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Abstract: We describe the boundary singularity of weighted Bergman ker-
nels on smoothly bounded strictly pseudoconvex domains for weights which
behave, roughly speaking, likely formal power series in defining function
with coefficients which are polynomials in the logarithm of defining func-
tion. The result extends also to weighted Sobolev spaces of holomorphic
functions with respect to such weights. Connections with holomorphic in-
variants are outlined, and some examples presented.
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1. INTRODUCTION

Let € be a bounded strictly pseudoconvex domain in C” with smooth bound-
ary, and r a defining function for ; thus r is smooth on the closure Q of Q, r < 0
on , and r = 0, [|[Vr]| > 0 on 9. It is then a celebrated result of Fefferman
[10] and Boutet de Monvel and Sjéstrand [6] that the Bergman kernel of Q has
the form

1) K(o9) = 8 o) logpla. )
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for some functions a,b € C*®(Q x Q). Here p(x,y) is a function in C*°(Q x Q)
which satisfies p(z,x2) = —r(x) and is almost-sesquianalytic in the sense that
Op(x,y) /0% and dp(x,y)/Oy vanish to infinite order on the diagonal z = y. (It is
known that such p(z,y) always exists and can be chosen in such a way that

p(z,y) = p(y,x) and
2Rep(z,y) > cle —y + p(x) + ply)  Va,y €

for some ¢ > 0, so that, in particular, log p(z,y) and p(z,y)* are well-defined
functions in C*°(2 x Q \ diag Q) for any a € C. We will assume that such
p(x,y) has been chosen, from now on.) One has also the explicit formula

(2) a(z,z) = % Jp](x), Vo € 09,

for the boundary values of the function a, where J[p] is the Monge-Ampere de-

_ n p Op

(whose positivity on 02 follows from the strict pseudoconvexity of ), and we

terminant

are also abusing the notation slightly (and will continue to in the sequel) by using
the same letter p also for the single-variable function p(x) := p(x,z) = —r(x).

If w is a continuous positive weight on {2, one can consider also the weighted
Bergman spaces L2 (9, w) of all holomorphic functions in L?*(Q,w), and their
reproducing kernels, namely, the weighted Bergman kernels K, (x,y). That is,
the function K, = Ky(-,y) belongs to L?(Q,w) for each y € 2, and has the
reproducing property that

fa) = /Q £ () Kl y) w(y) dy

for all z € Q and f € LE (Q,w).

From the proof in [6], it is immediate that the formula (1) extends also to
the weighted kernels K, (x,y) for smooth positive weights on Q, i.e. for weights
of the form w = e9 with ¢ € C*°(Q). Using an idea going back to Forelli and
Rudin [11] (see also Ligocka [20] and Boas-Fu-Straube [1]), relating a weighted
Bergman kernel of a domain to the unweighted Bergman kernel of a certain
Hartogs domain over it, one can also obtain a generalization of (1) to weights on
Q of the form

w=pmeY, m=1,2,3,..., g€ C®(Q).
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The corresponding kernels K, turn out to be still of the form (1), only with the
exponent n + 1 in the denominator replaced by n + m + 1.

Recently, the current author [9] was able to generalize the formula (1) also to
weights behaving like a fractional power of the defining function — more precisely,
to weights of the form

(3) w = p*ed, a>—1, ge C®(Q).

(The restriction on « stems from the fact that for & < —1 the space L2 ,(Q, w)
reduces to constant zero, and thus K, = 0 trivially.) The result is

a(z,y)

(4) Kw(xay)_ P aéy$’y)

pla,y)rrott

+ b(z,y) log p(x,y) ifaeZ,

+b(z,y) if a ¢ Z,

again with some a,b € C(Q x Q) (depending on w). There is also an analogue
of (2),

IF'n+a+1) Jp|(z)
o e9(x)

(5) a(z,z) = Vo € 0f.

Finally, it was also shown in [9] that an analogous result holds for the re-
producing kernels of the holomorphic Sobolev spaces W ,(§2) of all holomorphic
functions in the s-th order Sobolev space W#(Q2), for any s € R. (Sometimes
these are called Sobolev-Bergman spaces and kernels, cf. [16].) Namely,

a(z,y)

a(x, .
6) K@ (z,y) = p(azg(;)”'%:)l—zs + b(z,y) log p(z,y) ifn+1-—2s¢€Zsyy,
p(waéa)c;ﬁ)l% log p(z,y) + b(x,y) iftn+1-2seZc.

Again, there is also an analogue of (5), except that I'(n + o + 1) gets replaced
by T'(n + 1 — 2s) if n + 1 — 25 is not a nonpositive integer, and by (—1)*+1/k! if
n+1—2s=—k, k=0,1,2,...; and instead of e9®) in the denominator there is
a term whose exact form depends on the choice of the norm in W#*(Q). We refer
to [9] for the details.

While the class of weights covered by (4) is conveniently large, there are still

many interesting cases that it misses. For instance, it does not contain weights
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like u®, a > —1, where u is the solution of the complex Monge-Ampere equation
(7) Jul=1onQ, wu=0, ||Vu| >0 on 09,

because it is known (cf. Lee and Melrose [18]) that u is not of the form (3), but
rather

(8) urpY (P logp)lm, € CP(Q),
=0

with nolag = J[p]/**t1. Here “~” means that the difference between the left-
hand side and a partial sum of the right-hand side is continuous on Q together
with as many derivatives and vanishes at 0€2 to an order as high as the next term

of the series, i.e.

