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Abstract: The goal of this work is to study the existence and properties of non
entire curves f : C — X drawn in a complex irreducible n-dimensional variety X,
and more specifically to show that they must satisfy certain global algebraic or
differential equations as soon as X is projective of general type. By means of
holomorphic Morse inequalities and a probabilistic analysis of the cohomology of
jet spaces, we are able to prove a significant step of a generalized version of the
Green-Griffiths-Lang conjecture on the algebraic degeneracy of entire curves.

Résumé. Le but de ce travail est d’étudier l'existence et les propriétés des
courbes entieres f : C — X tracées sur une varété complexe irréductible de
dimension n, et plus précisément de montrer que ces courbes doivent satisfaire a
certaines équations algébriques ou différentielles globales des que X est projective
de type général. Au moyen des inégalités de Morse holomorphes et d’une analyse
probabiliste de la cohomologie des espaces de jets, nous démontrons une premiere
étape significative d’une version généralisée de la conjecture de Green-Griffiths-
Lang sur la dégénerescence algébrique des courbes entieres.
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Mots-clés. Courbure de Chern, inégalité de Morse holomorphe, fibré de jets,
groupe de cohomologie, courbe entiere, dégénérescence algébrique, espace projec-
tif a poids, conjecture de Green-Griffiths-Lang.

0. INTRODUCTION

Let X be a complex n-dimensional manifold ; most of the time we will assume
that X is compact and even projective algebraic. By an “entire curve” we always
mean a non constant holomorphic map defined on the whole complex line C, and
we say that it is algebraically degenerate if its image is contained in a proper
algebraic subvariety of the ambient variety. If u : X — X is a modification and
f: C — X is an entire curve whose image f(C) is not contained in the image
1(E) of the exceptional locus, then f admits a unique lifting f : C — X. For this
reason, the study of the algebraic degeneration of f is a birationally invariant
problem, and singularities do not play an essential role at this stage. We will
therefore assume that X is non singular, possibly after performing a suitable
composition of blow-ups. We are interested more generally in the situation where
the tangent bundle T'x is equipped with a linear subspace V' C Tx, that is, an
irreducible complex analytic subset of the total space of T'x such that

(0.1) all fibers V,, := V NTx, are vector subspaces of T'x ;.

Then the problem is to study entire curves f : C — X which are tangent to V,
i.e. such that f,7c C V. We will refer to a pair (X, V') as being a directed variety
(or directed manifold). A morphism of directed varieties ® : (X,V) — (Y, W) is
a holomorphic map ® : X — Y such that @,V C W ; by the irreducibility, it is
enough to check this condition over the dense open subset X ~ Sing(V') where
V' is actually a subbundle. Here Sing(V') denotes the indeterminacy set of the
associated meromorphic map « : X ---> G,(Tx) to the Grassmannian bbundle of
r-planes in T'x, r = rank V'; we thus have V|x  ging(v) = oS where S — G.(Tx)
is the tautological subbundle of G, (Tx). In that way, we get a category, and we
will be mostly interested in the subcategory whose objects (X, V) are projective
algebraic manifolds equipped with algebraic linear subspaces. Notice that an
entire curve f: C — X tangent to V' is just a morphism f : (C,T¢) — (X, V).

The case where V' = Tx/g is the relative tangent space of some fibration
X — S is of special interest, and so is the case of a foliated variety (this is the
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situation where the sheaf of sections O(V') satisfies the Frobenius integrability
condition [O(V),O(V)] € O(V)); however, it is very useful to allow as well non
integrable linear subspaces V. We refer to V' = T’x as being the absolute case. Our
main target is the following deep conjecture concerning the algebraic degeneracy
of entire curves, which generalizes similar statements made in [GG79] (see also
[Lang86, Lang87]).

(0.2) Generalized Green-Griffiths-Lang conjecture. Let (X, V) be a projective
directed manifold such that the canonical sheaf Ky is big (in the absolute case
V =T, this means that X is a variety of general type, and in the relative case
we will say that (X, V) is of general type). Then there should exist an algebraic
subvariety Y C X such that every non constant entire curve f : C — X tangent
to V is contained in Y.

The precise meaning of Ky and of its bigness will be explained below — our
definition does not coincide with other frequently used definitions and is in our
view better suited to the study of entire curves of (X, V). One says that (X, V)
is Brody-hyperbolic when there are no entire curves tangent to V. According
to (generalized versions of) conjectures of Kobayashi [Kob70, Kob76] the hyper-
bolicity of (X, V) should imply that Ky is big, and even possibly ample, in a
suitable sense. It would then follow from conjecture (0.2) that (X,V) is hy-
perbolic if and only if for every irreducible variety Y C X, the linear subspace
Vy
desingularization and FE' is the exceptional locus.

=15 g Nps v ¢ Ty has a big canonical sheaf whenever p:Y — Y is a

The most striking fact known at this date on the Green-Griffiths-Lang conjec-
ture is a recent result of Diverio, Merker and Rousseau [DMR10] in the absolute
case, confirming the statement when X C IP’%+1 is a generic non singular hyper-
surface of large degree d, with a (non optimal) sufficient lower bound d > o’
Their proof is based in an essential way on a strategy developed by Siu [Siu02,
Siu04], combined with techniques of [Dem95]. Notice that if the Green-Griffiths-
Lang conjecture holds true, a much stronger and probably optimal result would
be true, namely all smooth hypersurfaces of degree d > n+3 would satisfy the ex-
pected algebraic degeneracy statement. Moreover, by results of Clemens [Cle86]
and Voisin [Voi96], a (very) generic hypersurface of degree d > 2n + 1 would in
fact be hyperbolic for every n > 2. Such a generic hyperbolicity statement has
been obtained unconditionally by McQuillan [McQ98, McQ99] when n = 2 and
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d > 35, and by Demailly-El Goul [DEG00] when n = 2 and d > 21. Recently
Diverio-Trapani [DT10] proved the same result when n = 3 and d > 593. By
definition, proving the algebraic degeneracy means finding a non zero polynomial
P on X such that all entire curves f : C — X satisfy P(f) = 0. All known
methods of proof are based on establishing first the existence of certain algebraic
differential equations P(f; f', f”,..., f®)) = 0 of some order k, and then try-
ing to find enough such equations so that they cut out a proper algebraic locus
Y C X.

Let J,V be the space of k-jets of curves f : (C,0) — X tangent to V. One
defines the sheaf O(E,S’T%V*) of jet differentials of order £ and degree m to be
the sheaf of holomorphic functions P(z;&1,. .. &) on JiV which are homogeneous
polynomials of degree m on the fibers of J*V — X with respect to local coordi-
nate derivatives & = fU)(0) (see below in case V has singularities). The degree
m considered here is the weighted degree with respect to the natural C* action
on J*V defined by - f(t) := f(\t), i.e. by reparametrizing the curve with a ho-
mothetic change of variable. Since (X - £)U)(t) = M ) (\t), the weighted action
is given in coordinates by

(03) )"(glag%--'agk) = ()‘gla)\Qé'Qa"'a)\kgk)'

One of the major tool of the theory is the following result due to Green-Griffiths
[GGTI] (see also [Blo26], [Dem95, Dem97], [SY96a, SY96b], [Siu97]).

(0.4) Fundamental vanishing theorem. Let (X, V') be a directed projective vari-
ety and f : (C,Tc) — (X, V) an entire curve tangent to V. Then for every global
section P € H)(X, ESSV* ® O(—A)) where A is an ample divisor of X, one has

P(f;f/7f”7'~-7f(k)):0.

It is expected that the global sections of H?(X, E,?SLV* ®0O(—A)) are precisely
those which ultimately define the algebraic locus Y C X where the curve f should
lie. The problem is then reduced to the question of showing that there are many
non zero sections of H°(X, E,S’T%V* ® O(—A)), and further, understanding what
is their joint base locus. The first part of this program is the main result of the

present paper.
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(0.5) Theorem. Let (X, V') be a directed projective variety such that Ky is big
and let A be an ample divisor. Then for k > 1 and § € Q4 small enough,
§ < c(logk)/k, the number of sections h"(X, E,S’S’LV* ® O(—mdA)) has maxi-
mal growth, i.e. is larger that c;m" ¥ =1 for some m > my,, where ¢, ¢;; > 0,
n=dim X and r = rank V. In particular, entire curves f : (C,1¢) — (X,V)
satisfy (many) algebraic differential equations.

The statement is very elementary to check when r = rank V' = 1, and therefore
when n = dim X = 1. In higher dimensions n > 2, only very partial results
were known at this point, concerning merely the absolute case V = Tx. In
dimension 2, Theorem 0.5 is a consequence of the Riemann-Roch calculation of
Green-Griffiths [GG79], combined with a vanishing theorem due to Bogomolov
[Bog79] — the latter actually only applies to the top cohomology group H", and
things become much more delicate when extimates of intermediate cohomology
groups are needed. In higher dimensions, Diverio [Div09] proved the existence
of sections of H(X, E,?SLV* ® O(—1)) whenever X is a hypersurface of IP’%H
of high degree d > d,, assuming k£ > n and m > m,. More recently, Merker
[Mer10] was able to treat the case of arbitrary hypersurfaces of general type, i.e.
d > n + 3, assuming this time k to be very large. The latter result is obtained
through explicit algebraic calculations of the spaces of sections, and the proof is
computationally very intensive. Bérczi [Ber10] also obtained related results with
a different approach based on residue formulas, assuming d > 2718,

All these approaches are algebraic in nature, and while they use some form of
holomorphic Morse inequalities [Dem85], they only require a very special elemen-
tary algebraic case, namely the lower bound

mn
hO(X, L®™) > — (A" =n A" ! B) — o(m")
n!
for L = O(A — B) with A, B nef (cf. Trapani [Tra95]). Here, our techniques
are based on more elaborate curvature estimates in the spirit of Cowen-Griffiths
[CGT76]. They require the stronger analytic form of holomorphic Morse inequali-
ties.

