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Weakly δ-Koszul Modules

Jia-Feng Lü, Qing-Zhou Xu and Guo-Jun Wang∗

Abstract: In order to study the finite generation property of the Yoneda-
Ext algebras of positively graded algebras, Green and Marcos introduced
δ-Koszul objects in 2005 [2]. Motivated by ([7]-[11]), we are interested in the
δ-Koszulity of a finitely generated graded module over a δ-Koszul algebra
and introduce the notion of weakly δ-Koszul module in this paper. The
following are proved to be equivalent and are the main results of this paper:

• M is a weakly δ-Koszul module;
• the associated graded module G(M) is a δ-Koszul module;
• M admits a chain of graded submodules: 0 = M0 ⊂ M1 ⊂ M2 ⊂
· · · ⊂ Mm = M , such that all Mi/Mi−1 are δ-Koszul modules.
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1. Motivations and Definitions

It is well known that it is very difficult to decide whether the Yoneda-Ext
algebra of a positively graded algebra is finitely generated or not in general. In
2005, Green and Marcos introduced the so-called δ-Koszul algebra (module) (see
[2]), which is an attempt to discuss such “finite generation property” for the
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Yoneda-Ext algebras of a positively graded algebra. It should be noted that δ-
Koszul modules are a class of “bi-pure” finitely generated graded modules: firstly,
δ-Koszul modules are graded pure modules, i.e., they are generated in a single
degree; secondly, in their minimal graded projective resolutions, each term is a
graded pure module. It is obvious that Koszul algebras (Priddy, 1970, [12]), d-
Koszul algebras (Berger, 2001, [1]) and piecewise-Koszul algebras (Lü, He and
Lu, 2007, [6]) are special δ-Koszul algebras. This paper is motivated by [11],
[7] and [8], where the authors studied the Koszulity, d-Koszulity and piecewise-
Koszulity of finitely generated graded modules respectively. Now one can ask
a natural question: Can we study the δ-Koszulity of finitely generated graded
modules? The answer is positive and the main aim of this paper is to generalize
the results from weakly Koszul modules, weakly d-Koszul modules and weakly
piecewise-Koszul modules to the δ-Koszul case, and we introduce the notion of
weakly δ-Koszul module.

We use the same notations as in [7]. For example, K is a fixed base field and A =⊕
i≥0 Ai is a positively graded K-algebra such that (a) A0 is a semisimple Artin

algebra, (b) A is generated in degrees zero and one; that is, Ai ·Aj = Ai+j for all
0 ≤ i, j < ∞, and (c) A1 is a finitely generated K-module. The graded Jacobson
radical of A, which we denote by J , is

⊕
i≥1 Ai. We are interested in the category

Gr(A) of graded A-modules, and its full subcategory gr(A) of finitely generated
modules. The morphisms in these categories, denoted by HomGr(A)(M, N) and
Homgr(A)(M, N), are the graded A-module maps of degree zero. We denote
Grs(A) and grs(A) the full subcategories of Gr(A) and gr(A) respectively, whose
objects are generated in degree s. An object in Grs(A) or grs(A) is called a
graded pure A-module.

Now let us recall some definitions which will be used later.

Definition 1.1. ([2]) Let A be a positively graded algebra. A is called a δ-Koszul
algebra provided the following two conditions:

(1) The trivial A-module A0 admits a minimal graded projective resolution

· · · // Pn
// · · · // P1

// P0
// A0

// 0,

such that each Pn is generated in a single degree, say δ(n) for all n ≥ 0, where δ

is a strictly increasing set function from {0, 1, 2, · · · } to {0, 1, 2, · · · };



Weakly δ-Koszul Modules 981

(2) The Yoneda-Ext algebra, E(A) =
⊕

n≥0 Extn
A(A0, A0), is finitely generated

as a graded algebra.

Let A be a δ-Koszul algebra and M ∈ gr(A). We call M a δ-Koszul module if
there is a minimal graded projective resolution

· · · // Qn
// · · · // Q1

// Q0
// M // 0,

such that each Qn is generated in degree δ(n) + t, where t ≥ 0 a fixed integer.

Let Kδ(A) denote the category of δ-Koszul modules.

The first assertion of the following proposition is a motivation for the definition
of weakly δ-Koszul modules.