N—-1
u—pZ(pn‘*'1 log p)? n; GCSTLH)N(Q), VN =0,1,2,....
=0

Our main result in this paper is the following generalization of Fefferman’s
formula (1), which covers also weights like (8).

Theorem 1. Let  be a smoothly bounded strictly pseudoconvexr domain in C™
and w > 0 a smooth weight on Q) of the form

N
9)  w=p Zp > (logp)mje,  mir € C(Q), a> —1, Ny, < oo,
k=0 7=0

where Nog =0 and ngg > 0 on 9. Then
(10) Ky ~p e lzp ZIOgPJU]k‘FUoo
k=0 7=0

for some My, < co, My =0, and vjj, ve € C*®(Q x Q). Furthermore,

Fn+a+1) Jip/(x)

Vx € 0f0.
L Moo ()

(11) voo(x,z) =

Here the asymptotic expansion in (9) is understood in the same sense as in (8),
and similarly for (10), except that in the latter the continuity of (many) deriva-
tives is meant on 2 x €, while the vanishing (to high order) is meant only
at diag 0Q2. If « is an integer, the term v, can be omitted.
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The numbers M), depend on the N} in a somewhat complicated manner which
can be best described as follows. For € > 0 small enough, the map

U: 00 x (—e ) — C", (¢,t) — ¢ +tne,

where n¢ is the inward unit normal vector at ¢ € 992, is a diffeomorphism. Since
or(¢ +tn¢)/ot = —||Vr|| < 0 for t = 0, it follows from the implicit function
theorem that on a small neighbourhood of 92 in C™ we can use ((,r) as local
coordinates. Then (9) becomes

(12) w = p” Zp ZIng Tik
k=0  j=0

for some 7, € C*°(09). Consider now the ring C°*°(99)[log p] of all polynomials
in log p with coefficients in C*°(92); and let P = C*°(99Q)[log p][[p]] be the ring
of all formal powers series in p with coefficients in C*°(92)[log p]. Then (12) says
that, modulo functions in C°°(Q) vanishing to infinite order at the boundary,
p~“w =: v can be identified with an element of P; and the hypothesis that
No = 0 and 790|go > 0 means precisely that v is a unit of P, i.e. is invertible as
a formal power series. Let v~ € P be the inverse of v,

(13) Zp Zlogp k-
k=0 7=0

Then
oo Mg

(14) Ky~ » o H(log p) vji + ves
k=0 j=0

where

(15) RO L it e C\{0,1,2,...},

pPlogp, if3=0,1,2,....

Thus (10) holds with M}, = maxo<;<im; + €, where ¢, =0if k —n—a —11is
not a nonnegative integer and ¢, = 1 otherwise.

In particular, we have the following corollary. For any integer m > 1, denote
by A, the subspace of all functions v € C*°(Q2) of the form

o0

va Y (pMlogp) n;,  mj € C(Q),
=0
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and let A*, be the subset of all v € A, with nolgq > 0, i.e. v|go > 0. Finally,
abusing notation, we will denote by the same symbol A, also the similar space
on Q x Q (with p(x) replaced by p(z,y)).

Corollary 2. If

w e p* A, a>-1, a¢Z,

then
(16) Ky €p "o AL 4 C®(Q x Q),
with

prtatlp F'n+a+1) Jp]

on the boundary diagonal.

Since u € pA¥, by (8), the last corollary applies e.g. to all weights of the form

u®ed, a > —1, g€ C®(Q).

As in [9], the proof of Theorem 1 relies on Boutet de Monvel’s and Guillemin’s
theory of Toeplitz operators on 92 with pseudodifferential symbols. The main
(and, essentially, the only) difficulty here is that for our present purpose we need
to extend this theory from classical pseudodifferential operators to those with the
more general “log-polyhomogeneous” symbols. This is done, along with a brief
review of the necessary facts from Boutet de Monvel’s and Guillemin’s theory,
in Section 2. After some preparatory work in Section 3, the proof of Theorem 1
appears in Section 4, together with an extension to weighted Sobolev-Bergman
kernels. In the final Section 5, we present some examples, remarks on connections

with holomorphic invariants, and possible further generalizations.

A short comment on notation and terminology: (-,-)q, (-,)ow and (-,-)aq
stand for the inner products in L?(Q), L?(2, w) and L?(9%), respectively; the sub-
scripts are often omitted if there is no danger of confusion. Finally, by a positive
operator on a Hilbert space we mean an operator T such that (T'f, f) > 0 for all
f#0, fedomT.
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2. GENERALIZED TOEPLITZ OPERATORS

Denote by 7 the restriction to 9 of the 1-form Im dr = (9r—3r)/2i. The strict
pseudoconvexity of {2 guarantees that n is a contact form, i.e. the half-line bundle

Yo={(x,8) € T*(0N) : £ =1tng, t >0}

is a symplectic submanifold of 7%(02). Equip 02 with a measure with smooth
positive density, and let L?(952) be the Lebesgue space with respect to this mea-
sure. The Hardy space H2(0f) is the subspace in L?(09Q) of functions whose
Poisson extension is holomorphic in €2; or, equivalently, the closure in L?(9Q)
of C%,(09), the space of boundary values of all the functions in C*(€) that
are holomorphic on Q. We will also denote by W#(9€2), s € R, the Sobolev
spaces on 0f2, and by W (09Q) the corresponding subspaces of nontangential
boundary values of functions holomorphic in Q. (Thus W%(99Q) = L?(9Q) and

W2, (09) = H2(29).)

