2), with multiplicity s and r for
1 and 2 respectively.

(2) There is a decomposition as skew-Hermitian R-modules

(4.4) M ~ M, & LY*,

where My is a free R-submodule of rank r which is self-dual with respect

to the pairing 1.

PROOF. The polarization type of the pairing ¢ on the submodule M + M?
viewed as a Zg-module has the form (29,...,2%) with integers 0 < a; < --- <
an. Since |M/(M' + M?)| =27, one has >, a; = r. If ay > 0, then a; = 1 for
all 2 and r» = n. Below we show that s = 0 implies a1 > 0. This proves the case

where s = 0.

If a; = 0, then there exist elements 2 € M! and y € M? such that ¥ (z,y) = 1.
Using § 4.2, one has a decomposition of M into skew-Hermitian R-modules

(4.5) M~M &Ly
with M’ ~ R" @ OfE_l as an R-module, particularly s > 0.

Suppose s > 0 and we prove the statement by induction on s. Then a; = 0
and by the same argument we have M ~ M’ @ Lj as above. By the induction
hypothesis, the polarization type of 1 on M! + M? is (1,...,1,2,...,2) with
multiplicity s for 1, and we get a decomposition of M into skew-Hermitian R-
modules

M ~ M & LY®,
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where M is a free R-submodule of rank r which is self-dual with respect to the
pairing ¢. This proves both (1) and (2). n

4.4. Now we classify self-dual skew-Hermitian R-modules (M, ) in the case
where M ~ R", where r is a positive integer. Let N be the smallest Og-module
in V containing M, and let N’ = M! + M?. We have

N=N'@&N2? N’ =2N.

The polarization type of ¢ on 2N is (2,...,2). Put ¥y := 2¢. Then we have
YN(N,N) C Zs and N is self-dual with respect to the pairing ¢n. Put N =
N/2N and let ¢y : N x N — Fa be the induced non-degenerate pairing. We
have

(4.6) 2N C M CN, dimp, M =7

and that M is isotropic for ¢, where M := M/2N. Note that M generates N
over O, or equivalently, M generates N over O /20 = Fy x Fa.

Suppose M; is another self-dual skew-Hermitian R-module such that M; ~
R". Define N; and )y, similarly. Since (Ny,%n,) is isomorphic to (N, n) by
Lemma 4.1 (2), we choose an isomorphism « : (Ni,¥n,) =~ (N,9¥n) of skew-
Hermitian R-modules. The image M’ = «a(Mj) is an R-module which satisfies
the same property (4.6) as M does.

Now we fix the self-dual skew-Hermitian R-module (NV,vy). Let X, the set of
all R-submodules M of N such that

e 2N C M C N and dimy, M = r, where M := M /2N,
e M is isotropic with respect to the pairing v, and
e M generates N over Op.

We need to determine the isomorphism classes of elements M in X,. Let X, be
the set of maximally isotropic Fa-subspaces M of N such that M generates N
over Fy x Fy. Since the R-module structure of N is simply an Fa-module, the
reduction map M +— M gives rise to a bijection X, ~ X,..

If two elements M7 and My in X, are isomorphic as skew-Hermitian R-modules,
then any isomorphism between them lifts to an R-linear automorphism of (IV, ¥y).
Therefore, the set of isomorphism classes of elements in X, is in bijection with
the orbit set Autg(N,¥n)\X,. As the R-action on N extends uniquely to an
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Opg-action on N, we have Autr(N,¢¥n) = Auto,(N,¥n). The action of the
group Auto, (N, ¢¥n) on X, factors through Autz (N,vy), and the reduction
map yields a bijection

Auto, (N, Yvn)\ X, >~ Aut5E (N, )\ X
Proposition 4.2. Let r be a positive integer. There are

# Autg, (N, G )\ X,

non-isomorphic self-dual skew-Hermitian R-modules M such that M ~ R" as
R-modules.

