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An Invitation to n-Harmonic Hyperelasticity
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Salutations to Fred W. Gehring

Abstract: We give an account of some recent developments in which qua-
siconformal theory and nonlinear elasticity share common problems of com-
pelling mathematical interest. Geometric function theory is currently a field
of enormous activity where the language and general framework of nonlinear
elasticity is extremely fruitful and significant. As this interplay developed
n-harmonic deformations became valid and well acknowledged as generaliza-
tion of conformal mappings in Rn. We have also found a place for n-harmonic
deformations in the theory of hyperelasticity. J. Ball’s fundamental paper
[5] accounts for the principles of hyperelasticity and sets up mathematical
problems. In presenting the recent advances we have relied on a few new
existing articles [2, 3, 28, 29, 30, 31, 32, 33].
Keywords: n-Harmonics, Extremal problems, Quasiconformal mappings,
Variational integrals, Free Lagrangians.

1. Introduction and Notation

Throughout this text X and Y will be nonempty bounded domains in Rn, n > 2.
We will be considering mappings h : X → Y and f : Y → X in various Sobolev
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spaces. We always use the symbols W 1,p(X,Y) and W 1,p(Y,X), respectively, to
denote such spaces. The basic concepts are:

1) The differential matrix, also referred to as deformation gradient;

(1) Dh(x) =
[

∂hi

∂xj

]
∈ Rn×n , h = (h1, ..., hn)

where Rn×n is the space of n×n-matrices. We reserve the notation Rn×n
+

for the space of matrices with positive determinant.
2) The Jacobian determinat

(2) J(x, h) = det Dh , J(x, h) dx = dh1 ∧ ... ∧ dhn

More generally, to all pairs of ordered `-tuples I = (i1, ..., i`) and J = (j1, ..., j`),
where 1 6 i1 < ... < i` 6 n and 1 6 j1 < ... < j` 6 n, there correspond

3) the `× `-subdeterminants and their matrix of size
(
n
`

)× (
n
`

)
,

(3)
∂hI

∂xJ
=

∂
(
hi1 , ..., hi`

)

∂ (xj1 , ..., xj`
)

, D`×`h =
[

∂hI

∂xJ

]
∈ R(n

`)×(n
`)

For ` = n− 1, we obtain

4) Cramer’s cofactor matrix

(4) D]h =

[
(−1)i+j ∂

(
h1, ..., hi−1, hi+1, ..., hn

)

∂ (x1, ..., xj−1, xj+1, ..., xn)

]
∈ Rn×n

By convention, ∂hI

∂xJ
= 1 if ` = 0. In this way the total number of all subdetermi-

nants is:

(5)
n∑

`=0

(
n

`

)2

=
(

2n

n

)

The `×`-minors represent the infinitesimal deformations of `-dimensional objects.

We call an orientation preserving homeomorphism h : X onto−→ Y of Sobolev
class W 1,1

loc (X,Y) a deformation of X onto Y. Its domain X will be called the
reference configuration, while its image the deformed configuration. We shall use
these terms on frequent occasions in this text.

The general law of hyperelasticity tells us that there exists an energy integral

(6) E [h] =
∫

X
E(x, h, Dh) dx
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where E : X × Y × Rn×n → R is a given stored-energy function characterizing
mechanical properties of the material. The subject of study in hyperelasticity
are deformations which minimize the energy, also called the stationary solutions.
Except for a few problems in Section 3.2.2, we shall impose no particular bound-
ary values on the mappings h : X onto−→ Y. Those with smallest energy will be
called absolute minimizers. The question arises whether or not the absolute min-
imizer exists and is unique up to the energy preserving transformations. The
main idea is the direct method of the calculus of variations which we shall apply
to polyconvex energy functionals. The polyconvexity hypothesis, due to J. Ball
[5], directly gives the lower seimicontinuity of the energy. Consequently, the ex-
istence of the minimizers subject to the given boundary data can be established
without difficulties. A brief description of this method is as follows.

A stored-energy function is said to be polyconvex if it can be expressed (not
necessarily uniquely) as a convex function of the minors of the deformation gra-
dient; that is,

(7) E(x, h, Dh) = W
(

x, h,
∂hI

∂xJ

)

where for each (x, y) ∈ X×Y the functionW(x, y, ·) : Ω → R is convex in a domain
Ω ⊂ R(2n

n ). The point to make here is that the nonlinear differential operators
∂I

∂xJ
: W 1,`(X,Rn) → L 1(X) ⊂ D ′(X) are continuous in the weak topology of

W 1,`(X,Rn). Precisely, for every test function η ∈ C∞◦ (X), we have

(8)
∫

X
η(x)

∂hI
i

∂xJ
dx −→

∫

X
η(x)

∂hI

∂xJ
dx

whenever hi converges to h weakly in W 1,`(X,Rn). This is the key to the lower
semicontinuity property of the energy; that is,

(9) E [h] 6 lim inf
i→∞

E [hi]

Here the functions hi ∈ h◦ + W 1,n
◦ (X,Rn) have prescribed boundary data h◦ ∈

W 1,n(X,Rn) and converge to h weakly in W 1,n(X,Rn). For further details con-
cerning this method see [12, 49]. The ` × `-minors of the differential and their
linear combinations are called null Lagrangians. If the stored-energy function is a
null Lagrangian, its integral depends only on the boundary values of h : X→ Rn.
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In fact, we have

(10)
∫

X

∂hI

∂xJ
dx =

∫

X

∂gI

∂xJ
dx , whenever





g, h ∈ W 1,`(X,Rn)

g − h ∈ W 1,`
◦ (X,Rn)

Consequently, the Euler-Lagrange variational equation is satisfied by all map-
pings in W 1,`(X,Y); for further reading see [6], [7], [38], [16], [15], [14] and [22].
However, we shall be largely concerned with absolute minimizers; that is, homeo-
morphisms h : X onto−→ Y of finite energy without any restriction on the boundary.
In most of this text all homeomorphisms will have nonnegative Jacobian deter-
minant.

