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1. INTRODUCTION

In 1966, Tits provided a beautiful unified construction of the exceptional simple
Lie algebras Fy, Eg, E7 and Eg over fields of characteristic # 2,3 [Tits66]. This
construction depends on two algebras: an alternative algebra of degree 2 and a
Jordan algebra of degree 3. The most interesting cases appear when semisimple
alternative algebras and central simple Jordan algebras are considered in this
construction. Then the alternative algebra becomes a composition algebra, and
hence its dimension is restricted to 1, 2, 4 or 8, while the Jordan algebra becomes
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a form of the Jordan algebra of hermitian 3 x 3 matrices over a second composition
algebra. Freudenthal’s Magic Square ([Fre64]) is obtained with these ingredients.

In recent years, some extensions of Tits construction have been considered.
Benkart and Zelmanov [BZ96] considered Lie algebras graded by root systems.
They realized that the Lie algebras graded over either the root system (G2 or
F; could be described in terms of a generalized Tits construction, and that some
specific simple Jordan superalgebras (of dimension 3 and 4) could be plugged into
this Tits construction, instead of Jordan algebras (see also [BE03]). The outcome
is that Freudenthal’s Magic Square can be enlarged to a rectangle that includes, in
characteristic # 2, 3,5, the exceptional simple Lie superalgebras D(2,1;t), G(3)
and F'(4) in Kac’s classification [Kac77a]. Moreover, in characteristic 5 another
simple Jordan superalgebra: Kac’s ten-dimensional algebra, can be used too, and
this lead to the discovery of a new simple modular Lie superalgebra specific of
this characteristic [Eld07b], whose even part is of type Bs and the odd part is
the spin module for the even part.

In a different direction, Freudenthal’s Magic Square presents a symmetry which
is not obvious from Tits construction. More symmetric constructions have been
considered by different authors ([V66], [AF93], [LM02], [LMO04], [BS], [BS03] or
[Eld04]). These constructions are based on two composition algebras and their
triality Lie algebras, and they are symmetric on the two composition algebras
involved, whence the symmetry of the outcome: the Magic Square. Besides,
these construction are valid too over fields of characteristic 3.

But over fields of characteristic 3 there are composition superalgebras with
nontrivial odd part, as this phenomenon is specific of characteristics 2 and 3
(in characteristic 2, these superalgebras are just composition algebras with a
grading over Zsg). These composition superalgebras in characteristic 3 can be
plugged into the symmetric construction of the Magic Square. The outcome is a
larger square, which extends the Magic Square with the addition of two rows and
columns filled with (mostly) simple Lie superalgebras. With one exception, the
Lie superalgebras that appear have no counterpart in Kac’s classification. There
are 10 such new simple modular Lie superalgebras in characteristic 3.

Moreover, it turns out that the simple Lie superalgebra in characteristic 5
mentioned above, obtained by means of the Tits construction with ingredients
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a Cayley algebra and the ten-dimensional Kac Jordan superalgebra, and the
10 simple Lie superalgebras that appear in the larger square in characteristic
3 almost exhaust (there are just 3 other superalgebras) the list of exceptional
simple modular Lie superalgebras with a Cartan matrix in characteristic > 2 in

the recent classification by Bouarroudj, Grozman and Leites [BGL09].

The aim of this paper is to review these two directions in which the Tits
construction has been extended.

In the next section, the classical Tits construction will be recalled. Then a
section will be devoted to see how some Jordan superalgebras can be used instead
of Jordan algebras. This will result in a larger Supermagic Rectangle which
contains the exceptional simple classical Lie superalgebras in Kac’s classification
and a new simple Lie superalgebra in characteristic 5.

The fourth section will be devoted to explain the more symmetric construction
of Freudenthal’s Magic Square in terms of two composition algebras and then the
fifth section will show how this symmetric construction allows, in characteristic 3,
to enlarge the Magic Square to a Supermagic Square with a whole family of new
simple Lie superalgebras which appear only in this characteristic. Some related

comments and remarks will be given in a final section.

No proofs will be given, but references will be provided throughout. For the
sake of simplicity, all the vector spaces and algebras and superalgebras considered
will be defined over an algebraically closed ground field F of characteristic # 2.

2. TITS CONSTRUCTION

As mentioned in the introduction, in 1966 Tits ([Tits66]) gave a unified con-
struction of the exceptional simple classical Lie algebras by means of two ingre-
dients: a composition algebra and a degree three simple Jordan algebra. Here
this construction will be reviewed following closely [E1d08, §1] and the approach
used by Benkart and Zelmanov in [BZ96].

Let C' be a composition algebra over the ground field F with norm n. Thus,
C is a finite dimensional unital algebra over [F, endowed with the nondegenerate
quadratic form n : C' — F such that n(ab) = n(a)n(b) for any a,b € C. Then,
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each element satisfies the degree 2 equation
a? —to(a)a+n(a)l =0,

where tc(a) = n(a,1) (= n(a+ 1) —n(a) — 1) is called the trace. The subspace
of trace zero elements will be denoted by C°.

Moreover, for any a,b € C, the linear map D, : C' — C given by
Dqp(c) = [[a, 0], c] + 3(a, ¢, b)

where [a,b] = ab — ba is the commutator, and (a,c,b) = (ac)b — a(cb) the asso-
ciator, is a derivation: the inner derivation determined by the elements a, b (see
[Sch95, Chapter III, §8]). These derivations satisfy

Da,b = _Db,aa Dab,c + Dbc,a + Dca,b = 07

for any a, b, ¢ € C. The linear span of these derivations will be denoted by inder C'.
It is an ideal of the whole Lie algebra of derivations der C' and, if the characteristic
is # 3, it is the whole der C.

The dimension of C' is restricted to 1, 2, 4 (quaternion algebras) and 8 (Cayley
algebras). Over our algebraically closed field F, the only composition algebras
are, up to isomorphism, the ground field I, the cartesian product of two copies
of the ground field F x IF, the algebra of two by two matrices Maty(F) (where the
norm of a matrix is its determinant), and the split Cayley algebra C(F). (See,
for instance, [ZSSS82, Chapter 2].)