We now describe the set Autg (N, )\ X,. Let N = N'@N be the decom-
position induced by Op = Fy x Fo, and let p; : N — N’ be the ith projection
for i = 1,2. Fix a basis ey, ..., e, for N' and a basis fi,..., fr for N such that
@N(ei,fj) = §;; for all i,j = 1,...,r. Using the basis {e;, fi}i=1,.., we iden-
tify the Fao-vector space N with the Fao-space IF%" of column vectors. Let M be
an Fay-vector space of N of dimension r. Choose a basis vi,...,v, for M. The
subspace M generates N over Fo x Fo if and only if p;(M) = N for i = 1,2.
In this case, after a unique change of basis we may assume that v; = e; + u;
fori =1,...,r and uq,...,u, forms a basis for N Write u; = >, ui; fi and
let U := (u;j) € GL.(F3). The matrix U is uniquely determined by M. One
computes

Y lei +uiyej +uj) = Onlesug) — Onlej, us) = uij — wji.

It follows that M is isotropic for v, if and only if the matrix U is symmetric.
This shows X, ~ S,.. Recall that S, denotes in the set of all symmetric matrices
in GL,(F2) (Section 1). With respect to the basis {e;, f;} the automorphism
group Autg (N,vy) of is

A1 O Ao
: A € GL,(Fy) » ~ GL,(F5), AL
From the formula
A7t o) (1, I .
= A
0 A) \U AU A
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the action of the group GL;(F2) ~ Autg (N, y) on S, transported from the
action on X, is given by
A-U=A""WA™, VAecGL.(Fy), UcS,.

We have shown the following proposition.

Proposition 4.3. Notation as above. There is a bijection

Autg, (N, x)\X; = GL, (F2)\5,.

Note that S,/ ~, the set of equivalence classes (see Section 1), is the orbit set

GL, (F2)\ S,

Proposition 4.4 (Witt Cancellation). Let M; and My be two self-dual skew-
Hermitian R-modules. Suppose there is an isomorphism

M; & LY® ~ My & LF*

of skew-Hermitian R-modules for some integer s > 0. Then My is isometric to
M.

PrOOF. By Lemma 4.1 (2), we have decompositions My = M| @ L;‘?s/ and
My = M, @L?SN as skew-Hermitian modules such that M| and M are free as R-
modules. Note that s” = s’. Replacing My and My by M| and M}, respectively,
we may assume that M; ~ Ms ~ R" as R-modules. Write ; for the pairings on
M; & Lfs, for i = 1,2. Let N; be the smallest Og-module in the vector space
FE ®gr M; containing M;. Then N; ® Lfs is the smallest Og-module in the vector
space E®@pr (M; ® L;?S) containing M; ® Lfs. Put v} := 21);, which is a Zs-valued
skew-Hermitian form on N; ® L?S. The pairing ¢, induces a non-degenerate
pairing Jg on the Fao-vector space

(N; & LY®)/(2N; ® LY®) ~ N;/2N; =: N,
and the subspace

(M; ® L*)/(2N; ® LE®) ~ M;/2N; =: M;
is a maximal isotropic subspace with respect to Eg

Let o : Ml@L?S ~ M, EBL?S be an isomorphism of skew-Hermitian R-modules.
The map « lifts to an isomorphism G : N1 & L%S ~ Ny @ L¥*, and B induces
an isomorphism (3 : Ni ~ Ny of symplectic Fy-spaces such that B(Ml) = M.
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We lift Lagrangian bases {z;} for N1) and {3(wx;)} for N to Lagrangian bases
X, for N1 and Y; for Ny, respectively. The map v : N1 >~ Ny which sends X;
to Y; is an isomorphism of skew-Hermitian R-modules. Since v(2N1) = 2Na
and v(M1) = Mo, it gives an isomorphism from M;j to M,. This proves the
proposition. N

Remark 4.5. Proposition 4.4 (also Proposition 5.7) is not covered by a general
Witt type cancellation theorem [1, Theorem 3] proved by Bayer-Fluckiger and
Fainsilber, as the condition a + a = 1 for some a € R is not fulfilled.

