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On a Family of Hypersurfaces in C? with Stability
Groups Determined by High Jet-Order

R. Travis Kowalski
Abstract: In this paper, we study the collection of all real-analytic hyper-
surfaces in C? of the form M = {(z,w) : Inw = Rew 6(|2|*)}. We compute
all local automorphisms for such hypersurfaces, providing new examples
of hypersurfaces with stability groups determined by arbitrary jet-orders.
Moreover, we show that for such hypersurfaces, if the stability group is not
determined by 1-jets, then the hypersurface is “generically” spherical. That
is, such hypersurfaces are locally spherical at every point except those along

a specific complex curve.

1. INTRODUCTION

Two germs of real hypersurfaces (M,p) and (M’,p') in C? are biholomor-
phically equivalent if there exists a local biholomorphism between them, i.e. a
holomorphic mapping H : C?> — C?, defined and invertible in a neighborhood of
p, that sends p to p’ and satisfies H(M) C M'. A germ (M, p) is called spherical
if it is biholomorphically equivalent to a germ of the 3-dimensional sphere in C2.

For example, the Lewy hypersurface

L={(z,w) € C*: Imw = |2} (1)

is spherical at 0, as seen by the local biholomorphism

( 2z w —i)
(z,w) — -, - .
w1t w+1t

A basic invariant related to biholomorphic equivalence is the stability group of
(M, p), defined to be the set Aut(M, p) of all local biholomorphisms sending the
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germ (M, p) to itself. We say that Aut(M,p) is determined by k-jets if for every
pair Hy, Hy € Aut(M, p), we have H; = Hy as power series at p whenever

aP\lﬂl al>\|H2

o P)= o5 () VAEN? 0< A <k

There exists a large body of work concerning the jet-determinacy of stability
groups of hypersurfaces in C2. For example, Poincaré [10] proved that the stabil-
ity group of any spherical hypersurface is determined by 2-jets, but not by 1-jets.
Chern and Moser [3] proved that the stability group of any Levi-nondegenerate
hypersurface is determined by at most 2-jets and is at most 5-dimensional, while
Beloshapka [2] provided a converse of sorts, proving that unless such a hyper-
surface was spherical, then 1-jets suffice. These results have been extended more
recently to ever more general hypersurfaces. For example, Ebenfelt, Lamel, and
Zaitsev [5] proved the stability group of any Levi nonflat hypersurface (M, p) in
C? is determined by k-jets for some finite number k; moreover, if M is of finite
type at p (i.e. contains no complex hypersurface passing through p), then 2-jets
will always suffice. We also cite the work of Kolar [6], which shows that the
stability group of any finite type hypersurface has dimension at most 5.

If the hypersurface is not of finite type, however, then 2-jets may be insufficient.
In [7], the author gave the first known example of a Levi nonflat hypersurface,
necessarily of infinite type, for which 2-jets were insufficient to determine the
stability group; in fact, 3-jets were required. In [8], the author extended this
example to the family of hypersurfaces

(Rew) Im (5(|z|2)2/")
14 Re ($(22)"")

M":={ (z,w) € C? : Tmw =

(2)

where S(t) := it + (1 — t?)"/2, n > 2 is an integer, and the principle branch of
each complex root function is used. It is shown in that paper that Aut(M™,0) is
determined by (n + 1)-jets, but not by n-jets.

The example of [7] was independently generalized by Zaitsev in [11] to a second
family of hypersurfaces with stability groups determined by an arbitrary jet. In
that survey, Zaitsev noted that both his hypersurface examples and those pro-
vided in [8] shared a common property, which he referred to as being generically
spherical, which we state precisely as follows.
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Definition 1.1. A germ of a hypersurface (M, p) to be generically spherical if it
is spherical at every point outside a proper subvariety V' C M containing p.

Zaitsev then poses the following question:

Question 1.2. Does there exist a germ of a Levi nonflat, real-analytic hypersur-
face (M, p) in C? that is not generically spherical at p, but whose stability group
Aut(M, p) is not determined by 2-jets?

In this paper, we investigate these ideas for a family G of real-analytic hyper-
surfaces of infinite type. This family will not include each of the hypersurfaces
M™ defined by (2), but provides further evidence that the answer to Question
1.2 is “No.”

Specifically, we shall consider the set G of all germs of hypersurfaces (M, 0),
where M can be expressed in some holomorphic coordinates (z,w) as

M ={(zw) € C? :Imw = (Rew)0(|z|2)}
for a nonzero, real-analytic function 6 : R — R satisfying 6(0) = 0.

To state the main result of the paper, let us indicate some notation we shall
use consistently throughout it. We shall let R* C R denote the set of nonzero real
numbers, and U C C denote the set of unimodular complex numbers. Moreover,
we shall always assume any complex power function ¢ — (P denotes the principal
branch of that mapping whenever p is not an integer, unless another branch is
made explicit.

Our major result is the following.

Theorem 1.3. For any germ of a hypersurface (M,0) € G, there exists a 4-tuple
(a,b,c,d) € Rt x R x R* x N and a subset P C U x R* x R x C, such that

Aut(M,0) = {2 (2, p,0,v) € P

&,p,0,V

where Hg’,l,)jﬁjg : (C2,0) — (C2,0) is the mapping
e(z+rvw®)
, a C 112y, 2a) 5 (1=ib)
<z> (1—i2cvzw®— (o +icly]?)w?)
'_)
w pw

1
(1—i2cvzw®— (o +iclv]?)w?)2
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Moreover, if Aut(M,0) is not determined by 1-jets, then (M,0) is generically
spherical.

A few words are in order about the statement of this theorem. The reader will
note that if a is not an integer, then the mapping w — w® is not holomorphic
at w = 0. Thus, if the parameter a is not a natural number, then in order for
the mapping H¢' ﬁ;g;ﬁ to be holomorphic at (0, 0) it must follow that P is a subset
of U x R* x R x 0, so that the parameter v is forced to be 0; in particular, the
automorphisms of M will take the form

a,b,c,d (Z w) _ ez pw
PO (1 - ow2)2:a(707 (1 _ gypa) 5

Further, should 2a not be a natural number, then we must similarly conclude
that P is a subset of U x R* x 0 x 0, so that the parameter ¢ will also always be
0, and the automorphisms of M will take the trivial form of

7b7 7d —
H00 (z,w) = (g2, pw).
We shall revisit these observations later with Theorem 4.1, which gives a more
precise articulation of Theorem 1.3.

We conclude this section with some remarks concerning the consequences of
Theorem 1.3. In addition to supporting a negative answer to Question 1.2, the
final statement of the theorem may be viewed as the analog of Beloshapka’s result
applicable to the (infinite type) collection G: unless a hypersurface is generically
spherical, its stability group is determined by 1-jets. For the sake of completeness,
we note that the complementary question of those infinite type hypersurfaces with
very few automorphisms is addressed in the recent paper [4] by Ebenfelt, Lamel,

and Zaitsev.

One consequence of the proof of Theorem 1.3 will show that the hypersurfaces
M™ given by equation (2) are elements of G and are, in some sense, the only
hypersurfaces in G to have a maximal 5-dimensional stability group.

