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Abstract: A spin surface S refers to the total space of a line bundle L
over a smooth projective curve D satisfying L? = Kp. A spin surface is
canonically equipped with a holomorphic 2-form €, which gives rise to a
cosection o of the obstruction sheaf of the moduli stack M, (S, d) of stable
maps, thus by [6] the localized GW invariants of S. In this paper, we first
relate the localized GW invariants of .S with the twisted GW invariants of D
when certain locally freeness assumption holds. We then analyze in detail a
situation in which the aforementioned locally freeness does not hold. Both
studies are part of our proof of the Maulik-Pandharipande formulas for low
degree GW invariants of surfaces with smooth canonical divisors.
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1. INTRODUCTION

Let S be a smooth surface that is the total space of a theta characteristic of a
connected smooth curve D, (i.e. it is a line bundle L on D such that L®? = Kp).

We call such a surface a spin surface in this paper.

Given a spin surface

p:S— D
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and an integer d, we form the moduli M ,(S,d) of stable morphisms to S of
fundamental class d[D] € Hs(S), where D C S is the zero section of p. Since L
is a theta characteristic of D, wg = p*LY @ p*Kp = p*L. Let 6 € T'(S,wg) be the
tautological section of p*L, meaning that for any a € L|, where z € D, 0(a) =
a € L|,. Following [6], the holomorphic two-form € induces a homomorphism

og:0b— Oﬂg,n(S,d)

from the obstruction sheaf Ob of the tautological perfect obstruction theory of
Mg (S, d) to the structure sheaf of My, (S,d). Further, this homomorphism is
surjective away from M, ,(D,d) C My, (S,d). Applying the cosection localiza-
tion of virtual cycles [6], we obtain a localized virtual cycle

[Myn(S, d)ice € AcMgn (D, d).

This cycle defines the (localized) GW invariants of S. Let év : My, (S, d) — S™
be the evaluation morphism, let v1,--- ,v, € H*(S), let a1, - ,a, € Z2°, and
let v; be the first Chern class of the relative cotangent line bundle of the domain
curves at the i-th marked point. We define the GW invariant of a spin surface S

with descendants to be

(L.1) <Ta1(71)~-7an(%)>§,d=/ V(1 X e X ym) U

(Mg, n(S,d)5e

loc

The first theorem we prove is

Theorem 1.1. Let p: S — D be a spin surface associated to a theta character-
istic L of D. Let (m, f) : C — Mgyn(D,d) x D be the universal family. Suppose
R'7, f*L is locally free, then

Mon(Sdlise= > (D"IHWTnev),
Wicﬂg,n(D,d)

where V is the kernel vector bundle of (2.6), the summation is over all connected

components Wy of W = Mg (D, d), h°(f*L) is the rank of m.f*L over W;, and

e(V) is the Euler class of V.

This theorem gives the GW invariants of S without insertions. (See Proposition
2.5.) It also proves the degree one part of a conjecture of Maulik-Pandharipande
on GW invariants of surfaces, phrased in terms of GW invariants of a spin surface
[11, (8)-(9)] (see Theorem 3.2).
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Conjecture 1.2. Let p : S — D be a spin surface and h = g(D); let v =
p*[pt]FP € H?(S), where [pt]"'P € H?(D) is the Poincaré dual of the point class
in D. Then

n

LR O T gy,
(1.2) HT% Yo = (=1) 2-1:[1(20‘@'“)!( 2)7%;

!

(1.3) HT‘% 2[D :( )hO(L gh+n— lnm(_mm'

Here e indicates that the GW invariants are defined for moduli of stable maps

with not necessarily connected domains; for definition see Definition 3.1.

Proposition 1.3. The conjecture (1.2) holds.

Even in case Rlm, f*L is not locally free, by studying the error term we can
compare the GW invariants of S with the twisted GW invariants of D. This gives
the following special case of (1.3).

Proposition 1.4. The conjecture (1.3) holds in case n = 1.

This Proposition is part of the proof of (1.3) via degeneration developed by
the authors. The proof of a degeneration formula of localized GW invariants of
spin surfaces will be addressed in a separate paper.

Acknowledgment: The first author is grateful to the Stanford Mathematics
department for support and hospitality while he was visiting during the academic
year 2005/2006. The second author thanks D. Maulik for sharing with him his
computation for an example that is crucial for this paper; he also thanks E.
Tonel for stimulating discussions. We thank J. Lee and T. Parker for stimulating

questions and for pointing out several oversights in our previous draft.

The second named author is partially supported by NSF grant and the first
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2. GW INVARIANTS AND TWISTED GW INVARIANTS

We fix a spin surface p : S — D that is the total space of a theta characteristic
L of a connected, smooth, proper curve D over C together with its standard
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holomorphic two-form 6 on S. We fix a positive d > 0 and n,g € Z. For
convenience, we abbreviate M := M, ,,(S,d) and W := M, (D, d).

The projection p: S — D induces a morphism
piM=Mg,(S,d) —W=M,,(D,d).

At individual map level, in case u:C — S is a stable map, then pou:C — D is
a stable map, and u is determined by a global section in H°(C, (p o u)*L). Con-
versely, using the embedding D C S by the zero section, W C M is canonically

a substack, and fibers of p are vector spaces with W C M its zero section.

Since D is projective, we can pick two vector bundles Fq and E5 on W and a
sheaf homomorphism
a:FE] — By
(we will not distinguish a vector bundle from its sheaf of sections) so that [Ey —
E»] is quasi-isomorphic to m f*L. By viewing ¢: F1 — W as the total space of
FE4 with ¢ the projection, we can form the pullback bundle ¢*F5 on F; and the
associated section & € I'(Eq, ¢*E2).