At this point we should bring on stage a special class of null Lagrangians. These
are the ones whose integral depends only on the homotopy class of a deformation
h : X onto−→ Y , regardless of its boundary values. Such special stored-energy
functions will be called free Lagrangians. The first, and perhaps most important
example, is the volume form

(11) E(h,Dh) = G
(
h(x)

)
J(x, h) , where G ∈ L 1(Y)

subject to all orientation preserving homeomorphisms h ∈ W 1,n(X,Y). Indeed,
by change of variables we obtain

(12)
∫

X
E(h,Dh) dx =

∫

Y
G(y) dy

where the right hand side does not depend on h. Finding free Lagrangians for a
specific pair of domains X and Y and applying them to a given energy integral is
a work of art. We shall demonstrate these ideas in case of spherical ring domains
in Section 6.

A further restriction, natural from the point of view of the hyperelasticity
theory, is that of isotropic stored-energy functions. Singular values σ1, ..., σn

of an n × n matrix M ∈ Rn×n are the eigenvalues of the positive semidefinite
symmetric matrix

√
M MT . For M = Dh these singular values are the principal

stretches of the deformation h : X→ Y. A hyperelastic material is called isotropic
if its stored-energy is a function of the principal stretches,

(13) E(x, h, Dh) = W(x, h, σ1, ..., σn)
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where W : X×Y×Rn
+ → R is symmetric with respect to the variables σ1, ...., σn.

Thus E(x, h, Dh) is invariant under rotation of Dh. We shall encounter isotropic
integrals in Section 4.

Let us now connect this discussion with mappings of finite distortion, see [23],
[34], [35], [36] and [27]. A major role is played by the following definition.

Definition 1.1. An orientation preserving homeomorphism h : X onto−→ Y of
Sobolev class W 1,1

loc (X,Y) is said to have finite distortion if J(x, h) > 0, except for
the points where Dh(x) = 0.

As might be expected there cannot be too many exceptional points. For ex-
ample such points cannot cover any open set almost everywhere. In what fol-
lows we will be working with various distortion functions of a homeomorphism
h : X onto−→ Y and its inverse f : Y onto−→ X . It will be understood, without
saying it so all the time, that the mappings in question have finite distortion.
The following function

(14) KO(x, h) =





|Dh(x)|n
n

n
2 J(x,h)

if J(x, h) ∈ Rn×n
+

1 if J(x, h) = 0

is called outer distortion.

Hereafter, we have used the Hilbert-Schmidt norm of a matrix M ∈ Rn×n,
|M | = (

TrM MT
) 1

2 . The inner distortion of h is defined by the rule

(15) KI (x, h) =





|D]h(x)|n
n

n
2 J(x,h)n−1

if J(x, h) ∈ Rn×n
+

1 if J(x, h) = 0

These two distortions are borderline cases of

(16) K`(x, h) =





|D`×`h(x)|n
(n

`)
n
2 J(x,h)`

if J(x, h) ∈ Rn×n
+

1 if J(x, h) = 0

Here ` = 1, 2, ..., n − 1. It is to be noted that all the above distortion functions
are polyconvex. In fact, they are also isotropic.
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2. n-Harmonic Integrals

We have now reached a stage where we may place all the above considerations
in relation to the n-harmonic integral, also called conformal energy

(17) En[h] =
∫

X
|Dh(x)|n dx

There are several natural ways that the n-harmonic type integrals arise in Geo-
metric Function Theory. If h : X onto−→ Y is a deformation of Sobolev class
W 1,n(X,Y), then

(18) En[h] =
∫

X
|Dh(x)|n dx > n

n
2

∫

X
J(x, h) dx = n

n
2 |Y| ,

by Hadamard’s inequality. We have equality here if and only if h is conformal. We
just see that conformal mappings are the absolute minimizers of the n-harmonic
energy. More generally, every K-quasiconformal mapping h : X onto−→ Y is an
absolute minimizer of its own energy integral defined by

(19) EG[h] =
∫

X
〈G−1(x) Dh , Dh〉n

2 dx = n
n
2 |Y|

where G = G(x), referred to as the distortion tensor of h, is a symmetric uni-
formly positive definite matrix of determinant 1. The map h solves the first order
system of PDEs,

(20) DT hDh = J(x, h)
2
n G(x) the Beltrami equation in Rn

For further reading on these topics see [47], [18], [8], [48] and [27]. An especially
important and profound connection of the n-harmonic energy with mappings of
finite distortion arises by considering to the inverse map f = h−1 : Y→ X.

