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Abstract: For p a prime and G a finite group, a proper subgroup H of
G is strongly p-embedded in G if and only if p divides |H| but does not
divide |H N HY| for all g € G\ H. This article contributes to the various
projects to improve the classification of the finite simple groups. One of the
main theorems is as follows: Suppose that G is a finite group in which every
proper subgroup has composition factors from the known simple groups, p is
an odd prime and that H is a strongly p-embedded subgroup of G. Assume
that H N K is of even order for all non-trivial normal subgroups K of G,
Oy (H) = 1 and m,(Cg(t)) > 2 for every involution ¢ of H. Then there exists
n > 2 such that either F*(G) = PSU3(p") or p = 3 and F*(G) = 2Go(32"71).
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1. INTRODUCTION

In this paper we study finite groups which possess a strongly p-embedded
subgroup for some prime p. Suppose that p is a prime. A subgroup H of the finite
group G is said to be strongly p-embedded in G if the following two conditions
hold.

(i) H < G and p divides |H|; and
(i) if g € G\ H, then p does not divide |[H N HY|.

One of the most important properties of strongly p-embedded subgroups is that
N¢g(X) < H for any non-trivial p-subgroup X of H.
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Groups with a strongly 2-embedded subgroup have been classified by Bender
[2] and Suzuki [17] and their classification forms a pedestal upon which the clas-
sification of the finite simple groups stands. The classification of groups with a
strongly 2-embedded subgroup states that if G is a finite group with a strongly 2-
embedded subgroup, then O% (G/O(@G)) is a simple rank 1 Lie type group defined
in characteristic 2 or G has quaternion or cyclic Sylow 2-subgroups. Of course
rank 1 Lie type groups in characteristic 2 are the building blocks of the groups of
Lie type in characteristic 2. When dealing with groups defined in characteristic

p for odd p, strongly p-embedded subgroups play an equally influential role.

Assume from here on that p is an odd prime and G is a finite group with
Op(G) = 1. If G has cyclic Sylow p-subgroup P, then Ng(€;(P)) is strongly
p-embedded in G. There is thus no prospect of listing all such groups. However, if
mp(G) > 2, then the almost simple groups with a strongly p-embedded subgroup
are known as a corollary to the classification of the finite simple groups. They
include the rank 1 Lie type groups defined in characteristic p, alternating groups
Alt(2p) for p > 5, and there are only additional examples if p < 11. See Propo-
sition 2.5 for a complete list. When we examine the list of simple groups with
a strongly p-embedded subgroup H, we see that either H is a p-local subgroup
or that F*(H) = Alt(p) x Alt(p) with p > 5 or Qg (2) with p = 5. Thus the
fact that H is strongly p-embedded severely restricts its structure. One major
application of the results of this paper will be to the investigation of groups of
local characteristic p orchestrated by Meierfrankenfeld, Stellmacher and Stroth
[13]. In the described application, we have a subgroup H of G generated by all
the normalizers of non-trivial p-subgroups contained in a fixed Sylow p-subgroup
of GG. Generally speaking under such circumstances H will be a Lie type group
defined in characteristic p. We would like to assert that H = G. Assuming that
this is not the case, work in progress by Salarian and Stroth will show that H is
strongly p-embedded in G. The conclusion of our third theorem, Theorem 1.3, is
that under mild restrictions on the structure of H, H cannot in fact be strongly
p-embedded. Recall that a C-group is a group in which every composition factor
is from the list of “known” simple groups. That is, every simple section is either
a cyclic group of prime order, an alternating group, a group of Lie type or one
of the twenty six sporadic simple groups. A group is KC-proper if all its proper
subgroups are K-groups. Obviously K-proper groups are the focus of attention in
the proof of the classification of the finite simple groups.
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Theorem 1.1. Suppose that G is a finite group, p is an odd prime and that H is
a strongly p-embedded subgroup of G such that H N K has even order for all non-
trivial normal subgroups K of G. Assume that F*(H) = Op(H) and m,(Cg(t)) >
2 for every involution t in H. If Ng(T) is a K-group for all non-trivial 2-subgroups
T of G, then there exists n > 2 such that either F*(G) = PSU3(p") or, p = 3
and F*(G) =2 2Gy (3271,

Theorem 1.2. Suppose that G is a finite group, p is an odd prime and that
H is a strongly p-embedded subgroup of G. Assume that Oy (H) = 1 and that
myp(CH(t)) > 2 for every involution t of H. If Ng(T') is a K-group for all non-
trivial p'-subgroups T of G and H is a K-group, then either F*(H) = O,(H) or
F*(H) = E(H) is quasisimple.

Theorem 1.3. Suppose that G is a finite group, p is an odd prime and that H is
a strongly p-embedded subgroup of G. Assume that O,y (H) =1, F*(H) = E(H)
is quasisimple or F*(H) = Oy(H) and that my(Cr(t)) > 2 for every involution
t of H. If Ng(T) is a K-group for all non-trivial 2-subgroups T of G and H is a
IC-group, then F*(H) = O,(H).

We choose to compartmentalize our theorems in this way so that we can be
precise about the KC-group hypothesis we are invoking. For example in the ex-
pected application of this work to the project to classify the finite groups of local
characteristic p as explained above, H will be a finite quasisimple X-group and
this will be known independently with just a /C-group assumption on the nor-
malizers of non-trivial p-subgroups of G. Our three theorems combine to give the
following theorem which is the main result of the paper.

Theorem 1.4. Suppose that G is a finite KC-proper group, p is an odd prime and
that H is a strongly p-embedded subgroup of G such that H N K is of even order
for all non-trivial normal subgroups K of G. Assume that Oy (H) =1 and that
my(CH(t)) > 2 for every involution t of H. Then there exists n > 2 such that
either F*(G) = PSUs(p") or, p = 3 and F*(G) = 2Go (3% 1),

The hypothesis in Theorems 1.1 and 1.4 that |H N K| is even for all normal
subgroups K of GG is there to guarantee that we cannot transfer all the elements
of order 2 from H and finish up with a configuration where the strongly p-

embedded subgroup has odd order. In particular, we do not want our group G
to have G > O%*(G) and H N O%(G) a strongly p-embedded subgroup of O%(G)
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of odd order. For example, taking G = PGLy(27), we see that G has a strongly
3-embedded subgroup of even order, but the normal subgroup of index 2 does

not.

Recall that our primary application of our theorem is to the project to classify
groups of local characteristic p. With this in mind, we have the following corollary
to Theorem 1.4.

Corollary 1.5. Suppose that p is an odd prime and H is a strongly p-embedded
subgroup of G. If Ng(T) is a K-group for all non-trivial 2-subgroups T of G, then
F*(H) is not a simple Lie type group defined in characteristic p of rank at least 3.

In fact, if G and H are as in Corollary 1.5, then Theorem 1.4 can be used to
show that if F*(H) is a Lie type group in characteristic p of rank 2, then the only
possibility is that F*(H) = PSL3(p) or PSp,(p). In further work by the authors,
it is shown that the latter case cannot happen [15]. To eliminate the possibility
that F*(H) = PSL3(p), it seems that different techniques need to be developed.

We now proceed to describe the contents of the paper and at the same time
give an outline of the proof of our theorems. In Section 2, we present the prelim-
inary results that we shall call upon throughout the paper. We begin with our
main characterization theorems. These are the results which formally identify the
groups in Theorem 1.1. Thus we state Aschbacher’s Classical Involution Theorem
(Theorem 2.2) which will be used to identify the unitary groups and the theorem
which is the culmination of work by Walter, Bombieri, and Thompson (Theo-
rem 2.3) to recognize the Ree groups. We then move on to results about almost
simple K-groups. The most prominent and important of these is Proposition 2.5
which describes the structure of the almost simple K-groups of p-rank at least
2 which possess a strongly p-embedded subgroup. This is followed by Proposi-
tion 2.7 which catalogues the structure of a strongly p-embedded subgroup in
each of the groups listed in Proposition 2.5. Next a series of corollaries to the
propositions are presented, perhaps the most useful being Corollary 2.8. We then
collect some results related to the Thompson Transfer Lemma and results which
limit the structure of 2-groups which admit certain types of automorphisms, see,
for example, Lemmas 2.23 and 2.26.

Our investigation of groups with a strongly p-embedded subgroup starts in
earnest in Section 3. We assume that G is a group and that H is a strongly
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p-embedded subgroup of G and prove some basic properties about such configu-
rations. In particular, easy, but key facts that are used throughout the work are
established such as if K is a subgroup of G which is not contained in H and HNK
has order divisible by p, then H N K is strongly p-embedded in K and, of partic-
ular importance, if m,(HNK) > 2, then Oy (K) < H and F*(Cg(t)/Op(Ca(t)))
is an almost simple group of p-rank at least 2 containing a strongly p-embedded
subgroup. This is a simple consequence of the properties of strongly p-embedded
subgroups and coprime action. A further consequence of these elementary lem-
mas is that F*(G) is a non-abelian simple group. Now the hypothesis in the main
theorems that H N K has even order immediately implies that H N F*(G) has
even order. Thus for our work we may as well suppose that G = O?(G) and
S0, in Section 4, where we introduce the main hypothesis Hypothesis 4.1, this
is included. In Section 4 we start our exploration of groups G with a strongly
p-embedded subgroup H such that O, (H) = 1, m,(Cg(t)) > 2 for all involu-
tions t € H, and G = O%(G). We also impose our main K-group hypothesis, that
N¢g(T) is a K-group for all 2-groups T" of G. We may also suppose that G is not a
IC-group. Thus H is not strongly 2-embedded in G and so, as H has even order,
there is an involution t € H with Cg(t) £ H. Since my,(Cr(t)) > 2, we have
Oy (Cq(t)) < H and Cg(t) is strongly p-embedded in Cg(t). This allows us to
use the K-group hypothesis to get hold of the structure of Cg(t)/O, (Cg(t)). One
stark consequence of the information that we obtain in this section is that for
any involution t € H, Cg(t) £ H and the pertinent structural information about
Cg(t) is listed in Lemma 4.4. We close Section 4 with an immediate application
of Lemma 4.4 which states that if E(H) # 1, then E(H) is quasisimple. This is
Lemma 4.5.

Sections 5, 6 and 7, study groups satisfying Hypothesis 4.1 which have @ =
F*(H) = Op(H). Since H is strongly p-embedded in G, we then have H = Ng(Q).
Of course we may also assume that G does not have a classical involution. Our
objective then in these three sections is to prove that G = 2G(32"~ 1) for some
n > 2. To do this we seek to establish the hypothesis of Theorem 2.3. So we need
to show that G has Sylow 2-subgroups which have order 8 and an involution ¢
such that Cg(t) contains a normal subgroup isomorphic to PSLa(p®) for some
a > 2. We start this work in Section 5. For ¢ an involution in H, ¢ acts on
and, of course, either Cg(t) # 1 or Cg(t) = 1. In the former case Lemma 5.2
shows that there is a unique component L; contained in Cg(t) which is normal
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and has order divisible by p. In the latter case, we can only establish that C(t)
has a normal 2-component (Lemma 5.3) with the same properties. In both cases,
as by hypothesis Cg(t) is a K-group, we may use Proposition 2.5 to describe
the possible isomorphism types of L;/O(L;). We then make a careful choice of
t. We assume that |Cg(t)| is maximal from among all involutions t € H with
Co(t) # 1 or that Cg(t) = 1. This choice leads to Lemma 5.7 which states that
a Sylow 2-subgroup of O, (Cg(t)) is cyclic and that O, (Cg(t)) has a normal
2-complement. In Section 6 our objective is to prove that L;/Oy (L) = PSLa(p®)
for some a > 2. The exact conclusion being posted in Theorem 6.1. This section
deals with all the other possibilities for L;/O,(L;) the most resilient case arising
when H is strongly 3-embedded and L;/O(L;) is a covering group of PSL3(4).
Section 7 is the most technical of the paper. We begin with an involution ¢ in H
such that L;/Op (L) = PSLa(p®) and Oy (Cg(t)) has cyclic Sylow 2-subgroups.
Arguments about the fusion of involutions in G centreing around the Thompson
Transfer Lemma and the fact that G = O?(G) eventually establish the structure
of Ci(t) required to invoke Theorem 2.3.

In Section 8, we start to study the situation when O, (H) = 1 and £ =
E(H) # 1. By Lemma 4.5 we already know that E is a quasisimple group. We
further assume that E is a -group. In Lemma 8.1 we show that O,(H) < E(H).
We remark that our proof of this result requires the KC-group hypothesis on H as
well as on Ng(T) for non-trivial p’-subgroups T of G. A very useful though easy
consequence of Lemma 4.4 in conjunction with Propositions 2.5 and 2.7 is that if
Cu(t)/Op(Cq(t)) is not soluble, then F*(Ch(t)/Oy(Ca(t))) = Alt(p) x Alt(p)
with p > 5 or to Qg (2) and p =5 (see Lemma 8.3). Now for most candidates for
E, we can select an involution ¢t € E such that C'g(t) is non-soluble and, since
we can show that p divides |Cg(t)| (Lemma 8.7), we finish up only having to
consider small Lie rank simple groups defined over small fields in any significant
detail. In these cases, when there is more than one class of involutions in F, it is
usually possible to choose a further involution s such that m,(Cg(s)) < 2. Thus
the meat in this section is contained in dealing with the possibility that £ might
be a rank 1 Lie type group or that E = PSL3(2%) for some a > 1. The arguments
dispatching these possibilities are presented in Lemmas 8.8 and 8.9. Finally we
present proofs of Theorems 1.1, 1.2 and 1.4 as well as Corollary 1.5 in Section 9.

Our group theoretical notation is mostly standard and can be found in [9].
Particularly we use the following notation and conventions. Suppose that X is a
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finite group. We use O(X) to represent Oy (X ), the largest normal subgroup of
X of odd order. As usual Z*(X) is the subgroup of X which contains O(X) and
satisfies Z*(X)/O(X) = Z(X/O(X)). For Y < X and z € X, #¥ denotes the set
of Y-conjugates of z. If a € ¥, we write a ~y z to indicate that a and = are
conjugate by an element of Y. If p is a prime, P € Syl,(G) and = € Z(P)#, then =
is called a p-central element. Our notation for the simple groups is also standard
or self-explanatory. The dihedral group of order n is denoted by Dih(n), the semi-
dihedral group of order n is denoted by SDih(n) and the generalized quaternion
group of order 2% is denoted by 2« and is usually referred to as a quaternion
group of order 2%. The extraspecial 2-groups P of order 272" are denoted 23r+2”
if P has an elementary abelian subgroup of order 2"*! and are otherwise denoted
by 21727 If A and B are groups, then A % B represents the central product of A
and B, A : B denotes a semidirect product of A and B with undefined action,
and A'B denotes a non-split extension of A by B.

Acknowledgement. The first author thanks the Institut fiir Mathematik, Uni-
versitat Halle-Wittenberg and the second author for their hospitality during vis-
its to Halle to carry out research on this project. Both authors also thank Ulrich
Meierfrankenfeld for various improvements and for pointing out a gap in an earlier
version of the paper.

2. PRELIMINARIES

In this section we gather together an eclectic collection of preliminary results
which we will invoke at various places throughout the paper. We begin with the
principal recognition theorems that we shall apply.

Definition 2.1. Suppose that G is a group, t is an involution in G and C =
Ca(t). Then t is a classical involution in G provided there exists a subnormal
subgroup R of C' which satisfies the following conditions.

(i) R has non-abelian Sylow 2-subgroups and t is the unique involution in R;
(ii) 7 N C C Ng(R) for all 2-elements r € R; and
(iii) [RI,R] < O (C) for all g € C'\ Ng(R).

Notice that if G is a group, t is an involution in G and R is a normal subgroup
of C¢(t) containing ¢ which has quaternion Sylow 2-subgroups, then ¢ is a classical

involution. The following result is of fundamental importance in our work.
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Theorem 2.2 (Aschbacher). Suppose that G is a group and F*(G) is simple. If
G has a classical involution then G is a K-group.

Proof. This is the main theorem in [1]. O

Theorem 2.3 (Walter, Bombieri, Thompson). Suppose that G is a perfect group,
S € SylL(G) and t € G is an involution. If S is abelian of order 8 and
Ci(t)/O(Cq(t)) contains a normal subgroup isomorphic to PSLa(p®), p® > 3,
then G =2 J1 or 2G2(3%) with a > 3, a odd.

Proof. From the main result in [19] we have that Cp«()(t) = (t) x PSLz(p®). The
assertion then follows from [18] and [3]. O

We now move on to properties of KC-groups with strongly p-embedded sub-
groups.

Definition 2.4. Suppose that p is a prime, X is a group and P € Syl,(X). Then
the 1-generated p-core of X is defined as follows:

Ipi(X) =(Nx(R)|1#R<P).

We say that a proper subgroup M of X is strongly p-embedded if and only if
p divides [M|] and I'p;(X) < M for some Sylow p-subgroup P of M. That this
definition is equivalent to the one given in the introduction is an easy application
of Sylow’s Theorem (see [9, 17.10] for example).

Proposition 2.5. Suppose that p is a prime, X is a K-group and K = F*(X) is
simple. Let P € Syl,(X) and Q = PN K. If my(P) > 2 and I'p1(X) < X, then
Fg1(K) < K and p and K are as follows.

(i) p is arbitrary, a > 1 and K = PSLy(p®*t!), or PSU3(p?), 2By(220F1)
(p =2) or 2Go (3% (p = 3) and X/K is a p'-group.

(i) p> 3, K = Alt(2p) and | X/K| < 2.

=3, K 2 PSLy(8) and X = PSLy(8) : 3.

=3, K 2 PSL3(4) and X/K is a 2-group.

(iii) p
p
p=3and X = K = M.
p
p

)

)

(iv)

(v)

(vi) p=5 and K = 2By(32) and X = ?By(32) : 5.
)

(vii) p=5, K 2 2F4(2)" and | X/K| < 2.



(viii)
(ix)
(x)
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p=25, K = McL and | X/K| <2.
p:5, KgFiQQ and ‘X/K’ SQ
p=11 and X = K = J4.

Proof. See [10, 7.6.1] or [8, 24.1]. O

Notation 2.6. We let € be the set of pairs (K,p) in the conclusion of Proposi-
tion 2.5 with p odd.

Proposition 2.7. Suppose that X, K, P and @ are as in Proposition 2.5. Let
H =Tgq1(K). Then the following hold.

(1)

(ii)
(iii)

(iv)

(ix)

If 2.5 (i) holds, then H = Nk (Q) is a Borel subgroup of K. In particular,
H = JQ where J is cyclic and operates irreducibly on each of Q/®(Q)
and Z(Q).

If 2.5(ii) holds, then H is isomorphic to the subgroup of Sym(p)!Sym(2)
consisting of even permutations. In particular, if p > 3, then Op(H) = 1.
If 2.5(iii) holds, then Q is cyclic of order 9, H = Nk (Q) is dihedral
of order 18 and Nx(P) = 3722, In particular, Nk (Q) does not act
irreducibly on P/®(P).

If 2.5(iv) holds, then Q is elementary abelian of order 9, H = Nk (Q),
Cx(Q)=2(Q), H/Q = Qg and a complement to Q in H acts irreducibly
on Q.

If 2.5(v) holds, then Q is elementary abelian of order 9, H = Nk (Q),
Cy(Q) = Q, H/Q = SDih(16) and a complement to H in K acts irre-
ducibly on Q.

If 2.5(vi) holds, then Q is cyclic of order 25, H = Nk (Q) is a Frobenius
group of order 100, and Nx(P) = 5142 4. In particular, a complement
to @ in Nk (Q) does not act irreducibly on P/®(P).

If 2.5(vii) holds, Q is elementary abelian of order 25, H = Ng(Q),
Q =Cy(Q), H/Q is isomorphic to a central product of a cyclic group of
order 4 with SLy(3) and a complement to Q in H acts irreducibly on Q.
If 2.5(viii) holds, then Q is extraspecial of order 53, H = Nk (Q), Cx(Q) =
Z(Q), H/Q isomorphic to a non-abelian extension of a cyclic group of
order 3 by a cyclic group of order 8 and a complement to ) in H acts
irreducibly on Q/®(Q).