(0.6) Holomorphic Morse inequalities ([Dem85]). Let (L,h) be a holomorphic
line bundle on a compact complex manifold X, equipped with a smooth
hermitian metric h, and let E be a holomorphic vector bundle. Denote by
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Orn = —5=00log h the curvature form of (L, h) and consider the open set
X(L,h,q) = {x € X; Op x(x) has signature (n — g, q)} (¢ — index set of O, ),

so that there is a partition X = SUUy<,<, X (L, h, q) where S = {det O 5 (x)=0}.
Then, if we put r = rank E/, we have asymptotically as m tends to infinity:

(a) (Weak Morse inequalities)
n

hi(X,E ® L&™) < m'r/ (—1)90} , + o(m™).
n: X (L,h,q)

(b) (Strong Morse inequalities) If X(L,h,< q) = ]_[qu X(L,h,j), then

q n
Z(—l)q_jhj(X,E®L®m) < m-
0

S [ 1l om)
: X (L,h,<q)

j=
(¢) (Lower bound on h°)

n

WX, E® L®™) — hN(X,E® L%™) > " r / 7h— o(m").
ne JX(L,h,<1)

The proof of the above is based on refined spectral estimates for the complex
Laplace-Beltrami operators. Observe that (0.6 ¢) is just the special case of (0.6 b)
when ¢ = 1. It has been recently observed that these inequalities should be
optimal in the sense that the asymptotic cohomology functional ﬁq(X ,L) =
lim sup,,, 4 oo miilho(X, L®™) satisfies

~

0.7 RY(X,L) < inf / —1)10" , .
(0.7 N B

and that conjecturally the inequality should be an equality; it is proved in
[Dem10a], [Deml10b] that this is indeed the case if n < 2 or ¢ = 0, at least
when X is projective algebraic.

Notice that holomorphic Morse inequalities are essentially insensitive to sin-
gularities, as we can pass to non singular models and blow-up X as much as we
want: if p : X — X is a modification then puxO5 = Ox and Rp,Ox is sup-
ported on a codimension 1 analytic subset (even codimension 2 if X is smooth).
It follows by the Leray spectral sequence that the estimates for L on X or for
L= w*L on X differ by negligible terms O(m"™~!). Finally, we can even work
with singular hermitian metrics h which have analytic singularities with positive
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rational coefficients, that is, one can write locally h = e~% where, possibly after
blowing up,

(0.8) o(z) = clogz lgj|> mod C*, with ¢ € Q; and g; holomorphic .
J

Especially, ¢ is smooth on some Zariski open set X \ Z where Z = gj_l(()), and
it has logarithmic poles along Z. Blowing-up the ideal sheaf J = (g;) leads to
divisorial singularities, and then by replacing L with L= w*LO(—FE) where E €
Din()A(: ) is the singularity divisor, we see that holomorphic Morse inequalities
still hold for the sequence of groups HY(X, E @ L®™ ® Z(h®™)) where Z(h®™)
is the multiplier ideal sheaf of h®™ (see Bonavero [Bon93] for more details). In
the case of linear subspaces V' C T'x, we introduce singular hermitian metrics as
follows.

(0.9) Definition. A singular hermitian metric on a linear subspace V. C T is a
metric h on the fibers of V such that the function logh : £ — log ]{\,21 is locally
integrable on the total space of V.

Such a metric can also be viewed as a singular hermitian metric on the tauto-
logical line bundle Op(y)(—1) on the projectivized bundle P(V) =V ~\ {0}/C*,
and therefore its dual metric h* defines a curvature current ©¢, ) (1), of type

(1,1) on P(V) C P(Tx), such that
* U=
P OO0, (1) = %&ﬂog h, where p: V ~ {0} — P(V).

If log h is quasi-plurisubharmonic (or quasi-psh, which means psh modulo addi-
tion of a smooth function) on V', then log h is indeed locally integrable, and we

have moreover
(0.10) @Op(v)(l),h* > —Cw

for some smooth positive (1,1)-form on P(V) and some constant C' > 0 ; con-
versely, if (0.10) holds, then logh is quasi psh.

(0.11) Definition. We will say that a singular hermitian metric h on V' is admis-
sible if h can be written as h = e¥hgy, where hg is a smooth positive definite
hermitian on Tx and ¢ is a quasi-psh weight with analytic singularities on X, as
in (0.9). Then h can be seen as a singular hermitian metric on Op(y)(1), with

the property that it induces a smooth positive definite metric on a Zariski open
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set X' C X ~\ Sing(V'); we will denote by Sing(h) D Sing(V') the complement of
the largest such Zariski open set X’.

If h is an admissible metric, we define Op,(V*) to be the sheaf of germs of

*
| X ~\Sing(h)

by the assumption on the analytic singularities, this is a coherent sheaf (as the

holomorphic sections sections of which are h*-bounded near Sing(h);
direct image of some coherent sheaf on P(V')), and actually, since h* = e”¥h,
it is a subsheaf of the sheaf O(V*) := O, (V*) associated with a smooth pos-
itive definite metric hg on T'x. If r is the generic rank of V' and m a positive
integer, we define similarly K7, to be sheaf of germs of holomorphic sections of

(det &,)@’m = (ATV&,)@”‘ which are det h*-bounded, and Ky} := K77, .

If V is defined by a : X ---> G,(Tx), there always exists a modification p :
X — X such that the composition o p : X - G, (u*Tx) becomes holomorphic,
and then u*V|,~1(x < sing(v)) €xtends as a locally trivial subbundle of p*T’x which
we will simply denote by p*V. If h is an admissible metric on V, then p*V
can be equipped with the metric p*h = e¥°#u*hg where pu*hg is smooth and
positive definite. We may assume that ¢op has divisorial singularities (otherwise
just perform further blow-ups of X to achieve this). We then see that there is
an integer mg such that for all multiples m = pmg the pull-back u*K{}fh is an
invertible sheaf on X , and det h* induces a smooth non singular metric on it
(when h = hg, we can even take my = 1). By definition we always have Ky, =
s (,u*K{}?h) for any m > 0. In the sequel, however, we think of Ky not really as
a coherent sheaf, but rather as the “virtual” Q-line bundle u*(u*K{}fz)l/ mo - and
we say that Ky, is big if h%(X, Ky',) > em™ for m > my, with ¢ > 0, i.e. if the
invertible sheaf p* K ‘T/ng is big in the usual sense.

At this point, it is important to observe that “our” canonical sheaf Ky differs
from the sheaf Ky := i,.O(Ky ) associated with the injection ¢ : X \Sing(V') — X,
which is usually referred to as being the “canonical sheaf”, at least when V' is the
space of tangents to a foliation. In fact, Ky is always an invertible sheaf and there
is an obvious inclusion Ky C Ky. More precisely, the image of O(A"T) — Ky
is equal to Ky ®p, J for a certain coherent ideal J C Ox, and the condition
to have hg-bounded sections on X ~\ Sing(V') precisely means that our sections
are bounded by Const) |g;| in terms of the generators (g;) of Ky ®p, J, i.e.
Ky =Ky ®oy J where 7 is the integral closure of J. More generally,

—m/mg

m _ 1m
Ky, =Ky ®@ox T hmg
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mo

—m
where Jp, 10

Ih,me C Ox, which can itself be assumed to be integrally closed; in our previous

C Ox is the (m/mg)-integral closure of a certain ideal sheaf

discussion, p is chosen so that u*Jp, m, is invertible on X.

The discrepancy already occurs e.g. with the rank 1 linear space V' C Tpn
consisting at each point z # 0 of the tangent to the line (0z) (so that necessarily
Vo =Tpn o). As a sheaf (and not as a linear space), i,O(V') is the invertible sheaf
generated by the vector field £ = )" 2;0/0%; on the affine open set C* C P¢, and
therefore Ky := i, O(V*) is generated over C" by the unique 1-form u such that
u(§) = 1. Since £ vanishes at 0, the generator u is unbounded with respect to
a smooth metric hg on T]pg, and it is easily seen that Ky is the non invertible
sheaf Ky = Ky ® mpz . We can make it invertible by considering the blow-up
p: X — X of X = P¢ at 0, so that p*Ky is isomorphic to p*Ky @ O (—FE)
where F is the exceptional divisor. The integral curves C' of V are of course
lines through 0, and when a standard parametrization is used, their derivatives
do not vanish at 0, while the sections of i,O(V) do — another sign that i, O(V)
and i,O(V*) are the wrong objects to consider. Another standard example is
obtained by taking a generic pencil of elliptic curves AP(z) + uQ(z) = 0 of degree
3 in ]P’(%, and the linear space V consisting of the tangents to the fibers of the
rational map PZ% ---> P{. defined by z — Q(z)/P(z). Then V is given by

0 — i, O(V) — (’)(TP%) PdQ-QdpP

where S = Sing(V') consists of the 9 points {P(z) = 0} N {Q(z) = 0}, and Js
is the corresponding ideal sheaf of S. Since det O(Tpz) = O(3), we see that
Ky = O(3) is ample, which seems to contradict (0.2) since all leaves are elliptic
curves. There is however no such contradiction, because Ky = Ky ® Jg is not
big in our sense (it has degree 0 on all members of the elliptic pencil). A similar

example is obtained with a generic pencil of conics, in which case Ky = O(1)
and card S = 4.

For a given admissible hermitian structure (V, h), we define similarly the sheaf
E,?%V,:‘ to be the sheaf of polynomials defined over X ~ Sing(h) which are
“h-bounded”. This means that when they are viewed as polynomials
P(z;&,...,&) in terms of & = (V}L’Oo)jf(O) where V,ll’oo is the (1,0)-component
of the induced Chern connection on (V, hg), there is a uniform bound

(0.12) PGz &) < O( Sl )"
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near points of X \ X’ (see section 2 for more details on this). Again, by a
direct image argument, one sees that EE%V; is always a coherent sheaf. The
sheaf E,S’S’LV* is defined to be E,?S’LV}Z‘ when h = hg (it is actually independent of
the choice of hg, as follows from arguments similar to those given in section 2).
Notice that this is exactly what is needed to extend the proof of the vanishing
theorem 0.4 to the case of a singular linear space V' ; the value distribution theory
argument can only work when the functions P(f; f/,..., f*))(t) do not exhibit

poles, and this is guaranteed here by the boundedness assumption.

Our strategy can be described as follows. We consider the Green-Griffiths
bundle of k-jets XF¢ = J*V \ {0}/C*, which by (0.3) consists of a fibration in
weighted projective spaces, and its associated tautological sheaf

L= OXEG(I)v

viewed rather as a virtual Q-line bundle OXSG (mo) /™0 with mg = lem(1,2, ..., k).
Then, if 7 : X ISG — X is the natural projection, we have

E,?g = (Wk)*OXSG (m) and Rq(ﬂ'k)*OXEG(m) =0 forg>1.

Hence, by the Leray spectral sequence we get for every invertible sheaf F' on X
the isomorphism

(0.13) HY(X,EfnV* © F) ~ HY(XC, Oxca(m) @ mi F).

