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Composition Series of Tensor Product

Bin Li and Hechun Zhang

Abstract: Given a quantized enveloping algebra U,(g) and a pair of dom-
inant weights (A, ), we extend a conjecture of Lusztig’s in [13] to a more
general form and then prove this extended version of the conjecture. Namely
we prove that for any symmetrizable Kac-Moody algebra g, there is a compo-
sition series of the U, (g)-module V(A\) ® V(1) compatible with the canonical
basis. As a byproduct, the celebrated Littlewood-Richardson rule is de-
rived and we also construct, in the same manner, a composition series of
V(A) ® V(—u) compatible with the canonical basis when g is of affine type
and the level of A — i is nonzero.
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1. INTRODUCTION

Let Uy(g) be a quantized enveloping algebra associated to an arbitrary sym-
metrizable Kac-Moody algebra g. In [13], for dominant integral weights A and p,
Lusztig constructed a canonical basis for the U, (g)-module V/(A\) ® V(—u), where
V() is an irreducible highest weight integrable U,(g)-module of highest weight
A and V(—p) is an irreducible lowest weight integrable U,(g)-module of lowest
weight —p. This basis has many remarkable properties and can be lifted to a
basis of the modified quantized enveloping algebra U. Since then the canonical
basis as well as the corresponding crystal basis of both this tensor product and
U are widely investigated by many mathematicians e.g. [1, 8, 14, 15].
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Due to the stable property of the basis, there are quite a few submodules of
V(A\)®V (—u) compatible with the canonical basis, that is, every such submodule
is spanned by parts of the basis. Lusztig conjectured further in [13] that in the
case g is of finite type there is a composition series of V(\) ® V(—pu) compatible
with the canonical basis and he proved the conjecture in the case of type A; by
a direct computation. Later in chapter 27 of [14] concerning about the based
module, Lusztig proved that for any integrable Uy(g)-module M = Pcp, M([¢]
in category O;n; where M[¢] is the sum of all submodules of M isomorphic to
V (&), M[)] is compatible with the canonical basis of M if A is maximal among
those ¢ such that M[] is nonzero. Though not pointing out, Lusztig’s proof of
this result implies the conjecture and provided an inductive construction for the
composition series since, in particular, V(\)®@V (—pu) is in category Oy, when g is
of finite type. The crystal structures of both V(A\)®V (—p) and U are extensively
investigated by Kashiwara in [8]. In [15] Lusztig investigated the two-sided cells
in the canonical basis of U for g of finite type and he raised some conjectures in
affine type case which were finally solved by Beck and Nakajima in [1].

In [2], a filtration of V(A;) ® V(—A;) of Uy(g) was constructed, for g which
is of affine type and where A; and A; are fundamental weights. Each U,(g)-
submodules appeared in this filtration is generated by the tensor product of uy,
with an extremal vector of V/(—A;). It turns out that all of the U,(g)-submodules
appeared in this filtration are compatible with the canonical basis which can
be proved using an important lemma due to Kashiwara and some results for
Demazure modules. Motivated by the construction of the filtration in [2], we
construct the composition series of V(\) ® V(u) directly for g of any type in
the same fashion. The conjecture by Lusztig is then a special case since V() is
also a lowest weight module for g of finite type. This is quite different from the
argument in Chapter 27 in Lusztig’s book [14] and one can derive from our proof
the Littlewood-Richardson rule for decomposing the tensor product V(\) ® V' (p)
into a direct sum of irreducible modules, which is also known by the work of
Littelmann [9].

On geometric aspects, quiver varieties were introduced by Nakajima in order
to get integrable highest weight representations of symmetric Kac-Moody algebra
g. Furthermore, there is also a geometric construction of tensor product V(A1) ®
-+ ® V(Ar) using quiver varieties [17]. To realize this tensor product, Malkin
also introduced in [16] the tensor product variety. Though both constructions
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are in classical case (¢ = 1), it would be interesting to consider the geometric
construction of the composition series using Nakajima’s quiver variety or Malkin’s
tensor product variety. We will study this topic in the forth coming publications.

The arrangement of the paper is the following: in section 2, we recall some
basics of the theory of crystal basis and canonical basis. In particular, we recall
the construction of the canonical basis of V/(\) ® V(—u) due to Lusztig. Next in
section 3, the extended Lusztig’s conjecture is proved by building up the required
composition series explicitly using the theory of crystal basis due to Kashiwara.
Then we reintroduce the Littlewood-Richardson rule and compare this composi-
tion series with Lusztig’s inductive construction. Finally in the last section we
study the tensor product V(\) ® V(—pu) for any symmetrizable Kac-Moody alge-
bra g. In particular, the connected components of the crystal graph of Uy (g)ax—,
are completely determined and a composition series of V(\) ® V(—pu) is con-
structed compatible with the canonical basis when g is of affine type and the
level of A — p is nonzero.

2. LuszTiG’s CONSTRUCTION OF CANONICAL BASIS

2.1. Notations. Let g = g(A) be an arbitrary symmetrizable Kac-Moody alge-
bra over Q where A is the n xn generalized Cartan matrix and let h be the Cartan
subalgebra which is of dimension 2n—rank(A). We denote by I = {1,--- ,n} the
index set. Let Q@ = @,c; Za; be the root lattice and set Q4 = ;. Z; where
«; are the simple roots. Denote by {h; € h | ¢ € I'} the set of simple coroots. PV
is defined to be a free Z-module with a basis

{hi |ie I} J{dj €b|1<j<n—rank(A)},

called the dual weight lattice. We also define P = {\ € b* | (h,\) € Z Vh € PV}
to be the weight lattice. Note that there is a symmetric bilinear form on P such

that
2(0@, )\)

(v, ;)
fori eI, A€ P. Let P ={\ € b*|(hj,\) € Zy Vi€ I } be the set of dominant
weights. Denote by A; the fundamental weight, i.e. (h;,A;) = d;; Vi,j € I. The
partial order on P is defined as £ > ¢ if £ — p € Q.