THEOREM 2.1. Suppose a homeomorphism h : X onto−→ Y of finite distortion
belongs to W 1,n(X,Y). Then its inverse f : Y onto−→ X has finite integrable
distortion and we have

(21)
∫

X
|Dh(x)|n dx = n

n
2

∫

Y
KI (y, f) dy

A systematic treatment of this formula and related extremal problems have
been undertaken in recent papers by the authors and their collaborators [3], [20],
[19], [45], [21]. At this point in the discussion we shall also state without proofs
the minimal regularity assumptions on f .
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THEOREM 2.2. Suppose a homeomorphism f ∈ W 1,p
loc (Y,X) has integrable in-

ner distortion, where p = 1 in the planar case and p > n−1 in higher dimensions.
Then h has finite distortion and the identity (21) holds. †

The natural question arises whether or not two topologically equivalent do-
mains are n-harmonically equivalent. This is not always the case.

Example 2.1. Let X = U \ E and Y = V \ F, where U and V are domains
in Rn, n > 3, while E ⊂ U and F ⊂ V are closed disks of dimension k and `,
respectively, which we refer to as cracks in U and V. If 1 6 k < ` 6 n− 1, then
there exists no homeomorphism h : X onto−→ Y of Sobolev class W 1,n(X, Y). Thus,
the n-harmonic energy

(22) E [h] =
∫

X
|Dh(x)|n dx

is always infinite, even though there may exist a C∞-smooth diffeomorphism
h : X onto−→ Y.

Roughly speaking, an infinite conformal energy is required in order to increase
the dimension of a crack E ⊂ U if dimE < n− 1. It is possible, however, to make
a hole in V out of the crack E ⊂ U of dimension n− 1. It seems that flatness of
the cracks in this example is redundant.

Question 2.1. Given a domain U ⊂ Rn with a crack (a continuum E ⊂ U) of
topological dimension k, does there exist a deformation h : U \ E onto−→ V \ F of
finite conformal energy such that F is a crack of topological dimension ` in a
domain V ⊂ Rn, where 0 6 k < ` 6 n− 1.

A negative answer to this question would rule out quasiconformal equivalence
of the domains U\E and V\F. Considering Example 2.1 in relation with Theorem
2.1 we find that there is no homeomorphism f : Y onto−→ X in W 1,p(Y, X) having
integrable distortion. Various nonexistence results concerning quasiconformal
deformations are well known. For example, no quasiconformal mapping of a ball
can produce a spike which points into the ball [17]. It would be interesting to
describe all pairs of the domains X and Y for which there exist deformations
h : X onto−→ Y of finite conformal energy, or deformations f : Y onto−→ X with
integrable inner distortion.
†Even more, after the submission of this article, Theorem 2.2 has been proved as well [10].
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2.1. The Nitsche Phenomenon. Computing the infimum of energy integrals
by the direct method of variation we must pass to the limit of a minimizing
sequence hj : X onto−→ Y . In this procedure the injectivity of the weak limit
h : X onto−→ Y is most likely to be lost. Nevertheless, with a little geometric
assumption on Y, h has right inverse f : Y onto−→ X , see [31]. Precisely, we require
that ∂Y consists of at least two finitely many boundary components. Moreover,
f has bounded variation, meaning that Df exists as a Borel measure. Although
h need not be injective, it is still a legitimate deformation, for no cracks are
produced by h, see [42] for further questions. We shall illustrate the lack of
injectivity in case of mappings h : X onto−→ Y between annuli

X=A = A (r,R) =
{
x ∈ Rn ; r < |x| < R

}
(23)

Y=A∗ = A∗ (r,R) =
{
y ∈ Rn ; r∗ < |y| < R∗

}
(24)

We shall only consider orientation preserving homeomorphisms h : A onto−→ A∗

which take the inner boundary of A onto the inner boundary of A∗ in the sense
of cluster sets. Let us commence with the planar annuli for which the energy
E [h] =

∫
A |Dh(x)|2 dx assumes its minimum value on injective maps.

THEOREM 2.3. (The Nitsche bound) Suppose the reference annulus A is
conformally not too fat relative to the deformed configuration A∗. Precisely, we
assume the following Nitsche bound

(25)
R

r
6 R∗

r∗
+

√
R2∗
r2∗
− 1 , or equivalently

R∗
r∗

> 1
2

(
R

r
+

r

R

)

Then the complex harmonic function

(26) h(z) = λ
(
z +

ω

z

)
,





ω = rR(Rr∗−rR∗)
RR∗−rr∗

λ = RR∗−rr∗
R2−r2

is a diffeomorphism of A onto A∗. This map is a unique minimizer of the con-
formal energy up to the rotation of A and A∗.

The proof is based on a point-wise estimate of |Dh|2 in terms of a free La-
grangian,

(27) |Dh(x)|2 > L(x, h, Dh)
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Integrating over A, we see that for every deformations h, h◦ : A onto−→ A∗ of finite
energy

(28) E [h] =
∫

A
|Dh|2 >

∫

A
L(x, h, Dh) dx =

∫

A
L(x, h, Dh◦) dx

Now the task is to find a free Lagrangian E : A×A∗×R2×2 → R and a deformation
h◦ : X onto−→ Y such that

