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Complex Dynamics in A Financial Model∗

Yinghui Gao, Wei Feng and Bing Liu

Abstract: A discrete two-dimensional financial model is investigated. The
conditions of existence for flip bifurcation and Naimark-Sacker bifurcation
are derived using center manifold theorem and bifurcation theory. Chaotic
behavior in the sense of Marotto’s definition of chaos is proven. And numer-
ical simulations not only show the consistence with the theoretical analysis
but also exhibit the complex dynamical behaviors, including quasi-period
orbits, interior crisis and intermittency. The computation of Lyapunov ex-
ponents conforms the dynamical behaviors.
Keywords: discrete two-dimensional financial model, bifurcation, Marotto
chaos.

1 Introduction

In [1, 15], the authors developed a discrete time model of asset price dynamics
containing the essential elements of the heterogenous interacting agents paradigm.
The model reduces to a two-dimensional nonlinear map. The authors analyzed
the global dynamic behaviors in detail using the method of critical curves and they
also indicated that the map undergoes flip and Naimark-Sacker bifurcations. But
they did not theoretically prove the existence of those two kinds of bifurcations.
Here, we will do it and prove that attracting invariant closed curve bifurcates
from the Naimark-Sacker bifurcation point under certain conditions. In [12],
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a fixed point p∗ is called a snap-back repeller of f if: (j1) p∗ is a fixed point
of f with all eigenvalues of Df(p∗) exceeding 1 in magnitude; (j2) there exists
a point x0 6= p∗ in a repelling neighborhood of p∗, such that xM = p∗ and
det(Df(xk)) 6= 0 for 0 ≤ k < M , where xk = fk(x0). Repelling neighborhood
means that for any x in such a neighborhood Br(p∗), the pre-image points f−k(x)
remain within the local unstable manifold for all k ≥ 0(although not necessarily
within Br(p∗)), and f−k(x) → p∗ as k → ∞. But Gardini[3] indicated that the
condition (j2) can be generalized to (j2)′: there exists a point p homoclinic to p∗,
p ∈ U(p∗), and the homoclinic orbit associated with p,Op is noncritical, where
U(p∗) is a neighborhood of p∗ such that all the eigenvalues of Df(x) exceeding
1 in magnitude, ∀x ∈ U(p∗) and f(U(p∗)) ⊃ U(p∗) . The former is easy to
use in proving the existence of Marotto chaos for varying parameters. So, here,
we investigate chaos using the theorem in [12]. A related study in [2] is also
concerned with the existence of Marotto chaos in a very similar model. But the
authors only did it for a specific set of parameters. In this paper, we will prove
that there exists Marotto chaos for varying parameters under certain conditions.

As we have seen, many nonlinear systems have parameters which appear in
the defining systems of equations. As the parameter is changed, changes may
occur in the qualitative structure of the orbits for certain parameter values[4].
A central problem in nonlinear dynamics is that of discovering how the prop-
erties of orbits change and evolve as a parameter of a dynamical system is
changed[14]. So, we mainly discuss the changing properties of the map. Among
them, bifurcations and chaos are very important phenomena which many excel-
lent researchers[6, 7, 8, 16, 17] apply themselves to study.

Here, we firstly study the stability of the fixed points, then analyze the bifur-
cations of the system using center manifold theorem and bifurcation theory[4, 18].
We find that there exist flip bifurcation and Naimark-Sacker bifurcation.

In 1975, Li and Yorke[9] proved that period three implies chaos on the interval.
From then on, many mathematicians began to devote their research to further
exploring the complex mechanics of the nonlinear transformations, especially in
high-dimensional systems. Among them, the result, given by Marotto[11], on the
criterion for chaos existence in high-dimensional systems is, of course standout
and surprising. A snap-back repeller, just like period three in nonlinear trans-
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formations, is regarded as an inducement to produce chaos in high-dimensional
systems. Thus, this criterion is widely used in proving the existence of chaos
in many nonlinear dynamical systems[10]. Many years after this work first ap-
peared, it was brought to Marotto’s attention that there is a minor technical flaw
in the reasoning he used in some of his arguments. A fixed point z is referred to
as repelling under f if all eigenvalues of Df(z) exceed 1 in magnitude. But z is
expanding only if ‖f(x)− f(y)‖ > s‖x− y‖, where s > 1, for all x, y sufficiently
close to z with x 6= y. Although all expanding fixed points are repelling, the
converse is not true. As a result, Marotto’s original definition of a snap-back
repeller and proof that the existence of such a point implies chaos are in error.
But Marotto quickly realized that the flaw is of a minor technical nature. Accord-
ing to the discussion by M. Hirsch and S. Smale in [5], this eigenvalue condition
does imply the existence of a vector in Rn for which the above inequality is true.
However, during the past decade or so several papers have appeared that first
overstate the severity of the error, and then propose correct but profoundly al-
tered and weakened versions of his theorem. Marotto believed they were mistaken
and gave a better version of Marotto theorem[12]. Here, we rigorously prove that
the discrete two-dimensional financial model possesses chaotic phenomenon using
the better version.

