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Abstract: The aim of this paper is to characterize the condition under
which a generalized path coalgebra holds Hopf algebra structures, see Theo-
rem 2.2. It generalizes the corresponding result on path coalgebra (see [1]).
The motivation is to construct a new kind of non-pointed Hopf algebras.
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1 Introduction and Preliminaries

Generalized path algebras were introduced in [2] and played an important role in
describing the structures of artinian (in particular, finite dimensional) algebras
[2] [4]. Furthermore, in [5], the dual theory for coalgebras was researched through
the notion of generalized path coalgebras. Since the dual of an algebra need not
be a coalgebra in general, the theory of generalized path coalgebras cannot be
obtained trivially through the dual method from that of generalized path algebras.
Path coalgebras are always pointed. One can think the motivation of generalized
path coalgebras is to build a new kind of non-pointed Hopf algebras by the main
result, Theorem 2.2, in this paper. It is interesting to the classification problem

of Hopf algebras.
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In this paper, we always assume that k is a field and all linear spaces are over

k. The symbol N denotes the set of all non-negative integers.

Let Q@ = (Qo,Q1) be a quiver. For each § € Qq, let s(3) and ¢(3) denote
the source and target of the arrow [ respectively. Let C = {C; : v; € Qo} be
a family of k-coalgebras C; with comultiplication A; and counit ¢;, indexed by
the vertices of (). The non-zero elements of Uvier C; are called the C-paths of
length zero. For each n > 1, a C-path of length n is given by a formal sequence
c1p1caB2 - - enfncnt1, where B1--- B, is a path in Q, 0 # ¢; € Cyg;) for each
i=1,---,n,and 0 # ch41 € Cyg,).

By the above definition, the zero 0 is not a C-path.

Let V be the k-linear space spanned by all C-paths. Let W be the subspace

generated by all elements of the form
c1f1- - 5;‘—1(2 kuch)Bjcjan -+ 'Cn/@ncn+1_z kic1Br - Bi—1chBicji1 -+ cnbBucnia,
=1 =1
where 152+ By is a path in Q, ¢; € Cyg,), cnt1 € Cyg,) for i = 1,--- ,n, and
k; € k, cé- € Cs(ﬁj) forl=1,---,m.
Let R = V/W the quotient of V by W.

Define the comultiplication A and the counit ¢ of R as follows:

Given a C-path X = c181¢202 - - - cpfBncn+1, define

n+1

A(X) = Z Z 1B cic10i-16; ® ¢ Biciv1 - - cnBncnta,

i=1 (c;)

gi(X),if X € C; for some v; € Qo ’
where 37y ¢ ® ¢ = Dy(cy).

5(X)—{O’ if the length of X isn > 0

It is easy to check that the above comultiplication A and counit ¢ of R is
well-defined and endows R with a k-coalgebra structure. This coalgebra is called
the C-path coalgebra of @ and we denote it by R = k(Q°,C). Clearly, k(Q¢,C)
is a graded coalgebra with length grading, i.e. k(Q¢ C) = k(Qo,C) ® k(Q1,C) @
E(Q2,C)® - ®k(Q;,C)®- -+, where k(Q;,C) denotes the subspace generated by
all C-paths of length ¢ in £(Q¢,C) and A(k(Qn,C)) C D7 o k(Qi,C) @ k(Qn—i,C).
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Observe that if C; = k for all i € @, then the coalgebra k(Q¢,C) defined above

is the usual path coalgebra kQ° of Q, since kQ° is defined as the k-space kQ with
1,if the length of pis 0

comultiplication A(p) = > 0. otherwi
, otherwise

af—p @® and counit £(p) =

for path p in Q. Therefore, in general, we call such coalgebra k(Q°,C) a general-

ized path coalgebra when there is no ambiguity on @) and C.

Let k(Q° C) be a generalized path coalgebra with C = {C; : v; € Qo}. If
each C; is a simple coalgebra, then k(Q°¢, C) is called a normal generalized path
coalgebra. In this paper, all generalized path coalgebras are assumed to be normal

with a finite quiver Q.

Since Theorem 2.2, the main result of this paper, gives the condition for a gen-
eralized path coalgebra to be a Hopf algebra, it can be thought as a generalization

of the result about path coalgebras in [1] given by C.Cibils and M.Rosso.

