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Mappings of Bounded Distortion Between Complex
Manifolds
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Abstract: We obtain Liouville type theorems for holomorphic mappings
with bounded s-distortion between C™ and positively curved Kéahler mani-
folds.
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1 Introduction

The classic Liouville theorem states that- every bounded holomorphic func-
tion on the entire complex plane is constant. H.Grotzsch observed that the classic
Liouville theorem can be extended to quasi-conformal mappings. A smooth map-
ping f : R™ — R"™ is called quasi-conformal, if it is orientation preserving, and

locally it is a diffeomorphism such that
ldf|" < KJ(f), a.e. (1.1)

for some positive constant K > 1, where |df| is the operator norm of the Ja-
cobian matrix df and J(f) is the determinant of df. It is well-known that ev-

ery holomorphic mapping f : C — C is quasi-conformal with K = 1. More
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precisely, |df|> = J(f). However, in higher dimensional case, holomorphic map-
pings are not necessarily quasi-conformal. For example, the holomorphic mapping
fiD={(21,22) € C? | |22] > 1} — C? with f(21,22) = (21,23) is not quasi-
conformal, but it satisfies |df|? = J(f). Here 2 < dimg C? = 4. For more details,
one can see Example 2.2 and Example 2.14. Hence, we can consider smooth

mappings with bounded s-distortion,
df|* < KJ(f) (1.2)
for some s € (0, 00).

In this paper, we consider holomorphic mappings with bounded s-distortion
between complex manifolds and obtain Liouville type theorem for such mappings.
Let’s recall several classic Liouville type theorem for holomorphic mappings and

quasi-conformal mappings between manifolds.

Theorem 1.1 (Yau's Schwarz Lemma). Let M be a complete Kdhler manifold
with Ricci curvature bounded from below by Ki. Let N be another Hermitian
manifold with holomorphic bisectional curvature bounded from above by a negative
constant Ko. Then if there is a mon-constant holomorphic mapping f from M
into N, we have K1 <0 and

K,
*(dS%) < —dS?
£ (asy) < Lhdsk
In particular, if K1 > 0, every holomorphic mapping from M into N is constant.

For more details about Schwarz Lemma and related Liouville type theorem,
we refer the reader to Ahlfors([1]), Yau([20]), Kobayashi([14]), Chen-Yang([4]),

Tossati([19]) and reference therein.

The study of the Schwarz Lemma and Liouville type theorem for non-holomorphic
quasi-conformal(quasi-regular) mapping was started from Kiernan([12]) in our
knowledge. From then, there are many mathematicians study the harmonic map-
pings with various bounded distortion, for example, Chern, Goldberg, Har El,
Ishihara, Petridis, Shen([3],[6], [7], [8],[9],[17]), etc. We summarize their works
wildly in the following:

Theorem 1.2 (Generalized Schwarz Lemma). Let M, N be complete Riemannian

manifolds. Suppose the Ricci curvature of M is bounded below by —Ky and the
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sectional curvature of N is bounded from above by —Ko where K1, Ko > 0. If

f: M — N is a harmonic K -quasi-regular mapping, then
K
fr(dsy) < C=ds},
K,

where C' is a positive constant depending on K and the dimension of the man-
ifolds. In particular, if f : R™ — N is a harmonic K-quasi-regular mapping,

then f is a constant.

The common conditions in the Schwarz Lemma and Liouville type theorem

are

(1) The target should be negatively curved,;

(2) The mapping should satisfy certain bounded distortion condition.

In this paper, we consider the Liouville type theorem for positively curved
targets instead of negatively curved ones. By a geometric interpretation of in-

equality (1.2), we obtain:

Main Theorem Let (NN,h) be a complete Kéhler manifold of complex di-
mension n, and f : (C", wen) — (N, h) be holomorphic. If f is a mapping with
bounded 2s-distortion and N has the curvature property (Qs), then f is constant.