Now, let J be a unital Jordan algebra with a normalized trace ty : J — F.
That is, J is a commutative algebra over F which satisfies the Jordan identity:

2?(yx) = (z*y)a

for any z,y € J, and t; is a linear map such that ¢;(1) = 1 and t;((zy)z) =
ty (x(yz)) for any x,y,z € J. The archetypical example of a Jordan algebra is
the subspace of symmetric elements in an associative algebra with an involution.
This subspace is not closed under the associative product, but it is indeed closed
under the symmetrized product %(ﬂsy + yz). With this symmetrized product, it
becomes a Jordan algebra. (One may consult [Jac68] for the main properties of
finite dimensional Jordan algebras.)
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Then, for such a unital Jordan algebra, there is the decomposition J = F1@JY,
where J* = {z € J : t;(z) = 0}. For any x,y € J°, the product zy splits as
zy =ts(xy)l + 2z *y,
with z * y € J°. Then x %y = zy — t;(2y)1 gives a commutative multiplication
on J°. The linear map d,,, : J — J defined by
dyy(2) = x(y2) —y(zz),

is the inner derivation of J determined by the elements z and y. Since d; , =0
for any =z, it is enough to deal with the inner derivations d,,, with z,y € J°.
The linear span of these derivations will be denoted by indetr.J, which is an ideal
of the whole Lie algebra of derivations det J.

Given C and J as before, consider the space
T(C,J)=1inder C @ (CO ® JO) @ inder J

(unadorned tensor products are always considered over ), with the anticommu-
tative multiplication [.,.] specified by:
e inder C' and inder J are Lie subalgebras,
e [inder C,inder J| = 0,
(2.1)
e [Dia®z]=D(a)®@z, [da®z]=a®d(z),

e [a®@z,b®y] =t;(zy)Dap + ([a,b] ® z xy) + 2tc(ab)dyy,
for all D € inder C, d € inderJ, a,b € C°, and =,y € J°.

The conditions for 7(C, J) to be a Lie algebra are the following:

(1) Z tC([ab a2]a3) d(wl*xg),xg = 07
O

(i) Y ts((@1 % 22)23) Digy a)a =0,
O

(ii) Z(Dal,az (a3) ® ty(2172) 73 + [[a1, 2], a3] @ (w1 % ) * 3
O
+ 2750(@1@2)@3 & dzl,mg ($3)> = 0’
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O

for any a1,as,a3 € C° and any x1,x92,23 € J°. The notation indicates

summation over the cyclic permutation of the variables.

These conditions appear in [BE03, Proposition 1.5], but there they are stated
in the more general setting of superalgebras, a setting we will deal with later on.
In particular, over fields of characteristic # 3, these conditions are fulfilled if J is
a separable Jordan algebra of degree three over FF and t; = %T, where T' denotes

the generic trace of J (see for instance [Jac68]).

If the characteristic of our algebraically closed field F is # 3, the degree 3
simple Jordan algebras are, up to isomorphism, the algebras of 3 x 3 hermitian
matrices over a unital composition algebra: Hs(C') (see [Jac68]). By varying C
and C', T(C, H3(C")) is a classical Lie algebra, and Freudenthal’s Magic Square
(Table 1) is obtained.

T(C,J) | Hs(F) H3(F xF) Hz(Maty(F)) Hs(C(F))
F A Ay Cs Fy
FxF Ay Ay @ Ay As Eg
Matq(F) | Cs As Ds Er
C(F) Fy Fg FEr Fy

TABLE 1. Freudenthal’s Magic Square

Let us have a look at the rows in this Tits construction of Freudenthal’s Magic

Square.

First row: Here C = F, so C° = 0 and indetrC = 0. Thus, 7(C,.J) is just
inder J. In particular, 7 (F,J) makes sense and is a Lie algebra for any Jordan

algebra J.

Second row: Here C' =F x T, so C? consists of the scalar multiples of (1, —1),
and thus 7 (C, J) can be identified with J°@inder J. The elements in J° multiply
as [z,y] = 4dyy because to((1,—1)?) = tc((1,1)) = 2. Given any unital Jordan
algebra with a normalized trace J, its Lie multiplication algebra £(.J) (see [Sch95])
is the Lie subalgebra of the general linear Lie algebra gl(.J) generated by Iy =
{lz : * € J}, where I, : y — xy denotes the left multiplication by x. Then
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L(J) =17 @ inderJ. The map
T(C,J)— L(J)
(L,-1)®@z+dw— 2, +d,

is a monomorphism. Its image is the Lie subalgebra £°(J) = [ jo @ inder J. Again
this shows that 7(F x F,.J) makes sense and is a Lie algebra for any Jordan
algebra with a normalized trace. Given any separable Jordan algebra of degree
3 in characteristic # 3, £9(J) is precisely the derived algebra [£(J), £(J)]. This
latter Lie algebra makes sense for any Jordan algebra over any field. (Recall that
the characteristic is assumed to be # 2 throughout.)

Third row: Here C' = Maty(F). Under these circumstances, C? is the simple
three-dimensional Lie algebra of 2 x 2 trace zero matrices sly(IF) under the com-
mutator [a,b] = ab — ba. Besides, for any a,b € C°, the inner derivation D, is
just adp, ), since C is associative. Hence, inder C can be identified with C?, and
T(C,J) with

C'® (C°® J%) @inder J ~ (C°® (F1 @ J%)) @ inver J ~ (C° ® J) @ inder J,
and the Lie bracket (2.1) in 7 (C, J) becomes the bracket in (sly(F) ® J) ®inder J
given by

e inder J is a Lie subalgebra,
o [da®zx]=a®d(x),
e a®z,b®y] = ([a,b] ® zy) + 2tc(ab)dy,y,

for any a,b € sly(F), z,y € J, and d € inder J, since tj(xy)l + x xy = xy for
any z,y € J. This bracket makes sense for any Jordan algebra (not necessarily
endowed with a normalized trace), it goes back to [Tits62], and the resulting Lie
algebra is the well-known Tits-Kantor-Koecher Lie algebra of the Jordan algebra
J ([Koeb67], [Kan64]).