Proposition 1.2. The following statements are true for a δ-Koszul algebra A.

(1) Let M ∈ grs(A) and

· · · // Qn
fn // · · · // Q1

f1 // Q0
f0 // M // 0,

a minimal graded projective resolution of M . Then M is a δ-Koszul
module if and only if ker fn ⊆ Jδ(n+1)−δ(n)Qn and J ker fn = ker fn ∩
Jδ(n+1)−δ(n)+1Qn for all n ≥ 0.

(2) Let M ∈ gr(A). Then M is a δ-Koszul module if and only if E(M) =⊕
i≥0 Exti

A(M, A0) is generated in degree 0 as a graded E(A)-module.

Proof. The proof of the first assertion is similar to that of (Proposition 2.1, [7])
and the second is immediate from (Proposition 3.5, [5]). ¤

Definition 1.3. Let A be a δ-Koszul algebra and M ∈ gr(A). Let

· · · // Qn
fn // · · · // Q1

f1 // Q0
f0 // M // 0

be a minimal graded projective resolution of M . Then M is called a weakly δ-
Koszul module if for all n, k ≥ 0, we have Jk ker fn = ker fn ∩ Jδ(n+1)−δ(n)+kQn.
Let WKδ(A) denote the category of weakly δ-Koszul modules.

Example 1.4. (1) Weakly Koszul modules, introduced by Mart́ınez-Villa and
Zacharia in 2003 ([11]), are a special class of weakly δ-Koszul modules in the
sense of δ(i) = i for all i ≥ 0.
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(2) Weakly d-Koszul modules, introduced by Lü, He and Lu in 2007 ([7]), are
a special class of weakly δ-Koszul modules with respect to

δ(n) =

{
nd
2 , if n is even;
(n−1)d

2 + 1, if n is odd,

where d ≥ 2 is a given integer.

(3) Weakly piecewise-Koszul modules, introduced by Lü in 2009 ([8]), are an-
other special class of weakly δ-Koszul modules in the sense of

δ(n) =





nd
p , if n ≡ 0(modp);
(n−1)d

p + 1, if n ≡ 1(modp);

· · · · · ·
(n−p+1)d

p + p−1, if n ≡ p−1(modp),

where d ≥ p ≥ 2 are fixed integers.

Proposition 1.5. Let A be a δ-Koszul algebra and M ∈ grs(A). Then M ∈
Kδ(A) if and only if M ∈ WKδ(A).

Proof. Let · · · // Qn
fn // · · · // Q1

f1 // Q0
f0 // M // 0 be a min-

imal graded projective resolution of M . By Proposition 1.2, M ∈ Kδ(A) if
and only if ker fn ⊆ Jδ(n+1)−δ(n)Qn and J ker fn = ker fn ∩ Jδ(n+1)−δ(n)+1Qn

for all n ≥ 0. Note that M is a graded pure module, thus the conditions
ker fn ⊆ Jδ(n+1)−δ(n)Qn and J ker fn = ker fn ∩ Jδ(n+1)−δ(n)+1Qn for all n ≥ 0
are equivalent to that for all n, k ≥ 0, Jk ker fn = ker fn∩Jδ(n+1)−δ(n)+kQn, i.e.,
M ∈ WKδ(A). ¤

2. Weakly δ-Koszul modules

In this section, we will discuss the δ-Koszulity of finitely generated graded
modules over a δ-Koszul algebra.

Lemma 2.1. Let 0 // K // M // N // 0 be an exact sequence in
gr(A) and A a δ-Koszul algebra.

(1) If K, M ∈ WKδ(A) and JkK = K ∩ JkM for all k ≥ 0, then N ∈
WKδ(A);
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(2) If K, N ∈ WKδ(A) and JK = K ∩ JM , then M ∈ WKδ(A).

Proof. We will only prove (1) since (2) can be proved similarly.