Let G be a finite group and D be the set of all conjugacy classes of G. Recall
from [1] that the ramification data r of G is an element r = (rp)pep of the
product set NP. The Hopf quiver Q = Q(G, r) corresponding to (G, r) is defined

as follows:

(i) Qo= {Ug}g€G§

(ii) For any z,y € G, if yz=! € D € D, then there are rp arrows from v, to
Vy.

Note that, if d and d’ are conjugate in GG, then the number of arrows from v,
to vg, is equal to that of from v, to vgr.

The path coalgebra kQ° = (kQ, A, €) is the underlying k-linear space k@ with

the comultiplication A and the counit € given by

1,if p is a vertex
A(p) = Zpa=pB®a and £(p) = {

0, otherwise
for any path p in Q.
We know from [1] the important result:

Theorem 1.1. [1] Let Q be a quiver. Then the following statements are equiv-

alent:
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(i) Q is a Hopf quiver of some (G, r);

(il) Qo is a group G and kQ has a kG-Hopf bimodule structure with comodule
maps 0 () = s(a) ® a and dr(a) = a @ t(a) for a € Q1;

(iii) the path coalgebra kQ° admits a graded Hopf algebra structure with length
grading.

2 Some notions and the main result

Firstly, it is important to give an alternative definition for C-path coalgebra

through cotensor coalgebra.

Let C be a coalgebra and M € “M¢ a C-bicomodule with left (resp. right)
comodule structure map 5]]{4 (resp. 5% ). If N is another C-bimodule, recall that
the cotensor product M N is the kernel of id®5iv—5%®id T MRN — MC®
N. Here the tensor product is taken over k. Note that M Nis a C-subbimodule
of M ® N with structure maps 52400]\[ =id® (5]LV and 5%00]\[ = 5% ® id. Since
MOeN C M ® N, we still write an element in MOeN as ), m; @n; in M@ N.

Set CoTc(M) = @, MO" with M¥0 = C, M9 = M, M®? = M$eM,
and M©" defined induct;vely. Define the counit ¢ on CoTc(M) by e|c = ec,
lpson = 0 for n > 1. Define the comultiplication A on CoT¢ (M) by Ale =
Acy Ay = 524 + 5%]. In general, for m; @ - - ® m,, € M®" with n > 2, define

Almy @ @my) =
M(m1) @me® - @My +1m1 @ (M@ @mMyp) + + (M1 @+ @Mp_1) ®
My + M1 @+ @M1 @ 6 (my,)
€ CROMMOMMO" 1. .a M 1o MaeM"®C C CoTe(M)®2CoTq(M).
With such structure maps A and e, CoT¢(M) is a coalgebra (see [8]) which is

called the cotensor coalgebra of the bicomodule M over C.

For any x € k(Q°,C), write
A(l‘) — Zx/ ®33” — ZZ(x/)l ®l‘" — ZZ:E/ ® (x//)j
(z) >0 (x) 720 (x)

where ) (2'); ® 2" denotes the sum of all summands in 37, 2’ ® 2" with
(2); € k(Q;,C) is of length i; similarly, -,y 2’ ® (2”); is defined.
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Proposition 2.1. (see [5]) For a normal C-path coalgebra k(Q°,C),
(1) k(Qo.C) = >_,.cq, Ci is the coradical of k(Q°,C) as coalgebra;

(ii) k(Qn,C) is a k(Qo,C)-bicomodule via left comodule structure map 61, and
right comodule structure map dg given by dr(x) == >,y (z')o ® 2" and Sr(x) :=
@ © (@) Jor @ € K(Qn,C), 1 > 0;

(iii) k(Q°,C) = CoTy(q,c)(k(Q1,C)) as coalgebras.

Note that by the definition in Page 2, a C-path is always non-zero. We call
B1+--Bn (n > 1) the related usual path of a C-path c181c202 - cpfncn+1 and

write

P(ci1ficafa - cnfncns1) = Pi- -+ Bn.

And, we call the trivial path v; in Q the related usual path of a C-path ¢; € C; for
each i, and write P(c;) = v;. Then, P is a map from the C-path set to the path
set in Q).

