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Abstract: By Tits’ deformation argument, a generic Iwahori—Hecke algebra
H associated to a finite Coxeter group W is abstractly isomorphic to the
group algebra of W. Lusztig has shown how one can construct an explicit
isomorphism, provided that the Kazhdan—Lusztig basis of H satisfies certain
deep properties. If W is crystallographic and H is a one-parameter algebra,
then these properties are known to hold thanks to a geometric interpretation.
In this paper, we develop some new general methods for verifying these
properties, and we do verify them for two-parameter algebras of type Ia(m)
and Fy (where no geometric interpretation is available in general). Combined
with previous work by Alvis, Bonnafé, DuCloux, Iancu and the author, we
can then extend Lusztig’s construction of an explicit isomorphism to all types
of W, without any restriction on the parameters of H.
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1. INTRODUCTION

Let (W, S) be a Coxeter system where W is finite. Let F' be a field of char-
acteristic zero and A = F[vF! | s € S] the ring of Laurent polynomials over F),
where {vs | s € S} is a collection of indeterminates such that vs = vy whenever
s,t € S are conjugate in W. Let H be the associated “generic” Iwahori—-Hecke
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algebra. This is an associative algebra over A, which is free as an A-module with
basis {1}, | w € W}. The multiplication is given by the rule

Tew if [(sw) > l(w),
TsTy =
Tow + (vs —v; )Ty if I(sw) < I(w),

S

where s € S and w € W} here, I: W — Zx is the usual length function on W.

Let K be the field of fractions of A. By scalar extension, we obtain a K -algebra
Hyi = K ® 4 H, which is well-known to be separable. On the other hand, there
is a unique ring homomorphism 6#;: A — F such that 6;(vs) = 1 for all s € S.
Then we can regard F' as an A-algebra (via 61) and obtain F'® 4 H = F[W], the
group algebra of W over F. By a general deformation argument due to Tits (see
[5, Chap. IV, §2, Exercise 27]), one can show that Hys and K'[W] are abstractly
isomorphic where K’ D K is a sufficiently large field extension.

One of the purposes of this paper is to prove the following finer result which
was first obtained by Lusztig [17] for finite Weyl groups in the case where all v,
(s € S) are equal.

Theorem 1.1. There exists an algebra homomorphism ¢ : H — A[W] with the

following properties:

(a) If we extend scalars from A to F (via 01), then 1 induces the identity
map.
(b) If we extend scalars from A to K, we obtain an isomorphism vy : Hy =

In particular, (b) implies that, if F' is a splitting field for W, then Hyx = K[W]
is a split semisimple algebra. Recall that it is known that Fy = Q(cos(2m/m) |
s,t € S) C R is a splitting field for W; see [14, Theorem 6.3.8]. (Here, mg
denotes the order of st in W.) Note that Fy = Q if W is a finite Weyl group,
that is, if mg € {2,3,4,6} for all s,t € S.

The above result shows that, when W is finite, the algebra Hy and its rep-
resentation theory can be understood, at least in principle, via the isomorphism
Hy = K[W]; see [14] and [22, §20-24] where this is further developped.

This paper is organised as follows. In Section 2, we recall the basic facts about
Kazhdan-Lusztig bases and cells. We present Lusztig’s conjectures P1-P15 and
explain, following [22], how the validity of these conjectures leads to a proof of
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Theorem 1.1. In this argument, a special role is played by Lusztig’s asymptotic
ring J which is defined using the leading coefficients of the structure constants of
the Kazhdan-Lusztig basis.

Now, P1-P15 are known to hold for finite Weyl groups in the equal param-
eter case, thanks to a deep geometric interpretation of the Kazhdan—Lusztig
basis; see Kazhdan-Lusztig [16], Lusztig [22], Springer [23]. The case of non-
crystallographic finite Coxeter groups is covered by Alvis [1] and DuCloux [6].
So it remains to consider the case of unequal parameters where W is of type
By, Fy or Iy(m) (m even). Type B, (with two independent parameters and a
certain monomial order on them) has been dealt with by Bonnafé, Iancu and the
author; see [4], [3], [13], [9]. In Sections 3 and 4, we develop new general methods
for verifying P1-P15, based on the “leading matrix coefficients” introduced in
[7]. In Section 5, we show how this can be used to deal with W of type F; and
I>(m), for all choices of parameters. We also indicate how our methods lead to
a new proof of P1-P15 for type Hy, which is based on the results of Alvis [1]
and Alvis—Lusztig [2] but which does not rely on DuCloux’s computation [6] of
all structure constants of the Kazhdan—Lusztig basis.

Finally, we put all the pieces into place and complete the proof of Theorem 1.1.

2. THE KAZHDAN-LUSZTIG BASIS

It will be convenient to slightly change the setting of the introduction. So
let (W, S) be a Coxeter system and [: W — Zxo be the usual length function.
Throughout this paper, W will be finite. Let I' be an abelian group (written
additively). Following Lusztig [22], a function L: W — T' is called a weight
function if L(ww') = L(w) + L(w") whenever w,w’ € W are such that [(ww') =
l(w) + I(w"). Note that L is uniquely determined by the values {L(s) | s € S}.
Furthermore, if {¢5 | s € S} is a collection of elements in I' such that ¢; = ¢
whenever s,t € S are conjugate in W, then there is (unique) weight function
L: W — T such that L(s) = ¢ for all s € S.

Let R C C be a subring and A = R[I'] be the free R-module with basis
{e9 | g € T'}. There is a well-defined ring structure on A such that 9¢9 = g9+9'
for all g,¢' € I. We write 1 = €% € A. Given a € A we denote by ag the
coefficient of 9, so that a = }_ rage?. Let H = Ha(W,S, L) be the generic

Twahori-Hecke algebra over A with parameters {v, | s € S} where vy := (¥
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for s € S. This an associative algebra which is free as an A-module, with basis
{T\y | w € W}. The multiplication is given by the rule

Tsw if [(sw) > l(w),
T, =
Tow + (vs — v )T, if 1(sw) < l(w),

where s € § and w € W. The element T is the identity element.

Example 2.1. Assume that I' = Z. Then A is nothing but the ring of Laurent
polynomials over R in an indeterminate ¢; we will usually denote v = . Then H
is an associative algebra over A = R[v,v~!] with relations:

Tew if I(sw) > l(w),
TsTw = .
Tsw + (v —v™ )T, if I(sw) < l(w),

where s € S and w € W. This is the setting of Lusztig [22].

Example 2.2. (a) Assume that I' = Z and L is constant on S; this case will be
referred to as the equal parameter case. Note that we are automatically in this
case when W is of type A,,—1, Dy, I2(m) where m is odd, Hs, Hy, Fg, E7 or Eg
(since all generators in S are conjugate in W).

(b) Assume that W is finite and irreducible. Then unequal parameters can
only arise in types B, I2(m) where m is even, and Fj.

Example 2.3. A “universal” weight function is given as follows. Let I'g be the
group of all tuples (ns)ses where ng € Z for all s € S and ns = n; whenever
s,t € S are conjugate in W. (The addition is defined componentwise). Let
Ly: W — Ty be the weight function given by sending s € S to the tuple (n:)ies
where n; = 1 if ¢ is conjugate to s and n; = 0, otherwise. Let Ag = R[I'g] and
Hy = Ha, (W, S, Lo) be the associated Iwahori-Hecke algebra, with parameters
{vs | s € S}. Then Ay = R[I'¢] is nothing but the ring of Laurent polynomials in
indeterminates vs (s € S) with coefficients in R, where v, = v; whenever s,t € S
are conjugate in W. Furthermore, if S” C S is a set of representatives for the

classes of S under conjugation, then {vs | s € S’} are algebraically independent.

Remark 2.4. Let k be any commutative ring (with 1) and assume we are given
a collection of elements {&; | s € S} C k* such that { = & whenever s,t € S
are conjugate in W. Then we have an associated Iwahori—-Hecke algebra H =
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H (W, S,{&}) over k. Again, this is an associative algebra; it is free as a k-
module with basis {T, | w € W}. The multiplication is given by the rule

_ Tsw if l(sw) > l(w)7
TsTw = {Tsw Y (& — €T, if I(sw) < l(w),

where s € S and w € W. Now let Ag be as in Example 2.3, where R = Z. Then
we can certainly find a (unique) unital ring homomorphism 6y: Ay — k such that
Oo(vs) = & for all s € S. Regarding k as an Ap-module (via 6p), we find that H
is obtained by extension of scalars from Hy:

Hk(VV, S, {Es}) =k ®a Hp.

We conclude that Hy, (W, S, {{s}) can always be obtained by “specialisation” from
the “universal” generic Iwahori—Hecke algebra Hj.