More generally, the proof of Theorem 1.3 will show that for any choice of a
4-tuple (g,p,0,v) € U x R* x R x C, there exists a natural number a and a
hypersurface M € G such that HZ 5y € Aut(M,0), so this collection G provides
further explicit examples of hypersurfaces of infinite type with stability groups
determined by jets of arbitrary order.
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We conclude this introduction with an outline of the rest of the paper. In Sec-
tion 2, we introduce some basic notation and preliminary results concerning the
hypersurfaces in the family G and their stability groups. In Section 3, we specify
an important subset Gg C G consisting of generically spherical hypersurfaces. In
Section 4 we prove that Theorem 1.3 is true for the elements of this subset Gg.
Finally, in Section 5, we extend this proof to the whole of G.

2. PRELIMINARIES AND NOTATION

In this section, we investigate the family G and the structure of its elements
and their stability groups. We begin with the following basic result.

Proposition 2.1. For the germ of a hypersurface (M, 0) in C2, the following are

equivalent.

e There exists a nonzero, real-analytic function 0 defined on a neighborhood
of 0 € R such that 6(0) =0 and

M:{(z,w)E(C2:Imw:(Rew)9(|z|2)}. (3)

e There exists a nonconstant, holomorphic function S defined on a neigh-
borhood of 0 € C such that S(0) = 1, S(t) is unimodular for real values

of t, and
M= {(z,w) eC*:w=wS5(z*)}. (4)
Moreover, the functions 6 and S are related the pair of equations
1 4d0(1) . 1-8(t)

for all real t sufficiently close to 0.

We shall prove this proposition in a moment, but for the moment let us use it
to give a precise definition of the family G of hypersurfaces under consideration

in this paper.

Definition 2.2. A germ of a hypersurface (M, 0) in C2 is an element of G if there
exist holomorphic coordinates (z,w) under which M can be written in either of
the forms indicated by Proposition 2.1. As is traditional, we shall abuse notation
and simply write M € G, rather than (M,0) € G.
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For a hypersurface M € G, we shall use the phrase “M expressed with 6”
to mean M is written in form (3), and similarly, we shall use the phrase “M is
expressed with S” to mean that M is written in the form (4).

Since each hypersurface M € G contains the complex line {w = 0}, it follows
that G consists of (germs of) hypersurfaces of infinite type. (More specifically,
each element of G is of 1l-infinite type, in the language of Meylan [9].) We now
prove the proposition above.

Proof. Fix the germ of a hypersurface (M, 0) in C2.

First assume that M is expressed with 6. Replacing Rew and Imw with

(w +w)/2 and (w — w)/(2i) respectively, we can solve equation (3) for w to
: 2
e (e
Define the complex curve ¢ : R — C by
144t

0= 15

It is a simple calculation to show that ¢(0) = 1 and |¢(t)] = 1, and so M is

rewrite it as

expressed with S using S = go 6. Note that this also proves the first equation of
(5).

Conversely, suppose that M is expressed with S. Replacing w and w with
(Rew + ¢ Imw) and (Rew — 7 Imw) respectively, we can solve equation (4) for
Im w to obtain

; 2
M = {(z,w) €eC?:Imw = Rew (W)}
If it can be shown that the expression in parentheses above is real valued, this
will complete the proof. Multiplying the numerator and denominator of the
ratio above by the conjugated expression 1+ S(|z]?) and using the unimodularity
assumption, it follows that this equation can be rewritten as

)i( S(=*) A + S(=*))
(14 5(=1*) (1 + S(12*)
i( —2i Im S(]z]?))

2+2ReS(]z]2)

Imw = (Rew

~ (Rew)"

|z
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Hence, we find that M is expressed with 8, with

o(t) = i(1-S(t)  ImS(@)
1481 1+ReS(@®)
Since 6(0) = 0, the proof is complete. O

As the main result of this paper deals with the structure of the local automor-
phisms of elements of G, let us establish some basic notation and results for such
automorphisms. Our investigation begins with the following preliminary result.

Proposition 2.3. Let M € G, and suppose H € Aut(M,0), i.e. H is a local
biholomorphism of C? sending (M,0) to (M,0). Then H takes the form

H(va) = (f(sz)7 wg(sz))7 (6)
where f,g: C2 — C are holomorphic functions satisfying

0

% 0.0#0, 90,0 £0. ¢

Conversely, if M is expressed with S, then any mapping H of the form (6) sat-
isfying (7) is a local automorphism of (M,0) if and only if it satisfies the power
series identity

S(zx) 9(z,78(2x)) =90, 7) S(f (2,7 5(2x)) F(x, 7)), (8)

where (z,x,T) are indeterminates, and f and g denote the conjugated power series
to f and g respectively.

Proof. The first half of the proposition is proved as Lemma 9.4.4 in [1], Chapter
IX. As for establishing the converse statement, note the conditions (7) ensure that
any H of the form (6) is a locally invertible mapping of (C2,0) into itself. Such
an H maps the hypersurface M into itself if and only if the complex functions f
and ¢ satisfy the equation

wg(z, ’LU) = wg(zaw) S(f('z?w) f(z,w))

wg(z,w) S(f(zw) f(Z,w))

whenever w = wS(2z). If we make the substitutions Z = y, w = 7, and w =

7 S(zx) in the equation above, we find that this is equivalent to identity (8). O

As a consequence of Proposition 2.3, we shall always assume any automorphism
of a hypersurface M € G is written in the form (6). In our later computation
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of the stability groups of the hypersurfaces in G, we shall find it convenient to
further expand the functions f and ¢ in the variable w as

wn
n!’

Few) =3 )Y s =3 0l)
n=0 : n=0

We shall also find it convenient to formally expand the conjugated functions f
and g as power series of the form

- & Xm 7N & Xm 7N
fx) = Z)\;nma7 gx,7) = ZM?ME
m,n=0 m,n=0

Note that the coefficients of expansions of f and g are related to the coefficients
of the expansions of f and g (respectively) by the equations

Fim o) = xm, g™ (0) = @, m,n=0,1,2,....

As a result, it is possible to express the functions f,, and g, as power series

involving the coefficients A™ and p™.

What is perhaps more surprising is that we can express the functions f,, and
gn as power series involving the the non-conjugated coefficients )\ﬁ and ,ui. For
example:

Proposition 2.4. If M € G and H € Aut(M,0), then A} a unimodular complex
number and ug 1s real and nonzero. Moreover

fo(2) !

0
= —Z, Z) = s
)\(1) gO( ) Ho

Proof. Since H € Aut(M,0), it satisfies identity (8). Setting 7 = 0 yields

S(2x)g0(2) = Go(x) S (fo(2) fo(x))- (9)
Setting x = 0 in this identity and using the fact that S(0) = 1, we have go(z) = pl.

However, we also know go(0) = /78 by the definition of Mf;, and go(0) # 0 by
Proposition 2.3, whence u) is a nonzero real number, proving that go has the

desired form.
Now, if we replace go(2) = go(x) = 13, then identity (9) simplifies to
S(zx) = S(fo(2) fo(x))-

Since S is nonconstant, some derivative of S must not vanish at 0. Let £k > 1
be the smallest value such that S (k)(O) # 0. Differentiating the identity above k
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times in x and setting xy = 0 yields
S®(0)2F = 5T (0)(A)* fo(2)".

Taking k-th roots of this equation and solving for fy(z) implies

z
fo(z) =¢ N
for some k-th root of unity £. Differentiating this once and evaluating at z = 0
yields
N= 0= 3
0

or £ = |A\}|?. In particular, this implies that ¢ is real and positive, whence & = 1.
This in turn implies that A} is unimodular, which gives the desired form for
fo- O

The method above can be generalized to obtain similar (albeit more compli-
cated) parameterizations of the functions f, and g, in terms of the coefficients
/\f; and ,ui, an explicit structure we shall find useful in Section 4. Specifically, we
have the following.