Corollary 4.6. Let M be a self-dual skew-Hermitian R-module of Zo-rank 2n.
Then there are unique non-negative integers r and s with r+s = n and o self-duel

skew-Hermitian R-module My which is free of rank r such that
M ~ My & L*.

Moreover, My is uniquely determined by M wup to isomorphism.
Proor. This follows immediately from Lemma 4.1 (2) and Proposition 4.4. R

By Corollary 4.6 and Propositions 4.2 and 4.3, Theorem 1.1 is proved.

4.5. It is well-known that the set S,/ ~ parametrizes equivalence classes of non-
degenerate symmetric Fo-spaces (W, ¢) of dimension r. We use the notation
(1) to indicate the one-dimensional non-degenerate symmetric space Fy with the

(1)

for the two-dimensional non-degenerate symmetric space Fo @ F9 with the pairing

pairing (e, e1) = 1, and write

p(e1,e1) = p(ez,e2) =0, (er,e2) = 1.

Lemma 4.7. Let (W, ¢) be a symmetric space over Fo of dimension r > 1.

If r is odd, then
01 01
wor=wo () oo (2)
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If r is even, then either

In particular, we have

46, ) e 1, zfr z:s odd,
2, ifr is even.
PrOOF. Denote by N(W) the set of vectors z € W such that ¢(z,z) = 0. It
is easy to show that N(W) is a subspace. Let N (W), be the null subspace of
N(W) and Wy C N(W) be a complement of N(W),. Then W is a maximal
non-degenerate subspace in N(W) and it is easy to show

01 01
Wy ~ .

Let W7 := W2l C W be the orthogonal complement of Ws; one has W = W& W,
and N(W) = N(W) & Wa. Tt follows that N (W), = N(Wy) = W(W1), in Wy.
We have dim W; < dim N(Wj) + 1, as if one has y # = with ¢(z,2) = 1 and
©(y,y) = 1 then p(x+y,x+y) = 0. It follows that dim N (W) < 1, otherwise W}
would be degenerate. Therefore, dim Wy < 2. As there are no vectors z,y € Wy
such that ¢(z,z) = ¢(y,y) = 0 and ¢(x,y) = 1, the symmetric space (Wi, ¢) is
isomorphic to the direct sum of copies of (1). Therefore, the lemma follows. R

5. PROOF OF THEOREM 1.2.

5.1. In this section we assume that p = 3 (mod 8). Thus, the algebra E is an
unramified quadratic field extension of Q2. Recall that

R =Zslw] = Zo[X]/(X? +2X +p+1) C Op = Zo[a]/(X* + X + (p+ 1)/4),

w=7-1, a=w/2and 7 € R is an element with 72 = —p. Let (M,?) be a
skew-Hermitian R-module of Zs-rank 2n, and let V := M ®z, Q2. There is a

unique non-degenerate E-valued skew-Hermitian form

(5.1) (,):VxV—>E
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such that (az,by) = ab(z,y) for all a,b € FE and z,y € V, and ¥(x,y) =
Trg/q,(z,y) for all z,y € V. Since E/Qq is unramified, the inverse different
DE}QQ is equal to Og. Put (, ) := «(, ), which is a Hermitian form on V. Note
that (M, M) C Og if and only if (M, M) C Op, as the element 7 = 1 4+ w lands
in 1420 = R* COE.

Lemma 5.1.

(1) One has (M, M) C 27'R. Under the assumption that M is self-dual with
respect to the pairing 1, the condition (M, M) C Og holds if and only if
M is invariant under the Og-action.

(2) The R-lattice M is self-dual with respect to the pairing v if and only if
M is self-dual with respect to the pairing 2(, ).

PrOOF. (1) The element (z,y) for z,y € M satisfies the property Trg g, ({(z,y)R) C
Zy. Therefore, it lands in the dual lattice RV of R for the pairing (a,b) —
Trgq,(ab). It is easy to check that RY = 27'R, and hence the first part is
proved.

Let M be the Opg-submodule in V' generated by M. If M is invariant under
the Og-action, then (M, M) C Of = Og. Conversely, if (M, M) C Og, then
(M, M) C Og. This yields (M, M) C Zy. As M is self-dual, one has M = M.
This proves (1).