In k(Q°,C), any non-zero element can be written as > 27 ; 01| X;;, where
all X;; are C-paths and for a fixed ¢, E;’:l X;; is assumed to be non-zero and
P(X;j,) = P(Xyj,) for any ji # j2, and P(X;,;) # P(Xi,) when iy # iy for any
7,1

Due to this presentation, we can extend P to a map P: kE(Q¢,C) — kQ° by
setting

s T s T s

P0)=0, PO Y Xiy)=> PO Xy) =Y P(Xa)

i=1 j=1 i=1  j=1 i=1

for a non-zero Element Yoy 2;2:1 Xij € k(Q°,C) as presented in the above para-
graph, where P(> 7", X;;) is defined as P(X;1) for any .
Then, this map P: kE(Q°,C) — kQ° is well-defined. Note that P is neither

k-linear nor surjective, since every non-zero element of the image ImP needs to

be a sum of some distinct paths in Q.

!

For example, let @ be the Kronecker quiver ® ———— ®and C, Cs be simple
coalgebras of dimension greater than 1. Then, for any nonzero ¢1,ds, ¢}, d| € Ci,
ca,da, ch,dy € Cy with (c1,c)) # —(c2, ), (di,d}) # —(da,d) as elements in the
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k-linear space C7 x C5, we have
P(c1a¢, + coacy + di Bdy + dafBdh) = o + .

Definition 2.1. Suppose x : k(Q°,C) x k(Q°,C) — k(Q°,C) is a partial binary
operation. For any X, X', Y, Y' € k(Q¢,C), if P(X) = P(X') and P(Y) =
P(Y') imply P(X YY) = P(X'%Y"), then k(Q°,C) is called C-arrow-stable under

the operation x.

In this definition, that * is partial implies the domain of * may be a proper
subset of k(Q¢,C) x k(Q°,C).

For example, assume that k(Qg,C) has an algebra structure and k(Q1,C) is a
k(Qo,C)-module under some action -. For ¢; € Cy, ¢j € Cj, ¢ € Cy, and an arrow

a in @1 from v; to vy, assume

¢ - (cjacy) stlﬂldtl #0, (1)

where each dg, Gid;, # 0, ds, € Cy,, di, € Cy, and [ is an arrow from v, to vy, for
l=1,2---m. Suppose for any other 0 # c; € C;, 0 # ¢ € C}, 0 # ¢, € Cy, there
exist dj, € Cy, and d}, € Cy, such that

(chach) Zd Bidy, #0, (2)

where d Bjd, # 0, 3 is an arrow from v, to v, for [ = 1,2---n, and the sets
{B:1=1,2,--- ,n} ={6 :1=1,2,--- ,m}. Then, k(Q1,C) is C-arrow-stable
under the module action -. Here and in the sequel, if there are several same
elements in a set, we always consider them as one element. If there exist
0#c €Ci,0#c¢j€Cj,0# ¢, € Ch and an arrow « in Q1 from v; to vy such
that ¢; - (cjacy) = 0, then the C-arrow-stability of k(Q1,C) under the module
action - implies that for any ¢; € Cj,c; € Cj, ¢ € Cy, it always holds that
c; - (cjacy) = 0.

For another example, suppose that the generalized path coalgebra k(Q¢,C)
has a Hopf algebra structure with the multiplication - such that the product of



Hopf Algebra Structures Over Generalized Path Coalgebras 699

two C-paths are always non-zero, that is,

(a181a282 - anBrant1) - (b171b272 - bm Ymbm1) 2015 8y - clybiyCuir 7 0,
(3)
where each clldllclgdé ) cw+1 is a C-path, a, € Cy,, by € Cj,, d € C’kz for

p=1,---n+1l,q=1,--- m+1L,u=1,--- ,w+1,1=1,--- ¢t Then, the C-
arrow-stability of £(Q¢, C) under the multiplication - implies for any 0 # a;, € C;,,
O#bgequ forpzl,---,n+1,q:1,~-,m—i—l,thereexistO#cﬁEC’kL for
u=1,--- ;w+1land =1, ---,s such that

S

(a1 810582 -+~ ap Bnay 1) - (1710572 - Uy Ymby41) = Zc’f&’fcgég- O Cair 7 0,

=1

(4)

where each 6ol - Lol is a C-path and the sets {6{0% - -8 : 1 =
2, sy ={6leh -0l 1=1,2,--- ,t}.