= (hi, A),

The quantized enveloping algebra Uy,(g) is defined as a k-algebra with genera-
tors Ej, F; and ¢" for alli € I and h € PV, where k = Q(g). The relations are as
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in [8]. Let Uy(g)™ (resp. Uy(g)~) be the subalgebra of U,(g) generated by the E;
(resp. F;) for all i € I. Note that irreducible integrable highest and lowest weight
U,(g)-modules can be indexed by Py and —Pj respectively. Namely, for A € P,
(resp. A € —Py), we denote by V()) the irreducible highest (resp. lowest) weight
U,(g)-module of highest (resp. lowest) weight X and let uy be the highest (resp.
lowest) weight vector. Let Oj,; denote the category of integrable Ug(g)-modules
M which are direct sums of irreducible integrable highest weight modules.

As is well known, if g is of finite type, the Weyl group W of the Lie algebra g
is a finite group and there is a unique longest element wg € W. In this case, the
irreducible module V() is finite dimensional and hence it is also a lowest weight
module of lowest weight wgA.

Note that Uy,(g) is a Hopf algebra and thus the tensor product of U,(g)-modules
has a structure of U,(g)-module through the coproduct on U,(g). There is a Q-
automorphism of U,(g), denoted by ~, such that

@Zq_l, qh:q—h7 E;=FE;, F;=F,.

Let ﬁq(g) or simply U be the modified quantized enveloping algebra [8] gener-
ated by Uy(g)ay for A € P subject to the relations:

h (h,2\)

q"ax = q"Vay, ara, =0y 40y, uay = axpeu for u € Ug(g)e

where U,(9)e = {u € Uy(g) | ¢"ug™" = ¢""Nu Vh € PV}. Note that

ﬁ = @ Uq(g)aA.

AEP

2.2. Canonical Basis. Canonical bases are constructed by Lusztig for both
U,(g)* and some classes of U,(g)-modules [10, 11, 12, 13]. This basis was sub-
sequently studied by Kashiwara [4, 5, 7, 8] who called it the global crystal basis.
Hereafter we will follow Lusztig’s terminology of canonical basis while using the
notations of global crystal basis due to Kashiwara.

For details on definition of (abstract) crystal, one can refer to [4, 5, 6]. We only
mention here that for A € Py, V(\) admits a crystal basis (L()), B()\)) where
B\ = {fi, - fi,ux + qL(\) € L\ /qL(\) | » = 0,4, € I }\ {0} and there is
a similar result for lowest weight module V/(—\) [4, 5]. We denote also by u) its
image in L(\)/qL(\) if this causes no confusion. For a Uy(g)-module M, there is
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an involution ~ on M such that

u-m=u-m Yuec Uyg), meM,

which will be called bar involution hereafter. Assume that M has a crystal basis
(L(M), B(M)) and Mg is a Q[q, ¢~ ']-lattice of M. (L(M), L(M), Mg) is said to
be a balanced triple if

L(M)NL(M)NMg= L(M)/qL(M).
Suppose that the balanced triple does exist for M, then we have a basis consisting
of bar-invariant elements in L(M) N L(M) N Mg, called canonical basis in this
paper (see [5] for details). We denote it by {G(b)|b € B(M)}.

Definition 2.1. Let M and N be U,(g)-modules with canonical bases,

(i) a Uy(g) (or Uy(g)™)-submodule M’ of M is said to be nice (or compatible
with the canonical basis of M) if M’ is spanned as a k-vector space by
parts of the canonical basis of M.

(ii) a Uy(g)-morphism f : M — N is said to be nice (or compatible with
canonical bases) if f maps any canonical basis element of M to either
zero or a canonical basis element of N and if ker f is nice.

(iii) a filtration or a composition series of a U, (g)-module M is said to be nice
(or compatible with the canonical basis) if any submodule in the filtration

or composition series is nice.

For A € £P4, we define the bar involution on V' (\) by
T Uy =T Uy

for all x € U,(g). As is well known, V(X) has a canonical basis {G(b)|b €
B(\)}. Note that U,(g)T also has a canonical basis {G(b)|b € B(£00)} such that
{G(b)uyr|b € B(£o0)}\{0} coincides with the above set.

2.3. Canonical Bases in Tensor Product. For U,(g)-modules M and N with
bar involutions where M € Oy, the Uy(g)-module M ® N can be endowed with

a bar involution as
u®v=0(u®)

for all w € M,v € N, where © is the quasi R-matrix [3].
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We focus our attention on V(A\)®V (p), where A, p € Py. Since both V() and
V(1) have canonical bases, V(A) ® V(1) has a natural basis {G(b1) ® G(b2)|b1 €
B(A),b2 € B(p)}. The bar involution acts on this basis as

G(b1) ® G(b2) € G(br) ® G(b2) + > Zlq,q ' G(b)) @ G(bh).
wtb] >wtby ,wtbl, <wtby
If a partial order is fixed on the natural basis according to the lexicographical
order on {(wt(by), wt(b2)) | b1 € B(A),ba € B(u)}, then one gets a new basis of
V(A\) ® V(i) that is bar-invariant with upper triangular relations with the above

natural one.
Proposition 2.2. ([13]) For by ®bs € B(\)® B(u) there exists a unique element
(b1 oba)ayu € G(br) © G(b) + ) aZlgG (b)) @ G(by)

wtb] >wtby ;wtbl, <wtby

satisfying (b1 0 b2)x, = (b1 0 b2)r . Hence {(b1 ¢ b2)xulbr € B(A), b2 € B(u)}
forms a new basis of V(\) @ V(u).

