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0. Introduction.

0.1. The present paper arose out of an attempt to get some understanding
of Lusztig’s parabolic character sheaves, introduced by him in [L2].

Let G be a connected reductive group. Parabolic character sheaves are G-
equivariant irreducible perverse sheaves on certain G-varieties Z, of the same
dimension as GG. Lusztig’s original character sheaves are obtained for Z = G.

If G is adjoint there is a particular case, where Z is a torus bundle over a variety
Z which appears in the wonderful compactification X of G. Namely, X is a va-

riety on which G' x G’ acts with finitely many orbits and Z is one of them. Some
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parabolic character sheaves will lead to irreducible perverse sheaves on G x G-
orbits in X that extend canonically to X. They are equivariant for the action
of the diagonal subgroup G4 of G x G. The extension should be viewed as a

character sheaf on X.

0.2. A rather obvious outgrowth of [MS1] and [Spl] is another definition of
character sheaves on X. I convinced myself, by an argument using the Hecke
algebra representation of [Spl] that the character sheaves on X so obtained co-
incide with Lusztig’s.

Independently, Xuhua He defined character sheaves on X in the same manner as
I did. He proved the coincidence with Lusztig’s character sheaves in [H3|, more
or less by direct computation.

The Hecke algebra aspects are discussed in Section 4 of this paper (more gen-

erally, for Z). The relation with compactifications is briefly discussed in Section 5.

0.3. A main result of Lusztig’s work is another description of parabolic character
sheaves, using a decomposition of Z into ” G-stable pieces”. The decomposition is
also useful in other contexts, as is shown in He’s work (see e.g. [H1, H2]). Lusztig
also establishes a connection between parabolic character sheaves and character
sheaves on disconnected groups.

In Lusztig’s analysis an important role is played by a combinatorial machinery
due to Bédard. This is quite involved (anyway, in my view). In trying to get a
grip on it I noticed that the machinery can be broken into pieces.

In each piece there is the following situation. One has two algebraic groups G and
H and a G x H-variety X. Assume that quotients (i.e. orbit spaces) G\X and
H\X exists. Then there is a strong connection between the G-action on H\X
and the H-action on G\X. For example, there is a closure preserving bijection
between orbits and an equivalence of categories of equivariant perverse sheaves.
Establishing such results is quite easy, see Section 1. It turns out that they are

useful in understanding Lusztig’s analysis.

0.4. The results of Section 1 are also useful for obtaining another version of
parabolic character sheaves. Lusztig’s variety Z is a quotient G x G/A, where

A is a subgroup of G x G, see below. The diagonal G4 acts on the quotient on
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the left, so we have an action of G4 x A. Applying the results of Section 1 we
connect parabolic character sheaves on Z = G x G/A with certain irreducible
perverse sheaves on G = G4\G x G, transferring everything to G.

The group A, introduced in 1.8, involves two parabolic subgroups of G with iso-
morphic Levi groups. In the case that they coincide we have a parabolic subgroup

P, with Levi group L and unipotent radical U and
A={(lu,lu')y e GxG|leLuu €U}

Similar groups occur in various places in the literature (see e.g. [EL]).
In Section 2 we introduce A-character sheaves on G. It uses some material from
the previous paper [Sp2|, which is about decompositions into ”stable pieces”.

Section 3 deals with the connection with Lusztig’s character sheaves.

Acknowledgement. Part of this work was done in February of 2008 during
a stay at the Mathematical Sciences Research Institute in Berkeley. I thank
MSRI for its hospitality.

1. Preliminaries.

1.1. k is an algebraically closed field. All algebraic varieties occurring will be
over k.

Let X be an algebraic variety. We denote by D(X) the derived category of
bounded constructible complexes of vector spaces over £ = @Q;. By P(X) we

denote the corresponding abelian category of perverse sheaves on X.

1.2. Group actions.

Let G be a linear algebraic group acting on the variety X. We denote by F (X, G)
the family of G-stable subsets of X. Clearly, it is stable under taking unions, in-
tersections, complements and closures. We shall say that a bijection between
two families of the type F(Z, A) is good if it respects unions, complements and

closures. It then also respects inclusions, intersections and locally closed sets.

Let G and H be linear algebraic groups and let X be a variety with a faith-
ful G x H-action. Assume that a quotient H\X exists and denote by 7 the
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projection X — H\X (G and H are viewed as subgroups of G x H in the obvi-

ous manner). Then G acts on H\X.

1.3. Lemma. (i) 7 induces a good bijection of F(X,G x H) onto F(H\X,G);
(ii) Assume moreover that a quotient G\X also exists. Then there exists a good
bijection

vy=vx¢u: FH\X,G) — F(G\X,H).
It induces a bijection of G-orbits in H\X onto H-orbits in G\ X.
Proof. See [Sp2] for the case that G and H are connected. The extension to the

general case offers no difficulties.

1.4. Equivariant perverse sheaves.

We will need a complement to 1.3 concerning equivariant perverse sheaves. Let
G and X be as before. If G is connected the notion of a G-equivariant perverse
sheaf on X is well-known. Lusztig has defined the notion in the general case in

the following manner, see [L3, 1.6].

For each component C' of G let m¢ be the product map C' x X — X. Denoting
by pc,c the product map C' x ¢ — CC’ we have

mc o (1,mer) = meer o (pe,cr, 1)- (1)

Let E¢ be the constant sheaf on C' and denote by m¢(K) the complex Ec X K
on C x X.
A G-equivariant structure on the perverse sheaf K € P(X) gives for each com-

ponent C' an isomorphism of semisimple complexes
dc me(K) — meK.
By (1) we have
((Po,cr W 1) 0 moen)(K) = (1 ®men) ome) (K). (2)
We also have

((Po,cr W 1) 0 moer)(K) = (1 B rier) o mie) (K). (3)
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The isomorphisms ¢¢c : mco(K) — m§(K) are required to be compatible with
(2) and (3), in an obvious sense.
Denote by Pg(X) the abelian category of perverse sheaves on X with a G-

equivariant structure. We call them, briefly, G-equivariant perverse sheaves on X.