Proposition 2.5. Let M € G, and assume M 1is expressed with 0. Let d > 1
denote the smallest integer such that (Y (0) # 0, and let A € {0,1} be defined to
be 1ifd=1 and 0 otherwise.

Then for eachn € N, there exist holomorphic functions Ry, T, : C° x C4n=1) _,
C satisfying Rn(¢,0) = 7,(¢,0) = 0 such that

i2n.60'(0)2 — 0" (0 ik n ud AL
fn(Z):A[ /() 12()Z2_ /,u o] < ibo_ 12>Z
0'(0)(A5) 26/(0) pg dXg g (Ag)
1 1 n—1
+Rn<<za)\1a07>\(1)nu8>>(>\27>\]1g7}u27)u1%:)k:1>
0 Mo
i2 A2 130’ (0
%K@==(‘£)()>z+u2

1 1 -1
+7;L<(Z7A1707)‘67M8)7 ()\07)‘11:7:u27:u’11:)21>
0 Mo
for any H € Aut(M,0).

Note that if d > 1, then A = 0, which simply means that we ignore the portion
in square brackets in the formula for f,. Proposition 2.5 is actually proved in
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greater generality as Proposition 5.2 in [8], and the interested reader is directed
there for further details.

We conclude this section with another result from [8] that provides a useful
criterion for uniquely identifying an automorphism of a hypersurface M € G based
on a finite number of the coefficients )\i and uf;. To state this result precisely, we
need the following, rather technical definition.

Definition 2.6. Suppose M € G is expressed with 6. For each integer n > 0,
define the holomorphic mappings Y" : C> — C* by

T"(2,x) = <v?(zx), VB (2x), 70 (2, vaf(zx)>7

where each U;—l : C — C is defined as

v (t) =t 0 (t) [(%)n - 1]

(1) = (1+6(1)?) [(ijg?)n - 1] - % L (1)

" —ionb 2
X [0’(0)(1—1—9(1&)2) + o) 9,<§) 70) tH’(t)]}

0'(t) [0”(0) —i2n.60'(0)* 1+i0(t)\"

T(t) = A1+ 0(t)? t—

(0= a1+ 00" + g1y | =0 T—iow) |J
and d and A are defined in Proposition 2.5. Note that if d > 1, then this simply

means vy = vy = 0.

For each n, consider the complex linear subspace S™ in C* spanned by the set

of vectors
8k+€frn
{ D2k !
Note that the maximum dimension of the subspace 8™ is 4, unless d > 1, in which

(0,0):k,€:0,1,2,---}.

case 8™ is at most 2-dimensional.

Finally, define U to be the set of integers n > 0 such that 8™ is not of maximal
dimension; that is, set
U:= {nZO:dim(c (S") <2—|—2A}.

Note that 0 is always an element of U, since v{ vanishes identically.
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A useful alternative characterization of U is the following: If d = 1, then n ¢ U
means that the four complex functions

{vl'(2x), v5 (2x), 205 (2X), x Vi (2x)}

form a linearly independent set; if d > 1, then n € U means that the two complex

functions
{vi(2x), v5(2x)}

are linearly independent.

The importance of the set U is detailed in the following result, with which we
conclude this section. As noted above, it is proved in [8] in greater generality as
Theorem 4.1.

Theorem 2.7. Let M € G, and letU be as in Definition 2.6. Then any automor-
phism H € Aut(M,0) is uniquely determined by those coefficients ()\g, Al ,LL}L)
with n € U. That is, if H and H are two automorphisms of (M,0), and

(9 AL i it) = (NN B 7L)  forn e,

then H=H as germs of biholomorphisms.

3. THE GENERICALLY SPHERICAL HYPERSURFACES OF G

In proving Theorem 1.3, it will be important to identify those elements of G
that are generically spherical. To do so, we begin with the following lemma.

Lemma 3.1. For the ordered pair (a,b) € R?, consider the equation

520 = 1 4 2 » §U1+0) (10)
in the complex variables z and S. If a # 0, then this equation admits a unique
holomorphic solution S = Sq(2) satisfying Sq(0) = 1.

Moreover, this solution is given by

Susle) = exp (194, (11)

a

where ¢y, denotes the unique (local) holomorphic inverse to the mapping

z +— ¥ sin(z)

satisfying ¢p(0) = 0.
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As we noted in the Introduction, we shall always assume that any mapping
S +— SP denotes the principal branch unless explicitly indicated otherwise.

Proof. Note first that ¢y, is well-defined by the Inverse Function Theorem, since

d, .
— (€”*sin(z) =1#0;
dZ( )z:0

in fact, using standard power series techniques we may expand ¢ as
1
dp(z) =2z —bz2 + s+ 9b%) 23 + O(2%).

As a result, the function S, ; is well-defined and holomorphic, and using (11) we
can expand S as

(12)

a
¢! +a—|—2‘3ag)(31 —a +1i3ab) B 100N,
a

which we shall find useful in later calculations.

To complete the proof, we need only show that S, solves equation (10), as
the uniqueness of such a solution follows immediately from the Implicit Function
Theorem. To begin, let us simplify the left- and right-hand sides of (10) using the
explicit formula for S, given in equation (11). Applying (the complex) Euler’s
formula exp(i z) = cos(z) + i sin(z), we find the left-hand side of (10) simplifies
to

(Sap(2)* = exp (z d"’fl’z)fa

= exp(i2¢p(2))
= cos (2q§b(z)) + 4 sin (2<Z>b(z)),
while the right-hand side becomes

) a(14ib)
1 + 222 (Sa7b(2))a(l+1b) =1 + 2@ zZ exp <1 ¢b(§/2:)>

=1+2izexp ((l — b)¢b(z))
= (11— 2500 in ()
+1 (2 ze P cos (¢b(2)))
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Thus, to show that S, j, satisfies equation (10), it suffices to prove that ¢, satisfies
the following pair of equations:

cos (2¢p(2)) =1 -2z et () gin (d(2)), (13)
sin (2¢5(2)) = 2e () cos (¢(2)). (14)

(Note that while equations (13) and (14) appear to be equating the real and
imaginary parts of equation (10), since ¢, is complex-valued neither of these

equations involve real numbers.)
Using the double angle formula for cosine, we can rewrite equation (13) as
1—2sin® (¢p(2)) =1 — 2z e~b90(2) gin (dn(2)),
which holds identically if and only if
P (2) gin (dp(2)) = z, (15)

and this is true by the definition of ¢. Similarly, applying the double angle
formula for sine to (14), we obtain

2sin (¢p(2)) cos (¢p(2)) = 22 e (2) cog (d(2)),

which is equivalent to equation (15) as well. O

Note that Sg is a holomorphic function that satisfies S, 4(0) = 1. Moreover,
since e sin(t) is real-valued for any real ¢, the definition of ¢, given in Lemma 3.1
implies that it too is real whenever ¢ is. As a consequence, S, ;(t) = exp(i ¢p(t)/a)
is unimodular for any real value t. Thus, according to Proposition 2.1, the set

Mabed . — {(z,w) €eC?:w= WSy p (C’Z|2d)} ) (16)

defines a hypersurface in G for any choice of (a,b,c,d) € R* x R x R* x N.