This paper is organized as follows. In section 2, we describe first the model
and the meaning of the parameters. In section 3, we show that there exist flip
bifurcation and Naimark-Sacker bifurcation using center manifold theorem and
bifurcation theory. It is rigorously proven that the two-dimensional discrete non-
linear map possesses a snap-back repeller in section 4. The results of numerical
simulations and the computations of Lyapunov exponents are presented in sec-
tion 5 to verify the theoretical analysis and display the complex and interesting
dynamics.
2. The model.
What in this section is quoted from [1] and [15].
The price of the asset traded in the market depends on the interaction of two
groups of agents, chartists and fundamentalists. Let us denote by zt logarithm
of the asset price at time t. The price evolves according to:

zt+1 = zt + β[d(f)
t + d

(c)
t ], (∗)
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where d
(f)
t and d

(c)
t are the fundamentalists’ and chartists’ demand at time t,

respectively, and β(β > 0) measures the price reaction to the excess demand
Dt = d

(f)
t +d

(c)
t . The fundamentalists’ demand is given by d

(f)
t = a(W − zt), a >

0, where W is the rationally expected fundamental value of the asset. The
chartists’ demand is given by d

(c)
t = α arctan(xt−g), α > 0, where xt = Et[zt+1]−

zt is the chartists’ expectation at time t of the log-price change between t and
t+1, while g is the return on an alternative asset. Finally, chartists’ expectations
evolve according to the following adaptive scheme:

xt+1 = xt + c[(zt+1 − zt)− xt], (∗∗)
where c, 0 < c < 1, has the meaning of speed of adjustment of expectations to
past price changes. Equations (∗) and (∗∗) define a nonlinear two-dimensional
system in the dynamic variables xt, zt, which has the unique steady state:

x̄, z̄ = (0,W + α arctan(−g)
a ).

By introducing the price deviation yt = zt − z̄, the system is reduced to the
iteration of the following two-dimensional map:

{
x 7→ (1− c)x− cβ[ay − k(x)],
y 7→ y − β[ay − k(x)],

(1)

where k(x) = α[arctan(x − g) − arctan(−g)], a > 0, α > 0, β > 0, 0 ≤ c ≤ 1,
and having the origin O = (0, 0) as unique fixed point.
3. Bifurcations.
Now we consider the discrete model (1).
Let F (x, y) = ((1− c)x− cβ[ay − k(x)], y − β[ay − k(x)]), then

DF (x, y) =


1− c + αβc

1+(x−g)2
−aβc

αβ
1+(x−g)2

1− aβ




and

DF (0, 0) =


1− c + αβc

1+g2 −aβc
αβ

1+g2 1− aβ


 ,

then

tr(DF (0, 0)) = 2− aβ − c + αβc
1+g2

∆= tr0,

det(DF (0, 0)) = 1− aβ − c + aβc + αβc
1+g2

∆= d0.

A fixed point x̄ is (locally) asymptotically stable if the eigenvalues κ1 and κ2
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of the Jacobian matrix A(x̄), calculated at the fixed point, are less than one in
modulus. The necessary and sufficient conditions guaranteeing that |κ1| < 1 and
|κ2| < 1 are[13]

(1)1 + tr(A(x̄)) + det(A(x̄)) > 0,

(2)1− tr(A(x̄)) + det(A(x̄)) > 0,

(3)1− det(A(x̄)) > 0.
Here,
1− tr0 + d0 = aβc > 0,

1 + tr0 + d0 = 4− 2aβ − 2c + aβc + 2αβc
1+g2 ,

1− d0 = aβ + c− aβc− αβc
1+g2 .

Through simple calculation, when c > 2(aβ−2)

aβ−2+ 2αβ

1+g2

∆= c0, we have 1 + tr0 + d0 >

0 and when c < aβ

aβ−1+ αβ

1+g2

∆= c1, we have 1 − d0 > 0. Under the condition

4αβ−(1+g2)(aβ−2)2 > 0, we have c0 < c1. So, when 4αβ−(1+g2)(aβ−2)2 > 0
and c0 < c < c1 the origin is stable.