(29)
∫

A
L(x, h, Dh◦) dx =

∫

A
|Dh◦|2

Indeed, such a null Lagrangian has been found in [32], see also [2], and [28] for
related results. It turns out that the Nitsche map in (26) gives the desired iden-
tity (29). Although the above general idea is natural and simple, the execution of
this plan is far from being easy. The difficulty lies chiefly in controlling the chain
of point-wise inequalities that we encounter on the way to (27). The Nitsche map
must give us equality at every link of this chain. Luckily, it was possible. Al-
though, it is far from obvious, one can show that homeomorphisms h : X onto−→ Y
with smallest conformal energy are harmonic maps; the components are harmonic
functions. To this effect one must perform a variation of the conformal energy
within homeomorphisms that leads to the Laplace equation. Such a variation is
furnished by the Radó-Kneser-Choquet theorem [46], [37], [9] and [13]. It asserts
that a harmonic extension of a homeomorphism h : ∂U onto−→ ∂D (D is a bounded
convex domain in R2) is a homeomorphism of U onto D. Furthermore, by the the-
orem of Lewy [39] the Jacobian of an injective harmonic map h : X onto−→ Y does
not vanish. Thus h is a C∞-diffeomorphism. Analogous questions concerning
n-harmonic extensions of a boundary map, n > 3, remain open. However, a com-
plete analogy of the Choquet-Kneser-Lewy-Radó theory for n-harmonic maps, at
least in dimensions n > 7 looks very doubtful, see the famous example of Milnor
[40]. We omit further details.

Let us take a closer look at the critical case in the Nitsche bound; that is,

(30)
R∗
r∗

=
1
2

(
R

r
+

r

R

)
, or equivalently

R

r
=

R∗
r∗

+

√
R2∗
r2∗
− 1

The Nitsche map takes the form

(31) h(z) =
r∗
2 r

(
z +

r2

z

)
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Note that the Jacobian

(32) J(z, h) =
r2∗

4 r2

(
1− r4

|z|4
)

vanishes on the inner boundary circle |z| = r. Crossing this circle we loose
injectivity of h and there is a reason for this:

Conjecture 2.1. (Nitsche, [43], 1962) There is no harmonic deformation

(homeomorphism) h : A onto−→ A∗ if R
r > R∗

r∗ +
√

R2∗
r2∗
− 1. ‡

The Nitsche bound (25) has originated from a study of minimal surfaces [44].
It tells us that the conformal modulus of a minimal graph over a given annulus
A∗ does not exceed log

(
R∗
r∗ +

√
R2∗
r2∗
− 1

)
. The greatest modulus is attained on a

half slab of a catenoid. The Nitsche bound should not be regarded as answering
the general question of existence of the extremals h : A → A∗. It says, however,
that when A is too fat relative to A∗, then one must accept noninjective weak
limits of homeomorphisms h : A onto−→ A∗ as legitimate deformations. One of
many possible candidates for a legitimate deformation is facilitated by squeezing
a portion of A (hammering flat) onto the inner boundary of A∗. We shall do it in
a way so that the rest of A remains in the Nitsche critical configuration with A∗.

(33) h(z) =





r∗ z
|z| , r < |z| < ρ hammering map

r∗
2ρ

(
z + ρ2

z

)
, ρ < |z| < R critical Nitsche map

where the radius ρ ∈ (r,R) is determined by the equation

(34)
R∗
r∗

=
1
2

(
R

ρ
+

ρ

R

)

It is true, though somewhat unexpected, that this deformation of A onto A∗

indeed requires smallest conformal energy among all legitimate deformations.
Moreover, such extremal map is unique up to the rotation of the annuli. Let us
emphasize that not all harmonic homeomorphisms minimize the energy; they are
only equilibrium solutions. In fact there exist many univalent harmonic maps
from A onto A∗ when R∗

r∗ > 1
2

(
R
r + r

R

)
. In view of [25] we now know that only

one (up to a rotation) in the borderline case, and none otherwise.

‡The fascinating and engaging Nitsche conjecture remained open for almost a half of a century.

Most recently L. V. Kovalev and the authors of this survey provided, among further generaliza-

tions, an affirmative answer to Nitsche’s conjecture [24, 25, 26].
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Figure 1. Hammering a portion of an annulus flat.

An exactly similar Nitsche phenomenon pertains to higher dimensions [28].
The counterparts of the Nitsche map are n-harmonics; that is, radial mappings
h(x) = H

(|x|) x
|x| that satisfy the n-harmonic system

(35) div |Dh|n−2Dh = 0 in the punctured space Rn
◦ = Rn \ {0}

This second order Lagrange equation for h can be nicely reduced to the first order
ODE for H with one free parameter c ∈ R, namely

(36)
[
(n− 1)H2 + t2Ḣ2

]n−2
2

(
H2 − t2Ḣ2

)
≡ c

In n-dimensions, the Nitsche condition takes the form

(37) N

(
R

r

)
6 R∗

r∗

A precise formula for the function N : [1,∞) → [1,∞) has been given in [28].
For example, N(t) = 1

2

(
t + 1

t

)
in dimension 2. In all dimensions, we always have

N
(

R
r

)
< R

r . Under the Nitsche condition (37) there is one and only one radial
n-harmonic homeomorphism which takes A onto A∗.

With these remarks in mind, Theorem 2.3 extends to dimension 3 as follows.

THEOREM 2.4. Suppose that the annuli A and A∗ satisfy the Nitsche condition
(37), n = 3. Then the smallest conformal energy among all homeomorphisms
h : A onto−→ A∗ is attained on the radial n-harmonic map. This extremal map is
unique up to the rotation of the annuli.