Definition 3.2. Define the subset Gg C G as follows: the germ of a hypersurface
(M,0) is an element of Gg if there exist holomorphic coordinates (z,w) under
which M = M%b%4 for some 4-tuple (a,b,c,d) € R* x R x R* x N. As is
customary, we shall also write M € Gg to mean (M,0) € Gg.

Proposition 3.3. FEvery element of Gs is the germ of a generically spherical
hypersurface in C2.
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Proof. Let M abed ¢ Go. Tt useful to note first that
Mobed — pp=a=b=cd g, any (a,b,c,d). (17)

This follows immediately if it can be shown that S, ;(t) = S_4 _p(—t) for real

values of ¢, but this is a straightforward calculation:
-1 1 —_—

Sap(t) = (S*a,b(t)) = m = S_ap(t) = S—a—b(—t),

where the bar denotes complex conjugation.

We now prove that M®?¢? is spherical at any point (z,w) € M®»%? off of the
plane {w = 0}; this will suffice to prove that the germ (M%%%% 0) is generically
spherical. To this end, fix a point (29, wp) € M abed with wy # 0. Using equation
(17), we may without loss of generality assume ¢ > 0, so define the mapping

(z,0) = (Z,W) = (Ve w010 )

where in this case we take a branch of w — w? that is analytic on a neighborhood
of wg. (Note that this will coincide with the principal branch whenever wq is
not a negative real number.) Since the Jacobian of this mapping is well-defined
and nonsingular at (2o, wp), it defines a local biholomorphism of C? near (2, wp).
Moreover, we claim that if (z,w) € M®*¢4 is sufficiently close to (zg,wq), then
(Z,W) € L, where L is the Lewy hypersurface defined by equation (1) in the
Introduction. Since L is itself spherical, this will complete the proof.

To prove the claim, consider a spherical neighborhood of (zy, wp) that does not
intersect the plane {w = 0}. If (z,w) € M*>%9 is in this neighborhood, then
we know w = @Sa7b(c|z|2d) and w # 0. To show that this point is mapped to
the Lewy hypersurface, we must show that Im W = (Re W)|Z|?, or, equivalently,

that W = W +i2ZZ. Using the defining property of S, p, we compute that
W +i227 = w2 4 i 2(y/c 29w 1)) (\/c 2dyali+ib))

— 2 +i 2(\/Ezd [wSayb(C|Z|2d)}a(1+ib)> (\/Efd@a(l—i b))

— w2 +i92 Ld=d Sa7b<C’Z’2d)a(1+i b)@a(1+i b)@a(lfbi)

_ % [1 +i26‘z|2d Savb(c|z|2d)a(1+ib)}

= w2 S, (222 = (W Sap(c]z?))* = w? = W,

as desired. O
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We conclude this section with the following observation. Although we shall
not need this explicit description for the present paper, it is instructive to note
that

(s 2y1/2\1/a
Sao(z) = (iz+ (1 —2%)"2)""
In particular, this implies that the hypersurface M™ given in equation (2) in the
Introduction is the same as the hypersurface M 20L1 in the set Gg.

4. THE STABILITY GROUPS IN Gg

Before proving Theorem 1.3 in general for the family G, in this section we first
prove that it applies to the subset Gg of generically spherical elements of G.

To prepare for the proof, let us define for any 4-tuple (a,b,c,d) € R* with
ad # 0 and any 4-tuple (e, p,0,v) € C* the mapping Hgff;g:g : C? — C? by the
formula

e(z+vw?)
: a , 2. 24 2 (1—ib)
<z> (1—i2cvzw®— (o +iclv]?)w?)
= )
w pw

1
(1—i2cvzw®— (o +iclv|?)w?e)2
where in each case we assume the principle branch of a complex power function

is being used. Observe that if a is a natural number, then H¢' ’,I;,’gjﬁ defines a local
biholomorphism of C? in a neighborhood of (z,w) = (0,0).

However, as we noted in the Introduction, the mapping HS;,’,’;:;;‘i fails to be
holomorphic (or even continuous!) along the plane {w = 0} whenever a is not a

positive integer. Nevertheless, the mapping

’b’ ’d
Hg’pﬁ’o(z,w) = (sz, pw)

is a global biholomorphism for any value of a, whereas the mapping

Ha,b,c,d(z w) _ EZ pw
€008 (1— o w?a)m (=i (] _ 5 yp2a)2

is a local biholomorphism of (C2,0) whenever 2a is a positive integer.

We are now ready to prove the following result.
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Theorem 4.1. Let M®b:ed ¢ Gs, and assume that a > 0. Define

UxR*xR xC, ifa e N, b=0, and d =1,
P:=<UxR*x0x0, if 2a € N,
UxR*x R x 0, otherwise.

Then Aut (M*0¢4,0) = {H&,’,’;é;‘i : (e,p,0,v) € 77}.

Recall that Equation (17) implies that any hypersurface M®%%¢ in Gg can be
written with a > 0, so that Theorem 4.1 completely classifies the automorphism
group of any hypersurface in Gg. Note too that the discussion preceding Theorem
4.1 implies that each mapping H¢' ;’,’;g;ﬁ is (at least) a local biholomorphism of

(C2,0) under the allowable set of parameters in P.

For the remainder of this section, let us fix a hypersurface M**%? ¢ Gg, and
assume a > 0. Define P as in the statement of Theorem 4.1. We shall prove the
result of the theorem by demonstrating that each set involved is a subset of the
other. We do this in a pair of lemmas.

Lemma 4.2. {Ha’b’c,d : (57/)7 g, V) € P} C Aut (Ma,b,c,d’ 0)

&,0,0,V

Proof. Fix a 4-tuple (e, p, o,v) € P; we must show the mapping H := H¢| ’;’;;;‘3 is a

local automorphism of (M®%%? (). We have already argued that (e, p,o,v) € P
ensures that the mapping H is a local biholomorphism of (C2,0), so we need only
show that it maps M®®%4 into itself.

Write H in the form H = (f, w g). According to Proposition 2.3, we need only
prove that the identity

Sap(C 244 g (z, T Sa,b(czdxd))

?(X, 7_) = Sa,b (Cf(zaTSa,b(C ded))d?(Xﬂ_)d)

is satisfied.

Observe that the right-hand side of this identity, more or less by the definition
given in Lemma 3.1, is the unique holomorphic solution S(z, x, 7) to the complex
equation

S* =1+i2¢c f (2,7 Saplc zdxd))d?(x, 7). seli+ib) (18)
satisfying S(0,0,0) = 1. Hence, if it can be shown that the left-hand side of this
identity is also a solution, then the lemma is proved.
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To that end, define the holomorphic function

Sap(c 24x%) g (z, T Smb(czdxd))
9(x: 7)

S(z,x,7) :=
For convenience, write
o (Z,W):=1—i2cvZW — (0 +ic lv?) W2,

so that H may be more compactly expressed as

Ha,b,c,d 2w = :
E’p’g’y( ’ ) (I)gvy(z(awa)%(l—zb)’ (I)gvy(zdﬂua)i

In particular, we can write S as

Sap(czx®) @76 (x4, )
S(z,x,7) = 7 1 -
(I)&V (Zd, TaSa,b(C ded)a) 2a
Observe that )
Sap(0) @-5(0,0)2a
5(0,0,0) = »(0) 2,5,(0,0) _

1
¢g'711(07 0) 2a

so we need only prove it satisfies equation (18).

