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L"? Pinching Theorem for Submanifolds with Parallel
Mean Curvature in H"?(—1)*

Hongwei Xu, Fei Huang, Juanru Gu and Minyong He

Abstract: Let H and S be the mean curvature and the squared length
of the second fundamental form of submanifold M respectively. We prove
that if M is an n(> 3)-dimensional complete submanifold with parallel mean
curvature in H"*P(—1), and if [,,(S —nH?)"2dM < C(n,H), where H > 1
and C(n, H) is an explicit positive constant depending on n and H, then S =
nH?, i.e., M is the totally umbilical sphere S™(1/v/H? — 1). Consequently,
we show that if M is an n(> 3)-dimensional complete submanifold with
parallel mean curvature in S"*7, and if [, (S —nH?)"/2dM < C'(n), where
C’(n) is an explicit positive constant depending only on n, then M is the
totally umbilical sphere S™(1/v/1 + H?).

Keywords: Complete submanifolds, gap theorem, mean curvature vector,
second fundamental form, Sobolev inequality.

1. INTRODUCTION

An important problem in global differential geometry is the study of relations
between geometrical invariants and structures of Riemannian manifolds or sub-

manifolds. After the pioneering rigidity theorem for minimal submanifolds in a
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sphere due to Simons [23], Lawson [9] and Chern-do Carmo-Kobayashi [5] ob-
tained a famous rigidity theorem for oriented compact minimal submanifolds in
S"P with S < n/(2 — 1/p). It was partially extended to compact submani-
folds with parallel mean curvature in a sphere by Okumura [18, 19], Yau [35]
and others. In 1990, the first named author [29] proved the generalized Simons-
Lawson-Chern-do Carmo-Kobayashi theorem for compact submanifolds with par-

allel mean curvature in a sphere.

Theorem A. Let M be an n-dimensional oriented compact submanifold with
parallel mean curvature in an (n + p)-dimensional unit sphere S"™P. If S <

Cy(n,p, H), then M is either a totally umbilic sphere S”(\/l}rﬁ), a Clifford hy-

persurface in an (n -+ 1)-sphere, or the Veronese surface in S*(———). Here the

V1+H?
constant C1(n,p, H) is defined by

B(H,H)y forp=1, orp=2and H # 0,
Cy(n,p,H) = 2—%’ forp>2and H=0,

p
min{B(n,H),72“*_'Li[2 —|—nH2}, forp>3and H # 0,
p—1

n3 n(n —2)
B(n,H) = H? - 2[H4 + 4(n — 1)H2.
(n, H) T 2(n_1)\/n +4(n—1)
Afterwards, the above pinching constant C4(n,p, H) was improved, by Li-Li

[10] for H = 0 and by Xu [30] for H # 0, to

B(n,H), forp=1, orp=2and H # 0,

C: H) =
2(n,p, H) {min {B(n, H),:(2n+ 5nH2)}, otherwise.

Further discussions in this direction have been carried out by Shiohama, Xu
and other geometers (see [25, 26, 32], etc.). However, all these results have point-
wise condition for S. It seems to be very interesting to study rigidity for minimal
submanifolds under L"/2-pinching condition for S. The L™/2-pinching theorem
for minimal hypersurfaces in a sphere was initiated by Shen [21]. Later, the
v/ 2_pinching problem for submanifolds with parallel mean curvature, including
minimal submanifolds, was investigated by Wang [28], Lin-Xia [12], Xu [29, 31],
Bérard [1], Shiohama-Xu [24], Shen-Zhu [22], Ni [17], Xu-Gu [33, 34] and others.
In [29], the first named author proved the following rigidity theorem.

Theorem B (also see [31]). Let M be an n-dimensional closed submanifold
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with parallel mean curvature in S™TP. Then there exists an explicit positive con-
stant C3(n) depending only on n such that if [, |A["dM < Cs(n), then M must
be a totally umbilical sphere. Here |A|2 is the squared length of the trace free
second fundamental form of M, i.e., |A\2 =S —nH?.

In the case where M is a compact submanifold with parallel mean curvture
in spaces forms, Shiohama and Xu [24] obtained the following theorem.