Now, consider the case below the Nitsche bound, R∗
r∗ < N

(
R
r

)
and n > 3.

As in the planar case, among all the legitimate deformations (weak limits of
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homeomorphisms) the n-harmonic energy assumes its smallest value on

(38) h(z) =





r∗ z
|z| , r < |z| < ρ hammering map

H
(|x|) x

|x| , ρ < |z| < R critical Nitsche map

where ρ ∈ (r,R) is determined by the equation R∗
r∗ = N

(
R
ρ

)
.

Because of rotational symmetry of the annuli and conformal invariance of the n-
harmonic integral one might naturally expect that the extremal deformations are
radial mappings. Proving this in dimension 3 requires a rather sophisticated use
of free Lagrangians. However, in spite of our geometric intuition the case n > 4
is dramatically different. The extremal mappings remain radially symmetric only
when the target annulus is not too fat. In [28] we gave an example of the annuli
for which no radial homeomorphism h : A onto−→ A∗ minimizes the n-harmonic
energy. In addition to (37) an upper bound on R∗

r∗ came to the rescue,

(39) N

(
R

r

)
6 R∗

r∗
< M

(
R

r

)

where the function M : [1,∞) → [1,∞) (call it upper Nitsche bound) has been
identified in [28]. Note that N

(
R
r

)
< R

r < M
(

R
r

)
.

THEOREM 2.5. Let the annuli A,A∗ ⊂ Rn, n > 4, satisfy the lower and upper
bounds in (39). Then among all homeomorphisms h : A onto−→ A∗ the smallest
conformal energy is attained on radial n-harmonics. Such extremal maps are
unique up to rotation of the annuli.

Theorems 2.3 and 2.4 show in particular that M(t) ≡ ∞ in dimensions n = 2, 3.
This means that no upper bound for the ratio R∗

R is required in dimensions
n = 2, 3.

2.2. Elasticity Function. There is an interesting common feature of all radial
extremals for spherical annuli in Rn in the isotropic case. It concerns the elasticity
function of h = H

(|x|) x
|x| , defined by the rule

(40) η(t) =
tḢ(t)
H(t)

for r < t < R
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It follows directly from the equation (36) that there are only three possibilities
for the n-harmonics, depending whether c > 0, c = 0, or c < 0.

η(t) =
tḢ

H
< 1 , for all r < t < R (inelastic case)(41)

η(t) =
t Ḣ

H
= 1 , for all r < t < R (conformal case)(42)

η(t) =
t Ḣ

H
> 1 , for all r < t < R (elastic case)(43)

As a matter of fact each of these cases pertains to the annuli X and Y; it can
be recognized without knowing the extremal deformation h : X onto−→ Y . To this
effect we observe that

(44)

∫ R
r η(t) dt

t∫ R
r

dt
t

=
log R∗

r∗

log R
r

=
ModY
ModX

Hence

η(t) < 1 iff ModY < ModX(45)

η(t) = 1 iff ModY = ModX(46)

η(t) > 1 iff ModY > ModX(47)

The above three cases occur here not by chance see Section 4 for a glimpse of
more general isotropic energy integrals.

3. The Total Energy

In general, the inverse of a homeomorphism h : X onto−→ Y in W 1,∞
loc (X,Y) need

not belong to W 1,1
loc (Y,X). From now on we consider only orientation preserving

homeomorphisms h : X onto−→ Y in W 1,n(X,Y) between bounded domains in Rn

whose inverse f : Y onto−→ X also lies in W 1,n(Y,X). Thus we may speak of
n-harmonic energy integrals for both h and f ,

(48) EX [h] =
∫

X
|Dh(x)|n dx and EY [f ] =

∫

Y
|Df(y)|n dy

Let us combine these two integrals into so-called total n-harmonic energy

(49) E [h, f ] =
α

|Y|
∫

X
|Dh(x)|n dx +

β

|X|
∫

Y
|Df(y)|n dy , α + β = 1
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where α and β are given positive numbers. In view of Theorems 2.1 and 2.2 this
translates into the average of the mean total distortion; that is,

(50) n
n
2 E [f, h] = α−

∫

Y
KI (y, f) dy + β −

∫

X
KI (x, h) dx > 1

It measures, in the average sense, the deviation of f and h from conformal map-
pings. Indeed, the mean total distortion equals 1 if and only if h and f are
conformal. Let us emphasize in this connection that classical Teichmüller theory
deals with mappings of smallest L∞-norms of the distortion of h and f . In case
of planar simply connected domains, we infer via the Riemann Mapping Theo-
rem [27] that the minimizers of the mean total energy are conformal mappings, in
which case KI (x, h) ≡ 1 = KI (y, f). However, in higher dimensions or even for
planar multiply connected domains, conformal mappings between X and Y may
not exist. This divergence from the classical conformal theory is best illustrated
in case of annuli, see Section 6.

