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Abstract: In this paper, we consider the Maslov-type index theory for sym-

plectic paths starting from the identity with Lagrangian boundary conditions

developed by Chun-gen Liu. We firstly give a brief review and some neces-

sary remarks of this theory and then present an explicit formula describing

the connection of this index and the spectral flow. Some new concepts and

basic properties of complex symplectic theory are introduced.
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0. INTRODUCTION

Let (R?",wp) be the standard linear symplectic space with wg = Z;L:1 dzjNdy;.
A Lagrangian subspace L of R?" is an n-dimensional subspace satisfying wo|z, = 0.
The set of all Lagrangian subspaces in R?" is denoted by Lag(n). The linear
symplectic group Sp(2n) is the set of linear transformation ¢ : R?" — R2"
0 -1,
I,

transformation corresponds to a matrix M satisfying MTJM = J. We say a

satisfying ¢*wg = wp. The matrix J = ( ) is an example of the linear

matrix satisfying this condition is a symplectic matriz. In this paper we always
denote the symplectic group by

Sp(2n) = {M € L(R*™) | MTIM = J},

where £(K™) denotes the group of all n x n matrices with entries in the field K
under the usual matrix multiplication.

For a Lagrangian subspace L and a matrix M € Sp(2n), the image M (L) of
L transformed by the symplectic action M is still a Lagrangian subspace. We
define the L-singular subset of Sp(2n) by

SpY (2n) := {M € Sp(2n) | dim M (L) N L > 0}.

It is a 1-co-dimensional subset of Sp(2n). Its complement in Sp(2n) is denoted
by
Spi(2n) :=={M € Sp(2n) | M(L)N L ={0}}.
We denote by
P(2n) ={y € C([0,1], Sp(2n)) | ¥(0) = Ian},
the set of all continuous symplectic paths starting from identity.

The Maslov index for two Lagrangian paths was defined in [3] and [4]. The
other Maslov indices such as algebraic and geometric Maslov index theories for
non-degenerate symplectic paths are also contained in these two references. In
2006, in their published paper [11], Y. Long, D. Zhang and C. Zhu studied
a Maslov-type index theory for symplectic path with fixed Lagrangian bound-
ary condition L. = Lg via the intersection theory of a Lagrangian path with
the constant Lagrangian path L = Ly done by Cappell-Lee-Miller index in
their celebrated paper [3]. In 2007, in his paper [6], for a Lagrangian sub-
space L, Chun-gen Liu developed an index theory for any symplectic path v &
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P(2n) with respect to the singular set Sp}(2n). It assigns a pair of integers
(ir(v),vr(v)) € Z x {0,1,--- ,n}, corresponding to the symplectic path . We
call it the Maslov-type index theory with Lagrangian boundary conditions (for
convenience, we denote it by Lagrangian-indez for short). Here we define v ()
by vr(v) = dim(y(1)L) N L, but the definition of iz(y) is more complicated.
Roughly speaking, iz () is the algebraic intersection number of the symplectic
path v with the singularity set Sp%(2n). The index defined in his papers is used
to study of the nonlinear Hamiltonian systems with Lagrangian boundary condi-
tion. We refer the interested reader to his another paper [7] (and also the new'
references in [9]) for some more examples of studying some nonlinear Hamilton-
ian systems with a Lagrangian boundary condition via this index theory. Here
we note that the methods of defining these two indices are different. (For more
details for these indices, we refer to [11] where Y. Long et al. gave a complete
study of them.) However, as C. Liu and D. Zhang pointed out on pp. 8 of [9],
the indices () and pa(7y) are essentially special cases of the L-index iz (7y) for
Lagrangian subspaces Ly = {0} x R™ and L; = R™ x {0} respectively up to a

constant n.

Now, let us give a brief summary of our contents. In Section 1, we will review
this index theory and some related topics. We firstly restate the definition of
the index pair (ir,,vr,) for the Lagrangian subspace Ly = {0} & R"™ € Lag(n).
Then, we can generalize this index pair to the general case (ir,vy), where L is any
linear Lagrangian subspace of R?". And also, an important calculation formula
for ir,(v € P(2n)) is given by C. Liu in Theorem 1.3, which states,

WOE SEICLELITIE

- T
Jj=1

where E(a) = max{k € Z | k < a}. The well-defineness of the index pair (ir, vr,)
is proved. Moreover, we will give a rough review of the indices introduced by
Y. Long et al. in [11]. In Section 1, we continue to explore the properties of
Lagrangian-indices with L = Lg since L-index can be reduced to the special case
Lop-index. All of the properties are valid for the general case.

In Section 2, we present our main result about the relationship between Lagrangian-
index ir,(7) and the (A, A’)-index i5_ 5 (¥) in Theorem 2.16.

fOur manuscript has been completed earlier than May 2009.
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Theorem 0.1. For any symplectic path v € P(2n), there holds
iry(7y) = Ro,Ro (¥) —n.

Actually, since the (A, A’)-index i Ro.ko (%) here is a variant of spectral flow, we
present an explicit answer to a question about the relation between Lagrangian-
index and spectral flow by an explicit formula. Moreover, we introduce some new
concepts of complex symplectic theory analogous to the standard symplectic the-
ory and study some useful fundamental properties of the spectral flow introduced
in this paper.

In Section 3, we generalize our main Theorem 0.1 for arbitrary Lagrangian
boundary conditions by the methods developed here and some results from Lie
theory as follows.

Theorem 0.2. For any symplectic path v € P(2n), there holds

L . ~
i (V) =iz, 4, (V) — 7

1. THE MASLOV-TYPE INDEX WITH LAGRANGIAN BOUNDARY CONDITIONS

In his papers [6, 7], Chun-gen Liu established an index theory for symplectic
paths starting from the identity with a Lagrangian boundary condition and de-
veloped various properties of the index theory. In this section we will give a brief
review of the definition of the index pair for any symplectic path v € P(2n) with
the Lagrangian boundary condition (Lagrangian-index for short). It is concerned
about the following linear Hamiltonian system

3(t) = JB(t)z, ¥z € R?™ Vt € [0,1],
z2(0) e L, z(1) € L,

where B(t), t € [0, 1], is a family of continuous symmetric matrix functions and L

is a Lagrangian subspace of the standard symplectic space. Suppose that «(¢) is

the fundamental solution of the linear system 2(t) = JB(t)z, i.e., ¥(t), t € [0, 1],

solves this system and satisfying v(0) = Ia,. It assigns a pair of integers

(iL(’Y)aVL(’V)) €L x {07 L ,n},

corresponding to the symplectic path . In this section we will review this index
theory and give some details and remarks for [6]. We refer the readers to [6] for
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more details on this index, [9] for C. Liu and D. Zhang’s breakthrough on the
the Bott-type iteration formulas and some abstract precise iteration formulas of
this index theory and its applications, and the wonderful literature [10, 1] for the
basic knowledge about this topic.