Theorem C. Let M be an n-dimensional compact submanifold with parallel mean
curvature in an (n + p)-dimensional simply connected space form F"*P(c) with
¢ > 0. Then there exists an explicit positive constant Cy(n) depending only on n
such that if M is not totally umbilical, then

n

/ (S —nH*)"2dM > Cy(n)(>_ Bi).

M i=0

Here 3; is the i-th Betti number of M with respect to an arbitrary fived coefficient
J.

A general gap theorem for complete submanifolds with parallel mean curvature
in R"? was proved by Xu and Gu [33], as stated:

Theorem D. Let M™(n > 3) be a complete submanifold with parallel mean cur-
vature in R"P. Denote by H and S the mean curvature and the squared length of
the second fundamental form of M respectively. If [, (S — nH?)"2dM < Cs(n),
where Cs(n) is an explicit positive constant depending only on n, then S = nH?,
i.e., M is a totally umbilical submanifold. In particular, if H = 0, then M = R";
if H#0, then M = S™(1/H).

In the present paper, we mainly study the L™2-pinching problem for n-
dimensional complete submanifolds with parallel mean curvature in the standard
hyperbolic space H"*?(—1) with constant curvature —1, and obtain the following
gap theorem.

Theorem 1(Main Theorem). Let M"(n > 3) be an n-dimensional complete
submanifold with parallel mean curvature in an (n + p)-dimensional hyperbolic
space H"™P(—1). Denote by H and S the mean curvature and the squared length
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of the second fundamental form of M respectively. If [, (S — nH?)"2dM <
C(n,H), where H > 1 and C(n,H) is an explicit positive constant depend-
ing on n and H, then S = nH?, i.e., M is the totally umbilical submanifold

S™(1/vH? —1).
Consequently, we have the following corollary.

Corollary. Let M™(n > 3) be a complete submanifold with parallel mean cur-
vature in the (n + p)-dimensional unit sphere S"*P. Denote by H and S the
mean curvature and the squared length of the second fundamental form of M re-
spectively. If [,,(S — nH*)"2dM < C'(n), where C'(n) is an explicit positive
constant depending only on n, which is defined in (12), then S = nH?, i.e., M is
the totally umbilical sphere S™(1/v/1 + H?).

2. NOTATION AND LEMMAS

Let M™ be an n-dimensional Riemannian submanifold immersed in the (n+p)-
dimensional standard hyperbolic space H"*?(—1). We shall make use of the

following convention on the rang of indices:
1<ABC,...<n+p; 1<i,jk,...<n;n+1<apb7v...<n+p.

Choose a local orthonormal frame field {e4} in H"*?(—1) such that, restricted
to M, the e;’s are tangent to M. Let {wa} and {wap} be the dual frame field and
the connection 1-forms of H"*P(—1) respectively. Restricting these forms to M,

we have

(1) Wai = Zh wis hij = i

(2) Rijr = _(5ik5jl Sirdjk) + Z hirhG — highfy),
(3) Ropri = Z(h?khu - ilhiﬁk)’

(4) A= Z hijwi ® wj ® eq,

a7Z7J
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(5) Z hueaa

where R;j11, Rogri, A and £ are the curvature tensor, the normal curvature tensor,
the second fundamental form and the mean curvature vector of M respectively.
The trace free second fundamental form of M is denoted by

. . 0 1
A= Z h%wi ®wj ® eq, where hf‘j = h% - Z hi3.0i;-
k

/L?]?a

We define S = |A]*, H = [¢], Ha = (h{j)nxn, then A2 =5 —nH2.

Definition 1. M is called a submanifold with parallel mean curvature if & is

parallel in the normal bundle of M. In particular, M is called a minimal subman-

ifold if € = 0.

When £ # 0, we choose ey,41 such that e,41//&, trH,41 = nH and trHg = 0,
n+2<p<n+p. Set

Su=2_ (W5 Si= 3 ()
ij i,g,87n+1
The following lemmas will be used in the proof of our main results.

Lemma 1. If M™ is a submanifold with parallel mean curvature in a space
form of constant curvature, then either H = 0, or H is constant and Hy11H, =
Hy,Hy i1, for all a.