Note that the right-hand side of that identity evaluates to

e(z+vw?) pw > .

L i2e(z 4+ 7T Sap(c 2 (x4 v ) Sap(ezty )0+

@5, (29, 780 p(c2x?))

669

We show this expression equals S(z, x,7)?* by examining two cases, depending

on the value of v.
If v = 0, this simplifies to

2 ¢ 20 S, (¢ 20y D)a(1+D)

1
+ 1 — 07205, 5(czdyd)2e

Putting this on a common denominator and simplifying yields
Sa,b(c ded)2a _ UT2aSa7b(C zdxd)2a

1 — 07205, 5(czdyd)?e
 SaplezxD?e @ 5(x4, )
@370 (Zd, TaSayb(C ZdXd)Qa)

which proves (18) holds.

= S(Z’ X7 7—)20”
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On the other hand, if v # 0, then the definition of P forces d = 1 and b = 0,
so that the right-hand side evaluates to

i2c(z+v71%Sa0(c2x)) (X + v 1) Sa0(c2x)”

L 1 —i2cwz271%8,0(czx)® — (0 + iclv|?)T2¢Sg 0(c 2x)?®
(M +i2c2xSap(czx)®) + (12c0 x T — (0 — i c|v|*)T°*) Sa0(c 2x)*
1 —i2cw271%8,0(czx)® — (0 +iclv]|?)T22S 0(c 2x)?®
Saolczx)?*® ¢ (x, @
s = S
which proves (18) holds once again. O

Lemma 4.3. Aut (Ma’b’c’d,O) C {H“’b’c’d 2 (e,p,o,v) € 73}.

€,0,0,V

Proof. Fix an automorphism H € Aut(M,0); we must prove that there exists a
4_tuple (Ea P, 0, V) € P such that H = Hg’;;:g:,cjl'

To do this, we shall appeal to Theorem 2.7. Recall the definition of the numbers
)\i and uﬁ for the automorphism H given in Section 2. Similarly, for a mapping
H? ’,?;33% with (e, p,0,v) € P, we can define the corresponding values \; and fi;
note that these values are themselves parameterized by (g, p,o,v). If we can
choose a specific 4-tuple (g, p,o,v) € P such that

(N M 18 18) = (N, X0 i i) for m € U, (19)
then Theorem 2.7 implies that H = Hg, ’,’,’;g’fi as mappings.
Recall from Proposition 2.1 that we may express M»*%? with 6 using

1—S,p(ct?
(1) = i L= Salel”)
1+ Sa7b(ctd)
_ Cud_ bch 12 (1 + 2a® + 18a2b?) 43
" 2a 2a 24a3

We complete the proof of Lemma 4.3 by examining two cases, depending on the

(20)

+ O(t*).

value of d.

4.1. Case 1: d = 1. To apply Proposition 2.7, we must first compute the set
U given in Definition 2.6. Given the expansion of § above, we compute that the
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power series for v}’ given in that definition as
;2
oI(t) = ZZ—S” 202 + i c(n + 6abi) 7] + O(t*)
a
2
Vi (z,X) = —27’; [3a(n — i 2ab) £

+ic(n® + 24 + 18ab? + i 6abn) t*] + O(t*)

3
vy (z,x) = —%&(n—i—a—iab)(n—a—iab)
x [3at® +i2c(n+i5ab)t*] + O(t")
2
vz, x) = @(n%—a—iab)(n—a—iab)

x [3at® +ic(n+i10ab) t*] + O(t*)

As a result, we find that

det a4*rn 86Tn 35Tn a&'rrn
¢ 0220x2  0230x3 0z30x%  0220%3 (2)=(0,0)
1 10
= (;813 n*(n® — (2a)?) (n® — (a +iab)?) (n® — (a — iab)?),

where T" is the holomorphic mapping given in Definition 2.6. This implies that
the four vectors
otrn Foal oorr oorn
—(0,0), =—%7—=(0,0), —=—==—=(0,0), —=—==—=(0,0
{8z28><2( ) 0238)(3( ) 0238)(2( ) 0228X3( )}

are linearly independent in C* except at those values n € Z for which this deter-
minant is 0. It follows from this that & C {0, a + abi,2a} N Z. Note that exactly
one of the following is true:

e {0,a+iab,2a} NZ = {0}.
e {0,a+iab,2a} NZ = {0,2a}.
e {0,atiab,2a} NZ = {0,a,2a}.

We complete the proof of this case by examining each of these possibilities.

Subcase (a). Suppose {0,a +iab,2a} NZ = {0}. This implies U4 = {0}, so
we need only find a set of parameters in P that verify equation (19) for n = 0.
Moreover, this also implies that 2a ¢ N, and a € N or b # 0, whence we are forced
by the definition of P to set ¢ = v = 0. Computing the values of Xi and ﬁ‘i from
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the explicit formula for H g ’S:S”g , we determine that (19) equates to finding a value
of e € U and p € R* such that the following four conditions are met:

) =0, N =F, 1o = p, py = 0. (21)
According to Proposition 2.4, the automorphism H must satisfy
A =0, N e, 1o € R*, py =0,

whence (21) is easily solved by setting

g:= N, p= .

Subcase (b). Suppose that {0,a £iab,2a} N7Z = {0,2a}. This implies that
U C {0,2a}, so it suffices to a set of parameters in P that verify equation (19)
for the pair of values n = 0,2a. This also implies that 2a € N, but a € N or
b # 0, whence we are forced by the definition of P to set v = 0. Computing the
values of Xi and fif, from the explicit formula for H, g ’[i’;g, we determine that (19)
equates to finding a value of ¢ € U, p € R*, and ¢ € R such that the following

eight conditions are met:

A =0, Ao =G, (22)
po=p,  po=0,
N, A = (2a)!(1—|—ib)€07

M%a =0, :U'(Q)a = (2a - 1)'po’

As above, using Proposition 2.4 implies that the first four conditions are satisfied
by setting
e:= A}, p= .
To prove the final four conditions can be met, let us compute the explicit forms
of the functions fo, and gs, for the automorphism H. Recall from Proposition

2.3 that f,, and g, satisfy the power series identity (8). If we differentiate this
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identity n times in the variable 7 and then set 7 = 0, we obtain the identity
S(2x)" " gn(2) = S(2x)gn(x) (23)

L 300 520 (S(zx)”fo(x) ful2) + fol2) fn(x))

Lo, (x (fe(2)g0(2), ﬁf(zxgk(z))z;i)

where Q,, : C2xC*"~1) — C is a holomorphic function satisfying Qn(2z,x,0) = 0.

We claim first that f, = g, = 0 for 0 < n < 2a, which we prove by induction
on n. Suppose this holds for all fi and g; with £ < n. This implies that the Q,,
term in identity (23) vanishes, which means that the functions f, and g, must

satisfy the reduced identity

S(2x)" M gn(z) = S(2X)Fn(x)
88 () <S(zx)” Ny ful2) + jo fn(x)>-

However, Proposition 2.5 asserts that f,, and g, are uniquely determined from
this identity by the values (A;,ut) = (0,0) for £ € {0,1} and k < n. Since
fn(2z) = gn(z) = 0 is a solution this identity, it must therefore be the only such
solution, completing the induction.