We start from a special case. Suppose L = Ly = {0} ® R"® C R?" which is a
Lagrangian subspace of the linear symplectic space (R??,wg). Write a symplectic
path ~(t) in the form:

_(S@® V()
(1) 20 = (m U(t))
where S(t), T'(t), U(t) and V(t) are all n xn matrices. The n vectors coming from
V(t)
U(t)

subspace of (R?",wp). In particular, at t = 0, this Lagrangian subspace is L.

the column of the matrix ( ) are linearly independent and span a Lagrangian

For this Ly, define the following two subspace of Sp(2n) by
Sp(2n)7, = {M € Sp(2n) | detV # 0}

and

for M = <SV>‘
TU

Since the space Sp(2n) is path connected and the n x n non-degenerate matrix

Sp(2n)}, = {M € Sp(2n) | detV =0}

spaces has two path connected components, one with detV > 0 and the other
with det V' < 0, the space Sp(2n)*LO has two path connected components as well.
Writing

Sp(2n)jLE0 ={M € Sp(2n)}, | £detV >0},
then we have Sp(2n)}, = Sp(2n)'£0 U Sp(2n)g,. We call Sp(Zn)%O the Lo-
degenerate subspace of Sp(2n) and Sp(2n)7 ~ the Lo-non-degenerate subspace of
Sp(2n). We denote the corresponding symplectic path space by

P(2n)L, ={v € P(2n) | v(1) € Sp(2n)L,}
and

P(2n), = {y € P(2n) | 7(1) € Sp(2n)},}.
v € P(Qn)%o is called an Lg-degenerate symplectic path and otherwise, v €
P(2n)7, is called an Lo-non-degenerate symplectic path.
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Definition 1.1. ([6]) We define the Lo-nullity of any symplectic path v € P(2n)
by
v (v) = dimkery, (y(1)) := dimker V(1) = n — rankV (1)

with the n x n matriz function V (t) defined in (1.1).

V(#)

U(t)) span a La-

Since the n vectors coming from the column of the matrix (

t
grangian subspace of (R?",wp), we note that rank (‘;EtD = n. So the complex

matrix U(t) & /—1V (t) is invertible. We define a complex matrix function by
(12) Q1) 2 Q(t) = [U(t) = V=TV (@)U (1) + V=1V ()] !

It is easy to see that the matrix Q(t) € U(n), the unitary matrix for any ¢ € [0, 1].
Actually,

([U(t) = V=1V @)I[U() + V=1V (£ D U() — V=IVOIU(E) + V=1V ()]
U@ vV UG + V=1V )T ) — V=1V @)U () + V=1V ()]
=V = V=V UGOTUE + VOTVOIUE) + V=1V ()

=[U®)" = V=V U@ - V=V U@ + VEIVOIU () + VTV (#)]
:[,

where M* denotes the complex conjugate of M7 and the second and third equal-
ities follow from Lemma 2.30 in [13]. Denote by

I, n :
M+ - <_OIn 0) ) M- = <_(37n{)> and Jn = dlag(_1717.” ’1)

It is clear that My € Sp(2n)2c0.
For a path ~ € 73(271)20, we first adjoin it with a simple symplectic path
starting from J = —M, i.e., we define a symplectic path by

I cos U=207 2t) + Jsin U207 Qt)ﬂ te€[0,1/2];

’y(Qt—l), te[1/2,1].

Then we choose a symplectic path 5(t) in Sp(2n)7  starting from (1) and ending

() = {

at My or M_ according to (1) € Sp(Zn)JLro or Sp(2n)y , respectively. We now
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define a joint path by

~(2t), te[0,1/2];

7(75) =[*7:= {B(Qt_ 1)775 c []_/2, 1]

By the definition, we see that the symplectic path 7 starting from —M, and
ending at either M or M_. As above, we define

Q) =[U(t) —V-1IV)I[U®) + vV-1V(1) ™

_n [S®) V()
M“”‘@www

A(t) in [0, 1] such that

>. By Lemma 2.1, we can choose a continuous function

det Q(t) = V120,

The above argument easily follows that the number 1(A(1) — A(0)) € Z and it
does not depend on the choice of the function A(t) (cf. Lemma 2.4).

Definition 1.2 ([6]). For a symplectic path v € P(2n)7, , define the Lo-index by

iry(7) = —(A(1) = A(0)).

3| -

The index of Lo-degenerate symplectic path v € P(2n)7 is described in an-
other way. In (1.2), Q(t) € U(n) for any t € [0,1] (here the subscript v in
Q- (t) is to indicate the dependence of 7). By the non-degeneracy condition, we
have det V(1) # 0. Suppose \;(t) = e2V=10®) are the eigenvalues of Q. (t) for
j=1,2,--- ,n. C. Liu obtained the following important theorem.

Theorem 1.3 (Theorem 3.6 of [6]). For any symplectic path v € P(2n), by using
the notations above, there holds

i) = Y8 (A4,
j=1
where E(a) := max{k € Z | k < a}.

Remark 1.4. From this theorem, we can find that the Lagrangian-index doesn’t
have the property of path additivity or thus homotopy invariance by path additivity
either (cf. Proposition 2.5). The Maslov index introduced in Subsection 2.2
possesses these two critical properties. Note here 0;(0) is a multiplication of .
In particular, we can take it as 0.
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For an Ly-degenerate symplectic path v € P(Qn)OLO, its Lo-index is defined by
the infimum of the indices of the nearby non-degenerate symplectic paths.

In the general case, let L be any linear Lagrangian subspace of R?”. Now we
are ready to define the index for any symplectic path v € P(2n) with L-boundary
conditions. We know that Lag(n) = U(n)/O(n), which means that for any linear

A-B
subspace L € Lag(n) there is an orthogonal symplectic matrix P = <B A )
with A ++1/—1B € U(n), the unitary matrix, such that PLy = L. P is uniquely
determined by L up to an orthogonal matrix C' € O(n), the orthogonal matrix.
It means that for any other choice P’ satisfying the conditions above, there exists

a matrix C' € O(n) such that P’ = P (g g) (cf. Lemma 2.31 in [13]). We define

the conjugated symplectic path vp € P(2n) by vp = P~1y(t)P.

Definition 1.5. ([6]) Define the L-nullity of any symplectic path v € P(2n) by
v (y) = dim kery, (y(1)) := dim ker Vp(1) = n — rank Vp(1)

with the n x n matrix function Vp(t) defined as in (1.1) with the symplectic path

_(se( vl
)= <Tp<t> Up<t>> |

~v replaced by vp, i.e.,

Remark 1.6. The L-nullity vz () is well-defined. In fact, for another choice
Co
of P such that P = P 0 C’) where C' € O(n), the conjugated symplectic path

assoctated with it is
_ c=t o Sp(t) Vp(t) coy) C~1Sp(t)C C~Vp(t)C
=0 o \ ey ey \oc) T \ e\ ey ctupt)e )
and dim ker Vp(1) = dimker C~'Vp(1)C.