Lemma 2 ([29]). Let M"™ be a submanifold with parallel mean curvature in
H"*P(—1). If H # 0, then

fASH>Z h?ﬁl SHnH2)[2nH2n

7]7

(6) _S_n(n—Q)Hw/S_nHZ]’

n(n —1)
1
505> S (W) +nH Y tr(Ha H3)
i,9,k,8#n+1 B#n+1

(7) — Y [tr(Hpy1 Hp))* = nS; — p(p — 1)S7, forp#1.
B#n+1
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Here

0 (i) = {1’ gorm =

%, for m > 2.
By using the same argument as in [31], we have the following

Lemma 3. Let M™ be a submanifold with parallel mean curvature in H"P(—1).

Set fo = (Sg —nH? +ne?)Y/2, g. = [S; +n(p — 1)V, If H # 0, then

n-+ 2
(9) P R A A
i7j7k
n-+ 2
(10) > ()= IVel, forp# L.
Z7J7k76¢n+1

From [8] and [31], we have

Lemma 4. Let M"(n > 3) be a compact submanifold with or without boundary
with parallel mean curvature in H"*P(—1). Then for allt € RY, and f € C*(M),
f >0 (if the boundary OM # 0, flopr =0), f satisfies

(n —2)? 1 1
1) IV 2 g | Do M B — HA O+ ISR,

where D(n) = 2"(1 4 n)+D/7(n — 1)*1051/71 and o, =volume of the unit ball in
R™.

3. PROOF OF MAIN THEOREM

We first define our pinching constants as follows.

Cn, H) = minfa™3(n, H), [55n, H)"2)

C'(n) = minfa™(n), [5/ ()]},
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a(n, H), for p =1,
(12) C(n,p, H) = { min{a(n, H), B(n,H)}, forp=2,
min{a(n, H), 28(n, H)}, for p > 3,

where
a(n, H) = 2na(n, HYD~2(n)[(a(n, H)b(n, H))'/?
+(1 +a(n,H))1/2(2+b<n H))'?)72,
B(n, H) = n(n® —n+2)(n - 2)*(H* = 1)D72(n)[n"(n — 1)*(H* — 1)
+(n? —n+2)(n - 21?7
(n,H) = (n* = n+2)(n - 2)*H*[n*(n —1)2(H2—1)]_1
)

s}

b(n, H) = (n—2)°H?[(2n — 2)(H* - 1)] "

o (n) = na'(n) D (n)[(a () (n))'/? + (1 +d'(n) 22+ 6 (n)) /2] 2,
B'(n) = n(n® —=n+2)(n = 2?D7*(n)[n*(n — 1)* + 2(n* = n +2)(n - 2)°] 7,
d'(n) = 2(n* = n+2)(n - 2)’[n*(n = 1’| 7, ¥'(n) = (n = 2)*(n - 1)7".

To prove Theorem 1, we give the following key lemma.

Lemma 5. Let M™(n > 3) be a complete submanifold with parallel mean cur-
vature in H"*P(—1). Suppose that H > 1 and ||S — nH?||,/2 < a(n,H). Then
M is a pseudo-umbilical submanifold. In particular, if p = 1, then M is a to-
tally umbilical sphere in H' " (—1). Here ||S—nH?|x = [[,,(S—nH?*)XaM]V/E.

Proof. Putting f. = (Syg — nH? + ne?)'/2, f = (Syg — nH?)Y/?, we have
Af? = Af?. By Lemmas 2 and 3, we obtain

(13) %Aff_ n+2|Vf£|2+f2 onl? -5 M= 2DH e ]

n(n—1)
We choose a cut-off function ¢p € C*°(M) such that
1, if x € Br(q),
QZ)R(CL') = 07 lf X € M \ BQR(Q)u

or(z) € [0,1], and [Vog| < %Jf x € Bar(q) \ Br(q),

where B,(q) is the geodesic ball in M with radius r centered at ¢ € M. In
particular, if M is compact, and if R > d, where d is the diameter of M, then
¢r = 1 on M. Multiplying ¢%f2~2(k > 1) on the both sides of inequality (13)
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and integrating by parts, we get

o>/ ¢ f2R2 2 [QnHz—n—S—(n(_iﬂ;\/S—nHQ]dM

n—|—2

/ O3V fF2aM + & / V(6R 22V f2aM
— / iv(63 229 £2)dM
/ Y e [2nH2 S—M\/S—nHz] dM

nn—1)