If 2.5(iz) holds, then Q has order 25 and H = Aut(QF (2)). In particular
Os(H) =1.
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(x) If 2.5(x) holds, then Q is extraspecial of order 113, H = Nk (Q), Ck(Q) =
Z(Q), H/Q is isomorphic to the direct product of a cyclic group of order
5 and GLo(3). In particular, a complement to Q in H acts irreducibly

on Q/®(Q).

In all cases Nx(Q) is mazimal subgroup of G. So Nx(Q) is the only strongly
p-embedded subgroup of X containing P.

Proof. This is mostly [10, Theorem 7.6.2], the statement regarding the action of
complements to  in H are easily deduced and are well-known. O

Corollary 2.8. Assume that X, K, P, Q and H are as in Proposition 2.7. If
Op(H) # 1, then Ny (P) acts irreducibly on P/®(P), unless either

(i) p=3 and X = PSLy(8) : 3; or
(ii) p =5 and X = 2By(32) : 5.

Proof. The assertion follows directly from Proposition 2.7. O

Corollary 2.9. Assume that X, K, P, Q and H are as in Proposition 2.7 with
p odd. Then H contains an involution inverting P/®(P) unless cases (i) or (ii)
of Corollary 2.8 holds or K = PSLa(p®) with p* =3 (mod 4).

Proof. As long as Ny (P)/Cu(P)P has a central involution the result follows
with Corollary 2.8. By Proposition 2.7, if Ny (P)/Cg(P) does not have a central
involution, we must be in case (i) of Proposition 2.5. Furthermore the Borel
subgroup must be of odd order. Therefore K = PSLa(p®) with p® = 3 (mod 4).

U

Lemma 2.10. Let F*(X) = K = PSL3(4) and t € X be an involution which
induces an outer automorphism on L. Then Ck(t) = 32.Qg = PSU3(2), PSL3(2)
or Alt(5).

Proof. By [10, 2.5.12] K just posseses involutory outer automorphisms which are
field-, graph,- or graph-field automorphisms. A field automorphism centralizes
PSL3(2), a graph automorphism centralizes PSLy(4) = Alt(5) and a graph-field
automorphism centralizes PSU3(2). O
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Corollary 2.11. Assume that X, K, P, Q are as in Proposition 2.5. Set H =
FPJ(X). If Op/(H) 7é 1, then K = PSL3(4> or Figg, ‘X/K| Z 2 and Op/(H) =
Z(H) has order 2.

Proof. This is [8, 24.2].
O

Lemma 2.12. Suppose that p is an odd prime and (K,p) € £. If two divides the
order of the Schur multiplier of K, then K is isomorphic to PSLa(p®) for some
a, Alt(2p), PSL3(4), or Figs.

Proof. For this we just consult [10, Theorem 6.1.4]. O

Corollary 2.13. Assume that p is an odd prime, (K,p) € £ and H =T'g1(K)
where Q € Syl,(K). Iff( is a non-trivial perfect central extension of K with Z(K)
a 2-group and zfﬁ[ has quaternion or cyclic Sylow 2-subgroups, then K = SLa(p?)
for some a.

Proof. Suppose that K 2 PSLy(p®). Then, by Lemma 2.12, K = Alt(2p), PSL3(4)
or Figs. In these cases, Proposition 2.7 shows that H does not have cyclic or
dihedral Sylow 2-subgroups and so these groups do not arise. It is well-known
that the Sylow 2-subgroups of SLy(p®) are quaternion. O

Lemma 2.14. Suppose that p is an odd prime and X is group with F*(X) =K
where (K,p) € €. Let P € Syl,(X) and @ = PNK. Set H =Tg1(K). If |K : H
1s odd, then K = Mjy;.

Proof. This follows by inspection of the groups in £ and the subgroups corre-
sponding to H. O

Lemma 2.15. Suppose that p is an odd prime and X is group with F*(X) = K
where (K,p) € €. Let P € Syl,(X) and Q = PN K. Set H =Tq1(K). If |H| is
odd, then K = PSLy(pf) for some odd f and p=3 (mod 4).

Proof. This follows by inspection of the groups in £ and the subgroups corre-
sponding to H described in Proposition 2.7. 0

Lemma 2.16. Suppose that K is a simple KC-group and that p is an odd prime.
Then my(Out(K)) < 2 and, if P < Out(K) has p-rank 2, then P £ OP(Out(K)).



808 Chris Parker and Gernot Stroth

Proof. Since the alternating groups and sporadic simple groups have outer auto-
morphism groups which are 2-groups (perhaps trivial), we may suppose that F is
a Lie type group. Then the result can be deduced from [10, Theorem 2.5.12]. O

Lemma 2.17. Assume that G is a group with Z*(G) = Ox(G). If t € G is an
involution, then t% N Cq(t) # {t}.

Proof. Let R € Syly(Cg(t)) and assume that t“NCq(t) # {t}. Then t“NR = {t}
and so t € Z(Ng(R)). Therefore, R € Syly(G) and Glauberman’s Z*-Theorem [6]
implies that t € Z*(G) = Oy (G) which is impossible. Hence the lemma holds. [

The next result is the famous Thompson Transfer Lemma.

Lemma 2.18. Let G be a group, S € Syly(G), TS with S =TA, ANT =1, A
cyclic and non-trivial. If G has no subgroup of index two and w is the involution
in A, then there is some g € G with v9 € T and Cs(u9) € Syly(Ca(u9)). In
particular |Cs(u)| < |Cgs(u9)].

Proof. This is [9, (15.16)]. O

Lemma 2.19. Suppose that G is a group and S € Syly(G). Then at least one of
the following hold.

(i) G # 0*(G);
(i) Q1(Z(S)) < ®(95); or
(iii) Ng(S) acts non-trivially on Q1(Z(S)).

Proof. Suppose that (i) and (ii) do not hold. Then there is a maximal subgroup
M of S and an involution t € Q;(Z(S)) such that t ¢ M. By the Thompson
Transfer Lemma 2.18, there is # € G such t* € M and Cgs(t*) € Syl,(Ca(t7)).
Since t is 2-central, it follows that t* € Q1(Z(S)). Burnside’s Lemma [9, 16.2] now
implies that ¢t and t* are conjugate by an element of Ng(S). Thus (iii) holds. O

Lemma 2.20. Suppose that G is a group with G = O%*(G), t € G is an involution
and S € Syly(Cq(t)). Assume that S = (y) x So, t € (y) and Z(Sy) is elementary
abelian. Then (t) = (y).

Proof. Assume that y has order greater than 2. Then Z(S) = (y) x Z(Sp) and so ¢
is the unique involution in ®(Z(S)). Therefore (t) is a characteristic subgroup of
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S. Hence t € Z(Ng(S)) and so S € Syly(G). As S = (y) x Sy and G = O*(G), we
may now apply the Thompson Transfer Lemma 2.18 to see that there exists g € G
such that t9 € Sy and Cg(t9) € Syly(C(t9)). It follows that t9 € Z(S). Hence t
and t9 are conjugate in Ng(S) by Burnside’s Lemma. But we have already noted
that (t) is a characteristic subgroup of S and so we have (t) = (t9) which is a

O

contradiction. Thus (t) = (y) as claimed.

Lemma 2.21. Suppose that G is a group, v is an odd prime and G/Oz(G)
Dih(2r). Let R € Syl.(G) and assume that Co,g)(R) = 1. Then Ng(R)
Dih(2r) and, for a an involution in Ng(R), all the involutions of G \ O2(G) are
conjugate to a and |Co,(q (a)]? = |02(G)].

vl

Proof. Set @ = O2(G). Since Ng(R) = Cg(R) = 1, the Frattini argument shows
that Ng(R) = Dih(2r). Let a,b € Ng(R) be involutions with a # b. Assume that
¢ € bQ is an involution. Then (a,c) is a dihedral group of order divisible by r.
Thus (a,c) contains a conjugate, R* of R. Since (a,c) N Q < Co(R*) =1, we
have that (a,c) = Dih(2r). Thus a and ¢ are G-conjugate. It follows that every
involution in G\ @ is conjugate to a. Assume that a normalizes R* for some
r € Q. Then zaz~! € Ng(R) and zaz~la € QN Ng(R) = 1. Thus z € Cg(a).
It follows that a normalizes exactly |Cg(a)| conjugates of R. Let € b@Q be an
involution. Then (a, x) contains a conjugate of R and if y € bQ is an involution
with (a,z) = (a,y), then = y. Thus a normalizes at least |Q : Cg(b)| conjugates
of R. Tt follows that |Q| < |Co(b)||Cq(a)| = |Cg(b)|?>. On the other hand, as
Co(b) N Cg(a) < Co(R) = 1, we have |Cq(b)|* < |Q| and this completes the
proof of the lemma. O

We recall that if A = Zox X Zor and G = Aut(A). Then G = GLy(Zyx) and

that
ac «
O2(G):{<db> ’a,bEZQk,C,d€2Z2k},

where Z3, denotes the groups of units of Zyx. In particular, we have that |O2(G)| =
24k=1) and G/O04(G) = SLy(2).

Lemma 2.22. Suppose that k > 2, A = Zor X Zor and G = Aut(A). If H < G =
GL2(Zqyr) and H = Alt(4), then

14210 1 2kt
O2(H) = << 2k—1 1 +2k—1> ) <2k’—1 1 :
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In particular, there is exactly one conjugacy class of subgroups of G isomorphic
to Alt(4).

Proof. We first note that t = 1 0 is an element of order 3 in G and, since
|G|3 = 3, we may suppose that ¢t € H.

We proceed by induction on k. Suppose that k = 2. Then Oy(G) has order 16
and is abelian. Since O2(H) < O3(G) and Z(G) # 1, we then have

Os(H) = [05(G), 1] = < (;’2) , (; f) > .

Now suppose that k > 2. Let B = 2A = Zyk—1 X Zgk—1. Then

14 2k1g 2k-1¢
Ce(B) = {( ok—1g 1 4 ok—1p | a,b,c,d € {0,1}

which has order 2. Furthermore, G/Cq(B) = Aut(B). If H N Cg(B) = O2(H),

then
k—1 k—1
OQ(H) = [CG(B)7t] = <<1 —;f_l 1 +(;k—1> ) <2k1—1 2 1 )>

and we are done. Hence HC¢(B)/Cq(B) = Alt(4). By induction, we have

1+22 1 2k—2
02(H) <R= << 2k—2 14+ 2k—2> ’ (2k—2 1 CG(B)

However, an easy calculation then shows that every element of R\ B has order 4
and this contradicts O2(H ) having exponent 2. This proves the lemma. O

Lemma 2.23. Let G be a group, T < G be a 2-group and V < Z(T) be a
fours group. Assume that t,p € Ng(V) N Ng(T) are elements of order 2 and 3
respectively with [t,(p, V)] = 1. If [V,p] = Cr(t) =V, then T is isomorphic to
one of the following groups.

(i) An elementary abelian group of order 16.

(iii) A Sylow 2-subgroup of PSL3(4).

)
(ii) A homocyclic group of rank 2 and order 2*™ for some n > 1.
)
(iv) A Sylow 2-subgroup of PSU3(4).
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Proof. Because Cr(t) = V and [t,p] = 1, we have that Cp(p) = 1. f T =V,
then (ii) holds with n = 1. So assume that 7' > V and let W be the preimage of
Cryv(t). Then, since Cr(p) = 1 and Cr(t) = V, we have that [W : V| = 4. In
particular, W/V has rank 2 which means that |[WW’| < 2. Thus, as p acts on W,

we have that W is abelian and so W is either elementary abelian or homocyclic
Z4 X Z4

Assume first that W is elementary abelian. Then all involutions in Wt are
conjugate in (W,t). As Cr(t) = V, this means that 7= W, which is (i).

Assume next that W is homocyclic. Then, as W/V' = Cr/y(t) is elementary
abelian of order 4, T'/V satisfies the hypothesis of the lemma. Hence we may
assume by induction 7'/V is isomorphic to one of the groups in (i) - (iv).

Assume that T'/V is elementary abelian of order 16. If V' = Qy(T'), then, as
T/V can be considered as a direct some of two irreducible 2-dimensional modules
for (p), we have that T' = WW;, where W) is also homocyclic of order 16 and
is normalized by p. Furthermore, Cy, (W) = Cw (T) = V. Using Lemma 2.22
shows that the action of W; on W is uniquely determined. As W = [t, W1], we
see that T is uniquely determined and so we have that T  is isomorphic to a
Sylow 2-subgroup of PSU3(4). If Q4(T") # V, then we have T'= WW;, where W}
is elementary abelian of order 4 and is normalized by p. If Cyy, (W) = 1, then the
action of Wp on W is uniquely determined as above. We therefore have that VW,
and (VW7)! are elementary abelian of order 16 and the action of Wy on (VW)
is uniquely determined. It follows that 1" is isomorphic to a Sylow 2-subgroup
of PSL3(4). Hence we have Cy, (W) = W) and consequently T is abelian. Then
Q1(T) is elementary abelian. But this forces W = Q4 (7T") which is a contradiction
as W =2 Zy X Zg.

Assume next that 7'/V is isomorphic to a Sylow 2-subgroup of PSUjs(4) or
PSL3(4). Then there is a homocyclic group Wi = Zg x Zg on which (T'/W7, p) acts
as Alt(4). Using Lemma 2.22 we get [W1,T] = V and this contradicts Z(T/V) =
W/V . Hence we finally have T'/V is homocyclic. As T' = ([z, y]) where T' = (z,y),
the fact that C7v(p) = 1 implies that T is abelian. As Q1(T) =V and Cp(p) = 1,
we have that T is homocyclic. O

Corollary 2.24. Assume the hypothesis of Lemma 2.23. If the coset Tt contains
more than one T-conjugacy class of involutions, then T is homocyclic and Tt
contains exactly four T-conjugacy classes of involutions.
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Proof. We consider each of the possibilities for 7' given in Lemma 2.23. If T is
elementary abelian, then Cp(t) = V has index 4 in T" and so T't contains exactly 4
involutions and they are all T-conjugate. Assume now that 7' is non-abelian. Let
W = Cry(t). We note that [t7| = |T/V| = |T|/4 and, if z € T and (xt)* = 1,
then ¢ inverts z. As T is non-abelian, then T has exponent 4 and so 22 € V. We
infer that, if x € T is inverted by t, then x € W. It follows that Tt contains at
most |W| involutions. Since |W| = |T'/V|, we have that Tt contains exactly one
T-conjugacy class of involutions in this case. Finally, if T is homocyclic, we have
that ¢ inverts every element of T. Thus Tt consists of involutions and it follows
that Tt contains exactly four T-conjugacy classes of involutions. ([

Lemma 2.25. Let t € G be an involution and T be a Sylow 2-subgroup of Cg(t)
such that T' = (t) x D, where D is dihedral of order 4 or 8. Assume that there
is a fours group V- < D, such that Cg(t) contains a 3-element p which acts non-
trivially on V. Then (for a possibly different choice of the element p) there is a
Sylow 2-subgroup R of Cq (V') which is normalized by (T, p) such that R = U(t)

where U is isomorphic to one of the groups listed in the conclusion of Lemma 2.23.

Proof. By considering a minimal counter example to the lemma, we may assume
that G = Ng(V) = Cq(V)T(p). Set E = (V,t). Then E is elementary abelian of
order 23. As G is a counter example to the lemma, we have E ¢ Syly(Cg(V)).
As T € Syl,(Cq(t)), we have E € Syl,(Cg(E)). Thus Cq(E) = E x Oy (Cg(F)).
Assume that S € Syl,(Cg(V)) is normalized by T'. Then W = Ng(E) > E and
since W = Ng(E) centralizes V', we deduce that (p)WCq(FE)/Cq(E) = Alt(4).
In particular, we have |W| = 2% and W € Syly(Ng(E)). If W* # W, then there
exists ¢ € Oy (Cg(F)) such that pc normalizes W. Let p* be the 3-part of pc.
Then p* acts non-trivially on V' and centralizes t. Thus we may as well suppose
that p normalizes W. Set G = G/V. Then (T"'W € SyIQ(CW(Z)) and p is
a 3-element which acts non-trivially on [, p| and centralizes ¢. Therefore, by
induction, there is a subgroup U > V such that U (t) € Syl,(Cg([W, p])) where U

is one of the groups listed in the conclusion of Lemma 2.23 and (p, T") normalizes

U. By considering U(T, p), we have that U is also listed in the conclusion of
Lemma 2.23. We may assume that U(t) < S and, as G is a counter example to
the lemma, S # U(t). Since t is not centralized by an abelian group of order 16
and U # V, we see that t¢ N U = 0.
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If U is either elementary abelian or is isomorphic to a Sylow 2-subgroup
of PSL3(4) or PSU3(4), then, by Corollary 2.24, every involution in U(t) \ U
is conjugate to t by an element of U. Setting X = Ng(U(t)), we then have
Uty < X = Cx(t)U(t) = U(t), a contradiction. Thus U is homocyclic of
rank 2. Since |U| > 16, we have that U is a characteristic subgroup of U(t).
It follows that X normalizes Qa(U) = [W, p]. Since X centralizes V, we have
[[W, p], X] <V and thus X < Cx([W, p]) and this is our final contradiction as

U(t) € Syly(C#([W, p])). This concludes the verification of Lemma 2.25. O

Lemma 2.26. Assume that p is an odd prime, W is a 2-group and that E <
Aut(W) is a non-cyclic abelian p-subgroup. If Cyy(e) contains at most one involu-
tion for eache € E¥, then |E| =9, W 22 2174 216 072148 and Cy (E) = Z(W).

Proof. Let W be a minimal counter example to the claim. Since E is abelian
and non-cyclic, W = (Cy(e) | e € E*). Choose e such that Cy(e) # Cyw (E).
Then, as Cyy(e) contains exactly one involution, Cyy(e) is cyclic or generalized
quaternion. Because FE normalizes and does not centralize Cyy (e), it follows that
Cw(e) is a quaternion group of order 8 and p = 3. In particular, we have that
Cw(E) = Z(Cyw(e)) has order 2 and if Cy (f) > Cw (E) for some f € E¥ then
Cw(f) is a quaternion group of order 8. We also have that W is non-abelian
and Z(W) = Cw(E). We now choose e € E7 such that Cy(e) is contained in
the second centre of W. Then Cyy(e) is normal in . Since the automorphism
group of Cyy(e) is isomorphic to Sym(4), we get that W = Cy (e)Cw (Cw (e)).
Set Wy = Cw (Cw(e)). Then Wy £ Cw (e), for otherwise e would be the trivial
automorphism of W. Thus W} is a non-trivial 2-group. Suppose that Wy < Cy(f)
for some f € E#. Then, as Cyy(f) is quaternion of order 8 and Wy is normalized
by E, we infer that Cyw (f) = Wy and W = Cw (e)Cw (f) = 2?4. Furthermore,
we have that F is elementary abelian of order 9. Thus we may suppose that every
element of E induces a non-trivial automorphism of Wy. As Wy < W, we have
that |E| = 9 and that W, = 2?4, 2176 or 21+8 by induction. The first two cases
immediately deliver W = 216 or W = 2?8 and the theorem then holds. So
suppose that Wy =2 2?8. Then, for each f € E#, Cw, (f) is a quaternion group
of order 8. But e € E# and Cy (e)NWy = Z(Wp) and so we have a contradiction.
This completes the proof of the lemma. O

Lemma 2.27. Suppose that X = Aut(PSL3(2%)) with a > 2, S € Syly(X) and
T=SNFYX). IfU<S andU=T, then U=T.
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Proof. Set K = F*(X). Suppose that U < S with U = T and U # T. Let
F) and F, be the two elementary abelian subgroups of T' of order 22 and note
that every involution of 7' is contained in F} U Fy and that Fy N Fy, = Z(T).
Since the group of diagonal outer automorphisms of K has order 3, Out(K) has
abelian Sylow 2-subgroups. Therefore Z(U) = ®(U) = U’ < T and UK/K is
elementary abelian of order at most 4. Let F; and Fy be the elementary abelian
subgroups of U of order 22¢. As U = E;F5, we may suppose that E; £ T. As
UK/K| < 4, |EBy NT| > 2272, Assume that (Ey NT)Z(T) # Z(T). Then we
may suppose that (E1 NT)Z(T) < Fy. But then F* > (E1 NT)Z(T) > Z(T)
for all w € U. Hence U normalizes F; and therefore UK /K consists of field outer
automorphisms. Hence |E; NT| > 2271, Now let e € Ey \ T. Then e centralizes
either (E4xNT)Z(T)/Z(T) = F1/Z(T) or Z(T) < E; and e centralizes Z(T'). In
either case e cannot be a field automorphism of K and we have a contradiction.
Thus ExNT = Z(T), |UT/T| = 4 and a = 2. But then Z(U) = ExNT = Z(T)
and we see that U centralizes Z(T'). This means that UK /K does not contain
non-trivial field outer automorphisms. It follows that |[UK/K| < 2 and this is a
contradiction. (]

3. BASIC PROPERTIES OF GROUPS WITH A STRONGLY p-EMBEDDED
SUBGROUPS

In this section we reveal the basic structural properties of groups with strongly
p-embedded subgroups. The first lemma is one which we already alluded to in
Section 2 and states the equivalence between the two definitions of strongly p-
embedded subgroups which we have given.