It is known that when k(Q€ C) has a graded Hopf algebra structure with
length grading, the coradical k(Qo,C) = >
k(Q°,C) by the definition of grading.

v, Ci 1s a Hopf subalgebra of

Now, suppose that the coradical k(Qo,C) = >, co, Ci of k(Q,C) has a
Hopf algebra structure. Since C; and C; are coalgebras, A(C;) C C; ® C; and
A(Cj) € G ® Cj. Then A(C;C)) = AC)A(C)) € (G @ C)(C @ Cj) =
C;C; ® C;Cj. It means that C;Cj is a subcoalgebra of the coradical k(Qo,C).
Since C; (v; € Qo) are all the simple subcoalgebras k(Q°,C), it is easy to see
that there exist vy, vg,, -+, vk, € Qo such that C;Cj = Ck, + Cy, + -+ + Cy,, if
C;C; # 0.

According to these statements, we introduce the following:

Definition 2.2. The coradical k(Qo,C) of k(Q°,C) is said to be Qop-closed if
k(Qo,C) has a Hopf algebra structure satisfying

(i) for any v;, v; € Qo and any 0 # ¢; € C;, 0 # ¢; € Cj, there exists
uniquely a vy, € Qo such that 0 # cic; € Cy; and

(i1) for any v;, vj, vy € Qo, and any 0 # ¢; € C;, 0 # ¢j € Cj, 0 # ¢ € Cy,
it holds that A(c;)(cj ® c) # 0 and (¢; & i) AN(e;) # 0.
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Definition 2.3. Let G be a group, the coradical k(Qo,C) of k(Q¢,C) is said to be
of G-type if Qo = {vg}gec and k(Qo,C) has a Hopf algebra structure satisfying
(i) for any vi, v; € Qo and any 0 # ¢; € C;, 0 # ¢; € Cj, it holds that
0 # cicj € Cyj;
(i1) for any vi, vj, vy € Qo, and any 0 # ¢; € C;, 0 # ¢ € Cj, 0 # ¢ € Cy,
it holds that A(c¢;)(c; ® cx) # 0 and (¢; ® cx)A(¢;) # 0.

Note that Definition 2.2 (ii) is the same to Definition 2.3 (ii). Definition 2.2
(i) implies C;C; = C}, and Definition 2.3 (i) implies C;C; = Cj;. Trivially, when
k(Qo, C) is of G-type, it must be Qp-closed; but the converse is not true in general.

We can now state the main result of this paper with proof given in the next

section.

Theorem 2.2. Let k(Q°,C) be a normal generalized path coalgebra over a field

k. Then the following statements are equivalent:
(i) Q is a Hopf quiver of some (G, r) such that k(Qo,C) is of G-type;
(i1) k(Qo,C) is Qo-closed such that k(Q1,C) has a k(Qo,C)-Hopf bimodule

structure with C-arrow-stable module structure and with the comodule structure

maps

or(x) == Z(x’)o ®@2” and Og(z):= Zx' @ (2o
(z) (z)

for z € kE(Q1,C);
(iii) k(Q°,C) admits a graded Hopf algebra structure with length grading, Qo-

closed coradical and C-arrow-stable multiplication.

Due to this result, we get a Hopf algebra structure H on k(Q¢,C) if any one of
three statements holds. In particular, when @ is a finite acyclic quiver and all C;
are finite-dimensional with dim;C; > 1 for at least one j, H is a finite-dimensional

non-pointed Hopf algebra.
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3 Proof of the main result

Take a coalgebra C' and ¢ € C, write A(c) = > d; ® e;. This representation
is not unique. However, if one takes the e;’s linearly independent, the subspace
spanned by the d;’s is independent of the representation. Call it Lec. Define
Rc analogously. Moreover, for a subset X C C, define L(X) = ) .y Lc and

R(X) =3 .cx Re.

In [3], we have known:

Lemma 3.1. (see [3]) For a coalgebra C and ¢ € C, it holds that RRc = Re,
LLc= Lc, LRc= RLc.

It is easy to check that L(c+d) C Le+ Ld and R(c+ d) C Re + Rd for any
¢,d € C. Thus, we have:

Lemma 3.2. Assume that C' is a coalgebra. Then,

(i) a k-subspace D of C is a subcoalgebra if and only if L(D) C D and
R(D) € D;

(ii) L(C) and R(C) are subcoalgebras of C;

(iii) L(C)=C = R(C) when C is a simple coalgebra.