We now recall the basic facts about the Kazhdan—Lusztig basis of H, follow-
ing Lusztig [18], [22]. For this purpose, we need to assume that I' admits a
total ordering < which is compatible with the group structure, that is, whenever
g,9',h € T are such that g < ¢/, then ¢ +h < ¢’ + h. Such an order on I" will be
called a monomial order. One readily checks that this implies that A = R[I'] is
an integral domain; we usually reserve the letter K to denote its field of fractions.
We will assume throughout that

L(s) >0 forallseS.

Now, there is a unique ring involution A — A, a — a, such that 9 = 79 for all
g € T'. We can extend this map to a ring involution H — H, h ~ h, such that

Z Ty = Z dwT;_ll (ay € A).
weWw weW

We define I'yg = {g € I' | ¢ > 0} and denote by Z[I'>¢] the set of all integral
linear combinations of terms 9 where g > 0. The notations Z[I's¢], Z[I'<o],
Z[I' <] have a similar meaning.

Theorem 2.5 (Kazhdan-Lusztig [15], Lusztig [18], [22]). For each w € W, there
exists a unique C), € H (depending on <) such that

o C,, =C! and

o Coy =Ty + >, cwpywTy where py., € Z[l'<o] for all y € W,
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The elements {C}, | w € W} form an A-basis of H, and we have py ., = 0 unless
y < w (where < denotes the Bruhat—Chevalley order on W ).

Here we follow the original notation in [15], [18]; the element C}, is denoted
by ¢y in [22, Theorem 5.2]. As in [22], it will be convenient to work with the
following alternative version of the Kazhdan-Lusztig basis. We set C,, = (C)T
where 1: H — H is the A-algebra automorphism defined by T4 = —T; ! (s € S);
see [22, 3.5]. Note that h = j(h)" = j(hT) for all h € H where j: H — H is the
ring involution such that j(a) = @ for a € A and 5(Ty,) = (—1)"®)T,, for w € W,

Thus, we have

e C, =j(C!)=C, and
¢ C, = (-DWT, + Zyew(—l)l(y)f)y,wTy where p,, ,, € Z[I'>0].
Since the elements {C,, | w € W} form a basis of H, we can write
C.Cy=> hey.C. foranyz,ycW,
zeW
where hyy . = hyy. € A for all z,y,z € W. The structure constants hy,, , can

de described more explicitly in the following special case. Let s € S and w € W.
Then we have

Cow + Z tyw Cy  if sw > w,
C,C, = yew

sy<y<w

(vs +v5 1) Cy if sw < w,
where p; ,, € A; see [22, Theorem 6.6].

Remark 2.6. We refer to [22, Chap. 8] for the definition of the preorders <., <z,
<cr and the corresponding equivalence relations ~g, ~g, ~cgr on W. (Note
that these depend on the weight function L and the monomial order on I'.) The
equivalence classes with respect to these relations are called left, right and two-

sided cells of W, respectively.

Each left cell € gives rise to a representation of H (and of W). This is con-
structed as follows (see [18, §7]). Let [€]4 be an A-module with a free A-basis
{ew | w € €}. Then the action of C,, (w € W) on [€] 4 is given by the Kazhdan—
Lusztig structure constants, that is, we have

Cyp.er = Zhw,%y ey forall z € € and w € W.
yel
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Furthermore, let 6;: A — R be the unique ring homomorphism such that 6, (¢9) =
1 for all ¢ € T. Extending scalars from A to R (via 6;), we obtain a module
[€]1 :=R®4 [€]a for RIW] = R®4 H.

Following Lusztig [22], given z € W, we define
a(z) :=min{g € I'sg | €% hyy, . € Z['so) for all z,y € W}.

Thus, we obtain a function a: W — I'. (If I' = Z with its natural order, then
this reduces to the function first defined by Lusztig [20].) Given z,y,z € W, we
define v, , .-1 € Z to be the constant term of ga(2) hzy,-, that is, we have

£2(2) heyz=Vpy.—1 mod Z[T'0).

Next, recall that p; , is the coefficient of T} in the expansion of C}, in the T-basis.
By [22, Prop. 5.4], we have p; ., # 0. As in [22, 14.1], we define A(z) € I'>p and
0 # n, € Z by the condition that EA(z)pLZ = n, mod Z[I'o]. We set

D={zeW]a(z) =A(2)}.
Now Lusztig [22, Chap. 14] has formulated the following 15 conjectures:

P1. For any z € W we have a(z) < A(z).
P2. If d € D and z,y € W satisfy 7,44 # 0, then z = y L.
P3. If y € W, there exists a unique d € D such that v,-1, 4 # 0.
P4. If 2/ <, z then a(z') > a(z). Hence, if 2/ ~rz z, then a(z) = a(?’).
P5. IfdeD,ye W, yy-1,4#0, then y,1, 3 =ng = +1.
P6. If d € D, then d* = 1.
P7. For any x,y,z € W, we have v,y > = Vy,2,2-
P8. Let z,y,z € W be such that v,,, # 0. Then z ~, y=!, y ~p 271,
z~r z~ L
P9. If 2/ <, z and a(Z') = a(z), then 2’ ~ 2.
P10. If 2/ <z z and a(z') = a(z), then 2’ ~g z.
P11. If 2’ <y z and a(z’) = a(z), then 2/ ~,% 2.
P12. Let I C S and W; be the parabolic subgroup generated by I. If y € Wy,
then a(y) computed in terms of W is equal to a(y) computed in terms
of W.
P13. Any left cell € of W contains a unique element d € D. We have 7,1 , 4 #
0 for all x € €.
P14. For any z € W, we have z ~pg 271,
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P15. If 2,2/, y,w € W are such that a(w) = a(y), then

Z Pty @ hayy oy = Z hyt iy @ Mgy in Z[T] @7 Z[LY.
yew y'eW

(The above formulation of P15 is taken from Bonnafé [3].)

Remark 2.7. Assume that we are in the equal parameter case; see Example 2.2.
In this case, A = Z[I'] is nothing but the ring of Laurent polynomials in one
variable v. Suppose that all polynomials p, , € Z[v~1] and all structure constants
hyy,» € Zlv,0~!] have non-negative coefficients. Then Lusztig [22, Chap. 15]
shows that P1-P15 follow.

Now, if (W, S) is a finite Weyl group, that is, if ms € {2,3,4,6} for all s,t € S,
then the required non-negativity of the coefficients is shown by using a deep
geometric interpretation of the Kazhdan—Lusztig basis; see Kazhdan—Lusztig [16],
Springer [23]. Thus, P1-P15 hold for finite Weyl groups in the equal parameter
case. If (W,S) is of type Io(m) (where m ¢ {2,3,4,6}), Hs or Hy, the non-
negativity of the coefficients has been checked explicitly by Alvis [1] and DuCloux
[6].

Note that simple examples show that the coefficients of the polynomials p,, .,
or hy, . may be negative in the presence of unequal parameters; see Lusztig [18,
p. 106], [22, §7].

We now use P1-P15 to perform the following constructions, following Lusztig
[22]. Let J be the free Z-module with basis {t,, | w € W}. We define a bilinear

product on J by
taty = Z Vowe-itz  (z,y €W).
zeW

Remark 2.8. By [22, 5.6], the map H — H defined by C,, +— C, -1 (w € W)
is an anti-involution; so we have hyy . = hy-1,-1 -1 for all w,z,y,z € W. In
particular, this implies that a(z) = a(z71) for all z € W. By [22, 13.9], the map
J — J defined by t,, — t,,—1 (w € W) also is an anti-involution of J; so we have
Vayz = Vy-1a-1.-1 foral z,y,zeW.

Theorem 2.9 (Lusztig [22, Chap. 18]). Assume that P1-P15 hold. Then J is
an associative ring with identity element 1y = 3 cpngtq. Let J4 = A®z J.
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Then we have a unital homomorphism of A-algebras

¢:H—Js,  Cur> Y hygengts,

zeW,deD
a(z)=a(d)
The ring J will be called the asymptotic algebra associated to H (with respect
to <). It first appeared in [21] in the equal parameter case.

Remark 2.10. In [22, Theorem 18.9], the formula for ¢ looks somewhat different:
instead of the factor ng, there is a factor n, which is defined as follows. Given
z € W, there is a unique element of D such that v, ,-1 4 # 0; then 1, = ng = +1
(see P3, P5, P13). Now one easily checks, using P1-P15, that the map ¢, —
Ty, -1ty defines a ring involution of J. Composing Lusztig’s homomorphism in
[22, 18.9] with this involution, we obtain the above formula (which seems more
natural; see, e.g., the discussion in [11, §5]).

The structure of J is to some extent clarified by the following remark, which
is taken from [22, 20.1].