1.5. Lemma. (i) Let f : X — Y be a locally trivial fiber space with group
G (for the étale topology). K € P(X) is G-equivariant if and only if there exists
L eP(Y) with K = f*L[dim G];

(ii) f*[dim G| defines a bijection P(Y) — Pq(X) and an equivalence of these
categories.

Proof. (ii) is a consequence of (i). (i) is due to Lusztig if G is connected, see
[MS1, Lemma 1.4.2].

To prove (i) in general we may assume that X is a product G x Y, G acting on
the left in the first factor and f being the second projection. f¢ is the restriction
of f to C x Y. Applications of (i) for the identity component G° give for each
component C a perverse sheaf Lo on Y such that the restriction K to C x Y is
f&Leldim G). We have the G/G-equivariant complex ©cLc on G/G° x Y. The
proof is then reduced to the case that G is finite, which we leave to the reader
(cf. [L3, 1.6]).

Now assume that G, H and X are as in 1.2 and that quotients G\ X and H\X
exist. « is as in Lemma 1.3.

1.6. Proposition. (i) There exists a bijection
I'= FX,G,H : PG(H\X) — PH(G\X)

defining an equivalence of categories;
(i1) Let O be a G-orbit in X and let x € O,y € v(0O). For K € Pg(H\X) we

have

(H*—dim GK):B _ (H*_dimH(FK»y.

Proof. This is a consequence of Lemma 1.5.

1.7. Notations.

973
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From now on G is a connected, reductive, linear algebraic group over our alge-
braically closed field k. Fix a maximal torus T of G. The root system of (G,T)
is R and RT C R is a system of positive roots. Its set of simple roots is I. We
identify it with the set of simple reflections. [ is the corresponding length function
on W.

The Weyl group Ng(T')/T is denoted by W. For w € W we denote by w a
representative of w € Ng(T). If H is a subgroup of G containing T and if w € W

we write YH = wHw L.

For J C I denote by R; C R the subsystem with basis J. Denote by Wj
its Weyl group and by W the set of minimal length coset representatives of
W/W ;. Then

W/ ={weW |wJcCR"Y}.

wp, s denotes the longest element of W ;. Then wg jwo, s is the longest element of
WY, For J,K c I put WHE = (W)= nwk,

Pj denotes the standard parabolic subgroup defined by J, so Pr = G and P is
a Borel group. The Levi group of Py containing T is Ly and U} is the unipotent
radical of Pj.

We have a bijection W/ — P;\G/Pg sending w € WK to Py Py.

The unipotent radical of a parabolic subgroup P is denoted by Up and the full
radical by Rp.

If P and @ are parabolic subgroups we write P A Q = (P N Q).Up. This is a
parabolic subgroup contained in P.

All parabolic subgroups occurring in the sequel will contain 7.

1.8. The group Ag pg,o-

Let P and ) be parabolic subgroups. There exist unique J,K C I and =z €
W,y € WX such that P = *Pyand Q = YPk. Let B= ?Py, C = YP;. These
are Borel subgroups of P, respectively, (). The Levi group *L; of P containing
T is denoted by L. Similarly, we have the Levi group M of ). The unipotent
radicals of P and @ are U and V. The projections P — L and Q — M are
denoted by mp and mq.

Put aW/EKy=1 = Wg’Q (or simply WP’Q). We have the decomposition of G into
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locally closed pieces

G= [[ rue (4)

ueWwbQ
1.9. Assume given an isomorphism (of algebraic groups) ¢ : L — M which
stabilizes T' (a subgroup of both L and M).
With these notations define

A=Agprgo=1{(pq €PxQ|nmglq =a(rp(p))} (5)

Then
§=TInt(y ') oo oInt(i)

is an isomorphism Lj; — Ly, stabilizing 7. It induces an isomorphism, also de-
noted by 4, of the root system Ry of (L, T) with basis J, onto the similar system
Ry. We say that o is standard if 6(J) = K. It follows from the definitions that
then C = o(B).

1.10. A is a subgroup of G x G. It acts on G by (p,q).z = prq~!. The
pieces of the decomposition (4) are stable under the A-action.
Notice that 2dimU = dimG — dim L = dimG — dim M = 2dim V. It follows
that

dimA =dimL+dimU +dimV =dim L 4+ 2dimU = dimG.

Also notice that (p,q) — (¢, p) induces an isomorphism

AG’P7Q7U - AG7Q7P7J_1
and that for w e W
AgwpwQ mt(w)pos = AG,PQ.0-

Groups like A occur in the work of others, for example in [EL].

1.11. Example. If P = Q = G thenx =y =1 and B = C = Fj. The

automorphism ¢ of G is standard if and only if it stabilizes both T" and B. Now

A ~ G and the action on G becomes o-twisted conjugacy : (g, ) — gz(o(g))~ .

2. A-character sheaves.
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2.1. Let A = Ag,pQ,s- as before. Now B is an arbitrary Borel group of P
containing 7. We have B = (BN L).U and B N L is a Borel group of L. Also
C =0(BNL).VisaBorel group of Q. Put A" = Ag p ¢ |, and

By = {(ub,o(b)v) |u e U,v € V,b e Br}.

This is a Borel subgroup of A, contained in A'.

By the Bruhat decomposition in G

G = ]_[ BuwC.
weWw

All BwC are stable under the action on G of A" C A. Write d(w) = dim BwC.