In fact, the curvature condition (@) has a geometric explanation. It is equiv-
alent to the Griffiths positivity of the (formal) vector bundle G = T*N ® K;,l/ %
For any compact Kéahler manifold with ¢; (M) > 0, the anti-canonical line bundle
K3, is a positive line bundle, so there exists some small s € (0,00) such that
the vector bundle G is Griffiths positive, i.e., the curvature condition ()5 can be

satisfied automatically(Theorem 2.10).

Corollary 1.3. Let M be a compact Kdhler manifold with c1(M) > 0. Then
there exist a Kdhler metric w and some so € (0,00) such that any holomorphic

mapping f : C" — (M,w) with bounded s-distortion, s € (0, sg), is constant.

In particular, for P", we obtain
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Corollary 1.4. If f : C* — P" is a holomorphic mapping with bounded s-
distortion, 0 < s < n + 1, with respect to the canonical metrics, then f is a

constant.

There do exist holomorphic mappings of bounded s-distortion between C™ and
P for some s. For example, the canonical map f: (C", wcn) — (P™,wrs)
f(Zla"' 7Zn) — []-azla"' 7ZTL]

is a holomorphic mapping with bounded (2n + 2)-distortion and it fails to be a
mapping of bounded s-distortion for any s € (0,2n 4 2). In particular, it is not

quasiconformal.

Acknowledgements. The second author is very grateful to Valentino Tosatti

for some useful discussions and suggestions.

2 Mappings of bounded s-distortion between mani-
folds

In the paper [18], the authors consider a generalized version of mappings with

bounded distortion.

Definition 2.1. A smooth mapping f : Q@ C R — R"™ has bounded s-distortion

0 < s < 00) if it is a constant or a local diffeomorphism and
(
ldf|° < KJ(f), for zeR" (2.1)

for some positive constant K.

It is obvious that, mappings of bounded n-distortion are quasiconformal. But
in general, a holomorphic mapping can be bounded s-distortion for some s but

not quasiconformal.

Example 2.2. If f : C? — C2, f(21,22) = (21,23) and 21 = o + v/~ 1y, 20 =
s++/—1t, then (df)!-df is a 4 x 4 diagonal matrix with diagonal entries 1,1,4(s?+
t2),4(s? + t2). Therefore

J(f) =4(s* +t%), |df| = max{1,2/s2 + 2}
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There is no positive constant K such that
|df|* < KJ(f)
holds on C?. In fact, if s2 + 12 > 1,

Jdf|*
J(f)

which is undounded on C2. However, on D = {(21,22) € C" | |22| > 3},

= 4(s* +1?)

|df|?
J(f)

=1

Hence, f : D — C2, f(21,22) = (z1,23) is a holomorphic mapping of bounded

2-distortion, but it is not a mapping of bounded 4-distortion.

Now we go to define mappings of bounded distortion between manifolds. Let
f: (M,9) — (N,h) be a smooth mapping between oriented n-dimensional
Riemannian manifolds. In the local coordinates (z%) and (y') on M and N

respectively, we set

J(z, f) = = O

frav, _ [dethg) (@) [ OF
dv,y det(ga5) () dt( ) (22)

where f? =y’ o f. The pointwise operator norm of df with respect to the metrics

g and h is given by

> hifafiXex?

‘f*X|}2'L 7:7.]‘70‘76
d = 2.3
aﬂ[g
where f! = 6? Cand X = X “5ra- Here and henceforth we sometimes adopt the

Einstein convention for surnmatlon. It is obvious that |df(x)|? is the maximal
eigenvalue of the positive definite matrix A = (A,g) with respect to the metric

g where A5 = Zh”fafﬁ So J(x, f) and |df(x)| are well defined and do not

depend on the local coordinates.