Remark 2.11. Assume that P1-P15 hold. Recall that A = R[I'] where R C C
is a subring. Now assume that R is a field. Let #;: A — R be the unique ring
homomorphism such that 6;(¢9) =1 for all g € I'. Then R®4 H = R[W]. Via 6
and extension of scalars, we obtain an induced homomorphism of R-algebras

¢1: RW] = JIp=R®@zJ, Cuyr Y O(hwg:)nats.

2EW,deD
a(z)=a(d)

Now, the kernel of ¢ is a nilpotent ideal in R[W]; see [22, Prop. 18.12(a)]. Since
R[W] is a semisimple algebra, we conclude that ¢, is injective and, hence, an

isomorphism. In particular, we can now conclude that

o Jp = R[W] is a semisimple algebra;
o Jp is split if R is a splitting field for W.

We can push this discussion even further. Let P be the matrix of ¢: H — J4
with respect to the standard bases of H and J 4. Let P; be the matrix obtained
by applying 61 to all entries of P. Then Pj is the matrix of ¢; with respect
to the standard bases of R[WW]| and Jr. We have seen above that det(P;) # 0.
Hence, clearly, we also have det(P) # 0. Consequently, we obtain an induced
isomorphism ¢x : Hrx = Jx where K is the field of fractions of A. In particular,
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if R is a splitting field for W, then Jg is split semisimple and, hence, Hx = Jx
will be split semisimple, too.

We now obtain the following result which was first obtained by Lusztig [17]
(for finite Weyl groups in the equal parameter case).

Theorem 2.12 (Lusztig). Assume that R is a field and that P1-P15 hold.
Then there exists an algebra homomorphism ¢¥: H — A[W] with the following

properties:

(a) Let 01: A — R be the unique ring homomorphism such that 01(¢9) = 1
for all g € T. If we extend scalars from A to R (via 61), then v induces
the identity map.

(b) If we extend scalars from A to K (the field of fractions of A), then 1
induces an isomorphism Vi : Hx = K[W]. In particular, Hg is a
semisimple algebra, which is split if R is a splitting field for W.

Proof. As in Remark 2.11, we have an isomorphism ¢;: R[W] = Jg. Let a =
qbl_lz Jr = R[W]. By extension of scalars, we obtain an isomorphism of A-
algebras as: J4 — A[W]. Now set 1 := a4 0 ¢: H — A[W].

(a) If we extend scalars from A to R via 6y, then Hp = R[W]. Furthermore,
¢: H — J 4 induces the map ¢; already considered at the beginning of the proof.
Hence v induces the identity map.

(b) This immediately follows from (a) by a formal argument: Let @ be the
matrix of the A-linear map v with respect to the standard A-bases of H and A[W].
We only need to show that det(Q) # 0. But, by (a), we have 0;(det(Q)) = 1; in
particular, det(Q) # 0.

Finally, note that, if R is a splitting field for W, then so is K. Hence, in this
case, Hx = K[W] is a split semisimple algebra. O

Note that the statement of the above result does not make any reference to the
monomial order < on I' or the corresponding Kazhdan—Lusztig basis; these are
only needed in the proof.

Remark 2.13. Assume that P1-P14 hold. Then the partitions of W into left,
right and two-sided cells can be recovered from the structure of J. Indeed, given
z,y € W, write x <> y if there exists some z € W such that v, 1 , # 0. Then
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one easily checks that ~, is the transitive closure of <. (Note that, by [22,
Prop. 18.4(a)], the relations ~, and <, are actually the same when we are in
the equal parameter case.) Thus, the left cells are determined by J. Furthermore,
we have & ~g y if and only if 27! ~, y~!. Finally, by P4, P9, the two-sided
cells are the smallest subsets of W which are at the same time unions of left cells
and unions of right cells.

3. THE a-FUNCTION AND ORTHOGONAL REPRESENTATIONS

The aim of this and the following section is to develop some new methods
for verifying P1-P15 for a given group W and weight function L. These meth-
ods should not rely on any positivity properties or geometric interpretations as
mentioned in Remark 2.7, so that we may hope to be able to apply them in the

general case of unequal parameters.

One of the main problems in the verification of P1-P15 is the determination
of the a-function. Note that, if we just wanted to use the definition of a(z), then
we would have to compute all structure constants h, , . where x,y € W-—which
is very hard to get a hold on. We shall now describe a situation in which this
problem can be solved by a different approach, which is inspired by [13, §4].

For the rest of this section, let us assume that R = R. Then R is a splitting
field for W; see [14, 6.3.8]. The set of irreducible representations of W (up to
isomorphism) will be denoted by

Irr(W) = {E* | A € A}

where A is some finite indexing set and E* is an R-vectorspace with a given
R[W]-module structure. We shall also write

dy = dim E* for all A € A.

Let K be the field of fractions of A. By extension of scalars, we obtain a K-algebra
Hyix = K ®4 H. This algebra is known to be split semisimple; see [14, 9.3.5].
Furthermore, by Tits’ Deformation Theorem, the irreducible representations of
Hyx (up to isomorphism) are in bijection with the irreducible representations of
W, see [14, 8.1.7]. Thus, we can write

Irr(Hg) = {EX | A € A}.
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The correspondence E* « EEA is uniquely determined by the following condition:
trace(w, E”\) = 01 (trace(T, Ee)‘)) for all w € W,

where 61: A — F' is the unique ring homomorphism such that 6;(¢9) = 1 for all
g € I'. Note also that trace(Tw,EE)‘) € A for all w € W. Note that all these
statements can be proved without using P1-P15.

The algebra H is symmetric, with trace from 7: H — A given by 7(71) = 1
and 7(T) = 0 for 1 £ w € W. The sets {Ty, | w € W} and {T,,-1 | w € W}
form a pair of dual bases. Hence we have the following orthogonality relations

for the irreducible representations of Hg:

Z trace(Tw,Eg‘) trace(T,-1, E) =

weW

d,\c,\ if)\:,u,
0 if A #£ p;

see [14, 8.1.7]. Here, 0 # ¢\ € A and, following Lusztig, we can write
¢y = fre 2® + combination of terms €9 where g > —2a,,

where a) € I'>g and f) is a strictly positive real number; see [14, 9.4.7]. These
invariants are explicitly known for all types of W; see Lusztig [22, Chap. 22].

We shall also need the basis which is dual to the Kazhdan—Lusztig basis. Let
{Dy | w e W} C H be such that 7(C, Dy-1) = 6, for all 2,y € W. Then

hay.=T1(CyCyD,-1) forall z,y,z € W.

One also shows that D, can be written as a sum of (—1)*)T,, and a Z[I's¢]-linear
combination of terms T}, (y € W); see [22, Chap. 10] or [7, 2.4]

We now recall the basic facts concerning the leading matrix coefficients intro-
duced in [7]. Let us write

A>o = set of R-linear combinations of terms €9 where g > 0,

As g = set of R-linear combinations of terms &9 where g > 0.

Note that 1 + Asq is multiplicatively closed. Furthermore, every element x € K

can be written in the form

1+p

where r, € R, 7, € I' and p,q € Aso;
1+g¢

x=ryel®
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note that, if x # 0, then r, and 7, indeed are uniquely determined by z; if x = 0,
we have rgp = 0 and we set vy := +o0 by convention. We set

O:={reK |y >0} and p:={x e K|~ >0}

Then it is easily verified that O is a valuation ring in K, with maximal ideal p.
Note that we have

OﬂA:A>0 and pNA=A-.

We have a well-defined R-linear ring homomorphism O — R with kernel p. The
image of x € O in R is called the constant term of x. Thus, the constant term of
x is 0 if x € p; the constant term equals r, if z € O*.

By [7, Prop. 4.3], each EQ affords a so-called orthogonal representation. By
[7, Theorem 4.4 and Remark 4.5, this implies that there exists a basis of E2
such that the corresponding matrix representation p*: Hx — My, (K) has the
following properties. Let A € A and 1 < 4,5 < d). For any h € Hg, we denote
by pf‘j(h) the (i, 7)-entry of the matrix p*(h). Then

5“Ap;\j(Tw) €0, sakpf‘j(Cw) €O, ea*pf‘j(Dw) eO
for any w € W and
l(w) ~ay A — _ay A — _ay A
(—1)!)e 055 (Tw) = £ pj(Cw) = €% pj5(Dyy) mod p.

Hence, the above three elements of O have the same constant term which we
denote by cZi v+ The constants cfi \ € R are called the leading matriz coefficients
of p*. Given w € W, there exists some A € A and 4,57 € {1,...,d\} such that
¢\ #0. We use this fact to define the following relation.

Definition 3.1. Let A € A and w € W. We write E* «~p w if cfi 5 # 0 for some
Q5 €{1,... dy).
(This is in analogy to Lusztig [22, 20.2] or [19, p. 139]; see Lemma 3.2 below.)

One can show that “e~p” does not depend on the choice of the orthogonal
representations p* (see [11, Remark 3.10]), but we don’t need this here. For
our purposes, the characterisation of “«~s1” given in the following result will be
sufficient.