Lemma 2.1. The vanishing locus a~*(0) is the moduli stack M.
Proof. The proof is straightforward and will be omitted. O

We now describe the non-surjective locus of the cosection o : Ob — Oy
induced by 6. A stable map u:C — S in M is called -null if the composite

u*(é) odu : Tcreg — ’U,*Tslcreg — U*QS‘Creg

vanishes over the regular locus Cieg of C. Applying a criterion proved in [6],
the locus M(o) where o fails to be surjective is the collection of all §-null stable
morphisms in M. Since d > 0, using the explicit form of 6, we see that o is
surjective away from W = M, ,(D,d) C M. This shows that the localized
virtual cycle satisfies

M € AW.
Using (1.1), we have defined the localized GW invariants <>g g of S.
We now investigate the relation between the localized GW invariants ()5 4 and

the twisted GW invariants of the curve D. We let

(2.1) (m,f):C—WxD
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be the universal family of W = M, ,,(D,d). The twisted GW invariants of D in
this paper refer to the evaluation against W]''' of the usual insertions

a1

Theeepm cev(y), v € HY(D")
multiplied (or twisted) by the Chern classes of 7 f*L.
Let

(2.2) (#,f):C— MxS

be the universal family of M. Because S — D has affine fibers, the composite
pof:C — D is a family of stable morphisms. Therefore, C = C xyy M and po f
is the pullback of f.

It was hoped that the localized GW invariants of S can be recovered by the
twisted GW invariants of D. As was pointed by Maulik, this fails in general.
However, in case the sheaf Rlm, f*L is locally free, this is true up to a sign by
Theorem 1.1.

We describe the cosection o in case R'm, f*L is locally free.
Lemma 2.2. Let the notation be as above and suppose d > 0. Assume R'm, f*L
is locally free. Then M is the total space of By :=m,f*L. Letp: Fh = M — W
be the projection. Then the homomorphism o : Obyg — Onq induced by 0 is the
composite of v and 0" :

Vo ey OV
(2.3) Obp — p"Ey — Oy,
where v is surjective and 6 is defined by pulling back via p* the dual-pairing
E1 ® EY — Oy and using M = F;.
Proof. Because the two-form 6 on S is a section of p*L = Q%, linear along fibers
of S — D, it induces a section

0 € H'(M, 7. f*p*L);

Since 6 vanishes along D C S and is non-degenerate away from D, the vanishing
locus of its dual

(2.4) 6Y ¢ Hom(ler*(f*p*Lv ® wé/M)’ OM)

is exactly W C M.
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Since L = LY ® Kp, we further have a homomorphism

induced by f*p*Qp — wps that induces a homomorphism between locally
c/M

free sheaves

(2.5) RYi, f*p*L — R'%,(f*p*LY @ W )

We claim that this homomorphism is surjective. Let u : C' — S be a positive
degree stable map. Since H°(u*p*L) — H(u*p*LY ® we) is injective, its Serre
dual H'(u*p*L) — H'(u*p*LY ® wc) is surjective. The surjectivity of (2.5)
follows from the base change property.

Obviously, (2.5) is the pullback via p of a similarly defined surjective homo-

morphism
(2.6) Ey=R'm f*L — R'm.(f*LY @ we)w) = EY
over W.

We claim that the homomorphism o : Obyy — Oxy induced by 6 factors
through the homomorphism 6V in (2.4). Indeed, from the natural morphisms

f*(TS ®p*L)= f*(TS ® Q%) - JF*QS - Qé/M —WYe m
we obtain a homomorphism f*Ts — f*p*LY @ WMo and thus a homomorphism
(2.7) R'7 f*Ts — R'Z.(F*p" LY ®@ wg)p)-
Similar to the proof that the cosection R, f*Tg — Opq lifts to Obyy — Opg
([6, Lemma 6.1]), the composition of (2.7) with the natural homomorphism

v Exth (s pp Op) — Rz T

is zero. Using Obpq = coker{~v}, (2.7) lifts to a homomorphism
(2.8) v:Oby — R'E(fp" LY ©@wg ) = PEY,
which by construction satisfies §¥ o v = . This proves (2.3).

Because R'7, f*p*L — Qb composed with (2.8) is (2.5), and because (2.5)
is surjective, v is surjective. Since R'f, (f*p*Lv ® wé/M) is dual to ﬁ*f*p*L =
p*me f*L = p*E; and since M is the total space of Ej, one checks that 0 is
obtained by pulling back the dual pairing EY ® E1 — O)y and using M = Fj.
This proves the Lemma. U
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We now prove Theorem 1.1.

Proof of Theorem 1.1. We pick a vector bundle (locally free sheaf) F' on M and a
surjective F' — Obaq. Since S is quasi-projective, such F' exists. The obstruction
theory of M provides us a cone cycle C'yy C F, which is the pullback of the
intrinsic normal cone [2, 10]. We let 6 : F' — Ox¢ be the composite of F' — Qb
with 0. By the definition of localized virtual cycles [6],

M = sk5(I0M]) € AW,

where S!F,a : ZyM(o) — AW is the localized Gysin map constructed in [6]. Here
M(o) =W Uker{a|pm-w}.

Let Fy = Fl|yy and let Cy = Cpq x p W C Fp; pulling back via p, we obtain a
pair
C:=p"Cy C p*Fy.

We claim that we can find a homomorphism &’ : p* Fy — O such that

(2.9) M = 855 ([Ca)) = 5oy 5 ([C]) € AWV,

Let t € A'\ 0 and let ¢; : S — S be the scaling of the fibers of S — D by
t, i.e. ((v) = tv. The morphism ¢; : S — S induces a morphism (; : M =

Mg n(S,d) — M that maps [u] € M to [(; ou] € M. Clearly, it is also the
scaling of the fibers of M = E; — W by t.

We now form the pullback sequence

(2.10) GO C GF — GObp By O

Here since po(; = p, we have that po(; = p; thus we can replace (;p*EY by p*EY .
When ¢ specializes to 0 € Al, (; F specializes to p* Fy. Denoting by & : Fy — EY
the restriction to W of the composite of F© — Oby, with v, then the composite
of the first two arrows (in the sequence) specializes to p*Ip. By direct checking,
for all t # 0, t71(;0Y = §V. Finally, since M — W is the total space of the
vector bundle E; — W, for any closed v € W, the restriction Cpng x pq p 1 (1)
is flat over p~1(u). Thus the cones (fCx specializes to C' = p*Cy. (Recall
C() = CM X M W)

In conclusion, the sequence (2.10) specializes to

(2.11) Cc R ey o
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Let ¢’ : p*Fy — Oxq be the composition of the two arrows above. Since the
support of Cpq lies in the kernel of F' — O 4, the support of C lies in the kernel
of 6’. Finally, because the localized Gysin map preserves rational equivalence
[6], and because t € Al, S!Fﬁ([C' 'm]) is rationally equivalent to s%* Fo.or([C]). This
proves (2.9).