In analysis of bifurcations c is as bifurcation parameter.
Theorem 1. If aβ > 2, 8+3g−24g2 +3g3 < 0 and 4αβ− (1+g2)(aβ−2)2 > 0,
then α1 > 0, α2 > 0. Hence, the map (1) undergoes a flip bifurcation at (0,0) for
c = c0, and the period-2 points that bifurcate from this fixed point are stable.
The proof of Theorem 1 is in the Appendix I.
We next consider the Naimark-Sacker bifurcation of map (1).

The characteristic equation associated with the linearization of map (1) about
the fixed point (0,0) is given by

λ2 + p(c)λ + q(c) = 0.

Where
p(c) = −tr0 = −2 + aβ + c− αβc

1+g2 , q(c) = d0 = 1− aβ − c + aβc + αβc
1+g2 .

For c = c1, the eigenvalues of the characteristic equation are

λ, λ̄ = (2−aβ−c)(1+g2)+αβc±
√

c2(1+g2−αβ)2−2aβ(1+g2)(1+g2+αβ)c+a2β2(1+g2)2

2(1+g2)
|c=c1

= 2αβ−(1+g2)(a2β2−2aβ+2)±iaβ
√

(1+g2)[4αβ−(1+g2)(aβ−2)2]

2[(1+g2)(aβ−1)+αβ]

for 4αβ− (1 + g2)(aβ− 2)2 > 0 and they are complex conjugate with modulus 1.

And d = d|λ(c)|
dc |c=c1 = (1+g2)(aβ−1)+αβ

2(1+g2)
> 0 for aβ > 1. In addition, 2αβ −
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(1 + g2)(a2β2 − 2aβ + 2) > 0 leads to λn(c1) 6= 1, n = 1, 2, 3, 4.

Through complex calculations, a coefficient a is obtained(see the Appendix II).
Theorem 2. The map (1) undergoes a Naimark-Sacker bifurcation at the fixed
point (0,0) for c = c1 if aβ > 1, 4αβ − (1 + g2)(aβ − 2)2 > 0, 2αβ − (1 +
g2)(a2β2 − 2aβ + 2) > 0 and a 6= 0 in (7). Moreover, if a < 0(resp. a > 0), then
an attracting(resp. repelling) invariant closed curve bifurcates from the fixed
point for c > c1(resp. c < c1).
4. Existence of Marotto chaos.
In this section, we rigorously prove that map (1) possesses chaotic behavior in
the sense of Marotto’s definition.

We first present Marotto chaos definition and theorem which are quoted from
[11] and [12].
Definition 1.[12]. Suppose z is a fixed point of f with all eigenvalues of Df(z)
exceeding 1 in magnitude and suppose there exists a point x0 6= z in a repelling
neighborhood Br(z) of z such that xM = z and det(Df(xk)) 6= 0 for 0 ≤ k < M ,
where xk = fk(x0). Then z is called a snap − back repeller of f . Repelling
neighborhood means that for any x in such a Br(z), the pre-image points f−k(x)
remain within the local unstable manifold for all k ≥ 0(although not necessarily
within Br(z)), and f−k(x) → z as k →∞.

Marotto Theorem[11]. If f possesses a snap-back repeller, then the map f is
chaotic in the sense of Marotto. That is, there exist

(i) a positive integer N such that for each integer p ≥ N , f has a point of
period p ;

(ii) a “scrambled set ” of f , i.e., an uncountable set S containing no periodic
points of f such that:

(a) f(S) ⊂ S,

(b) for every x, y ∈ S with x 6= y

lim sup
k→∞

‖fk(x)− fk(y)‖ > 0,

(c) for every x ∈ S and any periodic point y of f

lim sup
k→∞

‖fk(x)− fk(y)‖ > 0;



Complex Dynamics in A Financial Model 595

(iii) an uncountable subset S0 of S such that for every x, y ∈ S0 :

lim inf
k→∞

‖fk(x)− fk(y)‖ = 0.

