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1. INTRODUCTION

Let g be an admissible metric in R™ x R™, and let A be the corresponding
Planck function (see Hormander’s book [6] for the background on the Weyl-
Hormander Calculus, and Section 2 below). Fefferman and Phong proved in [3]
their celebrated inequality which we state as follows (in the form given in [6],
Theorem 18.6.8, page 171).

Theorem 1.1. Let a € S(h™2,9) be a (scalar) symbol with a > 0. Then there

exists a constant C > 0 such that
(1.1) (a¥(z, D)u,u) > —Clulg, Yue SR™).
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Here (-,-) and | - |o denote the L?(R™) inner product and norm, respectively,
and a% denotes the Weyl quantization

a¥(x, Dyu(z) = (27)" / / ei<x*y:5>a(L;y,§)u(y)dyd§, u € S(R").

A fundamental step in the proof is the reduction, through microlocalization,
to the case of a constant metric (reduction to the “semiclassical case”, see [6],
Lemma 18.6.10, page 173). One has in fact the following result.

Theorem 1.2. Let g be a constant metric on R™ x R™, such that g/g° < \? < 1.
Let 0 < a € C°(R?™) be a symbol such that |a|f(z,&) < A2 for all (z,£) € R*™
and for all k < Ny. If Ny is sufficiently large, one then has

(a(x,D)u,u) > —CHu”g, Yu € S(R™),

where the constant C is independent of g and of a.

An inspection of the proof shows that Ny = Ny(n). However, the proof itself
does not give an explicit dependence on the dimension n. In this respect, recent
work by Lerner and Morimoto [7] shows that, in the case of the standard pseudo-
differential metric |dz|? + |d¢|?/(1+ |€]?), one may take No = 4 +2n+ 1 (see also
the reference to Bony’s results and to Boulkhemair’s results contained in that
paper).

Because of the basic importance of the Fefferman-Phong inequality, there has
been a great deal of work, in the scalar case, to extend the Fefferman-Phong
inequality (1.1) in various directions (see the bibliography of Parmeggiani [9]; see
also [10]).

However, Brummelhuis showed in [1] that in the case of systems the inequality
is in general false. He considered the symbol

& 1716182

—ir1&é 233

and tested the Fefferman-Phong inequality for A% (z, D) against cut-off functions

AB(J},f) =

uy,, where p > 0 is a parameter, of the kind

U1 (71, T2) ey (21, z2)
up(@, ) = = , ,
uy2(T1,72) VR EFTxo (1w, 12)
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where x1, x2 € C§°(|z1], |z2| < 1) are real-valued and satisfy

// x1(0, z2)x2(z1, x2)dx1d2e = 1.

Since, as is readily seen, |uu|§ = |x1l§ + Ix2l§ (from now on, (-,-) and | - |o
denote the L?-inner product and norm, regardless to whether we consider scalar

or vector-valued functions), using
(A% (x, D)u,u) = |Dyuy + iz1 Dauz|3 — Re(Daus, u1)
one has

(12) (Avé(xv D)”M?“M) ~ _\//jv as f — +00.
Hence the Fefferman-Phong inequality cannot hold for the system A¥(x, D).

Brummelhuis’ counterexample was later generalized to a geometrically charac-
terized class of systems by Parmeggiani in [8], class which is modelled after the
example, due to Hérmander [5], of a nonnegative Hermitian matrix whose Weyl-
quantization cannot be nonnegative. For A} and the isotropic counterexamples
of [8] the Sharp Garding inequality cannot be improved. However, Brummelhuis’
counterexample and all the counterexamples given in [8] to inequality (1.1) for
systems require at least two wvariables, i.e. n > 2. As a matter of fact, when
n = 1, L.-Y.Sung proved in [11] that if p(x,§) is an Hermitian N x N system
of ordinary differential operators which is nonnegative (in the sense of Hermitian
matrices) then inequality (1.1) holds for p%(z, D). His proof is based on the use of
Fourier series to reduce the problem to an estimate from below of an infinite-size
matrix. We showed in [9] (see also [10]) that Sung’s result holds also for systems
of partial differential operators in R™ of the kind

(13) p(l‘,f) = A(x)e({) + B(xag) + C($) = p(l‘,f)* > —cl, (a:,f) € R" xR",

where B(z,&) = Y, Be(x)&, and e is a positive homogeneous quadratic form.
Our proof there was in the spirit of the Fefferman-Phong Calderén-Zygmund
decomposition of the phase-space R x R™ introduced in [4], which allows one to
use an induction on the size N of the system: the microlocalization given by the

Fefferman-Phong metric, essentially of the form

|d¢|?
IS

9og = H(x,6)*|dzf” +
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where
1

\/TW7 TT(A(HJ))},

makes it possible to start the size-reduction of the system, decoupling it, modulo

H(z, &)™ = max{

L?-bounded errors, into a 1 x 1 block for which we may use the scalar Fefferman-
Phong inequality, and into an (N — 1) x (N — 1) block that still satisfies the
assumptions, that we control by induction.