Recall from Remark 2.6 that every left cell € of W gives rise to a left R[W]-
module denoted by [€];.
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Lemma 3.2. Let A € A and € be a left cell of W. Then E* «~p w for some
w € € if and only if B is a constituent of [€];.

Proof. Let i € {1,...,dy}. The assertion immediately follows from the identity

A Z Z = multiplicity of E* in [€];.
k=1wel

which was proved in [7, Prop. 4.7]. O

Remark 3.3. Let w,w’ € W and A € A be such that E* «wp w and E* e w'.
Let €, @ be the left cells such that w € ¢ and w’ € ¢'. By Lemma 3.2, E* is a
constituent of both [€]; and [€’];. Hence, Homyy ([€]1, [€]1) # 0 and so €, ¢’ are
contained in the same two-sided cell. In particular, w ~,r w'.

This argument also implies P14, i.e., the assertion that w ng w™! for all
w € W. Indeed, choose A € A such that EN «wsp w, that is, ¢ )\ # 0 for some
i,j € {1,...,d\}. By [7, Theorem 4.4], we also have ¢’ S =c w7 0 and so

EA e w_l. Hence, the previous discussion shows that w ~,z w™!, as claimed.

(This was first proved by Lusztig [19, Lemma 5.2] in the equal parameter
case. One can check that Lusztig’s proof also carries over to the case of unequal

parameters.)

Lemma 3.4. Let 2 € W and A € A be such E* e~ 2. Then a(z) > a,.

(A similar result was proved in [13, Prop. 4.1], but under additional assump-
tions. See also Lusztig [20, Prop. 6.4] where this result was obtained in the equal
parameter case, based on the geometric interpretation which is available there.)

Proof. We begin by considering the structure constant h,, . for z,y € W. We
have hyy . = 7(C;CyD,-1). Now, by the general theory of symmetric algebras
(see [14, Chap. 7]), we have

Zc/\ trace(h, E*) = ZC)\ trace(p Z Z c)\ P (h

AEA AEA AEA 1<i<dy,

for any h € H. Since p*(C,CyD,-1) = p*(C;)p*(Cy)p*(D,-1), we obtain

e = > e o (Cy) L (Cy) (D).

HEA1<i,5,k<d,
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We multiply this identity on both sides by pp\(D,-1) py(D,-1) (where A € A and
1 < l,r,s < dy) and sum over all z,y € W. Now, since {C,, | w € w} and
{Dy-1 | w € W} form a pair of dual bases for H, we have the following Schur
relations (see [14, Chap. 7]):

> p3(Cuw) phy(Dy1) = 6djkdruca,

weW
where A\, € A, 1 < 4,5 < dy and 1 < k,l < d,. Then a straightforward
computation yields that

prs = Z c>\ plS T~ l)prl(D )hx,y,z-
z,yeW

Further multiplying by £¢*#) and noting that 0;1 = f/\_l £29x /(1 + g)) where
gx € F['sg], we obtain

a(z f_l a a a(z
€ ( )pv)"\s(Dz—l) = myze:wl_ig/\(g )\plé(Dx—l)) (5 )\p?l(Dy—l)) (5 ( )hI»yyz)‘

Now all terms in the above sum lie in O, hence the whole sum will lie in O and
s0 e¥?) pA (D,-1) € O.

Now assume, if possible, that a(z) < ay. Then we could conclude that the
constant term of £ p)(D,-1) is zero, that is, ¢/*, , = 0, and this holds for all
1 <7 s <dy. Since p* is an orthogonal representation, [7, Theorem 4.4] shows

that then we also have cz = 0 for all 1 <7, s <d), acontradiction. [

We would like to find conditions which ensure that equality holds in Lemma 3.4.
Consider the following property:

El. Let 2,y € W and A\, € A be such that E* ewp x and EF «wp y. If
r <1, y, then a, < ay. In particular, if x € W and A, € A are such that
E* «wsp x and E* e~ x, then ay = a,.

Assume that E1 holds and let z € W. Then we define a(z) = a) where A € A
is such that E* «~p 2. Note that a(z) is well-defined by E1. Furthermore, we
have:

1°. If x,y € W are such that © <,z y, then a(y) < a(z). In particular, a is
constant on two-sided cells.
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Thus, Lemma 3.2 shows that, letting € be the left cell containing z € W, then
a(z) = ay if B is a constituent of [€];.

Now Lusztig [22, 20.6, 20.7] shows that, if P1-P15 hold, then E1 holds and we
have a(z) = a(z) for all z € W. Our aim is to show that E1 is sufficient to prove
the equality a(z) = a(z) for all z € W; see Proposition 3.6 below. This will be
one of the key steps in our verification of P1-P15 for W of type Fy and Iz(m).

Lemma 3.5. Assume that E1 holds. Let w € W and \ € A.

(a) If p*(Cy) # 0 then a(w) < ay.
(b) If pr(Dy-1) # 0 then a(w) > ay.
(c) We have sd(w)pl’-\j(qu) € O foralli,je{l,...,dy\}.

Proof. (a) Let € be a left cell such that E* occurs as a constituent of [€];. Now,
if p*(Cy) # 0, then C,, cannot act as zero in [€]4. Hence, there exist z,y € €
such that hy ., # 0. We have a(z) = a(y) = a) by E1” and Lemma 3.2. Since,
hw ey # 0, we have y <z w and so a(w) < a(y) = ay by E1’.

(b) Again, let € be a left cell such that E* occurs as a constituent of [€];. Now,
if p*(D,,-1) # 0, then D,,-1 cannot act as zero in [€]4. Hence, there exists some
x € € such that D,,-1C, # 0. We have a(z) = a) by E1’ and Lemma 3.2. Now,
since 7 is non-degenerate, there exists some y € W such that 7(D,,-1C,C,) # 0.
Then we also have hy 4 = 7(C,CyD,-1) = 7(D,-1C,C,) # 0 and so w <g z.
This implies a) = a(z) < a(w) by E1°.

(c) Since p? is an orthogonal representation, we have £ pl’-\j(Dw—1) € O for all
i,j € {1,...,dx}. Hence the assertion follows from (b). O

Proposition 3.6. Assume that E1 holds. Then a(z) = a(z) for all z € W.
Furthermore, for x,y,z € W, we have

_ _ _ -1 45 gk kz
Voy,z = Vyzx = Vzay = E E Iy Cw)\CZ/)\ Z A

ANEA 16,5,k <dy,

Proof. Assume that cij 5y # 0. Now recall that i o s the constant term of
e (T,), e (C,) and ¢*(D,). Hence, we have p*(C,) # 0 and p*(D,) # 0.
So Lemma 3.5 yields that a(z) = a(z).
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Let x,y,2z € W. As in the proof of Lemma 3.4, we find that

A 1 = HT(CLC,D.) = 24 Y 5 race(C,C, D, 1Y)
AEA
— Z : + 0 g2axta(z) trace(p)‘(CnyDz))-

AEA
Now p*(C,C,D.) = p*(C,)p*(Cy)p*(D.) and so the above expression equals
f)\_l a)‘)\C ay A C &(z))\D
Z Z 1+g (™ p35(Ca)) (6™ p5(Cy)) (%% ppi(D2))-
XA 1<i,j k<d), A

Furthermore, by Lemma 3.5(b), we have a(z) > a) for all non-zero terms in the

above sum. So the above sum can be rewritten as

2.2

AEA:ay<a(z) 1<4,5,k<dx

f;led(z)—a/\

T EP5(CL) (€7 05k(Cy)) (% pi(Ds)).

Since each p* is an orthogonal representation, the terms e pl’-\j(Cm), g™ p;‘k(Cy),
g pgi(Dz) all lie in O. Hence, the whole sum lies in O. First of all, this shows
that sa(z)hzﬁ%zq € ONZ[T] = Z[l'»0] and so a(z) = a(z7!) < a(z) (where the
first equality holds by Remark 2.8). The reverse inequality holds by Lemma 3.4.
Thus, we have shown that a(z) = a(z).

Now let us return to the above sum. We have already noted that each term
lies in O, hence the constant term of the whole sum above can be computed term

by term. Thus, the contant term of aa(z)hml,z_l equals

1 i k ki
Yo Y Kldhandh

AEA:ay=a(z) 1<i,5,k<dy

We note that, in fact, the sum can be extended over all A € A. Indeed, if C’;i)\ #0
for some A\, k, 7, then a(z) = ay by the definition of a(z). Thus, we have reached
the conclusion that

Yx,y,z2 = Z Z f)\lcm C‘;)\ z)\

AEA 1<4,7,k<dy

It remains to notice that the expression on the right hand side is symmetrical
under cyclic permutations of x,y, z. This immediately yields that v,y . = vy .2 =

Vzx,y- O
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Lemma 3.7. Assume that E1 holds. Let w € W. Then a(w) < A(w). Further-
more,

Z Z f,\1 ZA:{OW ifwe?,

AEA 1<i<dy, otherwise.

