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1 Introduction

Let p > 1 be a constant. In 1920, Hardy [7] showed that, for any positive
f(z) € LP(0, 00),

[T e (25) [ wras

where F(x) = [ f(t)dt, and the constant (p%l)p is optimal.
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In 1933, Leray [8] gave the following multidimensional version of Hardy’s

inequality

2
/ 21172 dz < 4/ \Vul?dz, wue€ C§P(R*\ B1(0)) (1.1)
R2\B, (0) [2]° In” || R2\B1(0)

u? 2 2
— de<|—"— 24 CP(MRN), N>3 (1.2
[otmaes (32g) [, WuPar wecr@). N23 02

We may call the above two inequalities Hardy-Leray inequality, which is called
Hardy-Sobolev inequality in the literature (see [1]). For any bounded domain
Q C Bg(0) including origin, Br(0) denotes a ball in RY with radius R and
centered at 0, Shen [9] obtained (1.1) with In? || being replaced by In® R/|x|.

Brézis and Viazques [3] obtained a remainder term for the Hardy-Leray’s

2N

~—3> N > 3, there exists a constant

inequality. More precisely, if 1 < ¢ <
C(q,|€?]) > 0 such that

N —9)2 2 2/q
/\Vu|2dx—(2)/ U 4r > O(g,19)) </ \u|de> . uwe HYQ)
Q 4 a |zl Q
(1.3)

They raised some open problems in [3], and the second one states whether there

is a further improvement in the direction of this inequality.

Véazquez and Zuazua [16], among other results, improved the previous in-
equality by showing that if 1 < ¢ < 2, there exists a constant C(g, |€2|) > 0 such
that, for each u € H§(9),

/Q|vu\2dx— W/{luzdx > C(q,]9)) (/Q |qudx)2/q (1.4)

|z [?

The Caffarelli-Kohn-Nirenberg inequality [4] shows that, if 1 < p < N and
v < %, for any u € C3°(9),

cp/ﬂlx\p(7+1)|u]pdx§/ﬂ|xm]VuP”dx (1.5)

where  is allowed to be the whole space RY.

Wang and Willem [17] obtained the Caffarelli-Kohn-Nirenberg inequality with
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optimal remainder, that is, if 0 €  C Bg(0), then for any u € HZ(Q),

N-2(v+1)]?
/|x\_27\Vu|2daz— [;W)} /|:c|—2<'v+1>|u\2dx
Q Q

zc/ "2V (In R/|2)) 2| Vuldz (1.6)
Q

It is optimal in the sense that (In R/|z|)~! can not be replaced by g(x)(In R/|x|)~*
with g satisfying |g(z)| — oo as |z| — 0. If v = 0, (1.6) gives a positive answer to
the second open problem of [3] in some sense. The authors proved another result

which works for bounded domains as well as exterior domains, that is,

N-2(v+1)]?
/|x\27\vu|2dg;— {;H)} /]az\2(7+1)]u\2dx
Q Q

1
> 5 [ a0 Ry 2 e

where v < %, Q C Bg(0) or Q C BF(0). Moreover, the constant  is also

sharp.

Abdellaoui et al. [1] proved that if 1 < ¢ < p < N, then for any u € C§°(12),

_ p p
/\x|7p|Vupdx— [Np(v—kl)} /Mldx > C/ || |Vl da
Q P Q ’x‘p(v+ ) Q
(1.7)

where ¢ < r < 400 if v <0, or r < p+ p(N,p,q,v) for some positive constant
p if v > 0. The authors point out that it seems to be an open problem to
obtain the best weight for (1.7) as in (1.6), in the case p # 2. In this paper, we
give a positive answer to this open problem. In fact, we obtain the Caffarelli-
Kohn-Nirenberg inequality with general weights and remainder term. Because
the weight is general, we also obtain the corresponding inequality with weight
|2| 77 in the case of N = p > 1. When N = p = 2, this problem has been

discussed in [14].