We now investigate the cone Cy C Fy. Since W = M, (D,d), and since
Ts|p =Tp @ L, for (m, f): C — W x D the universal family of W,

Rm, f*Ts = R'm, f*Tp & R'm, f*L.

Further, since f(C) C D, the homomorphism E:L“tTlr(Qc/W, Oc) — R'm,f*Ts fac-
tors through Rl7, f*Tp C Rz, f*Ts. Because

Obyy = coker{€atL(Qc/w, Oc) — R'm f*Tp}

and

Obpmlw = coker{é’xt}r(ﬂc/w, Oc) — Rim. f*Ts},
we have
(2.12) Obplw = Obyy ® Rim, f*L = Obyy @ Es.

By tracing through the construction of the homomorphism v in (2.8), we see
that v|yy : Obp|w — EY factors through

T 2.6
Oblw = Obyy & By 25 By EA BY = RUz, (F LY ® wepw)-

Let Fy — Obp|w = Obyy @ Es be the restriction of F' — Obyg to W, and let
Wy C Fy be the kernel bundle of the induced Fy — FE5. Thus Wy — Obyy is a
quotient homomorphism. Because M is a vector bundle over W, it is direct to
check that Cy C Fy lifts to Cy € Wy and is indeed the pullback of the virtual
normal cone of the obstruction theory of W via Wy — Obyy. In particular,

VI = siy, ([Col).

We now prove Theorem 1.1. Following the basic construction of the localized
Gysin map [6], we first blow up M along W. Since M = Ej is a vector bundle
over W, the blow-up M is an A" -bundle over W, where A™ is the blow-up of
A™ at its origin and r; = rank E;. We let p : M — M be the blow-up morphism;
let g=pop: M — W, and let C = ¢*Cy C ¢*Fp be the proper transform of
7*Co C p*Fy.
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Let £ C M be the exceptional divisor of p, which is a P"*~!-bundle over W.
The pullback p*a’ lifts to a surjective homomorphism ¢*Fy — O (—€). Let
G = ker{¢*Fy — O (=€)}. By the definition of C and [6], the support of C lies
in G. Further, since Wy C Fj is the kernel subbundle of Fy — Es, ¢*W, is a
subbundle of G that contains the support of C.

We let p(o) : € — W denote the projection. For the moment, we assume W is

connected. By the definition of localized Gysin map,

S ([C]) = p(0): ([=E] - s5([C))) = p(0)x([=E] - €ra—1(G/q" W) - 50117, (IC])).-
|

- G
€]+ AlM — AL is intersecting with the Cartier divisor £ and r9 = rank Fs.

Here in the expression, s’ is the Gysin map of intersecting the zero section of G,

By the projection formula,
sewo ([C]) = sgewy, ([a°Col) = " siy, ([Col) = "DV
As to the quotient G /¢*Wo = ¢ E2/O (=€), since p*Ey — O factors through
p*Ey — p*EY and since rp — 1 is the rank of ¢*E2/O (=€), by letting V' be the
kernel of Ey — EY, we have
crz—l(é/q*WO) = Crz—l(q*E2/OM(_5)) =Cry—ry (q*V) : CT1—1(q*E1v/OM(_5))'
This proves
p(0)s ([=€] - era=1(G/a"Wo) - 53w, ([C]) = p(0)« (—[E] - ¢ (era—ry (V)IV]'))
= (=1)"ery—r (V) [W]Vir'
Here since £& C M is the exceptional divisor of the blowup of the zero section of

the rank 71 bundle E; over W, [€]" = (—1)"~1[W]. This proves Theorem 1.1 in

case W is connected.

When W is not connected, we can perform the same argument to each of
its connected components, and derive the stated formula in Theorem 1.1. This
completes the proof. O

Remark 2.3. The sign (—1)" in the formula can be seen by the following toy
case. Take the scheme M = A" with obstruction sheaf E = O?}T. Since M is
smooth, its virtual normal cone s the zero section Op C E. The usual Gysin map
gives S!E[OE] =0 € AyM. In case we are given a cosection o : . — Oy, say
given by a non-degenerate bilinear form on C". Then o is surjective away from
0€ M, and SIE,U[OE] = (—1)" € Ap{0}.
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Topologically, this number can be computed by picking a continuous section u
of E such that (1) the graph T, of u is transversal to Og; (2) away from a unit
ball in M, we have 0 ou = 1. Then deg S!Ep[OE] is the degree of the intersection
', NOg. In the case presented, we get (—1)".

Corollary 2.4. Suppose furthermore that m, f*L is a trivial vector bundle on W,
and let 1 be the rank of —m f*L = R'm, f*L — 7, f*L, then

MIYE = (—1)"" L Y A o (—m f*L).

loc

Proof. Observe that e(V) = ¢;(—m f*L) under the assumptions. O

Proposition 2.5 ([9]). Let S be the total space of a theta characteristic L of a
genus h smooth curve D; let g = d(g(D) — 1)+ 1. Then

)0 L)
w3, = 3 L)

, | Aut(u)l
u:d-fold étale cover of D

Proof. This choice of g forces any u € My(D,d) to be a d-fold étale cover of D.
Since an étale cover u : C' — D is a smooth isolated point in ﬂg (D,d), a direct
application of Corollary 2.4 gives the stated formula. O

This Proposition was proved by Lee-Parker [9] using analytic methods.

3. LOW-DEGREE GW INVARIANTS

In this section, we study Maulik-Pandharipande’s conjecture on low degree
GW invariants of a spin surface for possibly disconnected domains.