Proof. We use an argument similar to that in the proof of [13, Lemma 4.6]. First
note that 7(Cy) = Py ,,- So we obtain the identity

Pro= Y e trace(p(Cu)) =3 D7 5

AEA AEA 1<i<dy,

+gA i (Cu)).

By Proposition 3.6 and Lemma 3.5(a), we have a(w) = a(w) < a) for all non-zero
terms in the above sum. Thus, we obtain

D S S e )

XA :a(w)<ay 1< <d)\

Since each p* is orthogonal, each term £*p2(C,,) lies in O. This shows, first
of all, that Efa(w)ﬁlvw € ONZ[I = ZI'sp] and so a(w) < A(w), as required.
Furthermore, the constant term of the whole sum can be determined term by
term. Thus, we have

—oWp, , = Z Z FINCIRY

AEA :a(w)=a) 1<i<dy

3

But then the sum can be extended over all A € A because we have CZ) y =0
unless a(w) = a(w) = ay. On the other hand, we have Efa(w)ﬁlvw = ny if
a(w) = A(w), and 6*“(“’)]3171” =0 if a(w) < A(w). O

Corollary 3.8. Assume that E1 holds. Then P1, P4, P7 and P8 hold. Fur-
thermore, for any z € W, we have a(z) = ay where A € A is such that BN «~sp 2.

Proof. By Proposition 3.6, we have a(z) = a(z) and v,y > = Yy, forall z,y, z €
W. Hence, by E1’ and Lemma 3.7, we have that P1, P4, P7 hold. Finally, note
that P8 is a formal consequence of P7 and Remark 2.8; see [22, 14.8]. O

Remark 3.9. Assume that E1 holds. Then Proposition 3.6 and Lemma 3.7 show
that ;.. and n, (w € D) can be recovered from the knowledge of the lead-
ing matrix coefficients. Consequently, by Remark 2.13, the partition of W into
left, right and two-sided cells is completely determined by the leading matrix
coefficients.
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This leads to a new approach to contructing Lusztig’s asymptotic ring J and
study its representation theory; see [11] for further details.

4. METHODS FOR CHECKING P1-P15

Our aim now is to formulate a set of conditions which, together with E1 (for-
mulated in the previous section), imply most of the properties P1-P15. Consider

the following properties:

E2. Let 2,y € W and A\, € A be such that E* «wp x and EF «wp y. If
r <cr y and ay = ay, then x ~,r y.

E3. Let z,y € W be such that x <, y and x ~,r vy, then z ~, y.

E4. Let € be a left cell of W. Then the function € — I'sg, w — A(w), reaches

its minimum at exactly one element of €.
Note that, if E1 is assumed to hold, then E2 can be reformulated as follows:
E2’. If z,y € W are such that z <,/ y and a(z) = a(y), then z ~rz .

Remark 4.1. The relevance of the above set of conditions is explained as follows.

Assume that, for a given group W and weight function L: W — I', we can
compute explicitly all polynomials p, ., where y < w in W and all polynomials
My Where y,w € W and s € S are such that sy <y < w < sw.

Then note that this information alone is sufficient to determine the pre-order
relations <p, <r, <cr and the corresponding equivalence relations. Further-
more, we can construct the representations afforded by the various left cells of
W. Finally, the irreducible representations of W and the invariants ay for A € A
are explicitly known in all cases. Thus, given the above information alone, we
can verify that E1-E4 hold.

Remark 4.2. Assume that P1-P15 hold for W. Then E1-E4 hold for W.

Indeed, by [22, 20.6, 20.7] (whose proofs involve P1-P15), we have a(z) = a)
if EX «xsp 2 (see also Lemma 3.2). Hence P4 implies E1 and P11 implies E2.
Furthermore, E3 follows by a combination of P4 and P9. Finally, E4 follows
from P1 and P13, where the minimum of the A-function is reached at the unique
element of D contained in a given left cell.
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Lemma 4.3. Assume that P1 holds. Let D ={d € W | a(d) = A(d)}. Then

Z Vo1 y,dMd = Ozy for any x,y € W.
deD

Proof. As in the proof of [22, 14.5], we compute the constant term of 7(C,-1C,)
in two ways. On the one hand, we have 7(C,-1Cy) € 6,y + Z[I's¢]; hence
7(C,-1Cy) has constant term d,. On the other hand, we have

(Com1Cy) = D> hy1 7(Co) = > hymry . Py,

zeW 2EW
=Y B@mal) (oG, ) (e720)p, ).
zeW

Now, by the definition of A(z), the term 5‘A(z)ﬁ17z lies in Z[I'>o| and has con-
stant term n,. The term Ea(z)hx717y7z also lies in Z[I'>0] and has constant term
Yo-14,-1. Finally, by P1, we have a(z) < A(z). Hence, the constant term of the
whole sum can be computed term by term and we obtain

Opy = Z Vo1y,z-1 Nz
zeW :a(z)=A(z)

Now, by [22, 5.6, we have p1; = p; ,-1 and so n, = n,-1, A(z) = A(z™1). Since
we also have a(z) = a(z~!) by Remark 2.8, we can rewrite the above expression

5(Ey = : : ’72771»%7«’ Ny = : :71'717y)dnd7

zeW :a(z)=A(z) deD
as desired. O

as

Proposition 4.4. Assume that E1-E4 hold for W and all parabolic subgroups
of W. Then P1-P14 hold for W.

Proof. By Corollary 3.8, we already know that P1, P4, P7, P8 hold. Now let
us consider the remaining properties.

P2 Let z,y € W and assume that v,-1, 4 # 0 for some d € D. First we
show that d is uniquely determined by this condition. Indeed, let € be the left
cell containing x. By P8, we have d ~, z, i.e., d € & By P1, P4, we have
A(d) = a(d) = a(w) < A(w) for all w € €. Thus, the A-function, restricted to
¢, reaches its minimum at d. Now E4 shows that d is uniquely determined, as
claimed.
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Hence, the sum in Lemma 4.3 reduces to one term and we have v, -1, jng = dzy-
Since the left hand side is assumed to be non-zero, we deduce that x = y.

P3 Let y € W. By Lemma 4.3, there exists some d € D such that v,-1, 4 # 0.
Arguing as in the proof of P2, we see that d is uniquely determined.

P5 is a formal consequence of P1, P3; see [22, 14.5].
P6 is a formal consequence of P2, P3; see [22, 14.6].

P9 Let z,y € W be such that x <, y and a(z) = a(y). In particular, we have
x <rr y and, by E1 and Proposition 3.6, we have a(z) = a(y). So E2’ implies
that z ~,r y. Finally, E3 yields x ~, y, as required.

P10 is a formal consequence of P9; see [22, 14.10].
P11 is a formal consequence of P4, P9, P10; see [22, 14.11].

P12 Since E1-E4 are assumed to hold for W and for W, we already know
that P1-P11 hold for W and W;. Now P12 is a formal consequence of P3, P4,
P8 for W and Wr; see [22, 14.12].

P13 Let € be a left cell. First we show that € contains at most one element
from D. Let d € €ND. By P1, P4, we have A(d) = a(d) = a(w) < A(w) for all
w € €. Thus, the A-function (restricted to €) reaches its minimum at d. So E4
shows that d is uniquely determined, as claimed.

Now let # € €. By Lemma 4.3, there exists some d € D such that v,-1 , 4 # 0.
By P8, we have d € € and so d € €ND. By the previus argument, €ND = {d}.

P14 is a formal consequence of P6, P13; see [22, 14.14]. O

Finally, we discuss the remaining property in Lusztig’s list which is not covered

by the above arguments: property P15.

Remark 4.5. Assume that we are in the equal parameter case. Then, by [22,
14.15 and 15.7], P15 can be deduced once P4, P9 and P10 are known to hold.
Hence, in this case, all of P1-P15 are a consequence of E1-E4.

The following two results will be useful in dealing with P15 in the case of
unequal parameters.
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Remark 4.6. Following [22, 14.15], we can reformulate P15 as follows. Let r
be an isomorphic copy of I'; then L induces a weight function L:W —T. Let
H=H AW, S, L) be the corresponding Iwahori-Hecke algebra over A = R[I,
with parameters {05 | s € S}. We have a corresponding Kazhdan—Lusztig basis
{Cy | w € W}. We shall regard A and A as subrings of A = R[[ & T]. By
extension of scalars, we obtain A-algebras Hqy = A®4 H and Hy = A ® x H.
Let £ be the free A-module with basis {e,, | w € W}. We have an obvious left
H 4-module structure and an obvious right H 4-module structure on £ (induced
by left and right multiplication). Now consider the following condition, where
s,teSand weW:

9

(Cs.ew).Cy — Cs.(ew.ét) = combination of e, where y <gr w, y er w. (x)

As remarked in [22, 14.15], (%) is already known to hold if sw < w or wt < w.
Hence, it is sufficient to consider (x) for the cases where both sw > w and wt > w.