As usual, by a classical pseudodifferential operator or Fourier integral operator
(IDO or FIO for short) on 0f2 we will mean an operator whose total symbol
(or amplitude) in any local coordinate system has an asymptotic expansion

p(,8) ~ > pm—j(x,€),
=0

where p,,—; is C°° in z,§, and is positive homogeneous of degree m — j in £ for
|€| > 1. Here j runs through nonnegative integers, but m can be any complex
number; and the symbol “~” means that the difference between p and Z?;& Dm—j
should belong to the Hormander class SR~ F for each k = 0,1,2,.... The set
of all classical ¥DOs on 0f2 as above (i.e. of order m) will be denoted by ¥
The (larger) class of all (not necessarily classical) ¥DOs whose total symbol in
any local coordinate chart belongs to the Hormander class 5™ = 57, m € R,
will be denoted by ¥™; and we set, as usual, Vo := {U,,cc Yo, ¥ := Upper ¥
and U= := N VO = ,,cr Y. The operators in W~=>° are precisely the
smoothing operators, i.e. those given by a C°° Schwartz kernel; and for any
P,Q € ¥, we will write P ~ Q if P — @ is smoothing. Note that ¥ C WwRem,
and if P € ¥, then P is continuous from W#(9f2) into W*~"(99Q), for any
s € R.
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For P € U™, the generalized Toeplitz operator Tp : W™ (02) — H?(0RQ) is
defined as
Tp = TIP,
where IT : L2(092) — H?(09) is the orthogonal projection (the Szegd projection).
Alternatively, one may view Tp as the operator

Tp =1IPII

on all of W™ (99). Actually, Tp maps continuously W?*(9€) into W '™ (92), for
each s € R, because II is bounded on W*(0f2) for any s € R (see [6]).

Microlocally, generalized Toeplitz operators have the following structure. Let (z,y)
denote the variable in R" x R"™! ~ R?"~! and let (£,v) be the dual variable.
We identify T*R"™ with the symplectic cone g C T*R?**~! defined by y = v = 0,
and set 9

Dj:@+yj‘D$\, j=1....,n—1.
Let Hy : C3°(R™) — C*°(R?"~ 1) be the Hermite operator

. 1 (n=1)/4 .
Hoo) = m) " [ eesaiown (BN e gg

where we write z - £ for ) j x;€;, and the hat denotes Fourier transform; one has

n

D;Hy = 0 for all j and Hy extends to an isometry from L?(R™) onto the subspace
Ho = ﬂ?;& Ker D; C L?(R?"71). Then it follows from [3] and [6] that IT admits
the following microlocal description: for any zg € 02, there exists a homogeneous
canonical transformation ® from a conic open set U C T*R?"~ 1\ {0} to a conic
neighbourhood V' of (zg,m,,) € ¥ C T*0Q \ {0}, whose restriction defines a
symplectic isomorphism y : g NU — X N V. There exists an elliptic FIO F,
defined in U modulo smoothing operators, associated with ®, such that F'/F* ~ [
on V and F*IIF ~ (the projection onto Hy) on U, which transforms the left ideal
of YDOs generated by the D; into the left ideal generated by the components
of 0. Then F Hy maps, modulo smoothing operators, L?(R™) (non-isometrically)
onto H?(0R). Set A ~ HiF*F Hy (this is an elliptic positive classical ¥DO) and
H ~ FHyA Y2 (this is a classical FIO with complex phase, cf. [22]). Then
H*H ~ I, HH* ~ 11, and for any YDO @ on 0{2,

To =1QI ~ HPH* near zy, with P~ H*"QH ~ H*TgH.

In fact the map T — P ~ H*ToH is onto. It follows as a corollary that the
generalized Toeplitz operators Tp, P € W, have the following properties.
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(P1) They form an algebra which is, modulo smoothing operators, locally iso-
morphic to the algebra of classical ¥DOs on R”.

(P2) In fact, for any Tp there exists a YDO @ of the same order such that
Tp = TQ and QH = HQ.

(P3) It can happen that Tp = Tj for two different ¥DOs P and Q. If ord(P) —
ord(Q) ¢ R, then Tp = Tx for some R ~ 0. If ord(P) — ord(Q) > 0,
then the restriction of the principal symbol o(P) of P to ¥ identically
vanishes. If ord(P) = ord(Q), then the restrictions of ¢(P) and o(Q) to
the cone ¥ coincide. Thus we can define unambiguously the order of T
as ord(Q) + min{ord(P) —ord(Q) : Tp =T}, and the symbol of Ty as
o(Tp) == o(Q)|x if ord(Q) = ord(Tg).

(P4) The order and the symbol are multiplicative: ord(TpTy/) = ord(Tg) +
ord(TQ/) and O’(TQTQ/) = O'(TQ)O’(TQ/).

(P5) If Reord(Tp) < 0, then Tp is a bounded operator on L2(92); if Re ord(Tp)
0, then it is even compact.

(P6) If P € U and o(Tp) = 0, then there exists Q@ € ¥/~ with T = Tp.
In particular, if Tp ~ 0, then there exists a YDO @ ~ 0 such that
Tp = Tp.

(P7) We will say that a generalized Toeplitz operator Tp of order m is elliptic
if 0(Tp) does not vanish. Then Tp has a parametrix, i.e. there exists
a Toeplitz operator Tg of order —m, with o(Tp) = o(Tp)~!, such that
TpTo ~ I o) ~ ToTr.

We refer to the book [5], especially its Appendix, and to the paper [4] (which we
have loosely followed in this section) for the proofs and additional information

on generalized Toeplitz operators.