Now we theoretically give the conditions of existence of chaotic phenomena
for map (1) in the sense of Marotto’s definition of chaos.
Assume that κ1, κ2 are the eigenvalues of A, then 1

κ1
, 1

κ2
are the eigenvalues of

A−1 and the necessary and sufficient conditions guaranteeing that |κ1| > 1 and
|κ2| > 1(i.e. 1

|κ1| < 1 and 1
|κ2| < 1) are:

(1)1 + trA−1 + detA−1 > 0,

(2)1− trA−1 + detA−1 > 0,

(3)1− detA−1 > 0.
Then

1 + tr[DF (x, x)−1] + det[DF (x, y)−1] = 1 + tr[DF (x,y)]
det[DF (x,y)] + 1

det[DF (x,y)]

= 1+tr[DF (x,y)]+det[DF (x,y)]
det[DF (x,y)] ,

1− tr[DF (x, y)−1] + det[DF (x, y)−1] = 1− tr[DF (x,y)]
det[DF (x,y)] + 1

det[DF (x,y)]

= 1−tr[DF (x,y)]+det[DF (x,y)]
det[DF (x,y)] ,

1− det[DF (x, y)−1] = 1− 1
det[DF (x,y)] = det[DF (x,y)]−1

det[DF (x,y)] .

tr[DF (x, y)] = 2−aβ−c+ αβc
1+(x−g)2

, det[DF (x, y)] = 1−aβ−c+aβc+ αβc
1+(x−g)2

.

det[DF (x, y)] > 0 leads to g −
√

αβc
(aβ−1)(1−c) − 1 < x < g +

√
αβc

(aβ−1)(1−c) − 1 for

c > aβ−1
aβ−1+αβ .

Under the condition det[DF (x, y)] > 0 we have
1 + tr[DF (x, y)−1] + det[DF (x, y)−1] > 0 is equivalent to 1 + tr[DF (x, y)] +
det[DF (x, y)] > 0, which leads to g−

√
2αβc

(aβ−2)(2−c) − 1 < x < g+
√

2αβc
(aβ−2)(2−c) − 1

for c > 2(aβ−2)

aβ−2+ 2αβ

1+g2

= c0,

1− tr[DF (x, y)−1] + det[DF (x, y)−1] = aβc
det[DF (x,y)] > 0,

1 − det[DF (x, y)−1] > 0 is equivalent to det[DF (x, y)] − 1 > 0, which leads to
g −

√
αβc

aβ+c−aβc − 1 < x < g +
√

αβc
aβ+c−aβc − 1 for c > aβ

aβ−1+αβ .
Comparing the above inequalities, we obtain the condition guaranteeing that all
eigenvalues of DF (x, y) exceed 1 in magnitude is g −

√
αβc

aβ+c−aβc − 1 < x <

g +
√

αβc
aβ+c−aβc − 1 for c > aβ

aβ−1+αβ .
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We require that
√

αβc
aβ+c−aβc − 1 > g, i.e., c > aβ

aβ−1+ αβ

1+g2

= c1. Under the condi-

tion 4αβ − (1 + g2)(aβ − 2)2 > 0, we have c0 < c1.
According to Definition 1, we now find a neighborhood U = {(x, y) ∈ R2|g −√

αβc
aβ+c−aβc − 1 < x < g +

√
αβc

aβ+c−aβc − 1,−∞ < y < +∞} of (0,0) in which the
norms of all eigenvalues exceed 1 for all (x, y) ∈ U .

We can prove that in the neighborhood U , a point z0 can be found such that
the Mth iteration of z0 under the map F comes back to (0,0) and det(DF (zk)) 6= 0
for 0 ≤ k < M , where zk = F k(z0). The detailed proof is given in the Appendix
III.
Theorem 3. If (a2β2 − aβ + 1)(1 + g2)− αβ > 0, 4αβ − (1 + g2)(aβ − 2)2 > 0,
aβ > 1 and 2− aβ − 1

aβ + α
a(1+g2)

6= 0, then there exists at least a c near 1
aβ such

that the origin is a snap-back repeller of map (1), and hence map (1) is chaotic
in the sense of Marotto’s definition.
5. Numerical simulations.
In this section, we present the bifurcation diagrams, the maximum lyapunov
exponents corresponding to bifurcation diagram, phase portraits and iteration
series for system (1) to demonstrate the above theoretical analysis and show the
new interesting complex dynamical behaviors using numerical simulations.

Taking the values a = 0.8, α = 2.6, β = 2.6, g = 1 in [15] and ranging c

from 0 to 1, the map (1) becomes
{

x 7→ (1− c)x− 2.6c[0.8y − k(x)],
y 7→ y − 2.6[0.8y − k(x)],

(10)

where k(x) = 2.6[arctan(x− 1)− arctan(−1)].
After simple calculation, one may discover that the fixed point O of system (10)
loses its stability at c = c0 = 0.0233918 because of the flip bifurcation. And
aβ = 2.08 > 2, 8 + 3g − 24g2 + 3g3 = −10 < 0, 4αβ − (1 + g2)(aβ − 2)2 =
27.0272 > 0 . From Fig. 1(a) we can see that the period-2 points that bifurcate
from this fixed point are stable. Moreover, system (10) generates an invariant
circle(quasi-period orbit) while parameter c goes through c1 = 0.466368, which is
the Naimark-Sacker bifurcation value. In fact, the Jacobian matrix of map (10)
has a pair of complex conjugate eigenvalues:

λ(c) = 2.38c−0.08+2.38i
√

(c−0.258162)(2.95856−c)

2 ,
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λ̄(c) = 2.38c−0.08−2.38i
√

(c−0.258162)(2.95856−c)

2

and it is easy to verify |λ(0.466368)| = |λ̄(0.466368)| = 1, λn 6= 1, n = 1, 2, 3, 4
and d|λ(c)|

dc |c=0.466368 = 2.23 6= 0. And the value a = −0.0421979 < 0, so there
appears an attracting invariant circle.

Fig. 1(b) is the bifurcation diagram, showing the output of x component with
respect to the parameter c. The phase portrait of the circle for c = 0.467 is shown
in Fig. 3.

The maximum Lyapunov exponents are also calculated and plotted in Fig.
2 where we can easily see that the maximum Lyapunov exponents are negative
for the parameter c ∈ (0.1, 0.467) while the origin is stable correspondingly. For
c ∈ (0.467, 0.5) the maximum Lyapunov exponents are in the neighborhood of
zero which is corresponding to quasi-period solutions. For c ∈ (0.5, 0.578), the
maximum Lyapunov exponents are positive with a few are negative which shows
that period window occurs in the chaotic region. In (0.58,1), the maximum
Lyapunov exponents are negative, there exist stable period points.

In addition, there are many complex dynamics: when c range from 0.521 to
0.522, the size of the attractor suddenly increases, that is to say interior crisis
occurs(see Fig. 4(a),(b))[14, 15]; for values of the parameter c larger than the
critical transition value cT (for example c = 0.5788) the attractor is a periodic
orbit, for c slightly less than cT (for example c = 0.5787) there long stretches of
time during which the orbit appears to be periodic and closely resembles the orbit
for c > cT , but this regular(approximately periodic) behavior is intermittently
interrupted by a finite duration ‘burst’ in which the orbit behaves in a decidedly
different manner. This shows that the phenomenon of the Poneau-Manneville
intermittency to a chaotic attractor occurs(see Fig. 4(c),(d)).
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Appendix I
When c = c0, one of the eigenvalues of DF (0, 0) is λ1 = −1, the other is λ2 =
− (1+g2)(aβ−1)(aβ−2)−2αβ

(1+g2)(aβ−2)+2αβ
. And |λ2| < 1 if 4αβ − (1 + g2)(aβ − 2)2 > 0.

Let c̃ = c− c0, we consider the parameter c̃ as a new and dependent variable,
then map (1) becomes:


x

y

c̃


 7→




1− c0 + αβc0
1+g2 −aβc0 0

αβ
1+g2 1− aβ 0

0 0 1







x

y

c̃




+



−c̃x− aβc̃y + βc̃k(x) + c0β[k(x)− α

1+g2 x]

β[k(x)− α
1+g2 x]

0


 (2)

Let T =




1 2aβ(1+g2)
(1+g2)(aβ−2)+2αβ

0
αβ

(1+g2)(aβ−2)
1 0

0 0 1


 and use the translation
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x

y

c̃


 = T




x̃

ỹ

µ


, then map (2) becomes




x̃

ỹ

µ


 7→



−1 0 0

0 − (1+g2)(aβ−1)(aβ−2)−2αβ
(1+g2)(aβ−2)+2αβ

0

0 0 1







x̃

ỹ

µ


 +




f(x̃, ỹ, µ)
g(x̃, ỹ, µ)

0


 ,

where
f(x̃, ỹ, µ) = − 4αβg(aβ−2)

(1+g2)[(1+g2)(aβ−2)2−4αβ]
x̃2

− 16αa2β3g(aβ−2)(1+g2)
[(1+g2)(aβ−2)+2αβ]2[(1+g2)(aβ−2)2−4αβ]

ỹ2

− 16αaβ2g(aβ−2)
[(1+g2)(aβ−2)+2αβ][(1+g2)(aβ−2)2−4αβ]

x̃ỹ

− [(1+g2)(aβ−2)+2αβ]2

(1+g2)[(1+g2)(aβ−2)2−4αβ]
x̃µ− a2β2(aβ−2)(1+g2)