The discussion in [22, 14.15] shows that P15 is equivalent to (), provided that
P4, P11 are already known to hold.

By looking at the proof of Theorems 2.9, one notices that it only requires a
property which looks weaker than P15; we called this property P15’ in [10, §5].
The following result shows that, in fact, P15 is equivalent to P15’.

Lemma 4.7. Assume that P1, P4, P7, P8 hold. Then P15 is equivalent to the
following property

P15 If z,2',y,w € W satisfy a(w) = a(y), then

E P)/w,a:’,ufl hzﬂhy = : : hszvu 7114,33’,?471'

uew ueWw

Note that, on both sides, the sum needs only be extended over all w € W such
that a(u) = a(w) = a(y) (thanks to P4).

Proof. First note that P15 appears in [22, 18.9(b)], where it is deduced from P4,
P15. Now we have to show that, conversely, P1, P4, P7, P8 and P15’ imply

P15. First we claim that P15’ implies the following statement (which appears
in [22, 18.10]):
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If x,y,y € W are such that a(y) = a(y’), then

hoyy =Y. hodzNdVsy y-1- (%)
deD,zeW
a(d)=a(z)
To see this, note that on the right hand side, we may replace the condition
a(d) = a(z) by the condition a(d) = a(y’); see P4, P8. Using also P15’ (where
w =d € D and 2/ is replaced by y'), we see that the right hand side of (%) equals
Z ez ( Z hx,d,z 72’3//7?;71) = Z Ng ( Z Yy 2—1 hx,z,y) .

deD: a(d)=a(y’) zeW deD: a(d)=a(y’) zeW

Now 74, ,—1 = 0 unless a(d) = a(y'); see P8, P4. Using also P7 and Lemma 4.3,
the right hand side of the above equation can be rewritten as

Z hx,z,y<z Yy ,z"1d nd) - Z hazy Ozy = hay y-
zeW deD zeW

Thus, (*) is proved.

Now consider the left hand side in P15 where z,z,/y,w € W are such that
a = a(w) = a(y). If hy,,y # 0 then y <g w and so a = a(w) < a(y’) by
P4; similarly, if hy,, # 0, then y <, ¥’ and so a(y’) < a(y) = a. Hence,
a(y’) = a, and so we may assume that the sum only runs over all 4/ € W such
that a(y’) = a. Inserting now (x) into the left hand side of P15, we obtain the

expression

Z Z Ve y=1 P oty @ g > na
y/ €W dED,zeW
- Z ( Z "}/27y/7y—1 hw7m,7yl> ® hx,d,z ng.

a(y’)=a a(d)=a(z)
deD,zeW y'ew
a(d)=a(z) a(y')=a

Now, using Remark 2.8 and P15’, we can rewrite the interior sum as follows:

E ’Yz,y/’y—l hw,x’,y’ = E ’)/ylfl’zfl’y hz/flﬂufl’y/fl

y ew y'ew
a(y')=a aly')=a
= E hx/_l,w—l,u Yu,z=1y = E Yw—1,2-1 41 hav’_l,u,y_1
ueWw ueWw
a(u)=a a(u)=a
= E Vzw,u hu—l,x’,y = § Vezwu—1 hu,:t’,y‘
ueWw ueWw

a(u)=a a(u)=a
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Inserting this back into the above expression, we find that

Z ( Z Ve y! hw,xﬂz/) ® hyd,z N
deD,zeW y’eW
- Z ( Z PYZ,IU,U?l hu,z’,y) ® hx»dvz nd'

a(d)=a(z) a(y')=a
deD,zeW ueWw
a(d)=a(z) a(u)=a

Using also (*), we obtain the expression

Z hu,ﬂvl,y ® ( Z Vzwu—1 hx7d7z nd) = Z hu,x/,y & hw,w,ua

ueWw deD,zeW uweWw
a(u)=a a(d)=a(z) a(u)=a

which is the right hand side of P15. Note that, in the right hand side of P15, the
sum need only be extended over all ¥’ € W such that a(y’) = a. (The argument
is similar to the one we used to prove the analogous statement for the left hand
side.) O

Example 4.8. Assume that (W, S) is of type Hy. Then we are in the equal
parameter case. So, in order to verify P1-P15, it is sufficient to verify E1-E4;
see Remark 4.5. Now Alvis [1] has computed all polynomials p, ., where y < w in
W. Since we are in the equal parameter case, this also determines all polynomials
My Where y,w € W and s € S are such that sy < y < w < sw; see [22, 6.5].
In this way, Alvis explicitly determined the relations <, and <,r; he also found
the decomposition of the left cell representations into irreducibles.

It turns out that the partial order induced on the set of two-sided cells is a
total order. (I thank Alvis for having verified this using the data in [1].) With
the notation in [loc. cit.], this total order is given by:

G <R P <er B <er D <er CF <er B <er A”
=A< BSROSRD <er E<er F <R G.
Comparing with the information on the invariants a) provided by Alvis—Lusztig
[2], we see that E1 and E2 hold. Furthermore, E3 is already explicitly stated in

[1, Cor. 3.3]. Finally, E4 is readily checked using Alvis’ computation of the left
cells and the polynomials p, .

In this way, we obtain an alternative proof of P1-P15 for Hy, which does not
rely on DuCloux’s computation [6] of all structure constants hy . (z,y,z € W).

Similar arguments can of course also be applied to (W, S) of type Hs.
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5. LUSZTIG’S HOMOMORPHISM

We now use the methods developped in the previous section to verify P1-P15
for type Fy and Ia(m). Then we are in a position to extend the construction of
Lusztig’s isomorphism to the general case of unequal parameters.

Proposition 5.1. Let 3 < m < oo and (W, S) be of type I2(m), with generators
s1, S2 such that (s1s2)™ = 1. Then P1-P15 hold for any weight function L: W —
I' and any monomial order < such that L(s;) > 0 fori=1,2.

Proof. If L(s1) = L(s2), this is proved by DuCloux [6], following the approach
in [22, 17.5] (concerning the infinite dihedral group). Now assume that L(s;) #
L(s2); in particular, m > 4 is even. Without loss of generality, we can assume
that L(s1) > L(s2). It is probably possible to use arguments similar to those in
[6] and [22, 17.5] (which essentially amount to computing all structure constants
ha.y.-). However, in the present case, it is rather straightforward to verify E1-E4.
Indeed, by [14, §5.4], we have

Irr(W) - {]—Wa €,€1,€2,P1, P2y - - - 7p(m72)/2)}7

where 1y is the trivial representation, € is the sign representation, €1, €9 are two
further 1-dimensional representations, and all p; are 2-dimensional. We fix the
notation such that s; acts as +1 in €1 and as —1 in 2. Using [14, 8.3.4], we find

aly = 07 le - 1’
ag, = L(Sg), f€1 =1,
m .
a,, = L(Sl), fpj = m for all 75
m
Qe = E(L(Sl) - L(52)) +L(32)7 f52 =1,
m
a. = E(L(Sl) + L(Sg)) fe = 17

where ¢ € C is a root of unity of order m. Observe that, in the above list, the

a-values are in strictly increasing order from top to bottom.

Now, by [22, 6.6, 7.5, 7.6] and [14, Exc. 11.3], we have the following multipli-
cation rules for the Kazhdan—Lusztig basis. For any k > 0, write 1 = s18981 - - -
(k factors) and 2j = sas1s2- -+ (k factors). Given k,l € Z, we define dj~; to be 1
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if £ > [ and to be 0 otherwise. Then

C1,Cy,,, = (vs, +v;5,")C1, s
C,Cy, ., = (vs, + 05, )Co,
Cy,Cy, = Cyp .y,
C1,Cy, =Cy,, +00k>1¢Cy,_, + 0>3C1,_,

for any 0 < k < m, where { = vslv;; + 1);111)52. Using this information, the
pre-order relations <y, <r and <, are easily and explicitly determined; see
[22, 8.8]. The two-sided cells and the partial order on them are given by

{In} <cr {Im—1} <cr WA\ {10,21, Ln—1,1m} <gr {21} <cr {lo}. (9)

The set W\ {10, 21, 1,,—1, 1;n} consists of two left cells, {11,29,13,...,2,,-2} and
{12,23,14,...,2,,—1}, but these are not related by <. (If they were, then, by
[22, 8.6], the right descent set of the elements in one of them would have to be
contained in the right descent set of the elements in the other one—which is not

the case.) The other two-sided cells are just left cells. In particular, we see that

E3 holds.