Given that f,, and g, vanish for 1 < n < 2a, we can now compute fo, and go,
using the expansion for 6 given in (20) and the formulas given in Proposition 2.5.
We find

fou(2) = i2e(1—ib)AY, <2aM8a A >z+ iap,
a - Y
(A0)? Aoy (A)? CAG 1o
icud N\
goa(z) = EOT2 s 4yl
0

Armed with these explicit formulas for fz, and g2,, we may compute the coefhi-

cients N5, and pf,.

Note that go,(0) = 3, by the formula for go,, but goq(0) = rga by the defini-
tion of ui, whence 19, is real. If we set
0
Hagq
= Ha_ R
7 2a - g
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then it follows that u3, = (2a — 1)! ul o = (2a — 1)! po, which verifies the eighth
condition of (22).

To verify the remaining three conditions, first note that the functions fo, and

goq are just polynomials, whence their conjugates have the finite series expansions
2
Faa(X) = A3, % F A% X+ A0 T2a(X) = 130 X+ 13,

Let us substitute these formulas for foq, g2a, f2a, and gag into (23) with n = 2a.
(Note that the Qg, term vanishes completely!) This results in a power series
equation in the indeterminates z and y. If we equate the 22y3 coefficients on
both sides of the identity, we find

Ao =0,
which satisfies the fifth condition of (22). Similarly, examining the 22x® coeffi-
cients yields

H3q = 0,
leaving only the A}, condition of (22) unverified. If we equate the 2%y? coeffi-

cients, we find
a(l+ib)Ag 3,

Ao = ;
2a Mg
but given our choices for ¢, p, and o, that means
14+ib)e 2a)/ (1 +ib)E
AL = a(l+1ib)E 2a—1)po = (2a)!( ;—z )esa7
p

verifying all eight conditions of (22).

Subcase (c). Suppose that {0,a + iab,2a} N Z = {0,a,2a}. This implies
U C{0,a,2a}, so it suffices to find a set of parameters in P that verify equation
(19) for the three values n = 0,a,2a. This also implies that a € N and b = 0.
Computing the values of Xﬁ and ﬁi from the explicit formula for Hs,ﬁ;g;‘i, we
determine that (19) equates to finding a value of ¢ € U, p € R*, 0 € R, and
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v € C such that the following twelve conditions are satisfied.

A =0, A =G, (24)
1y = p, po =0,
N =alzy, A=0,
fta =0, pa=—i(a—1lepp,
2a)!g (0 —i3c|v|?
/\gazo’ )‘%a_( ) ( 2 | |)7
1 _ 0 _ (94— 1)! o 2
Hog =Y, M2a_( a )p(o’ ZC|V’)'

As above, using Proposition 2.4 implies that the first four conditions are satisfied
by setting
NI 0
g:= N, P = -
To prove the next four conditions can be met, we compute the explicit forms
of the functions f, and g, of the automorphism H. Arguing as in Subcase (b),

we find f, = ¢, =0 for 0 < n < a, and

fa(z): Z.CAg z2+<aﬂg _ Azlz ) iauclz
(%) Ao (Ao)?/ 7 eAgug
; 01,0
_dcpg Ag 0
guz) = 0 =

From this, we may compute the coefficients A’ and .
Note that based on our choice of ¢, the fifth condition of (24) is met by setting

0

V= A
= T
al Ay

Moreover, if we note equate f,(0) = A0 (from the definition of \{) with the value
of f,(0) from the formula above, we find
| dchg A
fg = ——— .
a
However, given our choices of ¢, p, and v (and the fact that ¢ is unimodular),
this implies
icepalev
fo = ————
a

which verifies the eighth condition of (24).

=—i(a—1)cle]*p7,
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Just as in Subcase (b), to verify the remaining pair of conditions, we substi-
tute the formulas for f, and g,, as well as those corresponding to the conjugate
polynomials f, and g, into identity (23) with n = a. As in the previous subcase,
the Q, term vanishes. If we equate the 22x? coefficients on either side of the
equation, we obtain

A =o0;

if we equate the 2z3x? coefficients, we find
0
frq = 0.

To show the final four conditions of (24) hold, let us compute fa, and ga,. We
begin by noting that our work above allows us to rewrite f, and g, in the simpler

form of
ci N0
(Mo)?

ci 11 Mg
a )\6

fa(2) = 2N, galz) =

We next claim that f,, = g, = 0 for all a < n < 2a. As proof, a careful inspec-
tion of Chain rule derivation of Q,, in (23) shows that if n < 2a, then each term
of the power series Q,, contains a factor from the set {fj,gj,fj,?j l<j< a}.
The Q,, term must therefore vanish for such n. A similar uniqueness argument

as that given in Subcase (b) completes the argument.

Finally, when n = 2a, a careful derivation using the chain rule shows that

Qua (20 () 01(2) (o) TS

_ m{ug S (2x) ()" fa(2) TulX)

0 1 2 < 2
L <)\0 XS L) + fa(2)>

NN

17,00 5'(=x) <Aé XS le) + 5 fa(2)>



On a Family of Hypersurfaces in C?> with Stability... 677

Substituting this back into into (23) with n = 2a and using the explicit formulas
given in Proposition 2.5 yield the following explicit formulas for fa, and go,:

3(2a)! 2 (A2 5 i2e)), 2

P ETGY R PV
sy, N, Gl | i,
Ml T OwE T @ )T e
)11+ 20) 28 O 5 | i,
92a(z) = - 2 2/11\2 z 1
2a%(a!)2(Np) a;
0 i(2a)!cu8\)\2\2
+ (M2a + a(a!)g

If we equate goq(0) with u3,, we obtain

(20— 1)} epd N2

0 _
Im Hoq = — (a!)g
Note that if we set
_ Rep,
(2a — 1)1 g’

then it follows that
19, = Repd, +i Impud, = 2a— 1) po —i(2a — 1) cp|v|?
= (2a— D!p(oc —iclv]?),
verifying yet another condition of (24).

To tackle the last three, we once again substitute the formulas for f,, g,
f2a, 92a, and their conjugates back into (23) with n = 2a and equate various
coefficients. If we equate the 23x? or 22x? coefficients, we find

0 1
)‘2(1 = H2q = 0.
Finally, if we equate the z?x? coefficients, we obtain

)\%a :Ag)(aﬂga i(2a)!c\)\2\2>’

119 (a!)?
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which given our choices for €, p, o, and v imply
Ay = 5(@ (2a— D)lp(oc —iclv]?) —i(2a)le ]1/]2)
P

_ E(@a)!(g —icll) (2a)lc W)

2
(2a)!€ (o — i 3c|v|?)
2 Y

verifying all twelve conditions of (24).

4.2. Case 2: d > 1. The proof of this case is very similar to the d = 1 case,
although it is significantly easier, and so we simply give a sketch of it. In this
case, a similar determinant calculation shows that & C {0,2a} NZ. If U = {0},

the ezact same argument as in Subcase (a) shows that H takes the form H_ ’j’g’g :

Hence, let us assume 2a € N. Examining (19) in this case, we must satisfy the
eight conditions below:

A =0, AN =G, (25)
wo=p  py=0,
N0, )\%a:(Qa) (1-|—ib)50’

The attack is very similar to that in Subcase (b) above.

