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Abstract: For a proper holomorphic map F' from a ball B" into another ball
BV, we give a criterion when a rational map F' is equivalent to a polynomial
one. As application, we show that proper rational holomorphic maps from
B2 into BY of degree two are equivalent to polynomial maps, and we also
give an example of a rational holomorphic maps of degree 3 that are ‘almost’
linear but are not equivalent to holomorphic polynomial maps.
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1. INTRODUCTION

Let B" be the unit ball in the complex space C*. Write Rat(B",B") for the
space of proper rational holomorphic maps from B" into BN and Poly(IB%”,IB%N )
for the set of proper holomorphic polynomial maps from B” into BY. We say that
F and G € Rat(B",BY) are equivalent if there are automorphisms o € Aut(B")
and 7 € Aut(BY) such that F =70Goo.

Proper holomorphic maps from B" into BY with N < 2n — 2, that are suffi-
ciently smooth up to the boundary, are equivalent to the identity map ([Fa] [Fr]
[Hu]). In [HJX], it is shown that F € Rat(B",BY) with N < 3n — 4 is equiva-

lent to a quadratic monomial map, called the D’Angelo map. However, when the
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codimension is sufficiently large, there is plenty of room to construct rational holo-
morphic maps with certain arbitrariness by the work in Catlin-D’Angelo [CD].
Hence, it is reasonable to believe that after lifting the codimension restriction,
many proper rational holomorphic maps are not equivalent to proper holomor-
phic polynomial maps. In the last paragraph of the paper [DA], D’Angelo gave
a philosophic discussion on this matter. However, the problem of determining if
an explicit proper rational holomorphic map is equivalent to a polynomial map

does not seem to have been studied so far.

This short paper is concerned with such a problem. We will first give a simple
and explicit criterion when a rational holomorphic map is equivalent to a holo-
morphic polynomial map. With the help of the classification result in [CJX], this
criterion is used in §3 to show that proper rational holomorphic maps from B2
into BY of degree two are equivalent to polynomial maps. On the other hand,
making use of the criterion, we construct in §4 rational holomorphic maps of de-
gree 3 that are ‘almost’ linear but are not equivalent to holomorphic polynomial
maps.
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the summer of 2005. They are indebted to Professor Hua Chen for his support,
arrangement and hospitality, which made the visit possible. The authors of the
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workshop on Complexity of Mappings in CR Geometry in September, 2006. The
fourth author would like to thank F. Meylan and D. Zaitsev for discussions related
to the paper.

2. A CRITERION

Let F = % = w be a non-constant rational holomorphic map from
the unit ball B® C C” into the unit ball BN < CV, where (Pj)é\[:17 q are

holomorphic polynomial functions and (P, ..., Pn,q) = 1. We define deg(F) =
max{deg(Pj)jyzl,deg(q)}. Then F induces a rational map from CP" into CP¥
given by

F(lz1:- 2y :t]) = [tkP(j) : tkq(j)}

where z = (21, ..., 2,) € C" and deg(F) =k > 0.
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F' may not be holomorphic in general. Denote by Sing(F) the singular set
of F, namely, the collection of points where F fails to be (or fails to extend to
be) holomorphic. Then Sz’ng(F ) is an algebraic subvariety of codimension two or
more in CP". For instance, we have the following:

Example 2.1

I. Let Fy(z,w) = (2, cosf w, sinf zw, sinfl w?) be the proper monomial map from
B? into B* (called the D’Angelo map), where 0 < § < Z. Then Sing(Ey) of Fy
consists of one point: {[z:w:t] € CP?: w=0,t=0}={[1:0:0]}.