We note in passing that for N x N systems of the kind

n

> Aj(@)giér = 0,

jk=1
with Ajk = Akj = A;(k: and ”8%Ajk”L°° < C, |a’ < 2, and such that

n
(1.4) > (Ajr(@)vj,viden =0, Voi,... v, € CN, Vo € R,
Gk=1

Brummelhuis proved that inequality (1.1) holds (that proof goes by an elementary
integration by parts). Of course, condition (1.4) is too strong. Also, inequality
(1.1) is then straightforward for system (1.3) when B(z, &) = 0, and the difficulty
when B(z,§) # 0 lies exactly in controlling this first order part.

The purpose of this note is to extend the Fefferman-Phong inequality, through
the above-mentioned reduction used in [9] (see also [10]), to certain 2 x 2 systems
with (positive) elliptic matrix-trace (see Theorem 3.1 and Theorem 3.5 below).

To get an idea why a condition on the trace should work, consider the following

“deformation” of Brummelhuis’ system Ap:
0 O
0 &

whose trace is & + (1+27)£3, and therefore is elliptic (in the usual S7 i-calculus).

A(ZL‘,&) :AB(xag)_‘_ :A($,£)* Zoa

Since
| Dauyall§ ~ 1, as p— oo,
we can no longer say that the Fefferman-Phong inequality does not hold. In fact,
(1.1) holds, for by the Cauchy-Schwarz inequality one sees that for any given
u e Cg°(R™; C?),
(A" (z, D)u,u) = (AF(z, D)u,u) + | Dauz[§ =

= ”D1U1 -+ il’lDQUQH% — Re (DQUQ, u1) + ”DQUQH% >
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1 1 1
> —IDauslf — Sl + I1Daveald = —3 ul}.

We shall show that this is in general the case for 2 x 2 system with elliptic trace,
provided an extra assumption is imposed on the off-diagonal terms. The latter
condition is automatically fulfilled in the important case of off-diagonal terms
that are either always real or always purely imaginary.

The plan of the paper is as follows. In the next section we shall recall, for the
sake of completeness, the basic facts about the Weyl-Hérmander Calculus, and
in Section 3 we shall state and prove the theorems. In Section 4 we shall show
that conditions (3.1) and (3.14) below on the off-diagonal terms are in a sense
optimal, by providing an example of system with positive-elliptic trace that does
not satisfy either condition and for which the Fefferman-Phong inequality does
not hold. In the final Section 5 we shall give some corollaries and concluding

remarks.

We wish to thank Francis Nier for many useful discussions.

2. BACKGROUND ON THE WEYL-HORMANDER CALCULUS

We recall in this section a few basic facts about admissible metrics and weight-
functions (see [6], Sections 18.4 and 18.5; see also [5]). We shall denote by
o= Z?Zl d¢; A dzj the canonical symplectic 2-form in R3? = R? x R¢. Hence
U(Xa Y) = <§7y> - <7’],.T>, X = (waf)a Y = (.%77)

Definition 2.1. An admissible metric in R?>" is a function R?" 5 X — gx
where gx 15 a positive-definite quadratic form on R*™ such that:

e Slowness: There exists Cy > 0 (the constant of slowness) such that for
any given X, Y € R?" one has

gx(Y — X) < 5t = Cylgy < gx < Cogy;
e Uncertainty: For any given X € R?" one has
gx < ggﬁ

where g% is the dual metric defined by
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e Temperateness: There exists C1 > 0 and Ny € Z4 such that for all X,
Y € R?" one has

N1

gx < Cigy <1 + g% (X — Y))

The Planck function associated with g is by definition

2 _qu QX(Z)
hX) _Z;éI()J 9%(2)

Remark that by the uncertainty property one always has h < 1.

Definition 2.2. Given an admissible metric g, o g-admissible weight is a
positive function m on R?™ for which there exist constants ¢, C,C" > 0 and N' €
Z such that for all X,Y € R?",

X)
— < _1<m( <
Ix(X-Y)<e=~C < )_C,
and

m(X) N’

< c’(l +9% (Y - X))

Remark 2.3. In particular, given an admissible metric g, one always has that

the Planck function h associated with g is a g-admissible weight.