For any L € Lag(n), we define the following two subspace of Sp(2n) by

Sp(2n); = {M € Sp(2n) | det Vi # 0},

Sp(2n)) = {M € Sp(2n) | det Vp = 0},
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where Vp is defined by

Sp(t) Vp(t
Tp(t)Up(t) )

~—

Mp=P 'MP = (

The space Sp(2n); has two path connected components as well. If we denote
the two components by

Sp(2n)E = {M € Sp(2n); | +detVp > 0},

then we have Sp(2n)% = Sp(2n); U Sp(2n);. We call Sp(2n)} the L-degenerate
subspace of Sp(2n) and Sp(2n); the L-non-degenerate subspace of Sp(2n). We
denote the corresponding symplectic path space by

P(2n)p ={y € P(2n) | v(1) € Sp(2n)1}
and
P(2n)}, = {y € P(2n) | v(1) € Sp(2n)2}.

If v € 73(271)%, we call it the L-degenerate symplectic path and otherwise, if
v € P(2n);, we call it the L-non-degenerate symplectic path.

Definition 1.7. ([6]) For a symplectic path v € P(2n), we define the Lagrangian-
index by

iL(v) =L, (vp)-

Remark 1.8. The Lagrangian-index iy () is well-defined. In fact, for anther

choice P' as in Remark 1.6, the conjugated symplectic path associated it is

a Sp/(t) Vp/(t) . ct o Cco
PN T (1) Up/(t)> - ( 0 cl) " (0 c>
C~1Sp(t)C C~Vp(t)C
C_lTp(t)C C_lUp(t)C

The associated unitary matriz defined in (1.2) becomes

Qo (8) = [Upr(£) = VTV (0] [Upr(£) + V=TVpr(£)]
— O Up(t) — VIV O)UR (1) + V=IVR(1)]C.
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2. THE RELATION BETWEEN LLAGRANGIAN-INDEX AND SPECTRAL FLOW

2.1. The definition of spectral flow and its properties.

Lemma 2.1. Suppose U(t) € U(n), t € [0,1] is a continuous family of unitary
matrices. Then there exist continuous functions 01(t), 0a2(t), -+, On(t), t €
[0, 1], such that the eigenvalues of U(t), Vt € [0, 1] are VI =12 - n
and 01(t) < O2(t) < -+ < 0,(¢),Vt € [0,1].

Proof. The proof of this lemma is a little analogous to the ideas of Theorems
I1.5.1 and I1.5.2 in [5]. Here we give the main ideas, which are divided as three

steps.
Step 1 For any s € [0, 1], assume that eV k=1, 2, .-, n, are the
eigenvalues of U(s). Without loss of generality, we assume 605(s),---,0:(s) €

(=, 7] and then give a numbering 07 (s) < --- < 6] (s), where [; of o; (s) denotes
the algebraic multiplicity of it and >, l; = n. Set V7 = {0 | |0 — 03(s)| < 7}
Then there exists a constant Js, such that for any ¢ € [0,1] N (s — ds, s + Js), the
eigenvalues of U(t) are eV k=1, 2 -, nand 07 (t) < --- <07 (1),
where 6}(t) € V}.

Take e > 0, such that e < w if 03 (t) > 05 _,(s),and e < W'

Then there exits 0}, for any ¢ € [0,1] N (s — J,, s + J), such that
a(U(t) N {eV 1Oy = g,

. . . VEI05 (1) V=108 L (¢
Claim There exist Iy, lo, ---, [, eigenvalues near e i ( ), e b ), cee

emafl”ﬁ'”“m%“(t), ie., {eV710| 6 € (05(s) — €,05(s) + )} respectively.

In fact, set open set 2 € C with smooth boundary 0N2 satisfying 0QNo (U (t)) =
(). Define a projection by

1
2mv~1 Jog
By the fact that range Po(U(t)) is just the eigenspace of U(t) in Q and by
continuity of U(t), dimrange Pqo(U(t)) = const, we can obtain the claim.

Po(U(t)) = — (U(t) — 2I)"tdz.

So, if t € [0,1]N(s— 0%, s+ 0%), we can get a numbering of the eigenvalues. i.e.,
07(t) <--- < O5(1),
where 07 (s) = 05(s) = --- = 0}, (s).
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Step 2 05(t),--- ,0;(t) are continuous.

We need to prove 0(f) — 05(t) when { — ¢t. So near eV~ by Step
1, we also can get a similar numbering and thus the algebraic multiplicities are
Ik, - l;, respectively. By the claim above, we have that for ¢; > 0, if |[f —t| < 1
such that

H{k [10R(8) — 01()] < et} =14,

H{k | 10x(E) — 05()] < &} =1,

#ik [ 10%(2)

So we can get that |6} (t) — op (1] < et

03(t)] < er} = 1L,

Step 3 Gluing all the small intervals to get a global continuous numbering.

From above, we can get a continuous numbering in a small neighborhood for
each point in [0, 1] and then by Lebesgue Lemma, we have a Lebesgue constant
0 such that all the intervals with diameters smaller that J contained in some
neighborhood that obtained in the last two steps. The global continuity is assured
by the local continuity in each neighborhood and the numbering is an easy thing.

O

Definition 2.2. For a continuous family of unitary matrices {U(t) € U(n), t €
[0,1]}, we define the spectral flow of it by

1) s oy =3 ([40] - [8OT)

P 2 2

where [a] = max{k € Z | k < a}.

Our definition is inspired by the spectral flow introduced by M. F. Atiyah, V.
K. Patodi and I. M. Singer [2].

Example 2.3. [t is well-known that spectral flow describes the net change in the
number of negative eigenvalues of the operator family. The counting is done so
that each negative eigenvalue which becomes nonnegative contributes +1, and each
nonnegative eigenvalue which becomes negative contributes —1. Here we assume
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that each 0(t) in eV=® for every t € [0,1] belongs to [—m,7) and then

/=T0) B 1 6(0)<0 ~ 1 6(1)<0

site ’te[o’l]}_{o 9(0)20} {0 9(1)20}
-(-15)-C15)
-[2]-1)

In some sense, Definition 2.2 is a generalization of this example. U

Lemma 2.4. Definition 2.2 is valid, i.e., this definition is independent of the
choice of Ox(t),k =1,2,--- 'n,V t €[0,1].

Proof. Suppose that there exists another choice of ék(t),k: =1,2,--- ,n,Vt €
[0, 1] satisfying the conditions of Lemma 2.1. Then for each k and any t € [0, 1],
we have some k', such that 0y (t) = 0y (t) + 2my(t)7, and so

Z 0(t) = Z O (1) + 2 (Z mk(t)> T,
k=1 k=1

k'=1

where my(t) is some integer. Noting here that for any ¢ € [0, 1],

n
Z mg(t) = constant,
k=1

we have 3

k() | | Ok(t)

!Z ? = Z ? + constant.
k=1 k=1
Then by the following three useful facts

S B

k=1 k=1

-5 {5
LZI 2w P 27

where {z € R} := x — [z],

and similarly,
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one can obtain

g

Proposition 2.5 (Basic properties of spectral flow, see also Proposition 3.1 of
[16]). Let U(t) € U(n), t € [0,1] is a continuous family of unitary matriz. Then
the spectral flow of it has the following basic properties.

(a) (Path additivity) For t' € [0,1], we have

sfIU),t € 0,4} + sf{U),t € [t 1]} = sF{U®),t € [0,1]}.