The latter group can be evaluated thanks to holomorphic Morse inequalities. In
fact we can associate with any admissible metric h on V' a metric (or rather a
natural family) of metrics on L = OXI?G(l). The space X ,S’G always possesses
quotient singularities if k& > 2 (and even some more if V' is singular), but we
do not really care since Morse inequalities still work in this setting. As we will
see, it is then possible to get nice asymptotic formulas as & — +oo. They
appear to be of a probabilistic nature if we take the components of the k-jet
(i.e. the successive derivatives £ = fU)(0), 1 < j < k) as random variables.
This probabilistic behaviour was somehow already visible in the Riemann-Roch
calculation of [GG79]. In this way, assuming Ky big, we produce a lot of sections
oj = HO(XSC, OXE.G (m) ® i F), corresponding to certain divisors Z; C XJ¢.
The hard problem which is left in order to complete a proof of the generalized
Green-Griffiths-Lang conjecture is to compute the base locus Z = (| Z; and to
show that Y = m,(Z) C X must be a proper algebraic variety. Although we
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cannot address this problem at present, we will indicate a few technical results
and a couple of potential strategies in this direction.

I would like to thank Simone Diverio and Mihai Paun for several stimulat-
ing discussions, and Erwan Rousseau for convincing me to explain better the
peculiarities of the definition of the canonical sheaf employed here.

1. HERMITIAN GEOMETRY OF WEIGHTED PROJECTIVE SPACES

The goal of this section is to introduce natural Kahler metrics on weighted
projective spaces, and to evaluate the corresponding volume forms. Here we put
d® = ;£ (0—9) so that dd® = 5-00. The normalization of the d° operator is chosen
such that we have precisely (dd®log|z|?)" = o for the Monge-Ampere operator
in C™; also, for every holomorphic or meromorphic section ¢ of a hermitian line

bundle (L, h) the Lelong-Poincaré can be formulated
(1.1) dd°log ol = [Zs] — OLp,

where O ;, = ﬁD%,h is the (1,1)-curvature form of L and Z, the zero divisor
of 0. The closed (1,1)-form ©p p is a representative of the first Chern class
c1(L). Given a k-tuple of “weights” a = (ai,...,ax), i.e. of relatively prime
integers as > 0 we introduce the weighted projective space P(ay,...,ax) to be
the quotient of C* ~ {0} by the corresponding weighted C* action:

(1.2) P(ay, ..., a;) = CF~ {0}/C, Az= A"z, .., A\ %2).

As is well known, this defines a toric k& — 1-dimensional algebraic variety with
quotient singularities. On this variety, we introduce the possibly singular (but
almost everywhere smooth and non degenerate) Kéhler form w,, defined by

* 1
(1.3) Tiwap = dd°pap, Pap(z) = —log Z |2, |20/
PGk
where 7, : Ck \ {0} — P(ai,...,ax) is the canonical projection and p > 0 is

a positive constant. It is clear that ¢, , is real analytic on C* \ {0} if p is an
integer and a common multiple of all weights a,. It is at least C? is p is real and
p > max(as), which will be more than sufficient for our purposes (but everything
would still work for any p > 0). The resulting metric is in any case smooth
and positive definite outside of the coordinate hyperplanes zs = 0, and these
hyperplanes will not matter here since they are of capacity zero with respect to
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k—1

a1, ap) Wap » ONE can

all currents (ddp,p)¢. In order to evaluate the volume | P
observe that

k—1 __ *  k—1 c
/ W p —/ ToWa p Ndpap
P(alv-"7akf) zeCk,cpa,p(z):()

2€Ck, pa,p(2)=0

1
(1.4) S / (ddeePear)k,
p ZE(Ck, @aﬁp(z)<0

The first equality comes from the fact that {y,,(2) = 0} is a circle bundle
over P(ay,...,a), by using the identities @, (A - 2) = pap(2) + log|A? and
f| A=t d®log |\|?> = 1. The third equality can be seen by Stokes formula applied
to the (2k — 1)-form

(ddeePpen )it \ deePPor = ePPon (dd°pa )P4 A d°pay

on the pseudoconvex open set {z € C¥; , ,(2) < 0}. Now, we find

(15)  (daerrer)t = (da Y (o) = ] (Efzla ") (daol=2),

S

1<s<k 1<s<k
k
(1.6) / (ddcerearyt = T &= —F—.
2€CF, pa,p(2)<0 12k 08 ai...ag
In fact, (1.5) and (1.6) are clear when p = a1y = ... = ax = 1 (this is just the
standard calculation of the volume of the unit ball in C¥); the general case follows
by substituting formally z; +— zg'/ “ and using rotational invariance along with

the observation that the arguments of the complex numbers zg/ “* now run in the

interval [0, 27mp/as[ instead of [0, 27[ (say). As a consequence of (1.4) and (1.6),
we obtain the well known value

1
(1.7) / S S
P(a1,...,ar) P ai...ag

for the volume. Notice that this is independent of p (as it is obvious by Stokes
theorem, since the cohomology class of wg; does not depend on p). When p tends
to 400, we have @, ,(2) > Ya.00(2) = logmax; <<y |25|%/* and the volume form
wlj;,l converges to a rotationally invariant measure supported by the image of the
polycircle [[{|zs] = 1} in P(ay,...,az). This is so because not all |z,|%/% are
equal outside of the image of the polycircle, thus ¢, (2) locally depends only

on k — 1 complex variables, and so wsgé = 0 there by log homogeneity.



Holomorphic Morse Inequalities and The Green-Griffiths-Lang... 1177

Our later calculations will require a slightly more general setting. Instead of
looking at C*, we consider the weighted C* action defined by

(1.8) Crl=cCrmx...xC™,  Xz=0M\%z,...,A%z).
Here z4 € C™ for some k-tuple r = (r1,...,7) and |r| = r1 + ...+ rg. This gives
rise to a weighted projective space
P(a[lrl], . 7agk}) = P(ay,...,a1,...,0k,...,ax),
(1.9) Tar : C X x €~ {0} — P(al™, .. o™

obtained by repeating rg times each weight as. On this space, we introduce the
degenerate Kéhler metric w, ., such that

* 1
(1.10) TorWarp = dd°Oarp, Parp(2) = —log Z |22/
P Sk

2)1/2 on Cs.

This metric is cohomologous to the corresponding “polydisc-like” metric wq

where |2,| stands now for the standard hermitian norm (3, <<, |25,

already defined, and therefore Stokes theorem implies

1
1.11 Wil = ——.
(1.11) /P(a[lmw_’ag:k]) arP T g ak
Since (dd°log |zs|?)™ = 0 on C™ . {0} by homogeneity, we conclude as before
that the weak limit lim, 4 w(‘ﬂafpl = wl{j'{oﬁ associated with
(1.12) Pa,r00(2) = log fgggxk ’ZS|2/QS

is a measure supported by the image of the product of unit spheres [] $?"s~! in
P(a[lrl], . ,agk]), which is invariant under the action of U(ry) x ... x U(rg) on
C™ x...x C" and thus coincides with the hermitian area measure up to a con-
stant determined by condition (1.11). In fact, outside of the product of spheres,
$a,r00 locally depends only on at most k — 1 factors and thus, for dimension rea-
sons, the top power (ddcgpw,oo)""'*l must be zero there. In the next section, the
following change of variable formula will be needed. For simplicity of exposition
we restrict ourselves to continuous functions, but a standard density argument
would easily extend the formula to all functions that are Lebesgue integrable with
respect to the volume form w(‘lfl«,_pl.

(1.13) Proposition. Let f(z) be a bounded function on P(a[lm, . ,a,[:’“]) which
is continuous outside of the hyperplane sections zs = 0. We also view f as a
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C*-invariant continuous function on [[(C"s \ {0}). Then

t/ o f@ i
Pal. i)
rs—1

(|T| — 1) (xClbl/qul7...,$Zk/2puk) H (1’7

dx dp(u)
H as /gcu €A _1 X[ 8%rs—1 1<s<k 8_1)

where Ay_1 is the (k — 1)-simplex {xs > 0, Y x5 = 1}, do = dxy A ... Ndxg_
its standard measure, and where du(u) = dui(uy)...dug(ug) is the rotation
invariant probability measure on the product [], S2rs=1 of unit spheres in

C" x ... x C". As a consequence

1
lim Il = ().
e palrtl_alrH) f(2)warp [Tar Jpses f(u) dp(u)

Proof. The area formula of the disc f N <1ddC]A|2 =1 and a consideration of the
[r1] [rx]

unit disc bundle over P(ay ", ..., a;. ") imply that
= / OIS / F(2) (ddpa )17t A ddCeers.
Play ™, a0 ™) 2€CI™ pa rp(2)<0

Now, a straightforward calculation on CI"l gives

(ddcefwa”’p)m _ (ddc Z |ZS|2p/as)|T\

1<s<k

_ H (a£>r5+1|ZS|2rS(p/asfl)(ddc’2‘2)|r\'

1<s<k °

On the other hand, we have (dd®|z|?)I"l = _rlt [1i<s<i(dd® |z5|%)"s and

rilrg!

Ir|

(ddcep‘;oa,'r,lﬂ)h”' — (p epﬁollﬂ“vp (ddcsoa’np + P dgpaﬂ"p A dcgpa’np))
= |r‘p\r|+1€(lr\p*1)sﬁa,r,p (ddc%mp)\rlfl A ddCefare,

thanks to the homogeneity relation (ddccpa,m)| "l = 0. Putting everything to-
gether, we find

L= [ AEST iy
S R P s S P LS [ T PR PR N
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A standard calculation in polar coordinates with z, = psus, us € S2771, yields

(ddc‘ZS‘z)Ts Ps
- = dps(ug
PAER o frs(ts)

where 15 is the U(rs)-invariant probability measure on S?"s~!. Therefore

2 2}77‘3/0,5 dps

Ip _ / (|T“ —( 1)' k_lf(plul, - ,pkuk) H Ps d,us(us)
®a,r,p(2)

)
S 1csey PV II=1p (rs — 1)' ay ™
_ 2 2 -
_ / (7] = DU F 5 PPun, o 88 %Py o #7=Ldt dprg (us)
us€82rs =13 ¢,<1 (Z1gsgk ts)lrl—l/p ; (rs — Dlag
by putting tg = |z,|%/% = pip/ ie. ps ¢4/ , ts €1]0,1]. We use still another
change of variable t5 = txs with t = Zl<s<k ts and xzs €10,1], Yoot = 1.

Then
dty AL Adt, = tF da dt where de =dz1 A ... ANdxp_q.