(2) For any element x € V, one has
(z,M) € 27'R «— (x, M) € Zy.

Therefore, the assertion follows. &

From now on, we assume that M is self-dual with respect to the pairing 1.

Lemma 5.2. One has Ngjq,(R*) = Z; .

PrROOF. We use the following basic fact in number theory; see [10, Corollary,
p. 7]. Suppose E/F is a unramified finite extension of non-Archimedean local
fields. For any integer ¢ > 1, let Ug) = 1+7TfEOE C O and Ul(;i) = 1—|—7T%OF C
O} be the ith principal congruence subgroups of Oy and OF, respectively. Then
we have Np p(US) = U,

Since R* =1+ 20g and ZQX =1+ 27, the lemma follows. R
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5.2. We define three self-dual skew-Hermitian R-modules Lg, L1, H as follows.

(i) The R-module Lg is Of and the pairing 1 is defined by 1o(1,w/2) = 1.
Write ' for the conjugate of w. To see this defines a skew-Hermitian
R-module, one checks that

(5:2)  o(w'/2,1) = o((—2 = w)/2,1) = Yho(—w/2,1) = Yo (1,w/2).

(ii) The R-module L; is R and the pairing ¢, is defined by ¢;(1,w) = 1.
Similarly, one checks that ¢1(1,w) = ¢ (', 1) as (5.2).
(iii) The R-module H is R® R with standard basis e; = (1,0) and ez = (0, 1).
The pairing ¥ is defined by
(5.3) Y (er,wer) = Yu(er, e2) = Yu(es, wez) = Y (wer,wez) =0,
' Yi(er,wes) = Yy (eg,wer) = 1.

Note that using the relation ¥y (wz,y) = ¥y(z,w'y) the pairing 1y is
uniquely determined by any values of

Yr(e1, wer), Yu(er,e2), Yu(er,wez), and ¢y (es, wez).
One checks that
Yi(wer,er) = vu((—2 —w)er, e2) = Y (ez,wer) =1 = Yu(er, wes).

So (5.3) defines a skew-Hermitian R-module.

By Theorem 3.1, there are unique non-negative integers r and s with r+s =n
such that
M~ R" & O%

as R-modules. If one has a decomposition

M~ L¢" @ H®™2 ¢ L
as skew-Hermitian R-modules for some non-negative integers r1,ro and s, then
r1+2ry =7 and s’ = s.
5.3. Let My C M be the R-submodule defined by
(5.4) My :={x € M |wx € 2M }.
Write M := M/2M and Mg := My/2M. Let

@ ‘M x M — Fy
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be the induced non-degenerate alternating pairing. We have a filtration
wM C Mo C M,
and have the following properties

e dimp, wM = dimp, M /Mg = r and dimp, Mo = 2s + r, and
e wM is an isotropic subspace with respect to the pairing ).

For any element x in M, write = for the image of x in M.

Lemma 5.3. Let M be a self-dual skew-Hermitian R-module.

(1) If there exists an element x € M such that ¥(T,wT) # 0, then the R-
submodule M generated by x, with the pairing 1|p;, restricted on M, is
isomorphic to (L1,1) as skew-Hermitian R-modules. Moreover, we have
the decomposition

M = M; & Mj
as skew-Hermitian R-modules.

(2) If there exists an element x € My C M such that (T, w/2x) # 0, then
the R-submodule My generated by x and w/2x, with the pairing |y,
restricted on My, is isomorphic to (Lo, o) as skew-Hermitian R-modules.
Moreover, we have the decomposition

M = M, ® M

as skew-Hermitian R-modules.

PROOF. (1) We have ¢(z,wz) = a € Z5. By Lemma 5.2, there is an element
A € R* such that N()\) = a~!. Replacing = by Az, we get 1(z,wx) = 1. Since
M is self-dual and R-invariant, the orthogonal complement Mj- is R-invariant
and we have M = M; @& M;i-. This proves (1).