(1+g2)(aβ−2)2−4αβ
ỹµ

+O((|x̃|+ |ỹ|+ |µ|)3),
g(x̃, ỹ, µ) = αβg(aβ−2)2

(1+g2)[(1+g2)(aβ−2)2−4αβ]
x̃2

+ 4αa2β3g(aβ−2)(1+g2)
[(1+g2)(aβ−2)+2αβ]2[(1+g2)(aβ−2)2−4αβ]

ỹ2

+ 4αaβ2g(aβ−2)2

[(1+g2)(aβ−2)+2αβ][(1+g2)(aβ−2)2−4αβ]
x̃ỹ

+ αβ[(1+g2)(aβ−2)+2αβ]2

(aβ−2)(1+g2)2[(1+g2)(aβ−2)2−4αβ]
x̃µ + αa2β3

(1+g2)(aβ−2)2−4αβ
ỹµ

+O((|x̃|+ |ỹ|+ |µ|)3).
By center manifold theory, we know that the stability of (x̃, ỹ) = (0, 0) near

µ = 0 can be determined by studying a one-parameter family of equations on a
center manifold, which can be represented as follows
W c(0) = {(x̃, ỹ, µ) ∈ R3|ỹ = h(x̃, µ), h(0, 0) = 0, Dh(0, 0) = 0}, for x̃ and µ

sufficiently small.

We assume a center manifold of the form

h(x̃, µ) = a1x̃
2 + a2µx̃ + a3µ

2 +O((|x̃|+ |µ|)3).
The center manifold must satisfy

N (h(x̃, µ)) = h(−x̃ + f(x̃, h(x̃, µ), µ), µ) + (1+g2)(aβ−1)(aβ−2)−2αβ
(1+g2)(aβ−2)+2αβ

h(x̃, µ)
−g(x̃, h(x̃, µ), µ)

= 0.

Equating terms of like powers to zero gives
a1 = αg(aβ−2)[(1+g2)(aβ−2)+2αβ]

a(1+g2)2[(1+g2)(aβ−2)2−4αβ]
, a2 = αβ[(1+g2)(aβ−2)+2αβ]3

(aβ−2)(1+g2)2[(1+g2)(aβ−2)2−4αβ]2
, a3 = 0.



Complex Dynamics in A Financial Model 601

The map restricted to the center manifold is given by
x̃ 7→ f̃(x̃, µ) = −x̃− 4αβg(aβ−2)

(1+g2)[(1+g2)(aβ−2)2−4αβ]
x̃2 − [(1+g2)(aβ−2)+2αβ]2

(1+g2)[(1+g2)(aβ−2)2−4αβ]
x̃µ

−4
3

αβ(aβ−2)[4aβ(1+(3αβ−2)g2−3g4)+a2β2(3g4+2g2−1)+4(−1+2g2+3g4+α(β−9βg2))]
(1+g2)2[(1+g2)(aβ−2)2−4αβ]2

x̃3

+O((|x̃|+ |µ|)3).
Since
α1 = (∂f̃

∂µ
∂2f̃
∂x̃2 + 2 ∂2f̃

∂x̃∂µ)|(0,0) = − 2[(1+g2)(aβ−2)+2αβ]2

(1+g2)[(1+g2)(aβ−2)2−4αβ]
,

α2 = (1
2(∂2f̃

∂x̃2 )2 + 1
3(∂3f̃

∂x̃3 ))|(0,0)

= −[8αβ(aβ − 2)(16β2[−1 + (8− 3aβ)g2 + 6(aβ − 2)2g3 − 3(aβ − 3)g4]α2

+4β(aβ − 2)2(1 + g2)2[2 + 3(aβ − 4)g2]α + (aβ − 2)4(1 + g2)2(−1 + 2g2

+3g4))]/[3(1 + g2)3[(1 + g2)(aβ − 2)2 − 4αβ]3]
4
= − 8αβ(aβ−2)s(α)

3(1+g2)3[(1+g2)(aβ−2)2−4αβ]3
,

where
s(α) = 16β2[−1 + (8− 3aβ)g2 + 6(aβ − 2)2g3 − 3(aβ − 3)g4]α2

+4β(aβ−2)2(1+g2)2[2+3(aβ−4)g2]α+(aβ−2)4(1+g2)2(−1+2g2+3g4)
4
= A1α

2 + B1α + C1,

then B2
1 − 4A1C1 = 48β2(aβ − 2)6g3(1 + g2)3[8 + 3g − 24g2 + 3g3].