2.2. Fix w € W. We have a morphism p : BwC — T sending utwv € BwC to t
(u € Ug,v € Ug,t €T). p depends on the choice of w.
If 2 = (ut,o(t)v) € By (ue UyveV,t €T) and y € BwC then

p(z.y) = tp(y)(wo(t)) .

As in [MS2, 2.1.1] let X(T) = X(T) ® Z(p)/Z be the group of tame (or Kummer)
local systems on 7', where X (7T') is the character group of 7" and p = char(k).
For ¢ € X(T) put Lew = p ¢ Ifwo(€) = & then L¢y is A'-equivariant. Let
Ag . be its perverse extension. It is a A’-equivariant perverse sheaf on G whose
restriction to BwC' is L¢ 4 [dim BwC] and whose support is BwC'.

Eldim G] X A¢ ,; is a perverse sheaf on A x G, which up to a shift is the pull-back
of a perverse sheaf A on the quotient A x B, G (B acting on the right on A and
via the A-action of G on Bw(C'). Denote by

a:Axp G—G

the morphism induced by the action map. It is a proper morphism.

By the decomposition theorem, ng = Cep = (a)g[l is a semi-simple complex.
A A-character sheaf on G is an irreducible perverse sheaf A such that some shift
Ali] is a direct summand of a Cg¢ . Write d(A) for the minimal value d(w) for
which this happens.

The isomorphism class of C¢ ;; does not depend on the choice of w; we write Cg ,,

if only its isomorphsm class matters.
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Let B" D T be another Borel group of P. Then B’ = *B with x € W,
the Weyl group of (L,T). Put C' = (B’ N L)V, a Borel group of Q. We can
perform the construction of A-character sheaves with B’, C’ instead of B, C.

2.3. Lemma. OB

(o)~ 1s 1somorphic to Cng.

We skip the easy proof.
It follows that the notion of A-character sheaf is independent of the choice of B.

2.4. Example. In the case P = ) = G we call the A-character sheaves o-
twisted character sheaves on G. They are related to Lusztig’s character sheaves

on non-connected groups. For o = id one obtains the usual character sheaves.

Denote by j = j, the inclusion BwC — G. The sheaf E' X ji(L¢y) is the
pull-back of a sheaf £ on A xp, G. Put K¢, = al.

T) = {(t,o(t) | t € T} is a maximal torus of By, isomorphic to 7" via the first
projection. We introduce the quotient A xp Bw, T acting on A on the right via
its subgroup 77 and on BwC by twisted conjugacy (t.x = tz(ot)~1). We have a
morphism ¢ : A x7 Bw — A xp, BwC.

2.5. Lemma. (i) q is surjective;

(ii) Its fibers are isomorphic to an affine space A™ and q*L is constant along the
fibers.

Proof. (i) is clear. (ii) follows from the fact that the fibers are isomorphic to a
subgroup U’ of U, namely the set of unipotent u € By, with o(u)v € vIBNC

for some v € V.
Put @ =aoq, L =q*L, Le oy = afﬁu.

If A is an irreducible perverse sheaf on the variety X and K € D(X) we write
A+ K if Ais a composition factor of some PH*(A).

2.6. Lemma. (i) An irreducible perverse sheaf A on G is a A-character sheaf
if and only if A+ K¢y for some §,w. In that case d(A) < d(w);

(11) Same as (i) with K¢y replaced by Lg ;.

Proof. The proof of the first part of (i) is similar to the proof of [L1, 12.7]. The
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second part also follows.

To prove (ii) use that as a consequence of Lemma 2.5 (ii)

ol = qq* (L) = L[-m)]

and Lf@ = Kg@[—m].

Let A be a A-character sheaf.

2.7. Lemma. Assume w and & are such that A 4 Ce.y, with d(A) = d(w). Let
u € WPQ be such that PuQ = PwQ.

(i) Pu@ N Supp(A) is open in Supp(A);

(ii) u is uniquely determined by A;

(iii) A Le .

Proof. The notations are as in 2.2. Put K = C¢ . There is h such that A[h] is
a direct summand of K.

We have Supp(A) C Pu@Q. If the lemma were false, Supp(A4) would lie in a
set Pu'Q C PuQ. Let i be the inclusion Pu/Q — X. Then A = i,B, where
B € P(Pu/Q).

Put S = a~ ' (PW/Q), a closed subset of A x5, G. Let A’ be the restriction of A
to S and let a’ be the restriction of a to S. By base change, (a’) A" has a direct
summand B[h], hence B 4 (a’))A’. But S is a union of sets A x5, BxC with
d(z) < d(w). From this we conclude that A 4 K, ;, for some z with d(z) < d(w).
By Lemma 2.6 (i) this contradicts the assumption d(A) = d(w).

Then (ii) follows from the existence of the decomposition (4). The proof of (i)
also gives that A - K¢, which implies (iii) since L¢ ; is a shift of K¢, (see the
proof of Lemma 2.6(ii))

2.8. We introduce some notations used in a further analysis of the complexes
L¢ 4, see [Sp2, sect. 2.
Let ue WPQ. Put Z = *"'Pn . We have a decomposition with uniqueness

Z=("LOM).(* LAV).(* UNM).(*UNV). (6)

1

QN *“ P = ZV is a parabolic subgroup contained in Q. Its image in M is
a parabolic subgroup of M, which we write as o(P;), where P; is a parabolic

subgroup of L.
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Ly = o~ }(*"" LNM) is the Levi group of P; containing T and Uy = o~ 1(* ' UNM)
is its unipotent radical.
Likewise, P A “@Q is a parabolic subgroup contained in P. Its image Q1 in L is

a parabolic with Levi group M, = L N “M and unipotent radical L N “V.