For (1), consider the following commutative diagram with exact rows and
columns

0

²²

0

²²

0

²²

0 // Ωi+1(K)

²²

// Ωi+1(M)

²²

// Ωi+1(N)

²²

// 0

0 // Pi

²²

// Qi

²²

// Li

²²

// 0

0 // Ωi(K)

²²

// Ωi(M)

²²

// Ωi(N)

²²

// 0,

0 0 0

where Pi → Ωi(K) → 0, Qi → Ωi(M) → 0 and Li → Ωi(N) → 0 are graded
projective covers, respectively. Note that K, M ∈ WKδ(A), we have the following
commutative diagram with exact rows and columns

0

²²

0

²²

0

²²

0 // Ωi+1(K)

²²

// Ωi+1(M)

²²

// Ωi+1(N)

²²

// 0

0 // Jδ(i+1)−δ(i)Pi

²²

// Jδ(i+1)−δ(i)Qi

²²

// Jδ(i+1)−δ(i)Li

²²

// 0

0 // Jδ(i+1)−δ(i)Ωi(K)

²²

// Jδ(i+1)−δ(i)Ωi(M)

²²

// Jδ(i+1)−δ(i)Ωi(N)

²²

// 0.

0 0 0
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Apply the functor A/Jk ⊗A − to the above diagram, one can get the map

A/Jk ⊗A Ωi+1(N) −→ A/Jk ⊗A Jδ(i+1)−δ(i)Li

is a monomorphism, which is equivalent to

JkΩi+1(N) = Ωi+1(N) ∩ Jδ(i+1)−δ(i)+kLi

for all i, k ≥ 0. i.e., N ∈ WKδ(A). ¤

Lemma 2.2. Let A be a δ-Koszul algebra and M =
⊕

i≥0 Mi be a weakly δ-Koszul
module with M0 6= 0. Set KM = 〈M0〉. Then

(1) KM ∈ Kδ(A);
(2) KM ∩ JkM = JkKM for all k ≥ 0;
(3) M/KM ∈ WKδ(A).

Proof. Let

· · · // Pn
// · · · // P1

// P0
// KM

// 0

be a minimal graded projective resolution of KM . We want to show that each
Pi is generated in degree δ(i). Note that M is a weakly δ-Koszul module, by
definition, M admits a minimal graded projective resolution

· · · // Qn
fn // · · · // Q1

f1 // Q0
f0 // M // 0

with Jk ker fn = ker fn ∩ Jδ(n+1)−δ(n)+kQn for all n, k ≥ 0. Up to an isomor-
phism, Qi = A ⊗A0 SΩi(M), where SΩi(M) = Sδ(i) ⊕ Sδ(i+1) ⊕ · · · ⊆ Ωi(M) is a
minimal graded sub-A0-module of Ωi(M) such that A · SΩi(M) = Ωi(M). Set
Pi = (Qi)δ(i) = A ⊗A0 Sδ(i). Consider the following commutative diagram with
exact rows:

0 // Ωi+1(KM )

²²

// (Qi)δ(i)

⊆
²²

// Ωi(KM )

⊆
²²

// 0

0 // Ωi+1(M) // Qi
// Ωi(M) // 0,

Now we claim that 〈Ωi+1(M)δ(i+1)〉 = Ωi+1(KM ). Indeed, note that M is a
weakly δ-Koszul module, we have Ωi+1(M) ⊆ Jδ(i+1)−δ(i)Qi. Thus, we have the
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following exact sequence

0 // Ωi+1(M) // Jδ(i+1)−δ(i)Qi
// Jδ(i+1)−δ(i)Ωi(M) // 0.

Note that Ωi+1(M)∩Jk(Jδ(i+1)−δ(i)Qi) = Ωi+1(M)∩Jk+δ(i+1)−δ(i)Qi = JkΩi+1(M),
which implies that 〈Ωi+1(M)δ(i+1)〉 = Ωi+1(M)∩〈(Jδ(i+1)−δ(i)Qi)δ(i+1)〉 = Ωi+1(M)∩
〈(Jδ(i+1)−δ(i)(Qi)δ(i))δ(i+1)〉. Obviously (Qi)δ(i) is generated in degree δ(i), we
have

Ωi+1(M) ∩ 〈(Jδ(i+1)−δ(i)(Qi)δ(i))δ(i+1)〉 = Ωi+1(M) ∩ (Qi)δ(i) = Ωi+1(KM ).

Hence Ωi+1(KM ) = 〈Ωi+1(M)δ(i+1)〉 which is generated in degree δ(i + 1) for all
i ≥ 0. Thus assertion (1) holds.