The C* invariance of f shows that

a a a:’s"s_ld s(ug) dxdt
Ip:/ B L R I L Y I1 ( s

ws S2rs—1 _ ' Ts 1—1/1)
z:ﬂﬁsil,te]o,l] 1<s<k Ts 1) Qs pt
—1
_ as/2p,, ak/2p zy " dps(us)
e I §
Sas=1 1<s<k
This is equivalent to the formula given in Proposition 1.13. We have xzas/ P 1las

p — 400, and by Lebesgue’s bounded convergence theorem and Fubini’s formula,
we get

rs—1

rw IJ ﬁdm dpa(u).

1<s<k

rl—1
i1, — U=
p—Foo [ a5 J@wen, x5z
It can be checked by elementary integrations by parts and induction on k,
71, ..., 'y that

1
(1.14) / e ey . deg = ————— (rs —1)! .
N 11<5H<k (Ir[ = 1)! 1

T 1<s<k

5 1

This implies that (7| — )![[;<<p, (T “—fy1 do is a probability measure on Ag_1
and that

1
lim I, =
p—+00 P Hs as® ue]] §2rs—1

f(u) dp(w).
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Even without an explicit check, the evaluation (1.14) also follows from the fact
that we must have equality for f(z) = 1 in the latter equality, if we take into
account the volume formula (1.11). a

2. PROBABILISTIC ESTIMATE OF THE CURVATURE OF k-JET BUNDLES

Let (X, V) be a compact complex directed non singular variety. To avoid any
technical difficulty at this point, we first assume that V' is a holomorphic vector
subbundle of Tk, equipped with a smooth hermitian metric h.

According to the notation already specified in the introduction, we denote by
J*V the bundle of k-jets of holomorphic curves f : (C,0) — X tangent to V
at each point. Let us set n = dim¢ X and r = ranke V. Then J*V — X is
an algebraic fiber bundle with typical fiber C"* (see below). It has a canonical
C*-action defined by A- f : (C,0) — X, (A- f)(t) = f(At). Fix a point zp in X
and a local holomorphic coordinate system (z1, ..., z,) centered at zy such that
Vz, is the vector subspace (0/0z1,...,0/0z) at xy. Then, in a neighborhood U
of xg, V admits a holomorphic frame of the form

0 0
(2.1) —+ > anp(2)5—, 1< B <raq5(0) = 0.

0z izacn 0z,
Let f(t) = (f1(t),..., fn(t)) be a k-jet of curve tangent to V starting from a
point f(0) = x € U. Such a curve is entirely determined by its initial point
and by the projection f(t) := (fi(t),..., fr(t)) to the first r-components, since
the condition f/(t) € V() implies that the other components must satisfy the
ordinary differential equation

FaB) = D aap(f(0))f5(0).

1<p<r

This implies that the k-jet of f is entirely determined by the initial point x and
the Taylor expansion

(2.2) ) =T =&t + Et? + ..+ &tF + O

where & = (£sa)1<a<r € C". The C* action (A, f) — A - f is then expressed in
coordinates by the weighted action

(2.3) A (6,8, &) = (LN 26, .. M)
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associated with the weight a = (1[7"], ol ., k:[’"]). The quotient projectived k-jet
bundle
(2.4) X5C .= (JFV {0} /C*

considered by Green and Griffiths [GG79] is therefore in a natural way a
P(lm,Q[T], .. .,k:[’"]) weighted projective bundle over X. As such, it possesses
a canonical sheaf OXIS}G (1) such that O X (m) is invertible when m is a multiple
of lem(1,2,...,k). Under the natural projection 7y, : X,?G — X, the direct image
(7)) O XGG (m) coincides with the sheaf of sections of the bundle EE%V* of jet
differentials of order k and degree m, namely polynomials

(2.5) P(z;&,.. &)= D Gopa(2) 0. G

apeNT 1<U<k

of weighted degree |aq |+ 2|az| + ... + k|ag| = m on J¥V with holomorphic coef-
ficients. The jet differentials operate on germs of curves as differential operators

(2.6) P(f)(t) = aar.ap (F(1) S/ ... fB ()

In the sequel, we do not make any further use of coordinate frames as (2.1),

because they need not be related in any way to the hermitian metric h of V.

Instead, we choose a local holomorphic coordinate frame (e, (2))i1<a<r of V on a

neighborhood U of zq, such that

(2.7) (ea(2), €s(2)) = dap + > cijag2iZj + O(|2I°)
1<i,j<n,1<a,8<r

for suitable complex coefficients (cjjog). It is a standard fact that such a nor-

malized coordinate system always exists, and that the Chern curvature tensor

ﬁD\%, p of (V,h) at g is then given by

(2.8) Oy n(xo) = —% Z Cijag dzi N dZ; ® e}, ® eg.
i,j,a,3

Also, instead of defining the vectors £ € C" as in (2.2), we consider a local
holomorphic connection V on V|i; (e.g. the one which turns (eq) into a parallel
frame), and take & = V¥ f(0) € V, defined inductively by V! f = f' and V*f =
\Y% f/(VS*1 f). This is just another way of parametrizing the fibers of J*V over U
by the vector bundle V‘@ Notice that this is highly dependent on V (the bundle
JFV actually does not carry a vector bundle or even affine bundle structure);
however, the expression of the weighted action (2.3) is unchanged in this new

setting. Now, we fix a finite open covering (Uy)aecr of X by open coordinate
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charts such that V|y, is trivial, along with holomorphic connections V, on Vi, .
Let 0, be a partition of unity of X subordinate to the covering (U,). Let us fix
p > 0 and small parameters 1 = €1 > €2 > ... > ¢, > 0. Then we define a
global weighted exhaustion on J*V by putting for any k-jet f € J*V

2 1/p
(2.9) Vo) i= (3 al) 3o ZIVELO))
acl 1<s<k
where || [|,(z) is the hermitian metric h of V' evaluated on the fiber V., z = f(0).
The function Wy, . satisfies the fundamental homogeneity property

(2.10) UppeA - ) = Uy (f) AP

with respect to the C* action on J*V, in other words, it induces a hermitian
metric on the dual L* of the tautological Q-line bundle Ly = OXSG (1) over XkGG.
The curvature of Ly is given by

(2.11) WZ@Lk’\p;p’E = dd° log ‘IJ}M)’&

where 1, @ JFV ~ {0} — XEG is the canonical projection. Our next goal is
to compute precisely the curvature and to apply holomorphic Morse inequalities
toL - X ISG with the above metric. It might look a priori like an untractable
problem, since the definition of Wy, . is a rather unnatural one. However, the
“miracle” is that the asymptotic behavior of ¥y, . as e,/es_1 — 0 is in some
sense uniquely defined and very natural. It will lead to a computable asymptotic
formula, which is moreover simple enough to produce useful results.

(2.12) Lemma. On each coordinate chart U equipped with a holomorphic con-
nection V of V|y;, let us define the components of a k-jet f € JFV by &, = V5 £(0),

and consider the rescaling transformation

pe(&1, &2y, &) = (11,6360, ... k&) on TPV, 2 € U,

(it commutes with the C*-action but is otherwise unrelated and not canonically
defined over X as it depends on the choice of V). Then, if p is a multiple
of lem(1,2,...,k) and e5/es—1 — 0 for all s = 2,...,k, the rescaled function
Uy, pe © p=1 (€1, ..., &) converges towards

1/p
( 3 ussuip/s)
1<s<k

on every compact subset of J kV|U \ {0}, uniformly in C* topology.
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Proof. Let U C X be an open set on which V|y; is trivial and equipped with
some holomorphic connection V. Let us pick another holomorphic connection
V =V +T where I' € HO(U, Q% ® Hom(V, V). Then V2f = V2f +T(f)(f")- f,
and inductively we get

Vef=Vof+P(f; Vif,...,V7Lf)

where P(x; &1,...,&—1) is a polynomial with holomorphic coefficients in z € U
which is of weighted homogeneous degree s in (&1,...,&s—1). In other words,
the corresponding change in the parametrization of JkWU is given by a C*-
homogeneous transformation

Es =&+ Po(x; &1, Ea1)

Let us introduce the corresponding rescaled components

(51,55 LI 7£]€,6) = (5%617 L) 75£§k)) (gl,au L) 75’4:,8) = (g%glh e 75£gk)'
Then

> _ —(s—1
fs,s = fs,e + 5? Ps(-TS &1 151,57 ceey 55_(51 )gs—l,e)

= &se + Oles/ea-1)" Olércll + .-+ llEsmrc V71

and the error terms are thus polynomials of fixed degree with arbitrarily small
coefficients as 5/e,_1 — 0. Now, the definition of ¥, , . consists of glueing the

ST eIl = > lgke

1<s<k 1<s<k

sums

2p/s
h

corresponding to & = V2 f(0) by means of the partition of unity > 0,(x) = 1.
We see that by using the rescaled variables ;. the changes occurring when replac-
ing a connection V, by an alternative one Vg are arbitrary small in C* topology,
with error terms uniformly controlled in terms of the ratios €5/e5-1 on all com-
pact subsets of V¥~ {0}. This shows that in C* topology, Uppeopz (&, &)
converges uniformly towards (3 ;..<p HékHip / *)I/P whatever is the trivializing
open set U and the holomorphic connection V used to evaluate the components

and perform the rescaling. O

Now, we fix a point zp € X and a local holomorphic frame (eq(2))i<a<r
satisfying (2.7) on a neighborhood U of xy. We introduce the rescaled components
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& =¢e3Vef(0) on JkWU and compute the curvature of

Ve 0 (25 €1, e ) ( 3 ||§s||2p/8)

1<s<k

(by Lemma 2.12, the errors can be taken arbitrary small in C* topology). We
write & = Zlgagr €sata- By (2.7) we have

I€s117 = Z |sal® + Z Cijaﬁzizjésagsﬁ +O(J2*[¢%).

1,3,0,03

The question is to evaluate the curvature of the weighted metric defined by

veia8) = (3 H@WS)

1<s<k
_ /s 1/p
= ( Z (Z’fsa|2+z cijaﬁzifjﬁsaﬁsg)p > +0(|2]?).
1<s<k « i,3,0,0

We set |12 =3, [€sal?. A straightforward calculation yields

logW(z; &1,...,8) =

s 1 ‘55‘22)/5 gsaésﬁ
flog Z |£ |2p/ + Z W Z UaﬁZzZJ ‘f ‘2 O(|Z‘3)

1<s<k 1<s<k 5,0,

By (2.11), the curvature form of Lj = OXSG(l) is given at the central point xg
by the following formula.