Int(@) o o induces an isomorphism o7 of L; onto M, It is determined by o
and v up to an inner automorphism Int(¢)(¢t € T').

By [loc. cit., Lemma 2.4] o is standard if o is.

Put Ay = AL,PLQMH'
Then

(= (np, 00 omg, T, ompoInt(i))

defines a surjective homomorphism Z — A, whose kernel is a connected unipo-
tent group (cf. [Sp2, 2.5 (iii)]). For t € T we have

((zt) = ¢(2)(t, 01(1)) (7)

(recall that A is a subgroup of P; x Q).

2.9. Let L¢, be as before. There is a unique u € WPQ with PwQ = PuQ.
Denote by j' : Pu@ — G the inclusion. We have a morphism

a: A xXp Bw — Pu@

such that a’ = j' o a. Then
Ley = ji(auL).

Denote by W the Weyl group of (L,T). There exist wy,z € Wy with w =
wiu(oz). In fact, by a result of Howlett (see [C, Prop. 2.7.5]) we may assume
that wy € Wf I’Ql, in which case wiu € Wg Q (moreover the decomposition is
unique). It follows from Lemma 2.3 that after replacing B by *B we are in the

situation that w € Wg’Q (i.e. # =1). This we assume from now on.

2.10. Z acts on P x Q by z.(p,q) = (puz=tu1, 2q). Let : P x Q — PuQ be
the map sending (p, q) to pug. This is a quotient map for the Z-action on P x @

979
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(see [Sp2, 2.5]).
Consider A x B x Z. The maximal torus 7" operates on it by

t.((p,q),0,2) = ((pt ™", q(o () 71), th(wo () 7, 20 (1) ).

The quotient variety relative to this action is denoted by Z. The morphism
v i Ax BxZ— PxQwith v'((p,q),b,2)) = (pbwrtiz" 41, 2g71) is constant
on T-orbits and defines a morphism v: Z — P x Q. Let § : Z — A xp Bw be
the morphism sending the image of ((p, q), b, z) to the image of ((p, q), bw). Let &
be the pull-back to B of the local system £ on T'. Recall that wo(§) = ¢. Under
the assumption x = 1 of 2.9 this implies that also (wj01)§ = &.

2.11. We have a morphism
o Al XT B1w1 — L,

similar to the morphism 5’ o v of the previous setting. Let L1 be the local system

on Ay X7 Byiw; corresponding to L. Let
0:7Z XT Blwl — Al XT B1w1 (8)

be the morphism induced by ({,id) and put a; = a1 6.
01 : Z2 — Z xp Byw; maps the image of ((p, q),b, z) to the image of (z, mp(b)w1).
Define € : PxQ — L by €(p,q) = 0~ *(mg(q))mp(p). By [Sp2, Lemma 2.5 (ii)] it is

a quotient map for the A-action on G. The group Z acts on it via its quotient Aj.

Consider the diagram

AxpBw~ 2z %7 x; By
T ’
PuQ L PxQ- L
2.12. Lemma. (i) The two squares of (9) are pull-back diagrams;
(ii) ER & R E is the pull-back to A x B x Z of both 6*L and 6(60*L1);
(iii) §*(wL) = (6*L) = € ((@1)i(0"L1)).
Proof. The proofs of (i) and (ii) are straightforward. (iii) follows by base change.
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2.13. Let A be a A-character sheaf on G. Assume that A 4 L¢ ;. Let u € whe
be such that Pw@ = Pu@ and that Pu@ N Supp(A) is open in Supp(A) (see
Lemma 2.7). We assume that w = wju with w; € Wi, (see 2.9).

j' being, as before, the inclusion map Pu@ — G, (j')*A is an irreducible perverse
sheaf on Pu() which is A-equivariant. It determines A uniquely.

With the notations of Prop. 1.6 there corresponds to (5')*A an irreducible per-
verse sheaf Ay =T'px.a,z(j*A) on L which is Z-equivariant, i.e. Aj-equivariant

because Z acts on L via its quotient Aj.

2.14. Lemma. A is a Aj-character sheaf on L.

Proof. Notations are as before. Assume that (j')*A is a composition factor of
PHi(L).

B*(j')*A[dim Z] is an irreducible perverse sheaf on P x @ which is A x Z-
equivariant. Since [*[dim Z] is a t-exact functor, there is an ¢ such that this

perverse sheaf is a composition factor of
pHH—dim Z(ﬁ*alﬁv) _ pHi+dim Z(’)/l(y*ﬁv),

by Lemma 2.12 (iii).

Similarly, the composition factors of P H*+dim & (~, s /j) correspond to composition
factors of PH((a)i(60*L1)).

Now we see from (8) that 6 is a fibration whose fibers are affine spaces (isomorphic
to Ker(¢)). Hence

(@i(67L1) = (a)i(616"L1) = () La[—d],

where c is the fiber dimension.
We conclude that the irreducible constituents of the ? H7(7,6*£L) are of the form
€*A’, where A’ is a Aj-character sheaf. Since §*(j')*A[dim Z] is such a con-

stituent, the Lemma follows from the definition of the bijection I'px g A 7.

2.15. The A-stable pieces.

For w € WB® put G, = A.(Bw). The following is proved in [Sp2, Theorem 2.6]:
(a) G is the disjoint union of the Gy, (w € WB®),

(b) For each w € WEQ there is a connected reductive subgroup Hg,w = Hy DO T

of G together with an automorphism 7g,, = 7, of H, such that there is a good
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bijection 7, of F(Gy, A) onto Fr, (Hy, Hy) (the suffix 7, denoting twisted con-
jugacy action). Moreover 7, fixes T" and a Borel group containing 7'

(a) and (b) are counterparts to the results about ”stable pieces” of Lusztig and
He (see [H1, H2]). The proof of (a) and (b) uses the constructions of 2.8.