839
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840
Definition 2.3. A smooth mapping f : (M,g) — (N, h) between oriented n-

dimensional manifolds is said to have bounded s-distortion (0 < s < o) with
respect to the metrics g and h if it is a constant or a local diffeomorphism with
(2.4)

|df (z)]” < KJ(x, f)

for some positive constant K.
Now we recall some notations on Kéhler manifolds. Let {z*}7_; be the local

holomorphic coordinates on the Kéhler manifold (M, g), then the metric g is
locally represented by a Hermitian positive matrix (g aﬁ)v that is
B g 0
ap = 9\ 9z 028
If V is the complexified Levi-Civita connection on M, the curvature of V is locally

2
0 9B i 9o 9g A3
027 9z°

given by

Bops = ~ g

The Ricci curvature of V is
Ric(g) = \/Q_TRaﬁdz“ A dz?
where 5 02 log det(gax)
L Y E

For more basic notations of complex geometry, we refer the reader to the book

[5].
Let f: (M,g) — (N, h) be a holomorphic mapping between Kéhler mani-
folds with complex dimension n. In the local holomorphic coordinates w® and z*

on M and N respectively,
df = fldw® ® il. el (M, TY°M ® f*(T"°N)) (2.5)
z

0
since f is holomorphic. The operator norm |df|?

_ o
T Ow™

is
’f X’2 ) Z hﬁf&f]ﬁXaX
" h — max b (2.6)

df|> = max =
4] X0 |X[5 0 X#0 gaBXayﬁ
«

where f! = 2%0 f and f¢

)
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for any X = X5 (M, T+°M). On the other hand, the Riemannian volume
and the Kahler metrlc is related by

dv = 2
n!
therefore by formula (2.2),
f*wh det(h3
= = det (f 2.
TN =" = Gettg) 1€ ([ (27)

The real dimension of the manifolds M and N is 2n. That is, a bounded 2n-

distortion mapping is quasiconformal.

The curvatures of manifolds and J(f) are related by the following formula(see

[21)-

Lemma 2.4. Let (M, g) and (N, h) be two complete Kéihler manifolds of complex
dimensionn. Let f : (M,g) — (N, h) be a holomorphic mapping, then at a point
J(f) #0, the following formula holds

Ric(wg) — f*Ric(wp) = \/?aalog J(f) (2.8)

Proof. If ¢ is a holomorphic function without zero point,

U _
99 log 2 = [p[70p N Op — POp N 9O

-0
|4

Since det(f%) is holomorphic, by formula (2.7), we obtain

v—=1 — v/ -1 — det(hﬁ)
Y 551 — Y 99log — 4’
5 00log J(f) 5 00 log det(,)

= Ric(wy) — f*(Ric(wp))
O

Lemma 2.5. Let (N, h,wy) be a complete Kahler manifold. If X is a holomorphic
vector field of N, then on a small neighborhood of point P such that Xp # 0,

o2 10g|X|h Xix’ ko =l
T=v-1 hosl ZRW X dz* A dz (2.9)

841
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is a semi-positive (1,1) form where R -5 is the curvature of (N, h) given by

ijk

R--= _% hsfahif ahs}
ijkl 8zk6§l 8Zk 8@1

Proof. We can choose the normal Coordmates (2 1, -++,2") centered at the fixed
point P € N, ie., h;(P) = azk( ) =
the small neighborhood of P,

(P) = 0. More precisely, on

hij(2) = 655 — Rizq(P)2"2 + O(|2*)

Now we assume X = X* a(zi’

IX[? =Y hzX'X’. At point P,
,L'7j

_ Phig X1 9X

2 _ %) i _ k =1

001X 3 =Y (82kale thi o | A Ndz
i’ijVZ

that is,

62\X|h - 0XoX'
0zkoz! Z R”le X+ Z D2k 92t

At the fixed point P,

] 2 aXi axi i 0X’ ~axi

— = +
0zkoz! \X\% ]X\‘}L
If we set '
9% log \X|h XX’
TIJ zkaz Z Rzgk:l |X|2

then by Schwarz inequality,

X2 (2 ox; vk%ﬁu) (zXJ ox) vl> (zf’gfgvk>
(3

Z Tyokvr = | X‘% =0

for any v € C™. O
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Definition 2.6. Let (N, h) be a complete Kahler manifold. We say that (N, h)
has the curvature property (Qs) if for any u,v € C" — {0},
1 . o
5 Z Rijhkzulu]vkvg — Z ngiu’u]vkvg >0 (2.10)
i7j7k7£ i7j7k7e

for some constant s € (0, 00).