Lemma 3.1. Assume that G is a group, p is a prime, H < G and S € Syl ,(H).
Then I's1(G) < H if and only if p divides |H| and |H N HY| is not divisible by p
forallge G\ H.

Proof. See [9, Lemma 17.11]. O
The fundamental lemmas which get us started in the proof of Theorem 1.4 are

as follows.

Lemma 3.2. Suppose that G is a group, p is a prime, H is a strongly p-embedded
subgroup of G and K < G such that H N K has order divisible by p. Then the
following statements hold.
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(i) Syl,(H) € Syl,(G);
(i) if K £ H and , then H N K is a strongly p-embedded subgroup of K ;
(iii) Syl,(H N K) C Syl,(K);
(iv) ﬂHG < Oy (G); and
(v) if mp(H) > 2, then Oy (G) = (HC.

Proof. Let S € Syl,(H). Then, as H is strongly p-embedded in G, Ng(S) < H.
Thus S € Syl,(G) and (i) holds.

Suppose that S is chosen so that SN K € Syl,(H N K). Let T be a non-trivial
subgroup of S N K. Then, as H is strongly p-embedded, Nx(T') < Ng(T) < H,
thus Ng(T) < H N K and so we have that H N K is strongly p-embedded in K.
Thus (ii) holds.

Part (iii) follows from (i) and (ii).
Since, by Lemma 3.1, p does not divide |[HNHY|, we have that [V HE < Oy (G).
So (iv) holds.

Finally, assume that m,(H) > 2 and suppose that A < S is elementary abelian
of order p?. Since H is strongly p-embedded, for a € A%, we have C’Op,(G) (a) <
Cg(a) < H. Therefore, from coprime action,

Oy (G) = (Co,(c)(a) | a € A7) < (Cg(a) | a € AF) < H.
Thus (v) follows from (iv). O

Lemma 3.3. Suppose that G is a group, p is a prime and H is a strongly p-
embedded subgroup of G. Set G = G/Oy(G) and assume further that H # G.
Then

(i) H is strongly p-embedded in G.
(ii) F*(G) is a non-abelian simple group; and

(iii) if G is a K-group, p is odd, and m,(G) > 2, then (F*(G),p) € &.

Proof. Let S € Syl,(H). Then S € Sylp(ﬁ). Choose X a non-trivial subgroup
of S. Then there exists T < S such that X = T. Therefore, as H is strongly
p-embedded in GG, we have

HOy(G) 2 Ne(T)Oy(G) = No(X)
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by the Frattini Argument. Hence H > Ng(X). Since H # G, we conclude that
H is strongly p-embedded in G. Hence (i) holds.

Since H is strongly p-embedded in G and O, (G) = 1, we have F(G) = 1.
Assume that E(G) is not simple. Let K; be an arbitrary component of G and
let Ko be a component with K1 # K. Then, as Oy (G) = 1, p divides |K»|. Let
T=SNK,. Then T € Syl,(Kz2). Thus, as H is strongly p-embedded in G and
[K1,K2] =1, K1 < Ng(T) < H. Since K was chosen arbitrarily, we have that
E(G) < H. Then Lemma 3.2 (iv) implies that E(G) = 1 which is impossible.

Thus F*(G) = F(G)E(G) = E(G) is a simple group and (ii) holds
Finally (iii), follows directly from the definition of £ and Proposition 2.5.
U

Corollary 3.4. If mp,(H) > 2 and Oy (H) = 1, then F*(G) is a non-abelian
stmple group.

Proof. We have my(H) = my(G) > 2. Therefore, Lemma 3.2(iv) implies O, (G) =
NHY < Oy(H) = 1. Then Lemma 3.3(ii) implies that F*(G) is a non-abelian
simple group as claimed. O

Lemma 3.5. Suppose that p is an odd prime and H is strongly p-embedded in G.
Assume that for all involutions t € H, p divides |Cg(t)|. Then for all involutions
te H,tNH=1t".

Proof. Suppose that t € H is an involution. Obviously ¢t C t¢ N H. Assume
that g € G and t9 € H. Let X € Syl (Cy(t)), Y € Syl,(Cy(t9)) and note that
by assumption X and Y are non-trivial. As H is strongly p-embedded in G, X
and Y are Sylow p-subgroups of Cg(t) and Cg(t9) respectively. Thus X9,Y €
Syl,(Ca(t7)) and so there exists ¢ € Cg(t?) such that Y = X9 Therefore Y <
H N H9 and, since H is strongly p-embedded in G, we get gc € H. But then
t9 = t9¢ ¢ tH and we are done. O

Lemma 3.6. Suppose that p is an odd prime and H is strongly p-embedded in
G. Assume that t € H is an involution, t“ N H =t and F is a subgroup of H
which contains t. If Na(F) £ H, then Cg(t) £ H.

Proof. Aiming for a contradiction, we assume that Cg(t) = Cg(t). Let k €
Ng(F)\ H. Then t* € F < H and, as t N H = t" there exists h € H such
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that t*" = t. But then kh € Cg(t) = Cy(t) < H. Hence k € H, which is a
contradiction. Thus Cg(t) £ H as claimed. O

4. INVOLUTIONS IN H

In this section we initiate the investigation of groups satisfying the hypotheses
of Theorems 1.1 and 1.2. Specifically throughout the remainder of this article we
assume that the following hypothesis holds.

Hypothesis 4.1. p is an odd prime, H is a strongly p-embedded subgroup in
G and H N K has even order for each non-trivial normal subgroup K of G.

Furthermore we assume that the following hold.

(i) O (H) =
(i) my(Ch(t )) is at least 2 for each involution t in H.
(i)

)

(iv

QZSQ

(T) is a /C -group, for all non-trivial 2-subgroups T of G.
(G) =

<

Because of Hypothesis 4.1 (i) and (ii), we can apply Corollary 3.4 to see that
F*(G) is a non-abelian simple group. The Frattini Argument then shows G =
HF*(G). Furthermore, we have that F*(G) N H < F*(G) and has even order.

Lemma 4.2. Suppose that K is a subgroup of G, K £ H, m,(HNK) > 2 and
K is a K-group. Then the following hold.

(i) Op(K) < H.
(i) (F*(K/Oy (K)).p) € E.
(iii) PEither
(8) Oy (HNK) = Oy(K); 0
(5) (F*( /Oy (K))op) = (PSLo(4),3) or (Figg,5) and
Op (HNK) /Oy (K)| = 2.

Proof. As H is strongly p-embedded in G, we can use Lemma 3.2 (ii) and (v) to
see that Oy (K) < Oy (HNK) < H. Then, as K is a K-group and m,(HNK) > 2,
Lemma 3.3(iii) implies (F*(K/Opy(K)),p) € €. Thus (ii) holds. Part (iii) follows
from (ii) and Corollary 2.11. O

Lemma 4.3. There ezists an involution t € H such that Cq(t) £ H.
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Proof. Assume the lemma is false. Set K = F*(G). Then K is a non-abelian
simple group and Ck(t) < H N K for all involutions ¢ in H N K. It follows from
[9, Lemma 17.13] that K contains a strongly 2-embedded subgroup. Therefore,
by [2], we have K 22 SLy(2%), PSU3(2%) or 2By(2¢%) for some a. In particular, K
is a KC-group and as m,(G) > 2, Proposition 2.5 delivers the contradiction. Thus
there exists an involution ¢ in H such that Cg(t) £ H. U

We can now present our first significant result.
Lemma 4.4. Ift € H is an involution, then
(i) Cq(t) £ H and Cy(t) is strongly p-embedded in Ci(t);
(i) Oy (Cqa(t)) < H;

)
)
(iii) (F*(Ca(t)/Op(Ca(t))),p) € &; and
(iv) O(Ce(t)) = O(Oy (Cal(t)))-

—

Proof. By Lemma 4.3, there exists an involution ¢t € G such that Cg(t) £
H. Choose t with |C(t)]2 maximal. Set K = Cg(t) and note that Cg(t) is
strongly p-embedded in Cg(t) by Lemma 3.2 (ii). Then, by Hypothesis 4.1(ii)
and Lemma 4.2(i) and (ii), Oy (K) < H and (F*(K/Op(K)),p) € €. Let T €
Syly(H N K). We will show that Cg(s) £ H, for all involutions s € 7. Assume
first that T ¢ Syly(K). Then Ng(T') £ H. Hence Hypothesis 4.1 (ii) and Lem-
mas 3.5 and 3.6 combine to give us that Cg(s) £ H for all involutions s € T
which is our claim. So assume that 7" € Syly(K). Then, as (H N K)/O,y(K) is
strongly p-embedded in K/Oy (K), (F*(K/Oy(K),p) € € and |K : HN K] is
odd, Lemma 2.14 implies that F*(K /Oy (K)) = K/Oy (K) = Mi;. Let F < T be
such that F N Oy (K) is a Sylow 2-subgroup of Oy (K) and |F': FN Oy (K)| = 2.
Assume that s € T' is an involution with Cg(s) < H. Then, as K/Oy(K) = My
has exactly one conjugacy class of involutions, all the involutions of T are G-
conjugate to involutions in F. Thus § # s N F < s“ N H = s by Lemma 3.5
and we may therefore assume that s € F. However, from the structure of My,
Nig(FOp(K))/Opy(K) £ (HNK)/Oy(K) and so we have Ng(F) £ H by the
Frattini Argument. Thus Lemma 3.6 implies that Cg(s) £ H which is a contra-
diction. Hence C¢(s) £ H for all involutions s € T' and our claim is proved.

Let z be a 2-central involution of H which centralizes t. Then we may suppose
that z € T It follows that C¢(z) £ H. By maximality of |C(t)]2 we may assume
t = z and so T is a Sylow 2-subgroup of H and this proves (i).
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Suppose that ¢ is an involution in H. Then by Hypothesis 4.1(ii), m,(Cg(t)) >
2 and Cg(t) £ H by (i). Hence Lemma 4.2 (i) and (ii) gives parts (ii) and (iii).
Finally, as O(Cg(t)) is soluble, (iii) implies (iv).

As a first application of Lemma 4.4, we show that if F(H) is non-trivial then

it is quasisimple.

Lemma 4.5. If E(H) # 1, then E(H) is quasisimple.

Proof. Set E = E(H) and suppose that E is the product of at least two compo-
nents of H. Assume that Lq is a component of H and let Lo be the product of
all the components of H which are distinct from Lq. Then E = LiLo and, since
O2(H) < Op(H) =1 by Hypothesis 4.1 (i), there exists an involution ¢t € Ly \ Lo.
We have Cg(t) > Lo and, as p divides the order of each component in Lo, we have
that Lo/Z(L2) is isomorphic to a subnormal section of Cy(t)/Op (Cr(t)). Using
Lemma 4.4 (ii) and (iii), Proposition 2.7 and the fact that O2(H) = 1, we deduce
that (Lo, p) is (4 (2),5), (Alt(p),p) or (Alt(p) x Alt(p),p) where in the latter
two cases we have p > 5. Furthermore, we have that O,(Ch(t)/Oy (Cu(t))) =1
and thus, as O,(H) < Cg(t), we have O,(H) = 1. By applying the above argu-
ment to L; with an involution taken from Lo, we have that (L1, p) is (g (2),5)
or (Alt(p),p). The possibilities for the isomorphism type of F when p = 5 are
thus QF (2) x QF (2), O (2) x Alt(5) x Alt(5), QF (2) x Alt(5), Alt(5) x Alt(5) or
Alt(5) x Alt(5) x Alt(5) and, for p > 5, we have E = Alt(p) x Alt(p) x Alt(p)
or Alt(p) x Alt(p). Since Oy (H) =1 = O,(H) we have E = F*(H). Therefore,
as p > 5, the structure of ¥ and the fact that the given components have no
outer automorphisms of order p implies that F(H) contains a Sylow p-subgroup
of H. Select an involution d € Ly Ls which projects non-trivially onto each com-
ponent as a 2-central involution. Then p does not divide Cg(d) and we have a
contradiction to Hypothesis 4.1(ii). Thus E is quasisimple as claimed. O

5. CENTRALIZERS OF INVOLUTIONS IN H

In this section we work under Hypothesis 4.1 and aim to uncover the basic
structure of the centralizers of involutions from H under the additional hypothe-
sis that H has no components and that none of the involutions in H are classical
involutions (see Definition 2.1). We formalize the configuration we shall be inves-
tigating in the following hypothesis.
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Hypothesis 5.1. Hypothesis 4.1 holds,

(i) E(H) =1; and
(ii) G does not contain a classical involution.

Assume Hypothesis 5.1. Then, as O, (H) = 1 by Hypothesis 4.1 (i), we have
that F*(H) = O,(H). Set Q = O,(H) and note that, as H is strongly p-embedded
in G, we have H = Ng(Q) and, as Q = F*(H), Ca(Q) < Q.

Lemma 5.2. Suppose that s € H is an involution with Cg(s) > 1. Then there

exists a normal component L in Cg(s) such that
LOy(Cq(5))/O0p(Ca(s)) = F*(Ca(s)/Op (Ca(s)))-
Furthermore, if Z(L) has order divisible by 2, then L/Z(L) = PSL3(4).

Proof. Since Cg(s) > 1 and Oy (Cg(s)) < H by Lemma 4.4(ii), we have that
[Cq(s),Op(Ca(s))] = 1. Hence F*(Cq(s)) £ Op(Ca(s)). Thus, as by Lemma, 4.4
(ili) Ca(s)/Op (Ca(s)) is an almost simple group , we have E(Cq(s)) £ Op (Ca(s))
and so there is a component L of Cg(s) such that LO,(Cg(s))/Op(Ca(s)) =
F*(Cq(s)/Op(Ca(s))). Since L is the unique component of Cg(s) which has
order divisible by p, we deduce that L is normal in Cg(s). If 2 divides |Z(L)|,
then Lemma 2.12, the fact that Cg(s)Op(Ca(s))/Op(Ca(s)) is a non-trivial
normal subgroup of Cy(s)/Oy(Cr(s)) and Proposition 2.7, together imply that
L = SLy(p*) or L/Z(L) = PSL3(4). Since s is not a classical involution by
Hypothesis 5.1 (ii), we must have L/Z(L) = PSL3(4) and thus the lemma is
established. U

Lemma 5.3. Letu € H be an involution with Cgo(u) = 1. Then there is a normal
2-component Ly in Cq(u) such that Ly is not contained in Oy (Cg(u)).

Proof. Let W be a Sylow 2-subgroup of O,/(Cg(u)). Then we see that Cg(u) =
Negwy(W)Op (Ca(u)). Set Ca(u) = Ca(u)/Ogpay (Ca(u)) and let further F =
F*(Cg(u)). Since, by Lemma 4.4(iii), Cq(u)/Op(Cq(u)) is an almost simple

group, we may assume that F' < O,/(Cg(u)) for otherwise there would be a com-

ponent of Cg(u) not contained in O, (Cg(u)). Note that, as Cy(u) is strongly

p-embedded in Cg(u), O,(F) = 1. Suppose that CW(W) £ Oy (Cg(u)). Then

F is not a 2-group and consequently F(Cg(u)) # 1. Since W intersects each com-

ponent of Cg(u) in a Sylow 2-subgroup, we see that CW(W) normalizes each
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component of Cg(u). Therefore, as CW(W)F/F is not soluble, the Schreier

property of simple groups delivers a contradiction to F being self-centralizing.

Hence Cm(W) < Oy (Ca(u)).

As Cg(u) = 1, we have that H = QCp(u) and @ is abelian. Assume that s € W
is an involution such that s # u and Cg(s) & Syl,(Cg(s)). Since s # u, we have
Cq(s) > 1. Therefore Lemma 5.2 implies that Cg(s) has a normal component L,
with Ls £ Oy (Ca(s)). Let P € Syl,(HNCg(s)). Then, as H N Cg(s) normalizes
Co(s) and uQ € Z(H/Q), Cqo(s) < P and [P,u] < Cg(s). Since Cg(s) < P
and Cg(s) is normal in H N Cg(s), Corollary 2.8 implies that Cg(s) < ®(P) or
(Ls,p) = (PSL2(8),3) or (*B2(32),5). In the former case, we have that [P, u] <
Cqo(s) < ®(P) and so P < Cg(u), which contradicts [Cg(s),u] # 1. Thus we
have the latter situation, and, as P # Cg(s), this means that Cg(s) is of order
either p or p?. As u € N (5)(u), we see that C(s) < L and so Cg(s) is cyclic.
As [P,u] < P also [P,us] < @ and so also Cg(s) is not a Sylow p-subgroup of
Cg(us). This implies that also Cg(us) is cyclic of order p or p?. In particular,
since (u,s) acts on @, we get, using coprime action, that |Q/®(Q)| = p?. But
then H/Q is isomorphic to a subgroup of GLy(p). It follows that m,(Cg(u)) <1
and this contradicts Hypothesis 4.1(ii) which asserts that m,(Cy(u)) > 2. We
have seen that for any involution s # w in W we have that Cg(s) is a Sylow
p-subgroup of Cg(s).

As, by Hypothesis 4.1 (ii), my(H/Q) = mp(Cr(u)) > 2, there is a non-cyclic
abelian p-subgroup E contained in C (). Suppose that e € E# and w € Cyy(e) is
an involution. Then Cg(w)(e) is a p-subgroup of Cg(w). If w # u, then Co(w) €
Syl,(Cg(w)). Since this is not the case, we see that for all e € E#, u is the
unique involution in Cyy (e). Therefore using Lemma 2.26 we have p = 3 and W =
24t 2116 or 2178 By Lemma 4.4 (iii) F*(Cg(u)/Oy(Cq(u))) is a non-abelian
simple group and so, since Cq(W) < O (Cg(u)), we have that Ng(W)/Cq(W)
is non-soluble. In particular, we have that W is not isomorphic to 2?4 which
has soluble automorphism group. Let s € W be an involution with s # u. Then
Cw(s) = 2 x 21T if W = 2146 and Oy (s) = 2 x 2170 if W = 2148, Since u
inverts @, it inverts Cg(s). Thus Cg(s) is abelian and Cg(s) admits a faithful
action of Cy (s)/(s). By Lemma 4.4 (iii), (F*(Cq(s)/Op(Ca(s))),p) € E. Since
Cq(s) € Syl,(Ca(s)) and Cyw (s)/(s) is extraspecial of order 2° or 27, we have a
contradiction to Proposition 2.7 (i), (iii), (iv) and (v). This finally proves that
there is a component in Cg(u)/O2p1 (Ca(u)). O
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We let Z be the set of involutions t € H with C(t) > 1 and such that |Cq(t)| >
|Cq(s)| for all involutions s € H. For any involution « € H with Cg(z) > 1, we
let L, denote the normal component of Ci(z) described in Lemma 5.2.