2nk —n+ 2 B
Gk nt2 / 3|V M + 2 / Srf? VRV fodM
’I’lk M M

> / T [2nH2 A R G m] dM
M n(n—1)

2nk —n+2 _
2k o2 / 93|V 20 + 2 / orf?F IV orY fodM
nk M M

—_ g _
vo [ ons? WVonv L =5 [ G Pan
M

a9 5 [ [VerPan,
for all p,o € RT. Taking k = §,0 = % — % —2and p = %, where
R > 2(71%;”%, we get

0>/ o 2f2[2nH2—n—S—(2)H\/S—nH2]dM

n(n—1)
7‘7 n 2 (n"-n+2) 1 2 1o £n/2)2
- [ seiwenpan + [N ([ 9 e
an [ ¢Rf£1V¢RVfEdM)

4n*-n+2) 1 Ro? "
Z—[n:i—R‘l‘Q}/ fe ’v¢R|2dM
4(n® —n+2)
+[<nn§+_]/ Y (on 2 M

O e N R [

n(n —1)
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By Lemma 4, we have

(n — 2)2 n/2)2
HQ = 4(n — 1)2(1 +1) |:D2(n) H¢Rfs ||2n/(n—2)

(16) ~H2(1+ Plonf? 1B,

IV (¢rf2?)

for all ¢ € RT. From (15) and (16), we obtain

n3 R
[4R(n% — n +2) — n3|(n — 2)? 1 /212
ARn3(n — 1)2(1+ 1) [D?(n) 101 o n—2)

2 2
0>— [4(” nt2) 1, }Z;} / RV R[*dM
M

+

_H2(1+ 1>||¢Rf£/2\|%] + / ¢%f§‘2f2{nH2 (5 - nH?)
3 M

(17) —% [W +1(S — nHz)] }dM,

for all [ € RT. As e — 0, (17) becomes

2 2
02—[4(n n+2)—1+i°;]/ frIVer[dM

[AR(n? —n +2) — n®](n — 2)?
4Rn3(n — 1)2(1 +t) {DQ( )

18RS 2130 (n2)

—2)2H?
—H%L%»wmww4 ntt? == "0 s
(14 DGR s 1S~ nE
__[Mnion+2) — ]/f"|V¢R|dM

4R(n2—n+2)—n ](71—2)2
{ 4Rn3(n — 1)2D2(n)(1 + 1)

l
u+2ws—mﬂmmh@ﬁuwmm

+

n(n — 2)*H?
+{nH2 l(n— 0

n?—n - —2)2H?
ag) ol S S e,
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where | € R*. Since [, f"dM < a™?(n, H), as R — oo, we get

) 4n?—-n+2) 1 Ro? 9
<1 == "y 4 n M
OREEO[ n? R /Mf IVorld
. [4(n*-n+2) 1 Ro?]1
1 <lm | ——5—F -5+ —5 |5 | [fdM =0.
(9) _Rl—rgo[ n3 R n2 RQ/Mfd 0

From (18) and (19), we obtain

(n? —n+2)(n —2)?
0= [n?’(n T1PD2(n) (1 + 1)

l , .

— (0 IS = nba] i 16 o
_n(n— 2)2H? B (n? —n+2)(n—2)2H?

2l(n—1) n3(n —1)%t
for all t, [ € RT. We take
(M2—n+2)(n—2?%[H>-1 (n—-227" l (n — 2)2H?2

n*(n —1)2 H? 20n—1)] 2(n—1)(H2-1)
This together with (20) yields

(n? —n+2)(n —2)?
n3(n —1)2D2%(n)(1 + (1))

where [ € RT satisfying

@) +|nf? | Jim fon 12

t=1() =

l , .
(0 IS = n ] i 16 s <0

(n —2)2H?

L =1y

By a computation, we have
1 n3(n —1)2D%(n)a(n, H)
max = .
I>_(n=2)2H2 2+ 1D)(1+t(1) 2(n? —n+2)(n—2)?

2(n—1)(H2-1)

So,

a(n7H> - HS - nH2Hn/2 I%I_I)I;O H¢%%ann/(n—2) <0

From the assumption

1S = nH2|lj0 < aln, H),
we conclude that f = 0, i.e., Sy = nH?. Therefore, M is a pseudo-umbilical
submanifold. If p = 1, then S — nH? = f2 =0, i.e., M is the totally umbilical
sphere S™(1/vH? — 1) in H"1(—-1).