Remark 2.7. We have a geometric explanation of the curvature formula (2.10).
If £ and F are two holomorphic vector bundles with connections V¥ and V7,

then the curvature of the induced connection on £ ® F' is
R=RF@Idp +1dy @ RY

where RF and R’ are the curvatures of E and F respectively. Apply this to the
(formal) vector bundle
G=T*NKy'*

we get the curvature of it, which is locally given by

Eijki = %Rijhkf - Ri}ki
where K is the canonical line bundle of the manifold N. The positivity condition
in the definition is nothing but the Griffiths positivity of the vector bundle G,
i.e.

}/iﬁkjuiﬂjvkﬁz >0

Example 2.8. Let (P, wrg) be the complex projective space with the Fubini-
Study metric. Locally, it can be written as

Wwpg = \/?gijdzi A dZ
It is well-known that

_ _ ke _
R = 959 + 9a9x5  Bij = 9" Bigg = (n+1)g;5

It is obvious that, for nonzero X,

1

2 k-t n+1-—s 2 kTt
ng}’X‘g — R XX = s \X\ggﬁ — 995X X

Then basic linear algebra shows that the above matrix is Hermitian positive if
and only if

1— 1
TS s 0es0<s< it

S
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Corollary 2.9. (P",w) has the property (Qs) with 0 < s < ”T“

Formally, we have

1
T'P" @ (Kin)* = T*P" ® Opn <” + )
S

. . oy . . 41
which is positive if and only if *= > 2.

More generally, we have

Theorem 2.10. If M is a compact Kdahler manifold with c1(M) > 0, then there
exist a Kdhler metric w and some so € (0,00) such that (M,w) satisfies the

curvature condition (Qs) for any s € (0, sp).

Proof. By Yau’s solution of Calabi conjecture([21]), if ¢1(M) > 0, there exists a
Kéhler metric such that

Ric(w) >0
Since the manifold is compact, there exists € > 0 such that
Ric(w) > ew

It is obvious that the holomorphic bisectional curvature Rz’jki is also bounded,
that is, there exists €1 > 0 such that

R X*X ¢ <er| X2IE2
Hence, there exists so € (0, 00) such that

|AX|2 ;=] ~ i € — So¢€1
Sow Rﬁézfj - Ri}kiXkX &g > ?\Xliléli >0

for any nonzero X = Y X*

621' and £ = > 5j%. The constant sy depends on the

manifold M and w. O

Theorem 2.11. Let (N, h) be a complete Kdhler manifold of complex dimension
n, and f: (C",wcn) — (N, h) be holomorphic. If f is a mapping with bounded
2s-distortion and N has the property (Qs), then f is constant.
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Proof. Let wy, be the corresponding Kéahler form of h. On the local holomorphic
L. 2") of N, we can write

=1 . .
wy =~ > hgdi AdF

i?j

coordinates (z

If f is not constant, then for any nontrivial constant holomorphic vector field

Y =Y 85& on C", |f.Y|2 is nonzero everywhere by the local diffeomorphism
property of mappings of bounded distortion. We claim that
VT /1

4.
L= TLVdeW A dw° :

~——30log |f.Y)? + f (Ric(wp)) (2.11)
is a semi-positive (1,1)-form on C™ if N has curvature property (Qs).
In fact, we have
oft ., 0 Oft Ofi _ 8
fY = Yoo RYl= D0 b a5y Y