Fourth row: In the last row, C is a Cayley algebra over F. If the characteristic
of F is # 3, the Lie algebra 0erC' = inder C' is a simple Lie algebra of type Go
(dimension 14, and note that this is no longer true in characteristic 3 [AMENO02]),
and CY is its unique seven dimensional irreducible module. In particular, the Lie
algebra 7 (C’ (F),J ) is a Lie algebra graded over the root system Gs5. These Go-
graded Lie algebras contain a simple subalgebra isomorphic to det C(F) such that,
as modules for this subalgebra, they are direct sums of copies of modules of three
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types: adjoint, the irreducible seven dimensional module, and the trivial one
dimensional module. These Lie algebras have been determined in [BZ96] and the
possible Jordan algebras involved are essentially the degree 3 Jordan algebras.

3. JORDAN SUPERALGEBRAS

In Kac’s classification of the simple finite dimensional Lie superalgebras over
an algebraically closed field of characteristic 0, there appear three exceptional
situations (that is, the superalgebras do not belong to families where the dimen-
sion grows indefinitely). A description of these simple Lie superalgebras can be
found in Kac’s seminal paper [Kac77al]. Over an algebraically closed field F of
characteristic # 2, 3, these exceptional Lie superalgebras may be characterized by
the following properties (see [Kac77a, Proposition 2.1.1], where the characteristic

is assumed to be 0, but this restriction is not necessary here):

(1) There is a unique 40-dimensional simple classical Lie superalgebra F'(4)
for which the even part F'(4)5 is a Lie algebra of type B3z @ A;, and the
representation of F'(4)g on the odd part F'(4)7 is the tensor product of the
8-dimensional spin representation of Bs with the natural 2-dimensional
representation of Aj.

(2) There is a unique 31-dimensional simple classical Lie superalgebra G(3)
for which G(3)g is a Lie algebra of type G2 @ A;, and its representation on
(G(3)1 is the tensor product of the 7-dimensional irreducible representation
of G2 with the natural 2-dimensional representation of A;.

(3) There is a one-parameter family of 17-dimensional simple classical Lie
superalgebras D(2,1;t), t € F\ {0,—1}, consisting of all simple Lie su-
peralgebras for which the even part is a Lie algebra of type A1 ® A1 @ A4,
and its representation on the odd part is the tensor product of the natural

2-dimensional representations of the three A;-direct summands.

It turns out that all these exceptional simple Lie superalgebras can be con-
structed by means of the Tits construction reviewed in Section 2, if the Jordan
algebra J there is replaced by suitable Jordan superalgebras.

First, a general fact about superalgebras. Consider the Grassmann (or exterior)
algebra G on a countable number of variables. That is, GG is the unital associative
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algebra over F generated by elements e;, ¢ = 1,2,..., subject to the relations

2:

&

0, ejej = —eje; for any 4,j. This Grassmann algebra is naturally graded
over Zsg, with all the generators e; in G37. In this way, G becomes an associative

superalgebra.

Given any other superalgebra A = A @ A7 over F, that is, any Zs-graded
algebra, the Grassmann envelope of A is defined to be the Zs-graded algebra

G(A) = (A5 ® Gp) @ (A1 ® Gy).

This is a subalgebra of the algebra A ® G with its natural multiplication, in
particular G(A) is an algebra over the commutative associative ring Gj.

Given any variety V of algebras, the superalgebra A is said to be a superalgebra
in the variety V if its Grassmann envelope (as an algebra over ) is an algebra in
the variety V. In particular, a superalgebra J = J5 @ Jy is a Jordan superalgebra
if G(J) is a Jordan algebra over Gjj. (This is equivalent to the superalgebra
J being supercommutative and satisfying the superized versions of the identity
2?(yx) = (2%y)x and its linearizations.)

Let J = Jj ® Ji be now a unital Jordan superalgebra with a normalized trace
tyj:J — F. That is, t; is a linear map such that ¢;(1) = 1, and t;(J;) =0 =
ty((J,J,J)) (see [BE03, §1]). Then J = F16J°, where J* = {z € J : t;(z) = 0},
which contains Jy. For z,y € JY, xy = t;(xy)1+z*y, where x*y = xy—t;(zy)1l is
a supercommutative multiplication on JY. Since (J, J, J) = [ls,1;](J) is contained
in J°, the subspace JY is invariant under inder J = [I,1;], the Lie superalgebra of
inner derivations. (As for Jordan algebras, [, : y — xy denotes the multiplication
by the element x, but now the Lie bracket is the bracket of the Lie superalgebra
of endomorphisms of J, so dyy = [lz,1y] = lxly — (—1)"Y1yl, for homogeneous
elements z,y € J, where (—1)* is 1 if either = or y is even, and it is —1 if both

x and y are odd.)

Given a composition algebra C' and a unital Jordan superalgebra with a nor-
malized trace J, consider the superspace

T(C,J) =inver C @ (C° ® J%) @ inder J,

with the superanticommutative product given by exactly the same formulas in
(2.1).
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If the Grassmann envelope G(.J) satisfies the Cayley-Hamilton equation chs(z) =
0 of 3 x 3-matrices (this is the condition that reflects the fact of being of degree
3), where

3

chs(r) = 253ty () + (S (2P~ 2t (0%) o (2a%) s @) ()4 10 @)1,

and where we use the same notation t; to denote the natural extension of the
normalized trace in J to a linear form on G(J) over Gy, then with the same
arguments given by Tits, 7 (C, J) is shown to be a Lie superalgebra (see [BE03,
Sections 3 and 4]).

However, the arguments in the previous section concerning the first three rows
in the Magic Square are valid too for superalgebras and show that if the dimension
of the composition algebra is 1, 2 or 4 (that is, if the composition algebra C' is
associative), then 7(C, J) is a Lie superalgebra for any Jordan superalgebra J.

Only a few simple Jordan superalgebras satisfy the condition on the Cayley-
Hamilton equation of degree 3. The finite dimensional simple Jordan superalge-
bras have been classified in [Kac77b] and [MZ01] (see also [HK77] and [RZ03]).