(b) (Reversal) By following the notations in Lemma 2.1, we have

)0 (57)

sHU),te 0,1} = —sf{U @)t e 0,1} + 3 <5 <9;<7T1>
k=1

1 z is an integer,

where §(z € R) =
0 =z is not an integer.

(c) (Homotopy invariance) Suppose Us(t) € U(n), s,t € [0,1] is a continuous
family of unitary matriz, then

Sf{Us(t)v (Svt) < a([()? 1] X [07 1])} =0.
(d) (Zero) If dimker(U(t) — I) = constant, then sf{U(t),t € [0,1]} = 0.
(¢)(Product) Given a unitary path U(t) € U(n), t € [0,1], we have
sHU@ UMU(),t € [0,1]} = sf{U(1),t € [0,1]},

where M* denotes the complex conjugate of MT.

Proof. (a) follows from the definition of spectral flow 2.2 directly.

(b) Tt is easy to check that the eigenvalues of U~1(t) are

{e V7100 k=12 ... n}
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for any t € [0,1]. By the definition of spectral flow, we have

Sf{U(

([

e [0,1]}

Sewe goen e
) () £ () ()

B S0+ (4)
—sHU @), e [0,1]} +Z (o (%) - (%)),

where E(-) is defined as in Theorem 1.3 and the last second equality applies the

following useful formula,

(2.2) E(z) = —[-z] -1, Vz € R.

(c) By the same ideas in the proof of Lemma 2.1, for each point = € [0, 1] x [0, 1],
we can get a neighborhood (2 satisfying the following property.

For any two points 1 and x2 in §2, let b ,69?,]' =1,2,---,n, be the eigenvalues
of Us(t) at them, respectively and % the eigenvalues with algebraic multiplicity

ik, where > i = n and '+’ is chosen as 1 or 2. Then we have for each i,
1 2

1k

2T 27r

and thus, by Property (a), it follows

sf{Us(t), (s,t) € O(any square in )} =

Next, by Lebesgue Lemma, if we set the Lebesgue constant as § and choose
m > 1, such that % < 6, then each small square [l @] X [i M} i, =

m’ m m’ m

0,1,--- ,n — 1 belongs to some neighborhood with the property. Furthermore,
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since the global continuity of the eigenvalues of ;, (t) is assured by the continuity
of 0;, (t) in each small square (locally), we have

0= nfsf{Us(t)y (s,1) Ga([;’i;ﬂ X [;’TD}

ij=1

= sf{U(t), (s,t) € 8([0,1] x [0,1])},

where the last equality follows from Property (a) (Path additivity).

(d) From the assumption, we know that for each ¢ € [0,1], U(¢t) € U(n) have
eigenvalues 1 with the same multiplicity. Without loss of generality, we can
assume the other eigenvalues 6, all belong to (0, 27). By the definition of spectral
flow, we find that the sum in (2.1) is zero.

(e) Tt is easy to check that U(t) and U(t)*U(t)U(t) have the same eigenvalues.
Then we can get the result from the definition of spectral flow directly. O

2.2. A Maslov index by spectral flow. In this subsection, we will present a
Maslov index by spectral flow, in some sense, which can be viewed as a gener-
alization of the Lagrangian-index. And for other interesting connection between
various Maslov indices and spectral flow, we refer to [17, 12, 14, 15] and specially
[16], from which we have learned a lot. Above all, we introduce some new con-
cepts and notations for complex symplectic theory similar to the (real) symplectic
theory.

Definition 2.6. A complex matriz M € L£(C™) is called a J-symplectic matrix,
if it satisfies

M*JM = J,

where

i (N/—un1 0

, N1 +Ng = m.
0 —\/—11'”2) e

J is called the standard J-symplectic matrix on C™ when ny = ny = n, denoted
by Jo. I, € L(R™) is the n x n identity matriz and the zero matriz is denoted by
0. All the m x m J-symplectic matrices form a subgroup of L(C™) denoted by
Sp(J) and called the J-symplectic group.



1008 Sheng Rao and Xing Lin

ab

Firstly, we consider a 2 x 2 complex matrix M = ( J
c

) . By Definition 2.6,
the matrix M is J-symplectic if and only if

aa — ¢éc = dd — bb = 1 and ab = éd.
Furthermore, if M is unitary, it satisfies

aa + éc=dd +bb =1 and ab = cd.
In conclusion, M is unitary J-symplectic if and only if

da=dd=1andbb=¢cc=0, i, aa=dd=1andb=c=0.
Lemma 2.7. Suppose that a matriz M € L(C?") has the square block form
u=(37).

where A, B,C and D are all n X n matrices. Then, we have

(a) The matriz M € L(C?") is J-symplectic if and only if both A*A — C*C =
D*D — B*B =1 and A*B = C*D.

(b) Furthermore, the matriz M is unitary J-symplectic if and only if A*A =
D*D=1and B=C=0, i.e., A,D € U(n) and B=C = 0.

Proof. (a) follows from the definition of J-symplectic matrix by a simple compu-
tation.

(b) Furthermore, when the matrix M is unitary, it should further satisfies

A*A+ C*C = B*B+ D*D = I and A*B + C*D = 0. By (a) we have A*A =
D*D=1and B"FB=C*"C =0,ie., A*A=D*D=1and B=C =0. U

Definition 2.8. (Definition 4.1 of [16]) Suppose V' is a complex vector space of
dimension m, and @ is a sesquilinear, complex antisymmetric and non-degenerate
bilinear form defined on V, i.e., W satisfies

i) w(x,y) is linear in x and conjugate linear in y;

it) w(u,v) = —w(v,u), Yu,v € V;

i11) w(u,v) =0 for some w € V and any v € V implies u = 0.
Then @ is called a complex symplectic form on V, and (V,©) is a complex
symplectic space.
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Let (V,@) be a complex symplectic space. u,v € V are complex symplectically
orthogonal, denoted by ulv, if &(u,v) = 0. For A, B C V, define ALB if ulwv
for all u € A and v € B. Let E be a linear subspace of V. Define

E° ={ucV |&(u,v)=0,Vve E}.
Then E¥ is a linear subspace of V, and (E®)® = E. A linear subspace E of the
complex symplectic space (V,@) is called complexr Lagrangian, if E = E“.
The most popular example is the standard complex symplectic space (C?", @)
with @ defined by the standard j—symplectic matrix Jp,

o(u,v) = (jou,v><c, Yu,v € C?",

where (u,v)c denotes the standard complex inner product of u and v, i.e., u*v.
Without confusion, we omit the subindex C. The corresponding complex La-
grangian subspaces of this complex symplectic space are called Jy-Lagrangian
subspace and the set of all these subspaces is denoted by Lag(Jy) for short.

When analogous definitions for complex Lagrangian subspace are adopted here
for general J-symplectic matrices, we have the following criterion.

v—1I, 0 = .
. 1 /) Then A € Lag(J) if and only if

there exists a unique unitary map U : C™" — C"2, satisfying

A=Gr(U) = {(;J ( v e cnl}

Proof. Sufficiency. This follows from the definition of J-Lagrangian subspace by

Lemma 2.9. Set J = (

and n1 = ngy.

direct computation.