3.1. Polyconvex and Conformally Coerced Integrals. More general math-
ematical models of hyperelastic deformations [1, 5, 11] are concerned with map-
pings h : X→ Y which minimize a given stored-energy of the form

(51) E [h] =
∫

X
H(x, h, Dh) dx , where Dh ∈ Rn×n

+

This energy integral can usually be turned around so as to yield, at least formally,
the energy of the inverse map. By change of variables we obtain

(52) E [f ] =
∫

Y
F(y, f, Df) dy

where

(53) F(y, x, F ) = H(x, y, F−1) det F

for matrices F ∈ Rn×n
+ . Here are such examples. In dimension n = 2, the

L 1-norm of Dh is the same as the L 1-norm of Df

(54) E1[h] =
∫

X
|Dh(x)|dx =

∫

Y
|Df(y)|dy = E1[f ]

In general, however, convexity of a stored-energy function is lost upon passing
to the inverse map. For instance, when n > 2, the L 1-norm of the deformation
gradient translates into the L 1-norm of the cofactors for the inverse map

(55) E1[h] =
∫

X
|Dh(x)|dx =

∫

Y
|D]f(y)|dy = E][f ]
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It is our conviction that a viable theory of elastic deformations should make no
distinction between h : X onto−→ Y and f : Y onto−→ X , like in Geometric Function
Theory. Therefore, the notion of convexity is not well suited to such theory. But
the concept of polyconvexity, invented and studied by J. Ball [5], [4] suits well.

Proposition 3.1. Polyconvexity of H : X × Y × Rn×n
+ → R for h : X → Y is

equivalent to polyconvexity of F : Y× X× Rn×n
+ → R for f : Y→ X.

It is interesting to note that Proposition 3.1 actually extends to other familiar
concepts of convexity in the Calculus of Variations, such as Morrey’s notion
of quasiconvexity or rank-one convexity, [41]. But we shall not enter into this
territory here.

We say that the integrand H : X × Y × Rn×n
+ → R or, equivalently, F :

Y× X× Rn×n
+ → R is conformally coerced if

(56)





c1 |H|n 6 H(x, y, H) , for all H ∈ Rn×n
+

c2 |F |n 6 F(y, x, F ) , for all F ∈ Rn×n
+

where c1 and c2 are positive constants. Hereafter, we assume that H depends
continuously on (x, y) ∈ X×Y, though weaker regularity (Lusin’s measurability)
suffices, see [32].

3.2. Existence Theorems. We are now in a position to formulate the most
general existence results.

3.2.1. Free Boundary Values.

THEOREM 3.1. Let X and Y be bounded domains with at least two but finitely
many boundary components. Suppose H : X × Y × Rn×n

+ → R is continuous
polyconvex and conformally coerced. Then the energy integral

(57) E [h] =
∫

X
H(x, h, Dh) dx ,

subject to all orientation preserving homeomorphisms h : X onto−→ Y in the Sobolev
space W 1,n(X,Y), assumes its minimum value.

Here it is tacitly assumed that the domain of definition of E is not empty. The
reader may wish to recall Example 2.1 to see that it may be empty.
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3.2.2. The Dirichlet Boundary Value Problem. One might consider the Dirichlet
problem for the energy functional

(58) EX [h] =
∫

X

[
α |Dh(x)|2 + β

|Dh(x)|2
J(x, h)

]
dx α, β > 0

for mappings h ∈ W 1,2(X,R2) with nonnegative Jacobian determinant. Suppose
we are given the Dirichlet data h◦ ∈ W 1,2(X,R2), h◦ : X onto−→ Y , which is an
orientation preserving homeomorphism of finite energy. We wish to find h ∈
h◦ + W 1,2

◦ (X,R2) with J(x, h) > 0 having smallest energy. A priori, h need not
be a homeomorphisms. Before making a statement let us recall that the inverse
of h◦, denoted by f◦ : Y→ X, has its own finite energy

EY [f◦] =
∫

Y

[
β |Df◦(y)|2 + α

|Df◦(y)|2
J(y, f◦)

]
dy

=
∫

X

[
α |Dh◦(x)|2 + β

|Dh◦(x)|2
J(x, h◦)

]
dx = EX [h◦](59)

It is not obvious, though true, that every h ∈ h◦+W 1,2
◦ (X,R2), J(x, h) > 0, with

EX [h] < ∞ is a homeomorphism of X onto Y. § Thus in particular the above
properties of the Dirichlet data h◦ and f◦ also hold for every contender h and its
inverse f : Y→ X. Finally, using lower semicontinuity of polyconvex functionals
we conclude

THEOREM 3.2. The energy EX [h] defined for mappings h ∈ h◦ + W 1,2
◦ (X,R2)

with J(x, h) > 0 attains its minimum. Every minimizer is a homeomorphism of
X onto Y.

4. Isotropic Integrals

We consider now isotropic materials whose stored-energy function takes the
form

(60) H(Dh) = W (ρ1, ρ2, ..., ρn)

§As h ∈ W 1,2(X,R2) has integrable distortion it must be open and discrete [34]. Then the degree

theory tells us that h is indeed a homeomorphism, see [32] and [6].
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where W : R+× ...×R+ → R is a symmetric function in the principal stretchings
ρ1, ..., ρn. Thus H depends solely on the norms of the cofactor matrices D`×`h.

H(Dh) = Γ
(

...,
∣∣∣D`×`h

∣∣∣ , ...
)

, where Γ : R+ × ...× R+ → [0,∞)

Note that Dn×nh = J(x, h). Suppose now that Γ ∈ C∞(R+ × · · · × R+) and
denote by Γ1,Γ2, ...,Γn and Γk `, k, ` = 1, 2, ..., n, the first and second order
partial derivatives of Γ. To ensure polyconvexity of H we assume further that:

i) The Hessian matrix [Γk `] is nonnegative definite.
ii) The first n− 1 terms Γ1, ...,Γn−1 are strictly positive.