Given a vector superspace V = V5 @ Vi endowed with a nondegenerate super-
symmetric bilinear form b (so that b is symmetric on Vj, skew-symmetric on V3
and b(Vg, Vi) = 0 = b(V7,V5)), the Jordan superalgebra J(V,b) of this form is
defined as the unital superalgebra J = J @ J; with J5 =F1 & Vg, J; = Vi, with
the multiplication determined by wv = b(u,v)1 for any u,v € V. This is always
a simple Jordan superalgebra. Denote by V°2 the vector superspace with V=0
and dim V7 = 2, endowed with a nondegenerate supersymmetric bilinear form b
(unique up to scaling), and by JO12 the corresponding three-dimensional simple
Jordan superalgebra J(V°2 b). This superalgebra is trivially endowed with a
normalized trace form given by t;(1) = 1, t;(u) = 0 for any v € Vo2, and it is
easy to check that its Grassmann envelope satisfies the Cayley-Hamilton equation
of degree 3.

Among the simple Jordan superalgebras, there is a one-parameter family of
4-dimensional superalgebras D; (t # 0), having (D) = Fe @ Ff and (D;); =
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Fx ¢ Fy where
CF=c,  fP=f  ef=0

1 1
vy =e+tf (= —yz), em:ix:f% 6y:§y:fy-
For t #0,—1, D; admits a normalized trace given by:
t 1
tile)=——, ti(f)=-——, t;((D)1) =0
J(e) 1+t> J(f) 1+t7 J(( t)l) )

and it is shown in [BE03, Lemma 2.3] that the Grassmann envelope satisfies the
Cayley-Hamilton equation of degree 3 if and only if ¢ is either 2 or % (Note that
Dy is isomorphic to D1.)

t

Another simple Jordan superalgebra must enter into our discussion: the 10-
dimensional Kac’s superalgebra K1p. An easy way to describe this Jordan su-
peralgebra appeared in [BE02] in terms of the smaller Kaplansky superalgebra.
The tiny Kaplansky superalgebra is the three dimensional Jordan superalgebra
K3 = Ky @ Kj, with K = Fe and K7 = U, a two dimensional vector space
endowed with a nonzero alternating bilinear form (.|.), and multiplication given

by
1
e"=e er=te=,z, TY= (z|y)e,

for any z,y € U. The bilinear form (.|.) can be extended to a supersymmetric
bilinear form by means of (ele) = 1 and (Kj|K7) = 0.

The Kac Jordan superalgebra is
Kijp=Fl® (K3 ® K3), (3.1)

with unit element 1 and product determined [BE02, (2.1)] by
3
(a@b)(c®d) = (~1)"(ac® bd — J(ale)(ld)1).

for homogeneous elements a,b,c,d € Ks. This superalgebra is simple if the
characteristic is # 2, 3. In characteristic 3, it contains the simple ideal K9 = K3®
K3. Besides, the Jordan superalgebra K¢ is endowed with a unique normalized
trace given by t;(1) =1 and (K3 ® K3) = 0.

Proposition 3.2. Assume that the characteristic of our ground field F is # 2, 3.
Then the only finite-dimensional simple unital Jordan superalgebras J with J; # 0
whose Grassmann envelope G(J) satisfies the Cayley-Hamilton equation chs(x) =
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0 relative a normalized trace on J are, up to isomorphism, J°2, Dy and, only if
the characteristic of F is 5, K.

Proof. This is proved in [BE03, Proposition 5.1, where Kjg is missing (the argu-
ment has a flaw for K19 as the subalgebra considered there to get a contradiction
is not a unital subalgebra). The situation for Kjg is settled in [McCO05]. O

Therefore, we can plug the three superalgebras in Proposition 3.2 in the Tits
construction 7 (C,J) (and in all the rows but the last one, we can plug also the
Jordan superalgebras D; for arbitrary values of ¢ # 0), to obtain the Supermagic
Rectangle in Table 2. The entries in the last three columns are computed in
[BE03] and [E1d07b].

7(C,J) | H3(F) H3(FxTF) Hz(Mat2(F)) Hs(C(F)) Jo1? Dy Ko
F Ay Ay Cs Fy Ay B(0,1)  B(0,1) ® B(0,1)
FxF Ay As @ Ay As Es B(0,1)  A(1,0) c(3)
Mato(F) | Cs As Dg E; B(1,1) D(2,1;t) F(4)
C(F) Fy Es E; Eg G(3) (fl‘%) T(i(}]l?; gm)

TABLE 2. A Supermagic Rectangle

Therefore, the exceptional simple classical Lie superalgebras D(2,1;t), G(3)
and F'(4) can be obtained too by means of the Tits construction.

And in characteristic 5 there appears another Lie superalgebra, 7 (C (F), K 10).
This superalgebra turns out to be a new simple modular Lie superalgebra specific
to this characteristic. Its dimension is 87, its even part is the classical simple Lie
algebra Bs, and its odd part is the spin module for the even part. This Lie
superalgebra appeared for the first time in [Eld07b], where all these features are

proved.

In the notation of [BGL09], this superalgebra appears as ¢l(5;5).
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4. A SYMMETRIC CONSTRUCTION OF THE MAGIC SQUARE

Given any composition algebra C' over F with norm n and standard involution
x+— T =n(l,z)l — z, the algebra H3(C,*) of 3 x 3 hermitian matrices over C,
where (a;;)* = (aj;), is a Jordan algebra under the symmetrized product

1

xoy:i(xy—i—y:ﬁ). (4.1)
Then,
o G2 a1
J = Hg(C,*) = as o1 ag | :ao, a1, a0 €F, ag,a1,a3 € C
ay ag o
= (@_oFe;) ® (87_o1i(C)),
where
100 000 000
ep= 10001, eg1=1010], e2=1000],
000 000 001
000 00a 0a0
tola)=2100a|, tla)=2]1000]|, wla)=2]a00|,
0a0 a00 000

for any a € C. Identify Feq@®Fe; @ Fey with F3 by means of ageg 4+ aqeq + ases ~
(o, @1, a2). Then the commutative multiplication (4.1) becomes:

(o0, a1, 02) 0 (B, B2, B3) = (oo, a1 51, azf2),

(0, 1, a2) 0 1i(a) = ;(aiJrl + aiy2)ti(a), (4.2)
ti(a) o ti+1(b) = tit2(ab),
ti(a) o ti(b) = 2n(a, b)(ei+1 + 67;+2),

for any «;, 3; € F, a,b € C, i =0,1,2, and where indices are taken modulo 3.