We next give complements about perverse sheaves. Denote by IrraG the set
of isomorphism classes of irreducible A-equivariant perverse sheaves on G and
by Chara(G) the set of isomorphism classes of A-character sheaves on G. By
Irry, ., (Hyw) and Char;, (H,) we denote irreducible perverse sheaves on H,,
equivariant under 7,-twisted conjugation, respectively, the corresponding twisted

character sheaves.

2.16. Theorem. (i) There is a bijection

Ta:Irra(G) — H Irrg, r, (Hu);
weWB,Q

(ii) It induces a bijection

Chara(G) — H Char,, (Hy).
weWB.Q

Proof. Notations are as before. Let A be an irreducible perverse sheaf on X.
There is a unique v € WH? such that Pu@ N Supp(A) is open in Supp(A).
The restriction of A to Pu( is an irreducible A-equivariant perverse sheaf on
Pu@ = Z\P x Q. Applying Prop. 1.6 we obtain a perverse sheaf A; on
A\P x @ = L, which is Z-equivariant i.e. Aj-equivariant since Z acts via its
quotient A; (see 2.11). We may assume that P # G. Then dim L < dimG. As
in the proof of [Sp2, Th. 2.6] we use induction.

We may assume that the theorem holds for L and A;. So we have attached
to A; an element w; € WEQL’QI and A’ € Iy g (Hpw,). We have
Gw = 7pxQ.zaLw, and Hy, = Hp y,,Tw = TLw, (see the proof of [loc. cit.]).
Moreover I'py gz A A’ is the restriction of A to Pu@. These facts imply (i). Then

(ii) is a consequence of Lemma 2.14.

Assume that P # G. Let A € Irra(G) and assume that A’ = TAA € Irrg,, 7, (Hu)-
With the notations of 1.7 and 1.8 we have w = zwy ™' where w € W¥.
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2.17. Corollary. Let O be a A-orbit in Gy, and let p € O, q € v,(0). Then

H*(A)p ~ H*+dimL+l(’lI}) (A/)q~

Proof. By Prop. 2.6 (ii)
H*(A)p — H*+dim AfdimZ(A/)pN
where p; lies in the Aj-orbit corresponding to O. By induction we have equalities
H*(Ar)p, = HHD(A),.
Now by [Sp2, (3)]
dimA —dimZ = dimG — dim Z = dim L — dim L, + [(b),

with b € W/X such that [(w) = I(b) + I(w01) (see the proof of [loc. cit., 2.12]).

The corollary follows by induction.

2.18. Remark. The induction used in the proofs of Theorem 2.16 and of
[Sp2, Theorem 2.6] could be made more explicit, leading to an approach that is
in the spirit of [L2]. We sketch how to do this.
Put Lo = My =G, Py = P, Qo = @, 01 = o. Iteration of the construction of
2.8 leads to sequences

t = (L, P, Qi, 04, Uit 1)i>0,

with the following data:

(a) L; is a connected reductive subgroup of G containing 7' and P;, Q; are
parabolic subgroups of L; containing 7. Moreover, L;y1 and M;, 1 are the
Levi subgroups containing 1" of P;, respectively, (); and ;11 is an isomorphism
Lit1 — Mipq. Put Ay = A, (P, Q4,0441).

(b) w; € W%, Put Z; = “ P,NQ;.

(¢) oit1Piy1 is the image in M1 of Z;, Q;11 is the image in L;4q of “¢Z; and
oi+1 is induced by Int(4;) o 0.

(d) ZixAj acts on P;xQ; and Z;\(P;xQ;) = Pouiy1Q; C Liy A\ (PixQ;) = Ligq.
There is n > 0 such that L,, = L,41, in which case L, = P,, = Q.. Then o, is

an automorphism of L,, which fixes T" and a Borel group of L,, containing T, by
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the results of [Sp2]. Notice that F (L, Ay) is the family of subsets of L,, stable

under o,-twisted conjugacy.

By Lemma 1.3 (ii) we have a good bijection
Vi = VPixQinzi s ¢ F (Lig1, Aig1) — F(Piui1Qi, Ag).

Put
'Yt :’)/00’)/10...0’7”,1
and let Gt = v¢(L,). This is a A-stable subset of G, in fact one of the G,.

3. Connection with Lusztig’s parabolic character sheaves.

3.1. We maintain the notations of the preceding section.

In [L2, sect. 9] Lusztig introduces a variety denoted by Z;, 5, where

(a) J C I,

(b) § is an isomorphism of the Coxeter group (W, I) (so 61 = I),

(c) y € WK and y.6J = K.

Let o be an isomorphism Lj; — v'L K stabilizing T and inducing the bijection

§:J — y LK of simple roots.

G x G operates transitively on Zj, s.

3.2. Lemma. Thereisz € Zj, s whose isotropy group in GXG is AG,PJ, VP o

Proof. With the notations of [loc. cit.] we may take
z=(Py, y ' Pg,Uqy *Up).
We consider the slightly more general varieties
Z=Zcprqo=2¢ros\GXxG,

A acting on G x G on the right in the obvious way (no confusion will arise with
the group Z of 2.8).

3.3. Example. Assume G to be adjoint. Let J C I and let P; be the opposite
of the standard parabolic subgroup P;. Then P; = “P,;, where x = wo jwo, s
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and ¢ is the opposition involution of I, induced by —wq ;. Let o : L,; — L; be
the isomorphism of Levi groups induced by Int(z).

Cy = (x,0z) (xr € Z(L,y)) is a torus in G x G acting freely on ZGVPLPJ’U. Let
X be the quotient variety. (Notice that because G is adjoint the center of a Levi
group is connected.) Then X is isomorphic to a G x G-orbit in the wonderful

compactification of G.