Now we are in a position to give the proof of Theorem 1.

Proof of Theorem 1. If p = 1, the assertion follows from Lemma 5.
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If p > 2, we see from the assumption that || —nH?|, /s < a(n, H). It follows
from Lemma 5 that Sy = nH?, i.e., H,,1 = HI, where I is the unit matrix. By
Lemmas 1, 2 and 3, we have

1 1 n 4+
(21) §A9§ =589 2

gel* + g*[nH?* —n — p(p — 1)g%],

where g. = [S; + n(p — 1)e?]V/?, g = S}/2. Multiplying ¢%g2*~2(k > 1) on the
both sides of the inequality above and integrating by parts, where ¢ is the cut-off
function defined in Lemma 5, we obtain

n+2

02 [ GhgP AP A? — = ulp— (S — M + " | GhIvePant

1
/ V(0ho2"*)VgZdM — 5 / div(ppg2"~ ZVQE)dM

/ o2 2 InH? — n — u(p — 1)(S — nH2)JdM

2nk —n + 2
TR
nk

—i—a/ prg 1V¢RVgEdM—/ %P 2|V g |PdM

/ ¢%|Vg§|2dM+2/ pr92F IV oV g.dM

(22) - 7 / Vorg2 dM,
2p Ju

for all p, ,O'GR+ Taking k = %, az%—%—&pz%, where
R > m, we get
0x- (M=t D L B [ griwentan
At wongan
(23) + [ Gt PP — = (o= 1)(S — )M,

By Lemma 4, we have

n— 9)2
19 rs 1 2 1o 5 | i 1o B

(24) 1+ >||¢Rg"/212],
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for all t € RT. From (23) and (24), we obtain
4(n? — 2 1
02—[W—+RJ ]/ J IV Gr|PdM
n R n?
[AR(n? —n +2) — n®](n — 2)? lorg™?|2
4Rn3(n — 1)2(1 + 1) < ) e fan/n=2)

e >||¢Rg"/2||2]

(25) +/M¢2 202 nH? —n — pu(p — 1)(S — nH?)|dM.

As e — 0, we have
4n?—n+2) 1
02_{W_+R0 | [ wonpa
n R n?
[AR(n? —n +2) — n®](n — 2)? 16ng™" |12
4Rn3(n — 1)2(1 +t) DZ( ) ’9" Nz (n—2)

1
0+ o]

+{<nH2 — )llérg™IE - plo—1)]1S — nH2||n/2H¢%g"un/<n2>}

n?—n o?
>— [w - % + 112} /M 9"|Vogr|*dM
[AR(n% — n +2) — n3](n — 2)?
{ 4Rn3(n —1)2D2%(n)(1 +t)

Culp - 1)]lS - nH2|rn/2}||¢%g"|rn/<n_2)

4R(n* — n+2) —n3)(n — 2)*H?
(26) +{ni? - - BEOE Bl 2 2P o,

where t € RT. Since [, g"dM < C(n,H), as R — oo, we get

2 _
M

R—oo n3 E
4n?-n+2) 1 Ro?] 1
< l‘ _— —_— n = .
(27) _Rgr(l)o[ 3 R-i— 7| 72 /Mg dM =0

Hence, as R — 00, (26) becomes

(n* —n+2)(n—2)? 2 . 2 n
> — _ _
0= [n3(n—1)2D2(n)(1+t) p(p—1)[|S —nH Hn/2 RIEI;OWRQ ”n/(nf2)
2

(n? —n+2)(n—2)2H?
a n3(n —1)%t ]

28) |t - Jim [long™3
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for all t € R*. By taking t = (n? —n +2)(n — 2)2H?[n*(n — 1)2(H? — 1)] 7}, we
have

n(n? —n+2)(n—2)2(H? - 1)
{DQ(n)[n‘l(n —1)2(H?-1)+ (n? —n+2)(n—2)2H?]

~lp = DI = 12 Jim 63" -2 < O

which implies

@) |80 ED) ~ ulp = DI ~ n e Jin 63" njn-2) <O
It is easy to see from the assumption that
IS = nH (|2 < B(n, H)/p(p = 1).
This together with (29) gives g = 0. So,
S—nH?>=f*+¢’=0.