(2.13) Proposition. With the above choice of coordinates and with respect to
the rescaled components £ = £5V°f(0) at xg € X, we have the approximate

expression

) 1 g%/ Esals _
®Lk"ll;;,p,5 (1’07 [f]) >~ wa,r,p(f) + — Z ‘ ‘ Z ”aﬁleﬁ dZi A\ de

2p/t
27T 1<s<k SZt |§t‘ P/ 1,50,

where the error terms are O(maxao<s<(€s/€s—1)°) uniformly on the compact va-
riety XJG. Here wq,p is the (degenerate) Kéhler metric associated with the
weight a = (1[”}, olrl ... ,km) of the canonical C* action on J*V .

Thanks to the uniform approximation, we can (and will) neglect the error
terms in the calculations below. Since wq ), is positive definite on the fibers of
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XZ% — X (at least outside of the axes & = 0), the index of the (1,1) curvature
form O, w; _(#,[€]) is equal to the index of the (1,1)-form

j 1 ||/ sals
(2.14) (2, €) :zzi > L™ > cijap(2) ) Suabos . i A dZ;

o<k ® > l&lt irj,0,8 &/°

depending only on the differentials (dz;)i<j<n on X. The g-index integral of

(Ly, ¥}, ) on X is therefore equal to

@n+kr71 o
GG L5 pe
Xk (Lk Q) .

(n+kr—1)! / / k=1
= 1 z, 2, )"
n| kr—1)! vex Jeep(l,. i) Wa,r.p (&) ’Yk#]( E)(z,6)

where 1, 4(2,€) is the characteristic function of the open set of points where
vk (2, €) has signature (n—gq, ¢) in terms of the dz;’s. Notice that since y;(z,£)" is a
determinant, the product 1, (z,&)vk(z,&)™ gives rise to a continuous function
on XEG. Formula 1.13 with vy = ... = rp = r and a5 = s yields the slightly more
explicit integral

@nJrkrfl _ (TZ + kr — 1)' «
GG LW pe nl(kl)r
Xy (Ly,q) i AT
(ZU T )r—l

/ / Ly, q(z, 2, u)gk (2, 2, u)" 1_— dz dp(u),
zeX J(zu)eAp_1x(S2r—1)k (7" 1)

where gi(z,z,u) = fyk(z,:rlﬂpul, . .,xiﬂpu ) is given by
(2.15) gk (z,x,u) = % fxs Z Cijap(2) Usallsg dz; N dZ;
1<s<k 3,5,0,3

and 1, 4(2,x,u) is the characteristic function of its g-index set. Here

r—1

(2.16) dvgp(z) = (kr — 1)! w da

is a probability measure on Ap_1, and we can rewrite
/ @ntkr—1 _ (n+ kr —1)! .
XLy Ve~ nl(RY)7 (k= 1)

(2.17) / / 1y, (2,2, w) gk (2, z,u)" dvg () dp(u).
2€X J(zu)EAL_1 X (S2r—1)k

Now, formula (2.15) shows that gx(z,z,u) is a “Monte Carlo” evaluation of

the curvature tensor, obtained by averaging the curvature at random points
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us € S*~! with certain positive weights z5/s; we should then think of the
k-jet f as some sort of random parameter such that the derivatives V*f(0) are
uniformly distributed in all directions. Let us compute the expected value of
(x,u) — gi(z, z,u) with respect to the probability measure dvy ,(z) dp(u). Since
fSQT_l UsaUspdpt(us) = %(5,1/3 and fAk—l zs dvg () = %, we find

1 1 1
E(gk(z,o,o)) = H Z g . g Z cijaa(z) dz; N d?j.

1<s<k i,
In other words, we get the normalized trace of the curvature, i.e.
1 1 1
(218) E(gk(27 e, ')) = H(l + 5 +..+ %)®det(\/*),deth*7
where O gep(v+) det p+ 18 the (1,1)-curvature form of det(V*) with the metric in-
duced by h. It is natural to guess that gx(z,z,u) behaves asymptotically as its
expected value E(gk(z,e,¢)) when k tends to infinity. If we replace brutally g
by its expected value in (2.17), we get the integral
(n+kr—1)! 1 ( 1 1 n/
1+=+... f) 1, 1",
W)y (r — D Gy T T ) el

where 7 := Ogeq(v+) det i+ and 1, is the characteristic function of its g-index

set in X. The leading constant is equivalent to (logk)™/n!(k!)" modulo a mul-
tiplicative factor 1 + O(1/logk). By working out a more precise analysis of the
deviation, we will prove the following result.

(2.19) Probabilistic estimate. Fix smooth hermitian metrics h on V and w =
% Y wijdz; ANdzZ; on X. Denote by Oy = —% Y- Cijapdz N dZj ® e}, @ eg the
curvature tensor of V' with respect to an h-orthonormal frame (e,), and put
1 _
1(2) = Oder(ve) des i = 5 . mydzAdz, M= Y Cijaas
1<i,j<n 1<a<r

Finally consider the k-jet line bundle L = OXIS;G(1> — XEG equipped with the
induced metric ¥  _ (as defined above, with 1 = &1 > 2 > ... > ¢ > 0).
When k tends to infinity, the integral of the top power of the curvature of Lj on
its g-index set X,SG(Lk, q) is given by

_ log k)™ B
oyl =" (/Il 0"+ O((log k 1>
/‘;(I?G(Lkvq) Ly, V5 e n! (k!)'r‘ X 7,9 (( ) )

for all g =0,1,...,n, and the error term O((logk)™!) can be bounded explicitly

in terms of ©y, n and w. Moreover, the left hand side is identically zero for ¢ > n.
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The final statement follows from the observation that the curvature of Ly is
positive along the fibers of X EG — X, by the plurisubharmonicity of the weight
(this is true even when the partition of unity terms are taken into account, since
they depend only on the base); therefore the g-index sets are empty for ¢ > n.
We start with three elementary lemmas.

(2.20) Lemma. The integral

T n
L = / ( > ) dvy - ()
Mg N gy °

is given by the expansion

) 1 (kr — ! Tlicicp(r =1+ 5@.)!.

I =
(&) Tirin 8182 ...8, (r—1)Ik (kr +n —1)!

1<51,825..,8n <k

where 3; = (;(s) = card{j; s; =i}, > i =n, 1 <i < k. The quotient

(1+%+...+%)n

,’,,TL

I
k’r’n/k:r(kr +1)...(kr+n—-1)
is bounded below by 1 and bounded above by

n

1 2" 1 "
b) 1+ = — 1+ =+... + = =1 log k)2
(b) +3mZ:2(n_m)!( +5+ +k) + O((log k)~?)
As a consequence

© Thn= (L g+ 4 )"+ Ot00gRy )

(logk + )™ + O((log k)" 2)
kn

where 7y is the Euler-Mascheroni constant.

Proof. Let us expand the n-th power (Zl<s<k %)n This gives
1
Ik:,'r,n = Z ﬁ / l"fl N xfk de,r(l')
1<51,82,...,5n <k 192 ---9n JA,L 4

and by definition of the measure v, we have

kr —1)! _ G —
/ x’fle’“ dl/kﬂn(l‘):(r‘)k/ x§+61 1...xk+5’“ Ydzy ... day.
Ak—l (T - 1) Ak—l



1188 Jean-Pierre Demailly

By Formula (1.14), we find

- ! <+ B —1)!
/ xfl e x}f’“ dl/kﬂ’(x) = (kr l)k nglgk( ﬁ | )
Aj—1 (r—1)! (kr +mn—1)!
_ ' Hi,ﬁizl(l + %)(1 + %) I+ @)
B kr(kr+1)...(kr+n—1) ’
and (2.20a) follows from the first equality. The final product is minimal when
r =1, thus

,r.TL

B1 Bk
< dvy ,
kr(kr+1)...(kr+n—1) — /Ak-lzm xph dvg ()

< " H1§¢§k Bi!
“kr(kr+1)...(kr+n—-1)

Also, the integral is maximal when all §; vanish except one, in which case one

(2.21)

gets
. _or(r+1).. (r+n—1)
(2.22) /Akl 7 W @) = e T ) (k1)

By (2.21), we find the lower and upper bounds

r’ 1 1\n
2.23 Ii oy > 1+4=-+...4+-) ,
( ) ks kr(kr+1)...(l€r+n—1)( +2+ +k>
" Bl B! 5k
2.24 Torn <
(224) B, kr(kr+1)...(kr +n—1) Z S1...8n

1<81,0y8n <k
In order to make the upper bound more explicit, we reorganize the n-tuple
(s1,-..,8n) into those indices t; < ... < t;, which appear a certain number of
times a; = (B, > 2, and those, say t;41 < ... < ty4m, which appear only once.
We have of course > 3; = n — m, and each choice of the t;’s corresponds to
n!/aq!. .. ayp! possibilities for the n-tuple (si,...,sy,). Therefore we get

Y ey oy ztm :

t et .t '
1<s1,...,5n<k m=0 £, Sa;=n—m (&) l+1 - {+m

A trivial comparison series vs. integral yields

1 1 1
Y. &<
to — a—1s0-1

s<t<+o00

and in this way, using successive integrations in ty, ty_1, ..., we get inductively

1 1 1
S . S TR
1<t1<.Z<:t(g<+oo t(fl .. .t?e ngigg(af—i—i—l +...+ap— Z) VAl
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since a; > 2 implies ay_j41 + ...+ ag —i > 4. On the other hand
1<toss <ratpy sk AL Letm mh S St sm T oml

Since partitions oy + . ..+ ay = n —m satisfying the additional restriction «; > 2

correspond to o = a; — 2 satisfying o, = n —m — 2¢, their number is equal to

n—m=20+0—1\ (n-—m-{-1 < gn-m—t-1
(-1 (-1 -

and we infer from this

Pul. Be! _ on—m—t=1p| 1 n\" 1 1\"
I I T I+=4.. .+
2 s s, < 2 T totety) Uy
1<s1,...,n<k 2££72n1<n

where the last term corresponds to the special case £ = 0, m = n. Therefore

-2 _ m n

ﬁl el/2 — 1 &= 2nmp) 1 1 1 1

I+—+... .+~ I+—+... .+~

2 5 2 (Mt ) Hate
1<s;<k m=0

1~ 2™nl 1 """ 1 1\"
< - — | I+ + I+=—+... 4+ .
_37;2(n_m>!<+2+ +k> +<+2+ +k>
This estimate combined with (2.23, 2.24) implies the upper bound (2.20b) (the

lower bound 1 being now obvious). The asymptotic estimate (2.20c¢) follows
immediately. O

(2.25) Lemma. If A is a hermitian n x n matrix, set 144 to be equal to 1 if A
has signature (n — q,q) and 0 otherwise. Then for all n X n hermitian matrices
A, B we have the estimate
[lagdet A—Tpgdet B < [[A=B| Y [A"|B|"",
0<i<n—1

where ||A||, || B|| are the hermitian operator norms of the matrices.