Definition 3.1. For integers n,x and d > 0, we let M, ,(S,d)® be the moduli
of stable morphisms uw:C — S from not necessarily connected n-pointed nodal
curves C for which x(Oc¢) = x and u([C]) = d[D], and such that the restriction
of u to each comnected component of C is non-constant.

As usual, we call u stable when the automorphism group of u is finite. The
moduli space ﬂxm(S, d)*® is étale covered by disjoint union of products

ko
O [ [ Mo (S.di) — Myn(S,d)*,

acli=1
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where A > o = (gi,ni,di)fgl runs over all partitions d; + - + d, = d with
d; > 0, partitions ny U---Ung, = {1,--- ,n} with n;| =n;, and ko — > gi = x

We now use the holomorphic two-form . The preceding discussion of localized

vir
loc®

GW invariants can be adopted to define localized virtual cycle [Mg, », (S, d;)]

We define
k
. 1 o .
oV1r:(I)*§: || . 7iv1r7
[MXM(Sa d) ]loc (aeA |Auta| [M917 1(5 d )]loc)

i=1
where Aut «v is the automorphism group of a = (d;, n;, gi)fgl.
Consequently, we define the localized GW invariants, of stable maps with not

necessarily connected domains but with non-constant restrictions to any con-
nected components, to be

(3.1) (Tar (M) *+* Tan (’Yn»i::l[p] , i € H'(D,Z).

(Here we will not include the subscript “loc” into the notation since S is a spin
surface and only localized GW invariants make sense.)

Following the convention, since (3.1) is possibly non-trivial only when
n
(3.2) —x=dh—1)+> ai, a €Zs, h=g(D),
i=1
we shall omit the reference to x in the notation of (3.1) with the understanding

that it is given by (3.2).

This section is devoted to a study of Conjecture 1.2 of Maulik and Pandhari-
pande. The first identity follows directly from Corollary 2.4.

Theorem 3.2. Let the condition be as in Conjecture 1.2. Then the identity (1.2)
holds.

Proof. Let —x = h—1+ ) «a;, and denote

M =M, ,(5,1)* and W =M, ,(D,1)°.

Since maps in M are of degree one, their domains must be connected. Likewise
the same holds for W.

Let (7, f):C — W x D be the universal family. Because maps in W have degree
one, a direct check shows that 7, f*L = H°(L)® Oy and satisfies the base change
property. Hence R'm, f*L is locally free and , f*L is a trivial bundle.
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Applying Corollary 2.4, we conclude that
- L4 0 a; * *
83 Al = 0" [ Tl cm-ns D
i=1

is a twisted GW invariant of D with sign (—1)""(Z). From [3], we can readily
evaluate them and obtain (1.2). O

The degree two case follows from the combination of a degeneration formula
and the special case n = 1. Since the proof of a degeneration formula requires an
extensive study of obstruction theory of the family, we will prove it in a separate
paper [7]. In this section, we prove a special case of (1.3) that will be part of the
proof of (1.3) using degeneration.

Proposition 3.3 (h =0 case). Let S be the total space of Opi(—1). Then

(3.4) [T =2 T i -2
i=1 i=1 ¢ :

Proof. Since P* C Op1(—1) is rigid, the moduli space of stable maps to Op:(—1)
is proper and the localized GW invariant coincides with the twisted GW invariant
of P! by Corollary 2.4. Hence, (3.4) follows from the differential equations for

the twisted invariants in [3]. O

The remaining part of this paper is devoted to a proof of

Proposition 3.4. Letp: S — D be an arbitrary spin surface and h = g(D) > 1.
Then (1.3) holds for n = 1. Namely,
R
Se 0 2

(3.5) ()5 = (1) (_3>

We first describe the moduli space M, 1(D,2)*. Let v : ¥, — D be a degree
two étale morphism (X, can possibly be disconnected). Picking a point p € ¥,
attaching an elliptic curve E to p and requiring v : >, UE — D be v on X, and be
constant on E, [u] € M, (D,2)*. Since v has a Zy-symmetry, attaching the same
E to p or to the other point in v~!(v(p)) gives the same stable map. This shows

that each v gives an irreducible component of M, (D,2)* that is isomorphic to
D x Mj 1. An easy check shows that this is a connected component of M, (D, 2)*



Low Degree GW Invariants of Spin Surfaces 1461

and this component is smooth. We denote this component and its preimage under
the forgetful morphism ¢ : M, 1(D,2)* — M, (D,2)* by

(3.6) N, C My(D,2)* and W, C M, 1(D,2)".

We denote by P the set of étale double covers of D; it is known that |P| = 227

22h

Thus there are such components. We let Ny be their complement and W

the preimage of Ny under :

No = M (D,2)* —U,epN,, and Wy = '(Ng).

We let 7 : My 1(S,2)* — M, 1(D,2)* be the morphism induced by p: S — D.
We let
M, =7 *(W,), a€ PU{0}.
Since all N, a € PU{0}, are mutually disjoint, the same is true for all M,. Thus

the localized virtual cycle

[Mx,l(su 2).HOI£ € A*Mx,l(Du 2). = EBaePu{O}A*VVa

decomposes into

(3.7 Ma(8,27hn = S (M, (M € AW,
acPU{0}

S,e

We define the contribution to (71 (’y)>2[’D] from the component M, to be

M = [ wresi).

[Ma]i
(Le., by replacing [M,1(S,2)*}X by [M,]}E.)
It is easy to see that
° u* ].
nEHIM = )M (-5, ver

Here the sign (—1)"""L) is due to Proposition 3.5 and the factor —1/12 is from
the formula (1.2) for the degree one case. Because exactly 2"~1(2" 4-1) of the 22"

étale v € P satisfy h®(u*L) = h°(L) mod 2, the total contribution
. 1 - -
SN = (-1 (<55) - et -2 )

12
veP

= (1)@ <_i;> ‘
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Therefore to prove (3.5), it suffices to show

Lemma 3.5. The contribution

h h
() [Mo] = (DD (23) (1w (-Z) _ (1R (_gh-2y.