Note that we do not assume here as it is in many interesting cases, that the
dependence of Γ on the Jacobian determinant is monotone.

There is an interesting common feature of all such isotropic integrals, at least
when X and Y are annuli. It turns out that the elasticity function η of the
extremal radial map h = H

(|x|) x
|x| always satisfies the same conditions as n-

harmonics do; that is, (41), (42) or (43). Moreover H is either convex, linear or
concave, see Figure 2.

5. Free Lagrangians

For X and Y bounded domains in Rn we consider the class Fp(X,Y) of all
homeomorphisms h : X onto−→ Y in the Sobolev space W 1,p(X,Y), 1 6 p < ∞.
This class splits into two subclasses Fp

+(X,Y) and Fp
−(X,Y), according to whether

h preserves of reverses orientation.

Definition 5.1. A free Lagrangian in the space Fp(X,Y) is a continuous function
L : X× Y× Rn×n → R such that the energy integral

(61) E [h] =
∫

X
L(x, h, Dh) dx , for h ∈ Fp(X,Y)

is well defined (converges) and its value depends only on the homotopy class of
h ∈ Fp(X,Y).

In the mathematical models of elasticity one prevents impenetrability of matter
by assuming that J(x, h) > 0, almost everywhere. Actually, in our subsequent
examples this condition will always be satisfied for mappings of finite energy. The
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most elementary example of a free Lagrangian is

(62) L(x, h, Dh) = F (x) , where F ∈ L 1(X)

Thus E [h] =
∫
X F (x) dx for all h ∈ Fp(X,Y). Less trivial though still simple

is the dual example obtained by pulling back a volume form ω = G(y) dy, with
G ∈ L 1(Y), via a homeomorphism h ∈ W 1,n(X,Y).

(63) L(x, h, Dh) = G(h) J(x, h)

Thus E [h] = ± ∫
YG(y) dy for h ∈ Fn

+(X,Y) and h ∈ Fn−(X,Y), respectively.

The idea of pulling back a differential `-form on Y by a homeomorphism
h : X onto−→ Y is effective in constructing other free Lagrangians, see [28] and
[32]. Here we confine ourselves to annuli A = {x ∈ Rn ; r < |x| < R} and
A∗ = {x ∈ Rn ; r∗ < |x| < R∗} and a subfamily Fp

◦ (A,A∗) ⊂ Fp
+(A,A∗) of

homeomorphisms h : A onto−→ A∗ preserving the order of boundary components;
that is, |h(x)| = r∗ for |x| = r and |h(x)| = R∗ for |x| = R.

In the class Fn−1◦ (A,A∗) we can define the tangential energy of h = (h1, ..., hn)
by

ET [h] def==
∫

A

n∑

i=1

hi dh1 ∧ ... ∧ dhi−1 ∧ d|x| ∧ dhi+1 ∧ ... ∧ dhn

|x| |h|n(64)

= ωn−1 log
R

r
= ModA

where ωn−1 stands for the (n− 1)-surface area of Sn−1.

A dual example is furnished by the normal energy of h

EN [h] def==
∫

A

n∑

i=1

xi dx1 ∧ ... ∧ dxi−1 ∧ d|h| ∧ dxi+1 ∧ ... ∧ dxn

|h| |x|n(65)

= ωn−1 log
R∗
r∗

= ModA∗

provided h ∈ F1◦ (A,A∗). The duality between these two free Lagrangians is em-
pasized by the following identity ET [h] = EN [f ], where f : A∗ → A is the inverse
of h. In studying deformations of annuli it is convenient to use polar coordinates.
Accordingly, the tangential and normal components of the deformation gradient
can be introduced by the identity

(66) |Dh(x)|2 =
n∑

i,j=1

∣∣∣∣
∂hi

∂xj

∣∣∣∣
2

= |hN |2 + (n− 1) |hT |2
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see [28].

Now the integral for the normal energy of h takes the form

(67) EN [h] =
∫

A

|h|N
|h|

dx

|x|n−1
= ωn−1 log

R∗
r∗

= ModA∗

Thus the differential expression E(x, h, Dh) = |h|N
|x|n−1|h| is a free Lagrangian. The

same observation pertains to a slightly more general case. Given Ψ ∈ C 1[r∗, R∗]
we find that

(68) EΨ[h] def==
∫

A

Ψ′(|h|) |h|N
|x|n−1

dx = ωn−1 [Ψ(R∗)−Ψ(r∗)]

As a generalization of this idea we now consider the following free Lagrangian

(69) E(x, h, Dh) =
Φt

(|x|, |h|) + Φτ

(|x|, |h|) |h|N
|x|n−1

where Φ = Φ(t, τ) is any C 1-function of two variables (t, τ) ∈ [r,R] × [r∗, R∗]
and Φt and Φτ denote its partial derivatives. Indeed, using the polar coordinates
x = t · ω, where ω ∈ Sn−1, we compute the energy independently of h,

EΦ[h] def==
∫

A
E(x, h, Dh) dx

=
∫

Sn−1

(∫ R

r

[
Φt

(
t, |h(tω)|) + Φτ

(
t, |h(tω)|)d|h(tω)|

dt

]
dt

)
dω

=
∫

Sn−1

(∫ R

r

d
dt

Φ
(
t, |h(tω)|) dt

)
dω

=
∫

Sn−1

[Φ(R, R∗)− Φ(r, r∗)] dω

= ωn−1 [Φ(R, R∗)− Φ(r, r∗)](70)

as desired.