Definition 2.4. Let g be an admissible metric and m be a g-admissible weight.
Let a € C®°(R?"). Denote by a™™ (X;vy,...,v;) the k-th differential of a at X in
the directions v1, ..., v of R*™. Define

|a(k)(X7 U1y ,’Uk)|
lall(X) = sup . o
0£v1,...,v ER2™ Hj:l gax (Uj) /
We say that a € S(m, g) if for any given integer k € Zy the following seminorms
are finite:
a7 (X)

(2.1) lalx.s = sup — - < +oo.
Stm.) 1<k, xerzn M(X)

With Bg(o’r = {X; gx,(X — Xo) < r?}, following Bony and Lerner [2] we say
that a € C*®(R?") is a symbol of weight m confined to the ball Bg(w, and
write a € Conf(m, g, Xo,7), if for all k € Z4

Jalg ™ (X)

. k/2
(22) ”a”kz,Conf(m,g,Xo,r) = Egk’s;l(zﬂpn W(l + gg(o (X - BXQ,T')) / < +o00,
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where g5, (X — B) = Zim; 95 (X — Z). Hence the space of symbols confined to the
€

ball Bg(w coincides with S(R*™) endowed with the seminorms (2.2). Any given
pE Cgo(Bng) is automatically confined to the ball B_?(O,r.

As for the composition, one has the following result.

Theorem 2.5. Given a € S(m1,g), b € S(ma,g) then
a"(z,D)b" (z, D) = (afib)" (z, D),
where for any given N € Zy

N . .
23) @) =Y 5 (50(0x, D)) a(XpY)| | +raea(X),

—J' 2 X=Y
j:

with ry41 € S(RN myma, g).

Associated with an admissible metric g one has a partition of unity as follows
(see Hormander [6], and Bony and Lerner [2]).

Lemma 2.6. Let g be an admissible metric, and let r? < Cal. Then there ez-
ists a sequence of centers {X,},ez,, a covering of R?" made of g-balls Bi,, =
{X;g9x,(X — X,) < r?} centered at X, and radius v, and a sequence of func-
tions {¢, } uniformly in S(1,g), with supp ¢, C Bf,, such that ZV€Z+ 02 =1.
Moreover, for any given r such that r*> < r? < Co_l, there exists an integer Ny,
such that no more than N, balls B;‘ir* can intersect at each time (i.e. one has
an a priori finite number of overlappings of the dilates by r./r of the BY,). In
addition, with
%(B—B'):= inf (Y —Y"), B,B' c R?",
9% ( ) YeBly,eB, 9% ( )

and

A — 7 (BY g 7 (BY g 1/2

w(Ts) 1= max{l,gXM(B — Bw,*),gXV(B — B 77“*)} ,

BT BT v

there exist constants N and C such that

sup Z A (ra)™N < C.
H v

Moreover, for all k € Z4 there exist C > 0 and ¢ € Zy such that for any given
a € S(m,g) and b € Conf(1,g, X,r) one has

(24) ”aﬁb”k,Conf(l,g,X,r) < Cm(X) HGHE,S(m,g) ”b”K,COnf(Lg,X,r) .
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Finally, for all k, N € Z, there exist C' > 0 and ¢ € Z, such that for every
p,v €N, and every a € Conf(1,g,X,,r) and b € Conf(1, g, X,,7) one has

(25) Haﬁbnk,Conf(l,g,Xu,r) + ”aﬁb”k,Conf(l,g,Xy,r) <

< Clale,cont (1,9, 1ble.cont(1,9,%, 1) Dy (r) .

One has also the following useful lemma, due to Bony and Lerner (see [2]).

Lemma 2.7. Let g be an admissible metric, and let m be a g-admissible weight.
Let B, be a g-ball as in Lemma 2.6. Let g, = gx, and m, = m(X,). Let
{av}vez, be a sequence of symbols with a, € S(m,,g,), such that for any given

integer k € Z4

sup [ av|k,cont(m, g, Xx,r) < +00.
V€Z+

Then a = ZV€Z+ a, belongs to S(m,g). The sequence {a,}, ez, is said to be
uniformly confined in S(m,g). When m = 1 we have from the Cotlar-Stein

Lemma (see [6], Lemma 18.6.5) that a™ =" aY is a bounded operator in L?.

In the case of matrix-valued symbols Definitions 2.2 and 2.4, and the com-
position formula (2.3) hold (being careful with the order of the terms). Upon
denoting by Mg the set of 2 x 2 complex matrices, we shall write S(m, g; Ma)
for the matrix-valued analogue of the symbol spaces S(m,g) considered above.
(Analogous notation will be used for the spaces S(m, g; C?) etc.)