II. Let G4 = (2%, V1 + cos2a zw, cosa w?, sina w) be the proper monomial map
from B? into B* where 0 < a < 5. Then G, induces

Go = [22 1 V1 + cos?a zw : cosa w? : sina wt : t%].
There are no singular points for Go. Hence Gy is holomorphic.
Write BY = {[z1 : -+ 1 2, 1 ¢] € CP" : 370, 1zj|* < [|t|*}, which is the

projective realization of B". Write U(n + 1,1) for the collection of the linear
transforms A : [Z](€ CP") — [ZA](€ CP") such that

—t
AE, 11 A = Enqa

I, 0
E = .
n+1,1 (O _1)

Then U(n + 1,1)/{x1d} = Aut(B}) ~ Aut(B").

where

Lemma 2.1. For any hyperplane H C CP" with H N B} = 0, there is a 0 €
U(n+1,1) such that o(H) = Hoo = {[21: -+ : 25, : 0] € CP"}.

Proof: Assume that H : Z?Zl a;jzj — ap+1t = 0 with @ = (a1, ...,an+1) # 0.
Under the assumption that H N B} = (), we have a,41 # 0. Without loss of
generality, we can assume that a,4+1 = 1. Let U be an n X n unitary matrix such
that

(a1,...,a,)U = (),0,...,0),



832 James Faran, Xiaojun Huang, Shanyu Ji and Yuan Zhang

for some A € C. Let 0 = (g?) Then o(H) = {[z : t] € CP" | A\z; —t = 0} with

Al < 1. Let T' € Aut(B") be defined by

T(z1,7') = ( 21—\ mz,>

1—/\2’1’ 1—>\21

with 2’ = (22, ..., zn). Then T € U(n 4 1,1) is defined by

T([z1: 2 1)) = [21 — At : /1T — |A22 ¢ — Az

Now, it is easy to see that Too maps H to Hy,. O

Our criterion can be stated as follows:

Theorem 2.2. Let F' be a non-constant rational holomorphic map from B™ into
BN with N,n > 1. Then F is equivalent to a holomorphic polynomial map
from B" into BN, namely, there are o0 € Aut(B") and 7 € Aut(BY) such that
70 F oo is a holomorphic polynomial map from B™ into BY, if and only if there
exist (complex) hyperplanes H C CP" and H' C CPN such that H N B} = 0,
H' NBY =0 and

F(H\ Sing(F)) c H', F (CIP”\(H U smg(ﬁ))) c CPM\H'.

Proof: If F is a non-constant holomorphic polynomial map, then F = [thE (%), t*]
with deg(F) = k > 0. Let H = Hy, and H' = H/ . Then they satisfy the
property described in the theorem.

If F' is equivalent to a holomorphic polynomial map G, then there exist 6 €
U(n+1,1),7 € U(n+1,1) such that F = 70 Go . Let H = 6 '(Hy) and
H' = 7(HL,). Then they are the desired ones.

Conversely, suppose that F , H and H' are as in the theorem. By Lemma 2.1,
we can find 6 € U(n + 1,1) and 7 € U(n + 1,1) such that 6(H) = Hy and
#(H') = H'_. Let Q = 7o F o6~'. Then Q induces a rational holomorphic map
Q from B" into BN. If Q = g where (P,q) =1 and deg(Q) = k > 0, then

Q=11PC) s thq(3))

Suppose that g # constant. Let zgp € C™ be such that ¢(z9) = 0 but P(z) # 0.
Then [z : 1] & Sing(Q) U Hs and Q([z : 1)) € H’,. Notice that Q(Hy \
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Sing(Q)) ¢ H. and Q ((CIP’"\(HOO U Szng(@))) C CPN\H!_. This is a contra-
diction. Thus, we showed that () is a polynomial. O

Remark 2.3 (A): Suppose that F' = [F} : --- : Fy : Fp] is a non-constant
rational map from CP" into CPY, where Fy, ..., Fiy are homogeneous polynomials
in (z,t) of degree k > 0 with