Note that V(A) ® V(i) has a crystal basis (L(A) ® L(u), B(A\) ® B(u)) and for
b1 ® by € B(A\) ® B(u), the corresponding canonical basis element

G(bl ® bg) = (bl <>b2)>\7u.

In particular, G(b; ® be) = G(b1) ® G(b2) if by = wy. This basis is constructed in
the same fashion as that of Lusztig’s canonical basis of V(A\) @V (—p) [13]. When
g is of finite type, our basis coincides with Lusztig’s basis for V(A\) ® V(wop)
since the U,(g)-morphism f : V(u) — V(wop) which takes w, to the canonical
basis element of hight weight in V(wou) is easily seen to be a nice isomorphism.
Therefore V(\) @ V(—pu) is a special case in our consideration for g of finite type
but things are quite different in affine or indefinite types since this tensor product
is not in category O;,; any more. As is known V() @ V(—pn) is a cyclic Uy(g)-
module generated by uy ® u_,. We mention here a result of Lusztig’s (Theorem
2 in [13]) on the stability property for the canonical basis of this tensor product,
which is actually true for g of any type.

Proposition 2.3. For any A\, p,0 € Py, the Uy(g)-morphism
¢:VA+0)@V(=0—p) — V(X)) @V (-p)

which takes uyyg @ u_g—, to ux @ u_, s a surjective nice Uq(g)-morphism.
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We can get some submodules of V(\) ® V(—u) compatible with the canonical
basis of V(\) ® V(—pu) by means of the above maps, but usually one cannot get
a composition series consisting of the nice submodules obtained above.

Example 2.4. In Ay case, consider V(A1) @ V(—A1 — Az). Since we have
V(A1) @ V(A1 = Ag) == V(0) © V(~Ay) = V(~Ay)

then V(A1)@V (=A1—A2) D kerg D 0 is a filtration compatible with the canonical
basis, but ker¢ is far from being an irreducible module.

We denote by B(A, —u) the crystal basis of V/(\) @V (—p). It can be seen from
Proposition 2.3 that there is an embedding of crystals

and note that it is strict, i.e. the embedding map commutes with all the Kashi-
wara operators &, f;. For \,u € Py, let ® : Uq(g)ar—y — V(A,—p) be the
Uq(g)-map taking ax—, to uy ® u_,. It is known that U as well as each Uq(g)ax
have canonical bases and @ is a nice surjective U,(g)-map [8, 13]. We denote the
crystal basis of U (resp. Uqy(g)ar) by B (resp. B(Uy(g)ayr)). Hence we have an
embedding of crystals B(\, —p) — B(Uy(g)ar—,). It can be viewed as

B\, —p) € BOA+6,—60 — 1) C B(Uy(8)ax_,) C B.

Note that

B(Ug(g)ar) = B(oo) ® T\ ® B(—00)
where T), is a crystal consisting of a single element ) with €;(ty) = @;(ty) = —o0
foralli e I. Forbe B\, —pu) C B , we denote the corresponding canonical basis
element in V (), —p) or U by the same G(b) if there is no confusion.

3. COMPOSITION SERIES OF V(\) ® V(u)

3.1. Kashiwara’s Lemma. We fix A\, u € Py hereafter. In [13], Lusztig conjec-
tured that there exists a nice composition series of V(A) ® V(—p) if g is of finite
type. One may extend this conjecture by changing V(—pu) to V(i) and omitting
the assumption that g is of finite type. This section is devoted to the proof of this
extended Lusztig’s conjecture. In order to do that, we need the following lemma
due to Kashiwara [6] who proved the lemma in case of g = sl and claimed that

it is true in general.
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Lemma 3.1. ([6]) Let M be an integrable U,(g)-module with a canonical basis.
If N is a nice Uy(g)*-submodule of M, then Uy(g)N is a nice Uy(g)-submodule
of M, i.e. Ug(9)N = Dyep (Ua(@)N)CB(M m) KG(b). Moreover,

B(Uy(g)N) = {fir -~ finb | m > 0,i1,-++ iy € I,b € B(N)}\ {0}.

For completeness, we give a full proof of Kashiwara’s lemma. First assume that
M is a finite dimensional Uy(slz)-module with canonical basis and we denote by
B(M) or B for simplicity the crystal basis of M. As is defined by M. Kashiwara
n [6], I'(M) is the sum of all I + I-dimensional irreducible submodules of M.
Hence M = @, I'(M). Set I'(B) = {b € Ble(b) + (b) = I} and one can see that

B=I'(B
l

where € here simply means a union. Note that the decomposition of M into
isotypical components I* (M)’s is compatible with the decomposition of crystal
basis B into I'(B)’s, but it is usually not compatible with the canonical basis.
Set W{(M) = @y, 1" (M) and W' (B) = {b € Ble(b) + ¢(b) > I}. We know from
[6] that W!(M) is a nice U, (slg)—submodule of M, i.e.
- @ rou
beW!(B)
Moreover, if b € I'(B), then
i(b) + Kk ~
= MO et moa witany,

k

Let N be a nice Uy(slz)"-submodule of M, i.e.