Proof. (i) (=>): It is trivial from the definitions of L(D) and R(D).

(<=): Foranyd € D,let A(d) = Y !_, d,®d! be the shortest representation
of A(d), then {d}}i=1.... ; and {d] }i=1,... + are both k-linearly independent. Thus,
Ld is generated by {d}};=1,... + and Rd is generated by {d }i=1,... t. When L(D) C
D and R(D) C D, we have d; € Ld C L(D) C D and d} € Rd C R(D) C D for

i=1,2,---,t. So D is a subcoalgebra.

(ii) By Lemma 3.1, L(L(C)) = L(>_.cc Lc) € Y pcc LLe =) .o Le = L(C).
And, R(L(C)) = R(>_.cc Le) € Y pec RLe = 3 cc LRc C ) o Le = L(C),
where the second “C” is from the Rec C C for any ¢ € C.

Similarly, L(R(C)) € R(C), R(R(C)) € R(C). Thus, by (i), this result holds.

(iii) It is obvious due to (ii) and the simplicity of C. O



702 Fang Li and Lili Chen

Proposition 3.3. Suppose B is a Hopf algebra with antipode S. Let D be a
simple subcoalgebra of (B,A). Then S(D) is a simple subcoalgebra of (B, A°P).

Proof. 1t is known that S is a coalgebra homomorphism from (B, A) to (B, A%P).
Note that the inverse image and image of a subcoalgebra is also a subcoalgebra.
It is easy to see S(D) # 0 always holds . So, S(D) is a simple subcoalgebra of
(B, A°P). O

Proposition 3.4. Suppose that k(Q°,C) has a graded Hopf algebra structure
with length grading and Qqo-closed coradical. Then the index set of Qo possesses
a group structure, denoted as (G, -), such that k(Qo,C) is of G-type.

Proof. Since k(Q¢,C) is a graded Hopf algebra with length grading, the coradical
k(Qo,C) = >_,.cq, Ci s a finite dimensional Hopf subalgebra of k(Q°,C).

From the Qo-closure of k(Qo,C), for any v;, v; € Qo, there exists uniquely a
vr € Qo such that C;C; = Cj. Then we define the multiplication - by i-j =
k. This multiplication - is associative, since the multiplication of k(Q°¢ C) is

associative.

For the identity 1 of k(Q¢,C), k1 is the simple subcoalgebra containing 1.
Then there exists v, € Qg with C, = k1.

Suppose S is the antipode of k(Q° C). Then, the restriction Sy of S on
kE(Qo,C) is the antipode of k(Qo,C) and is invertible on k(Qo,C). Then, S(C;) #
0. Thus, by Proposition 3.3, S(C;) is simple. Then there is vy € Qo such that
S(C;) = Cyr.

Since the coradical k(Qo,C) is Qo-closed, there is vy € Qo with C;Cy = Cj,.
And, C;Cy = C;S(C;) 2 (id x S)(C;) = ne(Cy) = €(C;)1 = C, since trivially
e(C;) # 0. However, C} is simple, so we get C. = Cy. Thus, C;Cy = C..
Similarly CyC; = C.. Obviously, C;C. = C; = C.C; for v; € Q. By the
definition of the multiplication -, it follows that i-¢ = e =17-iand i-e = e-i = 1.
Therefore, the index set of (Jy becomes into a group with identity e and the
inverse i1 = 4’ for any v; € Q. Denote this group by (G,-). Then, k(Qo,C) is
of G-type. O
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Proposition 3.5. Suppose k(Q°,C) has a graded Hopf algebra structure with
length grading, Qo-closed coradical and C-arrow-stable multiplication. Then kQ°
also has a graded Hopf algebra structure with length grading.

Proof. We need to define a multiplication such that the comultiplication A and

the counit € on kQ° are algebra homomorphisms.

Firstly from Proposition 3.4, the index set of Qg has a group structure, de-

noted by (G, -). Then for any v;, v; € Qo, define v;v; = v;.;.