Let l(a) = −1 + (8− 3aβ)g2 + 6(aβ − 2)2g3 − 3(aβ − 3)g4

= 6β2g3a2 − 3βg2(1 + 8g + g2)a + (9g4 + 24g3 + 8g2 − 1)
4
= A2a

2 + B2a + C2,
then B2

2 − 4A2C2 = 3β2g3(1 + g2)[8 + 3g − 24g2 + 3g3].
If 8 + 3g − 24g2 + 3g3 < 0, then A1 = 16β2l(a) > 0 and B2

1 − 4A1C1 < 0. Hence
8αβ(aβ − 2)s(α) > 0 for aβ > 2.
Appendix II

Let T =




a(1+g2)[(1+g2)(aβ−2)+2αβ]
2α[(1+g2)(aβ−1)+αβ]

−a(1+g2)
√

1+g2[4αβ−(1+g2)(aβ−2)2]

2α[(1+g2)(aβ−1)+αβ]

1 0


 and use the

translation

(
x

y

)
= T

(
u

v

)
, map (1) becomes

(
u

v

)
7→




2αβ−(1+g2)(a2β2−2aβ+2)
2[(1+g2)(aβ−1)+αβ]

−aβ
√

(1+g2)[4αβ−(1+g2)(aβ−2)2]

2[(1+g2)(aβ−1)+αβ]

aβ
√

(1+g2)[4αβ−(1+g2)(aβ−2)2]

2[(1+g2)(aβ−1)+αβ]
2αβ−(1+g2)(a2β2−2aβ+2)

2[(1+g2)(aβ−1)+αβ]




(
u

v

)

+

(
f(u, v)
g(u, v)

)
(6)

where
f(u, v) = auuu2 + auvuv + avvv

2 + auuuu3 + auuvu
2v + auvvuv2 + avvvv

3
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+O((|u|+ |v|)4),
g(u, v) = buuu2+buvuv+bvvv

2+buuuu3+buuvu
2v+buvvuv2+bvvvv

3+O((|u|+|v|)4),
auu = a2βg[(1+g2)(aβ−2)+2αβ]2

4α[(1+g2)(aβ−1)+αβ]2
,

auv = −a2βg[(1+g2)(aβ−2)+2αβ]
√

(1+g2)[4αβ−(1+g2)(aβ−2)2]

2α[(1+g2)(aβ−1)+αβ]2
,

avv = a2βg(1+g2)[4αβ−(1+g2)(aβ−2)2]
4α[(1+g2)(aβ−1)+αβ]2

,

auuu = a3β(3g2−1)[(1+g2)(aβ−2)+2αβ]3

24α2[(1+g2)(aβ−1)+αβ]3
,

auuv = −a3β(3g2−1)[(1+g2)(aβ−2)+2αβ]2
√

(1+g2)[4αβ−(1+g2)(aβ−2)2]

8α2[(1+g2)(aβ−1)+αβ]3
,

auvv = a3β(3g2−1)(1+g2)[(1+g2)(aβ−2)+2αβ][4αβ−(1+g2)(aβ−2)2]
8α2[(1+g2)(aβ−1)+αβ]3

,

avvv = −a3β(3g2−1)(1+g2)[4αβ−(1+g2)(aβ−2)2]
√

(1+g2)[4αβ−(1+g2)(aβ−2)2]

24α2[(1+g2)(aβ−1)+αβ]3
.

Notice that (6) is exactly in the form on the center manifold, in which the coef-
ficient a is given by
a = −Re[ (1−2λ)λ̄2

1−λ ξ11ξ20]− 1
2 |ξ11|2 − |ξ02|2 + Re(λ̄ξ21),

where
ξ20 = 1

8 [(fuu − fvv + 2guv) + i(guu − gvv − 2fuv)],
ξ11 = 1

4 [(fuu + fvv) + i(guu + gvv)],
ξ02 = 1

8 [(fuu − fvv − 2guv) + i(guu − gvv + 2fuv)],
and
ξ21 = 1

16 [(fuuu + fuvv + guuv + gvvv) + i(guuu + guvv − fuuv − fvvv)].
Thus, an complex calculation gives
a = a3β3

16[(1+g2)(aβ−1)+αβ]6
(e1 − e2 + e3 + e4 − e5 + e6

4αβ−(1+g2)(aβ−2)2
), (7)

where
e1 = 2(3g2 − 1)[(1 + g2)(aβ − 1) + αβ]4,
e2 = 12aαβ2g2[(1+g2)(aβ−1)+αβ]4

4αβ−(1+g2)(aβ−2)2
,

e3 = a2β2g2(aβ − 2)[αβ − (1 + g2)](1 + g2)[a4β4(1 + g2)2 − a3β3(1 + g2)2

−a2αβ3(1 + g2)− 2aβ[αβ − (1 + g2)](1 + g2)− (1 + g2 − αβ)2],
e4 = a2β2g2(1 + g2)[2αβ + α2β2 − 2(1 + g2) + aβ(1 + g2)]