Z2

T
Necessity. From the definition, for any two vectors ( 1) , (
Y Y2

) € A, we have

x1 = xo if and only if y; = yo. In fact,

Y1 — Y2 Yyr — Y2

= —V=1((z1 — m2)"(x1 — 22) — (y1 — y2)" (v1 — ¥2)) -
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Then, we define a map U : C" — C" by U(x) = y for for any vector <x> €A
Yy

We claim that the domain and range are C™* and C"2, respectively. Actually, we

assume that

D = {x € C™ | Jy € C"?, satisfying (:C) € A},
Y

R ={y e C™ | 3z € C™, satisfying ($> € A}
)

Take z € D+ and then, from the definition of D, it follows (g) €A =Abya

simple computation as above. Thus we have z = 0, i.e., D+ = {0} and similarly
Rt = {0}. So far, we have proved the claim. Furthermore, the map U is bijective

and n; = no.

Thus, assume that A is represented as ; ’ T € (C”}, where U € L(C™)
T

is an invertible matrix. Then, for any x,y € C", it follows

= () ()
= (V—1z,y) + (—/=1U=z, Uy)
= —/—1z*(I - U*U)y.

By the arbitrariness of x and y, we get U*U = I. O

Remark 2.10. Here there is a natural question: how can we generalize these
concepts and ideas to manifold to obtain a meaningful complex symplectic geom-

etry?

Henceforth, we assume that n; = ny = n and denote the corresponding unitary
matrix of a J-Lagrangian subspace A by Ux. Due to this property, we can
introduce a new Maslov index for a pair of J-Lagrangian paths.

Definition 2.11. For a pair of continuous J-Lagrangian paths A (), Aa(t) €

C([0,1], Lag(J)), define a Maslov index by

(2.3) Mas{A1(t),As(t)} == s f{UAl(t)UX;(t), t€[0,1]},
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where UAj(t),j = 1,2, is the corresponding unitary matriz of Aj(t) obtained in

Lemma 2.9.

We need a unitary J-symplectic matrix P satisfying P*JP = J. It is easy to
check that

(2.4) P==

V2 I —/=1I
/-1 I

is suitable. Unless mentioned, we denote this matrix by P henceforth.

For convenience, we introduce a new complex symplectic space (C*", &¢) with
complex symplectic form @c defined as,

&c(u,v) = (Ju,v)c, Yu,v € C*.

The set of all corresponding complex Lagrangian subspace is denoted by Lag(J).
Moreover, a complex matrix M € £(C?") is called J-symplectic, if
M*JM = J,

where J is the standard (real) symplectic matrix defined as in Section 0 and all
the 2n x 2n J-symplectic matrices form a subgroup of £(C?") denoted by Sp(.J)
and called the J-symplectic group.

Lemma 2.12. (a) If a complex Lagrangian subspace A € Lag(J), then P*A €
Lag(J); And conversely, if a complex Lagrangian subspace A € Lag(J), then

PA € Lag(J).
(b) If M € Sp(J), then M = P*MP € Sp(J); And conversely, if M € Sp(J),
then M = PMP* € Sp(J)

Proof. (a) There are two approaches to this claim. One is the direct use of the
definition:
O(P*A, P*A) = (JP*A, P*A) = (PJP*A,A) = (JA,A) =0

and in addition dim P*A = n. The other is to check that A can be represented
as Gr(U), where U is an invertible matrix with U* = U and by a simple compu-
tation,

P*A=Gr((U+V-1D)(V-1U+1)7").

By the result U* = U, we have

(U+V-1)V-1U+ 1)) (U +V-1)(V-1U+I)™") = 1.
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So the criterion Lemma 2.9 implies P*A € Lag(J). The converse can also be
obtained by these two approaches.

(b) It can be easily obtained by a simple computation from the definition. O

From this Lemma, it is obvious that Lag(J) and Lag(J), Sp(J) and Sp(J) are
isomorphic, respectively. We will follow the notations in this Lemma henceforth.
For example, A and M denote P*A and P*M P, respectively, etc. It is obvious
that

(2.5) Ao = { (_\/lex> } we (C”} ,

where Ay = { (0> ‘ T € (C”}. Moreover, Sp(2n) C Sp(J).
x

Proposition 2.13. (i) If A € Lag(J) and ¥ € Sp(J), then YA € Lag(J).

(ii) For any two J-Lagrangian subspaces A, N’ € Lag(J) there exists a unitary
J-symplectic matriz U € Sp(J) N U(2n) such that N = WA. W is uniquely
determined by N up to a unitary matriz C € U(n), i.e., for any other choice of

U’ satisfying the conditions above, there exists a unitary matriz C' € U(n) such

that
U =9 ¢o )
0C

Proof. (i) is obvious by the definition of J-symplectic matrix 2.6 and J-Lagrangian

subspace.

(i4) By Lemma 2.9, A’ can be written as { (Ugf ) ‘ x € C"} and thus ¥ can
x

I _
be chosen as 0 , | for A = Ag. Then Lemma 2.7 (b) proves the lemma. [J

0v/—1U
Denote by
P(J) = {y € C([0,1],9p(J])) | ¥(0) = Iz}

the set of all continuous J-symplectic paths starting from identity.

Propostion 2.14 (J-symplectic invariance, see also Corollary 4.1 of [16]). For

any y(t) € P(J) and A(t), A'(t) € C([0,1], Lag(J)), there holds
Mas{y(t)A'(t), v(t)A(t)} = Mas{A'(t), A(t)}.
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Proof. Firstly, we claim that it suffices to prove
Mas{y(1)A"(£), y(1)A(t)} = Mas{A"(¢), A(t)}.
In fact, by Definition 2.11,
Mas{y(t)A'(1), 7 (A1)} = =s H{Uy o Uspyagey» t € (0,113,
i.e., we can prove
Mas{y(t)A'(t), v(t)A(t)} = Mas{y(1)A'(t),y(1)A(t)}.
1

Here M 2 ~(1). Supposing that the eigenvalues of ﬁA/(t)(jXé) are eV (1) and

those of UMA/(t)(?A_/[lA(t) are emeMd (t),j =1,2,---,n, we have
—Zn: ('9Mj(1)' B 'ej(O)D
- 27 2
j=1 N -t
:_zn: <—9Mj(1)_ B _eMj(O)] N [HMJ'(O)] B [93'(0)])
, 27 2 27 27
j=1 “t 4t
_ i <-‘9Mj(1)_ B -eMj(O)]>
- 27 2T
j=1 N -t
=Mas{MA'(t), MA(t)},
where the last second equality follows from
(2.6) Sf{U’Y(t)A/(D)Ufy_(%)A(O)’ te [0, 1]} =0.

Actually, by the fact
A(£)(N(0) N A(0)) = M(A'(0) N A(0)) = (A'(0) N A(0)),
it follows that dim~(¢)(A’(0) N A(0)) = constant, i.e.,
dimker(I — UW(t)A’(O)U;(i)A(O)) = constant.