In the sequel, given A, B > 0, we write A < B when A < CB for some universal
constant C' > 0, and A~ B when A < B and B < A.

3. THE INEQUALITY FOR CERTAIN 2 X 2 SYSTEM WITH ELLIPTIC
MATRIX-TRACE

Theorem 3.1. Let g be an admissible metric. Let

=p(X)* >0, X eR™,

where a,b,c € S(h™2,g). Suppose that

(3.1) a{c,é} — 2iIm(c{a,¢}) and b{c,c} — 2iIm(c{b,c}) € S(h™4,g),
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and that the matriz-trace of p is (positive) elliptic, that is there exists co > 0 such
that

(3.2) t(X) = a(X)+b(X) > coh(X)2, VX eR™,
Then there exists C > 0 such that
(3.3) (™ (2, D)u,u) > =Clul§, Vue SR™C?).

Remark 3.2. Hypothesis (3.1) is clearly simplectically invariant, and is satisfied

in the following important cases:

(1) WhenImc e S(h™',g), and hence in particular when c is real;

(2) When Rec € S(h™1,g), and hence in particular when c is purely imagi-
nary;

(3) In the counterexample given by Brummelhuis in [1] and all the counterez-
amples giwen in [8] (when N = 2). Hence, condition (3.1) is not a
decisive restriction for the validity or the failure of the Fefferman-Phong
inequality for systems;

(4) When p = p(§), i.e. when p has “constant coefficients” (which is, how-
ever, not an invariant condition). Note furthermore that by using the
Fourier transform one obtains (3.3) at once just by the sole assumption
that p(§) = p(§)* > —cI, which shows that condition (3.2) is only suffi-
cient for (3.3) to hold for 2 x 2 systems.

Remark 3.3. The eigenvalues of p(X) are, of course,

A (X) = %@(X) +B(X) £ /(a(X) — b(X))2 + 4\c(X)\2), X e R,

Hence Theorem 3.1 (as well as Theorem 3.5 and Corollary 3.6 below) allows
eigenvalue-crossings: we may have Ay = A_ at those X for which a = b and
c = 0. Notice that in this case any diagonalization procedure in general breaks

down because of loss of smoothness of the eigenvectors of the symbol.
Notice, moreover, that
A (X) =0, VX < [¢(X)]? = a(X)b(X), VX <= det p(X) =0, VX.

In such a case

A (X)) =t(X)>A_(X)=0, VX.
Thus a Taylor-decoupling argument (see Taylor [12]) is in this case possible, in
the hope for exploiting the ellipticity of Ay. However, we shall give in Section 4
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an example of system with elliptic trace, for which (3.1) (and (3.14) below) is not
satisfied, and for which the Fefferman-Phong inequality cannot hold.

Proof of the theorem. We start by proving the following lemma, which is a con-
sequence of the ellipticity condition (3.2).

Lemma 3.4. There exist r > 0, with 2r < 00—1/2, and c¢1 > 0 such that for any
given 'Y € R®™ we have

either a(X) > c1 h(X)™* or b(X) > el h(X)7?, VX € BY,,.

Proof of the lemma. We put for short 7 = 00—1/2/2. Let z1,..., 20, be gy-or-
thonormal coordinates centered at Y. Then, with B the Euclidean ball centered

at 0 and radius 7 (and representing X in z-coordinates),
X € BY; < 2 € B

Consider the nonnegative functions of z € B;,

f1(2) = h(Y)?a(X), fo(2) = h(Y)?B(X).
If vq,...,v9, are gy-orthonormal vectors associated with the z;, one has

0, f1(2) = MY )?aWD(X;v;), 1<) < 2n,
the same holding for f5. For X € B}g,f we have, with a universal constant C > 0,

h(Y) < Ch(X), and gx(w) < Cgy(w), Yw € R*".

Hence there is a universal constant C’ > 0 such that for all z € B; and j =

1,...,2n,

2 [aM (X5 0))] 2|a™M (X5 05)]
gy (v;)/? gx (vj)'/?

for we have that a € S(h™2, g). The same holds true for fs.