For any paths 5102 - - - B, and y172 - - - Vi in kQ°€ with m +n > 1, define

(B1B2-Bn) - (2 Ym) =0 (5)

if there are two C-paths aiB1a202 - - - anfBpant+1 and b1y1bays - - - by Ymbmy1 in
k(Q°,C) such that

(a151a2ﬁ2 to anﬂnan+1) : (b1'71b2'72 tet bm'Ymberl) =0.

Otherwise, define

(B1B2 -+ Bn) - (M2 Ym) = Z P(X;1) (6)

if there are two C-paths a161a20s - - - anfBnant1 and biyiboyo « + - by Ymbma1 in
k(Q¢,C) such that

(a1B1a2f2 - - anPnant1) - (bry1b2ye -+ - b Ymbmt1) = Z ZXij #0
i=1 j=1
where each X;; is a C-path, Z;z Xi;j # 0is the sum of some C-paths whose related
usual paths are the same for any i, and P(Xj,j,) # P(Xi,;,) when i1 # is.

This multiplication is well-defined since the multiplication in k(Q¢,C) is C-
arrow-stable. Its associative law and distributive law follow from that of k(Q°,C).
Then kQ° is a k-algebra. Since the multiplication in k(Q¢,C) is length-graded,
this multiplication in kQ°€ is also length-graded.

It is known k(Q°C) is a Hopf algebra, so the comultiplication A and the

counit ¢ are algebra homomorphisms, i.e.

703
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A((a1prazBs - - - anPpant1) - (b1yibay2 - - - b Ymbm+1))

= A(a181a202 - - - anfnant1) - A(bivibava - - - b Ymbm+1);

e((a1fra2B2 - - - anfrant1) - (biy1b2y2 - - - by Ymbm+1))

=¢c(a181a202 - - - anPpant1) - €(b171b272 - - - b Ymbm+1)-

Due to their definitions, the formulae of the comultiplication A and the counit
¢ in kQ° are the same as that in £(Q°,C). By (5) and (6) and the C-arrow stability
of the multiplication of k(Q¢,C), it follows that

NP2 B2 Ym) = A(BB2 - Bu) - D(nyz - Ym)

e(Bif2- - B -mv2ym) = BBz Bn) -e(my2 - - Ym)
in kQ°¢. Therefore, kQ° is a Hopf algebra. ]

Suppose k(Q¢ C) has a graded Hopf algebra structure with length grading,
Qo-closed coradical and C-arrow-stable multiplication. By Proposition 3.5, kQ°
also has a graded Hopf algebra structure with length grading. Then by Theorem
1.1, the index set of Qo has a group structure, denoted by (G, *), such that @
is a Hopf quiver Q(G, r) for some ramification . Meanwhile by Proposition 3.4,
the index set of )y has another a group structure, denoted by (G, -), such that
k(Qo,C) is of G-type. In fact, since the two multiplications in the group G are
determined by the multiplication in the Hopf subalgebra k(Qp, C), then these two

group structures (G, x) and (G, -) are coincided. In the summary, we obtain:

Proposition 3.6. Suppose k(Q°,C) has a graded Hopf algebra structure with
length grading, Qo-closed coradical and C-arrow-stable multiplication. Then @ is
a Hopf quiver of some (G, r) such that k(Qo,C) is of G-type.

Lemma 3.7. (see [10]) Let A be a k-algebra and C be a k-coalgebra with
coradical filtration {C;}i>o. Then for any f € Homy(C,A), f is invertible in
Homy(C, A) if and only if f|c, is invertible in Homy(Cp, A).
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From this lemma, we can get the following;:

Proposition 3.8. Let H be a bialgebra. If the coradical Hy is a Hopf algebra
which is a sub-bialgebra of H as bialgebra, then H is a Hopf algebra.

Proof. In Lemma 3.7, let C = A = H and f = idg. Then, flg, = idy, is
from Hy to Hy, also from Hy to H. Since Hy is a Hopf algebra, there exists
S € Homy(Hy, Hy) € Homy(Ho, H) such that S xidy, = nu,eH,- Since the
identity map of Hy is the same as that of H, then S * f|p, = nuen, for flu, €
Homy,(Ho, H). Then by Lemma 3.7, f = idy is invertible in Homy(H, H) with
inverse f~' = T. Thus, T is the antipode of H. So, H is a Hopf algebra. 0

Proposition 3.9. (see [1][9]) Let ¢y : X — C be a coalgebra map, and 1 : X —
M a C-bicomodule map. Let ¥, : X — M®" be the composition

Aln—1 QN

)
Up: X — XX® --0X 5 M n>2

Then v, is a C-bicomodule map with Im(y,) C MO™.