N= P kGO).
be B(N)CB(M)

Set N = Uy(sl)N, I'(B(N)) = B(N)NI'(B), W'(B(N)) = Uy I"(B(W)),
WHN) = WY{M) N and B(N) = Unso f/MB(N) \ {0}. We have the following
lemma.

EPGb) = [%(b) + k] G(Efb)  (mod W (M)).

Lemma 3.2. ([6]) For N, W{(N), N, B(N) defined as above,

(i) &B(N) € B(N)U{0}.
(it) WI(N) = Bpewi vy KG(b).
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(i) W(N) = Uy(sla) W'(N).
(iv) N = ®yepm)cnn FGO)-

Definition 3.3. An integrable U,(slz)-module M is said to be truncated if M =
D=0 I’(M) where there exists an [ > 0 such that I7(M) = 0 for all j > I.

Recall that Lemma 3.2 (iv) is proved by showing

WN)= P kG®)

beW!(B(N))

through a descending induction on [ since both sides equal zero when [ is suf-
ficiently large. Thus the above results also hold when we modify M to be a
truncated integrable U, (slz)-module, that is,

Lemma 3.4. Let M be a truncated integrable Uy(sly)-module with a canonical
basis. If N is a nice Uy(sla)t-submodule of M, then Uy(sl2)N is a nice Uy(slz)-
submodule of M, i.e.

U,(sly) N = S kG(b).

be B(Uy (sl2) N)C B(M)

Moreover, B(Uq(sl2)N) = U,,>0 fmB(N)\ {0}.

Furthermore, we can prove the following lemma.

Lemma 3.5. Let M be an (possibly infinite dimensional) integrable Ugy(sla)-
module with a canonical basis. If N is a nice Uy(sly)T-submodule of M, then
Uqy(sla)N = Uy(sle) ™ N is a nice Uy(sly)-submodule of M. Moreover,

B(Uy(sl)N) = | FmB(N)\ {0}.

m>0

Proof. One can define a nice U,(slz)-submodule W' (M) of M for any [ > 0 as
before. Hence M/W'(M) is a truncated module with a canonical basis {G(b) +
WYM)|b e IF(B),j < 1} and (N+W!(M))/W!(M) is anice Uy(sly) F-submodule.
Applying Lemma 3.4, we have

Ug(sl2) (N + WH(M))/WH(M)) = a k(G(f™b) + WH(M)).
bed, ., I (B(N))
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It follows that

Ug(sl)(N +W!'(M) = (P KGO D D kGO)).

be@®; ., 11 (B(N)) be@® 5, 1 (B)

Set N = U, (sly)N. We have Uy (sla)(N + W' (M)) = N + W!(M). Hence

N =[N+ W) = & KD P kGD)

1>0 120 be®,_, I1(B(N)) bed® 5, 19(B)

which is easily seen to be a nice U, (sl2)-submodule of M. We denote by B' the
crystal basis of N + W!(M), i.e.

B'={f™ | be '(B(N)), j<l, m>0, f"#0}UW B).

Since f™b € I9(B) for b € I7(B(N)) and m > 0 such that fb # 0, we have for
I <k, B"'DB*and BFNIY(B) = Unmso fmIN(B(N)) \ {0}. It follows that

BN)(I'B) = (" BH(1'B) = | fm1'(BWI)) \ {0}

k>0 m>0

and hence we have B(N) = U;5o(B(N) N IY(B)) = U,z FmB(N) \ {0}. 0

We define Uy(sl2(7)) to be the subalgebra of U,(g) generated by E;, F; and
q(aiéai)hi for some ¢ € I. Since N is a nice U,(g)*-submodule of M, it is also
a nice Uy(sl2(7))T-submodule. Hence U, (sl2(i))N is a nice Uy(sl2(7))-submodule
of M by Lemma 3.5. It is easy to see that Uy(g)*U,(sl2(i)) = Uy(sla(i))Uy(g) ™.

Hence

Uq(sla(i))N = Ug(sla(i))Ug(g) "N = Uy(g) "Uy(sla(i)) N
is still a Uy(g)T-module. Repeating this, one can see that
Uq(sla(i1)) - - - Uy(sla(im) )N
is a nice Uy(g)T-submodule of M which admits a crystal basis
{fire fimb | r1, -+ rm € Zy, be B(N)}\ {0}

This proves Lemma 3.1 since

Uf@N =Y Ulsla(ir)) - Uy(sa(im))N.

i17"'7i7n61
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3.2. Composition Series. The following construction of composition series is
inspired by [2]. For b € B(p) with wtb = p — Y. ;mia; where m; > 0, set
l(b) :Eiefmi' Since B(M) = {fi1"'filuu | ilv"' 7Z.l EI7l >O}\{0}7 b is Of

the form fil -+ fiyuy for some iq,---,4 € I, 1 > 0. Hence wtb = p — 22:1 Qg
which implies [ = [(b). One can define [b| to be the I(b)-tuple (i1, ,i;p)) such
that (i1,--- %)) is minimal in lexicographic order among tuples (j1,-- -, jis))

such that fjl o figyun =0, ie.

b] = min{(j1, -, Jiw)) | 0= fj - sz(b)uu}‘
Set |u,| = 0. Note that the order on I is givenas 1 <2 < --- <n—1<n. If
|b1] = |ba| = (i1,- - , i), we have by = by = fy, -~ fi,u,, which implies that there
is a one to one correspondence between B(u) and {|b| | b € B(u)}. Thus we have
a total order on B(u) as the following,

by < by iff 1(by) > l(bg) or l(by) =1(b2) but |b1] > |bal.
Obviously by < bs if wtb; < wtbs.