Now we introduce the weighted Sobolev space. Let ¢ be a positive continuous
function with ¢(|z|) € L(B;s(0)) for some positive ¢, and define

h(r1,ra) = CU/ (qbrN_l)_l/(p_l) dr
2l

for 0 < r; < r9 < 00, where ¢g is a given positive constant. In this paper, we

consider the following two cases:
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(A1) h(r,00) < oo for all r > 0 and h(0, c0) = o0;
(As) h(r,00) = oo and h(0, D) = oo for some r, D > 0.

Definition 1. Let p > 1, we denote by Wol’p(Q,qb) the completion of C§°(£2)

with respect to the norm
1/p
ol = ( [ otr)19ulac)

Ezample 1. Let ¢ =r7PY and 0 € Q C Bp(0). If vy < ?, then (A;) happens,
and W, (Q, |z|777) is identical with Déﬁ(Q) in [1]. If v = %, then (Asg)
happens, and VVO1 P(Q, |z|P7) has not been discussed before.

where r = |z|.

In what follows, for short, we use ¢ for ¢(r) or ¢(|z|), etc.

Set
h(r,o0), if (A1) holds

h(r, D), if (A3) holds
— —N
If N >pand ¢ =1, then (A1) holds, therefore h(|z|) = |3L‘|Z;f1 is a fundamental

solution for the p-Laplace operator. For general weight ¢, function h = AP~1/P

satisfies in the sense of distribution
— Ay pu =: div(¢|VulP2Vu) = plulP"u (1.8)

. p—1 p B p B 1% p . . .
where ¢ = = ¢(—3) = ¢(—7 ) . that is, h is a weak solution of the

Euler-Lagrange equation (1.8) of the functional
Fofu) = [ (6IVul? = vlul) da (1.9)

In [10][11][12] it has been proved that if ¢, 1 are positive functions in C*(0, a)

and satisfy the Bernoulli equation

N -1

(1Pt =ty g =gttt = py (1.10)

then for any u € C§°(Q),

/w|u]pdx < / ¢|VulP dz,
Q Q
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and the constant 1 is optimal, where a = +o00 and Q = RY if (A;) holds, or
a =D and Q C Bp(0) if (A2) holds. Because h is a fundamental solution of
operator —A,, 4, in other words, h is a distribution solution of equation (1.8), we

know 1 can be expressed by h and ¢ or by h and ¢ as follows

p—1\? R\? h’
o= (1Y o(EY s
p h
Theorem 1.1 ([5], Theorem 1.1). Let  be RY if (A1) holds or Q be a bounded
domain included in Bp(0) if (Az) holds. Suppose that ¢ is continuous and set

a (p—1)/p
h = <c0/ (prN 1~/ (=1) dr) (1.11)

where a = 400 if (A1) holds or a = D if (A3) holds. Then for any u € Wol’p(Q, ®)

/¢< h/>p|u]pdx</¢]Vupdx
Q

where the constant 1 is optimal.
Remark 1.1. (A1) or (Ag) implies the integrability of gb(—%/)p in Bs(0).

Theorem 1.2. Let p > 1 and Q be a bounded domain in RY. Suppose ¢ is
continuous satisfying (A1) or (As), h is defined by (1.11). Set

In 20 f (Ay) holds

hy = (r— 1) D)’
Inh(r), if (A2) holds

(1.12)

(pl

then
(1) There exists a positive constant Dy < D such that for any u € Wol’p(Q, ®)
/ ¢|VulP dz — / YlulP do > o3 / Yhy 2|l da (1.13)

where ¥ = ¢ (—%)p.

(2) The constants in (1.13) are optimal, that is,

p . Iy(u)
YT 1nf T T
2(p—1)cg WP (9,6) fQ Yhi*|ulP dz
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Remark 1.2. Let ¢ = r7P7 with v < % and ¢y = %. It follows from
(1.11) and (1.12) that

) Q)Z):<N—p('y+1))1310_19(7“)’ e D

) 1—11’1*
r

hence we obtain by (1.13)

_ P
/ <|m|—m|vu|p _ (W> |x|—p(v+1)|u|p> dax
Q p—1

2 Lo (P22 ) [0 Dm ey 2 a
2p p—1 Q

which is identical with Theorem A in [2] when v = 0.
Remark 1.3. Theorem 1.2 improves the results of [13][15].