Note that (4.2) shows that J is graded over Zy X Zg with:
Joo) =F, Jao =w(C), Jo1=ulC), Jai=1w(C)
and, therefore, 0Oet J is accordingly graded over Zo X Zo:

(Oet J)(iJ) = {d € et J : d(J(T,s)) - J(i+r,j+s) Vr,s =0, 1}.
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It is not difficult to prove (see [CEOQ7b, Lemma 3.4]) that (detr J)(o,o) ={d ¢
derJ : d(e;) =0Vi=0,1,2).

Now, for any d € (et J) (g ), there are linear maps d; € Endp(C), i = 0,1,2
such that d(t;(a)) = ¢;(di(a)) for any a € C and i = 0,1,2. For any a,b € C and
1=20,1,2:

0= 2n(a, b)d(el'_;_l + 614.2) = d(bi(a) o Lz(b))
= 1i(di(a)) o ¢;(b) + ti(a) o 1;(d;(b))
= 2(n(di(a),b) + n(a, d;(b))(ei+1 + eit2),

so d; belongs to the orthogonal Lie algebra so(C,n). Also, if we write a e b = ab,

we have:

ti(di(a b)) =d(ui(aeb)) = d(Lz+1( ) © ti42(D))
= d(vit1(a)) o Lit2(b) + tit1(a) o d(Lit2(b))
= tit1(dit1(a)) 0 tiva (D) + tiv1(a) o titra(dit2(b))
= LZ( ir1(a)eb+ae d,+2(b)>
which shows that the triple (dg, d1, ds) satisfies the following condition:
d;i(ab) = d;y1(a)b + ad;yo(b)

for any a,b € C and i = 0,1,2 (indices modulo 3). One can check that the
condition above for ¢ = 0 implies the conditions for ¢ = 1 and ¢ = 2. This

leads us to the triality Lie algebra of C, which is the Lie subalgebra of the direct
sum of three copies of the orthogonal Lie algebra so(C,n) given by the following

equation:

ttl( ) = {(do,dl,dg) S 50(0 n) do(ab) = dl( )I_)—i- ad2<b) Ya,b € C} (4.3)

It turns out that (detJ) (o) is then isomorphic to the triality Lie algebra tti(C'),
by means of the linear map:
tei(C) — (der J)(0,0)
(do, d1,d2) — D(dy,dy do)s
such that

{ D(dy,d;,dz)(€i) = 0,

D(dy,di ds) (ti(@)) = ti(di(a))
for any i =0,1,2 and a € C.
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Also, for any i = 0,1,2 and a € C, consider the following inner derivation of
the Jordan superalgebra J:

D,J(a) =2 [lbi(a)7 lei+1]

(indices modulo 3) where, as before, [,, denotes the multiplication by z in J. Note
that the restriction of ., to t;+1(C) @ ti+2(C) is half the identity, so the inner
derivation [l”(a)a lei] is trivial on ¢;41(C) @ tj+2(C), which generates J. Hence

(L@ le] =0

for any ¢ = 0,1,2 and a € C. Also, leyte,+e, is the identity map, so we have
[lLi(a), leo+el+eg] =0, and hence

Dl(a> =2 [lLi(a)v l6i+1] =-2 [lu(a)v l€i+2] .

A straightforward computation with (4.2) gives

Di(a)(ed) = 0, Difa)(eis) = 5(a), Dila)eire) = —ui(a),
Di(a)(i41(b ) = —ti+2(a o b),
D;(a) (LHQ ) ti+1(bea)
Dj(a)(ei(b)) = 2n(a, b)(—€i+1 + €it2),

for any i = 0,1,2 and any homogeneous elements a,b € C.

Denote by Dy the linear span of the D g, 4, 4,)8, (do, d1,d2) € tei(C), and
by D;(C) the linear span of the D;(a)’s, a € C. Then Dy = (derJ),0),
Do(C) = (der J) (1,0, D1(C) = (ver J)(0,1), and D2(C) = (der J)(1,1y (see [CEOTD,
Lemma 3.11})).

Therefore, the Zo X Zs-grading of 0etr J becomes
et J = Dtri(C’) @ (@12:0DZ(C))

At least as vector spaces, and assuming that the characteristic of F is # 2,3, we

obtain isomorphisms:
J = H3(C) ~F* & (&_:(C)),
Jo =~ F? @ (87_o1:(C)),

ver J ~ ti(C) @ (87_u(0)).
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Whence, if C' is a composition algebra with norm n, and J is the simple
Jordan algebra of hermitian 3 x 3 matrices over a second composition algebra
C’ with norm n’, the Lie algebra considered in the Tits construction (note that
inder J = derJ) can be split into pieces and then rearranged as follows, at least

as a vector space:
T(C,J) =inver C @ (C° @ J°) & inder J

~ et C B (C'@F?) & (0C" ® 1;(C") & (ti(C) & (B71:(C")))

~ (2er C @ (C° @ F?)) @ tri(C') @ (9L (C ® C"))

~ (ti(C) & tri(C")) & (B (C @ "))
where (;(C ® C") indicates a copy of the tensor product C' ® C’, and where we
have used that der C' identifies canonically with the subalgebra of those elements
in tri(C) with equal components, and then tri(C') decomposes as the direct sum of
this subalgebra and two copies of the module for der C' formed by the subspace of

trace zero elements in C' (this follows, for instance, from the arguments in [Sch95,
Chapter IIL.8] in dimension 8 and [Eld04, Corollary 3.4] in dimension < 4).