Example 3.6. In the case of type A, there is a combinatorial realization of the
crystal B(X) for A € Pr. If Uy(g) = Uy(slz), B(A1 + Ag) = B(H:l) and the

crystal graph is given as the following,

1[1]

2
N
1[1] 1]2]
e
113] [1]2]
¥ BN
1]3] 2] 2]
3 3]
\ /
2] 3]
3]
1] _ /1], _ 1[2], _ 1[3] _ 2], _
Wehavell | = 7|§7 | = (2), |l | = (1), ’1 | =(2,1), |i | =
w2, 153 = @20, 122 = .12, 123 = 1,2.2.1). Hence the order
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on B(A1 + Ag) is given as the following,

L] a2l falel i3] [2f2][1]3] [2]3]
ST >R T R R T ar Tl

For b € B(u), we define a k-subspace V,(u) of V(i) spanned by all canonical
basis elements G(c) such that ¢ > b, i.e. Vyp(p) := 3 .5, kG(c).

Lemma 3.7. For p € Py and b € B(u), Vy(u) is a nice Uy(g)T-submodule of
V(u) and B(Vy(n)) = {c € B(p) | ¢ = b}.

Proof. We only need to show that Vj(u) is a Uy(g)™-submodule of V' (x). For any
¢ € B(p) where ¢ > b, one can see that V.(u) C Vi(p) and

Uy()*G(e) = €D Ugla){ Gle) = kG D @ Usla) Gle).

§€Q+ £€Q+\{0}
For £ € Q+\ {0},
Uq(Q)ZG(C) C V(Wwtere = Z kG(d)
wtd=wtc+E€
C > kG(d) Y kG(d) = Ve(p).
wtd>wtc d>c

Hence Pico,\ (0 Uq(g)gG(c) C V.(p) and furthermore,
Uq(8) " G(e) € Ve(n) C V().

It follows that Uy(g)"Vi(p) = d-osy Ug(8)TG(c) C Vi(p). Thus Vy(u) is a nice
U,(g)T-submodule of V(). 0

Clearly, the above proof is independent of the order on

B(u)i = {be B(u) | 1(5) = 1},

More generally, we can choose any total order on B(u) such that by < by if
wtby < wtbs.

For b € B(p), we define a Uy(g)-submodule F(b) of V(X) ® V(i) generated by
ur ® Vi(p), i
F(b) := Uq(g)(ur @ Vo (1))

Since it follows from the coproduct formula that

Ug(9)™ (ux @ V(1) = ur @ Ug(@) V(1) = up @ Vo(n)



Composition Series of Tensor Product 969

and
uy @ V() = Z kuy ® G(C) = Z kG(uA X C),
c2b c2b
uy ® Vp(p) is a nice Uy(g)T-submodule of V(A) ® V(u). We have the following
proposition according to Lemma 3.1.

Proposition 3.8. For A\, p € Py and b € B(u), Fx(b) is a nice Uy(g)-submodule
of V(A) @ V(u). Moreover,

B(EA®) ={ fu - fulwx@e) [ ir,--- € I, 120, ¢>b}\{0}.

Theorem 3.9. For A\, u € Py, { FA\(b) | b € B(u)} forms a nice ascending
filtration of V(X)) @ V(i) as the following,

1) 0 C Fx(b1) C Fx(b2) € Fa(bs) € -

where u, = by > by > by > --- is a complete list of B(u). Moreover, for two
neighbors ¢ > b in B(p), F\(b)/Fx(c) = V(A+wtb) if &;(uy@b) =0 for alli e I,
otherwise F(b) = Fy(c).

Proof. Tt suffices to show the second half. We have B(F)(b)) 2 B(F\(c))if¢>b
are two neighbors in B(u). Claim that

B(Fx(0) \ B(F(¢) = {fi, -+~ fi(ux @ b) | i, -+ iy € 1,1 > 0} \ {0}

if é;(uy ® b) = 0 for all ¢ € I, otherwise B(F\(b)) = B(Fi(c)). Indeed, if
B(Fx(b))\B(Fx(c)) is non-empty, it follows from Proposition 3.8 that any element
in B(Fy(b)) \ B(Fa(c)) is of the form fj, --- f;, (uy ® d) for some ji,--- ,jx € I,
k > 0 and d € B(u) where ¢ > d > b and it implies d = b. Hence if uy ® b €
B(Fy(b)) \ B(Fx(c)), we have
B(E\(1)) \ B(Fx(¢) = {fis -+ fu(un ®b) | in, -+ i € 1,1 = 0} \ {0},

otherwise if uy ® b € B(Fy(c)), B(Fx(b)) = B(Fx(c)). If é(uy ® b) = 0 for all
i € I, assume that uy ®b ¢ B(F\(b))\ B(F\(c)). We have uy ®b € B(F)\(c)) and
it is of the form fi, - - - fy, (ux®d) for some Iy, --- ,l; € I, > 0 and d € B(u) where
d > c¢>b. Since é;(uy ®b) =0 for all i € I, it implies t = 0 and u) ® b = u) @ d
which is a contradiction. Thus uy ® b € B(F\(b)) \ B(F\(b1)). Conversely, if
€i(uy ®b) # 0 for some i € I, &;(uy @ b) = uy ® €;b # 0 where wté;b = wtb + «.
It follows that €;b > b and furthermore, €;b > c. Hence

ur @b = fiéi(uy ®b) = fi(uy ® &b) € B(F(c)).
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We have proved the claim which implies the theorem. O

By deleting superfluous terms in the filtration (1), we have a nice composition
series of V(A) @ V(u).