Theorem 1.3. Under the hypothesis of Theorem 1.2, we have
i)
/ S|Vl — lul? de > c/ ShT2VuP de, Vue WIP(Q,6)  (1.14)
Q Q

i1) The inequality (1.14) is optimal in the sense that h1_2 can not be replaced
by any weight of the form g(x)hy? where g(x) is a positive function such

that g(x) — o0 as © — 0.

Remark 1.4. Taking ¢ = r~P7 in Theorem 1.3, if v < %, then

N — 1)\?
/ <|x|_m|Vu|p _ ( p(y + )> |x|—p(v+1)|u|p> da
Q p—1

ZC’/ 2| 777 (In D/|z]) 2| VulP dz
Q

for any u € VVol’p(Q7 ¢). This is a positive answer to the open problem in [1]. If
y= —Np_p, then

I\ P
/ (|xrmrw|f’ - (pl) ,x|p<v+1><1np//|x|>wp) da
Q p
> c/ 2?0 (In D'/ |2) P (Inn D'/ |z])~2| VP da
Q

for any u € VVO1 P(Q, ¢), where D’ > eD. This solves the problem for the case of

v = ? which has not been discussed before.
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Remark 1.5. Wang and Willem [17] proved (1.6) by using a change of variable
that appear in [6]. However, to prove Theorem 1.3, we use a change of variables
that appear in [14] (p = 2), which involves the function A or the distribution

solution h.

Remark 1.6. Theorem 1.3 gives a positive answer to the second open problem of

[3] in the case of general weights.

2 Some Lemmas and Corollaries
Lemma 2.1 ([1]). For all (1, (> € RY, the following inequalities hold

i) if p <2,

|G — 12

_ — —2 - el o 1/-DN\2—p
1GP = |GP = plC P3¢, G C1>ZC(P)(|<1|+‘C2|)2719

(2.1)

i) ifp > 2,
GlP = |G = pl¢G P2 (¢, G — G1) = e(p)|Ga — GufP (2.2)

Direct calculations give the following results:

Lemma 2.2. Assume h satisfies (1.11). If (A1) or (Az) happens, then

div <¢ha(—h’)p1”“’> = (1 — a)ph® (=1 (2.3)

]
Lemma 2.3. Let h = (co [*°(¢rN 1)~/ (P~ dr) ®=DP ey
i) the function h satisfies the Euler-Lagrange equation
—div(¢|VhP2Vh) = phP~t, 2z e RV \ {0}
and in weak sense,

/ G| VAPT2VAV( dz = / YRP Iz, ¢ e CF°(RY)
RN RN

where ¥ = ¢ (—%)p;
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i1) the function

h= W01 — ¢ / T (orN 1)1 gy

r

satisfies in the sense of distribution

p—1
— div(¢|VA|P~2Vh) = <pl> wnd(z)

where §(x) is the Dirac measure and wy denotes the volume of the unit
ball in RN . In other words, h is a fundamental solution for operator Ay p
defined as before.

Corollary 2.4. Under the hypothesis of Theorem 1.2, if o > 0, then for any
u€ WoP(,0),

/¢h1a|u|pdm < / ohy*|VulP dz
Q Q

Proof. Assume (A1) holds. Set ¢ = ¢h;®, then
B p—1 ((bhl—arN—l)fl/(pfl)

b b [P(ghyorN-1)=1/ 01 dr

By Theorem 1.1, we have

/1/_J|u|pda: < / B|Vul? dx
Q Q
where 1) = qg(—%l)p. We claim that
Yhi® <
that is ” .
BT (=) < Ohy (TP

and this complete the proof. In the following we prove this claim. Since h; is

decreasing, we have
D o [P
R ek T Ll R

Multiplying by (¢r¥=1)=1/=1  we obtain
(GrYV e (ghyerN e
L2 (@rN =)= e dr = [P (ghy “rN=1) /0D dr

r
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Hence

that is, the claim is true. ]