If for each x € X there are only finite i such that 1;(z) # 0, then ¢ : X —
CoTc(M) is a coalgebra map, where 1 =3 ;1.

Now it is ready for us to prove the main result in this paper:

Proof. of Theorem 2.2:

(i)=(ii): Since k(Qo,C) is of G-type, there is an algebra structure such that
k(Qo,C) is a Hopf algebra and is Qo-closed as the coradical of k(Q¢ C). Now,
we give the k(Qo,C)-Hopf bimodule structure on k(Q1,C) depending upon the
kG-Hopf bimodule structure on kQ; ( see Theorem 1.1) as follows:

(1) the left module action -:
ci - (cjacg) =Y _(cie;)(i- a)(dfer)
(ci)

where ¢; € Cj, ¢; € Cj, ¢ € Cy, o is an arrow in @ from v; to vy, and 7 - « is
the left kG-module action on kQq;
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(2) the right module action -:

(cjack) - ci =Y (cici) (e - i)(cxe])
(ei)
where ¢; € C;, ¢; € Cj, ¢ € Cy, o is an arrow in @ from v; to v, and o - 7 is
the right £G-module action on kQ1;

(3) the left comodule coaction dr,:

dr(cjacy) = Z & @ clacy
(¢)

where ¢; € C}, ¢ € Cy, o is an arrow in @1 from v; to vy;

(4) the right comodule coaction dg:

r(cjacyk) g c]ack ® dy
(c5)

where ¢; € Cj, ¢ € O, a is an arrow in @1 from v; to vy.

It is trivial that k(Q1,C) is a k(Qo,C)-bimodule, since the module action
is based on the kG-module action on kQ;. And k(Q1,C) is also a k(Qo,C)-
bicomodule by Proposition 2.1 (ii). Moreover, d;, and dr are both k(Qo,C)-
bimodule homomorphisms. In fact, for any ¢; € C;, ¢; € Cj, ¢ € Cf, and any

arrow « in 1 from v; to v,

dp (e - (cjack)) =01(>_(ciej)(i- )(cfex))
(ci)
Z cic; @ ¢ (i - ) ey,
(ci)(cj)

C; 5L(cjack) =C; - (Z C;- & c;-'ozck)
(¢5)
= Z cic; @ ¢ - (cfacy)
(ci)(es)
Z cic; @ ¢ cj(i - a)c e,
(ci)(es)
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then dr,(c; - (cjack)) = ¢ - 0r(cjocy).

dr((cjocy) - ¢i) =0r( Z cjc} i)(crcl))
(cs)

"1
E dici @ cici (a-i)epc]’,

(ci)(ey)

dr(cjacy) - ci= Zc ® c”ack

(c5)
= Z dici @ (cjacy) - ]
(ci)(es)
_ Z C d ®C//C// oz z)ckc/”
(ci)(cj)
then 07, ((cjack) - ¢;) = dr(cjocy) - ¢
dr can be discussed similarly.

Therefore, k(Q1,C) is a k(Qo,C)-Hopf bimodule.

The C-arrow-stability of k(Q°,C) under the left and right module actions of
the k(Qo,C)-Hopf bimodule strcutre of k(Q1,C) follows from (1) and (2) and

Definition 2.1. We prove this only for the left module action as follows.

For six non-zero elements ¢;, d; € C;, ¢j, dj € Cj, ¢, di € Cj, we have
P(c;) = P(d;) = v;, ]B(cjozck) = ]S(djozdk.) = a, and

P(c; - (cjacy)) = ﬁ(Z(c;cj)(z ~a)(der)) =P )
(ci)
=P() (djd))(i - a)(d}dy))
(di)
= P(d; - (djady))

Note that by the condition of G-type, i.e. Definition 2.3 (i), > ., (cic;)(i -
a)(cjer)) # 0 and 374 (did;) (i - @)(didk) # 0. Thus, the C-arrow-stability of

k(Q°,C) follows under the left module action.
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(ii)=-(iii): The main part of this proof was given in [6] except for the C-arrow-
stability.