Proof. We first check that the estimate holds true for |det A — det B|. Let A; <
. < X\p be the eigenvalues of A and N < ... < A be the eigenvalues of
B. We have |\;| < || 4], |N| < ||B|| and the minimax principle implies that
|X\i = X;| < ||A— BJ|. We then get the desired estimate by writing
det A—det B=\;...\, — = > A — M)Ng A

1<i<n
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This already implies (2.25) if A or B is degenerate. If A and B are non degenerate
we only have to prove the result when one of them (say A) has signature (n—gq, q)
and the other one (say B) has a different signature. If we put M (t) = (1—t)A+tB,
the already established estimate for the determinant yields
| det M(1)| < nll 4~ B M) < nll A~ BI((1~ DAl +H]B])""

However, since the signature of M () is not the same for ¢ = 0 and ¢ = 1, there
must exist ¢y € ]0, 1] such that (1 —¢9)A + toB is degenerate. Our claim follows
by integrating the differential estimate on the smallest such interval [0, ¢¢], after
observing that M (0) = A, det M (t9) = 0, and that the integral of the right hand
side on [0, 1] is the announced bound. ad

(2.26) Lemma. Let Q4 be the hermitian quadratic form associated with the
hermitian operator A on C". If y is the rotation invariant probability measure

on the unit sphere S*"~1 of C" and ); are the eigenvalues of A, we have

[ 10s@P) = ot (S (),

The norm || A|| = max |)\;| satisfies the estimate

1
— ||A|”? %d Al
AP < [ 10aOran©) < 141

Proof. The first identity as an easy calculation, and the inequalities follow by
computing the eigenvalues of the quadratic form Y A? + (> )\i)z - c)\?o, c>0.

The lower bound is attained e.g. for Qa(¢) = [¢1* — L (|G + ... + |¢a]?) when
Wetakeiozlandc:l—i—%. |

Proof of Proposition 2.19. Take a vector ( € T, ( = ZQ‘%, with ||{]|, = 1,
and introduce the trace free sesquilinear quadratic form

- - - 1
Qoc(u) = Y Gijap(2) GG ualls,  Cijas = Cijas — “Mijdap, u€C
i7j7a76
where 7;; = > <,<, Cijaa- We consider the corresponding trace free curvature

tensor

~ 7 . . %
(2.27) Oy = o Z Cijapgdzi NdZ; @ e, @ eg.
i’j’a7ﬁ
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As a general matter of notation, we adopt here the convention that the cano-
nical correspondence between hermitian forms and (1, 1)-forms is normalized as
Yo aiidz; ® dzj < ﬁ > aijdz; A dzj, and we take the liberty of using the same
symbols for both types of objects; we do so especially for gi(z,z,u) and n(z) =
5= S nij(2)dzi AdzZ; = Tr Oy (z). First observe that for all k-tuples of unit vectors

u=(ug,...,ux) € (ST V¥ uy = (usa)1<a<r, we have
1 — 2 x2
/ Z gxs Z Eijaﬂ(z) <i<jusaﬂs,8 dp(u) = Z ?;V(QZ,C)
A A AT 1<s<k

where V(Q.) is the variance of Q,¢ on S* 1. This is so because we have
a sum over s of independent random variables on (S?"~1)* all of which have
zero mean value. (Lemma 2.26 shows that the variance V(Q) of a trace free
hermitian quadratic form Q(u) = Y ;.,<, Aalta|? on the unit sphere S?" ! is
equal to T(T%H) e th

(2.22) yields

" A2 | but we only give the formula to fix the ideas). Formula

9 r+1
rodvg (T) = 77—
. ) =

Therefore, according to notation (2.15), we obtain the partial variance formula

/ 022 2,0) (€) = G2, ) () P () ()
Ap_q x(S2r—1)k

_(r+1) 1 ~
= m < 1§Sk SQ) Uh(@V(Q C))2
in which

A0 = 0 ot Yot = (X ) 1))

1<s<k ijo 1<s<k
718y (€. = V(= Br(¢ Oua)n) = [ oo 1@V O,
we§2r—1

By integrating over ¢ € S?»~! C C" and applying the left hand inequality in
Lemma 2.26 we infer

/A (S2 1)k Hgk(zawau) _gk(z,m)||idyk7r(x)dﬂ(u)
k—1X T

n?(r+1 1 ~
w23 )

1<s<k
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where O'U_,’h(év) is the standard deviation of (:)V on §2n—1 x §2r—1.

ouon(@y)? = /K| o 1@ i Pan© )

On the other hand, brutal estimates give the hermitian operator norm estimates

(229) et < (3 2a) Tl

:
1<s<k
1
(2.30) lontrzllo < (3 5o )I0vln
1<s<k
where
[Ovilwr = sup  [(Ov (¢ Qu,u)n|.
I€lw=1, |u|p=1

We use these estimates to evaluate the g-index integrals. The integral associated
with g, (z, ) is much easier to deal with than gx(z,z,u) since the characteristic
function of the g-index set depends only on z. By Lemma 2.25 we find

‘]lgk,lI(zv xz, u) det gk(z’ Zz, u) - ]177,!1(2) det ﬁk(z, x)‘

S AR AC | M DR CACEDI A CACE
0<i<n—1

The Cauchy-Schwarz inequality combined with (2.28 — 2.30) implies

/ (g gz, ) det ge(z, 2, 0) — Ly (2) det Gy (2, 2)| dv s (2)dp(u)
Aj_q x(S2r—1)k
y 1/2
= ( / 9k (2,2, w) —gk(z,m>\\wduk,r(x)dﬂ<u)> «
Aoy x(S2r—1)k

; A\ 2 1/2
</A (s )k< Z ”gk(z’x’“)‘ZJHQk(ZaJ?)HZ1l) de,r(x)dM(u)>
k—1X 2r—1

0<i<n—1

n(l+1/r)l/2 1\ - n—1-i
= ik + /)7 <1£k2> 7aa®0) 30 1071l (G InCI)

« (/Ak ( 3 ?>2n_2dym(x))m :O<W)

1<s<k

by Lemma 2.20 with n replaced by 2n—2. This is the essential error estimate. As
one can see, the growth of the error mainly depends on the final integral factor,
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since the initial multiplicative factor is uniformly bounded over X. In order to
get the principal term, we compute

1 s\
/ det G, (z, z) dvg . (z) = ndetn(z)/ ( Z L ) dvy ()
Apq r Ap1 Nqeg S
log k)™
~ (:fk") det n(z).

From there we conclude that

/X/( YEA (52r-1)k 1, o(z, 2, u)gk(2, z,w)" dvg () dp(u)
z€ T,u)EAL_1X r—

_ (log k)™ n (log k)"~1
= g /Xﬂ""m +0( o )

The probabilistic estimate 2.19 follows by (2.17). O

(2.31) Remark. If we take care of the precise bounds obtained above, the proof
gives in fact the explicit estimate

- +kr—1)! I,
@TL—{-ICT'* 1 = (n ,rn / ]1 n ) nJ
ASG(Lk7q) Llcy\I/h,p,s n'(k‘)’f‘(kr _ 1)[ X n,q77 + 6](;7 ,

where
k 1 1/2 = 4 '
J=n<1+1/r>”2(282) [ 7a®0) SOyl
s=1 i=1
and
kop 22 1/2
(. (£2)" w0
Ag—1 \ g S
|€k,r7n <

ey [ (302 (o
+

1 \2n—2 2™ (2n—2)! 1
< (1 T3 2 =2 (2n—2—m)! (1 T3

- 1+i4+... 41 log k

by the lower and upper bounds of Iy, , I 2,—2 obtained in Lemma 2.20. As
(2n —2)!/(2n — 2 —m)! < (2n — 2)™, one easily shows that

(31/15)1/2

2.32 ral <
( ) |€]€, ,’Vl‘ — 1ng

for k > 70,
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Also, we see that the error terms vanish if év is identically zero, but this is of
course a rather unexpected circumstance. In general, since the form év is trace
free, Lemma 2.23 applied to the quadratic form u — (©y (¢, ¢)u, u) on C” implies
0wn(©v) < (r+1)7Y2||8y ||, This yields the simpler bound

k

(2.33) J < nr1/2<z
s=1

1
52

1/2 _ n—1 A ) A
) /X||@v|!w,hZ7“’||@vH&,hlln(Z)HZ_l_’w"- O
=1

It will be useful to extend the above estimates to the case of sections of

(2.34) L= Oxoa(1) @ WZ(’)(% (1 + % T %)F)

where F' € Picg(X) is an arbitrary Q-line bundle on X and 7, : X§¢ — X is
the natural projection. We assume here that F' is also equipped with a smooth
hermitian metric hp. In formula (2.20), the renormalized metric 7 (z, z,u) of Ly
takes the form

1
el+3+..+7)

(235) Uk(Z,fE,u) = gk(Z,I,U) + eF,hF(z)u

and by the same calculations its expected value is

(2.36) n(z) := E(nr(z,0,0)) = Odet v+ det h* (2) + OFny(2)-

Then the variance estimate for 1, — 1 is unchanged, and the LP bounds for 7
are still valid, since our forms are just shifted by adding the constant smooth
term ©pp, (2). The probabilistic estimate 2.18 is therefore still true in exactly
the same form, provided we use (2.34 — 2.36) instead of the previously defined
Ly, mi and . An application of holomorphic Morse inequalities gives the desired
cohomology estimates for

hq(X,E,SjSLV* ®0(%(1 + % Fo+ %)F))

= h(XE9, 0 oo (m) ®7r;;(9(%<1 + % oot %)F))

provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.

(2.37) Theorem. Let (X,V) be a directed manifold, F — X a Q-line bundle,
(V,h) and (F,hp) smooth hermitian structure on V and F respectively. We
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define
Ly = Oxca(1) ®n;o(i(1+ L l)F)
k kr 2 k
N = Odet V* det h* + OFhp-

Then for all ¢ > 0 and all m > k > 1 such that m is sufficiently divisible, we
have
anrkrfl (lOg k,)n

(n+kr — 1) nl (KN (/X(W)(—l)qn”ﬂLO((log k‘)‘l)>,

mn—i—kr—l o n
o) xS o) = s S (- otesk ™),

mn+k7’71 (lOg k)n
(n+kr—1)! nl (k)"

(a) K (X, O(LY™)) <

v

(c) x(XEC,O(LE™) = (c1(V* @ F)" + O((log k) ™).