(3.4) 0., f1(2)| = h(Y) < C2h(X) <,

Now, since f1(0) 4+ f2(0) > ¢y we then have that
either f1(0) > co/2, or f2(0) > co/2,

whence, by virtue of (3.4), it is straitghforward to see that there is a universal
radius r > 0, with 2r < 7, such that

either fi(z) > co/4, or fa(z) > co/4, Vz with |z| < 2r,
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so that
cither 64—0 < C2h(X)2a(X), or % < C*h(X)*(X), VX € BY.,,,

which concludes the proof of the lemma. O

Hence, using Lemma 3.4 and Lemma 2.6, we may find 0 < r < 00—1/2
small that, putting B, = B, and B} = BY

v,2r’

/2 so

either a(X) > c; M(X)™2 or b(X)>c h(X) 2 VX € B}

Let then {¢,},cz, be a partition of unity associated with the B,, uniformly in
S(1,g), and let x, € C§°(By), 0 < xu < 1, uniformly in S(1,g), be such that
Xvory = @, for all v € Z,. Then

p=Y_ o(xwp)er,

VEZy

where x,p € S(h™2, g; M) with bounds uniform in v € Z, . Define next

(1 —ce(X)/a(X) |
gx)= | L R e py
0 1
or _ .
. 1 0
E (X , XeB),
O o) ”
according to whether a or b is elliptic. Then, according to the cases,
P . -
EpE, = , X €B),
vp 0 b-|c/a
or _ -
S a—|c?/b 0
EXpE, = , X €B;.
vPLy 0 b
Notice that, according to the case, we have
2 2
b—ﬂzo, or a—QEO, on B
a b
Also, i
o 1 ¢/a B = 1 0 ’
0 1 c/b 1
and for the first order differentials we have
0 F@/a) | - 0
63 my=| TV mEy - ol
0 0 F(c/b)
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and in general
(3.6) (EXYE] = (EXY = EI(EE'Y, for every choice of j = +1, Vv € Z,.
Define now, according to the cases,

oy = E;lgol,, or a, = E;lgo,,.

Then a,, € S(1, g; Ma) uniformly in v € Z, with compact support in B,,, and by
the Cotlar-Stein Lemma (see Lemma 2.7)

(3.7) > lajulf < Clulg, vue S(R™C?),

VEZy

for a universal constant C > 0.

Without loss of generality we may clearly restrict summation on those v such
that (say) the 11-entry a of p is elliptic on B;;. We now write

b= Z O‘i (E:XVpEu)am

VEZL
where
EXxupE, =: p, € S(h™2,g:My), uniformlyin v e Z,,
with
a 0
3.8 _ _
(38) P X”[o b—\c[Z/a]

By (2.3) we have
N ]
auﬁpuﬁau = azpuau - 5 (a;{pm au} + {Oé;';apuau}) + Ty,
where, by Lemma 2.7, 37 ., 1) is bounded in L?(R™; C?) and
ap{pv.av}, {ag,pyar} € S(h™1, g:Mz), uniformly in v € Z.
One computes

i * *
5(05;/{1711; au} + {ay7puau}) = ﬂl,y + 62,11 + /83,1/7

where
(a,’i{pm E; Yo, + sou{(E;l)*,py}ay),

N | .

ﬂlm ::ﬂiV:::

(1B eudpvon + aipden B 1Y),

N | .

52,1/ = /8;,11 =



A Remark on the Fefferman-Phong inequality for 2 x 2 Systems 1093

and

ﬂ3# ﬁ%J/.jzjz:(: 8§j Dv a$j - aﬁj Dv agj wy.

j=1
Notice that

. 2
i 1k _ _
(ﬁ&v)kk’ = 5901212 (pl/)k1k2{(Eu l)kkp (El/ 1)k2k’} € S(h lag)’ k, K = 1,2.
K1, ko=1
Therefore
Biv, Bow, B3 € S(hfl,g; Ms), wuniformly inv € Zy,
with compact support in B,,. Moreover, a computation shows that

_ a2l Gy 00
59 ﬂg,u_Qa%{a,a}[O 1].

By virtue of hypothesis (3.1) we have
c ¢ 1 _ 27 _
P,y = @t (5{ech = Im(efa,e})) € S(h%,g),
uniformly in v € Zy, whence (using the fact that a ~ h=2 on supp ¢,,, uniformly
inveZy)
B3 € S(1,g; M), uniformly in v € Z,

U
so that, by the Cotlar-Stein Lemma, writing u = [ ! ] ,
Uz

> (B5,u,u) = O(Juz[)-
VEZy
Thus
puw) = 3 Gradualu) + 3 (B + S (85, uu) + O(Juld),
VEZL 4 VEZL 4 VEZ 4

and we have to control the terms with 381, and 35 ,.