Corollary 3.10. For A\, u € Py, there is a nice ascending composition series of
Uq(g)-module V(N)@V (1) by listing the elements in {Fx(b) | b € B(p), &(u\®b) =
0 Vi e I} according to the descending order on B(u).

Lusztig’s conjecture for g of finite type is then an immediate consequence of
the Corollary 3.10.

Corollary 3.11. For A\, p € Py and g of finite type, there is a nice composition
series of Ugy(g)-module V(\) @ V(—p) by listing the elements in {Fx(b) | b €
B(—p),éi(uy®b) =0 Vie I} according to the descending order on B(—p).

Example 3.12. For g = sl3, consider the Uy(g)-mod V(A1) @ V(=A1 — A2) as
in Example 2.4. Since V(—A1 — A2) = V(A1 + A2) where the total order on the
crystal basis B(A1 + A2) of V(A1 + A2) is given as in Example 3.6, there exists
a nice filtration of the tensor product

0 chy () € Py (32 € () € R (H2) € R, (13

3 ‘) = V(Al) ® V(—A1 - AQ)

‘CO[\D ‘OO}—‘

1 1
2] 2]
A (ZE) € Py (H) € Al

One can check that up, ® ; 1 ‘, up, ® % 2‘, up; ® é 2] are mazximal vectors
while the others are not. Hence o o

0 i) ¢ Ay G e A (HE) = vy e viea - Ay
is the nice composition series of V(A1)®V (—A1—Ag) where Fy, ( ; 1 ‘) =~ V(2A1+
Ra), Fay (12, (1) = vi2n,), B, (H2 /5, (B2 = v,

From the proof of Theorem 3.9 one can derive the generalized Littlewood-
Richardson rule for symmetrizable Kac-Moody algebra g, that is,

VN @ V(p) = &y V(A + wtb).
beEB(p), €;(ux®b)=0 Viel
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This generalized Littlewood-Richardson rule was proved by Littelmann using path
model [9], see also [4]. One can see from the tensor rule of crystal bases that
éi(uy ®b) =0 for all ¢ € I is equivalent to

PNy — 0 foralli e T

i

and such a crystal basis element b is called A-dominant in [9].

3.3. Comparison With Lusztig’s Composition Series. As stated in the in-
troduction, one can also construct a composition series of V() ® V(p) in an
inductive way due to Lusztig. To be precise, for any M € O;,,; with a canonical
basis, we write M as a direct sum of isotypical components M = 6956 p, M €]
Let A1 be a maximal weight in the set {{ € Py| M[¢] # 0}. We can see from the
proof of Proposition 27.1.7 in [14] that there exists a nice submodule V3 = V(A1)
of M. Go on this procedure by changing M to My := M/V; and so on. Thus
we have a nice U,(g)-submodule V; = V(\;) of M; for some \; € P, maximal in
the weights of M; where M; = M and M;1; = M;/V;. Let m; be the canonical
map m; : M; — M;+1. We obtain then a sequence consisting of nice surjective
U,(g)-maps

T2 Ti—1 [ Tit+1

MZMl ue M2 Mi—l—l—)"'

M;

We define F;(M) to be the kernel of m;om;_10---om fori > 1 and set Fy(M) = 0.
One can see easily from the construction that

(2) 0= Fy(M) C Fi(M)C - C F(M)C Fya(M)C -

is a nice composition series of M where F;(M)/F;_1(M) = V(\;). Furthermore,
it is clear to see that \; > A; for ¢ < j if they are comparable. In particular, for
A, 1w € Py, there is a nice composition series of V(A) @V (u). We denote by F; the
Uy(g)-submodule F;(V(A) ® V(1)) of V(A) ® V(i) defined above for simplicity.
Let b be the unique highest weight element in B(F})\ B(F}j_1). We know from
the previous subsection that b; € B(A) ® B(u) is of the form uy ® ¢; for some
¢j € B(p) such that é;(uy ® ¢;) = 0 for all ¢ € I. One can see that \; = X\ + wtc;
and {c; | j =1,2,---} is a complete set of elements b such that uy ®b is maximal.
One can arrange a total order on B(u) satisfying the following two conditions,

(i) for b,c € B(u), b < c if wtb < wte.
(ii) Cl1 >C>C3 > 2>Cj>Cjy1 > .
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Indeed we can define u, to be the maximum in B(u) (one can see u,, = c1), then
choose an element in B(u) \ {u,} maximal in weight to be the second and so on
only to ensure that ¢; > co > c3 > --- > ¢; > ¢jp1 > ---. It is feasible since one
can see from the inductive construction of composition series that wtc; > wtc;
for ¢ < j if they are comparable. Once such a total order on B(u) is fixed, we
immediately obtain, by Corollary 3.10, a nice composition series of V/(\) @ V' (u)

(3) 0 C F(c1) € Fa(c2) €+ C Fa(ci) € Fa(cig1) € -+

It is clear that (3) coincides with (2) when M = V(\) @ V(p), i.e. F; = Fi(c).
Conversely, if we construct the nice composition series of V(A) ® V()

(4) 0:= Fx(bo) € Fa(b1) € Fa(b2) C--- C Fx(b;) C Fx(bjz1) € ---

as in the previous subsection, it can be seen from the choice of total order
that A\; > A; for ¢ < j if they are comparable where \; € P, is such that
F\(bi)/Fx(bi—1) = V(X\;). Hence for M = V(\) @ V(u) = My, we define
M; = M/Fy\(bi—1), Vi = Fx(b;)/Fx(bi—1) and 7; as stated above. It follows
easily that the composition series inductively constructed is exactly (4), i.e.
Fi(M) := ker(mjomi_10---om) = F\(b;). Hence we get the same nice com-
position series of the tensor product in two different approaches.