The assertion (2) is standard and the third assertion is immediate from the
exact sequence

0 // KM
// M // M/KM

// 0

and Lemma 2.1. ¤

Theorem 2.3. Let A be a δ-Koszul algebra and M ∈ gr(A). Let {Sd1 , Sd2 , · · · , Sdm}
denote the set of the minimal homogeneous generating spaces of M and Sdi

con-
sists of homogeneous elements of degree di. Consider the following natural filtra-
tion of M :

F(M) : 0 = M0 ⊂ M1 ⊂ M2 ⊂ · · · ⊂ Mm = M,

where M1 = 〈Sd1〉, M2 = 〈Sd1 , Sd2〉, · · · , Mm = 〈Sd1 , Sd2 , · · · , Sdm〉. Then M ∈
WKδ(A) if and only if all Mi/Mi−1 ∈ Kδ(A) for all 1 ≤ i ≤ m.

Proof. Let M ∈ WKδ(A). If m = 1, then the theorem is trivial. If m ≥ 2,
then by Lemma 2.2, M1 ∈ Kδ(A) and M1 ∩ JkM = JkM1 for all k ≥ 0. Set
W = M/M1. By Lemma 2.1, W ∈ WKδ(A). Consider the exact sequence

0 // KW
// W // W/KW

// 0,

where KW = 〈Wd2〉 = M2/M1. By Lemma 2.2 again, we get that KW ∈ Kδ(A)
and KW ∩ JkM = JkKW for all k ≥ 0. Repeat the above argument, we obtain
Mi/Mi−1 ∈ Kδ(A) for all 1 ≤ i ≤ m.

Conversely, consider the exact sequence

0 // M1
// M2

// M2/M1
// 0.
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Evidently, JM1 = M1 ∩ JM2. Since M1 and M2/M1 are δ-Koszul modules, by
Lemma 2.1, we get that M2 is a weakly δ-Koszul module. Apply Lemma 2.1
several times, we get that M is a weakly δ-Koszul since JMi = Mi ∩ JMi+1 for
all 1 ≤ i ≤ m. ¤

3. Some applications

In this section, we will give some applications of Theorem 2.3.

3.1. On the finitistic dimension conjecture. As an application of Theorem
2.3, we first prove that the finitistic dimension conjecture is true inWKδ(A). The
finitistic dimension conjecture, is one of the important and interesting conjectures
in the representation theory of Artin algebras. Now we will recall the contents of
the original conjecture.

Let Λ be an arbitrary Artin R-algebra, where R is a commutative Artin ring
with identity. Let mod(Λ) be the category of finitely generated Λ-modules and

Bound(Λ) := {M ∈ mod(Λ)|pdΛ(M) < ∞}.
The following is the well-known finitistic dimension conjecture:

Let Λ be as above. Then

sup{pdΛ(M)|M ∈ Bound(Λ)} < ∞.

It is too far to solve it completely and still remains open now. Therefore it is
also interesting to find certain subcategories in which the finitistic dimension
conjecture holds. Here, we will show that in WKδ(A), the finitistic dimension
conjecture is true provided A is a finite dimensional δ-Koszul algebra.

Lemma 3.1. Let A be a finite dimensional δ-Koszul algebra. Then the finitistic
dimension conjecture holds in the category Kδ(A).

Proof. It is immediate from (Theorem 4.5, [4]). ¤

Lemma 3.2. ([14]) Let 0 // M1
// M // M2

// 0 be an exact se-
quence in gr(A). Then pdA(M) ≤ max{pdA(M1), pdA(M2)}. ¤
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Theorem 3.3. Let A be a finite dimensional δ-Koszul algebra. Then the finitistic
dimension conjecture holds in the category WKδ(A).

Proof. Observe that M ∈ WKδ(A), by Theorem 2.3, there exists a chain of graded
submodules,

0 = M0 ⊂ M1 ⊂ M2 ⊂ · · · ⊂ Mm = M,

such that all Mi/Mi−1 are δ-Koszul modules. Consider the following exact se-
quence,

0 // M1
// M2

// M2/M1
// 0,

by Lemma 3.2, pdA(M2) ≤ max{pdA(M1), pdA(M2/M1)}. By an easy induction,
we have

pdA(M) ≤ max{pdA(M1), pdA(M2/M1), pdA(M3/M2), · · · , pdA(Mm/Mm−1)}.
Therefore, sup{pdA(M)| M ∈ WKδ(A)} ≤ sup{max{pdA(M1),pdA(M2/M1),
pdA(M3/M2), · · · ,pdA(Mm/Mm−1)}|Mi/Mi−1 ∈ Kδ(A)}, which is finite by Lemma
3.1. ¤

3.2. On the finite generation of E(M). As another application of Theorem
2.3, we will prove that the Koszul dual E(M) of a weakly δ-Koszul module M is
finitely 0-generated graded E(A)-module.