The difficulty in this case is that 7, f* L is not locally free over Wy. Were 7, f*L
locally free over Wy, we could apply Theorem 1.1 to obtain the Lemma. Instead,
we will prove this identity by studying its non-locally freeness and comparing it
with the twisted GW invariants of M, 1(D, 2)°.

Because of the connected component decomposition

we have

acPU{0}

The contributions to the twisted GW invariants from W, are defined with the
cycle [My1(D,2)*]V" replaced by [W,]".

It is easy to get the contribution to the twisted GW invariant from Wj. From
[3] and [12], it is straightforward to deduce that the degree two GW invariant of
D twisted by the top Chern class of —m f*L is

<7'1(7);Ct0p(—7nf*L)>£;<' — <h _ 2) 22h—3;

the contribution to the twisted GW invariant from any of the irreducible compo-
nents W, is —%. Therefore, the contribution to the twisted GW invariant from
Wo 18

e o R O R S E

It remains to determine the difference

(3.8) (r(1))5ipy [Mo] — (1 (7); caap(—m f* L) [Wol.
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4. EXPLICIT VIRTUAL CYCLE CALCULATION

After exhausting the general machinery to attack the localized GW invariants,
we will turn to an explicit construction to evaluate the term (3.8). We quote the
following deformation invariance result.

Proposition 4.1 ([5]). The localized GW invariants of the spin surface S — D
are deformation invariant under the deformation of spin pair (D, L) (i.e. such

that L®% = Kp).

This is proved in [5], and will appear in the proof of the degeneration formula
of GW invariants for spin surfaces [7].

Because of this invariance, we can replace the spin pair (L, D) by another
pair that lies in the same connected component of the space of all spin pairs.
As is well known, two spin pairs (L, D) and (L', D') lie in the same connected
component if the parity of L, which is h°(L) mod 2, equals the parity of L'.
Applying the invariance result, we can assume without loss of generality that D
is a hyperelliptic curve.

We now set up the stage for our calculation. Our first step is to identify the
obstruction sheaf of My. By definition, the obstruction sheaf Ob,y, is the cokernel
of the homomorphism

(4.1) 5$t71~r(95(§), Os) — Rlﬁ*f*Tg.

Here (ﬁ,f, 5,C) and (m, f,s,C) are the universal families of My C M, 1(S,2)°
and Wy C ﬂx,l(D, 2)*, respectively. Here § and s are the sections of the marked
points, viewed as divisors in C and C respectively.

Composing (4.1) with the tautological R, f*Ts — R'#, f*p*Tp, we obtain
(4.2) 53315%((2@(5), Oé) — R17~T*f~*p*TD.

We claim that it is surjective. Using C = C Xw, Mo, (4.2) is the pullback to My
of the similarly defined Extl(Qc(s), Oc) — R'm, f*Tp, which is surjective since
(f,m): C — D x W, is finite and surjective. Let K be the kernel of (4.2) which
is locally free on Wj.

Lemma 4.2. The sheaf ler*f*Tg fits into the short exact sequence

0 — R, f*p*L — R'Y7, f*Ts — R'7, f*p*Tp — 0;
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the composite K — Extk(Qs(3), 05) — R'%, f*Ts lifts to a unique
(4.3) K — R, f*p*L;

its cokernel is the obstruction sheaf Obyy, .

Proof. Using the exact sequence 0 — p*L — Tg — p*T'p — 0, we obtain the long

exact sequence
s 7 Ty 2% 7, P T 25 R, f*p* L — R, f*Ts — .

Suppose a; (in the sequence) is trivial, then £ — R, f*Tg lifts to K —
R'%, f*p*L; since (4.2) is surjective, Obyy, is the cokernel of (4.3).

We now prove a; = 0. In case h = ¢g(D) > 2, we have 7 f*Tp = 0, thus
a1 = 0. In case h = 1, then Tp = Op and ﬁ*f*TD = Oy, is generated by a
one-parameter family of automorphisms 7; : D — D, ng = id. Since L&? = Op,
(nfL)®? = Op. Thus n; L = L, and hence n; lift to 7, : S — S, which generates a
section in 7, f*Tg that surjects onto 7, f*p*TD. This shows that ag is surjective,
hence a; = 0. The case h = 0 is similar. O

By the theory of (localized) virtual cycles, to get (localized) GW invariants,

we need to identify the intrinsic virtual normal cone
(4.4) Cu, C h' /W (R7. f*Ts) = h* /R’ (R f*p*L)

(Here the identity follows from the proof of Lemma 4.2.) Over the locus U C Wy
where R'm,f*L is locally free, the moduli stack My xy, U is smooth, and then
Cu, Xwy, U is the zero section of h!/h?(R#.f*p*L) xw, U. This shows that the
zero section is part of Cjyy,, and of multiplicity one.

The remainder components of C,y, support over the complement of Mg xy, U.
These components can be analyzed by knowing the stack structure of Mjy; this
will be the main technical part of this section.

Finally, we need to intersect Cj,z, by applying the localized Gysin map. Ap-
plying the localized Gysin map to the zero section part of Cj,z amounts to de-
termining the degree of the sheaf R'm, f*L on Wy, which is carried out by the
twisted GW invariant of D (see the argument before (4.22)). Applying the local-
ized Gysin map to other components of Cyy, is carried out by direct calculation;
this is possible since the locus where R, f*L fails to be locally free is finite.
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This calculation shows that the “top dimensional contribution” to the localized
GW invariant comes from the twisted GW invariant. To get the full invariant,
one approach is to pinpoint the “lower dimensional” contributions. The method
presented in this paper is our answer to this question. It is limited; nevertheless

we hope that it will shed lights on finding a more powerful machinery.

We now carry out the details. As mentioned, we assume D is hyperelliptic, we
let § : D — P! be its associated double cover; we will cut down the space Wy by
the insertion 71 (y) = ¢1ev] (7).