4. NICE FILTRATION OF V(A) ® V(—p)

4.1. Filtration. In the previous section we have proved, by Corollary 3.11,
Lusztig’s conjecture that the U,(g)-module V() ® V(—p) has a nice compo-
sition series for g of finite type and A, u € P4. For an arbitrary symmetrizable
Kac-Moody algebra g, the U,(g)-module V(A) ® V(—p) also admits a canonical
basis as mentioned previously. But the tensor product may have infinite dimen-
sional weight spaces (when A and p are both nontrivial) and have no maximal
weights. Therefore it does not belong to category O;,; and Lusztig’s approach
to construct nice submodules of V(X) ® V(—p) fails while our method still works
in this case. To be precise, though we cannot obtain a composition series of the
tensor product in general, we find a nice filtration of it instead which helps us to
understand the structure of this module.

Indeed, we can define a total order on B(—u) similarly. For b € B(—p)
which is of the form &, - -- &;u—,, set [(b) = [ and define |b| to be the [(b)-tuple
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(i1, ,4yp)) such that (iy,--- 7)) is minimal in lexicographic order among
tuples (ji, -, Jjip)) such that &, -+ €, u_, =0, ie.

o] = min{(j1," - 7jl(b)) | b= €jy - éjz(b)u—u}'
Set |u—,| = 0. A total order on B(—pu) is defined as
by < by iff I(b) < i(bs) or L(b1)=1(bs) but |br] < |ba-

As in section 3, for b € B(—pu), Vp(—p) is defined as a k-subspace of V(—pu)
spanned by all G(c) such that ¢ > b and let F)\(b) be the U,(g)-submodule of
V(M) ® V(—p) generated by uy ® V,(—p), i.e.

Fy(b) := Ug(g)(ur ® Vo(—p))-

We have the following theorem by Lemma 3.1, which can be similarly proved as
Theorem 3.9.

Theorem 4.1. For \, p € Py, { Fx(b) | b € B(—u)} forms a nice descending
filtration of V(X) ® V(—u) as the following

(5) VA) @ V(—p) = Fx(b1) 2 Fx(b2) D Fx(b3) 2 ---

where u_,, = by < by < bg < --- is a complete list of B(—u). Moreover, for two
neighbors b < ¢ in B(—u), Fx(b)/Fx\(c) = V(A + wtb) if é;(uy ® b) = 0 for all
i € I, otherwise Fy\(b) = Fx(c).

Actually the order on B(—p) can be chosen only to satisfy the property that
b1 < by if wtby < witbs. In contrast to Corollary 3.11, usually we cannot get a nice
composition series of V(\) ® V(—u) by deleting superfluous terms in (5). More
precisely, the intersection of all submodules in (5) might be nonzero. For example,
when g is of affine type and A — p is of a negative level, F)(b) = V(A) @ V(—pu)
for all b € B(—p).

Similarly, with the order on B(\) defined in section 3, we can construct another
nice filtration of V(A) ® V(—pu). For b € B(\), define F_,(b) to be the U,(g)-
submodule of V(X) ® V(—u) generated by G(c) ® u—,, for all ¢ < b. Note that
when we change Uy(g)" to U,(g)~, Lemma 3.1 is also true which implies the
following theorem.

Theorem 4.2. For A\, p € Py, { F_,(b) | b € B(\)} forms a nice descending
filtration of V(X) ® V(—u) as the following,

(6) V() @ V() = Fo(b1) 2 Foa(ba) 2 Fo(bg) 2 -
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where uy = by > by > bg > --- is a complete list of B(X\). Moreover, for two
neighbors b > ¢ in B(\), F_,(b)/F_,(c) = V(—p+ wtb) if fi(b@u_,) =0 for
all i € I, otherwise, F_,(b) = F_,(c).

4.2. Affine Type Case. For A € P, note that there is a subcrystal B™%*(\) of
B(Uy(g)ay) consisting of some #-extremal elements which is exactly the crystal
basis of extremal weight module V™% (\) (see [8] for details). It is proved in [§]
that

VAT (X)) 22 YT (g ))
for any w € W and V™ (\) 2 V(A) for A € £P4.

Proposition 4.3. ([8]) For any connected component B of E, there is an 1 > 0
such that (wtb, wtb) < I for all b € B. Moreover, B contains an extremal vector
and can be embedded into B™*(\) for some A € P.

For g of affine type, let ¢ € h be the canonical central element of g. Given
A € P, we define (¢, \) to be the level of A\, denoted by level(A). The corollary
below follows immediately from Proposition 4.3.

Corollary 4.4. (i) For A with level(X) > 0, B(Uq(g)ay) is a union of highest
weight crystals.
(ii) For A with level(X) < 0, B(Uy(g)an) is a union of lowest weight crystals.