Denote by 61, and dgr respectively the left coaction and right coaction of the
k(Qo, C)-Hopf bimodule k(Q1,C). Define ¢ : X = k(Q°,C)®k(Q°,C) — k(Qo,C)
to be the composition of

X "2 k(Qo,€) @ k(Qo, C) ™ k(Qo,C)
where m( means the multiplication in k(Qo,C), po is the projection from k(Q¢,C)
to k(QOa C)
(1) 1y is a coalgebra map.

Use the subindex to denote the length of a generalized path. For example, if
we denote a generalized path by xz;, then the length of x; is ¢. Thus, in general,

we can write an element in X by >, agf(xf ® o) for aff € k. Therefore,

Ao( Y aff(af @ 2h)) = A aghasal) = Y agoA(ag)Alxp)
s,t s,t

s,t,1,7
and
(0 @ o)A afi(af @ 2h)) = (o @ o) (id © T @ id)( ) affAxf) @ Aah))
EREN ERAN
= (Yo ® ¢o)( ; ajj(z7) @ (z) @ ()" @ (z3)")
= > agi(@) ;9 (z5)0 @ (3)"0 @ (25)"0
s,t,1,7

then Ay = (19 ® 1p)A. Note that A on the right-side of the above equalities is
the comultiplication of X. Clearly, eypg = €. Thus 1)g is a coalgebra map.

Define ¢; : X = k(Q%,C) ® k(Q°,C) — k(Q1,C) to be the composition of

X fpo®pﬂ1®po (k(Qo,C) ® k(th)) + (k(Ql,C) ® k(Qo,C)) ml+mr (Ql, )

where m; and m, denote the left and right module actions respectively.
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(2) 1 is a k(Qo, C)-bicomodule map.
In fact, by Proposition 2.1, k(Q,,C) is a k(Qq,C)-bicomodule via
op(x) == Z(:U')g @z"” and Og(x Zx ® (")
(z)
where z € k(Q,C), n>0. Let >, of i(x7 © x%) be an element in X. Then
vi( Y afj(ef @af) =) afiag -2l + ) afhed - af,
EREN] st st

therefore

S () aff(af @ah)) = agiag - or(al) + ) afpdr(e
st st

87t7i7j

On the other hand,

(id@y1)o( )y afi(af ®afh)) = (id ® d1)( Z agio((x7) @ (5)) @ ((27)" ® (25)"))

L = (id® 1) 2 o2 (@) Yol(@) )o ® (@) ® (a4)")
_ ;aff((x;*;’so((x;y)o & (@) - (@)
: Z o (@) )o(() o © (@)1 - ()"0
S i+ T iy

:g adtaf - op(x}) —|—E ashor(xf) -
s,t

Thus, 0711 = (id ® ¥1)dr, and 11 is a left k(Qq,C)-comodule map. Note that o1,
on the right-side of the above equalities is the left k(Qo,C)-comodule structure
map of X. Similarly we can prove that dri1 = (1 ® id)dr and v is a right
k(Qo,C)-comodule map. Hence 1 is a k(Qy, C)-bicomodule map.

(n—1) n
Moreover, define v, : X 2 Xoxw-ox L k(Q1,C)®™ for n > 2 and
define ¢ = > 4. Then ¢ : k(Q%,C) @ k(Q%,C) = X — CoTyq,c)(k(Q1,C)) =

k(Q°,C) is associative since A is coassociative and ® is associative where the
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(1122

isomorphism is from Proposition 2.1. Thus % becomes an associative multi-
plication in £(Q¢,C).

By (1), (2) and Proposition 3.9,

¥ k(QC) @ k(Q°,C) — k(Q°,C)

is a coalgebra map. This means that k(Q¢ C) is a bialgebra. Due to the known
conditions, the coradical k(Qq,C) of k(Q¢,C) is a Hopf algebra meanwhile it is a
sub-bialgebra of k(Q¢,C) as bialgebra. Therefore, by Proposition 3.8, k(Q°,C) is
a Hopf algebra.

It is graded with length grading from the definition of the multiplication .

Due to the C-arrow-stability under the left and right module actions in Hopf
bimodule structure, k£(Q°, C) is C-arrow-stable under 1, then moreover under .
That is, k(Q¢,C) is C-arrow-stable under the multiplication of this Hopf algebra

structure.

(iii)=-(i): By Proposition 3.6. O
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