3 Proof of Theorem

Proof of Theorem 1.2 (1). We proceed to make use of a suitable vector field as

in [2]. Define a vector field as follows

R\
T=¢ (h) (1+cy'n+an®)Vr

where a is a free parameter to be chosen later and n = hl_l. By Lemma 2.1, we

have
/

R\ P 2
divT > ¢ <—h> [(p + peg '+ apn?) +

o 2apn®
(p—1)cg  (p—1)co

(3.1)

Next we compute (p — 1)~/ ®=D|T[P/(P=1)  We set for convenience
g(n) = (1+ cg'n + an?)P/*=V

When 7 > 0 is small, the Taylor expansion of g(n) about n = 0 gives

D 1 P 2pa 2
o) =14 —P +( . )
=1+ " 2 \poea T p=1)"

+ 1 <(p(2 _p) + 6pa > 773 + 0(774)

6 \(p—1)3c¢  (p—1)%c0
and so
B B B h/ p
(p— 1)~/ ®= D/ o) =¢<—h) [(p—l)Jrcin
p 2 p(2—p) pa > 3 4]
+ {5 +pa)n’+ + +0

(2<p—1>c3 y )’7 (<p—1>2c3 D) TOU)

Hence

divT — (p — 1)~ /@~ p/(e=1)

=0 (‘Z)p [l ’ z<pp—7721>c3 " (<p ol I)%) v O("4)]
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If we show

a 2 —
o _pl)CO > (i (_ 1)5()% +O(n) (3.2)

then we obtain

V/(p-1) i/ (p-1) AN i’
T — (p— Do Ve-Dpp/-1) > o (2} |14 P .
divT — (p—1)o T > ¢ < h) [ + 30— 1)0(2)} (3.3)

If 1 < p < 2, we assume that 7 is small for the case (A1). Since

P, ()
(p—1)co  h(D)

and Q C Bp,(0) is bounded, we can choose Dy large enough such that hy!(Dp)

hy =

is small enough. Then n = h{' is small. Hence, we have (3.2) for a big enough.

The same argument gives (3.2) for the case (Az).

If p > 2, we choose a = 0, then

IR p p 2, P2-p) P
1 Iyt =1 1 -
( +CO 77)” + (p_1)0077+ 2(])—1)20%77 +6(p—1)3cg( +CO f)p n

for some £ € (0,7), without any smallness assumption. Since 2 — p < 0, we have

p p 2

p
14+ c¢ytn)rT <1
( +CO 77)? = + (p*l)COT]—}_ 2(])—1)26%77

Hence we prove (3.3).

Let u € C§°(2). For € > 0, it follows from integration by parts that

/ |u|P divT dz = —p/ (T-Vu)|u|p_2udac—/ |ulPT - VrdS
O\ B (0) Q\B.(0) 8B.(0)

Note that

h/ p—1 a —(p—-1) 9
s <_h> _ (V-1 ( / (¢rN-1)=1/(-1) dr) I L

then

/ WfPT - Vrds| < / [ufPe (VD P/ 012 () 4
OB.(0) 9B (0)

which tends to 0 as € — 0 since h~1(0) = 0. Hence we obtain

/ |ulP divT dz = p/ (T - Vu)|u[P~?udx
Q Q
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By Holder’s inequality and Young’s inequality, we have

1/p (r—1)/p
/Q\u|pdidem§p</Q¢]Vu\pdx> </ﬂ yT¢1/pyp/<P1>|uypdx)

< / ¢|VulP da + (p — 1)/ [T 1/P P/ (=D |y P de
Q Q
that is,
/ ¢|VulP dz > / (divT — (p — 1)[T¢~ VPP P=D)|y|P da
Q Q

This complete the proof by (3.3). O

Proof of Theorem 1.2 (2). We complete the proof by four steps.