Now we can also construct the representations given by the various left cells
and decompose them into irreducibles; we obtain:

{1p} affords 1y,
{21} affords ey,
{11,29,13,...,2m 2} affords p1 +p2+ -+ pim—2)/2;
{12,253, 14,...,2m—1} affords p1+p2+ -+ pim—2)/2,
{1m—1} affords eo,
{1} affords e.

Using this list and the above information on the a-values and the partial order
on the two-sided cells, we see that E1 and E2 hold.
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Next, by [22, 7.4, 7.6] and [14, Exc. 11.3], the polynomials p, ,, are explicitly
known. Thus, we can determine the function w — A(w). We obtain

A(lag) = A(29x) = kL(s1) + kL(s2) ifk >0
A(21) = L(s2)
) +1)L(s1) — kL(s2) if
) (s

1)+ (k—1)L(s2) if

A(lopq1) = (k
kL

A (20141

Thus, we see that E4 holds. In the left cell {11,22,13,...,2,,_2}, the function A
reaches its minimum at 1;; in the left cell {19,23,14,...,2y,—1}, the minimum is
reached at 23. We see that

D = {lo, 21, 11, 23, L;n—1, 1m},

m/2
Ny, = N2, = N1y, = N2z =Ny, = +1, N1 = —(—1) / .

Thus, we have verified that E1-E4 hold for W. We also know that P1-P15 hold
for every proper parabolic subgroup of W. (Note that the only proper parabolic
subgroups of W are (s1) and (s2).) Hence, by Remark 4.2 and Proposition 4.4,
we can conclude that P1-P14 hold for W.

It remains to verify P15. For this purpose, we must check that condition (k)
in Remark 4.6 holds for all w € W and ¢, j € {1, 2} such that s;w > w, ws; > w.
A similar verification is done by Lusztig [22, 17.5] for the infinite dihedral group.
We notice that the same arguments also work in our situation if w is such that
we do not encounter the longest element wy = 1,, = 2, in the course of the
verification. This certainly is the case if [(w) < m — 2. Thus, we already know
that (*) holds when I(w) < m — 2. It remains to verify (%) when [(w) equals
m — 2 or m — 1, that is, when w € {1,,-2,2m—2, Lin—1, 2m—1}-

Assume first that w = 1,,_92. The left descent set of w is {s1} and, since m is
even, the right descent set of w is {sa}. So we must check (*) with s = s and
t = s1. Using the above multiplication formulas, we find:

(Cy,.e1, ,).C1, =ez,. ,.Cy,.
Now, since m is even, {sy} is the right descent set of 1,,—1. Hence right-handed
versions of the above multiplication rules imply that

v

(021'6177172)'011 =ez, ,-C1, =€, + 5m>2C62m72 + 5m>462m747
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where ¢ = ¥, 0;,! + ;,'U,,. On the other hand, we have

C21'(€1m—2'éll) = 021-(61.m71 + 6m>3561m73 + 5m>562m75)

= eQm + 5m>3C62m,2 + 6m>5€2m,4~

Now note that, since m is even, we have 0,53 = dm>2 and 6,54 = 9y >5. Hence,
we actually see that the expression in (x) is zero.

Now assume that w = 2,,,_2. Then we must check (x) with s = s; and ¢t = ss.

Arguing as above, we find that

(Ci,-e2,,,).Coy = (€1, 4 + dm>3Ce1,, 5+ dm>5em—s).Ca,
= e1,, + om>3C€1,, 5 + dm>56m—1,
Ci,.(e2,,_,-Cay) = C1 .62, = e1,, + Im>20e1,,_5 + Om>4€m—4-
Again, we see that the difference of these two expressions is zero.

Next, let w = 1,,—1. Then we must check (%) with s =t = s. We obtain
(C21'elm71)'é21 = e2m'é21 = (7752 + {)3_21)62m7
021.(€1m71.(\321) = Czl.elm = (U52 + U8_21)€2m.

Hence the difference of these two expressions is a scalar multiple of ey, . The
description of <, in (V) now shows that () holds.

Finally, let w = 2,,—;. Then we must check (%) with s =t = s;. We find
(C1,.e2,,,)-C1, = (e1,, + dm>2ler,,_y + Omsaer,,_,).C1,.
Furthermore, we obtain:
e1,.Ci, = (¥, + 17;11)617”,

€1m72.C11 = 61m71 + 5m>3celm73 =+ 6m>561m757

€1,,_4-C1, = €1,,_5 + 0m>s5Ce1,,_5 + Om>re1,, .-

Inserting this into the above expression, we obtain

(011'6277171)'611 = (1\581 + 6;l>61m + 5m>2C€1m71

+ (5m>3CE + 6m>4)61m—3 + (C + 5)5m>561m—5 + 6m>7€1m—7‘
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A similar computation yields

Cy,.(ea, ,.C1,) = (v, + vs_ll)elm + OmsaCer,,
+ (m>3CC + Om>a)et,_y + (C + C)mss€1,_s + Omsre1,,_;
and so
(Ci, €3, ,).C1,—C1,.(e2,, ,.C1,) = (¥, +05, —vs, —v5 e, +oms2(C— e, -
The description of <,z in (¥) now shows that (x) holds.
Thus, we have verified that P15 holds. Il

Proposition 5.2. Let (W,S) be of type Fy with generators and diagram given

S S S S

Then P1-P15 hold for any weight function L: W — T' and any monomial order
< such that L(s;) > 0 fori=1,2,3,4.

Proof. The weight function L is specified by a := L(s1) = L(s2) > 0 and b :=
L(s3) = L(s4) > 0. We may assume without loss of generality that b > a. The
preorder relations <, <r, <z and the corresponding equivalence relations
on W have been determined in [8], based on an explicit computation of all the
polynomials py ., (where y < w in W) and all polynomials y; ,, (where s € S and
sy <y < w < sw) using CHEVIE [12]. (The programs are available upon request.)
Once all this information is available, it is also a straightforward matter to check
that condition (*) in Remark 4.6 is satisfied, that is, P15 holds. Furthermore,
E3 and E4 are explicitly stated in [8].

To check E1 and E2, it is sufficient to use the information contained in Table 1
(which is taken from [10, p. 318]) and Table 2 (which is taken from [8, p. 362]).
In these tables, the irreducible representations of W are denoted by d; where
d is the dimension and ¢ is an additional index; for example, 1; is the trivial
representation, 14 is the sign representation and 45 is the reflection representation.

Thus, by Proposition 4.4, P1-P14 hold for W. (Note that, using similar
computational methods, E1-E4 are easily verified for all proper parabolic sub-
groups.) O
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TABLE 1. The invariants f) and a) for type Fj

b>2a>0 b=2a>0 2a>b>a>0 b=a>0
E* | fx a I ax | fa ax a ax
1; 1 0 1 0 1 0 1 0
12 1 12b—9a 2 15a 1 116—7a 8 4a
13 1 3a 2 3a 1 —b+b5a 8 4a
14 1 12b+12a 1 36a 1 12b+12a 1 24a
21 1 3b—3a 2 3a 1 2b—a 2 a
22 1 3b+9a 2 15a 1 2b+11a 2 13a
23 1 a 1 a 1 a 2 a
24 1 12b+a 1 25a 1 12b+a 2 13a
44 2 3b+a 2 Ta 2 3b+a 8 4a
9, 1 2b—a 2 3a 1 b+a 1 2a
92 1 6b—2a 1 10a 1 6b—2a 8 4a
93 1 2b+2a 1 6a 1 2b+2a 8 4a
94 1 6b+3a 2 15a 1 5b+-5a 1 10a
61 3 3b+a 3 Ta 3 3b+a 3 4a
62 3 3b+a 3 Ta 3 3b+a 12 4a
124 6 3b+a 6 Ta 6 3b+a 24 4a
49 1 b 1 2a 1 b 2 a
45 1 7b—3a 1 1la 1 7b—3a 4 4a
44 1 b+3a 1 5a 1 b+3a 4 4a
45 1 7b+6a 1 20a 1 Tb+6a 2 13a
81 1 3b 1 6a 1 3b 1 3a
82 1 3b+6a 1 12a 1 3b+-6a 1 9a
83 1 b+a 2 3a 1 3a 1 3a
84 1 Tb+a 2 15a 1 6b+3a 1 9a
16, 2 3b+a 2 Ta 2 3b+a 4 4a

(This table corrects some errors concerning fy in [10, Table 1].)

Theorem 5.3. Lusztig’s conjectures P1-P15 hold in the following cases.

(a) The equal parameter case where I' = Z and L(s) = a > 0 for all s € S
(where a is fized).