We first describe the space Ny. An easy argument shows that closed points of
Ny are double covers u : C' — D branched at two points q1,q2 € D. It is known
that such map is characterized by a line bundle £ on D satisfying

£%% > Op(q1 + qo);

the curve C is a subscheme of the total space of ¢ defined by {t € £|t? = v} for v
a non-trivial section in H%(Op(q1 +¢2)) vanishing at g1 + go; the map u is the one
induced by the projection & — D. Further, a direct obstruction analysis shows
that M, (D, 2)* is smooth near such double covers [u]. Thus this description gives
the scheme structure of Ny: Ny is a smooth two dimensional DM stack, with Zo
automorphism group at every point. Consequently, Wy is the quotient by Zo of
the total space of the universal curve of Mx (D, 2)* over Ny; it is a smooth three
dimensional DM stack, and the only points with Zs automorphism groups are
those [u] whose two branched points and the marked point coincide.

We now let
f:C—D, 7:C—Wy, s:Wy—C the section of marked points

be the universal family of Wy; we let evy: Wy — D as before be the evaluation
morphism. We can cut down Wy by ¢1evi(y) as follows: we pick a general point
g € D and form the subscheme ev; 1(q); it is a Cartier divisor of Wy and it
represents the class ev] (7).

For 41, the natural homomorphism s* f*Qp — s*wc w, induces a section

(4.5) ¢ € T(Wo, s"(weyw, @ f5Q))).

This section vanishes at [u] = (£, q1+q2) € WoNev; '(g) if and only if the marked
point s, of [u] is one of the two branch points ¢; and go.
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We introduce

(4.6) Z={p=0}, Z,=Znevq), Moy, = My xw, Z,

S,e

Then the cycle contributing to (7 (7)>2[ D]

[Mo)] lies inside My 4.

Our next step is to investigate the stack structure of My near My ,. According
to Lemma 2.1, it suffices to investigate the locus A C Wy over which the sheaf
R, f*L is non-locally free. For a double cover u:C — D given by (&,q1 + q2),

since
(4.7) H°(C,u*L) = H°(D,L)® H'(D,L® &Y,
it is easy to see that R, f*L is non-locally free exactly along the locus
A={u=(&q+q) e Wo | HH(L®E") # 0}
Here the marked point s, € C of u is implicitly understood.
Let u = (&, q1 + q2) € A, and let
n#0e HY(D,L®&t).

We denote H = §*Op1(1). As L? 2 Kp = (h — 1)H and £%? = O(q1 + q2), we
have

(4.8) (h—1)H = q1 + g2+ 27~ 1(0),
which, because D is hyperelliptic, is possible only if
(4.9) either ¢ =¢q2, or ¢ =@,

Here we use g2 to denote the point conjugate to ga with respect to § : D — P
In particular, when u € AN Z,, one of ¢; must be ¢; thus AN Z, is finite.
Let
R={u=({,q1+q) €EWo|q =q or 2=}
Since ¢ € D is general, AN Z; N R = (. As the desired contribution lies in M 4,
we only need to study the set
N={u=(Ea+@)ceA-Rla=p} AN ={ucA-R|q=q}

Note that A’ and A” is a partition of A — R.
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It is easy to identify the set A’. Let u = (£{,¢ + ¢) be any point in this set.
Since ¢ + ¢ = H, (4.8) reduces to 27 1(0) = (h — 2)H. Let

(4.10) r=hLetH)-1=hm (Lot -2,

which ranges between 0 and (h —2)/2. Since D is hyperelliptic, we can write the
effective divisor
n'0)=pi+- +phr2 pi€C
so that
(8). pigr =p; for i <y
(b). all p; for j > 2r + 1 are distinct ramification points of § : D — PL.

The r in (4.10) decomposes A’ into disjoint union of A, for 0 < r < (h —2)/2.
Since

(4.11) §=L(-p1— - —pho2)=L—rH —pyyi1—- —pp_o,

elements in A/ are uniquely determined by the distinct ramified points pjsa, of
§:D — PL

Looking at the intersection A’ N Z,, since the branch points of u € A’ N Z,
must be ¢1 + ¢ = ¢+ g, and the marked point of u must be ¢, (noting g # q,) we
conclude that Al N Z, consists of ( 2ht2

h—2—2'r) elements, where 2h + 2 is the number
of ramification points of 9.

Claim 4.3. The scheme structure of My 4 near the fiber over u = (§,q+q) € Al
is (analytically) isomorphic to

(4.12) Al x {zw1 =2Bwy=-..= 227’+1wr+1 = 0} c A2 = hO(L)

near Al x {0} ¢ A2 with automorphisms Zs acting trivially at every point.

Proof. Since Z, is smooth near u, the local defining equation of My 4 is determined
by a locally free resolution of @ f*L for f:C — D and 7:C — Z4 the restrictions
of f and 7 to Z;. On the other hand, from (4.7), we see immediately that
7 f*L = H'(L) ® Oz,. By Riemann-Roch, away from My, Xw, A, R'7, f*L is
locally free and has rank [ + 1. Therefore, Rz, f*L is a direct sum of its torsion

free part R and its torsion part.

Since h'(L ® ¢€7') = r + 2 by Riemann-Roch [1], in a formal neighborhood
of u € Z, with z the local coordinate of Z, at u, we can find positive integers
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a1 < ag < --- < ap41 and express the torsion part of R'7, f*L as
(4.13) Cllll/(z") @ --- @ C[[2]]/(z*7*).

Thus a (locally free) resolution of 7, f*L can be chosen as

r+1 r+1
diag(zt,- -+, 2%+ @O — <@ (9) ®R.
i=1 i=1

By Lemma 2.1, if we let (z1,---,2;, w1, -+ ,wy4+1) be the coordinates for the
vector space HY(C, f*L) = HY(L) ® H°(L ® ¢~ 1), the local defining equation of
My 4 near fibers over u can be chosen as

3}

2%y = 2%we = -+ = 2% w4 = 0.