Lemma 5.4. Suppose that s is an involution in H with Cg(s) > 1. Then
Cog(s)(LsCQ(s)) = Cegs)(Ls) = Oy (Ca(s))-

Proof. We clearly have [Cg(s),Op(Ca(s))] = 1. Therefore, we also have
[(Ca(5)°9®)), 0y (Car(s))] = 1. Hence, as LyCals) < (Ca(s)°¢®)), Op(Cals)) <
Ceus)(LsCq(s)) < Cys)(Ls). On the other hand, because F*(Ci(s)/Opy (Ca(s)))
= LsOp(Cq(5))/Op(Ca(s)), we also have Cc, () (Ls) < Op(Ca(s)). This proves
the lemma. (]

Lemma 5.5. Let s € H be an involution such that Cg(s) > 1. Then
Cru(s)/Op(Cq(s)) is p-closed. In particular, F*(Cg(s)/Op(Ca(s))) is not iso-
morphic to Alt(2p), p > 5 or to Figg.

Proof. As Cq(s)Op(Ca(s))/Op(Ca(s)) is a non-trivial normal p-subgroup of
Cr(s)/Op(Cq(s)), the assertion follows from Proposition 2.7. O

Lemma 5.6. Assume that s,t € H are involutions, Co(t) = 1 and t # s €
Cu(t). Then Cg((s,t)) is a p'-group. In particular, if P € Syl,(Cq(t)), then
m2(Neog ) (P)) < 2.

Proof. Since Cg(t) = 1, we have H = QCg(t) and Cu(s) = Cq(s)Cu((s,1)).
Let P € Syl,(Cu((s,t))). Then by Lemma 3.2 (i) Cq(s)P € Syl,(Cu(s)) C
Syl,(Cc(s)). Since t normalizes Cq(s)P and t centralizes P but inverts Cg(s),
we must have that Cg(s) £ ®(Cq(s)P). Assume that P # 1. Then we get
Co(s)®(Cq(s)P) # Cq(s)P. In particular, Cy(s)/Oy(Cr(s)) does not act irre-
ducibly on Cg(s)P/®(Cq(s)P). Since Cu(s)/Op (Cu(s)) is p-closed by Lemma 5.5,
Corollary 2.8 implies that (L, p) is either (PSLa(8), 3) or (*B2(32), 5). As t inverts
Cq(s), we see that Cg(s) < Ls and then Cg(s) is a cyclic group of order dividing
p?. Since Q = Cg(st)Cq(s), we have that |Q/®(Q)| < p?. This means that H/Q
is isomorphic to a subgroup of GLa(p) and implies that C'y(t) has cyclic Sylow
p-subgroups. This of course contradicts Hypothesis 4.1(ii). Thus Cg((s,t)) is a
p/-group as claimed. O

Lemma 5.7. Suppose thatt € Z or Cq(t) = 1. Then Oy (Cq(t)) has cyclic Sylow
2-subgroups. In particular, Oy (Cg(t)) has a normal 2-complement.
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Proof. Assume that F = (t,s) is a fours group in Oy (Cg(t)). Then
Q = Ca(t)Cq(s)Cqlts)-

Assume further that t € Z. Then, as F' < Oy (Cq(t)) < H and [F,Cq(t)] <
Oy (Ca(t)),Cq(t)] = 1, the maximality of Cg(t) implies that Co(t) = Co(F) =
Cq(s). But then @ = Cq(t), which contradicts Cg(Q) < Q. Hence no such F
exists and so O, (Cg(t)) has either quaternion or cyclic Sylow 2-subgroups.

Assume that Cg(t) = 1. Then, by Lemma 5.3, there is a 2-component L
in Cg(t) with LOy(Cg(t))/Op(Ca(t)) = F*(Cq(t)/Op(Ca(t)))). Now we have
[L, F|] < O(Cg(t)). In particular, Cy(F') contains a Sylow p-subgroup P of L
and, as P is non-trivial, this contradicts Lemma 5.6. Thus once again, as ¢ is not
a classical involution, we have that O, (Cg(t)) has cyclic Sylow 2-subgroups and

a normal 2-complement.

Since, by Hypothesis 5.1 (ii), ¢ is not a classical involution, we deduce that
O, (Cg(t)) has cyclic Sylow 2-subgroups and a normal 2-complement. O

6. CENTRALIZERS OF INVOLUTIONS WITH F*(Cg(t)/Oy (Ca(t))) % PSLa(p/)

In this section we will prove the following theorem.
Theorem 6.1. Assume that Hypotheses 4.1 and 5.1 hold. Then either

(i) there exists t € T with F*(Cg(t)/Op(Ca(t))) = PSLa(p!) for some f >
1; or

(ii) for all involutions t € H, Cg(t) = 1 and F*(Cg(t)/Op(Ca(t))) =
PSLa(p/) with f > 1 and p =3 (mod 4).

We prove Theorem 6.1 via a sequence of lemmas the first of which shows that
the theorem holds if 7 is empty. We continue to use the notation of Section 5. In
particular, Q@ = O,(H).

Lemma 6.2. IfZ =0, then Theorem 6.1 (ii) holds.

Proof. Suppose that Z = (). Then Cg(t) = 1 for all involutions ¢ € H and, in
particular, mo(H) = 1. Therefore the Sylow 2-subgroups of H are either cyclic
or quaternion. Let t € H be an involution. Then Cg(t) = 1. By Lemma 5.3 there
is a normal 2-component L of Cg(t) with L £ O, (Cg(t)). Note that Lemma 4.4
(ii) and (iv) imply that O(L) < H. Since H has cyclic or quaternion Sylow



824 Chris Parker and Gernot Stroth

(Lt/Z(Lt), p) CLiyz(Ly)(8)
(My1,3) GL(3)
(?F4(2)',5) 29 Frob(20)
(McL, 5) 2:Alt(8)
(Jy,11) 247123 Aut(Mas)
(PSUs(p"),p) 0" (Cryyz(1,)(5)) = SLa(p®)

TABLE 1. Centralizers of s in L;/Z(Ly)

2-subgroups, so does C(t). If t € L, then tO(L) € Z(L/O(L)) is non-trivial.
Therefore, as the Sylow 2-subgroups of L N H are either cyclic or quaternion,
Corollary 2.13 implies that L/O(L) = SLy(p/) for some f. But then G contains a
classical involution, and this contradicts Hypothesis 5.1 (ii). Hence t ¢ L. Since ¢
is the unique involution in Cg(t), we deduce that |HNL| is odd. Now Lemma 2.15
shows that L/O(L) = PSLy(pf) where f > 1 is odd and p = 3 (mod 4). O

We may now assume that Z # () and so we begin to restrict the possibilities
for the structure of Cg(t), where ¢t € H is an involution with Cg(t) > 1. By
Lemma 4.4 C¢(t) £ H and O, (Cg(t)) < H and by Lemma 5.2, there is a normal
component L; of Cg(t) such that Ly £ Op(Cg(t)). By Lemma 4.4 (iii) we then
have (L¢/Z(L:),p) € €. Our aim now is to show that there is an involution ¢ € 7
with L; = PSLa(p/).

Lemma 6.3. If t € H is an involution with Co(t) > 1, then (Li/Z(L:),p) is
one of (PSLa(p®),p), with p arbitrary and a > 2, (?°G2(3%*71),3) with a > 2,
(PSL2(8),3), (PSL3(4),3) or (?B2(32),5).

Proof. Assume the claim is false. Then, as (L;/Z(L¢),p) € € and Op,(HN L) # 1,
we have that (L;/Z(L¢), p) is one of (PSUs(p®), p) with a > 2, (My1,3), (McL,5),
(2F4(2)’,5) or (J4,11). Furthermore, by Lemma 5.2, Z(L;) has odd order. In par-
ticular, in each of the cases we need to consider there is an involution s € L,
such that C7,(s) has structure as indicated in the Table 1. In particular, we note
that in each case s € O (OP(Cp,(s))). By Lemma 3.2 (i) and (i), H N L; is
strongly p-embedded in L;. Since in each of the groups under consideration as
L, the centralizer of s has order divisible by p we may assume that s € H N Ly.
Since @ N Ly = Cg(t) is normalized by Cy(t), Proposition 2.7 implies that we
either have that Cg(t) € Syl,(L;) or p = 11, Ly = Jy and Cg(t) is the centre
of the Sylow 11-subgroup of H N L; or L; = PSU3(p®). In each case, we have
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Cq(s) = Cey(1)(s) > 1. Therefore Lemma 5.2 indicates that C(s) has a normal
component Lg such that Ly £ Oy (Cg(s)). Since [Oy(Ca(s)), Ls] = 1, we have
that Ly = O” (Oy(Cg(s))Ls). Hence, we either have OP (OP(Cg(s))) = L, or
p divides |Cq(s)/Op(Ca(s))Ls|. In the latter case, Proposition 2.5 shows that
Cc(8)/0y(Ci(s)) 2 PSLa(8) : 3 and p = 3 or Ci(s)/Op (Ci(s)) = ?Ba(32) : 5
and p = 5. In this case we have Ly, = O (OP(Cg(s))) as well. It follows that
in all cases s € Ls, as s € OY (OP(Cy,(s))). Therefore Lemma 5.2 implies that
Ls/Z(Ls) = PSL3(4) and that p = 3. Furthermore, the Sylow 3-subgroups of
Cc(s) have order 9 and so after consulting Table 1 we get Ly = My, PSU3(3)
or PSU3(9). If t € Oy (Cq(s))Ls, then either Cg((t,s)) would have order co-
prime to 3 or would contain a component K such that K/Z(K) is isomorphic
to PSL3(4), from the choice of s we see that both of these scenarios are impos-
sible. Hence t induces an outer automorphism of Lg and so with Lemma 2.10
we get that Cp_/z7(1.)(t) = 3%.Qs, PSLy(7) or Alt(5). Since Cr,(t) projects to a
subgroup of C¢(t)/Oy (Ce(t)) which is normal in the centralizer of the image of
51in Cg(t)/Op (Cga(t)), this then gives us our final contradiction. O

Lemma 6.4. Ift € T, then L;/Z(L;) is not isomorphic to 2Go(3?"t1), n > 1.

Proof. Suppose that L;/Z(L;) = 2Go(32"*1) with n > 1. Note that by [10, The-
orem 2.5.12] the outer automorphisms of L; have odd order and Z(L;) = 1. Let
R € Syly(LiOp (C(t))) = Syly(Ci(t)) be such that RN H € Syly(Ch(t)) and set
T = RNOy(Cg(t)) and E = T'NL;. Then, by Lemma 5.7, T' is a cyclic group and,
as Ly = 2Gy(3?"T1), E is elementary abelian of order 8. Since [L;, O,y (C(t))] = 1,
R =T x FE is abelian and so R € Syly,(Cg(R)). By Lemma 2.17, ¢ is conjugate
in G to an element t* € R\ {t} and so Lemma 2.20 implies that 7" has order 2.
Therefore R is elementary abelian of order 16.

From the structure of 2G2(32"*!) we have that Np,(E)/E = Frob(21) =
Npz(E*)/E*. Therefore Ng(R)/Cg(R) contains distinct subgroups isomorphic
to Frob(21) and Ng(R) has orbits of lengths either 8 and 7 or 15 on R¥. As
GL4(2) has no subgroups of order 3% - 5.7 it is impossible for Ng(R) to be
transitive on R#. Hence [tNe(P)| = |t N R| = 8, Ng(R)/Ca(R) = 23 Frob(21)
or PSL3(2) and E is the unique normal subgroup of Ng(R) of order 23. Let
s € E7 be chosen so that s normalizes a Sylow 3-subgroup D of Cg(t), then s
and t are not G-conjugate and s € H. Furthermore Cp,(s) & 2 x PSLy(3%"*1)
and CNG(R)(S) has non-abelian Sylow 2-subgroups. In particular, as 3 divides
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|Cq((s,t))], Lemma 5.6 implies that Cg(s) # 1. By Lemma 5.2, there is a nor-
mal component L, in Cg(s) with Ly £ Op(Cg(s)). We then have that ¢ induces
an automorphism of Lg; which centralizes a subgroup of Ls which is isomorphic
to PSL2(3%"*!). By Lemmas 2.10 and 6.3, we see that Ls/Z(Ls) = 2Gg(3%m+1)
for some m > 1 or Ls/Z(Ls) = PSL2(3™) for some m > 2n + 1. In the for-
mer case we have Cp_(t) = Cr,(s) and so we infer that L; & L, (but perhaps
s € I). Let B € Syly(Ci(s)) be chosen so that R < B. Then, as Out(Ls) has
odd order and Z(L,) = 1, B = (BN Op(Cq(s))) x (BN Ls) where BN Ly
is elementary abelian of order 8. Notice that t € B and Cp(t) > (s)(B N Ls).
Since R € Syly(Cg(t)) and |R| = 2%, we get that R = (s)(B N Lg). However,
we then have N (B N L) < Ng(R) and so Np (B N Lg) leaves both E and
B N Lg invariant. Hence £ = (B N Lg) and consequently s € E C Ly which
is a contradiction. Assume that Lg = PSLy(3™). Then, by Proposition 2.5 and
Lemma 4.4, L, = 0% (Cg(s)). Since 03/(CNG(R)(S))C(;(R)/C(;(R) =~ Alt(4) and
|03/(CNG(R)(S)) N R| = 2% or 23, we see that O3I(CNG(R)(3)) contains a non-
cyclic abelian group of order at least 8. Hence L, contains a noncyclic abelian
group of order 8. So we have a contradiction to the Sylow 2-subgroup structure
of PSL9(3™). This completes the proof of the lemma. O

Lemma 6.5. Ift € T, then (Ly/Z (L), p) is not either (PSL2(8),3) or (2B2(32),5).

Proof. Assume (L:/Z(L:),p) is either (PSLy(8),3) or (?B9(32),5). Then
Ci(t) /Oy (Ca(t)) =2 PSLy(8) : 3 or 2By(32) : 5 respectively. In both cases, there
is an involution s € L; which normalizes Cg(t). Thus s € H. Let R be a Sylow
2-subgroup of Cg(t) which contains (s). Then R = T x (R N L;), where T is
a Sylow 2-subgroup of Oy (Cg(t)). By Lemma 5.7 we have that T is cyclic. By
Lemma 2.17, ¢ is conjugate to some element t* in R\ {t}. Since Z(R N L;) is
elementary abelian, Lemma 2.20 implies that 7" = (t) has order 2.

Assume that (L, p) = (PSL2(8),3). Then R is elementary abelian of order 24
and Ne, 1) (R)/Cog) (R) = Frob(21) = Ng, =) (R)/Cep=)(R). Just as in the
proof of Lemma 6.4, we get Ng(R)/Cg(R) = 23.Frob(21) or PSL3(2) and the
Ng(R)-orbits on R have lengths 8 and 7 with ¢ in the orbit of length 8. Since
s normalizes a Sylow 3-subgroup of Cy(t) and since s is contained in a unique
Sylow 2-subgroup of L;, we can choose P € Syl;(Ng(R) N H) so that t € Cr(P).
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Let F = (t,r) = Cr(P). We may choose notation so that [No(®)| = 7. Since 3 di-
vides [Cq(F)[, Lemma 5.6 implies that Cq(r) > 1. Furthermore, as Cn,(r)(r)/R
contains a subgroup isomorphic to Alt(4), we have ]03/(CNG(R)(7“))| > 243,

By Lemmas 5.2 and 6.3, we have that L,/Z(L,) is isomorphic to one of
PSLy(8), PSL3(4), PSL2(3™), m > 2, or 2Go(3%"), n > 1. If L, = 0% (Cq(r)),
then L, > 03/(CNG(R) (). As 2G2(32"+1) and PSLy(8) have Sylow 2-subgroups
of order 8 and in PSLy(3") the normalizer of a four group is isomorphic to either
Alt(4) or Sym(4), these possibilities cannot arise. If L,/Z(L,) = PSL3(4), then
|Co(r)] = 3% Now in Cg(t), we see that |Cco,p(r)ls = 3 and
Ccy1)(r)03(Ca(t))/O3/(Ca(t)) is soluble. Since ¢ induces an automorphism of
Ly, we now deduce a contradiction from Lemma 2.10. Thus L, # O% (Cq(r)).
Then L, = PSLy(8). Since R is abelian, R < Cg(r). Let D € Syl,(Cg(r)) with
R < D. Then D = (DNOx(Cq(r))) x (DN Ly). Thus Cp(t) > (r) x (DN L,) <
Z(D). It follows that D < Cg(t) and so R = D. Since Ng(R) normalizes a unique
subgroup of order 23 in R, it follows that » € RN L; = RN L, which is of course
impossible. This shows that L, 2 PSLy(8) and so L;/Z(L:) % PSLy(8).

Assume that (L, p) = (2B2(32),5). Let P € Syl;(Cy(t)) and let s € L; be such
that |Cg(s) N P| = 5. Then s € H and |Cp,p(s)| = 2'° - 5. Therefore O% (Cg(s))
has a subgroup of order 22 -5 and 2-rank 5. By Lemmas 5.2, 5.5 and 6.3, we have
that Ls/Z(Ls) is isomorphic to 2B2(32) or PSLy(5™) for some m > 1. In the latter
case, Proposition 2.5 implies that Ly = 0% (Cg(s)). Since the 2-rank of Ls/Z (L)
is 2, we have a contradiction. Thus Ly = 2B5(32). Since s € Z(R), R < Cg(s).
Let D € Syly(Cq(s)) with R < D. Then D = (D N Oz (Cq(s))) x (DN Lg). As
t € (D) and Q1(D) < (DN Os(Ca(s))Z(DN L), we have that DN Ly < R.
Therefore R = (D N Lg)(s). But then s € R = (D N Ly)" and this is of course
impossible. O

Lemma 6.6. There exists t € T such that (Ly/Z(Ly),p) is (PSLa(p/), p).

Proof. Suppose the lemma is false and let ¢ € Z. Then by Proposition 2.5
and Lemmas 5.2, 5.5, 6.3, 6.4 and 6.5, we may assume that (L;/Z(L:),p) is
(PSL3(4), 3).

Let R be a Sylow 2-subgroup of Cg(t) and set 7' = R N Oy (Cg(t)). By
Lemma 5.7, T is cyclic. By Proposition 2.7 (iv), (L: N H)/Z(L) = 3% : Qs
and so |Cq(t)O3(Cru(t))/Ox(Cr(t))| = |Cq(t)] = 9. We also remark that as T’
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is cyclic, Z(Ly) is cyclic and if Z (L) is non-trivial then t € Z(Ly).

We remark that the normalizer of an elementary abelian group E of order 2%
in L;/Z (L) has shape 24 : Alt(5) = 2* : SLy(4). Further Ny, /7(1,)(E) acts tran-
sitively on E*. Suppose that |Z(L;)| = 2. Then because of the transitive action of
L; on E*, we have that F lifts to an elementary abelian group F of order 32. In
particular involutions lift to involutions. Suppose that Nz, (F’) acts decomposably
on F. Then Np,(F)/FE is a direct product of a group of order two by PSLy(4).
But then a Sylow 2—subgroup splits over Z(L;), which is not possible. Hence
N, (F) acts indecomposably on F. Assume now that Z(L;) is cyclic of order
four. If the preimage F} of E would be abelian, then it is of type (4,2,2,2,2).
Now [Q1(F1)| = 32 and |®(F1)| = 2. But then N, (F}) cannot act indecompos-
ably on F/®(F}), which contradicts the fact just proved for |Z(L;)| = 2. Hence
Iy is nonabelian and so E lifts to a group of symplectic type.