Then (see [BS], [BS03], [LM02], [LM04] or [E1d04]) the Lie bracket in 7(C, J)
can be transferred to the vector space
g(C,C") = (i(C) & i(C") @ (82 (C 2 C")),
as follows:
o t1i(C) @ tri(C’) is a Lie subalgebra of g(C,C"),
. [(do,dl,dz) (e @a')] = u(di(z) @ 2'),
o [(dy, di, d3), vi(z @ )] = v (2 ® di(2')),
. [Lz( ) Lir1(y ®y)] = tir2((7y) @ (2'7)) (indices modulo 3),
o lifz @), Ly @y =n'(2',y)0 (ty) +n(z,9)0" (L),
for any z,y € C, o',y € C', (do, d1, ds) € ti(C), and (dl), d}, d}) € ti(C"), where

tey = (n(z,.)y — n(y, )z, in(z,y)1 — ReRy, sn(z,y)1 — Lz L),

L and R denote, respectively, left and right multiplications, and 6 is the auto-
morphism of tri(C) such that 6((do, d1,d2)) = (d2,do, dq). Similarly for ¢, and
0.

(4.4)
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In this way, Tits construction becomes a construction depending symmetrically
on two composition algebras.

There is another advantage of this symmetric construction, and it is that the
above definition of the Lie bracket in g(C,C”") makes sense too in characteristic
3. One thus obtains the Magic Square in characteristic 3 (Table 3).

dim C’
g(C, 0N | 1 2 18
1 Aq As C3; Fy

2
dmC ey A Dy B
8

TABLE 3. Magic Square in characteristic 3

In Table 3, A, (respectively 1215) denotes the projective general Lie algebra
pgl;(F) (respectively pgls(IF)), which is not simple, but contains the codimension
one simple ideal psly(F) (respectively psl(F)). In the same vein, Fg denotes a
78-dimensional Lie algebra which contains a unique codimension one simple ideal:
the simple Lie algebra of type Fg in characteristic 3 (whose dimension is 77!).

5. COMPOSITION SUPERALGEBRAS

A quadratic superform on a Zs-graded vector space U = Uy @ Uy over our field
F is a pair ¢ = (gg, b) where ¢5 : Uy — F is a quadratic form, and b: U x U — F
is a supersymmetric even bilinear form such that b|y; v, is the polar form of gg:
b(z5,%0) = 96(z0 + ¥o) — 90(26) — ¢6(vo)
for any x5, y5 € Ug.

The quadratic superform g = (gg, b) is said to be regular if the bilinear form b

is nondegenerate.
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Then a unital superalgebra C' = Cj @ Cf, endowed with a regular quadratic
superform ¢ = (gg,b), called the norm, is said to be a composition superalgebra
(see [EO02]) in case

a0(zoyo) = 90(70) 0 (¥o), (5.1a)
b(xgy, z52) = q5(xp)b(y, 2) = b(yzg, 27p), (5.1b)
b(zy, 2t) + (— 1) 54922y, ot) = (—1)¥b(z, 2)b(y, t), (5.1¢)

for any xg,yg € Cj and homogeneous elements x,y, z,t € C. (As we are working

in characteristic # 2, it is enough to consider equation (5.1c).)

Nontrivial composition superalgebras appear only over fields of characteristic
3 (see [EO02)):

e Let V be a 2-dimensional vector space over F, endowed with a nonzero
alternating bilinear form (.|.) (that is, (v|v) = 0 for any v € V). Consider
the superspace B(1,2) (see [She97]) with

B(1,2); =F1, and B(1,2); =V,
endowed with the supercommutative multiplication given by
lr=xl==x and uv = (ujv)l

for any x € B(1,2) and u,v € V, and with the quadratic superform
q = (o, b) given by:

Q(J(l) =1, b(u,v) = <U|U>7
for any u,v € V. If the characteristic of F is 3, then B(1,2) is a compo-
sition superalgebra ([EO02, Proposition 2.7]).

e Moreover, with V as before, let f — f be the associated symplectic
involution on Endg(V) (so (f(u)|v) = (u|f(v)) for any u,v € V and
f € Endp(V)). Consider the superspace B(4,2) (see [She97]) with

B(4,2)5 =Endg(V), and  B(4,2); =V,

with multiplication given by the usual one (composition of maps) in
Endp(V'), and by

v f=fv)=FfveV,
u-v = (|u)v € Endg(V)



Tits Construction of The Exceptional Simple Lie Algebras 577

for any f € Endp(V) and u,v € V, where (.|u)v denotes the endomor-
phism w — (w|u)v; and with quadratic superform ¢ = (gg,b) such that

@ (f) = det(f),  blu,v) = (ulv),

for any f € Endp(V) and u,v € V. If the characteristic is 3, B(4,2) is a
composition superalgebra ([EO02, Proposition 2.7]).

Given any composition superalgebra C' with norm ¢ = (gg,b), its standard

involution is given by
x+— T =b(z,1)1 -z,
and its triality Lie superalgebra tvi(C) = ti(C)g @ tri(C)7 is defined by:
ti(C)r = {(do, d1, d2) € 0sp(C,b)? :
do(zey) =di(z) ey + (—1)®z e ds(y) Va,y € C5U Cy},

for 7= 0,1, where ey = Zyj for any z,y € C, and 0sp(S, b) denotes the associated
orthosymplectic Lie superalgebra. The bracket in tri(C) is given componentwise.

Now the construction given in Section 4 of the Lie algebra g(C,C") is valid in
this setting. Therefore, given two composition superalgebras C' and C’, consider
the Lie superalgebra:

g=g(C,C") = (ti(C) ® ti(C")) ® (DL (C @ C")),

where +;(C' ® C") is just a copy of C ® C' (i =0, 1,2), with bracket given by the

superversion of (4.4):

e the Lie bracket in tti(C') @ tri(C”), which thus becomes a Lie subsuperal-
gebra of g,

° [(do, dl, dQ), Li(m‘ & .%'/>] =l (dz(.%') & :L'/),
o [(di,dy,db), iz @ a!)] = (—1)%%y, (z @ di(2')),
o [i(x®a"),1i41(y @ Y)] = (—=1)"Y1i42((x 0 y) ® (2’ @ 3')) (indices modulo

3),
iz @ '), u(y © )] = (=L)"Y (2!, )6 (L)

/

+(_1)ym b(.’E, y>9/l (t;:’7y’)7
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for any ¢ = 0, 1,2 and homogeneous z,y € C, 2’,y' € C’, (dy, dy,ds) € ti(C), and
(dfy, d}, ds) € tei(C”). Here 6 denotes the natural automorphism 6 : (dy, dy, da) —
(d2,do, dq) in tei(C), while t, , is defined now by

toy = (JLy, %b(w, y)1 —ryly, %b(m, y)l — lmry)
with I;(y) =z ey, r(y) = (—1)"y e x, and

02y(2) = (=1)¥"b(z, 2)y — (~1)*VFb(y, 2)a

for homogeneous z,y,z € S. Also #' and t/, y denote the analogous elements for
tei(C").