Let 7 be an automorphism of G. We assume that it stabilizes T" and our standard
Borel group Py. Put G4, = (9,79) (9 € G) (the 7-twisted diagonal). G is the
diagonal subgroup of G x G.

It is clear that d, : (x,y) — z~'(77'y) is a quotient map for the left action of
Gg-. So the quotient is G. Put Ar = Ag prQro0: Vo = A7\G x G. Then Gg ,

acts on V.

3.4. Lemma. (1,771) induces a morphism V. — V intertwining the Ggr-
and Gg-actions.
Proof. Easy.

The group Gy, x A acts on G x G. We apply the results of section 1 for
this case.

3.5. Lemma. (i) v6xG,G,..a, defines a good bijection
F(G, A7) = F(Vr,Gar);

(1) Pax GGy A, defines a bijection Pa, (G) — Pa,  (Vr).
Proof. Apply Lemma 1.3 and Prop. 1.6 (i).

3.6. We shall identify the perverse sheaves on V. corresponding to the A.-
character sheaves on G. It follows from Lemma 3.4 that it suffices to deal with
the case 7 = 1. Put d = d; and let ¢ : G X G — Z be the quotient map for the
A-action.

We use the notations of 2.1 and 2.2. The group B; acts on G X A x G by

1

(,9)-(g, (p,q),h) = (g~ ", (px~ ", qy™ "), xhy ™),

where (z,y) € B1,(p,q) € A,g,h € G. Let U be the quotient for this action.
Projection on the last two factors defines a map b : U/ — A xp, G. We denote by
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c the map U — G x G which sends the image of (g, (p, q), h) to (gp~', ghq™1).
Let Zy be the image in Z of {1} x G. The obvious map p : G — Zj identifies
Zy with G/V and Zj is B x B-stable. If A € P(G) is equivariant for the right
V-action there is Ag € P(Zp) with A = p*Ap[dim V].

f U — G xpZymaps the image of (g, (p.q), h) to the image of (g, (1,h)). The B-
actions on G and Zj are, respectively, right action and the action via the diagonal
By C GXG. If K is a B X B-equivariant perverse sheaf on Zy we denote by K the
perverse sheaf on G X g Zy whose pull-back to G x Zy is EX A;[dim G — dim B].
q: G xXp Zy — Z sends the image of (g, h) to ¢(g, gh).

Consider the diagram

AXBlGL U L>G><BZ0

la lc lq (10)

¢ Laoxagb z

A and Ag¢ p are as in 2.2,

3.7. Lemma. (i) The two squares of (10) are pull-back diagrams;

(i1) Let K € P(U) be the perverse sheaf on U whose pull-back to G x A x G is
ERNEXA[dimG]. Then K = b*A [dim G] = f*A[dim G];

(i1i) o K = d*a A = qb*q!fvll.

Proof. Similar to the proof of Lemma 2.12.

We define a parabolic character sheaf on Z to be an irreducible constituent of
a semisimple sheaf of the form q!(fvlg,w)g.

3.8. Theorem. A € P(G) is a A-character sheaf if and only if U'axa,c,AA is
a parabolic character sheaf.

Proof. This uses Lemma 3.7 in much the same way as Lemma 2.12 is used in the

proof of Lemma 2.14. Details may be left to the reader.
4. Another version of the parabolic character sheaves.
4.1. We maintain the notations of the preceding section. The perverse sheaf

Ap on Zy can be described in another way. Let O = (B x B).¢(1,w) = p(BwC).
The local system £ = L¢,;, on BwC' is the pull-back of a local system Ly on O.
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Then Ag is the perverse extension of L.

This construction suggest the following (seemingly) more general construction
of parabolic character sheaves on Z. Let O be any B x B-orbit in Z and let
A be the perverse extension of a suitable local system on O that is equivariant
for the By -action on Z. Define a perverse sheaf A on G x Z as before. Then
define a parabolic character sheaf to be a perverse constituent of q;/ul, where
q: G xp Z — Z. This definition was given (in an important special case) inde-
pendently by myself and He, who proved in [H2] that no new character sheaves
appear. We discuss now another approach to these results, using the Hecke alge-

bra representations of [Spl]. We first fix notations.

Let h = ¢(1,1) the base point of Z. For w € W,z € WBQ put O, =
(B x B).(w,x).h.

4.2. Lemma. (i) The Oy, are the B x B-orbits in Z;

(ii) The isotropy group in B x B of (w,4.h) is a semi-direct product of a con-
nected unipotent group and the subgroup (t,(zow=1)(t)) of T x T.

Proof. By Bruhat’s lemma, Z is the union of the sets (B x B).(w,w’).h with
w,w’ € W. Writing w' = xy with z € WB® y € Wy, we have (w,w’).h =
(wo™t(y™1), z).h from which we see that Z is the union of the O ;.

If Ow,e = Oy 4 then applying the projection Z — G/Q we see that BxQ =
Ba'Q, whence x = a’. If (b,V)(w,z) = (w', x) then bw = w'lu, b’z = xo(l)v with
l € Lyu € Uw € V. Then BxC = Bzo(l)C and by Bruhat’s lemma [ = 1. It
follows that BwB = Bw'B and w = w’. This proves (i). The proof of (ii) is left

to the reader.

Put V. = W x WE€, the set of B x B-orbits in Z. Let v = Ow,» and put

b= (W, &).h.

987

4.3. Lemma. (i) There is a unique morphism p : v — T such that (uvwp(z),u's).h =

z with u,u’ € Ug, for all z € v;

(ii) For t,t' € T,u,u’ € Ug we have p(tu,t'u').z = w1 (t) (e a=1)(#) " p(z);
(iii) The isotropy group (B X B)y is connected.