[a4β4(1 + g2)2 − a3β3(1 + g2)2 − a2αβ3(1 + g2)
−2aβ[αβ − (1 + g2)](1 + g2)− (1 + g2 − αβ)2],

e5 = a3β3g2[αβ − (1 + g2)](1 + g2)[a4β4(1 + g2)2 + a2β2(1 + g2)[2(1 + g2)− 3αβ]
−2aβ[αβ − (1 + g2)](1 + g2)− 3a3β3(1 + g2)2 − (1 + g2 − αβ)2],

e6 = a3β3g2(aβ − 2)(1 + g2)2[αβ(αβ + 2) + (1 + g2)(aβ − 2)]
[a4β4(1 + g2)2 + a2β2(1 + g2)[2(1 + g2)− 3αβ]− 2aβ[αβ − (1 + g2)](1 + g2)
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−3a3β3(1 + g2)2 − (1 + g2 − αβ)2].
Appendix III
In fact we have{

(1− c)x− cβ[ay − k(x)] = x∗,
y − β[ay − k(x)] = y∗,

(8)

{
(1− c)x− cβ[ay − k(x)] = 0,

y − β[ay − k(x)] = 0.
(9)

Now a F 2 map has been constructed to map the point z0 to the fixed point O

after two iterations when there are nonzero solutions for Equations (8) and (9).
Through straightforward calculation, the nonzero solution for (9) should satisfy
the following equation:

{
(1− c)(1− aβ)x + cβk(x) = 0,

y = 1−c
c x.

Let f(x) = (1 − c)(1 − aβ)x + cβk(x). When g −
√

αβc
(aβ−1)(1−c) − 1 < x <

g +
√

αβc
(aβ−1)(1−c) − 1(c > aβ−1

aβ−1+αβ , aβ > 1) we have f ′(x) > 0. And when
c > c1 we have f ′(0) > 0. Because lim

x→+∞ f(x) = −∞, there exists x∗ = x∗(c) >

g +
√

αβc
(aβ−1)(1−c) − 1 such that f(x∗) = 0, y∗ = 1−c

c x∗. x∗ is continuous with
respect to c.

The nonzero solution for (8) should satisfy the following equation:
{

(1− c)(1− aβ)x + cβk(x) + (aβc− 1)x∗ = 0,

y = 1−c
c x− x∗.

Let φ(c, x) = (1− c)(1− aβ)x + cβk(x) + (aβc− 1)x∗, then

(1)φ( 1
aβ , 0) = 0,

(2)φ(c, x) is continuous on [0, 1]×R,

(3)∂φ
∂x ( 1

aβ , 0) = 2− aβ − 1
aβ + α

a(1+g2)
,

if we require that 2 − aβ − 1
aβ + α

a(1+g2)
6= 0, then there exist x = x0(c) and

ρ > 0 such that

(i)φ(c, x0(c)) = 0 for c ∈ ( 1
aβ − ρ, 1

aβ + ρ) such that x0( 1
aβ ) = 0,

(ii)x = x0(c) is continuous in ( 1
aβ − ρ, 1

aβ + ρ).
Let M = 2, z0 = (x0, y0) = (x0,

1−c
c x0−x∗), then z0 locates in U for c− 1

aβ small
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enough.
The condition 1

aβ > c1 leads to (a2β2 − aβ + 1)(1 + g2) − αβ > 0, and 1
aβ < 1

requires aβ > 1.
Through simple calculation, we know that only if x = g±

√
αβc

(aβ−1)(1−c) − 1,DF (x, y) =
0. So, DF (z0) 6= 0, DF (F (z0)) 6= 0.

Let U∗ = {(x, y)| x2

r2
x0

+ y2

r2
y0

≤ 1, |x0| < rx0 , ry0 = |y0|+η, η is some positive constant},
where rx0 < min{|g −

√
αβc

aβ+c−aβc − 1|, g +
√

αβc
aβ+c−aβc − 1}. Then z0 is a snap-

back repeller in U∗.
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Appendix IV
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Fig. 1 Bifurcation diagram of x output vs c where the initial values are x0 =
0.001, y0 = 0.001.
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Fig. 2 The maximum Lyapunov exponent vs the parameter c. The initial values
are x0 = 0.001, y0 = 0.001.
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Fig. 3 Phase portrait of map (10) for c = 0.467.
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Fig. 4 Interior crisis and Poneau-Manneville intermittency.
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