Therefore, M is the totally umbilical sphere S™(1/vH? — 1) in H""?(—1). This
completes the proof of Theorem 1.

Remark 1. We see from the proof above that the pinching constant in The-
orem 1 can be replaced by the constant C'2 (n,p, H) defined in (12), which is not
less than C(n, H).

Proof of Corollary. We consider the composition of isometric immersions
joiop: M™— S"TP _ RUFPHL _ P2 (),

where ¢ : M™ — S™P is the isometric immersion, i is the standard isometric
embedding of S™*P into R"*P*! and j : R**P+l — H"*P+2(_1) is the standard
totally umbilical immersion. Denote by H and S the mean curvature and the
squared length of the second fundamental form of the isometric immersion joiop
respectively. Then j oio (M) is a complete submanifold in H**P2(—1) with
parallel mean curvature vector having norm H. By the Gauss equation, we have

n(n—1)4+n*H?> -8 =—n(n—1)+n*H> - S.
Substituting H? =2+ H? into the above, we get

(30) S —nH?>=5—nH?>
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Since B
H? H?+2
1< — = <2,
we obtain
(31) a(n, H) > d(n), B(n,H) > B'(n).

From (30), (31) and Theorem 1, we complete the proof of Corollary.

4. FINAL REMARKS

Let M™ be an n-dimensional compact submanifold with parallel mean cur-
vature H in an (n + p)-dimensional hyperbolic space H""P(—1). Note that
Sy (S8 —nH?) 2yn/2dM is a conformal invariant of submanifolds and H"*P(—1) is
conformally equlvalent to R™"P. It follows from a theorem due to Shiohama and
Xu [24] that [,,(S — nH?)"2dM > Cg(n)(X1~}' 5;), where Cg(n) is an explicit
positive constant depending only on n and §; is the i-th Betti number of M with
respect to an arbitrary fixed coefficient J.

Using our main theorem and the inequality above, we obtain the following
rigidity theorem for compact submanifolds with parallel mean curvature in a hy-
perbolic space.

Theorem 2. Let M be an n(> 3)-dimensional compact submanifold with parallel
mean curvature in an (n + p)-dimensional hyperbolic space H"P(—1). Assume
that H > 1. Then there exists an explicit positive constant C7(n, H) depending
on n and H, and an explicit positive constant Cg(n) depending only on n such
that

(@) if
/ (S —nH?)"2dM < Cr(n, H) + Cs(n Zﬁz
M

then S = nH?, i.e., M is the totally umbilical sphere S™(1/v/H? —1);
(ii) if M is not totally umbilical, then

/(S nH*)"2dM > C7(n, H) + Cs(n Z@
M
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Here (3; is the i-th Betti number of M with respect to an arbitrary fized coefficient
J.

When n = 2, we have the following rigidity theorem.

Theorem 3. Let M be a 2-dimensional oriented compact surface with paral-
lel mean curvature in a (2 + p)-dimensional hyperbolic space H?>TP(—1). Assume
that H > 1. Then

(@) if

(H? — )7
/M(S - 2H2)dM < W + 27Tﬂ1,

then S = 2H?, i.e., M is the totally umbilical sphere S*(1/v/H? —1);
(#4) if M is not totally umbilical, then
H? — )7
_omam > VT o s
/M(S JAM 2 e+ 2
Here 3y is defined as in Theorem 2.

Proof. (i) Following [24], we have Cg(n) = 47 for n = 2. This means [, (S —
2H?)dM > 4n /3. This together with the assumption implies that

(H? — )7

(32) /M(S — 2H?)dM < =2

By Theorem 4 of [35], M is either a minimal surface in the totally umbilical
sphere S1*P(1/v/H? —1) C H?*P(—1) for p > 2, or a surface with constant
mean curvature Hy in a three dimensional space form F3(H? — HO2 — 1), where
F3(H?—H§ —1) is a totally umbilical submanifold with constant mean curvature
VH? — HZ in H?**P(—1). By the Gauss equation, we have