Proof. The existence of t € T with z = (uwt,u'&).h is clear. If ' € T has the
same property then ¢~'¢/ must be unipotent so that ¢t = t/. The existence of p

follows. The proofs of (ii) and (iii) are left to the reader.
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4.4. We perform constructions similar to those of 2.2. If £ € X(T) let L¢ s = p*¢,
a rank one local system on v. The perverse sheaf A = A¢ ;, on Z is the perverse
extension of L¢ ;. A has weight (w.§, —(20).§) for the B x B-action (in the sense
of [MS2, 2.2]).

Assume that w.§ = (z0).£. Then A is Bg-equivariant. It follows that the
parabolic character sheaves are the irreducible constituents of the semisimple

complexes C¢ 3 = qg/i of 4.1. We write C¢ ,, if only its isomorphism class matters.

4.5. We first give some complements to the facts recalled in 1.7. The posi-
tive roots and the length function on W are determined by B. We then have
P = Pjand Q = “Pg, where a € WX. Then ¢ is an isomorphism L; — YL,
inducing a bijection J — a.K, also denoted by o. Now WH®@ = W/ Kq~1,

If we WX and s € I is a simple reflection then
cither sw € WX or w™lsw € K. (11)

Let Y be the the group of cocharacters of T', viewed as the dual of X = X(7)
and put ¥ = (Z@/Z) @ Y. We have a pairing ( , ) between X = X(T) and

Y, with values in Zp/Z. For a € R the cocharacter oV defines an element & € Y.

4.6. We will use the generalized Hecke algebra K of [MS2, 4.3.2]. It is a free
module over R = Z[u,u '] with basis (e¢,) where z € W and € € X.

The multiplication in K is described by the following rules:

(a) e¢geny =0if & # y.n.

(b) If s is a simple reflection and £ = y.n this product equals

n,sy if I(sy) > I(y),
(u? = 1)eyy + uPey o if I(sy) < U(y) and (y.n, &) = 0,
u?ey sy if I(sy) < l(y) and (y.n, &) # 0.

Moreover, e¢ 1€y = O¢yneny and e zen1 = O¢ yC¢.a-

4.7. With a spherical variety there is associated in [MS2] a representation of

K. We describe it for the G x G-spherical variety Z. The results are very similar
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to those discussed in [Spl], for a slightly more restricted situation. The algebra

for G x G is K ®p K. We write e¢ 4, fe» for ec , ® 1, respectively, 1 ® e¢ ;.

Let G be the Grothendieck group of the abelian category of perverse sheaves
on Z and write G, for the Z[u,u !]-module Z[u,u '] ® G.

The module M is introduced along the lines of [MS2, Sect. 3]. It is contained in
Gy. In this setting M has a basis of "Kazhdan-Lusztig elements” c¢, = ¢¢ zs
where c¢ ,, is the class of the perverse sheaf A¢ ,, of 4.4. We shall also use the basis
(Meo) = (Meawa) (€ € X,w € W,z € WER) that is defined by the local system
L (cf. [loc. cit.]).

We have WEQ = WEqg=1. Put 2 = za~'. By (11) either sz € WB® or
sz = xo(§) where 5§ € J. We describe the K ® K-module structure of M in terms
of the basis (1m¢ . z)-

4.8. Lemma. (i) e)sme e =0 if n 7 w.& and ey 1me¢ e = Onw.cMew,azs
(1t) If n = w.§ the product e, smg o equals

(@) M s i () > 1(w),

(b) (u? — 1)mg pz + uPmg s if L(sw) < l(w) and (w.€, &) =0,

(¢) WPmg s if l(sw) < l(w) and (w.£,&) # 0;

(iit) fosmewa =0 if n# (x0).€ and fyamewa = 0y (v0).eMew,as

(iv) If n = (z0).€ and sx € WBL the product Jn,s Mg wa equals

(@) mease i 1(57) > 1)

(b) (u? — 1)Mig ap o + UPg sz if 1(sZ) < U(Z) and {(z0).£,&) = 0,

(¢) u?me sz if 1(sT) < 1(Z) and {(z0).£, &) # 0;

(v) If n = (z0).£ and sz ¢ WBQ the product of (iv) equals Mg s,z -
Proof. This follows from the formulas of [MS2, 4.3.1]. Cf. the proof of [Spl,

Lemma 5.2].

4.9. If A = ®;A4;[n;] is a semisimple complex on Z (the A; being perverse)
define x(A) € G, by

x(4) = Z u M A

Let v = O, be a B x B-orbit on Z and let ¢ € X (T) be such that w.£ = (z0).£.
We then have the semisimple complex Cg,. Let h be the Z[u,u !]-linear map
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M — G, with
h(cf,w,x) = X(Cé,v)'

4.10. Lemma. Forne X(T),s € I,m € M we have h(en.s.m) = h(fys.m).
Proof. For s € I let P; O B be the corresponding minimal parabolic subgroup.
If A is a B x B-weighted perverse sheaf on Z (a perverse sheaf with a weight
for the B x B-action) the product e, s.[A] € M is defined as follows, see [MS2,
Sect. 3]. There is a B x B-weighted perverse sheaf A, on Py such that A, X A
is, up to a shift, the pull-back of a perverse sheaf A on the quotient P; xZ Z of
P, x Z by the B-action b.(p, z) = (pb~!, (b, 1).2). Let a be the proper morphism
P, xB 7 — Z induced by (p,z) — (p,1).z. Then ayA is a semisimple complex
@i Ai[n;] and ey .[A] =D u M [Ay].