Lemma 3.4. Let A be a δ-Koszul algebra and M ∈ WKδ(A). Then E(M) is
finitely generated as a graded E(A)-module.

Proof. Assume that the generators of M lie in the degrees d1, d2, · · · , dm with
d1 < d2 < · · · < dm. We will do it by induction. If m = 1, then M is pure.
By Theorem 2.3, M is a δ-Koszul module, which implies that E(M) is finitely
generated as a graded E(A)-module. Assume that the statement holds for less
than m. Note that M is a weakly δ-Koszul module, by Theorem 2.3, M admits
a chain of submodules

0 = M0 ⊂ M1 ⊂ M2 ⊂ · · · ⊂ Mm = M,

such that all Mi/Mi−1 are δ-Koszul modules. Consider the following exact se-
quence

0 // M1
// M // M/M1

// 0.
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We have the following exact sequence

0 // Ωn(M1) // Ωn(M) // Ωn(M/M1) // 0,

which induces the following exact sequence

0 // HomA(Ωn(M/M1), A0) // HomA(Ωn(M), A0) // HomA(Ωn(M1), A0) // 0.

for all n ≥ 0. Thus we have the following exact sequence

0 // Extn
A(M/M1, A0) // Extn

A(M, A0) // Extn
A(M1, A0) // 0

for all n ≥ 0. Now apply the exact functor “
⊕

” to the exact sequence above, we
get the following exact sequence

0 →
⊕

n≥0

Extn
A(M/M0, A0) →

⊕

n≥0

Extn
A(M, A0) →

⊕

n≥0

Extn
A(M0, A0) → 0.

That is, we have the following exact sequence

0 // E(M/M1) // E(M) // E(M1) // 0.

It is easy to see that E(M1) is a finitely generated graded E(A)-module and
the number of the generating spaces of M/M1 is less than m. By induction
hypothesis, we have that E(M/M1) is a finitely generated graded E(A)-module.
Therefore, E(M) is a finitely generated graded E(A)-module and we finish the
proof. ¤

Lemma 3.5. If M is a weakly δ-Koszul module, then E(M) is generated in degree
0 as a graded E(A)-module.

Proof. It is no harm to assume that M is a weakly δ-Koszul module with ho-
mogeneous generators of degrees d1 and d2 (d1 < d2) and without generality, we
may assume that d1 = 1 and d2 = 2. We have a chain of graded submodules of
M

0 ⊂ M1 ⊂ M2 = M,

such that M1 and M2/M1 are δ-Koszul modules and JkM2 ∩ M1 = JkM1 for
k ≥ 0. Similarly, we can get the following exact sequence

0 // E(M/M1) // E(M) // E(M1) // 0.
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By Proposition 1.2, we have that E(M1) and E(M/M1) are generated in degree
0 since M1 and M/M1 are δ-Koszul modules. Therefore E(M) is generated in
degree 0 as a graded E(A)-module. ¤

Theorem 3.6. Let M be a weakly δ-Koszul module. Then E(M) is finitely 0-
generated as a graded E(A)-module.

Proof. By Lemmas 3.4 and 3.5. ¤

4. On the associated graded module G(M)

In this section, we will discuss the δ-Koszulity of the associated graded module
of a weakly δ-Koszul module.

Let A be a positively graded K-algebra and M ∈ gr(A), we can get another
graded module, denoted by G(A), called the associated graded module of M as
follows:

G(M) = M/JM ⊕ JM/J2M ⊕ J2M/J3M ⊕ · · · .

Similarly, we can define G(A) for a positively graded algebra.