We begin by computing fa, and go, explicitly. Since d > 1, it follows that

d

S'(0) ==

Sap(ct?) = 0.
t=0

A similar argument using the mapping identity (23) and Proposition 2.5 implies

that
2009, Ay,

faa(z) = (d)\(l) ,u8 - ()\(1))2>Z, 924(2) = M(Q)a'

In particular, this implies A3, = pd, = 0. Moreover, substituting these formulas

and their conjugates into (23) and taking derivatives (as in Subcase (b) above)
yields
a(l +ib)Ag H3,

Ao =
2a dug
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whereas equating go,(0) with p9, proves that u9, is real. The reader is invited
to show that setting

0
I 0 * . H2aq -
e=X €U, p:=pgeR’ 0._(26—1)%86]& v:=0
indeed satisfies the eight conditions of (25), which completes the proof of Case
2, and with it Lemma 4.3 and Theorem 4.1. O

5. THE PROOF OF THEOREM 1.3

In this final section, we prove prove Theorem 1.3. Let us fix the germ of a
hypersurface (M, 0) € G, and consider its stability group Aut(M,0).

Assume first that Aut(M,0) is determined by 1-jets. We claim that

Aut(M,0) = {H;ﬁ’gﬁ ceelU,pe R*} ;

that is, we may take (a,b,c,d) = (1,0,0,1) and P = U x R* x 0 x 0 in the
language of the Theorem. As proof, note that

1,0,0,1
H&,p,O,O (Z, w) = (5 Z,pP ’LU)

is a global automorphism of (M,0) for any unimodular number £ and nonzero
real number p. Conversely, given an arbitrary H € Aut(M,0), Proposition 2.4

asserts H and Hsl’;)’g’g both have the same 1-jet if

(,90,0) = (N, 113,0,0) € P,
whence it follows they agree as mappings as well.

So let us assume instead that Aut(M,0) is not determined by 1-jets. If we can
show that M € Gg, then this will complete the proof of Theorem 1.3, for not only
will this prove the theorem’s final statement, but Theorem 4.1 will show that M

has desired automorphism group.
To this end, assume M is expressed with 0, and expand 6 about ¢t = 0 as

H(t) = Z ektk = ed td + 9d+1 td+1 + 0d+2 td+2 + ... (26)
k=d

with 64 # 0. Let U denote the set given in Definition 2.6.
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To prove that M € Gg, it suffices to find a 3-tuple (a,b,c) € R* x R x R* such
that M = M®**%¢ where d is as above. We shall prove this result through a

sequence of five lemmas.
Lemma 5.1. The set U contains an integer n > 0.
Proof. We prove this by contrapositive. If U consisted of only the integer 0,

then Proposition 2.5 implies that any automorphism of M would be uniquely
determined by the values

A)=0, MNeU, pujeR* uj=0.
Since the only variable parameters )\(1) and ,u8 depend on first-order derivatives of
H, it follows that Aut(M,0) is determined by 1-jets. O
Recall the definition of the functions v} given in Definition 2.6.

Lemma 5.2. At least one of the following is true:

(1) One of the functions v}, vy is a multiple of the other.
(2) d=1 and v§ vanishes identically.
(3) d =1 and v} vanishes identically.

Proof. Let us first consider the case d = 1. Observe that the alternate, linear
independence characterization of U given in Definition 2.6 implies that there

exists a linear combination
Ay ot (2x) + A2 vy (2x) + Az 23 (2x) + Aax v (2x) =0 (27)
with at least one of the coefficients A; being nonzero.

If v} = 0, then condition (3) of the lemma holds and we’re done; otherwise,
there exists some derivative of v} that does not vanish at 0, say the j-th derivative.
If we differentiate (27) j times in z, j 4+ 1 times in x, and set (z,x) = (0,0), we

)=
t=0

Similar reasoning shows that either v§ = 0 (and thus condition (2) holds) or

obtain i
]
At + DY g5 (0 0)

which forces A4 = 0.

Az = 0. In this latter case, we have the equation

Aot (zx) + A2 vy (2x) =0,
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with at least one of the A; nonzero. It follows trivially that one of these functions
is a multiple of the other, proving condition (1) holds.

In the event that d > 1, Definition 2.6 implies that n € U is equivalent to the
two functions v (zx) and vy (zx) being linearly independent. But this just there

exists a dependence relation among v{* and vy, and this is equivalent to condition
(1). O

Lemma 5.3. If condition (1) of Lemma 5.2 holds, then M = M®%4 with

n di
a:= —, b =——-, c:=nby,
2 n0d2 d

where the numbers 0y are defined by the expansion of 6 given in (26).

Proof. By Proposition 2.1, M is equivalently expressed with S, where S = ¢qo 0

and ¢ : R — C is defined by
(1) = LT
=

Comparing this with the defining equation (16) for M®**<¢ to prove this lemma

it suffices to prove that
d\ —
Sgyb(nedt ) = q(ﬁ(t))
as power series in t. We do this by showing both these analytic functions solve

the same complex initial value problem, namely

2d S(t)(S(t)" —1)

S = A ins@r + A+ D) (28)
subject to the initial conditions
5(0) =1,
§'(0) = §"(0) = --- = 5PV (0) =0,
S@D(0) = i2d! 6.
Note that the initial conditions may be equivalently expressed as
S(t) =14i20gt + O™, (29)

Of course, we must first establish that this initial value problem admits a unique
solution. To do so, suppose that S is a solution to the differential equation (28)
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satisfying the given initial conditions (29). Expand S as a power series
e e}
Sty =1+ sith,
k=d

where the s; are complex numbers and sg = i 2 64. From this, it follows that

o

Sit)" =1+ Z (nsk + Q}L,k(sd, . ,sk_l))tk,
k=d
2 oo
S(t) =1+ Q7 y(sar-- ., skt
k=d

(1—ib)S(t)" + (1+ib)

where each Qi i is a complex polynomial that does not depend on S. Using these
to expand the left- and right-hand sides of the differential equation (28) as power

series, we obtain

o0 d [o.¢]
Z kspth = n(Z (nsk + Q}hk(sd, ce sk_l))tk>
k=d

k=d
oo
X (1 +) Q0 (sas- - sk)tk>.
k=d

If we fix a power ¢ > d and compare the coefficients of the t* terms of both sides,
we obtain

d
lsp=dsy+ EQ}%K(Sd, ... ,Sg_l)

/-1
d 1 2
+ ﬁ kzd (nsk + Qnd(Sda ey Sk—l)) Qn,Z—k(Sda ey Sf—k))
from which it follows that
d
S = mRn,é(Sd, T 734—1)7

where R, ¢ is another polynomial that does not depend on S. In particular,
this shows inductively that if S is a solution to the initial value problem (28),
then each coefficient s;, is parameterized (and hence uniquely determined) by the
initial condition s4. That is, solutions to this initial value problem are unique.

It is now straightforward to show that the function S(t) = Sz 4(n 04 t?) solves
it. First, observe that power series expansion of S, given in equation (12) shows
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that Sn y(2) =14 (i2/n)z + 0(2’2), whence

S(t) = Su 4 (ngt?) =1+ = (nedtd) + Ot = 1402604t + O(t*%),

which implies (29). Moreover, the defining property of S, /55 given in Lemma 3.1
implies that
S =1+i2n04t?S(t)z 1+, (30)
Differentiating this equation with respect to t yields
n S(t)" 1S’ ()
=i 2dn Ogt4 1S ()2 Lin?(1 +ib) 0yt S(¢)20H-167 (1),
Multiplying both sides of this equation by ¢ S(¢) and solving for ¢ S’(t) yields
d S(t)(i2n 0y td STI+IL)/2)
n(S(t)" —infy(1+ ib)td Sn1+ib)/2)

tS'(t) =

Substituting in equation (30), this equation may be rewritten
dS(t) (S —1)

tS'(t) = o
n<S(t)” _ +i)S(t)l>

2
2dS(t)(S(t)" —1)
n(25(t)" — (1+ib)(S@H)" — 1))
2d S(t)(S(t)" —1)
A= 0)S@)" + (1 +1D)
proving that S(t) = S%,b(%n 04t%) satisfies (28).