Assuming the characteristic of F is 3, the Lie superalgebras g(C,C"), where
C, C' run over {F,FxF, Maty(F), C(F), B(1,2), B(4,2)}, appear in Table 4, which
has been obtained in [CE07a], and which extends Table 3 with the addition of
two rows and columns filled with Lie superalgebras.

g(C,C") | F FxF Maty(F) C(F) B(1,2) B(4,2)

F A Ay Cs Fy psly o spg @ (14)
FxTF Ay @ Ay As Es | (pol; ®sl) @ (psl; ® (2))  pgls @ (20)
Maty (F) Dg Er | (spg @ sh) @ ((13) ® (2)) 5012 B spinia
C(F) Es | (fa®sh) @ ((25) @ (2)) e7 B (56)
B(1,2) s07 @ 2sping spg @ (40)
B(4,2) 5013 D spings

TABLE 4. A Supermagic Square in characteristic 3

Since the construction of g(C,C") is symmetric, only the entries above the di-
agonal are needed. In Table 4, the even and odd parts of the nontrivial superalge-
bras in the table which have no counterpart in the classification in characteristic
0 ([Kac77a]) are displayed, spin denotes the spin module for the corresponding
orthogonal Lie algebra, while (n) denotes a module of dimension n, whose pre-
cise description is given in [CE07a]. Thus, for example, g(Maty(F)), B(1,2)) is a
Lie superalgebra whose even part is (isomorphic to) the direct sum of the sym-
plectic Lie algebra spg and of sly, while its odd part is the tensor product of a
13-dimensional module for spg and the natural 2-dimensional module for sls.
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A precise description of these modules and of the Lie superalgebras as Lie
superalgebras with a Cartan matrix is given in [CEQ7a]. All the inequivalent
Cartan matrices for these Lie superalgebras are listed in [BGLO06].

Denote by g(n,m) the Lie superalgebra in Table 4 with dimC = n and
dimC’ = m. Then all the Lie superalgebras g(n,m) are simple unless either
n or m is equal to 2. The Lie superalgebra g(2,3) has a unique simple ideal of
codimension 1 whose even part is psls @ sly, while g(2,6) has a unique simple
ideal of codimension one whose even part is pslg.

In this way, a family of 10 new simple Lie superalgebras over algebraically
closed fields of characteristic 3 appear in Table 4. Actually, with the exception
of g(3,6), all these superalgebras had appeared for the first time in [Eld06],
where the g(n,3) and g(n,6) for n = 1,2,4, or 8 were described in terms of
some instances of the so called symplectic and orthogonal triple systems, and in
[E1d07b], where g(3,3) and g(6,6) appeared in a different way.

6. SOME FURTHER RESULTS AND REMARKS

In this section we mention several recent results related with the Tits construc-

tion and its extensions.

6.1. Bouarroudj, Grozman and Leites classification. The finite dimen-
sional modular Lie superalgebras over algebraically closed fields with indecompos-
able symmetrizable Cartan matrices (or contragredient Lie superalgebras) have
been classified in [BGL09] under some technical hypotheses, even in characteristic
2, where a suitable definition of Lie superalgebra is given first.

In characteristic p > 3, apart from the Lie superalgebras obtained as the
analogues of the Lie superalgebras in Kac’s classification in characteristic 0 by
reducing the Cartan matrices modulo p, there are only the following exceptions:

(1) Two exceptions in characteristic 5: bt(2;5) of dimension 10|12 (that is the
even part has dimension 10 and the odd part dimension 12), and el(5;5)
of dimension 55|32.

(2) The family of exceptions given by the Lie superalgebras in the Supermagic
Square in characteristic 3 (Table 4).



580 Alberto Elduque

(3) Another two exceptions in characteristic 3, similar to the ones in charac-
teristic 5: br(2;3) of dimension 10[8, and el(5;3) of dimension 39|32.

Besides the superalgebras in the Supermagic Square in characteristic 3 (Table
4), it turns out that the superalgebra el(5; 5) is the Lie superalgebra 7 (C(IF), K1)
in the Supermagic Rectangle (Table 2), while the superalgebra el(5;3) lives (as
a natural maximal subalgebra) in the Lie superalgebra g(3,8) of the Supermagic

Square in characteristic 3 (see [Eld09a]).

Therefore only two of the exceptions: br(2;3) and br(2;5) do not seem to be
connected to an extension of the Tits construction.

The simple Lie superalgebra bt(2;3) appeared for the first time in [Eld06],
related to an eight dimensional symplectic triple system. Finally, a simple model

of the Lie superalgebra br(2;5) appears in [Eld09a.

6.2. Jordan algebras and superalgebras. The Lie superalgebras that appear
in the Supermagic Square in characteristic 3 in Table 4 are strongly related to
some Jordan algebras and superalgebras.

Thus the even part of the Lie superalgebras g(B(l, 2), C’), for a composition
algebra C is the direct sum of the three-dimensional simple Lie algebra sl and
the Lie algebra of derivations of the simple Jordan algebra J = Hj3(C,*) of
3 x 3 hermitian matrices over C', while its odd part is the tensor product of
the two-dimensional natural irreducible module for sl with the module for det J
consisting of the quotient of the subspace J of trace zero elements in .J modulo
the subspace spanned by the identity matrix. (Since the characteristic is 3, the
trace of the identity matrix is 0.)