(Flv"'aFNaFO) =1
Assume that H = {[z1 : -+ 2, : t] € CP" : 0 a;z; +apt =0, a; €
C, (a0, an,a0) # 0}, H 1= {[z} : -+ : 2y : ¥] € CPN 20| Ajel+ Aot/ =
0, A; € C, (Ao,...,An,Ap) # 0} are (complex) hyperplanes. Also assume that
HNBY =0 and H' NBY = (. We easily see that ag, A9 # 0 ( thus we can

always make ag, Agp = 1). Under such a set-up, by the basic division property
for polynomials, we can easily conclude that

F(H\ Sing(F)) c H', F (CIP’”\(H U Sing(F))) c CPM\H'

if and only if
N

n
ZAJF’J + Aoy =C - (Z a;z; + aot)k,
j=1 j=1

where C' # 0 is a constant and k(> 0) is the degree of F. This observation will
be used for our later application of Theorem 2.2.

(B): From the argument of Theorem 2.2, it is clear that a similar result can
also be proved for non-constant rational maps from CP” into CP" .

Write the Cayley transformation

i) = (

Then p,, biholomorphically maps OH" to dB™\{(0,1)}, where H" = {(%/, 2,) €
C" : X(2,) > |#/|?}. pn induces a linear transformation of CP™:

27 1+1iz,
1—dz, 1—iz, /)

pn =127 1t +iz,  t—iz).
pn maps ST = {[2: 2z, : t] € CP™: % > |2'|?} to BY.
Now let G be a non-constant rational holomorphic map from an open piece of

OH™ into OHY. Then py o Gop; ! extends to a proper rational holomorphic map
from B” to BY. By Theorem 2.2, we have the following:
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Theorem 2.4 py o G o p, ! is equivalent to a proper holomorphic polynomial
map from B" into BN if and only if there are (complex) hyperplanes H C CP",
H' c CPN such that G(H\Sing(G)) € H' and G(CP™\(HUSing(G)) c CPN\ H'
with

HNST =0, H'NSN =9.

3. PROPER RATIONAL HOLOMORPHIC MAPS FROM B2 INTO BY OF DEGREE
TWO

As a first application of Theorem 2.2, we prove the following:

Theorem 3.1. A map F € Rat(B%,BY) of degree two is equivalent to a polyno-
mial proper holomorphic map in Poly(B2 BY).

Proof: By [HJX], we know that any rational holomorphic map of degree 2 from
B? into BY is equivalent to a map of the form (G, 0), where the map G is from B2
into B5. Hence, to prove Theorem 3.1, we need only to assume that N = 5. After
applying Cayley transformations and using the result in [CJX], we can assume
that F = (f, ¢1, d2, ¢3,9) is from H? into H° with either

@

Z+ szw 22 c12w
F= 1+e22u)27 o1 = 1+ eqw?’ 02 = 1+ eqw?’ 93 =0, 9= 14 eqw?
where —eg = % + c% and ¢; > 0 or
(II)
z+ (L +ier)zw 22
F= 1 +ieqw + eqw?’ o1 = 1 +iejw + eqw?’
cl1zw caw? w + ieqw?
92 = 1+ ieqw + eow?’ 93 = 1+ ieqw + eow?’ 9= 1+ deqw + eqw?
where —eq, —eg > 0, ¢1,c3 > 0 and
ejeg = cg, —e] — ey = % + C%.

Write [z : w : ¢] for the homogeneous coordinates of CP2. In Case (I) the map F
induces a rational map F : CP?2 — CP® given by

F([z:w:t]):[tz—f—%zw:zQ:clzw:O:tw:t2+62w2] V[z:w:t] € CP2
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In Case (II), F induces a rational map £ : CP?2 — CP® given by

F(lz:w:t]) = [tz+(%+iel)zw 222w caw? s twFieyw? - 2 Fieqwt +eaw?]

V[z : w : t] € CP2. In terms of Theorem 2.4, we will look for H = {—t =
71 + paze} C CP? and H' = {—t' = Y0_, A;2}} C CP® such that H N8} =
0, H' NS} =0 with

F(H\ Sing(F)) c H' and F <sz \ (H U Sing(F))) C CP5\ H'.