Assume that T'L; contains an elementary abelian subgroup F' of order 32. Then
we have that |Z(L;)| < 2. We select F' such that F'N H has order exactly 4 and
set N H = (s,t) where s € Ly with s #t. As s € L, s and st invert Cg(t). As
[t,Q] # 1 there is x € {s, st} such that Cq(z) # 1. If, additionally, x ¢ Z, then, as
|Cq(t)| =9, |Cq(z)| = 3 and, by Lemma 5.2 and Corollary 2.8, L, = PSLy(8) and
Ca(z)/O3(Ca(z)) = PSLa(8) : 3. Since Cg(x)/Osx(Ca(x)) = PSLa(8) : 3 and
F < Cg(x), we have that |F N Os(Cq(z))| > 4. Since O3/(Cg(x)) < H, we get
FNO3(Cg(x)) = FNH. But then t € O3 (Cg(z)) and as [Ox (Cg(x)), Co(x)] =
1, we have Cg(x) < Cqg(t) whereas z inverts Cg(t). Hence, if Cqo(z) # 1,
then x € Z. Hence we also have L,;/Z(L;) = PSL3(4). Let U be a Sylow 2-
subgroup of Oz (Cg(x)). Then, as © € Z, U is cyclic and U commutes with L.
We have that TF N O3 (Cg(x)) is cyclic and TF is abelian. This implies that
|ITFO3(Cgq(x)) /03 (Cq(x))| = 2* and hence F < UL, by Lemma 2.10. In par-
ticular, U and F' commute. As TF is a Sylow 2-subgroup of C¢(F), we have
TF = UF and |U| = |T|. Assume that |T| > 2. Then, on the one hand ¢ is the
unique involution in ®(T'F'), while on the other hand, = is the unique involution
in UF and so, as x # t, we must have T = (t) has order 2. As Np,(F') central-
izes only t in F' and N (F') centralizes only = in F, we have Ng(F) £ Cq(t).
Of course we also have that Ng(F')/Cq(F) is isomorphic to a subgroup of GL5(2).
From the structure of Lt, we know that Ng,, ;) (#') induces orbits of length 1,15,15
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on F* and so t has 31 or 16 Ng(F)-conjugates in F. If all involutions in F are
conjugate, we get that Ng(F)/Cq(F) has order 2%-3-5- 31 if Ne, ) (F) induces
Alt(5) on F or 2°-3-5- 31 if Ng, ) (F) induces Sym(5) on F. As in both cases,
by Sylow’s Theorem, the Sylow 31-subgroup would be normal, this contradicts
the structure of the normalizer of a Sylow 31-subgroup of GL5(2). So ¢ has 16
N¢(F)-conjugates in F. Since x € Z, we may argue in a similar way to see that
there are 16 N¢(F')-conjugates of x in F'. Recall that = was chosen in {s, st} and
s o0 st in Ly, at least one of s and st is not Ng(F') conjugate to t. It follows that
either Cg(s) =1 or Cp(st) = 1. Assume that y € {s, st} is such that Cgy(y) = 1.
Then @ = Cg(t)Cq(z) and, as |Co(z)| = |Cq(t)] = 9, Q is elementary abelian
of order 3* and H/Q is isomorphic to a subgroup of GL,(3). By Lemmas 5.3
and 5.7 there is a 2-component L in Cg(y) and Os(Cq(y)) has a normal 2-
complement and a cyclic Sylow 2-subgroup. Since O(L) < H and as |O(L)| has
order coprime to both 2 and 3 and divides |GL4(3)|, we have that O(L) is cyclic
of order dividing 65. Since p = 3 and Cg(y) is strongly 3-embedded in Cg(y), we
have that |O3(Cg(y)/O(Ca(y)))| > 9 from Proposition 2.7. But then, as O(L) is
cyclic, O3(Cg(y)) # 1, but this is impossible as H = Cy(y)Q, @ = O3(H) and
QNCx(y) = 1. This contradiction shows that T'L; does not contain an elementary
abelian subgroup of order 32. Therefore L; is a central extension of PSL3(4) by a
cyclic group of order 4. In particular, ¢ € L; and L; has precisely two conjugacy

classes of involutions.

Assume that there is an s € t“NCq(t)\ L:Oy (C(t)). Then, by Lemma 2.10 we
may assume that Co, (1) (s) # 1 which means that s € H. If Cq(t) = Cq(s), then,
as t € Z, we get (@, s] = 1, a contradiction. So we have that |Cg(s) N Cq(t)| = 3.
As t € I, we see by coprime action that |Q| = 3. Furthermore, we have that
Q@ is elementary abelian. Now choose v € L; an involution such that u inverts
Cq(t). By Proposition 2.7 (iv), we have that u is a square in H. In particular,
u acts on @ as an element of PSL4(3). Since u ~, ut, Lemma 3.5 implies that
u ~p ut. Therefore both Cg(u) and Cg(ut) are non-trivial. Because u and wut
act on @ as elements of SL4(3), we see that |Cg(u)| = |Co(ut)| = 3% Finally,
we have Cg((u,t)) = 1 and so by coprime action |Q| = 35, a contradiction. We
have proved that t“ N Cg(t) C LiOy(Cq(t)). In particular, by Lemma 2.17 all
involutions in Cg(Lt)Ls are conjugate to t.

Let uw € L; be an involution such that wZ(L;)/Z(Ly) € Z(RZ(L)/Z(Ly)).
We have shown that u € t“. Set Ry = Cr(u) and note that as (t,u) is a fours
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group and u ¢ Z(R), we have |R : Ri| = 2. Since u ~¢ t, there exists Ry €
Syly(Ca(u)) such that Ry > R;. Obviously R; is normal in Ry. If Ry < Cg(t),
then Q1(Z(Rp)) = (t,u) and this contradicts the fact that |Q;(Z(R))| = 2. Hence
Ry doesn’t centralize ¢t. Let W =2 Z4 * Qg * Qg be the preimage in L; of an ele-
mentary abelian subgroup of L;/Z(L;) of order 16 which is contained in R. Then
W : Cw(u)| = 2 and Cyy(u) = (u) x V, where V = Zy x Qg. Set Ry = (t% N Ry).
Then Ry < RN L; and Ry normalizes Ry. As Cyy(u) is generated by involutions,
we have that Cw (u) < Ra. As Cr/z(r,)(Cw(u)/Z(Lt)) = W/Z(L), we see that
Z(R2) = Z(Cw(u)) = (u, Z(L¢)). In particular, Ry normalizes (u,Z(L:)) and
hence Rp normalizes (t) which is the characteristic subgroup of (u, Z(L;)) gener-
ated by squares. Since Ry £ Cg(t) we have our final contradiction. Hence there
exists t € T such that L;/Z(L;) = PSLy(p/) for some f > 2. O

Proof of Theorem 6.1. This is a consequence of a combination of all the lemmas
in this section culminating in Lemma 6.6. U

7. CENTRALIZERS OF INVOLUTIONS WITH F*(Cg(t)/Oy(Ca(t))) = PSLa(pf)

We continue to assume that Hypotheses 4.1 and 5.1 hold. We use the notation
established in the Sections 4, 5 and 6. In particular, Q = Op,(H). Because of
Theorem 6.1, we may assume that the following hypothesis is satisfied:

Hypothesis 7.1. Hypotheses 4.1 and 5.1 hold and either

(i) there emists t € T and F*(Cg(t)/Op(Ca(t))) = PSLa(p/) for some
f>1

(ii) for all involutions t € H, Cg(t) = 1 and F*(Cq(t)/Op(Cq(t))) =
PSLa(p’) with f > 1 and p =3 (mod 4).

Our objective is to prove that if Hypothesis 7.1 holds, then F*(G) = 2G(322F1)
for some a > 1. We fix the following notation throughout this section. Let
t € H be an involution such that either ¢ € Z or Cg(t) = 1 and such that
E(Cg(t)/0y(Ca(t)) = PSLy(p/) with f > 1. By Lemmas 5.2 and 5.3 there is a
normal 2-component of Cg(t), which we denote by L, with

LOp(Ca(1))/Op (Ca(t) = F*(Ca(t)/Op (Calt)))-

Since t is not a classical involution by Hypothesis 5.1 (ii), we have L/O(L) =
PSLy(p/).
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We fix T € Syly(Op (Ca(t))), S € Syly(Ca(t)) such that T < 8, D = SO L
and U € Syly(G) with S < U.

Obviously ¢t € T and, by Lemma 5.7, we have that T"is cyclic and Oy (C(t)) =
TO(Cg(t)). Finally we note that

F*(Cq(t)/O(Cq(t)) = T x LJO(L) = Zor x PSLy(p’)
for some k> 1 and f > 1.

Lemma 7.2. There is no involution in Cg(t) which induces a non-trivial field

automorphism on L/O(L).

Proof. Assume that there is an involution x € S which induces a non-trivial
field automorphism on L/O(L). Then Cp o)(z) = PGL2(p") where 2r = f.
In particular, p divides |Cr(x)| and so, as H is strongly p-embedded, there is a
Cg(t)-conjugate s of x contained in Cp(t). Since Cg((s,t)) is not a p'-group,
Lemma 5.6 implies that Cg(t) # 1 # Cg(s). In particular, Lemma 5.2 im-
plies that O(L) = Z(L) = 1 and that Cg(s) has a normal component Ly with
Ls £ Op(Ca(s)). Since Cey1)(s) = Coyp(st) and Ca(Q) < Q, we may as-
sume that Cg(s) £ Cqg(t). Therefore, |Cg(s)| > p" and so Ls 2 PSLa(p").
Observe that t induces a non-trivial automorphism on L, which centralizes a
subgroup of Lg which is isomorphic to PSLy(p"). Suppose that p” # 3. Then
Lemma 6.3 shows that either (Ls/Z(Ls),p) = (PSLa2(pf),p), (2G2(3%71),3),
(PSL2(8),3), (PSL3(4),3) or (?B2(32),5). As Cf,(t), contains PSLa(p"), we see
that (Ls/Z(Ls),p) = (PSLa(pf), p) or (2G2(37),3). But in the latter we have that
CCG(S)/OPI(CG(S))(t) = (t) x PSL9(3"), while Cg(t) N Cg(s) involves PGLa(p"), a
contradiction. Thus, if p” > 3, we deduce that L, = PSLy(p/) and ¢ induces
a field automorphism on Lg. Assume now that p” = 3. Then we have that
Ly = PSLy(9) and Cp,(s) = Sym(4). Furthermore, we have Cg,,)(s) is solu-
ble. Since L £ Ly, t does not centralize Ls. Thus ¢t induces an automorphism of
L, and, as [Cg(s),0p(Ca(s))] =1, Co(s) N Cr,(s) > 1 and Cr,(s) = Sym(4),

CLt (S) N Op’(CG(S)) < CCLt(s)(CQ(S) N CLt(S)) < Z(CLt (3)) =1L
Thus t centralizes a subgroup of C¢(s)/O,y (Cg(s)) which is isomorphic to Sym(4).

Using Lemma 6.3, we have the following possibilities for the isomorphism type
of Ls/Z(Ls): Ls/Z(Ls) = PSLa(3™), m > 2, 2Go(3%¢*1), a > 1, PSL3(4) or
PSL2(8). In the first case, we get |Cg(s)] = 3™ and so, as t € Z, we must
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have Ly = PSL2(9) as well, with ¢ inducing a non-trivial field automorphism on
Lg. If Ly = 2Go(32%T1), then t acts as an inner automorphism of L, and so ¢
centralizes a subgroup of Ly isomorphic to PSLy(32¢t1). This subgroup would
of course have to be contained in PSLy(9) which is impossible. Thus Lg is not
a Ree group. Suppose that L;/Z(Ls) = PSL3(4). We now use the fact that
Ceas) /Op,(CG(S))(t) contains a subgroup isomorphic to Sym(4) and is soluble. If
t acts as an inner automorphism of Lg, we have Cr (t) is a 2-group which is
not the case. Thus ¢ acts as an outer automorphism of L;. Hence Lemma 2.10
indicates that Cg, () /Op,(CG(S))(t) is not soluble which is also impossible. Finally,
if Ly =2 PSLy(8), we see CCg(s)/Op/(CG(s))<t) = 2 x Alt(4) which does not contain
a subgroup isomorphic to Sym(4). Hence this case is also impossible. Thus we
have shown that, if L; = PSLy(9), then Ly = PSL2(9) and ¢ induces a field

automorphism on L.

o~

We have shown that, if L; = PSLy(p’) and s induces a non-trivial field au-
tomorphism on L, then Ly 2 PSLa(pf) and t induces a non-trivial field auto-
morphism on Lg. It follows that Ly N Ly = PGLy(p") and that Ly N Ly N H =
Nr.nr.(Co((s,t))). Therefore there is an involution u € Ly N Ly N H, which cen-
tralizes (s,t) and inverts Cg(x) for x € {s,t}. If Cg(st) < Cp(t), then u inverts
Co(st) while, if Cg(st) £ Cg(t), we have that Ly = PSLy(p/) by the argument
above. Since Ls N L; = Cr,(s) = Cr,(st), we deduce that Ls N Ly = Ly N Lg. In
particular, u € Ly inverts Cg(st) in this case as well. Therefore, in any case we
have that Q) = Cg(t)Cq(s)Cq(st) is inverted by u. Hence Cg(u) = 1. Let L,, be
the 2-component in Cg(u) given by Lemma 5.3.

If (L, N H)/O(Ly,) is p-closed, then (s,t) normalizes a Sylow p-subgroup of
L, N H. Thus p divides |Cq({u,x))| for some = € (s,t)#. This of course con-
tradicts Lemma 5.6. Thus (L, N H)/O(L,) is not p-closed and hence, either
p > 3 and L, /O(L,) = Alt(2p) or 2-Alt(2p), or p = 5 and L,, = Figg or 2'Figs.
Notice that Cp,(u) is a dihedral group of order 2(p/ 4 1). Thus Cogy(u) =
Ccg(u)(t) is soluble. Hence ¢ induces a non-trivial automorphism on Ly, /O(Ly).
If Ly/Op(Ly) = Alt(2p), then by considering the possibilities for ¢ we see that
p =5 and L,/Oy(L,) = Alt(10). Furthermore, in this case we have that the im-
age of t corresponds to a permutation of cycle shape 12.2% or 1%.23. In each case
Cr,(t) contains a section which is isomorphic to Sym(4). Since T is cyclic, we
see that Cg,(+)(u) contains no such section. So assume that L, /Oy (Ly) = Figs.
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In this case we select an involution w of L, which centralizes a non-trivial 5-
subgroup of L,, (see [4, page 160] to see that this is possible). Then w may be
chosen in H and we have Cg((u,w)) has order divisible by 5 in contradiction to
Lemma 5.6. This eliminates all the possibilities for L,,/O(L,) and so we conclude

that no involution induces a field automorphism on L; as claimed. O

Lemma 7.3. We have |T| = 2.

Proof. Suppose that |T| > 2. We have that D is a dihedral group and, setting
R =T x D, we have R € Syl,(F*(Cg(t))/O(Ca(t))). Let v € S denote a PGL»-
automorphism of L (which may be trivial). We remark that 7' is normal in S,
R(v)/T is a dihedral group and we note that we do not know the action of v
on T'. Finally, let z be an involution in Cp((v)). Then, by Lemma 7.2, Q;(S) <
(T x D)(v) and 21(Cs(21(S5))) < (T x D){v).

If Qo(T) < Cg(21(S)), we see that
() = 2 (2(Cs(E(9))))-
On the other hand, if Q(7") does not centralize 21(S), then v is an involution
and [Q2(7),v] # 1. In particular Q2(7") < 91(S). Set
W= {W ‘ WSQl(S),W§Z4 X Zg XZQ}.

Suppose that there is a W € W with W £ R. Then W N R has order 8 and
is either elementary abelian or is isomorphic to Z4 X Zs. In the former case,
W N D is elementary abelian of order 4 and as R(v)/T is a dihedral group, we
have that Cq, (s)(W N D) < R, which is a contradiction as W £ R. Therefore
W N R = Zy X Zy and we may suppose that v € W. Since Cq, (g)(v) = (t,v, 2),
this case cannot happen either. Hence every member of W is contained in R
and consequently Ry = (W) char S. Thus (t) = Q1 (P(Z(R1))) is a characteristic
subgroup of S. We have shown in both cases that

(t) char S.
Hence S is a Sylow 2-subgroup of G’ and Burnside’s Lemma implies
tNZ(8S) = {t}.

Since every involution in 'L /O(L) is conjugate to an involution in Z(R)O(L)/O(L),
we have

t“NR={t}.
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On the other hand, by the Z*-Theorem, t NS # {t} and so we may assume
that ¢t ~g v. As v &€ ®(Cg(t)), we have that also t ¢ ®(Cg(v)). This shows that
[Q2(T),v] # 1, which means that v ~¢ vt. Furthermore, conjugating by elements
from D, we see that v ~g vz. Hence also v ~¢g vtz. Thus 2z and tz are the only
involutions in 4(Z(Cg(v))) = (t,v,2) which are not conjugate to t in G. But
then Ng(Cs(v)) normalizes (z,tz) and consequently Ng(Cg(v)) < Cg(t). This
contradicts ¢ ~¢g v. Thus T' = (t) has order 2 as claimed. O

Lemma 7.4. No element of Cg(t) induces a non-trivial field automorphism of
even order on L/O(L).

Proof. We start by establishing some notation. If Cg(t)/Op(Cg(t)) contains a
subgroup isomorphic to PGLy(p/), we select v € S of minimal order such that
LT(v) /O (LT) = PGLy(p’) and otherwise we define v = 1. We also pick y € S
such that y induces a field automorphism on L/O(L) and S = TD(v,y). Set

Y =(y).

Assume that Y is non-trivial. Then, by Lemmas 7.2 and 7.3, we have (t) =
T <Y.Let R=TD. Then ;(S) = R if v is not an involution and otherwise
Q1(S) = R(v). Since Y is non-trivial, we have f is even and hence there is an
m > 3 such that ;(S) = Zy x Dih(2™*!) if v is an involution and otherwise
01(S) = Zy x Dih(2™). Let z € Z(D)#. Then (z) = Z(Q1(S5)) N Q1(S)". Hence

(z) char S.

Assume that t“ N R = {t}. Then since Q1(Z(S)) = (t,z) < R, we have S €
Syly(G). By the Z*-Theorem, t“ NS # {t} and so, as there are no involutions in
S\ R(v), we may assume that ¢t ~¢g v. In particular v is an involution. If D(v)
is normal in S, then S = D(v)Y with Y cyclic, Q1(Y) = (t) and Y N D(v) = 1.
Thus by the Thompson Transfer Lemma 2.18, we have that ¢ is conjugate to a
2-central involution in D(v) and so t“ N R # {t}, a contradiction. Therefore, y
does not normalizes D(v). As there are exactly two LT (v)-classes of involutions
in R(v) \ D, we deduce that v ~¢ vt. Then conjugating by elements of D, we
obtain v ~g vz and vt ~¢ vtz. Hence v ~g vz ~g vt ~¢ tvz. This shows that
{#,tz} are the only involutions in (¢,v,z), which are not conjugate to ¢ in G.
Since 21(Z(Cs(v))) = (t,v,2), Na(Cs(v)) < Cg(t), and this contradicts ¢t ~g v
and proves that t“ N R # {t}.
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So we have that t“ N R # {t}. Hence t is conjugate to either z or tz. If
S € Syly(G), then, as Ng(S) controls fusion in 4(Z(S)) = (¢, z), we must have
that ¢ is conjugate to both ¢z and z. However this is impossible as z € Q(S)’ and
t is not. Therefore S ¢ Syl,(G). In particular there is S; < G with |S7 : S| = 2.
Choose s € S7 \ S. Note that as ¢ is not central in S; and (z) is characteristic in
S, t5 =tz.

Let y; € Y be such that y? = ¢. If |S; : Cs,(s)| < 2, then t = y? € Cg, (s), and
we have a contradiction since t¥ = tz. Thus, as R(v)/(t) = Dih(2™*1), we can

characterize (z,t) as

(z,t) = (i |2 =1,i€ S,|S1:Cs,(i)] <2).