On the other hand, the Lie superalgebras g((B(4,2),C), with C as above, are
related to the simple Freudenthal triple system defined on the subspace of 2 x 2

matrices with diagonal entries in F and off-diagonal matrices in J = H3(C, *).
(See [CEQ7D] for the details.)

From a different perspective (see [CE09]), the Lie superalgebras g(B(1,2),C)
(respectively g(B(47 2), C’) ), for an associative composition algebra C, are related
to the simple Jordan superalgebra of the hermitian 3 x 3 matrices over the compo-
sition superalgebra B(1,2) (respectively B(4,2)). In particular, if C' = Maty(F)
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then we get the Tits-Kantor-Koecher Lie superalgebras of these simple Jordan
superalgebras.

Moreover, the simple Lie superalgebra g(B(1,2), B(1,2)) is the Tits-Kantor-
Koecher Lie superalgebra of the 9-dimensional simple Kac Jordan superalgebra
Ky (recall that the 10-dimensional Kac superalgebra in (3.1) is no longer simple
in characteristic 3, but contains a 9-dimensional simple ideal, which is the tensor

product (in the graded sense) of two copies of the tiny Kaplansky superalgebra
Ks.)

6.3. The fourth row of Tits construction in characteristic 3. If the char-
acteristic is 3, the Lie algebra of derivations of the Cayley algebra C(IF) is no
longer simple, but contains the simple ideal consisting of its inner derivations,
which consists just of the adjoint maps ady : y — [z,y]. This ideal is isomorphic
to the projective special linear algebra psl(3(F) (see [AMENO2]). It makes sense
then to consider a modified Tits construction:

T(C(F),J) = adgo ®(C° ® J°) @ inder J
~ (C°® J) @ inver J,

with a bracket like the one in (2.1). Then (see [Eld08]) 7(C,J) becomes a Lie
algebra if and only if J is a commutative alternative algebra (these two conditions

imply that J is a Jordan algebra).

The simple commutative alternative algebras are just the fields, so nothing
interesting appears here.

But there are two types of simple commutative alternative superalgebras [She97]
in characteristic 3, apart from the fields. The easiest simple commutative alter-
native superalgebra is the Jordan superalgebra J°2 which has already appeared
in the construction of the Supermagic Rectangle (Table 2) in Section 3.

It follows that the simple Lie superalgebra 7 (C(F), J°) coincides with the
unique simple ideal of codimension one in the Lie superalgebra g(2,3) = g(F x
F, B(1,2)) in the Supermagic Square in characteristic 3 (Table 4), so nothing new
appears here.

However, the other family of simple commutative alternative superalgebras in
characteristic 3 consists of the superalgebras B = B(T', d), where:
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e ['is a commutative associative algebra,

e d € derl is a derivation such that there is no proper ideal of I' invariant
under the action of d (that is, I' is d-simple),

e a(bu) = (ab)u = (au)b, (au)(bu) = ad(b) — d(a)b, for any a,b € T.

The most natural example of this situation is obtained if I' is taken to be the
algebra of divided powers

O(1;n) = span {t(r) 0<r<3"— 1} ,
where t(¢(s) = (Tjs)t(ﬂrs), and with d the derivation given by d(¢t(")) = ¢t("=1).

The Lie superalgebras 'j'(C(IF),B(O(l;n),d)) (n > 1) are then simple Lie
superalgebras with no counterparts in Kac’s classification. These simple Lie su-
peralgebras have appeared first in [BGLO6] in a completely different way, and
were denoted by Bj(1;n|7). (See [E1d08] for the details.)

6.4. Symmetric composition (super)algebras. In Section 4 a symmetric
construction of the Magic Square have been reviewed. It depends on two compo-
sition algebras, and uses their triality Lie algebras. However, nicer formulas for
triality are obtained in one takes the so called symmetric composition algebras
instead of the traditional unital composition algebras (see [KMRT98, Chapter
VIII]).

An algebra S, with product denoted by *, endowed with a regular quadratic
form n permitting composition: n(z *y) = n(x)n(y), and satisfying that n(z *

y,z) = n(x,y * z) for any z,y,z € 9, is called a symmetric composition algebra.

The easiest way to obtain a symmetric composition algebra is to start with a
classical composition algebra C' and consider the new multiplication defined by
reoy = Iy. Then C, with its norm but with this new product, is a symmetric
composition algebra, called a para-Hurwitz algebra.

Actually, if one looks at the definition of the triality Lie algebra tri(C'), one may
notice that, in terms of this new multiplication, the definition in (4.3) becomes:

tri(C) = {(do, d1,d2) € s0(C,n) : do(z e y) = di(x) ey + x @ da(y) Va,y € C}.

(This has already been used in the definition of the triality Lie superalgebra in
the previous section.) Also, the Lie bracket in g(C,C”) is better expressed in
terms of the para-Hurwitz product.
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The interesting fact about symmetric composition algebras is that, apart from
the para-Hurwitz algebras, there appear the so called Okubo algebras, which were
introduced, under a different name, in [Oku78].

Over our algebraically closed ground field F there is a unique Okubo algebra.
If the characteristic of F is #£ 2, 3, this Okubo algebra is defined as the subspace
sl3(IF) of trace zero 3 x 3 matrices, with the multiplication given by:

1
rxy=pry+ (1 —pyr — 3 tr(zy)1,

where pu is a solution of the equation 3X (1 — X) = 1, and the norm is given by
n(z) =  tr(z?). In characteristic 3 a different definition is required (see [EP96]
and the references there in).

Our definition of the Lie algebra g(C, C") is valid for C' and C’ being symmetric
composition algebras. For para-Hurwitz algebras this is the same construction,
but Okubo algebras introduce some extra features. Actually, over algebraically
closed fields, no new simple Lie algebras appear, but some new properties of
the simple exceptional Lie algebras can be explained in these new terms. For
instance, some interesting gradings on these algebras appear naturally induced
from natural gradings on Okubo algebras (see [E1d09b]).

In conclusion, I hope to have convinced the reader that the beautiful construc-
tion given by Tits [Tits66] of the exceptional simple Lie algebras, has continued to
be, more than forty years after its publication, a source of inspiration for further

work.
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