2Ky = —2+4H? - S.
Using the Gauss-Bonnet theorem, we obtain
(33) / (S —2H*)dM = 2(H? — 1)Area(M) + 87(g — 1),
M

where ¢ is the genus of M. On the other hand, it’s seen from the isoperimetric
inequality due to Hoffman-Spruck-Otsuki [8, 20] that

/ HdM > %\/TI'A’FGCL(M),
M
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which implies

™
(34) Area(M) > T
Combining (32), (33) and (34), we have that g = 0, and
4 T 8w
Area(M < .
(35) realM) < g1 Tt S m o

When M is a minimal surface in S1P(1/v/ H?2 — 1), it follows from (35) and a
theorem due to Calabi [2] that M is a great sphere in S1*P(1/v/H? —1).

When M is a surface with constant mean curvature Hy in F3(H? — HZ — 1), it
is a topological sphere with constant mean curvature Hy in F3(H? — HZ —1). By
a theorem due to Chern [6], M is a totally umbilical surface in F3(H? — HZ —1).

Therefore, we conclude that M is the totally umbilical sphere S?(1/vH?2 — 1)
in H2tP(—1).

(ii) The assertion (ii) follows from (i). This completes the proof of Theorem 3.

Remark 2. Motivated by our L™? pinching theorem, and Liu, Xu, Ye and
Zhao’s convergence theorems [13, 14, 15, 16] on mean curvature flow, one can
investigate the convergence for the mean curvature flow with pinched integral
curvature in hyperbolic spaces.

Remark 3. There are close relations between rigidity results for self-shrinkers of
the mean curvature flow [3, 7] and ones for submanifolds with parallel mean cur-
vature (including minimal submanifolds). Our method can be used in the study
of rigidity of self-shrinkers of the mean curvature flow of arbitrary codimension.

REFERENCES

[1] P. Bérard, Remarques sur ’équation de J. Simons, Differential geometry, edited by B.
Lawson and K. Tenenblat, Pitman Monogr. Surveys Pure Appl. Math. 52, Longman Sci.
Tech., Harlow, 1991, pp. 47-57.

[2] E. Calabi, Minimal immersions of surfaces in Euclidean spheres, J. Diff. Geom., 1(1967),
111-125.

[3] H. D. Cao and H. Z. Li, A gap theorem for self-shrinkers of the mean curvature flow in
arbitrary codimension, arXiv:math.DG/1101.0516.



L™? Pinching for Submanifolds in Hyperbolic Spaces 1113

[4] B. Y. Chen, Geometry of Submanifolds, New York: Marcel Dekker, Inc., 1973.

[5] S.S. Chern, M. do Carmo and S. Kobayashi, Minimal submanifolds of a sphere with second
fundamental form of constant length, Functional Analysis and Related Fields, Springer-
Verlag, 1970, pp. 59-75.

[6] S.S. Chern, On surfaces of constant mean curvature in a three-dimensional space of constant
curvature, Geometric dynamics, Lecture Notes in Math. 1007, Springer, Berlin, 1983, pp.
104-108.

[7] Q. Ding and Y. L. Xin, The rigidity theorems of self shrinkers, arXiv:math.DG/1105.4962.

[8] D. Hoffman and J. Spruck, Sobolev and isoperimetric inequalities for Riemannian subman-
ifolds, Comm. Pure Appl. Math., 27(1974), 715-727; 28(1975), 765-766.

[9] B. Lawson, Local rigidity theorems for minimal hyperfaces, Ann. of Math., 89(1969), 187-
197.

[10] A. M. Li and J. M. Li, An intrinsic rigidity theorem for minimal submanifold in a sphere,
Arch. Math., 58(1992), 582-594.

[11] P. Li, On the Sobolev constant and the p-spectrum of a compact Riemannian manifold,
Ann. Sc. Ec. Norm. Sup. je serie, t. 13(1980), 451-469.

[12] J. M. Lin and C. Y. Xia, Global pinching theorem for even dimensinal minimal submanifolds
in a unit sphere, Math. Z., 201(1989), 381-389.

[13] K. F. Liu, H. W. Xu, F. Ye and E. T. Zhao, The extension and convergence of mean
curvature flow in higher codimension, arXiv:math.DG/1104.0971.

[14] K. F. Liu, H. W. Xu, F. Ye and E. T. Zhao, Mean curvature flow of higher codimension in
hyperbolic spaces, arXivimath.DG/1105.5686.