It remains to determine the integers a;. For this we need to investigate whether
a line Cn C H°(L ® £71) can be extended to a submodule
(4.14) Clz]/(z") C muf*L/ 2" f*L.
Let
HY(L®¢ ) =F 1 2F 2 2F 2 F=/{0}

be a flag with F, 1 x = H°(L ® £ 1(—kq)). Tt is a complete flag since h°(L ®
¢ 1(—kq)) = max(r+1—k,0), using (4.11). For 0 < k <r,letn € Foy1_p—Fr_j
be a general element and (p;) be the zeros of 1. Then after reshuffling if necessary,

we have

P1=""=DPk=4q, Pr+1 = """ = Pr4k = 67 Pk+1y" " s PryPr+k+1," " »P2r ¢ {Q7Q}
Suppose 7 fits into a C[z]/(z")-modules as in (4.14), then there are morphisms
q, d and p;:SpecClz]/(z") — D,

which extend the points ¢, 7 and p; respectively, such that q is constant, g’ has
non-vanishing first order variation, and viewing q, q’, p; as families of divisors on
D parameterized by Spec C[z]/(z"), the relation (4.8) holds as SpecC[z]/(z")-
families of Cartier divisors:

(h—1)H=q+q +2p1+ -+ 2pp_».
Because ¢ is not a branch point of 6: D — P!, our local coordinate z for Zg at

u can be thought of as a local coordinate for D near ¢ and also a local coordinate
for P! via §. Without loss of generality, we can choose q' so that § o q/(z) = z.
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Suppose ¢ o p; = p;(z). Then the above identity on divisors over Spec C[z]/(2")
is equivalent to

k

k
(4.15) w H(w —pi(2)? = ( H w — pryi(z mod 2",
i=1 =1

for a formal variable w.
Shortly, we shall show that (4.15) is solvable if and only if n < 2k+1. Once this

is done, we see that because dim Fy, = k, wehave gy =1, ag = 3, ..., = 2r+1.
This will provide us the structure result of My, over an element in A/..

We now prove that (4.15) is solvable if and only if n < 2k+1. We first compare
the constant coefficients in w of (4.15) to obtain

k
(4.16) ZHP92~+i(Z) =0 mod 2"

To proceed, we shall show that for n = 2k + 1, (4.15) holds if and only if
Pryi(2) =(.2) ¢;# for uniquely determined complex numbers ¢; # 0, 1 < i < k.
(Here we use =(,») to mean equivalence modulo 2".) Together with (4.16), this

immediately implies the claim.

Let n =2k + 1; let f, g and h be defined by

k k k

F=11a-piE)/w) =) A, =[]0~ pri(z)/w) =

i=1 =0 i=1 7=0

—J
Bjw

Mw

and h = /1 —z/w-g = Z;’OO Cjw™, with A;, B; and C; analytic functions of z.
Dividing (4.15) by w?**1, we see immediately that that C; = Ajfor0<j <k
and that h%2 — 2 =2f(h — f) + (h — f)? has no terms w7 with j < 2k, modulo
2" as usual. Since f is monic and h — f has no terms w=/ with j < k, h — f has
no terms w7 with j < 2k. This implies that C; =)0 for k < j < 2k. If we let
V1—z/w=73 Djw™, we obtain

k k

0 =(zn) Cj = Z Dj—z'Bz' = Dj + Z Dj—iBi
i=0 j=1

for k < j < 2k, and thus we have a matrix equation

(417) (Gl GQ cee Gk)B E(Zn) —Gk+1,
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where G; is the column vector (D;,Djy1, -+ ,Djyx—1)" and B is the column

vector (B, Bg—1,---,B1)!. Since D; = —21*2]%(2]:7‘__12)2'3', the determinant of

the Hankel matrix (G Ga --- Gy) is [(—1)F/22¥*~*]2F* and the determinant of
(Gy Gz -+ Gpaq) is [(—1)F/22K*+k] K> +k (See [13] for the computation of these
Hankel determinants.) To prove the solvability of (4.15) for n = 2k + 1, we
can replace =(;ny by the honest equality. By Cramer’s rule, the matrix equation
(G1 Gz +++ Gg)B = —Gj41 has a unique solution By, = (—4)7*2* and B; = 3,2
for some 3; € C, j < k. The equation A; = C; for j < k implies A; = ;27 for
some 7y; € C. Therefore p,1;(z) = ¢;z for some ¢; # 0 solves (4.15) and (4.16).

To see the insolvability of (4.15) for n > 2k+1, we observe from (4.17) that the
least order terms of Bj are uniquely determined as above and thus p,1i(2) =(.2)
¢;iz for ¢; # 0. Then (4.16) cannot be satisfied. This completes our description of
the formal neighborhoods of exceptional points in A. O

The structure of A” is similar.

Claim 4.4. The intersection A" NZ, is the disjoint union of A for 0 <r < %;
each Al has (hzfgt%r) elements; the local defining equation for the stack My , near

a fiber over a point in A is (analytically) isomorphic to
(4.18) Al x {22w1 =y == 22(r+1)wr+1 = ()} C Alrt2

near Al x {0} ¢ AR7+2 with authmorphisms Zs acting trivially at every point.
Proof. The proof is parallel, and will be omitted. O

These two claims immediately give us

Corollary 4.5. The stack My 4 is the union of closed substacks Vo and V., where
u are indexed by w € AN Z, as follows:

(a) Vo is the vector bundle H°(L) x Z, over Zy;
b) forue AN N Z,, following the notation of Claim 4.3, V,, is
q
Al x {zw) = Bwy = -+ = 22, = 22T =0} € AT
(c) forue NN Zy, following the notation of Claim 4.4, Vy, is
Alx 22w = 2wy = - = 20y = 204D — o) ¢ ALFTH2

The stack Myq has automorphism group Zs acting trivially at every point.
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We let B C C be the branch locus of the morphism f : C — Wy x D; let
R = f(B) C Wy x D be its image, and let Z be the line bundle on Wy x D so
that 292 = Oy, «p(R). Then

(4.19) R f*p L = ¢* R 'y L ® ¢* Rlmyyu (1L @ 271).

Here my, and mp are the projections of Wy x D, and ¢ : My — Wy is the
projection. Of the two, Rlmw,.mhL = HY(L) ® Oy, is locally free of rank
I =hoL).