We next prove the following lemma:

Lemma 3.2. Let H={-t =37 K;z;j} C CP". Then H N ST =0 if and only
if

n—1
A3(Ky) + ) |KG)? <.
j=1

Proof:  Suppose for z; and t = — Z?Zl Kz, we have

J=1

Here we identify z, = w. We then get

- -1 —__ _ n—1
—Kn|w|2 +Kn|w\2 - —Kijw-i-Kijw 9
2 2 2 <DLl
7j=1 7=1
Hence
n—1 K.
2 2 _
S < Dl - 2R o),
j:
or

-1 ~1 .
2( 5 |]:(—,]|2 X (o 2
lw|* | S(Ky) + E )< g |zj—§Kjw] :
Jj=1

J=1

Since {z;, w} are independent variables, this can only happen if and only if

S(K — |va|2
( n)—%—ziél < 0.

This proves the lemma. O
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We first consider Case (I). Here, we need only to find out 1, ug, A1, ..., A5 € C
such that

4
AS(p2) + P <0, 4S0s)+ > [N2 <0
j=1

and
i
Mtz + S2w) + Aa2® + Azerzw + Astw + (12 + eqw?) = (t + 1z + pow)?,

V[z : w: t] € CP2 Tt is easy to verify that Ay = Ao = A\3 = \y = 3 = 0,
A5 = —24/|ea]i and po = —+/|ez|i satisfy the above conditions. Hence in Case (I),
the map is always equivalent to a holomorphic polynomial map in Poly(B2,B%).

We next consider the second case. Similar to Case (I), it suffices for us to find
M1y 42, AL, - A5 € C
such that

4
A (p2) + el <0, AS(s) + ) INP <0
7j=1

and
1
A (tz + 1(5 +e1)zw) + Aez? + Azerzw + Agezw? + s (tw + dejw?)

+(t* +iertw + eaw?) = (t + p12z + pow)?, V[z:w : t] € CP2
Comparing the coefficients, we get
A =21, Ao = i, Ay = cll[—i(l + 2e1) 1 + 21 2],
Ay = ;(ug —eg — 2ie1 g — e%), A5 = 2u9 — ieq.

By Theorem 2.4 and Remark 2.3, we thus obtain the following statement:

pn o Foplis equivalent to a holomorphic polynomial map if and only if there
are 1, 2 € C such that 43(uz) + |u1]? < 0 and that

1 . 1 )
—de1+8 (o) +4| 1)+ | !44—63 201 pr2—1(14-2e1) 1y \2-1-0*2 |u3—ea—et—2ie1po|? < 0.
1 3

We will look for u1 and pe with gy = 0 and pe = iy (y < 0).
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To prove that py o F op, ! is equivalent to a polynomial map, it suffices for us
to show that there exists y < 0 such that

1
—4e; + 8y + ?(—gf —e9 — e% + Qely)2 <0,
3
or

J(y) := (—de1+8y)erea+(y* —2e1y+ei+e)® = (8y—der)ereat((y—er)*+e2)? < 0.
Notice that as a function in y < 0,
lim J(y) = 400, J(0) = (€2 —e3)? > 0.
y——00

We need to show that

min J(y) < 0.

Notice that J'(y) = 8e1ea +4((y —e1)? +e2)(y —e1). Setting J'(y) = 0, we get
(y —e1)® + ea(y — e1) + 2e1ea = 0.
J'(y) = 0 thus has a root yg € (—00,0); for

lim J'(y) = —oo, J'(0) =4(—€3 + ejez) > 0.

y——00
Let (o, (1, (2 be the solution of
Cg + ea( + 2e1e0 =0 with (s = yo — e1.
Then (o + ¢1 + G2 = 0, (oC1 + (o2 + C1¢2 = ez and (p¢1¢2 = —2ejez. Hence
Go = —C1 — C2. We get
—C8 + C16o = ea,

or (1¢2 = ez + (3, and
1 G

GG 2eren’