Proposition 4.1. Let A be a positively graded K-algebra and M ∈ gr(A). Then

(1) G(A) ∼= A as a graded K-algebra.
(2) G(M) is a finitely generated graded A-module.
(3) If M is pure, then G(M) ∼= M [l] as graded A-modules for some integer l.

Proof. By the definition, G(A)i = Ji/Ji+1 = Ai for all i ≥ 0 since the positively
graded K-algebra A = A0 ⊕ A1 ⊕ · · · is generated in degrees 0 and 1. Now the
first assertion is clear. For the second assertion, by (1), we only need to prove
that G(M) is a graded G(A)-module. We define the module action as follows:

µ : G(A)⊗G(M) −→ G(M)

via
µ((a + J iA)⊗ (m + J jM)) = a ·m + J i+j−1M

for all a + J iA ∈ G(A) and m + J jM ∈ G(M). It is easy to check that µ is
well-defined and under µ, G(M) is a graded G(A)-module. The proof of the
third assertion is similar to that of (1) and we omit it. ¤
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Lemma 4.2. Let 0 // K // M // N // 0 be a split exact sequence
in gr(A), where A is a δ-Koszul algebra. Then M is a δ-Koszul module if and
only if K and N are both δ-Koszul modules.

Lemma 4.3. ([11]) Let A be a positively graded K-algebra and let M = Md1 ⊕
Md2 ⊕Md3 ⊕ · · · be a finitely generated A-module with Md1 6= 0. Let K = 〈Md1〉
be the graded submodule of M generated by Md1. Then we have a split exact
sequence in gr(G(A))(= gr(A))

0 // G(K) // G(M) // G(M/K) // 0.

Theorem 4.4. Let A be a δ-Koszul algebra and M ∈ gr(A). Then M ∈ WKδ(A)
if and only if G(M) ∈ Kδ(A).

Proof. Since M is finitely generated, assume that M is generated by a minimal set
of homogeneous elements lying in degrees d1 < d2 < · · · < dm. Set K = 〈Md1〉.
By Lemma 4.3, we get a split exact sequence

0 // G(K) // G(M) // G(M/K) // 0.

(⇒) Let M ∈ WKδ(A). If m = 1, M is a pure weakly δ-Koszul module, by
Proposition 1.2, we obtain that M is a δ-Koszul module and by Proposition 4.1,
we have M [l] ∼= G(M) as graded A-modules. Hence G(M) is a δ-Koszul module.
Now we assume that the statement holds for less than m. By Theorem 2.3, K

is a δ-Koszul module, of course, K is a weakly δ-Koszul module. Consider the
exact sequence

0 // G(K) // G(M) // G(M/K) // 0,

by Lemma 2.1, we have M/K is a weakly δ-Koszul module. Since the number of
generators of M/K is less than m, by the induction hypothesis, we have G(M/K)
is a δ-Koszul module. Since G(K) is obvious a δ-Koszul module, by Proposition
4.2, we get that G(M) is a δ-Koszul module.

(⇐) Conversely, assume that G(M) is a δ-Koszul module, by Proposition 4.2,
we obtain that G(K) and G(M/K) are both δ-Koszul modules. By induction
hypothesis, K and M/K are weakly δ-Koszul modules. By Lemma 2.1, we have
that M is a weakly δ-Koszul module. ¤



Weakly δ-Koszul Modules 991

References

1. R. Berger, Koszulity for nonquadratic algebras, J. Alg., 239 (2001), 705-734.

2. E. L. Green, E. N. Marcos, δ-Koszul algebras, Comm. Alg., 33(6) (2005), 1753-1764.

3. E. L. Green, R. Mart́ınez-Villa, Koszul and Yoneda algebras, Representation theory of al-

gebras (Cocoyoc, 1994), CMS Conference Proceedings, American Mathematical Society,

Providence, RI, 18 (1996), 247-297.

4. E. L. Green, R. Mart́ınez-Villa, I. Reiten, φ. Solberg, D. Zacharia, On modules with linear

presentations, J. Alg., 205(2) (1998), 578-604.

5. E. L. Green, E. N.Marcos, R. Mart́ınez-Villa, P. Zhang, D-Koszul algebras, J. Pure Appl.

Alg., 193 (2004) 141-162.
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8. J.-F. Lü, On modules with piecewise-Koszul towers, Houston J. Math., 35(1) (2009), 185-

207.
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