Thus by the Property Zero of spectral flow (cf. Proposition 2.5(d)), we can obtain
this claim.

Next, we prove

Mas{MA'(t), MA(t)} = Mas{A'(t), A(t)}.
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Actually,

Mas{MA’(t), MA(t)} — Mas{7(0)A'(t), 7(0)A (1)}
=Mas{y(s)A'(1), 7()A(1)} — Mas{y(s)A"(0),7(s)A(0)}
=0,

where the first equality follows from the Property Homotopy invariance of spectral
flow (cf. Proposition 2.5(c)) and the second equality follows from

Mas{~y(s)A’(1),7(s)A(1)} = Mas{~(s)A'(0), 7(s)A(0)} = 0

by the same reasoning of (2.6). O

2.3. An explicit formula about Lagrangian-index and spectral flow. Let
us introduce a new index by the Maslov index in Definition 2.11 with respect
to a pair of continuous J-symplectic Lagrangian subspaces and a continuous .J-
symplectic path in Sp(.J).

Definition 2.15. For any A(t), N'(t) € C([0,1], Lag(J)) and 5 € C([0,1], Sp(J)),
we define (A, A')-index of ¥ by

ina(7) = Mas{3(£)A(t), A'(1)}.

By Proposition 2.13(i), it is well-defined. Using Property J-symplectic invari-
ance of the Maslov index (cf. Proposition 2.14), we can reduce the (A, A’)-index
to the special case (Ag, Ag)-index. In fact,

inar(9) =Mas{F(t)A(t), A'(t)}
“Mas{3(6)¥(t) Ao, (1) Ao}
=Mas{W'(t) ' 4(t)¥(t)Ao, Ao},
=Mas{¥(t)Ao, Ao},
where W(t) and W/(t) are the unitary J-symplectic path satisfying A(t) = (t)Ag
and A'(t) = W' (t)Ag (cf. Proposition 2.13(ii)), and 5(t) £ ¥/(¢)'5(t)¥(t). And

the last second equality follows from the Property J-symplectic invariance of the
Maslov index.
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Next, we show that Mas{(t)Ag, Ao} is independent of the choice of ¥(t) and
U'(t). In fact, for another choice of Wy(t) and W((t) satisfying

Wo(t) = B(1) (Cé” c?w) and Wh(t) = V(1) (C'O(“ C,O(t)> ,

where C(t),C’(t) are unitary paths as in Proposition 2.13(ii) and
1.

1) £ Th(e) 40P ),
we have
B r(+)—1 5
()R = (C o C,((j)_l> v (0 0P (Cé“ c?n) Rolt)

- { (Cl(t)_l ~v(t)Ao@)C'(””C) ‘ " Cn} .

Since C’(t)_lﬁﬁ(t)]\o(t)C"(t) does not change the eigenvalues of U"y(t)]&o(t)’ we ob-
tain the independence by the definition of Maslov index.

In the end of this section, we give the main result of this paper.
Theorem 2.16. For any symplectic path v € P(2n), there holds
iLo(7) = i3, 4,() — 1
Recall that Lo = {0} ® R™ and Ag is given by (2.5). 4 denotes P*yP where P is
given by (2.4).

Proof. Write ~(t) £ igg Zg;) as in (1.1). Suppose \;(t) = e2V=1% 1) are the
eigenvalues of Q(t) for j =1,2,--- ,n, where

Qy(t) = [Ut) = V-IV@I[U() + V-1V ()]~

as in (1.2). Using the result and notations in Theorem 1.3, we have

Z.Lo('?/) :ZE (93‘(1) ; Hj(()))
j=1

5 EEEELTA
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”1 { 1] 2))-

VEIVO)U ) + V=TIV )T T e 0,1]) -

(

Hw n
_M{{< U(0) + VEIV)DE) - VoIV () )‘“Cn}’&)}_”
=Mas{(rfff>( oin) {(2) 1<} of -

=Mas{P*yPP*Ag, Ao} —n

=Mas{P*yPAg,Ag} —n
:Mas{’yf\o, IN\()} —n,

J

where the first and second equalities follow from Theorem 1.3 and the formula
(2.2) respectively. O

Remark 2.17. The critical third equality can also be obtained by the first equal-
ity, Proposition 2.5 (b)(Reversal), v(0) = I and the fact that the total algebraic

multiplicities of eigenvalues is n. In fact,

i (7) = zn:E (93'(1) = '91‘(0))

3. A NEW INDEX WITH ARBITRARY BOUNDARY CONDITIONS

We generalize our main theorem to arbitrary Lagrangian boundary conditions
by the methods developed in the previous section and some results from Lie
theory.



On the Maslov-type Index for Symplectic Paths with... 1017

3.1. The index theory with arbitrary boundary conditions. On the ba-
sis of the Lagrangian-index mentioned above, we develop a new index which
is suitable to study a more general case, that is, to study the following linear
Hamiltonian system with arbitrary Lagrangian boundary conditions

x(t) = JB(t)x(t),
(3.1) z(0) € Lo,
35(1) € Ly,

where B(t),t € [0, 1], is still a family of symmetric matrix functions, and L, €

Lag(n) is an arbitrary Lagrangian subspace of R?".

Suppose that y(t) is the fundamental solution of the linear Hamiltonian system
#(t) = JB(t)z(t), that is, v(0) = Iy, the identity matrix, and §(t) = JB(t)v(t),
then v € C([0,1],Sp(2n)) is a symplectic path with v(0) = I, and write it in
S V()
Tt)U

t
HU(t

)

Vit
is easy to see that the n vectors coming from the column of the matrix ( ( )>

the form , where S(t), T'(t), V(t) and U(t) are all n x n matrices. It

U(t)

are linear independent and they span a Lagrangian subspace of (R?", wy).

For the linear Lagrangian subspaces Lo and Lq, there exists an orthogonal

B A
AT BT
with A4++/~1B € U(n), the unitary matrix. So P~1 = PT = g AT Here
P is uniquely determined by Ly and L up to an orthogonal matrix C' € O(n),

A-B
symplectic matrix P such that PLy = L; and P has the form P = >

where O(n) denotes the orthogonal n x n matrix group. (cf. Lemma 2.31 in [13].)
Moreover, the symplectic group is a Lie group and its Lie algebra is

sp(2n) = {M € L(R*,R*™) | JM + M"J = 0}.

It is easy to see that Je™M = e~ tM T , where M7 denotes the transpose of the

matrix M. Hence for any symplectic matrix N € Sp(2n), we have
(e ™MN)T J(e™MN) = NTe tM" Je-tM N = NTJN = J,

that is, e "™ N € Sp(2n). For any M € Sp(2n), it is well-known that the one
parameter curve exp(tM) = ™ in Sp(2n) is a Lie subgroup of Sp(2n), and
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Sp(2n) = exp(sp(2n)), which means the exponential map
exp : sp(2n) — Sp(2n)

is surjective (not injective). So for the above P € Sp(2n)NO(2n), there is a matrix
M € sp(2n) such that P = ™ and €™ € Sp(2n) N O(2n). Furthermore, M is
anti-symmetric, that is, MT+M = 0. Soby JM+M7TJ = 0, we have JM = MJ.
Thus we have a Lagrangian path X : [0,1] — Lag(n) with \(t) = ¢ Lg. We
write the orthogonal symplectic path

o(t) = &M — (ilg)(t) i((:;) with A(t) £ V—1B(t) € U(n).