Green and Griffiths [GGT79] already checked the Riemann-Roch calculation
(2.37¢c) in the special case V = T% and F' = Ox. Their proof is much simpler
since it relies only on Chern class calculations, but it cannot provide any infor-
mation on the individual cohomology groups, except in very special cases where
vanishing theorems can be applied; in fact in dimension 2, the Euler characteris-
tic satisfies x = h® — h' 4+ h? < h® + b2, hence it is enough to get the vanishing of
the top cohomology group H? to infer A’ > y; this works for surfaces by means
of a well-known vanishing theorem of Bogomolov which implies in general

m

1 1
(X EfST 00 (14 S+ + 1 )F)) ) =
<,k7mX®O (gt 0
as soon as Kx ® F'is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities [Bon93],
everything works almost unchanged in the case where V C Tx has singularities
and h is an admissible metric on V' (see (0.11)). We only have to find a blow-
up o )A(ik — X} so that the resulting pull-backs p*Li and p*V are locally
free, and p* det h*, p* Wy, , . only have divisorial singularities. Then n is a (1,1)-
current with logarithmic poles, and we have to deal with smooth metrics on
u*L%m ® O(—mE})) where Ej is a certain effective divisor on X (which, by our
assumption (0.11), does not project onto X). The cohomology groups involved
are then the twisted cohomology groups

HI(XES OLY™) ® Tim)
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where Ji m = 1+ (O(—mE})) is the corresponding multiplier ideal sheaf, and the
Morse integrals need only be evaluated in the complement of the poles, that is
on X(n,q) ~ S where S = Sing(V') U Sing(h). Since

(1) (O(LE™) ® Tpom) C ESSV* @ O(% (1 + % T %)F))

we still get a lower bound for the H® of the latter sheaf (or for the H° of the
un-twisted line bundle O(LY™) on XF¢). If we assume that Ky ® F is big, these
considerations also allow us to obtain a strong estimate in terms of the volume,
by using an approximate Zariski decomposition on a suitable blow-up of (X, V).
The following corollary implies in particular Theorem 0.5.

(2.38) Corollary. If F' is an arbitrary Q-line bundle over X, one has
w0 1 1

P <XISG?OX,§G(m) ® ﬂ-kO(H (1 gt k>F>>

o _m" (logh)”

~ (n+kr—1)! nl (k)"

(Vol(KV ® F) — O((log k:)_l)> _ O(mn-‘rkr—l)’

when m > k > 1, in particular there are many sections of the k-jet differentials
of degree m twisted by the appropriate power of F' if Ky ® F' is big.

Proof. The volume is computed here as usual, i.e. after performing a suitable
modification p : X — X which converts Ky into an invertible sheaf. There is of
course nothing to prove if Ky ® F is not big, so we can assume Vol(Ky ® F') > 0.
Let us fix smooth hermitian metrics hg on Tx and hr on F'. They induce a metric
w*(det hal ® hr) on p*(Ky @ F) which, by our definition of Ky, is a smooth
metric. By the result of Fujita [Fuj94] on approximate Zariski decomposition, for
every d > 0, one can find a modification s : )Nf(g — X dominating p such that

ps(Ky @ F) = O)?é(A + E)
where A and F are Q-divisors, A ample and E effective, with
Vol(4) = A" > Vol(Ky ® F) — 6.

If we take a smooth metric hy with positive definite curvature form © 4, , then
we get a singular hermitian metric hahg on p3(Ky ® F) with poles along F, i.e.
the quotient hahg/u*(det hy' @ hr) is of the form e~ where ¢ is quasi-psh with
log poles log |og|? (mod C* (X5)) precisely given by the divisor E. We then only
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need to take the singular metric h on Tx defined by
B = hoe%(us)*w

(the choice of the factor % is there to correct adequately the metric on det V).
By construction h induces an admissible metric on V' and the resulting curvature
current 7 = Ok, deth* + Opp, is such that

pusn =Ouap, +[E], [E]=current of integration on E.

Then the 0-index Morse integral in the complement of the poles is given by
/ n'= [ ©4,, =A">Vol(Ky ®F)—4¢
X(1,0)~5 Xs

and (2.38) follows from the fact that § can be taken arbitrary small. O

(2.39) Example. In some simple cases, the above estimates can lead to very
explicit results. Take for instance X to be a smooth complete intersection of
multidegree (dy,ds, . ..,ds) in IP’%“ and consider the absolute case V = Tx. Then

Kx=0x(di+...+ds—n—s—1).

Assume that X is of general type, i.e. > d;j >n+ s+ 1. Let us equip V = Tx
with the restriction of the Fubini-Study metric h = ©¢(y); a better choice might
be the Kahler-Einstein metric but we want to keep the calculations as elementary
as possible. The standard formula for the curvature tensor of a submanifold gives

GTth = (@Tﬂ»n+57h)|x + 18>k /\ B

where 3 € C°°(AMT% @ Hom(Tx, @ O(d;))) is the second fundamental form.
In other words, by the well known formula for the curvature of projective space,
we have

(Ory (G Quyw) = ¢l + (¢ w)* = 18(C) - ul*.
The curvature p of (Kx,det h*) (i.e. the opposite of the Ricci form Tr Or, ) is
given by
(2.40) p=—TrOrx,=Te(BAF*) —(n+1)h > —(n+1)h.

We take here FF = Ox(—a), a € Q4+, and we want to determine conditions for
the existence of sections

1 1
(2.41) H0<X,E,§gT§®O(—aZ(1+2+...+k))>, m> 1,
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We have to choose K x @ Ox(—a) ample, i.e. Y~ d;j > n+s+a+1, and then (by an
appropriate choice of the metric of F' = Ox(—a)), the form n = O g0 (—q) can
be taken to be any positive form cohomologous to (> d; — (n+s+a+1))h. We
use remark 2.31 and estimate the error terms by considering the Kéahler metric

w=p+n+s+2h= <Zdj+1>h.

Inequality (2.40) shows that w > 2h and also that w > Tr(f A 5*). From this,
one easily concludes that [|n|l, < 1 by an appropriate choice of 7, as well as
wh < 1and ||O7, pllwn < 2. By (2.33), we obtain for n > 2

n—1 47
J<n3/2lx2n /w”<n”+l/2/w"
B V6 b's V6 X

”GTX»h

n—1
where [, w™ = (Y d;j +1)" deg(X). On the other hand, the leading term [ n"
equals (> d; —n —s—a—1)"deg(X) with deg(X) = d; ...ds. By the bound
(2.32) on the error term €y, , , we find that the leading coefficient of the growth
of our spaces of sections is strictly controlled below by a multiple of

1/2 pnt+1/2

<Zdj—n—s—a—1)n—47r<%) m(ZdJ’—i—l)n

if k > =5, A sufficient condition for the existence of sections in (2.41) is thus

b bz (e B
J

This is good in view of the fact that we can cover arbitrary smooth complete

intersections of general type. On the other hand, even when the degrees d; tend
to 400, we still get a large lower bound k ~ exp(7.38 n"*1/2) on the order of jets,
and this is far from being optimal: Diverio [Div09] has shown e.g. that one can
take k = n for smooth hypersurfaces of high degree. It is however not unlikely
that one could improve estimate (2.42) with more careful choices of w, h. O

3. ON THE BASE LOCUS OF SECTIONS OF k-JET BUNDLES

The final step required for a complete solution of the Green-Griffiths conjecture
would be to calculate the base locus By C X,S’G of the space of sections

log k
HO(X,SG,OXIE;G (m)@mLO(—mdiA)), Aampleon X, & <c O}i , k1,

and to show that Y, = 7, (By) is a proper algebraic subvariety of X for k large,
under the assumption that Ky is big. This does not look completely hopeless,
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since the statistics of curvature in the Morse inequalities do involve currents for
which the sets of poles depend only on the bigness of Ky and therefore project
onto a proper subvariety S of X (see the last step of the proof in section 2). It
is not unreasonable to think that a further analysis of the asymptotic behavior
of sections, e.g. through estimates of the Bergman kernel, might lead to such
results.

Even if the required property of the base locus cannot be obtained directly, it
would be enough, for a suitable irreducible analytic set Z C X ,?G contained in
the base locus at some stage, to construct non zero sections in

HO(Z, OXSG (m)‘z ® WZO(—m(skA)w)

whenever 7, (Z) = X, and then to proceed inductively to cut-down the base locus
until one reaches some Z’ C Z with m,(Z") C X. Hence we have to estimate the
cohomology groups H° and HY not just on XEG, but also on all irreducible
subvarieties Z C X,S’G such that 7, (Z) = X. We are not able to do this in such
a generality, but our method does provide interesting results in this direction.

(3.1) Theorem. Let (X,V) be a compact directed n-dimensional manifold, let
r =rank V and F be a holomorphic line bundle on X . Fix an irreducible analytic
set Zy, C X,%G or equivalently some C*-invariant set Z,’m C J*V, and assume
that my,(Zy,) = X. For k > ko, denote by Zj, C X,SG the irreducible set corres-
ponding to the inverse image of Z,"CO by the canonical morphism J*V — JkoV/ .
Let h be an admissible metric on V, hr a metric with analytic singularities on F
and
Ly, = Oyaa(l) ®w;o(i(1 TR l)F)
k kr 2 k
N = OKky deth* + OFhp, S = Sing(n).

Then for m > k > ko and p, = dim Zy, = dim Zy,, + (k — ko)r we have

h(Zk, O(LE™))2,)
mP* (log k)"

> 2 de 4 / "—01ok1>—ompk
o B ez [, = 0Gogk ™) ) o)

where degxgc/X(Zk) = degX}%G/X(ZkO)(kk—o!!)r is the relative degree of Zj over
X with respect to the normalized weighted “Kéhler metric” wq,, introduced
in (1.10).
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We would also get similar upper and lower Morse bounds for the higher co-
homology groups, provided that the sheaves OXEG (m) are twisted by the ap-
propriate multiplier ideal sheaves Jj ,, already described. The main trouble to
proceed further in the analysis of the base locus is that we have to take k > kg
and that the O(...) and o(...) bounds depend on Zj,. Hence the newer sections
can only be constructed for higher and higher orders k, without any indication
that we can actually terminate the process somewhere, except possibly by some

extremely delicate uniform estimates which seem at present beyond reach.