In addition to classical ¥DOs, we will need the more general class W,s of
log-polyhomogeneous ¥DOs, whose total symbol in any local coordinates satisfies

(17) p(SU,f) ~ me—j(fﬁ,f)
=0

where p,_; is of the form

K
P @6) = 3 pesi (.57 ) 16177 (o e
k=0
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for |£] > 1, for some (finite) integers k;. We denote the class of WDOs of this

form ‘I/ﬂ}g, and we again also set W, = Umec \Il{gg. Note that \Il{’gg C pRemte
for any € > 0; accordingly, the “~” in (17) now means that p — Z;V:_Ol Pm—j €
YRem=N+e for any ¢ > 0 and N = 0,1,2,.... We will call P pure if kg = 0,

and pure elliptic if kg = 0 and p,,(z,£) # 0 for £ # 0. More generally, we will
denote by \Ilfggk the class of all WDOs with symbol of the form (17) where kg = k;
so pure symbols correspond to \Ifgéo. For P € \I/fgg such that p,, does not vanish
identically, we still call m =: ord(P) the order of P (as before, this can be any
complex number), and p,, =: o(P) the (principal) symbol of P; this clearly agrees
with the corresponding notions for classical ¥DOs.

The standard reference for log-polyhomogeneous WDOs is Schrohe [26]; see also
Lesch [19], Okikiolu [23], Grubb [13], and Paycha and Scott [25]. For the various
closely related topics like complex powers and logarithms of WDOs, holomor-
phic families of UDOs, etc., see also Ouedraogo and Paycha [24], Grubb [13],
Bucicovschi [7], and the book by Shubin [28].

The properties (P1)—(P7) above were established in the [5] and [4] only for clas-
sical ¥YDOs. To extend them also to the present setting of log-polyhomogeneous
symbols, one could in principle go through and check all the relevant techni-
cal details in those two references; but it is easier to use instead the fact that
operators in Wj,, are, essentially, the logarithms of complex powers of classi-
cal ¥YDOs. More precisely, each operator in \I/I?;gk arises, modulo lower order
terms, as (%)kAZ for some A € V.

Recall that if A is a positive selfadjoint elliptic classical ¥DO of order m > 0
on 052, then A~! is compact, hence its spectrum consists of isolated eigenvalues
0 < A1 < A2 < ... of finite multiplicity. We can therefore define for any z € C
the operator A% by the spectral theorem, i.e.

A=) "X P
J

where P; is the projection onto the eigenspace corresponding to A;. Alternatively,
one can define A% for Re z < 0 by the contour integral

)\1/2+i00
A = fé N (A—N)"tdA
A

1/2—ioc0
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(with the branch of A\* defined in the right half-plane so that 1 = 1). For Rez >
0, one then sets

A% = Ak AFF k> Rez;

this is unambiguous since AA* = A**! for Rez < —1. For a positive self-adjoint
elliptic classical WDO of degree m < 0, one then defines A% as (A~!)~%, the right-
hand side being defined as above. In both cases (m < 0 and m > 0), the operator
AZ so defined is normal for any z € C, and self-adjoint and positive if z is real.

It is then a result going back to Seeley [27] (see also Shubin [28], Bucicovschi [7]
or Schrohe [26]), that the operator A* defined as above is again a classical ¥DO,
of order mz, and with symbol o(A)?. Furthermore, the total symbol of A%,
in any local coordinate system, depends holomorphically on z (i.e. each (mz—j)-
th homogeneous component does).

Differentiating with respect to z, we also see that for any k =0,1,2,...,

A*(log A)* Z A5 (log Aj)

is an operator in \Illngg , with principal symbol o (A)*(log o (A))*.
Proposition 3. Generalized Toeplitz operators Tp with log-polyhomogeneous P €
Viog have the seven properties listed right below.

(P1) They form an algebra which is, modulo smoothing operators, locally iso-
morphic to the algebra of log-polyhomogeneous YDOs on R™.

(P2) In fact, for any Tp, P € \Iflrgék, there exists @ € \Il;gék such that Tp =Ty
and QII = 11Q.

(P3) It can happen that Tp = Tj for two different ¥DOs P and Q. If ord(P) —
ord(Q) ¢ R, then Tp = Tg for some R ~ 0. If ord(P) — ord(Q) > 0,
then the restriction of the principal symbol o(P) of P to ¥ identically
vanishes. If ord(P) = ord(Q), then the restrictions of o(P) and o(Q) to
the cone ¥ coincide. Thus we can define unambiguously the order of T
as ord(Q) + min{ord(P) —ord(Q) : Tp = Tp}, and the symbol of Ty as
o(Tg) == 0(Q)|y if ord(Q) = ord(Tqy).

(P4) The order and the symbol are multiplicative: ord(TgTy/) = ord(Tg) +
ord(TQ/) and O’(TQTQ/) = O'(TQ)O’(TQ/).

(P5) If Reord(P) = 0 and P is pure, then Tp is a bounded operator on L?(9Q);
if Reord(Tp) < 0, then it is even compact.
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(P6) If P € U, and o(Tp) = 0, then there exists Q € W}r"! with T = Tp.
In particular, if Tp ~ T, then there exists a YDO R ~ 0 such that
Tp — TQ =Tg.

(P7) We will say that a generalized Toeplitz operator Tp is pure elliptic if P
is pure and o(Tp) does not vanish. (Note that, by (P3), this implies
ord(Tp) = ord(P) # —o0.) Then Tp has a parametrix, i.e. there exists
a pure elliptic Toeplitz operator Ty of order —ord(7Tp), with o(Tg) =
O'(Tp)_l, such that TPTQ ~ IHZ(BQ) ~ TQTP.