We next handle the term (3}, u, u). It is crucial to note that by (3.5) (see also

(3.8))

(3.10) {pv, E; '} = [ 8 {X”“(’f/ a} ] ,
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with {x,a,&/a} belonging to S(h~!, g) uniformly in v € Z. Write then
a c/a}
\/> vV

where Lo, {xva,é/a}/va =: 1, € S(1,g) uniformly in v € Z, is compactly

Dwa,fa}e, = xpv/a X080

supported, and ), 4}, is bounded in L?*(R"). We now write, with aju =
[ (o u)s ] |
(agu)
(o dpw, By You) u,u) = (({xwa, ¢/apy) Y uz, (e u)r) + (r'7,u, w),
and

slwascrabe, = v (5 5 o) = (@i +

where 71, and the entries of ] , belong to Conf(1, g, Xy, 2r) uniformly inv € Z
(recall that X, denotes the center of B, and g, = gx,). Keeping into account
that

{pw, B, = (B ) o),
we get
(3.11) (Brvu,u) = 2Re (7, u2, (xova)™ (e u)1) + (71, u, w),

with > 77, bounded in L?. By the Cauchy-Schwarz inequality, with 0 < ¢ < 1

to be picked, we have

2 [Re (117, u2, (xu V@)™ (agu)1)| < e((xja)™ (o)1, (au)1)+

Dw
R

te(rt M ug, ug) + Cg(rfgwm, uz),

where ), diag(rglg ,rﬁ)w) is bounded in L?*(R", C?).
We now handle the term (ﬁ;‘jyu,u). The crucial observation at this point is
that, again by (3.5),

0 {p.,c/a) ] |

(312) o By} = [ )

with {¢,,¢/a} € S(h,g) uniformly in v € Z, whence we may write

plon B} = xyf{somc/a}f[o 3]
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where £{p,,¢/a}\/a =: y2, € S(1,g), uniformly in v € Z,, is compactly sup-
ported, and ), Y3, 1s bounded in L?. Keeping into account that

({on, B D" = (B )" o,
we get (as before in the case of ff,)
(313) (/ngyua U) =2Re (’)/;VUQ’ (Xl/\/a)w(a?/vu)l) + (T%:Vu’ U),

with >, ry, bounded in L?. Again, by the Cauchy-Schwarz inequality, with
0 < e < 1 to be picked, we have

2 [Re (73, u2, (xwv/a)™ (ayu)1)| < e((ia)™ (e u)r, (o u))+

+€(r§3wu1, ur) + C; (T‘éizWUQ, u2),
where ), diag(réiw, réQIZW) is bounded in L?(R"™, C?).
Hence

(P ayu, aju) + (B7,u,u) + (B3, u,u) =

> ((xwa — 2ex30)" (w1, (apw)1) + (O (b — |e?/a)™ (e u)z2, (o u)2)+
+Cg (fﬁyul, u1) + Cé (f;’:,/ul, ul),

with }_  diag(7y’,,7y,) bounded in L2(R™,C?). Choose therefore e = 1/4, so that
by the scalar Fefferman-Phong inequality, namely by Theorem 1.2 in the case of
the constant metric g,, we have that there are universal constants C1,Cy > 0,
independent of v € Z, such that

((wa = 2ex3a)" (agu)r, (afu)1) = =Chfl (a3,
and
(b = e[ /a))¥ (a)u)a, (agu)2) > —Cofl(afu)a |3,

which finally yields, by (3.7),

(Puyu) > =C3 Y Joyulg + O(ulf) = ~Callulf,
VEZy

and proves the theorem. O

From Theorem 3.1 we are now in a position to derive the following neat result.
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Theorem 3.5. Let g be an admissible metric. Let

B a(X) ¢X)
P = [ o(X) b(X)

] =p(X)* >0, X eR™,

where a,b,c € S(h™2,9) and where the matriz-trace of p satisfies the ellipticity
hypothesis (3.2):
a(X)+b(X) ~h(X)% VX cR™

Suppose that there are constants 61,62 € (0,1) and a symbol w1 € S(1,g) with
01 < wi(X) < O for all X € R®™ such that, writing ¢ = c¢1 + icy and putting
wo :=1— w1, one has

(3.14) ¢;(X)? <w;j(X)%a(X)b(X), VX € R?", j=1,2.
Then there exists C > 0 such that

(p" (z, D)u,u) > —CHuH%, Yu € S(R”;(C2).

Proof. We write

(x) = wi(X)a(X) a(X) ] N [wQ(X)a(X) —ica(X) _
a(X)  w(X)b(X) ico(X)  wa(X)b(X)

=: pl(X) +p2(X
Then, in view of hypothesis (3.14), each p;(X) = p;(X)* >0, j = 1,2, and they
both satisfy the hypotheses of Theorem 3.1, whence the result. O

Using a scalar reduction of order, one may prove the following more general
version of Theorems 3.1 and 3.5.