This means that (z,t) is a characteristic subgroup of S;. Therefore S; €
Syly(G) and z is 2-central. Additionally, as y§ = ¢ and S/R(v) is cyclic, we
have Q;(S/(z)) = Q1(S)/(z). Hence ma(21(S/(z))) = ma(S) = 3 and, in partic-
ular, ma(S1/(2)) < 4. Furthermore, if F is an elementary abelian subgroup of S
of order 16, then EN S < Q1(S) =& Zy x Dih(2™*!) and so E > E N S contains
Z(S). But Z(S) > Z(S1). Thus no such E exists and ma(S1) = 3.

Now, as p/ = 1 (mod 4), z inverts O,(Cy(t)) and hence z € H. Therefore,
by Lemma 4.4 we have that Cg(z) has a 2-component L,. As z is 2-central and
|Z(S1)] = 2, we have that z is in the Schur multiplier of L,/O(L.). From Lemmas
2.12 and 5.7 we get that L,/(z)O(L,) = PSLa(p®), Alt(2p), PSL3(4), 2'PSL3(4)
or Figg. The first case is impossible for otherwise z would be a classical involution.
In the remaining cases there is either an elementary abelian subgroup of order 16
in Sp (see [10, Propositions 5.2.10, 5.6.1 and 6.4.4]) or L,/(z)O(L,) = 2:PSL3(4)
and ma(S1/(2)) = 5 (see [10, Proposition 6.4.4]). This contradicts the structure
of S7 described in the previous paragraph and thus completes the proof of the

lemma. O

We now summarize what we have discovered about the structure of C(t). By
Lemma 7.3, we have that T' = (¢) and Lemmas 7.2 and 7.4 imply that no element
of S induces a field automorphism on L/O(L). Thus we have

F*(Ca(t)/O(Ca(t))) = Zy x PSLay(p!)
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and 0% (Cg(t)/Oy(Cq(t))) is isomorphic to either PSLy(p!), PGLa(p!) or to
PSLy(p/)2 where the last extension is by a product of a field and diagonal au-
tomorphism (which is necessarily non-split). In particular, we have that S/(t) is
either a dihedral or semi-dihedral group.

Lemma 7.5. Assume Hypothesis 7.1. Suppose that Syly(Ci(t)) C Syly(G). Then
G has elementary abelian Sylow 2-subgroups.

Proof. Aiming for a contradiction, suppose that S € Syl,(Cq(t)) C Syl,(G) and
that S is not elementary abelian. Then Z(S) = (¢, z) where (z) = Z(S)ND. Since
z is a commutator in S and ¢ is not, z and ¢ are not G-conjugate and so, as S €
Syly(G), Burnside’s Lemma [9, 6.2] implies that Z(S) contains representatives
from three distinct G-conjugacy classes. By Hypothesis 4.1 (iv), G = O%*(G) and
so we must have that ¢ € ®(S) by Lemma 2.19. Since ¢t € ®(S), S/D is cyclic of
order 4. In particular, Q(S) = T'D. Since T'L has exactly three conjugacy classes
of involutions with representatives z, ¢ and zt, we deduce that t¢ N TL = {t}.
Therefore t“ NS C t“ N TD = {t}. Finally the Glauberman Z*-Theorem [6]
implies that ¢t € Z*(G) = 1 and we have our contradiction. Hence, if S € Syl,(G),
then S is abelian and consequently is elementary abelian. O

We recall that U is a Sylow 2-subgroup of G containing S.

Lemma 7.6. U has a normal elementary abelian subgroup of order 4.

Proof. As U is not dihedral or semi-dihedral, this follows from [9, 10.11]. O

Lemma 7.7. S is either elementary abelian or S/T = Dih(8). Furthermore, if
S is not abelian, then there is a fours group in S which is not contained in Z(S)
but is normal in U.

Proof. We may suppose that S is non-abelian. Let (z) = Z(S) N D. Since S is
non-abelian, Lemma 7.5 implies that U # S. By Lemma 7.6, there exists a normal
elementary abelian subgroup V of U of order 4. As G = O%(G), the Thompson
Transfer Lemma 2.18 implies that ¢ is conjugate to some involution s € Cg(V)

such that U contains a Sylow 2-subgroup of Cg(s). Hence we may assume that
V<8
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Suppose that V' = Z(S) = (t,2). Then, as U # S, |U : S| = 2 and so we can
write U = S(z) for some x € U. Since z is a commutator in S and ¢ is not, ¢ and
z are not U-conjugate. Therefore, as U # S, t*¥ = tz.

Let (z, s) be a fours group in D. Note that, as S/T contains a dihedral subgroup
of order at least 8, Ngr((z,s))/T = Sym(4) and that Ngr((z,s)) normalizes
E = (s,t,z). Since S/(t) is either dihedral or semi-dihedral, £ € Syly(Cq(E)).
By considering the action of Np(E) on E, we see that tz ~g ts ~¢ tsz and
z ~g 28 ~¢g 2z and by assumption we have t* = tz. So the involutions in F are
partitioned into two sets t¢ N E of size 4 and z¢ N E of size 3. Suppose that
|ENL*| = 4, then N(gr)=(ENL;) = Sym(4). Then we must have ENL* = (z, s).
Since tz is centralized by L*, we infer that Ng(E)/Cq(E) = Sym(4).

Let R € Syly(Ng(E)). Then R/E = Dih(8). We claim U contains no subgroup
Ry which is isomorphic to R. Assume this is false and let F' be the subgroup of
Ry with Ry/F = Dih(8). Since S has a cyclic subgroup of index 4, Ry has a cyclic
subgroup C' of index 8 with C' < S. Since |Rg| = 2%, |C] > 8. We conclude that
CF/F is cyclic of order 4, Z(CF') has order 2 and |C| = 8.

If F < S, then, as the 2-rank of S is 3, we have that (¢,z) = Z(S) < F
and as C < S, we have a contradiction to |Z(CF)| = 2. Thus F £ S and
(RoNS)/(FNS) = Ry/F = Dih(8). Since C' is inverted in Ry NS, we have that
[RoN S, C] has order 4. Because, |FFNS| = 22, [RyN S, C] centralizes FN.S and so
the structure of S indicates that F'NS < Z(S) = (¢, z). But then FNS < Z(RpN.S)
which has order 2 and we have a contradiction. This contradiction arose from the
assumption that R was isomorphic to a subgroup of U and in turn this followed
from the supposition that |E'N L*| = 4. Hence we must have |E N L*| < 2.

It follows that 2 does not normalize E and EL*/O(L*) = PGLy(p’). Therefore
S = (t) x Do where Dy is a dihedral group and x can be chosen so that S = (E, E*)
and Dy = (z, s, s%). In particular, Dy is normalized by = and, as all the involutions
in Dy are contained in L U L* (and consequently G-conjugate to z), t is not G-
conjugate to an element of Dy. As Cg(t) involves PGLo(p), we see that Cg(t)
contains a fours group. Then by 7.1 we have that Cg(t) # 1 and O(L) = 1.

Let u € Ng=1,(Cg(t)), be an involution conjugate into Dy. Then v € H and, as
u is conjugate to z, Cg(u) has Sylow 2-subgroups isomorphic to U. By Lemmas 5.2
and 5.3 there is a 2-component M in Cg(u). Since |Z(U)| = 2, we infer that
|Z(M/O(M))| > 2. It follows from Lemma 2.12 that M /O, (M) = PSLy(p?),
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Alt(2p), PSL3(4) with p = 3 or Figy with p = 5. In the first case, we have that
u is a classical involution which is impossible. In the remaining cases, we have
incompatible Sylow 2-structure, as the sectional 2-rank of U is 3 whereas the
sectional 2-rank of the possible components is at least 4.

Thus we have shown that there is a fours group different from (¢, z) which is
normal in S. This shows that S/7 is dihedral of order at most 8. If S/T is abelian,
then S = DT is elementary abelian. This completes the proof of Lemma 7.7. [

Lemma 7.8. U = S is elementary abelian.

Proof. Let V = (r, s) be a fours group in D. Then there is some element of order
three in L, which acts non-trivially on V' and, by Lemma 7.7, V' is normal in
S. By Lemma 2.25, we have that C (V') has a Sylow 2-subgroup, which is an
extension of B by (t) where B = Zgn X Zan, a Sylow 2-subgroup of PSL3(4),
a Sylow 2-subgroup of SUj3(4) or is elementary abelian of order 16. We write
S = (SN L, t,y) where, if S is abelian, y = 1 and, if S is non-abelian, y? € T.
Set Uy = B(t,y).

Assume first that U = U; € Syly(G). If B =V, then U = U; = S and we are
done by Lemma 7.5. So we suppose further B # V and seek a contradiction. Then
t is not G-conjugate to any involution in B, as any such involution centralizes an
abelian group of order 16. In particular, since G = O%(G), the Thompson Transfer
Lemma 2.18 implies that U; # BT and U; # (y)B. Thus y is an involution and,
using the Thompson Transfer Lemma again, we have that ¢ is G-conjugate to
some element y; in By and to yo € Byt. For i = 1,2, we have that y; € Ng(V)
and [y;, V] # 1. As Ng(V)/Cq(V) = Sym(3), y; B inverts some 3-element pB. As
y; are conjugate to t, we see that C'p(y;) does not contain an elementary abelian
subgroup of order 8. Hence if B is elementary abelian or a Sylow 2-subgroup of
PSL3(4), we see that all involutions in By; are conjugate. In the other cases we
have that V' = Q;(B) and so Cg(p) = 1. Therefore we may apply Lemma 2.21 to
get that all the involutions in (y;, p) B \ B are conjugate to y; again. In all cases
we have that |C5(y;)|> = | B|. In particular, we may suppose that y; = y and that
Yo = yt. Since y is conjugate to t, |Cq(y)|2 = 2%. As (y,t) is abelian, it follows that
|CB(y)| < 22 Thus |B| = |Cp(y)|? < 2* and so B is either elementary abelian of
order 16 or is isomorphic to Z, x Z4. We summarize the conclusions about fusion
of involutions in U; as follows: all the involutions in By U Byt are G-conjugate
to t and t“ N B is empty. The coset Bt may or may not contain G-conjugates of
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2z, where z € Cy(y)*. Since z and t are not G-conjugate, we have that D = V,
LS = 7y x PGLy(p’) and S = Zy x Dih(8). By considering Ny (S) # S, we see
that t and tz are G-conjugate. Therefore 26 N S = V#.

Suppose that B is elementary abelian. Then |C(y)| = 22 and Cp(y) contains
no conjugates of ¢. Since y is conjugate to ¢, we see that Cg(y) consists of conju-
gates of z. It follows that V and Cp(y) are conjugate in G. Since |Cp(U)| =2, B
is the Thompson subgroup of U. Therefore Cp(y) and V' are conjugate in Ng(B).
Hence yCq(B), tCq(B) and, by an argument similar to the one above, tyCq(B)
are conjugate in Ng(B)/Cq(B). In particular, as tCg(B) commutes with an el-
ement pCq(B) of order 3 which acts fixed-point-freely on B, yCq(B) centralizes
pyCq(B) and tyCq(B) centralizes py,,Cq(B) where p,Cq(B) and p;,Cq(B) both
have order 3 and both act fixed-point-freely on B. The isomorphism between
GL4(2) and Alt(8) maps such elements of order 3 to 3-cycles. Up to conjugacy,
S{p)Cc(B)/Cq(B) =((1,2,3),(1,2)(4,5),(1,2)(6,7)) where t = (4,5)(6,7) and,
say, ¥ = (1,2)(4,5). The elements of order 3 which commute with y and are
inverted by t either move 3 or 8. In the former case we see that Ng(B)/Cq(B)
contains a subgroup isomorphic to Sym(5) and this contradicts the fact that
INc(B)/Cq(B)|2 = 4. Thus p and p, commute. Since p and p, cannot both
commute with pg,, we have a contradiction. Hence B is not elementary abelian.

So we have shown that B = Z4 x Z4. Suppose that H contains a conjugate
29 of z. Then UY < Cg(z9). By Lemmas 5.2 and 5.3, C(zY) has a normal
2-component L,. Since UYL, has Sylow 2-subgroup UY and Z(UY) = (z9), we
infer that Z(L,/O(L,)) has order divisible by 2. Thus Lemma 2.12 implies that
L,/Oy (L) is isomorphic to one of PSLa(p®), Alt(2p), PSL3(4) or Fiss. Since
\U9/Z(U9)| = 2°, we can only have L,/Oy(L;) = PSLy(p®). But then 29 is a
classical involution which is impossible by hypothesis. Thus H does not contain
G-conjugates of z. It follows that H N L has odd order and so Corollary 2.9
implies that p/ = 3 (mod 4). On the other hand, L(y)/O(L) = PGLy(p/) and
so L{y) N H has order divisible by 2. Hence we may assume that H N L{t,y)
contains £ = (t,y) and E € Syly(Cg(t)). Since all the involutions in E are
conjugate to t, we have E € Syly(H). Furthermore, using Lemma 3.5, we have
Nu(E)/O(Ng(FE)) = Alt(4). Since all the involutions in E are conjugate, we
also have Cg(t) # 1. Thus Lemma 5.2 implies that L is a component and
(L, 0y (Ca(t))] = [L,0(C(t))] = 1.
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In Cq(t), E normalizes exactly two Sylow p-subgroups one of which is Cg(t).
Since C(F) acts on the set of p-subgroups of C(t) which are normalized by FE,
we deduce that |[Cg(E) : Cu(E)| < 2. Noting that Cg,, () (F) has order divisible
by 23, we now have that |Cq(E) : Cu(E)| = 2. As y obcy ) yt, we deduce that
|ING(E)/Cq(E)| = 3 and O?(Ng(E)) < H. In particular, Ng(FE) has elementary
abelian Sylow 2-subgroups of order 8. Let Ey € Syly(Ng(FE)) be chosen so that

Ei=E(z) = (t,y,z) < S

where z € Z(S5)#. By the Frattini Argument, Ny, (g)(E1)Ca(E) = Ng(E) and
so there exists an element p € Ng(F) of 3-power order which normalizes but does
not centralize Fy and additionally p® € Cg(F1). Because t, y, ty, tz, zy and zty
are pairwise conjugate and ¢ is not conjugate to z, we have that 2& N E; = {z}.
Thus p centralizes z.

Since t inverts B, the preimage of C/,)(t) in B is the subgroup X = {f € B |
f? € (2)} 2 Zy x Zy. Now y acts non-trivially on Q;(B) = V and, as y has order
2, a short calculation shows that y normalizes every subgroup of X of order 4. It
follows that

Cpyz)(t) = Oy (Er) = X/(2).
Hence Ny (Eq) = E1X and Ny(E1)/E; is the four group of Aut(F;) which cen-
tralizes Ej/(z). This means that Ny (E1) is extraspecial of order 32 of +-type.
Since y and ty are not conjugate in Cg(t), we have Ng(E1)/Cq(Er) = Alt(4).
In particular, Ny (E1) € Syly(Ng(E1)). Let F € Syly(Ng(E1)) such that F < U.
Further we may choose p such that it normalizes F'. Note that F' has index 2 in
the Sylow 2-subgroup U of G and that B intersects F' in a subgroup isomorphic
to Zy X Zg. Also Cg(F) = (2)Cy(F) and p € COy(F). Since F is extraspe-
cial of +-type and order 32, Ng(F)/FCq(F) is isomorphic to a subgroup of
O (2) = Sym(3) 1 Sym(2). As Ng(F)/FCg(F) has Sylow 2-subgroups of order
two and, as these subgroups consist of a non-trivial element which centralizes
Zy X Za, we see that Ng(F)/FCq(F) = Sym(3) or (Zs x Z3) : 2. In both cases
O3(Ng(F)/FCq(F)) is inverted. Suppose the latter. We now have that the 18
involutions of F'\ Z(F') are conjugate in Ng(F'). Since V' < F, we get that all
the involutions in F' are conjugate to z, but ¢t € F' and, as z and ¢ are not con-
jugate, we have a contradiction. We have that U = F(u) where u € B has order
4. And Ng(F) = (u,p)FCq(F), Cp(u) = BN F = Z4 X Zy. As t inverts B all
elements in Bt are involutions. Hence there are involutions in B(t) \ F. Choose
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such an involution w. Then w centralizes Q;(B). So Z((B N F){w)) = Q1(B).
In particular, B N F' is not centralized by w, but BN F is normalized by (w).
It follows that W = (B N F){(w) = Dih(8) x 2. Now W = [F,w](w) and so W
is normal in U = F(w). Since Aut(W) is a 2-group, Ng(W) = Cg(W)U. Set
Cq(2) = Cg(2)/(2). Then, as Ng(W) = Cq(W)U, we have Cx(w)(w) is a Sylow
2-subgroup of Cm(ﬁ). In particular, w is not Cg(z)-conjugate to a subgroup
of F. Therefore, the Thompson Transfer Lemma 2.18, implies that Cg(z) has

a subgroup R of index two with elementary abelian Sylow 2-subgroup F of or-
der 16. Recall that p acts fixed point freely on E < F and so [F,p] = F. Set

R = Cg(2)/0(Ca(2))(2).

Suppose that F(R) # 1 and recall that R is a C-group by hypothesis. Then, as
R has elementary abelian Sylow 2-subgroups of order 16 which admit a fixed-
point-free element of order 3, we deduce that R/O(R)(z) has either one or
two components isomorphic to PSLy(l) for some prime [ = 3,5 (mod 8) or
has a single component which is isomorphic PSLy(16). Since F' € Syly(R) and
Ng(F)/FCq(F) = Sym(3), we see that just one component PSLs(l), | = 3,5
(mod 8) is possible. But then we have some element of order three, whose com-
mutator with F' is quaternion of order eigth, contradicting [F, p| = F. This con-
tradiction finally shows that E(R) = 1. In particular, Cq(z) = O(Cg(2))Na(F)
and, as (2) € Syly(Cey(z)(p)), (2) is a Sylow 2-subgroup of Cg(p). Therefore
Cg(p) has a normal 2-complement. We claim that Syl,(Cc(p)) # {1}. We first
investigate p? which we assume for now is non-trivial. Recall that p € H and
p® € Cq(EB1) < Cg(t). Thus p? normalizes Cg(t). Since Cp(z) N H = 1, and
0% € Cg(z), we have p3 & L. We have Cog(L) = Op(Cq(t)). If L{p?) is iso-
morphic to a direct product A x L (necessarily with A < H), then A(p®) N L <
H N Cp(z) = 1, which is impossible unless p? € A. So in this case we have
Co(t) < Cq(p?). So suppose that L{p3) is not isomorphic to a direct product.
Hence p? induces an outer automorphism of L. But then, as p is a 3-element, p?
induces a field automorphism on L and Cg, ) (p?) # 1. Hence in each case we
have Cg(p3) # 1. This of course is also true if p? = 1. Since E € Syly,(Cp(t)),
E commutes with p? and E inverts Cg(t), we have that, setting J = Cgq(p?),
J =Cy(t) x Cy(ty) x Cs(y). Hence p centralizes a diagonal element in this de-
composition of J and so Cj(p) # 1. This then proves our claim. Since (z) is a
Sylow 2-subgroup of Ci(p) and Cg(p) has a normal 2-complement, we now see
that (z) is contained in a conjugate of H. But then (z) is conjugate to an element
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of E and this means that z and t are G-conjugate. We have proved that this is
not the case and so at this stage we deduce U # Uj.

Assume B # V and U # U;y. Set Uy = BT. Then V is characteristic in Uy as
V = M (Z(Uy)). If B is not elementary abelian of order 16, then we claim that
V' is a characteristic subgroup of U;. If Uy = Uy, we are done. Thus y # 1 and
|Uy : Up| = 2. Suppose that a € Aut(Uy) with V' # «(V). Then Uy # «(Uy).
Hence |Up : Up N a(Up)| = 2. Assume that B is homocyclic. Since B N «(B) is
centralized by Ba(B) and t inverts B, we either have that tB ¢ Ba(B) or BN
a(B) is elementary abelian. In the latter case we have that a(V) = Qi («a(B)) =
N (BNa(B)) = Q(B) =V, which we supposed was not the case. Therefore,
Ba(B) # Uj and so |B : BN a(B)| = 2 and again we have a(V) = V. So we
may assume that B is non-abelian. In particular, we have that |B| = 25. Then
B N a(Up) has order 2°. Now U /a(B) is abelian and so V = B’ < «a(Up) and
a(V) = a(B) < B. Thus Z(B N «a(Up)) > Va(V) > V, this contradicts the
structure of B as the centre of every subgroup of B of index 2 is V. Thus V is a
characteristic subgroup of U; and our claim is proved.