Proof. All these are similar and we will just look at (P2). Consider first P € W{f,
such that pp,(z,&) = pm,l(x,%)\ﬂm(log]&\)l for [£] > 1. Let P, € ¥ be any
classical DO whose principal symbol is py, (z, %)]{\m for |¢] > 1. By the
property (P2) for classical operators, there exists ()1 € W[} such that Tp, = Tp,
and [Q1,1I] = 0; also, o(Py) = 0(Q1) on X. Similarly, there exists T € ¥}, such
that [Y,II] = 0 and o(Y) = |£| on ¥. Arguing as in the proof of Proposition 16
in [9], we can in fact assume that T is in addition elliptic, selfadjoint and injective.
Thus it has complex powers Y?, z € C, and

Tpy- =P YA = HPIIY? = HQIIT? = Q1 Y II = T, v-.
Differentiating [ times with respect to z and setting z = 0, we get

PPl(log T = TQl(log T)b
where [Q1(log Y)!, 1] = 0 and o(Q1(log Y)!)|s = o(P1(log T)!)]s.

Doing this for each [ = 0,1, ..., k,, and proceeding inductively over m, we thus
construct an operator R € \Ilfggk such that [R,II] = 0 and Tg — Tr ~ 0. By the
second part of the property (P6) (which in fact means the same for classical and
log-polyhomogeneous operators, since W > = \1;1;;0) and by the property (P2)
applied to the smoothing (hence, again, classical) operator Tg_g, there exists

S ~ 0 such that [S,II] =0 and Ts = Ty—g. Set P:= R+ S. O

3. REPRODUCING KERNELS ON THE HARDY SPACE

The Hardy space H2(0f)) also has a reproducing kernel, namely the Szegd

kernel S(z,y) = Sy(z) = Si(y), x,y € Q, which satisfies S, € H?(9) Vy € Q
and

f(2) = (f. 8)on = /a f)S@y). YreQ e H o0,
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where, abusing the notation slightly, we are denoting by f(z) the value at x € Q
of the Poisson extension of f from 92 into the interior of Q. It turns out that S
again extends to be smooth up to the boundary of Q x Q except for the boundary
diagonal diag 92 = {(x, z) : * € 9Q}; more precisely, one has the analogue

(18) S(z,y) = ;L((;j))n + b(z,y)log p(z,y)

of Fefferman’s formula (1) (again with a,b € C*°(Q x )), except the exponent
n+ 1 in (1) is replaced by n. (See [6].)

It is convenient to view the boundary values S|saxaq of S(x,y) on 9N x O

also in the distributional sense, i.e. as the limit for € \, 0 of S(2, y)|,(2)=r(y)=—c In
C>® (00 x 09Q)". In this sense, S|gaxaq is a (classical) Fourier integral distribution

which is the distributional kernel of the Szegd projector II : L?(9Q) — H?(9%2).

The following theorem is modelled on Theorem 17 in [9].

Theorem 4. Let T be a positive selfadjoint operator on H?(9S2) such that T ~ Tp
where o(Tp) >0 and P € ‘I/fjg’o s pure elliptic and commutes with 11. Let W;{;l
be the completion of C}°,(0€2) with respect to the norm

lullF = (Tu, w)pg.
Then
(a) WL, =W; (09), with equivalent norms;
(b) the reproducing kernel Kr(x,y) = Kr,,(x) of WL, satisfies
Krlaaxon ~ (P~ @ I)S|aaxa;

where P~1 ® I means that P~ applies to the first variable.

Here and below, “f ~ ¢” for two elements of C*°(9Q x 9Q)" means that f — g
belongs to C'*°(9£2 x 9N).

Note that the existence of the complex powers P?, z € C — hence, in par-
ticular, of the P~! above and the P~/2 in the proof below — follows from the
generalization of Seeley’s theorem to \Ififg’o due to Schrohe [26]. (In the case
of P71, we can, alternatively, since we are interested in K7 only modulo smooth
functions, also take instead of the inverse P~ any parametrix of P guaranteed
by the property (P7).)
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Proof. For any u € Cp5(992) (C domT),
Jull3: = (T whos = 17202 0

From T ~ Tp we have TY? ~ Tpijo = P1/2|H2(aﬂ), where PY/? ¢ \Ifi’)(g) is pure
elliptic, commutes with I and o(PY2) > 0. By (P7), Tpi/2 has a parametrix,
hence is Fredholm as an operator from W (92) into H?(0). The same is
therefore true for T/2; since we know T, and, hence, T/2 to be positive (hence,
injective) and selfadjoint as an operator on H2(dQ), it follows that 77/2 is an
isomorphism of W (0S2) onto H?(92). This proves (a).

For (b), note that for each y € 2 and f € CP%,(09),

<f7 TﬁlSy>T - <Tf7 TﬁlSy) = <f7 Sy> - f(y) = <f7 KT,y>T-

Here the ultimate left-hand side makes sense since 715, € C2%(982) € WL by
the preceding paragraph. It follows that Kr oo = T71(S,laq) for each y € Q.
Passing again to the boundary values in the distributional sense, this means that
Kr|aaxaq is the distributional kernel of the operator T !II. As T 'II ~ P11,
part (b) follows. O

Theorem 5. Let T be a positive self-adjoint operator on H?(0S)) such that T ~

T where Q € \I»'ifg’o and o(Tg) > 0, and let W,z;l and Kr have the same meaning

as in the preceding theorem. Then Kr has the form

e’ M,
(19) Ky~ pF27my " (log p) v + Voo,
k=0 =0

where My, < oo, My =0, vj, Ve € C®(Q x Q), and ¥ has the same meaning
as in (15). Furthermore,
(20)
Pn=25)  Jpl)
voo(, ) = (_S}ZLH U(T]Q[/))](&)ar(x))
Elmn o(Tg)(x,0r(z))

ifn—2se€ C\{0,—-1,-2,...},

ifn—2s=—-k, k=0,1,2,....