. 1
In particular, 7= € R\{0}.
Now J(yo) = (—461 + 8o + 861)6162 + (Cg + 62)2 = 26162(4@ + 261) + (C1C2)2
= —(0¢162(4¢0 + 2e1) + (G1G2)*
Notice that 4{8’ = —8ejeg — 4ea(y. We see that

J (yo)
(€1¢2)?
= —6ejes — 4eax(y + 261@% = —262(361 + 2C0) + 261(02.

2eqe9 = 2e1e9 + Cg (4C0 + 261) = 2e1e9 — 8ejeg — 462(0 + 261(&



838 James Faran, Xiaojun Huang, Shanyu Ji and Yuan Zhang

Since (o = yg — e1 < —eq, 3e1 + 2(y < e1 < 0. Therefore (Zl(é’;’))Q 2e1e9 < 0. Hence

we showed that J(yo) < 0. This also completes the proof of Theorem 3.1. O

Our proof of Theorem 3.1 is, in fact, a constructive proof, which can be used to
find precisely polynomial maps equivalent to the original ones. In the following,
we demonstrate this by giving an explicit example:

Proposition 3.3 Let F = (f, ¢1, 2, ¢3,9) : H?> — H° be defined as follows:

2—tzw 22
f(sz)zl . 2 1. 97 @1(2,@0):.—12,
—w — 3w 1—zw—§w
\/ %zw ?wQ w — jw?
do(zw) = —L 2 gy(zw) = — 2 g(zw) = ——
l—zw—gw l—zw—gw l—zw—gw

It is equivalent to the proper polynomial holomorphic map G from B? into B®:

3 6 3 6 V13

G(z,w) = £(—2—1—47;4—,22),—i(l—l—z—i—zQ),£(5—1—3z)w, in,—i(l—z)w .
9 9 12 6 12

Proof:  In fact, for the map F' given above, e; = —1, ey = —%, c1 = %, c3 =

?. From the proof of Theorem 3.1, the hyperplanes H c CP?, H' ¢ CP® are
defined by

w
H:t=—ypiw, or — = —,
t Yo

2 w’
H = —\2) — Xsu', or — )\4?‘;L — )\5? =1.

Here yo < 0 is a solution for (y0+1)3—%(y0+1)+§ =0, \q = é[—(y0—€1)2—62] =
_ (yo—e1)’+ea

NG and A5 = 2iyy — e1i. Therefore yg = —2, Ay = —% and \5; = —31.
Thus we see that

w
H :t = 2w, 07“?:—,

P 2 2 3w
H t = 2+ 30, or —=22 420

/3 BT

Consider F := pso F o Py 1. B2 — B® where p; are the corresponding Cayley

=1

transformations. An easy computation shows that the projectivization of F,
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denoted by ﬁ' , is as follows:

ﬁ’([z cw i t]) = |2(3t +w) ;227 2@'\/52@ —w) : —2\3/3@ —w)?

1 1
(2 + 10tw + w?) : §(13752 — 2tw + w?)

3
and
2 . 1
H = pQ(H) t= g’w,
= R 3 1
H = ps(H) : t' = izﬁ—i—fw/

We have fl C CP? and H' C CIP®, that satisfy the property:
ﬁﬂ?:@, I;T'ﬁii’:(l) and

F(H) c H', F(CP*\H) C CP°\H'.