(2) Using the same argument as (1), we can choose an element x € M; such
that (x,w/2x) = 1 and we have the decomposition M = M; @ Mi-. It is clear
that we have an isometry (M1, |a,) =~ (Lo, %0). This proves (2). 1

Lemma 5.4. There is a decomposition as skew-Hermitian R-modules
(5.5) M ~ M, & L§*

where My is a free R-submodule of rank r which is self-dual with respect to the
pairing .
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PrROOF. Let My C M be the submodule defined as (5.4). It is clear that
W(wM, M) = 0. Tt follows from the non-degeneracy of 1 that there are vectors
21,..., 2, € wM and y1,...,y. € M such that

(i, x;) = Yy y;) =0, and P(z,y;) = dij

forall 4,5 =1,...,7. Put Wi :=< y1,...,y, >, and Wa := (WM @ W7)+t. We
have M = wM @© Wi @ Ws. It follows from

P(WWa, M) = p(Wa, (=2 = w)M) =0

that wWs = 0, and hence Wy C M. It follows from the dimension counting
that My = wM @ W,. This shows that the pairing ) is non-degenerate on
MO/wM. We can choose elements z1, ..., 2zs in My such that the Og-submodule
My =< z1,...,2s >0,C My is mapped onto W5. The module M, is self-dual
with respect to 1. By Lemma 5.1, M5 is a unimodular Hermitian module over
Ogp for the pairing (, ), and hence Mj is a direct sum of Opg-rank one Hermitian
submodule, as E/Qy is unramified. Therefore, My ~ LSGS as skew-Hermitian R-
modules. Put M := M2L We have M = M7 & M, as skew-Hermitian modules,
and M; is a free R-submodule of rank r which is self-dual with respect to the

pairing 1. N

5.4. Now we classify self-dual skew-Hermitian R-modules (M, 1) in the case
where M ~ R", where r is a positive integer. Let N be the smallest Opg-module
in V containing M, and let N’ be the largest Og-submodule in M. We have
N'"=2N D 2M. Since N'/2M is a maximal isotropic Fa-subspace of dimension
r with respect to v, the polarization type of ¥» on N’ is (2,...,2). Put ¢y :=
2¢p. We have 5 (N,N) C Zg, and N is self-dual with respect to the pairing
Yn. Note that (N,1n) ~ (Lo,%0)®" by Lemma 5.4. Put N = N/2N and let
Yy : N x N — Fy be the induced non-degenerate pairing. We have

(5.6) 2N C M CN, dimp, M =7
and M is isotropic for 1, where M := M/2N. Note that M generates N over
Og, or equivalently, the subspace M generates N over Op := Op/20p = F4.

Suppose M3 is another self-dual skew-Hermitian R-module such that M, ~ R".
Define N; and ¢y, similarly. As (N1, v¥n,) =~ (N, ¥n), we choose an isomorphism
a: (N1,9¥n,) ~ (N,¥n) of skew-Hermitian R-modules. The image M’ = a(M;)
is an R-module which satisfies the same property as M does (5.6).
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Now we fix the self-dual skew-Hermitian R-module (NN, vy ). Similarly to § 4.4,
let X, be the set of all R-submodules M of N such that

e 2N C M C N and dimFQM:T,
e M is isotropic with respect to the pairing 1,, and
e M generates N over Og.

We need to determine the isomorphism classes of elements M in X,. Let X, be
the set of maximally isotropic Fo-subspaces M of N such that M generates N
over F4. Since the R-module structure of N is simply an Fa-module, the reduction
map M +— M gives rise to a bijection X, ~ X,..

Using the same argument as in § 4.4, the set of isomorphism classes of elements
in X, is in bijection with the orbit set Auto, (IV,¥n)\X,, and the reduction map
induces the bijection

(5.7) Auto, (N, v )\ X, = Auty, (N, )\ X
Proposition 5.5. Let r be a positive integer. There are

# Autp, (N, 9y )\ X,

non-isomorphic self-dual skew-Hermitian R-modules M such that M ~ R" as

R-modules.