Proof. By (P2), we have Ty = T'p for some P which has the same properties as @
and moreover commutes with II; to this P, the preceding theorem applies. Using
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the well-known formulas
I(s+1)
© s+1
21 / e Ptrdt=q P
S (1
k!
valid for Rep > 0, where O(p) denotes a function of p which is smooth (in fact

+ O(p), seC\{-1,-2,...},

pF(logp + O(p)), s=—-1—k, keZx,

— holomorphic) in a neighbourhood of the origin, the boundary singularity (18)
of S can also be rewritten as

(22) &aw~/ D b,y t)dt,  ay €T,
0

where b is a classical symbol in S*71(2 x Q x R ) with asymptotic expansion
b(x,y,t Zt”ljb (z,9) for t > 1,

with some functions b; € C*°(Q x Q). In other words,

00 o
~ / Z 1 e by dt,
R —

where “~” has the same meaning as in the Introduction. Thus on 92 x 9
(23) (P 'S ~ / Zt" =i (Pt @ De b)) dt.

Now by [26], P~! is an element of ¥ 2, 0, i.e. in any local coordinates has total
symbol with asymptotic expansion

oo Mj
(24) oD aszejmla, g) €7 (og €)™ for [€] > 1,

7=0m=0

with My = 0 and a_g, o(z, |£‘)\§| 2 = g(P 7Y (x,8) = o(P)(z,£) L. On the other
hand, by the standard symbol calculus for ¥DOs (see, for instance, Theorem 4.2
in Hérmander [17]), we have quite generally for any classical ¥DO A of order «

(25) "I (A I [e 7P by] ~ VLTIt Z bt
=0

with some b, € C*°(0 x 09), where in particular

bjo(w, ) = t7bj(z, x)o (P)(x, —tVep(2,y)ly=2) = bj(z, z) o(Tp)(x, Or(z)).
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By a similar argument as in the proof of Proposition 3 (i.e. invoking the complex
powers T? and taking logarithm), the formula (25) remains in force also for
A€ \Ifla(‘)g instead of A € U9, except that one gets also factors of (logt)™, m =
0,1,..., k. Thus (23) equals (modulo smooth functions on 92 x 9Q)

0o © M; -
| ety oge by
0 §=0 m=0

with the M; from (24) and some b;,,, € C®(9Q x dQ), where in particular
boo(z,x) = boo(z,z) = bo(z,2) o (P~ 1) (2, 0r(x)).

Combining this with the generalization of the formulas (21) in the next lemma,

and with the fact that bo(x,z) = J[p](x)/7" Vo € 9Q (cf. [6]), (19) and (20)

follow. O

Lemma 6. Let m be a nonnegative integer. Then on Rep > 0,

[e's] m m (m—j) S .
(26) /1 e P t* (logt)™dt = O(p) + Z < , > F;sw (—log p)’

=0 \J
forse C\{-1,-2,...}, and
) m+1 '
(27) / e P % (logt)™ dt = O(p) + p* Z Cjkm (log p)?
1 ,
7j=1
fors=—-k—1,k=0,1,2,..., with some constants cjim € R.

Proof. Let us denote the integrals on the left-hand side by G n(p), and set
Gs(p) :== Gs0(p). Clearly

(25) Comtp) = ()" Col0)
and

d
(29) —Gsm(p) = —Gsy1,m(p)-
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For Res > —1, we have

_ [F( +1)—/p _ttsdt}
- ps-i-l § 0 €
1 — P (1)
= Fs+1) -y & %
ps+1[ (s+1) jzoj!(j+s+1)}

CTs+1) & (-pY
-t ?;;j!(j+8+1>'

Applying (28) to both sides yields

d\mT(s+1) = (=p)(—=1)™m!
Gs,m(p) = (%) W - J;O G+ s+ 1)m+1’

for Res > —1 and m = 0,1,2,.... The left-hand side is an entire function of s,
while the right-hand side is holomorphic for s € C\ {—1,—-2,...}. By analytic
continuation, the last equality thus remains in force for all s # —1,—2,..., and
applying the Leibniz rule to the first summand proves (26).

On the other hand, for £k =0,1,2,..., (29) gives
G—k’—l,m(p) = k+1/ /GOm dp d

— O k“/ /Z( ) it D) Clogpyidp . dp

= O(p) + (—1)kH ; (T) ; + 1 / / logp)'*tdp ... dp.

Appealing to the recursion formula

L (LY (k4 1)
2 Ly 1oe)

k i p
log p)? dp =
(30) /p (log p)? dp P

which is easily proved by integrating by parts, (27) follows. O

Remark. We have not tried to compute the constants cjg,,, although it is in

principle possible from (30). O
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4. WEIGHTED BERGMAN AND SOBOLEV-BERGMAN KERNELS

Let K denote the Poisson extension operator, i.e. K solves the Dirichlet prob-

lem
(31) AKu=0 onQ, Kulpg = u.