Step 1. Let 0 € C§°(Bs) be such that 0 <0 <1 in Bs and § =1 in B;/,, where
Bs denotes the ball of radius § centered at the origin. We fix small positive

parameters ag, o1 and define the functions

l—ag

-0 —
w(x) =h @Deoh,

and

Let (A1) or (Az) happen. Hence u € Wol’p(Q,qﬁ). To prove the proposition we
shall estimate the corresponding Rayleigh quotient of u in the limit of the order
g — O, a1 — 0.
It is easily seen that
—1+aq

Vw=-—2  p e bapy, 7 <(p_1)00 + 77) Vr
(p—1eo p p

where Y7 = hfl and n = —ap + (1 — aq)Y7.

Now Vu = 0Vw 4+ wVH and hence, using the elementary inequality

la+ 0P < [af’ + cp(lalP~ ] + [b]P), a,be RN
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for p > 1, we obtain

/qb\Vu]pdx < / »0°|Vw|P dz
Q Q
+cp/ ¢9p_1|V9Hw|Vw|p_1dm—l—cp/ VO wlP dz
Q Q
=L +1I+13
We claim that
Iy, I3 = O(1) uniformly as ag, a; tend to zero.

Let us give the proof for I». In fact,

o (=1+a)(p=1) .
L<C | ¢h =W P ly;, 7 [(p—1)co+ ap+ (1 —aq)Y1]”
Bs
l—i —14+aq
chT @Y, P de

angp _
<[ ¢nt T e WPy [(p— 1)ep + ap + (1 — a1)Ya]”

Bs

It follows from the definition of h (1.11) that
oI [P h = ot

hence

__aop -
L<C [ o 7Npm ey [(p— Do+ ag+ (1 —anr]” Yz

Bs

(3.4)

(3.5)

(3.6)

1dx

Then the boundedness of h~! together with the fact ¥7(0) = 0 implies that I is

uniformly bounded. The integral I3 is treated similarly.

Step 2. Define
Ao = /Q 6Pk~ T-Deo (—1/PY; T dg
Ay = / P $h ™~ T e (— 1 PYH dg
Q

o) = / 6P $h~ T-Deo (—h')PY da
Q
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By Lemma 2.1, we have

oh~ 7 (—ny = LD gy o5 vy
bao

Multiplying the above equality by 91’Y1_1+a1 and integrating over €2, we obtain
-1 ___oop
Ao = (p)co/ QPYfHO‘l div(th1 w-1eo (=h)P~1Vr) dz
2ol Q
— (p_ 1)00 / qshl—%(_h/)p—lv(epyl—l—ﬁ—al)dx
bag Q

_ (=Yoo ( Pl ) / 6P o'~ (— )Y da
pag (p=1eo Jo

" / (6°) o'~ Do (— )y e d‘"”)
Q

=1 —-a)ln+0(1)

Step 3. We proceed to estimate I;.

I :/d)GPVwV’dx
Q
P a _ P
< (p > / 9p¢h_ﬁ(—h/)p1/1_l+al <(p Deo + 77) dz
(p—Deo) Jo p p
where n = —ap + (1 — a1)Y7. Since 7 is small compared to (p — 1)co/p, we may

use Taylor’s expansion to obtain

(e () (5

~1((p—Deco\"?

Using this inequality we can obtain
L < Lo+ I+ Lo+ 643 (3.8)
where

I = / 0P¢h_ (pi(gco (_h/)PYI—l-‘roq dr = / Opﬂ}hp_i(pi%jco Y1—1+a1 dz
Q Q

:/epw\wypdxz/wwdx (3.9)
Q Q

p oS Py —ltar, 2
112:/9p¢h (>—Deo (—h")PY] 'n“da 3.10
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We shall prove that
51,113 = O(1) uniformly in ag, ;. (3.11)
Firstly,

p oy
Ij=—2 |- OP(—h\Ph T-Deo Y1+ g
o (P—l)co[ aO/Q R Y ’

+(1—a) / 6P (— 1 YPh™ G- Deo dx] +0(1)
Q
— ﬁ(—aoAg + (1 — al)Fm) + O(l)

Next we estimate [13.