Set Us = Ny (Uy). As BT € Syly(Ca(V)), we deduce that |Us : U] = 2 and
that Uy = BT'. In particular, we have y = 1 and S is elementary abelian of order
23. Since Cp,(t) = S < Uy, there must be at least two BT-conjugacy classes of
involutions in Bt. It follows from Corollary 2.24 that B is homocyclic and there
are four BT-conjugacy classes of involutions in Bt. Recall that there is an element
p € NL(V) of order 3 and that p normalizes B, centralizes t and Cg(p) = 1. Thus
Bt contains two B(t, p) classes of involutions. Now Uz does not centralize ¢ and
so we deduce (Us, p) induces a transitive action on the four BT-conjugacy classes
of involutions in Bt. It follows that |Ng(Uy) : Uil is divisible by 4. But this
contradicts BT € Syly(C(V)) and V' being normalized by N¢(Uy).

So we have shown that B is elementary abelian of order 16. Note that B is
characteristic in U;. By Corollary 2.24, all the involutions in Bt are conjugate in
BT'. Therefore, as U} < U, we deduce that U; = BS > BT and so, in particular,
|U1| = 25. By Lemma 7.7, there is a non-central fours group X of S which is
normal in U. Since U; € Syly(Ng(V)) and U > U;, X # V. We have that
X < S < BS and so X normalizes B and B normalizes X. Therefore [B, X] <
BNX <BNS=V.S8Since X # V, we infer that [B,X] = BN X = (z) = Z(9).
However, |[B, z]| = 22 for all x € BS\ B and so we have a contradiction.
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So we are left with the case that B = V and U > U; = S = (V,t,y). Let
Us = Ny(S) > S. We claim that VT is normal in Us. This is obviously true if
y = 1. So suppose that S is non-abelian. Then, by Lemma 7.7, there is a fours
group X < S which is normal in U and is not contained in Z(S). It follows
that TX is an elementary abelian group of order 8. Since S contains exactly
two such subgroups, we deduce that both T'X and TV are normal in Us. Let
E = VT. Since Uy does not centralize ¢t and since F is normalized by an ele-
ment of order 3 in L, we see that [t¢ N E| > 4. Since Z(Uz) N E # 1, we get
[tY N E| = 4. Therefore, [Ng(E)/Cg(E)| = 12 or 24. As Ng(E)/Cqa(E) is a sub-
group of PSL3(2), this means Ng(FE)/Cq(FE) = Alt(4) or Sym(4). In both cases
Cgr(O2(Ng(E)/Ce(E))) is non-trivial and normal in Ng(E) and so it must be
V. But E = BT € Syl,(C(V)) and we have a contradiction. This is our final
contradiction and so Lemma 7.8 is proved. 0

Theorem 7.9. Assume Hypothesis 7.1. Then F*(G) = 2Gy(329T1).

Proof. By Lemma 7.8 the Sylow 2-subgroups of G are elementary abelian of
order 8. Therefore Theorem 2.3 gives F*(G) =2 2Gy(327*1) for some a > 1. O

8. COMPONENTS IN H

Assume that Hypothesis 4.1 holds. From Lemma 4.5, we know that E(H) is
quasisimple if E(H) # 1. The objective of this section is to prove that E(H) = 1.

Set £ = FE(H). So E is a quasisimple group. Since Oy (G) = 1, we have
that F(H) is a p-group. In particular, E contains involutions. If ¢ € H is an
involution, we know by Lemma 4.4 that Cq(t) £ H, Op(Cg(t)) < H and
(F*(Cq(t)/Op(Ca(t))),p) € E£. Whenever t is an involution from H, we use

the following bar notation Cg(t) = Cq(t)/Oy(Ca(t)).

Lemma 8.1. If Ng(X) is a K-group for all p'-subgroups X of G, then E = F*(H)
18 quasisimple.

Proof. Set Q = O,(H) and assume that Q £ E(H). Of course [E, Q] = 1. Suppose
that ¢ is an involution in E. Then, by Lemma 4.4, Cq(t) £ H, Oy (Ca(t)) <
H and (F*(Cg(t)),p) € €. Since @ and Oy (Cg(t)) commute, we have that
F*(Cq(t)) £ Op(Cq(t)). As F*(Cq(t)) is almost simple, C(t) has a unique
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component L; which has order divisible by p and we have L; = F*(Cg(t)). Note

that, as @ # 1, Proposition 2.7 implies that C(t) is p-closed and soluble.

Assume that p divides |Cg(t)/Z(E)|. Then Op(Cg(t)) contains non-trivial nor-

mal subgroups @ and O,(Cg(t)) and they commute. This contradicts the struc-
ture of Cy(t) given in Proposition 2.7. Therefore, Cr(t) < Oy (Cu(t)) for all

involutions ¢t € E. Suppose that Cg(t) £ Oy (Cg(t)). Then using Corollary 2.11
and noting that Cg(t) is soluble, we get |Cg(t)| = 2 and (L¢, p) = (PSL3(4), 3).

We consider the case (L¢, p) = (PSL3(4), 3) independently from the assumption
that Cr(t) £ Oy(Ce(t)). In this case @ is a normal 3-subgroup of C(t) and
so Proposition 2.7(iv) implies that Nz, (Q)/Q is a non-abelian 2-group. Suppose
that s € Cy(F) is an involution. Then EO3 (Cg(s))/O3(Ca(s)) is a quasisimple
normal subgroup of Cg(s)/Os(Ca(s)) which by Lemma 4.4(iii) is strongly 3-
embedded in Cg(s)/Os(Ca(s)). However, as (F*(Ca(s)/Ox(Ca(9))),3) € £, we

have a contradiction to Proposition 2.7 as, when p = 3, Cy(t) must be soluble.

Thus Cy(E) has odd order and, in particular, Nz, (Q)/Q maps isomorphically
into H/Cp (E) and so we deduce that Out(E) has non-abelian Sylow 2-subgroups.
Now FE is a K-group and since Out(E) has non-abelian Sylow 2-subgroups, we
infer that F is a Lie type group of Lie rank at least 4 defined over a field of
characteristic r. But these groups all possess an involution s with Cg(s) involving
PSLa(r). Since 3 divides |PSLa(r)], this contradicts Cg(s) < O (Cu(s)).

Thus (L, p) # (PSL3(4), 3) and we conclude further that Cg(t) < Oy (Ce(t))
for all involutions t € E.

Suppose now that 7' € Syly(E) and ¢t € Z(T)# is an involution. Then
T < CE(t> < Op/<Cg(t)) < Cg(Lt).
Assume that s € T' is an involution. Then Cg(s) < O, (Cg(s)) and thus

[CE(5), (Q9™)] < [0y(Ca(9)), (QE™)] = ([0 (Ca(5)), QI°¢W) = 1.

As Ly < Cg(s), we see (QCG(3)> > (Q™) = L4Q. Thus L; centralizes Cg(s). It
follows that L; centralizes K = (Cg(x) | x € T, 2% = 1). If p divides |K|, then we
have the contradiction Ly < H as H is strongly p-embedded. Hence p does not
divide |K| and so K # E. It follows from [9, 17.13] that Ng(K) is a strongly 2-
embedded subgroup of E. Hence E = SLy(2%), PSU3(2%) or 2By (22¢71) for some
a>2and K < Ng(T) by [2]. Since L; centralizes T' and L; is normal in Cg(t),
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we see that L; is a characteristic subgroup of C¢(7T'). Hence Ng(T') normalizes L.
In particular, Ng(T') = Ny (T)L; by the Frattini Argument. By Lemmas 3.2(v)
and 3.3 (ii) and (iii), we have F*(Ng(T')/Op(Ng(T))) = Li/Z(L¢). Thus using
Corollary 2.11 and the fact that L;/Z(L;) 2 PSL3(4), we have Oy (Ng(T)) =
Oy (Nu(T)). If p divides |Ng(T)|, then Ng(T)Op(Na(T))/Op(Na(T)) com-
mutes with QO (Ng(T))/Op(Ng(T)) and as before we have a contradiction
to the structure of L; via Proposition 2.7. Hence Ng(T) < Oy (Ny(T)) =
Op (Ng(T)). In particular, L; centralizes Ng(T'). Let J be a complement to T" in
Ng(T) and set M = Ng(J). Then E = (Ng(T'), M). Since L; centralizes Ng(T'),
L; < Cg(J). Therefore, using J is a p’-group and Ng(J) is a K-group, Lemma 3.3
(ii) and (iii) imply that L; is the unique component in Ng(J). In particular, M
normalizes Ly and so E = (Ng(T'), M) normalizes L, as well. But again by Lemma
3.3 (ii) and (iii), we have that F*(LyE/Oy (L4 E)) = LiOy (L, E) /O, (L, E) which
means that £ < O, (L¢F) and contradicts O, (H) = 1. This contradiction shows
that Q@ < E and so F*(H) = E is quasisimple. O

Throughout the remainder of this section we assume the following hypothesis.
Hypothesis 8.2. Hypothesis 4.1 holds as well as
(i) F*(H) = E(H) is a quasisimple K-group; and

(ii) G does not contain a classical involution.

We begin with two lemmas which will be used frequently.

Lemma 8.3. Ift € H is an involution and Cg(t) is not soluble, then either

(i) (F*(Cq(t)),p) = (Fiag,b) and Cy(t) = Aut(Qg(Q)); or
(i) (F*(Ca(t)),p) = (Alt(2p),p) and F*(Cu(t)) = Alt(p) x Alt(p) with
P> 5

Moreover, in case (ii), the components of Cg(t) are not normal in Cr(t).

Proof. This follows from Lemma 4.4(iii) and Proposition 2.7. O

Lemma 8.4. Assume that t € H is an involution and |Cy(t)|, # |Cr(t)p.
Then (Cg(t),p) = (PSLa(8) : 3,3) or (3B2(32) : 5,5). In particular, Cg(t) has
extraspecial Sylow p-subgroups of order p3.
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Proof. Suppose that |Cg(t)|, # |Cu(t)|p. Then Cy(t) > Cg(t) and, as Cy(t)/CE(t)

is soluble and has order divisible by p, Proposition 2.7 implies that Cg(t) is
p-closed. Let T1 € Syl,(Cy(t)) and let T> = T3 N E. Then T, > Ty and T}
is normal in Cg(t). It follows from Corollary 2.8 that either 7o < ®(T}) or
(Cq(t),p) = (PSLa(8) : 3,3) or (®2B2(32) : 5,5). Thus we may assume that
2 < mp(Ta/T1) < mp(H/E). Since the p-rank of Out(E) is at most 2, we have
that 771/T» has p-rank 2 by Lemma 2.16. But then the structure of Out(E) in
Lemma 2.16 shows that Cp(t) cannot act irreducibly on T;/®(T;) and Corol-
lary 2.8 once again gives p € {3,5} and the structure of C(t). O

Lemma 8.5. E/Z(FE) is not an alternating group of degree n > 5.

Proof. Suppose that E/Z(E) = Alt(n) for some n > 5. Assume that Z(F) = 1.
Let n > 9. Let t correspond to a product of two transpositions in E. Then Cg(t)

contains a normal subgroup isomorphic to Alt(n —4) with n—4 > 5. Thus Cg(t)
contains such a normal subgroup and this contradicts Lemma 8.3. So n < 9. But
then Cg(t) is a {2, 3}-group with cyclic Sylow 3-group and so m,(Cg(t)) < 2 for
all odd primes r. This contradicts Hypothesis 4.1(ii).

This contradiction shows that Z(E) # 1. Since Z(E) is a p-group, this means
E = 3-Alt(6) or 3-Alt(7) with p = 3. The first possibility fails as the centralizers
of involutions in Alt(6) have order 8. Thus E = 3-Alt(7). In this case, Cp(t)
has a normal Sylow 3-subgroup of order 9 and Cg (t) does not act irreducibly on

O3(Cp(t)), this contradicts Corollary 2.8. Hence we have shown E/Z(FE) is not
an alternating group. O

Next we show that E/Z(F) cannot be a sporadic simple group.

Lemma 8.6. E/Z(FE) is not a sporadic simple group.

Proof. We use Lemmas 4.4 and 8.3 for all the sporadic groups. We first observe
that the outer automorphism group of a sporadic simple group has order dividing
2 [10, Table 5.3]. Hence E has index at most 2 in H. In Table 2, for each possibility
for E/Z(F), we give the structure of the centralizer of some involution ¢ in F
(recall O2(E) = 1). For each case, except E = 3'Myy with p = 3, we see that
either p? does not divide |Cg(t)| or that Cy(t)/Oy(Ch(t)) has a simple section
which is not isomorphic to Alt(p) or Qg (2). Assume that E = 3-Mye and p = 3.
Then Cg(t), with ¢ as in Table 2, is soluble and has Sylow 3-subgroups of order 9.
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E/Z(E) Involution Ce/zm)(t) E/Z(E) Involution  Cpg iz (1)
M11 2A GL2(3) M12 2A 2 X Sym(5)
M22 2A 24Sym(4) M23 2A 24 : PSL3(2)
May 24 2146 PS13(2) J1 24 2 x Alt(5)

J 24 21 Alt(5) J3 24 214 Alt(5)
J4 24 21912 3-Mgy.2 Cos 24 2-PSpg(2)
Cog 2A 215 PSpg(2) Coy 2C 211 My
HS 24 4% 217 Sym(5) | McL 24 2-Alt(8)
Suz 2A 216,05 (2) He 2A 22 PSL3(4).2
Ly 24 2-Alt(11) Ru 24 21 Sym(5)
Figg 2A 2'F122 F1,24 2A 2'F122.2
HN 2A 2'H8S.2 Th 2A 248 Al(9)
B 24 2.2E4(2).2 M 24 2'B

TABLE 2. Centralizers of certain involutions in sporadic simple groups.

However, C(t) does not act irreducibly on O3(Cp(t)) and this then contradicts
Corollary 2.8. Thus this possibility cannot occur either. Therefore F/Z(E) is not
a sporadic simple group. O

We now begin our investigation of the case when E/Z(FE) is a group of Lie
type.

Lemma 8.7. Suppose that E/Z(E) is a simple group of Lie type. Then p divides
|CE(t)| for all involutions t € H.

Proof. Assume that E/Z(F) is a Lie type group defined in characteristic r and
that Cg(t) is a p’-group. Then, as m,(Cg(t)) > 2, |Cr(t)|, # |Cu(t)|, and hence
Lemma 8.4 implies that p € {3,5} and Cp(t) has extraspecial Sylow p-subgroups.
It follows that H/E and hence Out(E) has non-abelian Sylow p-subgroups. In
particular, we see that F must admit diagonal automorphisms of order p. This
shows that F/Z(F) is PSL,(q) or PSU,(q) and that p divides n. Since H/FE has
non-abelian Sylow p-subgroups, we further infer that p? divides n. Thus n > 9.
But then the canonical form of ¢t shows that the centralizer of ¢t has a section
isomorphic to PSLy(r) or PSUy(r). Both these groups have order divisible by 3
and 5, a contradiction. Thus p divides |Cg(t)]. O

Lemma 8.8. E/Z(FE) is not a rank 1 Lie type group.
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Proof. Suppose that E/Z(E) is defined in characteristic 2. So E/Z(E) = PSLy(2¢),
PSU;3(2%) or 2B(22*~!) for some a > 2. In the first and third case, the central-
izer of an involution in Cg(t) is a 2-group and so m,(Out(£)) > 2. Using [10,
Theorem 2.5.12] we see that Out(E) is cyclic, which is a contradiction. There-
fore E/Z(F) = PSU3(2%) for some a > 2. Let t € E be an involution and
S € Syl,(Cu(t)). Then Cg(t) is 2-closed, contains a Sylow 2-subgroup 7' of E
and T has a cyclic complement in Cg(t) of order dividing ¢ + 1. In particu-
lar, |Cg(t)|, # |Cu(t)|, and so S is extraspecial of order p® and (Cg(t),p) =
(PSL2(8): 3,3) or (*°B2(32): 5,5) by Lemma 8.4. Since Out(E) has abelian Sylow
p-subgroups, p must divide ¢+ 1. Furthermore, the Sylow p-subgroups of GU3(2)
are abelian and so SFE must involve field automorphisms of E. In particular, we

have p divides a and Z(T) is not centralized by S. From the structure of Cg(t),
T < 02(Cr(t)) < Oy(Cr(t)) = Oy(Ca(t)). Suppose that T9 # T for some
g € Cg(t). Then T9 < O2(Cg(t)) and TIE/E is a non-trivial 2-group of outer
automorphisms of E. It follows that T9E/E is cyclic and acts non-trivially on the
cyclic group Cg(t)/T. However TY < O3(Cg(t)) and so this is impossible. Thus
T is normalized by Cg(t). Since Z(T) is centralized by Cg(t), L = (Cg(t)¢e®)
centralizes Z(T). Since p divides |Cg(t)|, the structure of Cg(t) shows that
L > OP(Cg(t)). Suppose that 2¢ # 8. Then, as |Cp(t)/T| = (2*+1)/(2% + 1, 3),
there is some element w € Cg(t), o(w) = r, r a Zsygmondi prime dividing 2% + 1.
Note that r does not divide |Cg(t)| and that w acts irreducibly on T'/Z(T).
Thus Cg(t) acts on T/Z(T) irreducibly. Since |T| = 23¢ with |Z(T)| = 29,
using [14, Lemma 2.7.3] we have that Cg(t)/Cq(T)T embeds into SL2(2%): a.
Since Cg(T) < Oy (Cq(t)) we have that C(t)/Cq(T)T involves SLa(8): 3 when

= 3 and involves 2B5(32): 5 when p = 5 and these groups must be sections of
SL2(2%) : a. Furthermore, r divides O,y (Cq(t)/Cq(T)T) which is thus non-trivial.
The structure of SLy(2%) now implies that C(t)/Cqe(T)T is soluble, a contradic-
tion. So we are left with 2% = 8. Let U be a hyperplane of Z(T'). Then T'/U is
extraspecial of order 27. Since L centralizes Z(T), L acts on T/U. Furthermore,
L/Cr(T) has a section isomorphic to SLa(8) when p = 3 or to 2B5(32) when
p = 5. Since Out(T/U) is isomorphic to OF(2), this is also impossible. Hence we

have shown that F is not a rank 1 group defined in characteristic 2.