L Jwe 9z K- ow® OwP
Z7a 27.]7a75

By a similar computation as Lemma 2.5,

Ary Oft 0 a8
FPlog|fYP 9/ aft peabvey
oweow” Gk gy ud LY 2

+ W (2.12)

where (ng> is a semi-positive Hermitian matrix by Schwarz inequality. In the

sense of Hermitian positivity, we obtain

Lol 0P P OO gy 2.13)
0= 57 QuY Qw® Gk Juy Jud |fY)2 - '
where the last step follows by the the curvature condition (Qs).
On the other hand, by Lemma 2.4,
1 1 V=1 _- V=1 _
~f*(Ric(wn)) = ~Ric(wen) = Y5 —=001og J(f) = 509 log J( s (2.14)
By formula (2.11), we obtain
V-1, = Y2
L =——00log (W) >0 (2.15)
2 J(f):
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The weight function

Y2
o = LV (2.16)
J(f)s
is plurisubharmonic on C". By the definition (2.6) of |df|,
LY TR < |dfPIY (2.17)
Then we get
df?|Y |2
p < WP

<SK:SYPR=K:Y [yop

s <HREe L
for some positive constant K by the definition of bounded 2s-distortion mapping.
Since Y is a constant vector field on C™, we obtain that ® is a plurisubharmonic
function bounded from above and so ® is constant on C*. That is L = 0. By
formula (2.13), we know '

af

our 0

for any ¢ and . Finally, we obtain f is anti-holomorphic, and so it is constant. [

Corollary 2.12. Let M be a compact Kihler manifold with ¢1(M) > 0. Then
there exist a Kdhler metric w and some sy € (0,00) such that any holomorphic

mapping f : C" — (M,w) with bounded s-distortion, s € (0, sg), is constant.

In particular, for P we obtain

Corollary 2.13. If f : C* — P" is a holomorphic mapping with bounded s-
distortion, 0 < s < n + 1, with respect to the canonical metrics, then f is a

constant.

Proof. 1t follows easily from Corollary 2.9. O
Example 2.14. Let f: (C",wcn) — (P™,wrg) be the canonical map
f(Zl,"',Zn):[].,Zh"’,Zn]

Then f is a holomorphic mapping with bounded (2n + 2)-distortion and it fails
to be a mapping of bounded s-distortion for any s € (0,2n + 2). In particular, it

is not quasiconformal.
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In fact, on the chart Uy = {[z0, -+ ,2n] |20 = 1},

V=1 = " V=1 _
Wps = ?aalog 1+ Z |2 = - hij - dz; N\ dz; (2.18)
i=1

where

A+ Ym0 — Ziz

(RS TR
It is obvious that (h,;) has two different elgenvalues Amaz = (1+ 32 12?) 7! with
multiplicity (n — 1) and Amin = (145" |2]?)~2 with multiplicity 1. Therefore,

—(n+1)
det(h (1 + Z |z1|2) (2.19)

By formula (2.7),

Wetn

—~(n+1)
J(f)zf (s) (HZ!%!Z) (2.20)

On the other hand, on the chart Uy, f(z1, - ,2,) = (21, ,2n) and df = I. By
formula (2.6), |df|? is the maximal eigenvalue Apaz = (1 + D1y [2i]) 7! of the

Hermitian positive matrix (h,;). Therefore

|
ol

|df| = (1 +y Zi2|> (2.21)
i=1
By the expression of J(f) and |df|, we obtain
jdr 2D = (1) (222)

For any 0 < s < 2(n + 1), the ratio

n+l1-%
i (s
= (1 +;y J) (2.23)

is unbounded on C". In summary, f : C" — P" is a holomorphic mapping of
bounded (2n + 2)-distortion and it fails to be a mapping of bounded s-distortion
for any s € (0,2n + 2).

847
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