L3 <ad / BPG(—h')Ph T e Y1 dg 4 / 6P G (—h')Ph T e Y2 4
Q Q

we have

) 00 717040/60 2
ti < ca [ ([ vomar) - g
d </oo(¢rk_1)_1/(p_1) dr>

§ h(?“) 2 00 L B —agp/co
2 SE=1y=1/(0=1) g,
< Caf | [lnhw)] d</ o d)

00 —ap/co
S = (/ ((b,r.k—l)—l/(p—l) d/,ﬂ)
d

’ (p—1)co ?
I < C’a%/ [C ———In s} ds < O(1)
0 bayg

Denote

then we have

The same argument gives {3 = O(1) uniformly in o and a;. Hence, by (3.4),
(3.6), (3.8), (3.9) and (3.11), we conclude that

/ S| VulP dz — / YlufP dz < Ly + O(1) (3.12)
Q Q
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uniformly in ag and a;.

Step 4. We proceed to estimate I12 and complete the proof.

__agp
L = pPI)CQ/ 0P ph GV (—h)PYy; e (af + (1 — a1)?Y? — 2ap(1 — o)1) da
— 1) Jq

2(
— Q(p_pl)cg (OZ(Q)AO —2ap(1 —ag)Top + (1 — a1)2A1)
p
“ap-ng oW -

if ag and a1 tend to 0. Because

o a —ap/co—1
Qb(*h’)?h_(l?f?z))co = (CO/ (¢TN—1)—1/(P—1) d?") X CO¢(¢TN_1)_1/(p_1)

we have

(5/2 a _QO/CO_]-
A2 C / < / (T I dr) ceo(grN )T TR0 4y
0 r

> C (fra(QS’rNil)il/(p*l) d,r,) _QO/CO 5/2
B —ap/co o
—Q0/C a . /c
O (ort ey o N—1\—1/(p—1) 0/co
T o & B (or™ ") dr — 00
h ’ 6/2

as ag tends to 0. Since

Y e
/whl_Qlu‘p dx:/¢ <_h> h1—29php (p—ql))co hi—oq da}'
Q )

= | #o-nyn” Tohag hT 17 g = A,

by (3.12) and (3.13), we have
__p
fQ (¢|vu|p - ¢‘u|p) dz < Q(p—l)cg Al + O(1> D
JovhPlulpde T A 2(p — 1)

as ag tends to 0. This completes the proof. O

The proof of Theorem 1.3. i) Assume (A;) holds. Consider the case of p > 2.
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p

Let v € C§°(€2) and set v = u(x)/h(r). Then by Lemma 2.1 (2.2), we have
vh' =+ hVy| dz

/ngWu\pdx:/QgZ) 7]

2/¢]v\plh’|pdx—p/¢]vh’]p_2<vh’x,th>da:
Q Q ||

+ c(p) /Q ShP|VolP dz

[ ot = [ vl
and for any € > 0, by Lemma 2.2, (3.7) and (A1) (or (Ag)), we have
— / P|lvh'|P~2 dx
Q\B. (0)
_ / Sh(—1YP~ (L BV |of?) de
O\ Bc( ||
- / S(—)P1hlulP dS — (wl? div(oh(—h')P~2Vh)
8B.(0) Q\B¢(0)

Note that

:/ S(—h P hlofP dS — 0
8B.(0)
as € — 0. Hence, we obtain
Lg(u) = / (GVulP — lufP) dz > o(p) / ShP Vol dx (3.14)
Q Q

Taking Cy > 0 such that C1h;? < ¢(p), it follows from (2.2) of Lemma 2.1 that

c(p) [ o ITup o= €y [ ohhi?Vop ds

>C’1/¢h1 [Vhl ’V

>01/¢h 2{ — )| VP — (( 1)6—1/<p—1>—1)< Z>p|u|p]