Proof. The technique is a minor variation of what has been done in section 2,
hence we will only indicate the basic idea. Essentially the k-jet of f is no longer
completely random, its projection onto the first ky components (V7 £(0))1<j<k,
is assigned to belong to some given analytic set Z,’CO C J*V. This means that in
the curvature formula (2.15)

gk(z,z,u) = % IS;SR éa:s ”Zaﬁ CijaB(2) Usallsg dz; N dZ;
only the sum >, _ ., is perfectly random. The partial sum >, ., remains
bounded, while the harmonic series diverges as log k. This implies that the “non
randomness” of the initial terms perturbs the estimates merely by bounded quan-
tities, and in the end, the expected value is still similar to (2.18), i.e.

1

1 1
B(g(zee) = - (14 5+ 7+ 0) (O et + Orr).

Once we are there, the calculation of standard deviation and the other estimates
are just routine, and Theorem 3.1 follows again from Proposition 2.13 when we
integrate the Morse integrals over Zj instead of the whole k-jet space X ,?G. O

Another possibility to analyze the base locus is to study the restriction maps
(32)  pem(z) s HY(X, EGGV* ® O(—=mépA)) — (EgaV* @ O(—mb,A))

at generic points z € X. If py,,(z) can be shown to be surjective at a generic
point, then a fortiori the projection Y; = m(By) of the base locus does not
contain xz and so Y} is a proper algebraic subvariety of X. Now, proving the
surjectivity of py () could be done by proving the vanishing of the H L group
of our sheaf twisted by the maximal ideal my ,. We cannot exactly reach such a
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precise vanishing result, but Morse inequalities can be used to show that the H!
groups do not grow too fast.

In fact assume that A is an ample Q-divisor on X which is chosen so small that
Ky®0(—A) isstill big. By our estimates, we can then take 0 = 2= (1+4+...+1).
Pick a very ample divisor G on X and n pencils of sections 0;; € H(X, O(Q)),
1<j<n te ]P’(lc, such that the divisors 0, (z) = 0 intersect transversally
at isolated points for generic choices of the parameters ¢; € IP)}C. We select an
admissible metric A on V' which provides a strictly positive curvature current on
Ky ® O(—A) and multiply it by the additional weight factor (e#)'/"™% where

p(z)=log Y [ losx)li
1<j<nteT;
and T; C IP’}C are generic finite subsets of given cardinality N. The multiplier
ideal sheaf of ¢ is precisely equal to the ideal Zg of germs of functions vanishing
on a certain O-dimensional set £ = {x1,...,2s} C X of cardinality s = N"G".
Also the resulting curvature form
N = 0Ok, deth- — Oan, + dec@ > Ok deth — Oan, — i@Gh
) ) moy, Vs ha moy, ha
can be made to be strictly positive as a current provided that N ~ c¢mdy with
¢ < 1. Then the corresponding multiplier ideal sheaf of the induced hermitian
metric on
(’)XkGG (m) & WZO(—m(&A)
is the original multiplier sheaf J, ,,, twisted by 7;Zr above x;, provided that the
x; lie outside of Sing(V') and outside of the projection of the support V(T m).
Consider the exact sequence

0— OX;?G (m) @ T,O(—méA) @ Tem @ T, LE
— OX;?G(m) @ mO(—mbA) @ Tkm
— OXSG('ITL) @ 1, O(—mépA) @ Tim @ 1,(Ox /IE) — 0.
Its cohomology exact sequence yields an “almost surjective arrow”

H(Oxga(m) @ i O(—mépA) ® Jhm) — €D (ELLV* @ O(~mdiA)), .
1<j<s
namely the image contains the kernel of the map

D (BLLV 00(=maA)), — H'(Oxga(m)@mpO(=mbpA)@Jim@miIE).

1<j<s
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Now, we have a Morse upper bound

mnThr—1 (IOg k)n
(n+kr—1)! nl (k)"

h' (Oxga (m)@mO(=mdA)® Jrm@miIg) < O((logk)™)
since the 1-index integral [ X(n1) h'™ is identically zero. At the same time we have
s = N"G"™ ~ m™(log k)" /k™, and it follows that

kr—1 /oy tkr—1 log k)™
N s( m __dm (log k)

kr — DI~ (kr — DIRYT k»

dim @ (EJSV* @ O(-mépA))

1<j<s

Zj

By selecting a suitable point x; and by using a trivial lower semi-continuity
argument, we get the desired almost surjectivity.

(3.3) Corollary. If A is an ample Q-divisor on X such that Ky @ O(—A) is big
and 0 = %(1 + % + ..+ %), r =rank V, the restriction map

Prm(z) : HO(X, EFSV* @ O(—mdiA)) — (BgaV* © O(—mépA))

has an image of dimension larger than (1—O((logk)™!)) dim EE%V* at a generic
point x € X form >k > 1.

Such a result puts an upper bound on the vanishing order that a generic section
may have on X EG above a generic point of X. Our hope is that one can then
completely “eliminate” the base locus by taking vertical derivatives along the
fibers of J¥V — X ; those derivations will necessarily have some poles O(pA)
which we hope to get cancelled by the negative powers O(—mdiA). This strategy
first devised by [Siu02, Siu04] has indeed been successful in some cases for the
study of generic algebraic degeneracy (e.g. for hypersurfaces of very large degree
in PZt!). This would work rather easily if the rough error term O((logk)™?)
could be replaced e.g. by O(m~%*) in Corollary (3.3), but this is maybe too much
to ask for.

We finally discuss yet another approach. For this we have to introduce in-
variant jet differentials along the lines of [Dem95]. In fact, to any directed man-
ifold (X, V) one can associate its tower of Semple k-jet spaces, which is a se-
quence of directed pairs (Xj, Vi) starting with (X, Vo) = (X, V), together with
morhisms 7, : (Xg, Vi) — (Xk—1, Vk—1). These spaces are constructed inductively
by putting Xj, = P(Vj_1) and Vj, = (71); 1 (Ox, (—1)) where

Ox,(—1) C ()" Vi1 C ()" T,



Holomorphic Morse Inequalities and The Green-Griffiths-Lang... 1203

is the tautological subbundle (cf. [Dem95]). In the case where V' is not a subbun-
dle, we can first construct the absolute tower (X, V) by starting from Vo = T,
and then take X, to be the closure in X}, of the k-step X ,’C of the relative tower
(X}, V)) constructed over the dense Zariski open set X’ = X \ Sing(V'). In this
way, the tower (X, V) is at least birationally well defined — in such a birational
context we can even assume that X}, is smooth after performing a suitable modi-
fication at each stage. Even if we start with V' = T'x (or an integrable subbundle
V C Tx), the k-jet lifting Vj will not be integrable in general, the only exception
being when rank V;, = rank V' = 1. Now, if

Tho =Tk 0...0om : X — Xg =X,
it is shown in [Dem95] that the direct image sheaf
T600x, (M) := By V* C EZGV*

consists of algebraic differential operators P( f}é)k.) which satisfy the invariance
property
P((fo)) = ()" P(£2)) 0

when ¢ € Gy is in the group of k-jets of biholomorphisms ¢ : (C,0) — (C,0).
Since we already assume C* invariance, it is enough to require invariance by
the nilpotent subgroup G} C Gy of k-jets tangent to identity. The group G}
is a semi-direct product of additive groups (C, +) consisting of biholomorphisms
Tja it t+at! + O(t7T1), 2 < j <k, a € C. In this tower, the biholomorphisms
Tk,q actually generate a normal subgroup of G, and we have G /{m .} ~ G}_;.
Now, assume that we have found a section

P e H(X,ESSV* ® O(—mdA))
for some ample Q-divisor A on A. Then we have an expansion

Pu(f2) = P((foma) 20 = 3. a’Plf2)
0<s<m/k
and the highest non zero term P, is {rj,}-invariant of weighted degree
m — (k—1)s; this comes from the fact that the homothety hy(t) = A\t satisfies
Tk,a © h)\ = h,\ ] Tk7a)\k—1.
Then it makes sense to look at the action of {7;_1,} on Ps, and proceeding

inductively we reach a non zero Gj-invariant (and thus G-invariant) polynomial

Q € HY(X, By, V* @ O(—mé1A))
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of degree m’ < m (and possibly of order k' < k but we can still consider it to be
of order k). By raising @) to some power p and using the Q-ampleness of A, we
obtain a genuine integral section

on.g(m—m’)lsk c HO(X, Ek,pmlv* ® O(_pm/(skA))

(3.4) Corollary. Let (X,V) be a projective directed manifold such that Ky is
big, and A an ample Q-divisor on X such that Ky ® O(—A) is still big. Then,
if we put 0 = ﬁ(l + % + ...+ %), r = rank V', the space of global invariant jet
differentials

H°(X, By, V* ® O(—mdiA))

has (many) non zero sections for m > k > 1.

If we have a directed projective variety (X, V) with Ky big, we conclude that
there exists £ > 1 and a proper analytic set Z C X}, such that all entire curves
have the image of their k-jet fi;(C) contained in Z. Let Z' be an irreducible
component of Z such that 7, 0(Z') = X (if m,0(Z’) € X there is nothing more
to do). Consider the linear subspace V' = Tz NV}, where Z"” C Z' is chosen
such that Z’ ~ Z” is non singular and the intersection T’z z» NV} is a subbundle
of Tz zn. If fy(C) is not contained identically in Z”, then the curve g = fi
is tangent to (Z',V’). On the other hand, if fj;(C) C Z” we can replace Z’ by
Z" and argue inductively on dim Z’. What we have gained here is that we have
replaced the initial directed space (X,V) with another one (Z’,V’) such that
rank V' < rank V', and we can try to argue by induction on r = rank V.

Observe that the generalized Green-Griffiths conjecture is indeed trivial for
r =1 (assuming Ky = O(V*) big) : in fact we get in this case a non zero section
P € HY(X,V*®* @ O(—A)) for some k > 1 and so P(f) - (f')¥ must vanish for
every entire curve f : (C,T¢) — (X, V). Therefore

F(C)CY :={P(z) =0} C X.

The main difficulty in this inductive approach is that when we start with (X, V)
with Ky big, it seems to be very hard to say anything about Ky on (Z', V).
Especially, the singularities of Z’ and V' do not seem to be under control. The
only hope would be to have enough control on the sections cutting out Z’, and this
requires anyway to understand much more precisely the behavior and vanishing
order of generic sections P € H(X, Eg,,V* ® O(—mdrA)). One could try in
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this context to take A to approach the positive part in the Zariski decomposition

of Ky, in such a way that the sections P do not have much space to move around

statistically.
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