Finally, we must show that
1+16(t)
S(t)=q(0(t)) = ———
also solves the same initial value problem. A straightforward power series calcu-
lation shows that
S(t) =14i204t% + O,
so the initial conditions (29) are met. Expanding further, we also find
2d—1 A
S =1+1i 2n< >0 t9> + i 2n(0aq + i1 0,22 + O (241,
j=d
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Substituting this into the formulas for the v given in Definition 2.6, we find

VI(t) = i 2dn 0,2 t2 4+ O(t24+Y)
2d—1 .., .
BHOEEEY 22(];03)"9]» 1 = 2n(n 042 + i) 24 + O(t27H1)
j=d+1
Note that this implies that neither v} nor v3 vanish identically, so the assumption
of the lemma asserts that
vp(t) = Avp(t) (31)
for some nonzero A. Moreover, examining the ¢>¢ terms of both power series, it
follows that
—2n(n 042 + i tha) in 04% — 020 1
i 2dn 04> o des  d

where the last equality follows from the definition of b in Lemma 5.3. Substitut-

A:

—(i+b),

ing this value of A together with the explicit formulas for the v} back into the
dependence relation (31) yields

Z(¢+b)t9/(t)(<m)n B 1>
_c +9(t)2)<<11r§28)n - 1> : % o

Since S and 6 are related by the two equations (5) in Proposition 2.1, we can

convert this into an equation involving only S as

n,. —125'(t)

- ht| ——= )" —1

040 (s ) (07 -

(1-— S(t))2> i2n ( —i S'(t) >
= (1-— (S —1) — —t
(1~ s 0" -0 - T Ty
Multiplying both sides of this equation by (1+5(t))? and solving for S’(t) yields
d((1+S1)* = (1-51)*) (S®)" - 1)
—i2nt(i2+ (z +b)(S(t)" — 1))
B 4d S(t)(S()™ — 1)
S 2nt((1—ib)SE)" + (1 +1ib))

which is equivalent to the differential equation (28), completing the proof of the

S'(t) =

lemma.

O
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Lemma 5.4. If condition (2) of Lemma 5.2 holds, then M = M™%¢1 with
c=2n6.

Proof. Recall that condition (2) states that both d = 1 and v§ = 0. The proof
is similar to that of Lemma 5.3, with a few simplifications. As in the previous
lemma, it suffices to show that q(ﬁ(t)) = Sno (2n 01 t), which we do by showing
both solve the complex initial value problem
26, S(t)"H

/ _
() = 1+i2n6tS(t)"’

S(0) =1, (32)

(That this problem has a unique power series solution, is a straightforward cal-
culation left to the reader.)

On one hand, it is easy to show that the function S(t) = Sy 0 (2n 61 t) solves

equation (32). Lemma 3.1 implies that S, (0) =1 and
S(t)*" =1+i4nbtS(t)". (33)
Differentiating this equation with respect to t yields
2n S(t)* 1S (t) = idn 6 S(t)" +i4n* 0, t S(t)" 1S (t).
Multiplying both sides of this equation by %S (t) and solving for S’(t) yields
i26, S(t)"H

S(t)2n —i2n 61t S(t)"

Using equation (33), this equation may be rewritten
i26; S(t)" ! 026, St
(L+idn01tSH™) —i2n0tSEH™  1+i2n6,tS()™’

S'(t) =

(34)

S'(t) =

proving that S(t) = Sy,0(2nc; t) satisfies the desired initial value problem (32).

On the other hand, to show that S(t) = ¢(6(t)) is also a solution, we use the
assumption that v§ = 0. Using the formula for v% given in Definition 2.6, we find

O:di(v”(t)) 90 4?0 — idn gy 6, - 202
de2\ 3 =0 ! ! s 1

+ 603,
which implies

1 .
0 = 55 ((1+20%) 01" 4657 1200, 65).
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Since 6(t) is real-valued for real ¢, it follows that #3 must be real, whence 63 = 0
necessarily. Making this substitution into v3 gives

0=v§(t)=0'(t) - <11J:i,g((;)) (01(L+0(t)%) —i2n0,t0'(t)).

As before, we use equations (5) to convert this into an equation involving S alone
to obtain

—i25'() oo (L 5@1)? ion —i25'(t)
(1+S(t))2_s(t) (91<1 (1—S(t))2> ? 01t<(1+5(t))2>>'

Multiplying both sides of this equation by (1+ S(¢))? and solving for S’(t) yields
01((1+5(t)* — (1 - 5(t)*)S@)"

S'(t) =
2 —i2(1+i2n6:tS(t)")
B 46, S(t)"*!
 —i2(1+i2n6,tS(t)")’
which is equivalent to the differential equation (32), as desired. O

Lemma 5.5. If condition (3) of Lemma 5.2 holds, then M = M™%¢! with
c=2n6;.

Proof. The proof is remarkably similar to that of Lemma 5.4, so we simply give
a sketch of it. The lemma is proved if we show both ¢(6(t)) and S, (2n 6, t) are
solutions to the complex initial value problem
—2601 S(t)

!
t) =
S(¢) 2n 61t +iS(t)"

S(0) = 1. (35)

We have already established the function S(t) = Spp (2n 61 t) satisfies the
differential equation (34), whence

iS(t)"(261 5(t)) . =26,5(t)
iSE)n(—iS{t)2 +2n61t)  2mOit+iS(H)"

proving that S(t) = Sy 0(n 61 t) satisfies the differential equation (35).

S'(t) =

For the function S(t) = ¢(6(t)), the assumption that v} = 0 implies

d? 86052 664
= —(v?(¢ =202 +4n260% —idnhy + = — — 2.
0 dt? (U4( )) =0 A e O 6,2 01
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The reality of 8 once again forces 62 = 0, which implies

0=vf(t)=1+0(t)*+ 9:9(175) (i2n6:t—q(6(2)") .

Converting this into S and solving for S’(t) yields

S/(t) = O((1+S5()*—(1—5(t)*) 401 S(t)
o —i2(S()r—i2n6it)  —2(2n61t+iS(H)")
which is equivalent to (35). O

This completes the proof of Theorem 1.3.

Note that an unexpected consequence of Lemmas 5.4 and 5.5 is that when
d =1, v = 0 if and only if v} = 0, since both of these conditions is equivalent
to M being of the form M™%¢! for the same value of c¢. Thus, the last two
consequences of Lemma 5.2 are in fact equivalent. Based on Theorem 4.1, this
corresponds to the stability group involving both parameters o and v. Moreover,
if d =1 and vj = vy = 0 for some n, then by Lemma 5.3 it follows that
v3" = Av?" so either of the last two consequences implies the first (though for
a different value of n).

Hence, if the stability group of a hypersurface M € G is not determined by 1-
jets, then it is always true that vy = A v} for some value of n, and this condition
corresponds to the stability group of M involving the parameter o.
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