We next pick a vector bundle F' on Wy together with a surjective homomophism
OWO( ) — R! 7"-VVO*(T"DL ® H_l) We let

OWO(E) = Hl(L) ® OWO @ OW()(F)'

By Lemma 4.2, Oby, is a quotient sheaf of Oy, (E). We let F = ¢*F and
E = ¢*E. We let Q C Z,E be the virtual normal cone cycle that is the pullback
of the intrinsic normal come of Mj; we let & : E—0O M, be the homomorphism
induced by the holomorphic two-form 6 on S. Then we know that @ lies in
the union of Ely, and ker{a|u,_w,}. Applying the localized Gysin map [6],
'EJ(Q) € AWy and

(4.20) (Mol = [ U@ aeD

Recall that Z, C Wy is defined in (4.6). We call ¢ € D general if no irre-
ducible component of @ lies entirely over Mg ,. Since the obstruction to deform-
ing pointed stable maps does not depend on the location of the marked points,
the cycle @ is the pullback of a cycle on M, (S,2)®. Thus, for general ¢ € D,

Qq=Q Xnm, Moy € Z:Moq

is well-defined and for E, = E|r, , and 64 = &|n,

(4.21) (n5H0] = [ ol

Eq.,5q

The description of ) is given by the following claim. Let R4 be the torsion free
part of R'm, f*L Q0w Ogz,. Since Z; is smooth of dimension one, it is locally free.
Let ¢4 : Mog — Zg C Wy be the projection. The quotient R'm, f*L|z, — Ry
pullbacks to

E, — R'%.f*p" L, — ¢} Rq-
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Following the notation of Corollary 4.5, for v € AN Z; we let

)

Let m = rank F. We have
Claim 4.6. The cycle Q4 has a decomposition QQq = Ty + ZuEAﬂZq M i T

(1) Tp is the total space of the bundle ker{Eq — ¢pRy} Xz, Vo over Vo,

(2) foru e N'NZ,, Qq has irreducible components T, ; lying over V,, 0 <
i <r; Ty, ts arankm+i— (I+r+1) subbundle of E|Vu,w My = 21+ 1;

(3) foru € A" N Zy, Qq has irreducible components T, ; lying over V,,, 0 <
i <r; Ty, is arank m+1i— (I4+7r+1) subbundle 0fE|Vw., My = 20+ 2.

Proof. The key is that Mo, near Moy Xz, u for v € A’ N Z, has local defining
equation given by Claim 4.3; the normal bundle to the subscheme in (4.12) is the
union of A1 (= Al x A, where Al is the z-variable part,) with 4+ 1 additional
irreducible components over V,, (i.e. lies over z = 0): the i-th component is a
subbundle of A" x V,,; — V,,;, of fiber rank i + 1, and of multiplicity 2i + 1.

Let m = rank . Since ()4 has pure dimension m, and since dim V,, ; = [ +1r +
1 — 1, Q4 has an irreducible component, that is a rank m +¢ —r — [ — 1 vector
bundle over V,, ;. It has multiplicity m,; = 2¢ + 1.

The same argument applied to u € A” N L, using the explicit defining equation
in Claim 4.4 proves item (3) in the statement of the claim.

It remains to show that the remaining part of ) is (1). Indeed, since My 4 —
Mo,q Xz, A is smooth, the cone cycle Q, over My, — Mo 4 Xz, A is the kernel
bundle Eq — ¢y Ry. Using the description of the normal cone to (4.12) and (4.18),
we know that near fibers over u € AN Z,, the cycle @), consists of parts listed in
(2) and (3) plus a vector bundle over Vj. Since this bundle is the kernel bundle
of Eq — ¢y Ry at general points of Vp, and since Eq — ¢y R, is surjective, this
shows that the part listed in (1) is also part of @);. Combined, this proves the
claim. O

We now prove Lemma 3.5.
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Proof of Lemma 3.5. We first show that the contribution of Ty in Claim 4.6 is

1= (1) [(h —9)22h3 _ hZQ <h2f;_2j)aj].

5!]:3(175(1 ([To]) j=0

We know that Ty is a subbundle of E\VO; its normal bundle in E‘VO is the
pullback of the R,, which is the locally free part of R'7,f*L. Therefore, the
contribution is

(_1)101(Rq)[2q]'

Here [ = h%(L) is the dimension of the fiber of Vi — Z,; the sign (—1)! is due to
the reason similar to the proof of Proposition 1.1.

Let (7, f) : C — Z; x D be the restrictions of (m, f) to Z,. The degree of R, is
the difference of ¢1(— f*L) and the total degree of the torsion part of R'7, f*L.
By (4.12), the latter at a point in A} C A’ is (4.13) with «; = 2i — 1; thus the
total degree of the torsion part lying over A’ is

(*32]
1 2h +2
4.22 Y - an — 143454+ (2r+1).
(4.22) e (h—2—2r)’ azr =1H3H5 4 (2r])

Here the factor % is from the trivial Zy action. Similarly, the degree of the torsion
part lying over A” is

[45°]

1 2h +2

. . =24 44+6+---+(2r+2).
;2 a2r41 (h—3—2r)’ a2r41 +4+64--- 4 (2r +2)

Hence, by Proposition 1.1, the contribution from 7Tj is as claimed.

For u € A’ N Z, following the proof of Theorem 1.1,

r

- _ I4r41—i (o . (-1 1
Zmu / 1= > (-1 (2i+1) = bor - =~ o
i=0 s ([Tw.,s])

Eq,ﬁq =0

Here, the sign is from Theorem 1.1; (2 4 1) is the multiplicity; 1/2 is from the
trivial Zs action.

By the same reason, for u € A" N Z,,
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Combining the above, the contribution to the localized GW invariant of the
component My of branched double covers is

h—2
. hO(L) . 2h—3 2h + 2 ) Clj — b]
()" B0 22 jzzo (h—Q—j L

Now it is an elementary combinatorial exercise to check that this coincides with
the desired (—1)""()(—2h-2). This completes our proof of Lemma 3.5. O
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