The above Lagrangian path determines a unique unitary matrix path
Ro(t) = [A(t) — V=1B®)[A®) + V-1B(t)] .

But the matrix M is not unique since M := M + 2knJ € sp(2n) also satisfies
eM = P and we get another symplectic path () = eM*267)) with R () =
4kt

e %O(t).

Proposition 3.1. Let yo(t) = €™ and v, (t) = e!M+2677) be the two symplectic

paths with the same end points. Then we have

(3.2) 1L ('Yk) =2nk + 1Lo (70).

Proof. Let us follow the notions as in paper [6]. Then

Y(t) = (?,:8 Z’Zi?)) and Qy(t) = [Ux(t) — V=1V, (D)][Uk(t) + V-1V, ()] L.

By the fact v;(t) = €2ty (t), we have

Qk (t) — 64\/jlk7rt QO (t) .

By Theorem 3.3 of [6], we get the result (3.2). O
From Proposition 3.2, since ir,(l2,) = —n, we choose a unique matrix M in
the set

O={Mecsp2n)|eM =P JM =MJandir, (e ™) c [-n,n)}.

In the rest, we always fix such a matrix M € ©.
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St V(L)

Definition 3.2. For any symplectic path y(t) = <T(t) U(t)

>, define the (Lo, L1)-
nullity to be
vt (y) = dimker(ATV(1) + BTU(1)).

In fact, l/f:; (7y) is just the dimension of the solution space of the problem (3.1).
Let x = (p,q) € R™ x R™ be a solution of (3.1). Then it satisfies z(t) = v(¢)z(0).
Suppose (0,v) € {0} x R™ and P(0,v") = (p, ¢) for some (0,v") € {0} x R"™. Hence

by the equality

p\ (A-B 0\ (S(1)V(1) 0

q) \BA o) \Tu@) ) \v)’
we see that (ATV (1) + BTU(1))v = 0.

Remark 3.3. The definition is well-defined. Since for another P’ satisfies the
condition we have

P_p (C’O) _ (A—B) (co) _ (AC—BC) |
0C BA 0cC BC AC
where C' € O(n), then
vii(y) =dimker((AC)"V(1) + (BC)"U(1))
=dimker(ATV (1) + BTU(1)).

Definition 3.4. For the symplectic path vy € P(2n), we use the Lo-index to define
the (Lo, L1)-index of v by

ifs (1) = ing(e7My(1).

Remark 3.5. The index zfé (7) is well-defined, that is, it is independent of the
choice of the matrizes M and P. We just need consider how to ensure the in-

dependence of the choice of the orthogonal symplectic matriz P. For the other
COo
choice P', there is an orthogonal matriz C' € O(n) such that P’ = P (O C’) . We

divide our work into two steps.

Step 1. If det C =1, then

co) (e50 o [0
oc) “\oes) = “Plos)
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S0 S0
P =M = M )

—tS 0
0 —tS

and

The symplectic path exp (—tM + < ) ) v(t) is Lo-homotopic to e ="M~ (t)

by the homotopy

exp (—tM+ <_f)ts—gt5>> ~v(t), (s,t) €10,1] x [0, 1].

(See Definition 3.9 about "Lo-homotopic’.) Thus in this case zfé () is independent
of the choice of C.

Step 2. If det C' = —1, then

-1 0 0 O
I, '
p=r 8 012 8 (igJ,MMdmO:L
0 0 0 I,

By Step 1, we only need to suppose that

-1 0 0 O
I — ! /
P'=pP 8 nO ! 01 8 =M™ = MAITT with J' = Jy 0 Inp_a.
0 0 0 I,

In this case, the symplectic paths e ™ e=tM~ (1) and e "M~(t) satisfy
ino(e7™M(t) = g (e e My (1)) + 1.

For the proof of this result, one can use the similar arguments as in the proof of
Proposition 3.2. By this, from now on, we fix an orthogonal symplectic matrix P
such that P : Ly — L1 be orientation preserving, i.e., just the case in the Step 1.

Generally, we consider the following Hamiltonian system
i(t) = TB(t)a(),
(3.3) z(0) € L,
x(l) € Ly,
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where L and L are two arbitrary Lagrangian subspaces in R?". We also can find
an orthogonal symplectic matrix O satisfying OLy = L and thus define a new
symplectic path vo(t) = O~ 1(t)O.

Definition 3.6. The (L, L1)-nullity of any symplectic path v € P(2n) is defined
by
Ly _3; T T
vt (y) = dimker(4; Vo(1) + By Uo(1)),

where Vo(t) and Uo(t) are defined in yo(t) = <§Ogg ZO((tt)> e (gl f_lBl>
0 O 141

satisfies Pi1Lg = O~ 'L;.

!
Remark 3.7. This definition is well-defined. Since if the other O' = O <§’ OC,>

satisfies the above conditions, we have

" , (@) to _ C'o
(0) (10" = (O (C,)_1>0 1(H0 (0 C,)

B ((C’)‘10 ) (50(75) VO(t)> (c'o )
0 (€)1 ) \To(t) Uo(t) ) \0 C’
_ <(C')_150(t)0' <C'>—1vo<t>c'>
(C) ' To(t)C" (C)Uo()C" )
Hence, we have
vt (v) = dimker((C") T AT Vo (1)C' + (C") ' B Uo(1)C)
= dimker(AT Vo (1) + B U (1))
and thus the definition is independent of the choice of the matriz O.
Definition 3.8. The (L, Ly)-index is defined by
ift(7) = ine(e ™0 (t)).

where €M = Py and ip,(e7™M1) € [-n,n).

We claim that this definition is independent of the choice of the matrix O €

!
Sp(2n) N O(2n). Since for another matrix O’ = O (00 OC,) , we have

n— r (Cl)ilso(t)cl (Cl)ilvo(wcl
(O) 1'7(00 - ((C/)—lTO(t)C/ (C/)_on(t)C/> .
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Therefore
det[(C) U (t)C" — V=1(C") " Wo(t)C'[(C) U (t)C" + V=1(C") Vo (1))
=det[Uo(t) — vV —1Vo(t)][Uo(t) + vV —1Vo(t)] 7 .

3.2. Some properties of our new index. Our new index defined in Subsection
3.1 has many properties which are similar to the Lagrangian-index developed by
C. Liu. For convenience, we first briefly list some results in the paper [6]. In
the paper [8], the authors obtained many more results by using the methods
of Galerkin approximation and the saddle point reduction. First we give some
necessary definitions for the statement.

Definition 3.9. (i) For two symplectic paths vo,71 € P(2n), we say that they
are Lo-homotopic and denoted by o ~r, 71, if there is a map 6 : [0,1] — P(2n)
such that 6(j) = ; for j =0,1, and vr,(6(s)) is constant for s € [0,1].