6. Extremal Deformations of Annuli, n = 2

We shall now demonstrate how to minimize the total harmonic energy of h :
A onto−→ A∗ and its inverse f : A∗ onto−→ A

E [h, f ] = α

∫

A
|Dh(x)|2 dx + β

∫

A∗
|Df(y)|2 dy

=
∫

A

[
α |Dh(x)|2 + β

|Dh(x)|2
J(x, h)

]
dx , α, β > 0(71)
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We shall consider deformations h ∈ F2◦ (A,A∗). It involves no loss of generality
in assuming that the deformed annulus is conformally fatter than the reference
annulus, since otherwise we could reverse the situation by considering the inverse
map f : A∗ onto−→ A . Thus we assume that R

r < R∗
r∗ . By virtue of Theorem

3.1 we already know that a minimizer in F2◦ (A,A∗) exists. But we shall not rely
on this fact though. Geometric intuition tells us that we have to examine radial
mappings as candidates for the minimum energy,

(72) h(x) = H
(|x|) x

|x| , r < |x| < R

where H : [r,R] → [r∗, R∗] is continuously increasing from H(r) = r∗ to H(R) =
R∗. Presupposing that this is the case we first derive the equilibrium equation
for H

(73) Ḧ =
(
H − tḢ

)
(
α H Ḣ + β t

)
Ḣ2

(
α t Ḣ3 + β H

)
tH

where dots stand for the derivatives of H = H(t). Rather routine analysis of this
ODE reveals that the above boundary value problem has a unique solution. A
similar equation holds for the inverse mapping F = F (τ), r∗ < τ < R∗,

(74) F̈ =
(
F − τḞ

)
(
β F Ḟ + α τ

)
Ḟ 2

(
β τ Ḟ 3 + α F

)
τ F

ra

r R

t

z

z=H

0

Concave

Zone

Convex

Zone
Ra

PSfrag replacements

0

t

z

r

r∗

R

R∗
z = H(t)

Figure 2. Radial extremals, α > 0 and β > 0.
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We shall make use of the functions H
(|x|), Ḣ

(|x|), F
(|h|) and Ḟ

(|h|) to con-
struct free Lagrangians. It is by no means obvious at this point which free
Lagrangians should be selected and combined for our purpose. After a deep
analysis of the problem, too involved to be discussed in detail, we came out with
the following point-wise estimate

E(x, h, Dh) = α |Dh|2 + β
|Dh|2
J(x, h)

(75)

> A
(|x|) + B

(|h|) J(x, h) +
Φt

(|x|, |h|) + Φτ

(|x|, |h|)|h|N
|x|

where

(76) A(t) = 2 β
H(t)
t Ḣ(t)

+
α

t2

[
H2(t) − t2Ḣ2(t)

]

(77) B(τ) = 2 α
τḞ (τ)
F (τ)

+
β

τ2

[
F 2(t) − τ2Ḟ 2(τ)

]

The function Φ : [r,R] × [r∗, R∗] → R can also be expressed in terms of H(t),
Ḣ(t), F (τ) and Ḟ (τ). But we shall not include the explicit description of Φ here;
the reader may wish to consult [32] for the derivation of inequality (75). It is
important to emphasize that (75) turns into equality if and only if h is a rotation
of the radial map H

(|x|) x
|x| , where H satisfies the equilibrium equation (73). We

are now in a position to compute the minimum energy
∫

A
E(x, h, Dh) dx >

∫

A
A

(|x|) dx +
∫

A
B

(|h|) J(x, h) dx

+
∫

A

Φt

(|x|, |h|) + Φτ

(|x|, |h|) |h|N
|x|

= 2π

∫ R

r
tA(t) dt + 2π

∫ R∗

r∗
τ B(τ) dτ

+ 2π [Φ(R, R∗)− Φ(r, r∗)](78)

for all h ∈ F2◦ (A,A∗). We have equality for h = H
(|x|) x

|x| .

7. The Failure of Radial Symmetry, n > 4

It seems natural to speculate that the rotational symmetry of the annuli
A,A∗ ⊂ Rn and the rotational invariance of E(x, h, Dh) imply radial symme-
try of the extremal deformations. This is not always the case. Let us recall the
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mean total distortion of h : A onto−→ A∗ and its inverse f : A∗ onto−→ A,

(79) n−
n
2 E [f, h] = β −

∫

A
KI (x, h) dx + α−

∫

A∗
KI (y, f) dy , α, β > 0

or, equivalently

(80) E [f, h] =
α

|A∗|
∫

A
|Dh(x)|n dx +

β

|A|
∫

A∗
|Df(y)|n dy , α, β > 0

The existence of the extremal deformation has been established in Theorem 3.1.
For n = 2 this extremal map is indeed radially symmetric. Although we did not
study (80) for n = 3 it seems that radial symmetry of the extremal map for (80)
still remains valid. This is certainly true when β = 0, see [28]. Ending, we have
some surprise for the reader.

THEOREM 7.1. For each n > 4 there are annuli A,A∗ ⊂ Rn such that E [f, h]
does not assume its minimum value on any radial map. Here in dimension n = 4
we assume that α > 3β or β > 3α.
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