According to Lemma 2.1, let

oi([z:w:t])= [2\3/510 z+ - t+§
Go[2h 1 2y i 2h i 2w ] = B(zfl—k\/g " ft’:\éé( " —V/32))
: \/3621 : \gézé : \éézé = \/g(zfl + \/gw') ,

6

then 61 € U(3,1) and 65 € U(6,1) with 61(Hs) = H and 65(H') = H',. The
desired proper polynomial holomorphic map G is thus induced by 65 o F o 671,
which has the expression given in Proposition 3.3. O

Remark 3.4: It may be interesting to notice that the map G in Proposition
3.3 does not preserve the origin and is not equivalent to a map of the form (G’,0).
We do not know other examples of proper polynomial maps between balls of this
type.
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4. EXAMPLES OF RATIONAL MAPS THAT ARE NOT EQUIVALENT TO
POLYNOMIAL MAPS

In this section, we apply Theorem 2.2 to construct examples of rational holo-
morphic maps which are not equivalent to proper holomorphic polynomial maps.

l1—az’ l1—az

Example 4.1: Let G(z,w) = <z2,\/§zw,w2(z_“ ”1a|2w)>, la| < 1, be a

map in Rat(B?, B*). Then G is equivalent to a proper holomorphic polynomial
map in Poly(B?,B*) if and only if a = 0.

Proof: Indeed, we have

G=|(t—a2)2?: (t —az)V2zw : w(z — at) : w? /1 — |a2w : (£3 —atzz)].

Suppose there exist hyperplanes H = {u121 + pow + pot = 0} € CP? and H' =
{2?21 AjZ} + Aot’ = 0} C CP* such that

HOB? = 0, H'NBY = 0, G(H\Sing(G)) c H', G (@P2\(H U smg(é))) c CPM\H'.
Then
A (t —@2)2% 4+ a(t — @2) V22w + Aw?(2 — at) + Mw? /1 — |a2w
+Xo(t? —at?z) = (w12 + pow + pot)®  V[z:w:t] € CP2

Apparently Ao # 0. Hence we can assume that \g = 1, up = 1. By comparing

2

the coefficient of 23, w3, wt?, 2t2, 2%t, zwt, 2°w, zw?, w?t, respectively, in the above

equation, we get
pi = —aAi, ps = Aav/1—lal?, 3ua =0, 3 = —a, 3pf = A1,
Guipe = V2Xa, Buiue = —V2Xad, 3pips = A3, 3p3 = —als.
We then have A\s = A3 = Ay = pug = 0. If a # 0, then pi, A1 # 0. From
ui = —aX; and 3uF = \j, we get 1 = —3a. Since 33 = —a, we get @ = 0. This

is a contradiction. Notice that when a = 0, F' is a polynomial. By Theorem 2.2,

we see the conclusion. O

l-aw °’ l—aw

Example 4.2: Let F(2',w) = <z’,wz’,w2(vlla|2zl L= )) with |a| < 1 be a

map in Rat(B",B>*~2). Then F has geometric rank 1 and is linear along each
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hyperplane defined by w = constant. F' is equivalent to a proper polynomial
map in Poly(B", B**~2) if and only if a = 0.

Proof:  The projectivization of F' is

F= [t2'(t — aw) : tw?' w?/1 — |a22’ : w(w — at) : t3(t — aw)].

Assume a # 0 and suppose there exist hyperplanes H C CP" and H' c CP3" 2
such that

HNBY =0, HNB" 2 =0, F(H\ Sing(F)) c H,

F
P ((CIP’”\(H U smg(ﬁ))) C CP3 2\ .
Then
Nt (t — aw) + MNytwz' + Nyw? /1 — a2’ + Aw?(w — at) + Mot?(t — aw)

= (ot + 12’ + pnw)?
for some M\, Xy, N, i/ € C*1 and A, Ao, f1o, ftn € C. Then g = pd # 0. We
thus can assume at the beginning that A\g = pg = 1.
Since there are no terms like z?(j < n) on the left hand side, we conclude that
@' =0. Thus we get

Anw?(w — at) + 12 (t — aw) = (t + pow)?.

Therefore —a@ = 3, —Apa = 3u2, A\p = p3 or p, = —% and p, = —%. This
contradicts the assumption that 0 < |a|?> < 1. O
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