Corollary 3.6. Let g be an admissible metric and m be a g-admissible weight.

Let L
a(X) o(X)

P = [ ¢(X) b(X) ]

where a,b,c € S(m,g) and where the matriz-trace of p satisfies the ellipticity

=p(X)* >0, X eR™,

hypothesis:
a(X) +b(X) =~ m(X), VX € R
Suppose that either

o a{c,é} — 2iIm(c{a,¢}) and b{c,é} —2iIm(c{b,c}) € S(h®*m3,g),
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IN

or that there are constants 01,62 € (0,1) and a symbol w1 € S(1,g) with 61
wi(X) < B for all X € R*™ such that, writing ¢ = ¢ + icy and putting wy =
1 — wyq, one has

. ¢;i(X)? <w;j(X)%a(X)b(X), VX € R*™, j=1,2.
Then there exists a symbol ¢ = ¢* € S(h?*m, g;Ma) such that

p¥(xz,D) > ¢"(z, D).

4. ON CONDITIONS (3.1) AND (3.14)

In this section we show an example of 2 x 2 system with positive-elliptic
trace, for which conditions (3.1) and (3.14) are not satisfied, and for which the
Fefferman-Phong inequality does not hold.

&1
Hee) = [(1 - iwl)&] 7

Let

and let

(“column-times-row”). Hence
2 I
A, ) = & (1 +iz1)&1 &2
(1—iz1)61&e  (1+27)E

and

t(z, &) = A\ (2,8) = |L(2,9) > =& + (1 +21)&3,

is thus elliptic, with A_ = 0. It is also readily seen that both (3.1) and (3.14) do
not hold.

It is convenient here to refer to the following (localized) version of the Fefferman-
Phong inequality: For any given compact K C R" there exists Cx > 0 such that

(4.1) (A% (z, D)u,u) > —Cxlul?, Vu € CS°(K;C2).

Lemma 4.1. For the system A% (x, D) the Fefferman-Phong inequality (4.1) can-
not hold.
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Proof. Consider

w_(z,£) = (I Fim)e € Ker A(z,§),
&1
and
wi(2,€) = L(z,€) = [ ] eRer A o)
(1 — i$1)fg

It is well known that we may find classical (properly supported) pseudodifferential
operators BY(z, D) and AY(x, D), for which

AY(x,D)BY(x,D) = AY (xz, D)BY(x, D) 4+ smoothing operator,

where
B_(z, §)~v (:z: )+ :)(az,g)qt..., has order 0,
and
A_(2,8) ~ A_(z,8) + AU ( ,€) + ..., has thus order 1.

We find out from Av'” = 0 that we may take v(_)(:v, &) =w_(x,&)/[], and from
_%{A, vg))} + ArTY = 23 1y©)
that A\ is chosen so as to have

AW @ %{A,v(_o)} € Ker A+

We have

LA},

St g

A0y = (4, L
o=t =td g

and we see that on the one hand

i 1 i & [ 0 i§162 ] [—(1+ix1)§2]

IA o = L SL
2 |f|}w 2167 | —iere, 21083 &1

5152 £1 _ 5152
2|§’3 (1 — il‘l)fz 2‘5‘3 s
and that on the other

_ t OL g Ow- 0L g Ow-y _
g (o) = g (M) 4 5 T - 5 )
fg 1 gl
!£\<++ —(1+z'x1)§2]>'
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Hence
(Hw £ o &2 &1
A Y 22wy + :
G+ 5T T (5™ 38 | e

and imposing

(0% + 30 g T e =

yields the equation

e lw_|? & &1 —(1+iz1)& _o
3G +2IEI2< —(1+iz)& | & ><C2

that is, finally,

6163
)\+ ($7 E) ’

Now consider a Oth-order classical (properly supported) pseudodifferential oper-

(4.2) AV (z,6) = € #0.

ator BY (x, D) with principal symbol w, /||. Then

f1

‘= BY (2, D) fy + BY (2, D) fs =
P

B"(z, D) [

N1

_ [BY(x,D)‘BXX(x,D)} [ 2

]7 f17f260(c)>07

is elliptic, and one has

BY)*AYBY (BY)*AVBY
(BY)*AVBY = + smoothing operator,
(BY)'AYBY (BY)*ABY
where the principal symbol of (BY)*AYBY is Ay|wi|?/|¢]?, and that of
(BY)*AYBY = ((BY)*AYBY)" is /\(_1)<w_,w+)/]§\2. Since (w_,wy) = 0, one
therefore has that (BY)*AYBY and (BY)*AYBY are Oth-order operators, and
thus they are bounded in L?. Hence, using the ellipticity of (BY)*AYBY, one
sees that the Fefferman-Phong inequality holds for AW iff the Sharp Garding in-
equality holds for (BY)*AY BY, that is iff the principal symbol AU |w 12/1€]? of
(BY)*AY BY is nonnegative. But by (4.2) A is not nonnegative, whence the
Fefferman-Phong inequality cannot hold for AW. (|
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5. FINAL REMARKS