(ii) For two symplectic matrices of the square block form

A B A9 B
M =P and My= 272 :
Cy1 Dy i 2i Co Dy yixa
72X 2% J X 27

the symplectic direct sum of M1 and My is defined by

A1 0 B; O
0 Ay 0 By
Ci 0D; 0
0 Cy 0 Dy

M1<>M2:

In his paper [6], C. Liu also proved the following important result.

Theorem 3.10 ([6]). (i) If v0,71 € P(2n)1,, then ir,(y0) = irL,(71) if and only
if Yo ~Lo M-

(ii) For two symplectic paths v; € P(2n;),j = 1,2, with ny + ng = n, there
holds

ino(1072) = ipy () +iry(v2),
where Ly = {0} & R™ and L{j = {0} & R"2.

(i11) For two symplectic paths v; € P(2n;), j = 1,2 with v (1) = v2(1), it
holds ir,(v1) = ir,(v2) if and only if y1 ~r, v with fized endpoints.
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(tv) For two symplectic paths v; € P(2n;), j = 1,2, if y1 ~r, V2, there holds
iLo(M) = ire(72), VLe(11) = vie(72)-

(v) For any symplectic path v € P(2n), there holds

i) = Y B (P,
j=1
where E(a) = max{k € Z | k < a}.

Now we list some properties of our new index below. Since we use the Lagrangian-
index to define the new index and the fact that e 7**~(t) is the fundamental solu-
tion of & = JBx(t), where B = JM + e *M B(t)e™ | these properties of the new
index are very similar to those of the Lagrangian-index. Here we just consider
the case Lo = {0} P R"™.

Proposition 3.11 (Symplectic additivity). For two paths v; € P(2n;), j = 1,2,
with n1 + ng = n, there holds

. L, LY

iy (n o) =g} (m) +ig (),
where Ly = L{ & Ly with Ly = {0} R™ and Lj = {0} PR, and L =
L& L] = PIL{ @ P, L for some suitable orthogonal symplectic matrizes P and
P

Proof. By the setup of Subsection 3.1, we can write

A, —B A, —B
P =M= ! ! and Py = M2 .= 2 ;
Bl A1 B2 A2
2n1 X2n1 2n2 X2n2

which are both orthogonal symplectic matrices.

Let 1(t) = e ™1y (t) and Fo(t) = e *M2~5(¢). Then from our definition of
the (Lo, Ly)-index, we have i} (v1(t)) = iL,(71(t)) and i} (y2(t) = iz, (32(t)).
As before, we denote by v1(t) and ~2(¢) two symplectic matrices of the square
Si(t) Vi(t)

block form, that is, v;(t) = Ti(0) Us(1)

fori=1, 2.

2n,; X2n;
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Then by direct computation, we see that
Y102
=(e="Mn (1)) o (7 M2ya(t)

_(( Atw BT ([ AR BE@)Y (Sa(0 Valt)
~B (1) AT (¢) ~BE () AL)) \ () V(1)
_ AT () BT (t) AT () BI(t) S1(t) Vi(t) o Sa(t) Va(t)
~BlwATm) “\-BIw afo) ) \\mo vitn) © \ 1) vat)

:(e—tMl o e—th)

—~
)
[y
Lo
2
N

Hence the definition of (L, L1)-index implies zfé (71 072) =ir,(F1 ©2). O
Proposition 3.12 (Homotopy invariant). For two path v; € P(2n), j = 0,1, it
holds that if o Nﬁé Y1, then

L L
ZLé(’YO) = 1L3(71)7

where vy Nﬁé Y1 means that there is a map 6 : [0,1] — P(2n) such that 6(j) = ~;
for 5 =0,1 and vfé((s(s)) is constant for s € [0, 1].

Proof. Since g Nié 71 means that e™*Mng ~p M4, due to the definition of
the nullity, we can prove the result just by Theorem 3.10 (iv). O

Proposition 3.13. For any symplectic path v € P(2n), there holds
‘ L - 6;(1) — 6,(0)
&m:%@ww=2E<“;j>

j=1

where

E(a) = max{k € Z|k < a},

and \;j(t) = eV=195() gre the eigenvalues of the matriz

S(t) = [V(t) — V=1U®)][V (t) + V—=1U(t)],

where V(t) = AT(t)V (t)+BT (t)U(t) and U(t) = =BT (t)V (t)+ AT (t)U(t)). Here
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Proof. By a direct calculation we have
cang_ (AT® BTOY (SOVO) _ (+V0
W= e atw) | \ Ty ) T \xo)
and thus by the definition of our new index and Theorem 3.10 (v), we get the
desired result. O

3.3. The relation between the (L, L;)-index and spectral flow. In this
section, we will generalize our main Theorem 2.16 to establish the relation be-
tween the (Lg, L1)-index and spectral flow by an explicit formula.

For convenience, we first introduce some notations about complex symplectic

0 -1,

theory as follows. Let J = < ) be the standard (real) symplectic matrix

defined as before and

G (Vi 0
0 —v—1I,,

If n1 = ny = n, then J is called the standard J -symplectic matriz on C*" and is

) with n1 + ny = 2n.

denoted by Jo. Recall that the .J -symplectic group
Sp(J) & {M | M*JM = J,M € L(C®)}.
Now consider the standard complex symplectic space (C?",&) with @ defined
by the standard j—symplectic matrix jo, that is,
O(u,v) = <j0u,v>(c, Yu, v e C™,

where (u,v)c denotes the standard complex inner products of v and v, that is,
u*v. Denote by Lag(Jy) the corresponding complex Lagrangian subspaces of
(C%n, @), that is,

Lag(Jy) = {A is a complex subspace of C2* | A = A®},

where A® = {u € C?" | &(u,v) = 0,Vv € A}. Denote

wf ) e}
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where Ag = {<0> ‘ T € C”}. And let A; £ P Ay where P = e tMp. Tt is
T

tM

easy to see that A; € Lag(jg) since e *M is a unitary Jo-symplectic matrix and

so is P. Now we can state our another main result as follows.

Theorem 3.14. For any symplectic path v € P(2n), there holds

L . -
i (V) =iz, 4, (V) — 7,

where the notations follow the remarks above and 7y denotes P;~yP;.

Proof. The proof of this theorem is essentially due to the one of Theorem 2.16.

. a (S V(L)
Write y(t) = (T(t) U)

values of Qv(t) for j =1,2,---,n, where

Qy(t) =[Ut) — V=1V @)U (1) + V=1V ()]

) as before. Suppose \;(t) = e2V=10i(1) are the eigen-

o {{ (—mmt) VIO - mm)—lx) ¢ Cn} ’AO} o
_ I =11\ (AT@t)BT(@t)\ (S(t) V(1) 0 2l
_Mas{(mf I ) <BT(t) AT (1) (T(t) U(t)) {(a:) ‘ vet }’AO} -
=Mas{P;yP,P; Ao, Ao} — n

=Mas{P;vP A1, Ao} —n

:MaS{’Nyj\l, [\0} —n,

where 5 := Py Py € C([0,1], Sp(Jo)) is applied in the last equality. O
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