(Thus K acts from functions on 99 into functions on 2. Here A is the ordi-
nary Laplace operator.) By the standard elliptic regularity theory (see e.g. [21]),
K acts continuously from W*(9€2) onto the subspace Wﬁ;rln/ 2(Q) of all harmonic
functions in W*+1/2(Q). In particular, it is continuous from L?(99) into L?(2),
and thus has a continuous Hilbert space adjoint K* : L?(Q) — L?(9Q). The com-
position

K'K=:A

is known to be an elliptic positive classical ¥YDO on 0f2 of order —1. We have

(32) ATTKYK = Ip2(p0),
while
(33) KA_IK* = Hharma

the orthogonal projection in L?(2) onto the subspace L2, () of all harmonic
functions. (Indeed, from (32) it is immediate that the left-hand side acts as the
identity on the range of K, while it trivially vanishes on Ker K* = (RanK)*.)
Comparing (32) with (31), we also see that the restriction of A™'K* to L%, (Q)
is the operator v of “taking the boundary values” of a harmonic function. Again,
by elliptic regularity, 7 extends to a continuous operator from Wy (€2) onto

W#=1/2(9Q), for any s € R, which is the inverse of K.

The operators
Ay = K'wK,

with w a smooth function on €2, are governed by a calculus developed by Boutet

de Monvel [2]. It was shown there that for w of the form

(34) w = p~ed, a>-—1,geC>?(Q),
A, is an elliptic classical DO on 0f2 of order —a. — 1, with symbol

_ MNa+1)

e < lor(@)

(35) o(Aw)(z, &)
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In fact, [2] covered only the case of integer @ > —1, but the case of noninteger «
can be treated in the same manner with no new difficulties, cf. the computation
on the bottom of p. 256 and the remarks on the top of p. 257 in [4]. It is also
immediate from this last computation that everything remains true in fact for
any complex o, Rea > —1, and moreover the total symbol of A, in any local
coordinate system depends holomorphically on «. Differentiating with respect to
a we thus see that for

w = p* (logp)™ e, a>-1,¢geC®Q), m=0,1,2,...,
we have

—l—am
Ay € ‘I’1og ,

with symbol

(36) ( )($ f) ;{;;Z? g(x) Har(x)na (10 HaTé )”)

With all these prerequisites in hand, we are ready to prove our main result.

Proof of Theorem 1. Let now w be as in (9). For any u,v € Cp5(99),
(Ku, Kv)g ., = (wKu, Kv)g
<K*wKu v)a0
= (Ayu,v)on
= (A, v)s0
= (Th, u, v)o0.
Combining this with the findings from the previous paragraph, we see that u —

Ku sets up a Hilbert space isomorphism between Lﬁol(Q, w) and the space Wg;l
of Theorem 4, where T =T}, , Ay, € U, &7 19 and

log
Ia+1)
2|£|a+1

i.e. Ay, (hence, a fortiori, also Ty, ) is pure elliptic. It remains to apply Theorem 5;
this gives (14) and, hence, (10). Finally, (20) yields (11). O

o(Aw) = [[0r(2)][* noo(2) > 0,

Remark. In more detail, the derivation of the exact form of (14) (with the numbers
my, from (13)) goes as follows. If w is of the form (12), i.e

(38) w & p® Zp Zlogp
k=0  j=0
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(we momentarily omit the various factors of 7j;, € C*°(952), for brevity), then the
Boutet de Monvel calculus says that A, has total symbol of the form

(39) Frotal(Aw) ~ €717 aZm ’“Z log [¢])?

(again, we temporarily omit the various factors of a_q—1—k m(z, %) and indicate
just the orders of homogeneity in £). This is of the same form as the expansion
(38) for pw if we replace p by |£]7'. Now the standard construction of the
parametrix amounts essentially to inverting (39) as a formal power series in |£];
consequently, if, by (13),

Zp Zlogp
k=0 =0

then A;,! must have total symbol of the form obtained from this by multiplying
by p~!

(40) Trotal(Ay, ") ~ (€[4T Z l3n ’“Z log [¢])7.

and substituting |¢|™! for p:

The same thus holds for the operator P~! in the proof of Theorem 5; and in
terms of the integral representation (22) for the Szego kernel, we get by the proof
of Theorem 5

o0
(P'®I)S ~ / e " B(t)dt
0
where B is of the same form, as far as degrees of (log-)homogeneity in t are
concerned, as when the b(t) = Y72 t" 17!, from (22) is multiplied by the right-
hand side of (40) with |£| substituted by ¢. By the formulas in Lemma 6, (14) fol-
lows. O

The extension to weighted Sobolev spaces of holomorphic functions is now
straightforward. We present just one result of this kind; others can be obtained
along the lines of Theorem 9, Corollary 14, Corollary 19 and Corollary 21 in [9].

Theorem 7. Consider the space W,ﬁl(ﬂ) of all holomorphic functions on ) hav-
ing finite norm

118 = 3= ()10l + 3 10" ),

lv|=m lv|<m
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with w as in (9), and xg some fized point of Q2; here the first sum extends over all
multiindices v = (v1,...,vn) € Z%y with [v| :==v1 + -+ + vy, = m, and similarly
for the second sum. Then Whol(Q) =W, 1/2(9) with equivalent norms, and
the reproducing kernel K (x,y) of W,ﬁl(Q) has the form (14) with « replaced by
o — 2m, and with some nonnegative finite integers my,, mg = 0.