Taking € = ¢(p)/2, then by Theorem 1.2, we obtain

lulP —p ulP™ 1 Vu| + e(p )|Vu\p} dz

I y(u) > C / ohy?|VulP da
Q
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Now let 1 < p < 2. By using Lemma 2.1, (2.1) and arguments analogues to

the case of p > 2, we have

¢‘VU th|p
P _ p
/Q<¢>!Vul lul WZC(}’)/ (V] + Jul|Z])2-P

hy?[Vu — SPul?
EC(P)/ Oy [Vu h,h u dx
o (IVul + [ul| 51?7

By Holder’s inequality and Corollary 2.4, we have

_ /2
| Vu— Ska2 "
/¢h12|vu_ lhu‘pd$ < / (b 1 ‘ U h/h ’U,‘ da
Q h  (IVul 4 [ul|5[)>7P

hl 1—p/2
([ on2qwul + 1l a)
Q

1-p/2
< o)’ [ onvupa)
Q
Note that

/¢hf2|Vu|pda:§C</ gbhl_2|Vu—— |pdx+/¢h1 Vh |u|pd$>
Q Q
1-p/2
< O(I1p(u))P/? ( / qsh;?\vuypdx) + / Yhy 2 |ulP da
Q Q

1-p/2
< O (I p(u))P/? < /Q ohy 2| Vul? d:c) + Iy 4 (u)

By Young’s inequality, we obtain
/ ohy 2| VulP dz < CTy 4(u)
0

One can prove the result for the case of (Ag) by the analogues argument.

ii) Let w and u be as those defined in the proof of Theorem 1.2 (2), and let
p > 2. First, it follows from (3.12) and (3.13) that
/ ¢|Vul|P dz — / YlufPdz < ———541+0(1)

By (2.2) we have

(p)

\VulP = [§Vw +wVoP > 0P|Vw|P — phP~ ! [Vw[P~HVO|w + c(p)|w[P| VP
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Hence

/¢h12g(x)|Vu|pdx2 min g(m)/ Hh 20| Vw[P da+
Q z€B;(0) Bs(0)

—2 p p _
c(p) /BJ(O) Sh2g() [ w]P| V6P da p/

B;(0

ohy2g(x)0P~ VO Vw [P~ w| dx
)
Analogues to the argument of Step 3 for the proof of Theorem 1.2 (2), we obtain

__« _ 1 p
/ Phy 2P| Vwl|P dx = / ohy20Ph D (—h)Py; e <(p)60 + ”) dz
B;(0) B;(0) p p

where n = —ag + (1 — a1)Y7. Because of p > 2, we have

<(p_1)00_|_77>p: <(P—1)Co—ao n 77+a0>p

p p p p
> <(P—1)pco—040>p+ ((p—l);o—a0>p_l(n+a0)

Hence
—1)eo — b __cop
/ ¢h;2917|vw|17 dz > <(p)60040> / qb@ph (p_%)co (_h/)pY11+a1 dz

p
- _ p—1 a
+ ((p 1)00 CVO> (1 _ 041)/ ¢9ph*ﬁ(_h/)pyl2+a1 dx
B5(0)

p
= J1+ J2
By Step 3 of the proof of Theorem 1.2 (2) we know
-1 — p
Ji = ((p Jeo a()) A1, J2=0(1)
p
if ag, aq tend to 0. Next, we will estimate
Js ::/ Sh ()67 V8] [Vl w] de
Bs(0)
In fact,
J3<C | gle)ohy®h' @ (<)Y (p- 1) —ap+(1-an) VP de

B;(0)

< [ st T (o Ve o) 4 (- a0 o
B;(0)
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It follows from (3.7) that
o -0 p—1y 1+ 1y -pta
J3 < / g(?")h (p—D)cg |:((p — 1)60 — Ozo) Yi a1 + (1 — a1>p_ Ylp 1] dr
0

Set

g(r) = NcluN /W_1 g(rw) dw

and we may assume

gk ()] < C

Then we obtain

J3 < C/ BT D —1)eo — ao)plef‘l +(1- al)plelp_Hal dr<C
Hence
Jo (BIVul? — pjup)dz _ 2 g1 O o
-2 - . co—«a
fQ ohy “g(x)|VulP dx xer%lér(lo)g(x) (%) A1+ 0(1)

as § — 0 since A] — o0 as ag, a1 — 0 and g(x) — 0o as z — 0.

We can prove our result for the case of 1 < p < 2 by the similar argument. [
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