It follows from the corollary that for A\, u € P, B(\, —p) is a union of highest
(resp. lowest) weight crystals if level(A — p) > 0 (resp. level(A — u) < 0).
We define W(A, —p) (resp. U(A, —p)) to be a k-subspace (e p_,) FA(b) (resp.
Mbe () F-n(b)) of V(A) ® V(—p) and set

M, =p) = (V(A) @ V(=) /WA —p)
(resp. N(A, —p) = (V(X) @ V(=) /UA, —p))-
Denote by BT (A, —pu) (resp. B~ (A, —u)) the subcrystal of B(\, —u) which is the

union of all connect components of B(\, —pu) that are not highest (resp. lowest)

(A
(

weight crystals.
Proposition 4.5. For A\, u € Py,

(i) both W(A, —p) and U(X, —p) are nice Uy(g)-submodules of V(X)) @V (—p).
Moreover, BIW (X, —u)) = BY(\, —u) and B(U(X,—p)) = B~ (X, —p).
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(ii) both M (X, —u) and N(\, —u) admit canonical bases and B(M (X, —p)) =
B, =) \ BY (A, —p), BIN(A, —p)) = B(A, =) \ B~ (A, —p).

Proof. W (X, —p) admits a U,(g)-action since every F)(b) does. The conclusion
for W(A,—pu) in (i) follows from Theorem 3.9 and that any maximal vector in
B(A, —p) is of the form uy ® b with b € B(—p) and ¢;(b) < (h;, A) for all i € 1.
It is similar for U (A, —p) and (44) is implied by (7). O

When g is of finite type, one can see that W (A, —u) = U(\, —p) = 0 and both
(1) and (6) provide composition series of V(\) ® V(—pu) by deleting superfluous

terms.

For two crystals By and By where Bj is connected, let [By : By] be the cardi-
nality of the set which consists of all connected components of Bs isomorphic to
By, ie. [By: B1]={B C By | B2 By}*.

Theorem 4.6. For A € P, and p € P, [B(Uy(g)a,) : B(X)] = dimV (X\),.

Proof. We only need to find out all maximal vectors in B(Uy(g)a,). Note that
B(Uq(g)a,) = B(oo) ® T), ® B(—00) and é; acts on it as

(€ib1) ® ty @ baif @i(b1) + (hi, p) > €i(b2)

éi(b1 @ty ®ba) =
(b1 ®t, ® b) {b1 ®t, @ (Eib2) if @i(br) + (hi, ) < £i(b2).

Assume that by ® t, ® by is maximal, since €;b # 0 for all by € B(—00), we have
éib1 =0 and

(7) @i(b1) + (hi, 1) = €i(b2)
for all 7 € I. Hence by = uy, which is the image of 1.

Now, we claim that u. ®1,®bs is a maximal vector of weight X iff wtby = A—p
and @;(b2) < (hi, A) for all ¢ € I. Indeed, if us ® t, ® by is maximal and
Wt (oo @ty @ by) = p+ wtby = A, then wtby = A — p and (7) holds which can be
rewritten as (h;, 1) > €;(b2) since ¢;(uso) = 0. It follows from ¢;(b2) — €i(b2) =
(hi, wtby) that (hi, u) = @i(ba) — (h;,wtbe) which implies p;(ba) < (h;, \). The
other side of the claim is easy to prove.

It has been shown by Kashiwara in [5] that for £ € P, there is an embedding
of crystals
T B(—g) — T,g X B(—OO)
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whose image is Im7 = {t_¢ ® b | ¢} (b) < (h;,§) V i € I}. Hence for n € P,
(8)  {b€ B(=00)e—y| ¢ (0) < (hi, &) Vi € IV = dimV (=€) -y = dimV (&),
Recall that * acts bijectively on B(—o00). By restricting the x-action on
{be B(-0) | ¢il6) < {his ) Vi € T},

we get a bijection between {b € B(—o0) | ¢;(b) < (hj,A) Vi € I} and {b €
B(—00) | ¢f(b) < (hi, \) ¥ i € I'}. Hence there is a bijection between

(be Bl-ooh | ¢ilb) < (hioX) Vi€ 1)
and

{b€ B(~0)ap | #1(6) < (his N) Vi € T},
From (8) and the claim above we know that the number of maximal vectors in
B(Uq(g)a,) of weight X equals

{b € B(—00)r_plpi(b) < (hi, \) Vi € I}F = dimV (\),.

O

Let Py be the subset of P, consisting of weights A such that (h;, \) = 0 for all
1 € I. We have the following corollary.

Corollary 4.7. (i) WA, —p) = NOA,—p) = 0 and M\, —p) = U\, —p)
=V(A) @ V(—pn) if level(A — p) > 0.
(i) WA, —p) = N\, —p) = V(A) @ VI(=p) and M(A, —p) = UA, —p) = 0
if level(A — p) < 0.
(iii) M(X,—p) = N(X, —p) is a 1-dimensional trivial module if A\ — p € Py,
otherwise if X — u & Py is of level 0, W(\,—u) = U\, —p) = V(A) ®
V(—p) and M\, —p) = N(\,—p) = 0.

Proof. (i), (i1) come from Corollary 4.4. (7i¢) holds since there is no highest or
lowest weight subcrystal in B(\, —p) if A — o ¢ Py is of level 0 while there is only
one trivial subcrystal for A — y € Py by Theorem 4.6. O

We can see from this corollary that for g of affine type, (5) (resp. (6)) provides
a nice composition series of V(\) ® V(—p) by deleting superfluous terms when
A — u is of a positive (resp. negative) level.
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