(b) (W, S) of type By,, Fy or Is(m) (m even), with weight function L: W — T'
given by:
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TABLE 2. Partial order on two-sided cells in type Fj
1
23
49

1

13 42

2
13 44
44 81 4y 2
81 93
93 93 81
164 164
161 9, 8
9, 43 92
85 89 1 29
43 2 43 9
84 4
22 15 45
45
2
4 2,
14 14 14
b=2a 2a >b>a b > 2a

A box indicates a two-sided cell with several irreducible components, given as follows:

: {21,25,42}, ={22,24,45}, = {1s,21,83,91}, = {12,22,84,94},
: {12,13,41,43,44,61,62,92,93,121, 161 }, = {41,61,62,121,161}.

Otherwise, the two-sided cell contains just one irreducible respresentation.

b4a a a

B, —eo—o— —o

IQ(m) bma Fy a a4b b
—e —o oo

meven

where a,b € I'sg are such that b > ra for all r € Zx.

Proof. (a) See Remark 2.7. (b) For types Io(m) (m even) and Fj, see Propo-
sitions 5.1 and 5.2. Now let W be of type B, with parameters as above. The
left, right and two-sided cells are explicitly determined by Bonnafé and Iancu
[4], [3]. A special feature of this case is that all left cells give rise to irreducible

representations of W; see [4, Prop. 7.9]; furthermore, two left cells give rise to
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isomorphic irreducible representations of W if and only if they contained in the
same two-sided cell; see [3, §3]. Based on these results, it is shown in [13, Theo-
rem 1.3] that P1-P15 hold except possibly P9, P10, P15. In [9, Theorem 5.13],
the following implication is shown for all x,y € W:

r~rry and x<py = T ~LY. (Q)

This then yields P9, P10; see [9, Cor. 7.12]. Finally, P15’ is shown in [9,

Prop. 7.6] under the additional assumption that y ~ 2/ ~g w™!

. However, if
this additional assumption is not satisfied, then one easily sees, using P9 and
P10, that both sides of P15’ are zero. Thus, P15’ holds in general and then

Lemma 4.7 is used to deduce that P15 also holds. O

Corollary 5.4. Assume that W is finite and let Lo: W — I'g be the “universal”
weight function of Remark 2.3. Then P1-P15 hold for at least one monomial
order on I'g where Lo(s) >0 for all s € S.

Proof. By standard reduction arguments, we can assume that (W,S) is irre-
ducible. If (W, S) if of type B,,, Fy or I3(m) (m even), we choose a monomial order
as in Theorem 5.3(b). Otherwise, we are automatically in the equal parameter
case. Hence P1-P15 hold by Theorem 5.3(a). O

Finally, we can show that Theorem 2.12 holds without using the hypothesis
that P1-P15 are satisfied!

Corollary 5.5. Let R C C be a field. Then the statements in Theorem 2.12
hold for any weight function L: W — I' where I' is an abelian group such that

A = R[] is an integral domain.
Note that this implies Theorem 1.1, as stated in the introduction.

Proof. Let 'y, Ag and Hy be as in Remark 2.3. To distinguish Ag from A, let
us write the elements of Ay as R-linear combinations of €} where g € I'y. By
Corollary 5.4, we can choose a monomial order < on I'g such that P1-P15 hold.
Let 1o: Hy — Ag[W] be the corresponding homomorphism of Theorem 2.12.

Let Qg be the matrix of the Ag-linear map g with respect to the standard
Ap-bases of Hy and Ag[W]. Let 6p: Ag — R be the unique ring homomorphism
such that 6y(el) =1 for all g € I'y. We denote by 6(Qo) the matrix obtained by
applying 6y to all entries of Qy. By Theorem 2.12, 65(Qg) is the identity matrix.
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Now, there is a group homomorphism «a: I'g — I' such that a((ns)ses) =
> scgMsL(s). This extends to a ring homomorphism Ay — A which we de-
note by the same symbol. Extending scalars from Ay to A (via «), we obtain
H = A®4, Hy and A[W] = A ®4, Ao[W]. Furthermore, 1)y induces an algebra
homomorphism p: H — A[W]. Let Q := a(Qo) be the matrix obtained by
applying « to all entries of QQg. Then, clearly, ) is the matrix of the A-linear
map 1o with respect to the standard A-bases of H and A[W].

Let 6;: A — R be the unique ring homomorphism such that 6;(e9) = 1 for all
g € I'. As in the proof of Theorem 2.12, it remains to show that, if we apply 61
to all entries of ), then we obtain the identity matrix. But, we certainly have
0o = 01 o a and, hence, 01(Q) = 61(a(Qo)) = 6p(Qo). So it remains to recall that
the latter matrix is the identity matrix. O
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REFERENCES

[1] D. Awrvis, The left cells of the Coxeter group of type Ha, J. Algebra 107
(1987), 160-168; the data produced in this article are electronically available at
http://mypage.iusb.edu/~dalvis/h4data.

[2] D. ALvis AND G. LuUszTIG, The representations and generic degrees of the Hecke algebra
of type Ha, J. Reine Angew. Math. 336 (1982), 201-212; correction, ibid. 449 (1994),
217-218.

[3] C. BONNAFE, Two-sided cells in type B in the asymptotic case, J. Algebra 304 (2006),
216-236.

[4] C. BoNNAFE AND L. IaNcu, Left cells in type B, with unequal parameters, Represent.
Theory 7 (2003), 587-609.

[5] N. BOURBAKI, Groupes et algebres de Lie, Chap. 4, 5 et 6, Hermann, Paris, 1968.

[6] F. DuCLouX, Positivity results for the Hecke algebras of noncrystallographic finite Coxeter
group, J. Algebra 303 (2006), 731-741.

[7] M. GEck, Constructible characters, leading coefficients and left cells for finite Coxeter
groups with unequal parameters, Represent. Theory 6 (2002), 1-30 (electronic).

[8] M. GECK, Computing Kazhdan—Lusztig cells for unequal parameters, J. Algebra 281
(2004), 342-365; section ” Computational Algebra”.

[9] M. GECK, Relative Kazhdan—Lusztig cells, Represent. Theory 10 (2006), 481-524.



620 Meinolf Geck

[10] M. GECK, Modular representations of Hecke algebras, In: Group representation theory
(EPFL, 2005; eds. M. Geck, D. Testerman and J. Thévenaz), EPFL Press (2007), pp.
301-353.

[11] M. GEck, Leading coefficients and cellular bases of Hecke algebras, Proc. Edinburgh
Math. Soc. 52 (2009), 653-677.

[12] M. Geck, G. Hiss, F. LUBECK, G. MALLE AND G. PFEIFFER, CHEVIE-A system for
computing and processing generic character tables for finite groups of Lie type, Weyl
groups and Hecke algebras. Appl. Algebra Engrg. Comm. Comput. 7 (1996), 175-210.

[13] M. GECK AND L. IaNCU, Lusztig’s a-function in type B, in the asymptotic case. Special
issue celebrating the 60th birthday of George Lusztig, Nagoya J. Math. 182 (2006), 199
240.

[14] M. GECK AND G. PFEIFFER, Characters of finite Coxeter groups and Iwahori-Hecke
algebras, London Math. Soc. Monographs, New Series 21, Oxford University Press, New
York 2000. xvi+446 pp.

[15] D. A. KazHDAN AND G. LuszTiG, Representations of Coxeter groups and Hecke algebras,
Invent. Math. 53 (1979), 165-184.

[16] D. A. KAZHDAN AND G. LUSzTIG, Schubert varieties and Poincaré duality, Proc. Sympos.
Pure Math. 34 (1980), 185-203.

[17] G. LuszTIG, On a theorem of Benson and Curtis, J. Algebra 71 (1981), 490-498.

[18] G. LuszTiq, Left cells in Weyl groups, Lie Group Representations, I (eds R. L. R. Herb
and J. Rosenberg), Lecture Notes in Mathematics 1024 (Springer, Berlin, 1983), pp. 99—
111.

[19] G. LuszTiG, Characters of reductive groups over a finite field, Annals Math. Studies, vol.
107, Princeton University Press, 1984.

[20] G. LuszriG, Cells in affine Weyl groups, Advanced Studies in Pure Math. 6, Algebraic
groups and related topics, Kinokuniya and North—Holland, 1985, 255-287.

[21] G. LuszTIG, Cells in affine Weyl groups II, J. Algebra 109 (1987), 536-548.

[22] G. LuszTiG, Hecke algebras with unequal parameters, CRM Monographs Ser. 18, Amer.
Math. Soc., Providence, RI, 2003.

[23] T. A. SPRINGER, Quelques applications de la cohomologie d’intersection, Séminaire Bour-
baki (1981/82), exp. 589, Astérisque 92—93 (1982).

Meinolf Geck

Department of Mathematical Sciences
King’s College, Aberdeen AB24 3UE
Scotland, UK

Email: m.geck@abdn.ac.uk