We now describe the orbit set Autg (N, Y\ X,. Let Vo = F7, viewed as the
space of column vectors, together with the standard non-degenerate Hermitian
form (, )¢ defined by

(i), (i))o = Zﬂfz‘ﬂi,
i=1

where y — § is the non-trivial automorphism on F4. Choose an element € € F}
such that e+€ = 0 (in fact € = 1) and put (z,y)o := Trg, /r, €(7, y)o, for z,y € V.
Then we have an isomorphism (Vp, (, Yo) ~ (N, 1) as skew-Hermitian modules
over F; and we may identify (N, y) with (Vo, (, )o). Let U(r) be the unitary
group over Fo associated to the Hermitian space (Vp, (, )o); one has

U(T)(FZ) = AUtF4 (va (’ )0) = AUtF4 (V07 <7 >0)

Write any matrix U in GL,(F4) as (u,...,u,), where u; € Vy. The map

U= (ut,...,ur) = W =<wug,...,ur >p,
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induces a bijection between GL,(F4)/ GL,(F2) and the set Z, of r-dimensional
Fa-subspace W C Vj which spans Vj over Fy. Note that Trg, /r, (2,y)o = 0 if and
only if (z,y)o € Fa. It follows that a subspace W € Z, is isotropic with respect
to (, )o if and only if U'U € GL,(F2) for any matrix U mapping to W. Let
Y, C GL,(F4) be the subset consisting of matrices U such that U'U € GL,(F5).
The action of the group U(r)(FF2) on the set GL,(F4)/ GL,(F2), transported from
the action of the group Autg_ (N,v¥y) = Autg, (Vo, (, )o) on the set X, is simply

the left translation. Thus, there is a bijection
(5.8) Autg, (N, T\ Ky = U(r) (Fa)\Vs / GL (F2),
Lemma 5.6. The map 7 : Y, — GL,(F2) defined by U +— U'U induces the
bijection

U(r)(F2)\Y,/GL,(F3) ~ S,/ ~ .
PROOF. Since the matrix U'U is Hermitian, one has 7(Y,) C S,. Each non-
empty fiber of 7 is a principal homogeneous space of U(r)(F3). Thus, the induced

map 7 : U(r)(F2)\Y, — S, is injective. One easily checks (UP) = P'z(U)P for
P € GL,(F2). Thus, we have the injection map

U(r)(F2)\Y;/ GL,(Fg) — S/~

It suffices to show that the map 7 : Y, — S,/ ~ is surjective. By Lemma 4.7,
any matrix A in S, is equivalent to a matrix with diagonal boxes either (1) or

~ 01 _ -
I, = <1 0). Thus it suffices to find a matrix U € GLo(F4) such that UU = Is.

Note that Fy = Fo[3] with 5% + 8+ 1 = 0. Take

T
1841
and get U'U = I,. This proves the lemma. R

Proposition 5.7 (Witt Cancellation). Let M; and My be two self-dual skew-
Hermitian R-modules. Suppose there is an isomorphism

M, @ LY® ~ My @ L*

of skew-Hermitian R-modules for some integer s > 0. Then My is isometric to
M.
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PROOF. The proof is the same as that of Proposition 4.4. Note that one can
lift the isomorphism 3 : (N1,1;) =~ (N2,%,) to an isomorphism v : (Ny,1) ~
(Ng,19). This is because Isomp((N1,1), (N2, 12)) is the set of Zs-points of a
smooth scheme over Zy (in fact a trivial torsor of a smooth group scheme over

Zs). 1

Corollary 5.8. Let M be a self-dual skew-Hermitian R-module of Zo-rank 2n.
Then there are unique non-integers r and s with r + s = n and a self-duel skew-
Hermitian R-module My which is free of rank r such that

M ~ M; ® LY®.

Moreover, My is uniquely determined, up to isomorphism, by M.

PrOOF. This follows immediately from Lemma 5.4 and Proposition 5.7. R

Theorem 1.2 follows from Corollary 5.8, Proposition 5.5, (5.8), and Lemma 5.6.
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