Assume that E/Z(FE) is PSLa(r%) with r odd. Since PSLy(9) = Alt(6), we see
with Lemma 8.5 that r® # 9. Thus the Schur multiplier of E has order 2 and so
E = PSLy(r%). Let t be an involution in E. Then Cg(¢) is a dihedral group and
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hence we have |Cy(t)|, > |CEg(t)|, and Lemma 8.4 implies that either p = 3 and
Ca(t) = PSLy(8) : 3orp = 5 and Cg(t) = ?By(32) : 5. Let S € Syl,(Cu(t)). Then
S is extraspecial of order p3. Since Out(E) has cyclic Sylow p-subgroups, we must

have SNE is cyclic of order p?. In particular, as C(t) is a dihedral group, we have
Q = Op(CEg(t)) > 1. Thus, because Oy (Cq(t)) = Oy (Cu(t)), [Q,0p(Ca(t))] =
[Q,0,(Cp(t))] = 1. Therefore L = (Q“¢®)) centralizes O, (Cg(t)) and so, as
the Schur multipliers of PSLy(8) and 2By (32) are both trivial and @ is inverted
in Ne, ) (@), we have that L is a normal component of Cg(t). Thus Cg(t) =
(L x Op(CH(t)))S. Let T € Syly(Cr(t)). Then as E has one conjugacy class
of involutions, T' € Syly(H) and T normalizes (). Thus we can write T' = (T'N
L) x (TN Oy (Cg(t))). Let Ty, = T'N L. Then T}, is cyclic of order p — 1 (2 or
4) and Ty, < Z(T). In particular, Z(T) > (t)T, t € T1, and |Z(T)| > 4. Assume
that E has non-abelian Sylow 2-subgroups. Then T' # (¢)T7, and T, N E =1 for
otherwise | Z(T)NE| > 4. Let f € Q;(T1)*. Then f centralizes a Sylow 2-subgroup
of F and so we have that f induces a non-trivial field automorphism of E. Thus,
since 7% # 32, Cy(f) contains a component F' isomorphic to PSLy(r%/?) and a is
even. As a is even, we have that Cg(t) is of order r* — 1 [12, I 8.27]. Hence we
have that p divides 7* — 1. In particular, p divides |PSLy(r®/?)| = r%/2(r® — 1) /2.
Hence PSLy(r%/?) is isomorphic to a subgroup of Cy(f)/Oy(Ca(f)) which is
consequently not soluble. Now Lemma 8.3 delivers a contradiction. It follows that
E has abelian Sylow 2-subgroups and, as |Z(T')| > 4, E = PSLa(r) where r = 3,5
(mod 8). In particular, T' = (¢)T7,. Therefore T'< FE and Ty, has order 2 =p — 1.
Therefore p = 3 and L = PSLy(8). Let R € Syly(Ci(t)) such that R > T. Then
R is elementary abelian of order 16. Since R € Syly(Ci(t)), R € Syly(Ca(R)).
Note that N1(R)/R is cyclic of order 7. Thus N (R) induces orbits of length 1, 7
and 7 on the non-trivial elements of R. Since the non-trivial elements of 7" are all
conjugate, 11, < L, and te &€ L where e € Ty, we infer that all the involutions in R
are conjugate to t. In particular, R € Syly(Cg(z)) for all z € RF. Therefore Ng(R)
acts transitively on R* and Ng(R)/Cq(R) is a subgroup of GL4(2) divisible by
3.5.7 and of odd order. There are no such subgroups in GL4(2) and so we have our
final contradiction to this configuration. Hence E/Z(E) % PSLy(r%) for odd r.

So we are left with E/Z(E) = PSU3(r%) or 2Ga(r®), where r = 3, a > 1
in the latter. As in Aut(PSU3(3)), no involution centralizes a group of order
p?, we get that r® # 3. Therefore in all the cases, there is an involution t
such that E(Cg(t)/(t)) = PSLa(r%) is a non-abelian simple group. If p divides
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|PSLa(r®)|, then Lemmas 8.3 gives a contradiction. So we have that p does not
divide |PSLa(7%)|. As Cg(t) = GUa(r?) or (t) x PSLa(r®), we get that Cg(t) is a
p’-group and this contradicts Lemma 8.7. ([

Lemma 8.9. E/Z(E) % PSL3(2%) for a > 1.

Proof. Suppose that E/Z(FE) = PSL3(2%), a > 1. Then E has exactly one conju-
gacy class of involutions. If @ = 1, then Cg(t) is dihedral of order 8 and Out(E)
has order 2, so H does not satisfy our Hypothesis 4.1(ii). So we may assume that
a > 2.

Let t € E be an involution. Then T' = O2(CE(t)) € Syly(Cg(t)). Furthermore,
a complement to T' in Cg(t) is cyclic of order dividing 2% — 1. Hence, again by
Hypothesis 4.1 (ii), |Cu(t)|, > |Cg(t)|p. Thus Lemma 8.4 implies that p € {3,5}

and Cg(t) has extraspecial Sylow p-subgroups. Since Out(FE) has abelian Sylow
p-subgroups, we have |Cg(t)|, > 1 and, in particular, p divides 2% — 1.

We have that O2(Cr(t)/Op(Ca(t)) N F*(Cq(t)/Op(Ca(t)))) = 1. In partic-
ular, 7" is normal in Oy (Cg(t)) and, using Lemma 2.27, we now see that T is

normal in Cg(t).

By considering T as the subgroup of lower unitriangular matrices in SL3(2%),
we see that T contains exactly two elementary abelian subgroups F; and Fy
of order 22 (all the elements of T outside these two subgroups have order 4).
Thus, as T is normal in Cg(t), Ce(t) permutes F; and F» and consequently
Ca(t) has a subgroup of index at most 2 which normalizes Fj. It follows that
Ng(F1) £ H and that m,(Ng(F1)) > my(Cg(t)) = 2. By Lemmas 3.2 and
3.3 (ii), we have that L = F*(Ng(F1)/Op(Ng(F1))) is a non-abelian simple
group. Since Ng(F1)/O2(Ng(F1)) has a section isomorphic to SLg(2%) with a >
2, and since p divides [SLa(2%)| = (2% — 1)2%(2* + 1), we get with Proposi-
tion 2.7 that F*(Ng(F1)/Op(Ng(F1))) = Alt(2p) or Fixg. Furthermore, we have
N (F1)/Op (N (F1)) is isomorphic to (Alt(p) x Alt(p)) : 2 with no normal com-
ponents or Qg(?), neither of these has a normal subgroup isomorphic to PSLa(2%)
and so we have a contradiction. O

The next two lemmas are needed to finally dispatch the Lie type groups as
possibilities for E.
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Lemma 8.10. Suppose that K is a simple group of Lie type defined in character-
istic 2 and p is an odd prime. Let t € K be an involution in a long root subgroup
of K. If p divides |Ck(t)|, then either

(i) p divides |O% (Ck(t))|; or
(ii) K is isomorphic to one of PSLa(29), PSU3(2%), 2B2(22%F1) or PSL3(2%)
for some a > 1.

Proof. As Ck(t) = O? (Ck(t)) B, where B is contained in a Borel subgroup of K,
we may assume that p divides the order of a Borel subgroup. If the Lie rank of
K is at least two and K 2 PSL3(2%), we have that ¢ is centralized by a minimal
parabolic subgroup and so p divides the order of this minimal parabolic. This is
the assertion. 0

Lemma 8.11. Suppose that K is a simple group of Lie type defined in character-
istic r, r odd, and of Lie rank at least 2. Let t be an involution in a fundamental
subgroup of K and assume that p is an odd prime. If p divides |Ck(t)|, then p
divides |O% (Ck (t))].

Proof. We have that Ck(t) = Ly1L92S, where L is the fundamental subgroup,
Ly = Cg)(L1) and S is a Sylow 2-subgroup with t € Z(S). If LiLy =
0% (L1Ly), we are done. So we may assume that r = 3. If Ly = 0% (Ly) and
Lo # 1, then, as 3 divides the order of Ly, we also are done. Hence we have p = 3
and Ls is a central product of groups isomorphic to SLa(3) or PSLa(3). This now
shows that K is isomorphic to one of the following PSL3(3), PSp,(3), PQE(3),
Q7(3), PQJ (3) or G2(3). But in all cases we have some GLa(3) involved, so 3
divides |0% (Ck(t))|. O

For X a Lie type group of Lie rank at least two in odd characteristic r we list
O (Cx(t)) for t a classical involution in Table 4. The information is taken from
[10, Table 4.5.1, Theorem 4.5.5].

Lemma 8.12. E/Z(FE) is not a simple Lie type group defined in characteristic 2.

Proof. Suppose that E/Z(FE) is a Lie type group defined in characteristic 2. By
Lemma 8.8 we have that the Lie rank of E is at least two. Further E/Z(FE) %
PSL3(2%), a > 1 by Lemma 8.9. Let S € Syl,(FE) and let ¢ be an involution in the
centre of the long root group X, contained in Z(S). Then Cg(t) is a subgroup



Simple group Levi Factor of || Simple group Levi Factor
PSL,.(q) SLn—2(q) PSU,(q) SUn2(q)
PSpy,(7)  SPapn_1)(@) OF(q)  SLa(g) * SO, 4(q)

Ga(q)' SL2(q) *Dy(q) SLa(q?)
Fa(q) Spe(4) *Fu(q) *Ba(q)
*Es(q) SUs(q) E6(q) SLe(q)/Z(g-1,3)
Ez(q) S075(q) Es(q) E7(q)

q = 2%.

TABLE 3. Subgroups generated by root elements in the Levi complements of centralizers of involutions
in the centre of long root subgroups in Lie type groups of rank at least 2 defined over a field of order

Chris Parker and Gernot Stroth

Simple group X O (Cx(t)) Simple group X O™ (Cx (z))
PSL,(r%) SLa(r%) * SLy,_2(r%) PSU,(r?) SLa(r?) % SU,—a(r®)
PSpy, (") SLa(r?) * Spy(,—1) () Q (r?) (SLa(r®) * SLa(r®)) * momn 4(r%)
Q.m Aﬁpv mhmA v * wﬁwA v mU»AﬁQV wﬁwA Qv * mﬁmA v
Fy(r®) SLy(r) + Spg(r) “Eg(r?) SLy(r®) mdi ‘)
m\mQ\bv MHLMA v * wbmﬁ v HﬂAﬁQV wbwA% v A v
Eg(r) SLa(r®) x Ez(r)

TABLE 4. The group generated by the r-elements in the centralizer of a classical involution ¢ in Lie
type groups of rank at least 2 and odd characteristic 7.
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of Ng(X,) and t is centralized by the subgroup K; of the Levi complement
of N¢(X,) which is generated by root subgroups. These subgroups are given

in Table 3 and we note that K; is a characteristic subgroups of Cg(t) which
in turn is normal in m By Lemmas 8.10 and 8.7, we have that p divides
|0% (CE(t))|. Suppose that K;/O, (K;) is not soluble. Then, by Lemma 8.3, we
have that F*(Cp(t)) = Alt(p) x Alt(p) with p > 5 or QF (2) with p = 5. Since
K; is normal in Cy(t), we infer that either K; = Alt(p) x Alt(p) and p > 5

or to Q4 (2) and p = 5. As Alt(p), p > 5, is isomorphic to a Lie type group

defined in characteristic 2 if and only if p = 5, we now have that p = 5 and
K; = Alt(5) x Alt(5) or Qf (2). Using Table 3 we get that E/Z(E) = Qf,(2).
Furthermore, we have Z(E) = O3(E) = 1. Therefore there is a further involution
s € E which has centralizer C with C/O2(C) = Spg(2). Now using Lemma 8.3, we
have a contradiction. Hence we must assume that C'g(¢) is soluble. By Lemmas 8.5
and 8.8, E/Z(E) % PSps(2) = Alt(6) or to Ga(2)" = PSU;3(3). Then using
Table 3 again, we have E/Z(FE) is one of PSU4(2), PSUs(2), 2F4(2)’, PSL4(2) and
Q4 (2). In all the cases we check that |Cp(t)| is only divisible by p? when p = 3
and E/Z(E) = PSU4(2), PSU5(2) or QfF (2). Suppose that E/Z(E) = Qf (2).
Then E = Qf (2) and there is an involution s € E such that Cg(s)/O2(Cg(s))
has a normal subgroup isomorphic to Sp,(2)" = Alt(6). This violates Lemma 8.3.
If E = PSU4(2), then there is an involution s € E, which is not centralized by an
elementary abelian group of order 9 contrary to Hypothesis 4.1 (ii). So we have
E = PSUs(2). In this case Cy(t) = 3172.SLy(3) or Op(t) = 3112.GLy(3). Now
Proposition 2.7 shows that this structure is impossible. Thus E/Z(FE) is not a

Lie type group defined in characteristic 2. O

Lemma 8.13. E/Z(FE) is not a Lie type group in odd characteristic.

Proof. Suppose that E/Z(E) is a Lie type group defined in characteristic r, r
an odd prime. By Lemma 8.8, we may assume that the Lie rank of E is at
least two. Let ¢t be a classical involution in F. By Lemmas 8.7 and 8.11, p di-
vides |0? (Cg(t))]. Let K be a subnormal subgroup of Cg(t) containing t with
K = SLa(r®). Assume that p divides |K;| and that r* # 3. Then Lemma 8.3
implies that K7 2 Alt(p) or Qg (2). We conclude that p = 7 = 5 and that
F*(Cq(t)) = Alt(10). In particular, K; is not normal in Cg(t). Using Table 4
now shows that E = PSL4(5), PSp4(5), PSU4(5), or Ga(5). The last case im-
mediately fails, as Out(Ga(5)) = 1 means E = H and K; is normal in Cg(t).
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If E = PSp,(5), then there is an involution s € E with 0% (Cg(s)) = PSLy(5),
which contradicts Hypothesis 4.1 (ii). If £ = PSU4(5), then there is an involution
s € E with F*(Cg(x)/Os5 (Cg(x))) = PSL2(25) and this contradicts Lemma 8.3.
So we must have that E = PSL4(5). Since Os(Cq(t)) < H is normalized by
Cg(t), the structure of Aut(E) shows that Oy (Cg(t)) N E = (t). It follows that
Cc(t)/Op(Cq(t)) has a subgroup isomorphic to Cg(t)/(t). Since the subgroup
M of even permutations of Sym(5)? Sym(2) has M/F*(M) cyclic of order 4 and
Cg(t)/F*(Cg(t)) is a fours group, we see that Cq(t)/O, (C(t)) = Sym(10). But
then H > E. In particular, there are involutions s € H \ E with F*(Cg(s)) =
PSL3(5) in contradiction to Lemma 8.3.

So we may assume next that p does not divide the order of SLa(r®) or % = 3.
Suppose that in the latter case we also have p # 3. Then in both cases p does not
divide 7% + 1. Hence p divides the order of one of the factors listed in Table 4.
Since p does not divide |K;|, Cg(t) has a component which is a group of Lie type
in characteristic 7. But these components are not isomorphic to either Alt(p) or
Q4 (2), and this contradicts Lemmas 4.4 and 8.3.

So we have that p = 3 = r®. Suppose that Cg(t) has a component F', then 3
divides |F|. Therefore Lemmas 4.4, 8.3 and Table 4 give a contradiction. So we
have that Cg(t) is soluble. Then reference once again to Table 4 gives F/Z(F) is
isomorphic to one of PSL3(3), PSL4(3), PSp,(3), PSU4(3), Q7(3), P4 (3), Ga(3).
If E = Q7(3) or PQJ(3), there is an involution s with F*(Cg(s)) = Qg (3) and,
if £ = PSL4(3) there is an involution s € E with F*(Cg(s)) = PSLg(9). Thus in
these cases we obtain a contradiction via Lemma 8.3. If F = PSL3(3) or PSp,(3),
then there is an involution s € E whose centralizer is not divisible by 9, in the
second case |Cp(s)| = 2° -3, while in the first case s = t and Cp(t) = GLa(3).
This contradicts Hypothesis 4.1 (ii). So we have that E/Z(FE) = PSU4(3) or
G2(3). Assume that H = E. Then, by Lemma 3.2 (v), O3 (Cg(t)) < H and
Corollary 2.11 gives O2(CE(t)) = O3/ (Cq(t)) which is extraspecial 2?4. It follows
that Cq(t)/Ccp ) (O2(CE(t)) is soluble. But Cg(t) is an almost simple group
and so we have that O3(Cg(t)) is centralized by a Sylow 3-subgroup of Cg(t)

something which is impossible. Thus £ # H. Hence there exists an involution
s€ H\E.If E/Z(E) = G2(3), Cr(s) = 2G2(3). If E/Z(E) = PSU4(3), then
CE(s) has a section isomorphic to PSU3(3), PSp,(3) or £ (3). In all these cases
we get a contradiction to Lemma 8.3 applied to Cg(s). ([l
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9. PROOFS OF THE MAIN THEOREMS

In this final section we assemble the proofs of our main theorems. We refer the
reader to the introduction for their statements and continue the notation of the
previous sections.

Proof of Theorem 1.1. Let Gy = O%*(G). Then Hy = H N Gy has even order and
Hy is strongly p-embedded in Gy by Lemma 3.2(ii) and (iv). As Hy is normal in
H and as Hy has even order by hypothesis, we have that Gg and Hy together
satisfy Hypothesis 4.1. If G contains a classical involution, then Theorem 2.2
implies that Gq is a K-group and then Proposition 2.5 implies that F*(G) =
F*(Go) = PSU3(p®) for some a > 2. Thus we may suppose that Gy has no
classical involutions. Since F*(H) = O,(H ), Hypothesis 5.1 is satisfied. Therefore
Theorems 6.1 and 7.9 together imply that F*(G) = F*(Gg) = 2Go(3%"71) for
some n > 2. O

Proof of Theorem 1.2. Suppose that F*(H) # Op(H). Then as Oy (H) = 1, we
have E = E(H) # 1. Let Go = O%*(G). Then Gy > E(H) and so Gy satisfies
Hypothesis 4.1. By Lemma 8.1, we have O,(H) < E(H). Since we also have
Op(H) =1, we get F*(H) = E(H). O

Proof of Theorem 1.53. Assume that F*(H) = E(H) = E. Then Hypothesis 8.2
holds. We use the fact that E is a K-group and use Lemmas 8.5, 8.6, 8.12 and
8.13 to deliver a contradiction. Hence we conclude that F*(H) = O,(H). O

Proof of Theorem 1.4. This is merely a combination of Theorems 1.1, 1.2 and
1.3. O

Finally we prove Corollary 1.5. For this we require the following proposition
about centralizers of involutions in Lie type groups defined in characteristic p.

Proposition 9.1. Let p be an odd prime, X be a finite group and set K = F*(X).
Suppose that K is a simple group of Lie type defined in characteristic p. Then
either mp(Cx (x)) > 2 for all involutions x € X or one of the following holds:

(i) K = PSLy(p") withn > 1;
(ii) K = PSL3(p) or PSU3(p);
(iii) K = PSpy(p); or
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(iv) K = 2Gy(3)" = PSLy(8).

Proof. We may suppose that K % PSLa(p™). Let € X be an involution and set
K, = O (Ck(x)). Note that since the Lie type groups are generated by their
(perhaps twisted) root subgroups the only Lie type groups L with my(L) = 1
are L = SLy(p) for arbitrary p and L = 2Gg(3) = PSLy(8) with p = 3. As-
sume that ¢ = p" and K has type ?%(q) (using notation as in [10, Chapter 4]).
Then, by [10, Definition 2.5.13], z induces either an inner-diagonal, graph, field
or graph-field automorphism on K. If x induces a field automorphism, then [10,
Proposition 4.9.1] gives that K, = 9%(¢"/?). Since m,(Cx(z)) < 1, we deduce
that K, = PSLy(p) and consequently K = PSLy(p?) which is a contradiction.
If = induces a graph-field automorphism of K, then [10, Proposition 4.9.1] im-
plies K, = 2%(¢"/?). Thus 2%(¢"/?) is PSLy(p) or SLa(p) and this is impossible.
Therefore z is contained in the group generated by inner-diagonal and graph au-
tomorphisms of K. For each of the possibilities for K and x, the structure of K,
is described in [10, Table 4.5.1] and we avail ourselves of this information. Thus,
if K has type AS,(q), then the only possibility is that m = 2 and ¢ = p and so
(ii) holds. Similarly if K has type B,,(q) or C,,(q), we see again that m = 2 and
g = p and thus (iii) holds. The groups of type D¢, (q) only need to be considered
for m > 4, and in these cases my(K,) > 2. The same is true for the groups of type
Ga(q) and 3Dy(q). For K = 2Gy(3%"+1)’, the only possibility is that X = 2Go(3)
and K, = PSLy(3) which gives (iv). The remaining exceptional groups are all
easily seen to violate my,(K,;) < 1. O

Proof of Corollary 1.5. If F*(H) is a Lie type group defined in characteristic p
and of rank at least 3, then Proposition 9.1 implies that m,(Cg(t)) > 2 for
all involutions ¢t € H. Thus Theorem 1.3 implies that H cannot be strongly
p-embedded in any groups G. O
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