If now A; = Ag, », we have
h(ens-[A]) = u "X (Ce, ),

notations being as in 4.4. Putting together the construction of the multiplication

by e, and the construction of 4.4 we are led to considering the morphism
Gx P, x 7 — Z.
sending (g,p, z) to (gp,g).z. The group B x B operates on G x Ps x Z by

(0,0).(g,p,2) = (gb~ ", bp(t) ", (', b).2).

The quotient Z; of G x P; x Z for the B x B-action exists and « defines a

morphism «q : Z1 — Z. There is a perverse sheaf A; on Z; such that

h(ey,s-cen) = [(1)1An].

The pull-back of Ay to G x Ps x Z is, up to a shift, EX A, X A¢ o, -

On the other hand, proceeding similarly with the morphism G x Ps X Z — Z
sending (g, p, z) to (g, gp).z we obtain a morphism 3 : Z1 — Z with h(fy s.ce) =
[(B1)1A1]. Let v be the automorphism of Z; induced by the automorphism
(g9,p,2) — (gp,p~12) of G x Py x Z. Then f = aj o7 and (B1)1 = () o y.
Since A; and A are isomorphic so are (a)1 41 and (51)1A;1. The Lemma follows.
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The next result is more or less equivalent with the "key lemma” 3.12 of [H3].
4.11. Proposition.. h(me,.) € G (€ € X,w € W,z € WHR) is a linear
combination of the special elements h(mg 1) (y € WEQ).
Proof. Use induction on [(w), starting with w = 1. Assume that [(w) > 0 and
write w = sz with s € I,1(z) = l[(w) — 1. By part (ii)(a) of Lemma 4.8 and
Lemma 4.10

h(mewa) = h(feemeza)-

By Lemma 4.8 (iii) the right-hand side is 0 unless z.§ = (z0).£. If we are not
in case (v) of Lemma 4.8 it is a linear combination of elements h(mg . ,/) and
induction can be invoked.

In the exceptional case we have z7!sr = 0(5) € K and w = sz = 23. Let
w = $189...8; be a reduced decomposition with s; = s. Then w = s5...5;51 is a
second reduced decomposition. Iterating the argument we see that if x~!s;z & K
for some i we can again invoke induction. If however 2 's;z € K for all i, the
argument shows that w = o~ (z~lwz), showing that w € W.

Since the elements (I,0l) (I € L) fix h
(B x B)(w,z).h = (B x B)(1,z(cw) ™ ').h = (B x B).(1,w 'z).h.

As in 3.6 let Zy be the image in Z of {1} x G and let p : G — Zj, a fibration
with fiber V. Then

Owx = (B x B)(w,z).h = p(Bw '20).
Notice that under our assumptions
wlzo. & = ¢.

Also, the closure O, is a union of some p(Bw'C). It follows that h(ce ) is
a linear combination of classes [A] where A is an irreducible constituent of a
semisimple complex C¢ ,,-1, of 2.2 and a similar property holds for the h(cer w o)
where Oy C Oyy. Notice that h(mg,, ) is a linear combination of such
h(cé’,w’,x’)-

By Lemma 2.3 and the observations of 4.1 and 2.9 the isomorphism classes of
the constituents of C¢ -1, are already obtained from the complexes with w = 1.

This means that our h(cg, ) is a linear combination of elements h(cer 1,,7). Then
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h(c¢w,z) is a linear combination of certain h(mg 1,/). The Proposition follows.

4.12. Corollary. The parabolic character sheaves of 4.4. coincide with those of
3.8.

The Corollary was first proved by He in [H2].
5. The compactification of G.

5.1. The group A.

This Section is somewhat sketchy. Notations being as in 1.8, let L and M be the
adjoint groups of L and M and let & be the isomorphism L — M induced by o.
Denote by mp and g the projections P — L,, Q — M and put

A=Acpos={pa) € PxQ|7o(a) =a7p)}.

There is an obvious homomorphism A — A whose kernel is isomorphic to the
center C of L.

From now on assume G to be adjoint. Then C is a torus. It acts on the right on
G x G by c.(x,y) = (zc,y(oc)). This induces a right action of the torus C' on Z.
We view Z as the quotient Z/C. Let m : Z — Z be the canonical map, a torus

fibration.

5.2. Lemma. An irreducible perverse sheaf A on Z is of the form m*(A)[dim C]

for some perverse sheaf A on Z if and only if it is C-equivariant.

A parabolic character sheaf A on Z is an irreducible perverse sheaf obtained
as in the Lemma from a C-equivariant parabolic character sheaf A on Z. Then
A is an irreducible constituent of a complex C¢, as in 4.4, where the restriction

of £ to C is zero.

Applying Prop.1.6 (i) we associate to a parabolic character sheaf on Z an ir-
reducible perverse sheaf on G, which we call a A-character sheaf on G.
5.3. Lemma. The A-character sheaves on G are the A-character sheaves that

are equivariant for the action of C on G by left multiplication.
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5.4. With the notations of 1.7 let B be the Borel group Fy. If P; is a standard
parabolic subgroup denote by P; the opposite parabolic subgroup. It shares the
Levi subgroup Lj with P;. Put

AJ = AG’,PJ_,PJ,id’ ZJ =G X G/AJ

Let X be the wonderful compactification of our adjoint group G. The group
G x G acts on it with finitely many orbits. These orbits are precisely our Z;.
A parabolic character sheaf A on Z; extends canonically to an irreducible perverse
sheaf A on the closure
A(Z) = Zx.
KcJ
The restriction of A to Zg (K C J) is a complex which one would like to know

more about.

We can transfer things to G by applying Prop. 1.6 (i) (or rather a version of
it for complexes in D(G)). We then see that a A j-character sheaf A determines
for each K C J a Ag-equivariant complex Ax on G.

5.5. Question. Can Ag be described in terms of a restriction operation on

A j-equivariant complexes on G, for varying J ¢
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