[15] K. F. Liu, H. W. Xu and E. T. Zhao, Deforming submanifolds of arbitrary codimension in
a sphere, preprint, arXiv:math.DG/1204.0106.

[16] K. F. Liu, H. W. Xu and E. T. Zhao, Mean curvature flow of higher codimension in
Riemannian manifolds, arXiv:math.DG/1204.0107.

[17] L. Ni, Gap theorems for minimal submanifolds in R™*!, Comm. Anal. Geom., 9(2001),
641-656.

[18] M. Okumura, Submanifolds and a pinching problem on the second fundamental tensor,
Trans. Amer. Math. Soc., 178(1973), 285-291.

[19] M. Okumura, Hypersurfaces and a pinching problem on the second fundamental tensor,
Amer. J. Math., 96(1974), 207-213.

[20] T. Otsuki, A remark on the Sobolev inequality for Riemannian submanifolds, Proc. Japan
Acad., 51(1975), 785-789.

[21] C. L. Shen, A global pinching theorem for minimal hypersurfaces in sphere, Proc. Amer.
Math. Soc., 105(1989), 192-198.

[22] Y. B. Shen and X. H. Zhu, On stable complete minimal hypersurfaces in R**!, Amer. J.
Math., 120(1998), 103-116.

[23] J. Simons, Minimal varieties in Riemannian submanifolds, Ann. of Math., 88(1968), 62-105.

[24] K. Shiohama and H. W. Xu, Rigidity and sphere theorems for submanifolds, Kyushu J.
Math. I, 48(1994), 291-306; II, 54(2000), 103-109.



1114

[25]
[26]
[27]
28]
[29]
[30)
31]
(32
3]
[34]

(35]

Hongwei Xu, Fei Huang, Juanru Gu and Minyong He

K. Shiohama and H. W. Xu, The topological sphere theorem for complete submanifolds,
Compositio Math., 107(1997), 221-232.

K. Shiohama and H. W. Xu, A general rigidity theorem for complete submanifolds, Nagoya
Math. J., 150(1998), 105-134.

S. Tanno, Remarks on Sobolev inequalities and stability of minimal submanifolds, J. Math.
Soc. Japan, 35(1983), 323-329.

H. Wang, Some global pinching theorems for minimal submanifolds in a sphere, Acta. Math.
Sinica, 31(1988), 503-509.

H. W. Xu, Pinching theorems, global pinching theorems, and eigenvalues for Riemannian
submanifolds, Ph.D. dissertation, Fudan University, 1990.

H. W. Xu, A rigidity theorem for submanifold with parallel mean curvature in a sphere,
Arch. Math., 61(1993), 489-496.

H. W. Xu, L, /2-pinching theorems for submanifolds with parallel mean curvature in a
sphere, J. Math. Soc. Japan, 46(1994), 503-515.

H. W. Xu, On closed minimal submanifolds in pinched Riemannian manifolds, Trans. Amer.
Math. Soc., 347(1995), 1743-1751.

H. W. Xu and J. R. Gu, A general gap theorem for submanifolds with parallel mean
curvature in R™ ™ Comm. Anal. Geom., 15(2007), 175-194.

H. W. Xu and J. R. Gu, L%isolation phenomenon for complete surfaces arising from Yang-
Mills theory, Lett. Math. Phys., 80(2007), 115-126.

S. T. Yau, Submanifolds with constant mean curvature I, II, Amer. J. Math., 96(1974),
346-366; 97(1975), 76-100.

Hong-Wei Xu
Center of Mathematical Sciences

Zhejiang University
Hangzhou 310027, China
E-mail: xuhw@cms.zju.edu.cn

Fei Huang

Center of Mathematical Sciences

Zhejiang University
Hangzhou 310027, China
E-mail: huangfei@cms.zju.edu.cn



L™? Pinching for Submanifolds in Hyperbolic Spaces

Juan-Ru Gu

Center of Mathematical Sciences
Zhejiang University

Hangzhou 310027, China
E-mail: gujr@cms.zju.edu.cn

Min-Yong He

Department of Applied Mathematics
Zhejiang University of Technology
Hangzhou 310023, China

E-mail: hmyzjut@yahoo.com.cn

1115