5.1. Why taking N = 2?7 The reduction procedure cannot in general be it-
erated, for it may destroy the ellipticity assumption on the trace, which is the
reason why we have to take N = 2. This is easily seen by considering the system

3 ZFTSTS I
A(z,8) = | —im1&1&e 218 0 | =
0 0 ¢2 0 0 ‘ 2

Aste© (£.¢) € R*".

The trace of A(z,&) is (positive) elliptic, and the off-diagonal entries of A(z,¢)

fulfill hypothesis (3.1). However, A¥(x, D) fails to satisfy the Fefferman-Phong
Uy

inequality on functions u € CSO(RQ”; C3) of the kind u = |uy | where ui,us €
0

C3(Jz1], |x2| < 1), because of the 2 x 2 block Ap(z,§) (see (1.2)).

5.2. Optimality of the ellipticity condition. The assumption that the trace
be elliptic is by no means optimal. Let a,b € S(h™2, g), real-valued and such that
a(X) > |b(X)] for all X € R?". Consider then the system

0 1

=A(X)*>0.
1 0 (X" =

A@3:a@31+mX)[

Using a constant unitary transformation U: C? — C? such that

g | 001 ] - [ 1 0 ] |
1 0 0 -1
we may write
* | a(X) +b(X) 0
UrAXU = 0 a(X) — b(X) ] '

By the hypothesis we have a + b > 0, so that we may use the scalar Fefferman-
Phong inequality on the diagonal. Hence the Fefferman-Phong inequality holds
for AV (z, D).
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5.3. N x N examples. Following the construction given in [8], it is now an
easy matter to construct systems of size N x N (that are, however, 2 x 2 “in
disguise”) with determinant identically zero, for which the Fefferman-Phong in-
equality holds. We have the following corollary of Theorem 3.1.

Corollary 5.1. Let v1,vy be orthonormal vectors of CV, N > 3. Let g be an
admissible metric. Let q1,q2 € S(h™',g) be real-valued with

01(X)? + ¢2(X)? = h(X) 7%, VX € R™,

and let
L:R™ 35 X — L(X) = q1(X)v1 + q2(X)vy € CV.
Consider the symbol
(5.1) 0<p=L*®L=p cS(h?gMy).
Then there exists C' > 0 such that
(0" (@, D)u,u) = —Cllul, Vu € S(R™; C?).

Recall that (v* @ v)w = (w,v)cnv.

Proof. After having completed the set {vi,vs} into a unitary basis of CV, take
a unitary constant matrix U: CV — CV such that Uvj =€, 5 =1,...,N,

where {e1,...,ex} is the canonical basis of CV. Hence, since U(v* ® v)U* =

(Uv)* @ (Uv), we have that
a(X)?  a(X)e(X)
Up(X)U* = | as(X)2(X)  q2(X)? , VX e R™.
0 ‘ 0

Since
@1 (X)? + q2(X)* ~ h(X) 72,

and q;q2 is real-valued, we are in a position to use Theorem 3.1, which yields the
desired conclusion. O

Notice that in (5.1) the system p has constant rank 1 and positive elliptic trace.

Of course, it is now straightforward to prove also the following corollary.
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Corollary 5.2. Given real-valued symbols g2j—1,q2; € S(h™1,g), 1 <j < d, and
orthonormal vectors vaj_1,v25, 1 < j <d, of CN, where N > 2d, define

Li: R 3 X s L;(X) = q2j—1(X)vaj—1 + q2;(X)vaj, 1 <5 < d,

and consider the N X N system

d
(5.2) 0<p=) Li®L;j=p"cS(h? gMy).
j=1

Suppose that for every j =1,....d,
(5.3) g2j-1(X)? + g2 (X)? = h(X) 72, VX € R*™

Then p¥(x, D) satisfies the Fefferman-Phong inequality.

Notice that in (5.2) the system p has constant rank d and positive elliptic trace.
Notice also that as soon as condition (5.3) fails for some j, then Corollary 5.2
cannot hold in general.
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