Proof. For any u,v € Cpo(0€), we have

(Ku, Kv)y = Z <TZ> (0"Ku, 0"Kv)qw + Z 0"Ku(xo)o"Kuv(zg)

lv|=m lv|<m

= (O'u,v) + (0"u,v).
There exist differential operators Zi, k =1,...,n, on 0f) such that
VI = Zivf, Ve Chy(Q)

or O Ku = KZu Yu € C£5,(09)). Explicitly, one has
hol
TiTE —=
=0 — J
Z H37“H2

where for brevity we have introduced the notation

Thus we can write
O"Ku, 0"Kv)q.w = (wO"Ku, 0"Kv) g
( ; : :
= (wWKZ"u, KZ"v)q
(41)
= (Z"K*wKZ"u,v) 0
= (IZ" Ay Z" u, v) 5.

Summing over v we conclude that
o' =Ty,

where

) |V|Z::m <T:> 7
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—a—142m,0

log , and its principal symbol satisfies

belongs to ¥

sl = X ()P o2 sl

[v|=m
=€) o(Aw)]s,

since o(Zy)|x = %rk (see [9], the proof of Theorem 8).

On the other hand,
@// = Z <.7PJI;0>P;07
lv|<m
where PY, (¢) := 9" P((, - )|, is the derivative at z¢ of the Poisson kernel P((, ).

Since P is known to be C* on 992 x Q, ©” is a smoothing operator.

Thus
T:=@/+@’/=TQ—|—@”~TQ

satisfies (Ku, Kv)y = (T, v)gq, and since ©" and ©” are both self-adjoint and
nonnegative (being sums of operators of the form A*A, A = 0*K : H?(0Q) —
L3(Q,w), and (-, f)f, f € H?(09Q), respectively), while Ker ®' = {polynomials
of degree < m} whereas Ker ©” = {functions vanishing at z( to order at least m},
T is positive. It follows that T ~ Tg satisfies the hypothesis of Theorem 5, and
an application of the latter concludes the proof. U

Remark. For w of the form (34), the last theorem (and similar ones that can be
obtained along the same lines) gives a strengthening of Theorem 8 of [9] (which
required that w have no logarithmic terms, and also required that the integer m
in our Theorem 7 be < a+ 1), with a simpler proof. O

Appendix
Let IT: L?(Q) — L} () be the Bergman projection. For any w € L>®(Q),
T'w = Hw‘Lﬁol(Q)

is the Toeplitz operator on the Bergman space LZ () with symbol w; it can
alternatively be also viewed as the operator ITwII on the whole L?(£2) (upon ex-
tending by zero on L?(2) © L2 (). The operator Ty, also makes sense, as a
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densely defined (possibly unbounded) closable operator, even for any w € L(Q),
by the recipe

Tuf(a)i= [ wiRe  VF e R
see Section 2 of [9].

It was established by Guillemin [14] and Boutet de Monvel [4], and used ex-
tensively e.g. in [9], that for w of the form (34), the operator

Tw = ’YH’U)K‘HQ(aQ)

obtained upon “transferring” T,, = ITw| 2, () to H?(09) by means of the oper-
ators K and 7, is actually (modulo smoothing operators) a generalized Toeplitz
operator Ty with @ a classical ¥DO on 9 of order —a whose symbol can be
explicitly computed. We show that this remains true also for our more general
weights of the form (9), provided one allows for @ log-polyhomogeneous ¥DOs.
We begin with an auxiliary result.

Proposition 8. A/IIK = TX1HA.

Proof. Set II, := KTA_llIA’y, an operator on L% (Q); we need to show that
II, = H‘Lﬁarm.

of Theorem 4 that T, ' maps W ,(99) onto WL H(09), for any s € R; since
IT maps each W*(992) onto W (09), it thus follows that the range of II, is
W0 () = L2,,(€2). Since T, 'TIA acts as the identity on the range of II, it is fur-
ther immediate that IT3 = IT,; thus I, is a projection of L, () onto L2 (€2).

Finally, ITy = KT, 'TIK* = KIIT, 'TIK* is evidently self-adjoint. So, indeed,
I, = II. O

Since A € \I/al is elliptic, we have seen in course of the proof

Corollary 9. Let w be of the form (9), possibly with nonzero Nog = m and with

arbitrary noo € C*°(Q). Then Ty, ~ T, where Q € ¥, °" and

o7 ()™
€] > '

Ia+1)
€l

o(Tg) = 0r(2)]|* moo ) (1og

Proof. By (32) and (33),

YITwK = ~AIITI o wK
= YIIKA 'K*wK.
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Using the last proposition, we thus get

YIwK = Ty 'TIK*wK = T, 'TIA,,
and
(42) WK |2 (90) = Ty T,

Using (36), in combination with (35) for w = 1 (thus giving the symbol of A),
and the property (P4) yields the claim. O

5. EXAMPLES

Recall that a domain functional is a map €2 — fq assigning to each bounded
strictly pseudoconvex domain 2 C C™ with smooth boundary a function fq on €.
Examples of domain functionals are

Q— Kq(z) = K(z,x),

the restriction to the diagonal of the Bergman kernel of € (with respect to the
Lebesgue measure); or

Q— Sq(x) := S(z,x),

the restriction to the diagonal of the Szegé kernel of Q (with respect to the
(2n — 1)-dimensional Hausdorff measure on 092).

The domain functional is said to be invariant of weight o, a € R, if

fQ _ ’J¢‘2a/(n+1) f¢Q o ¢

for any biholomorphic map ¢ : 2 — ¢€); here J; denotes the complex Jacobian
of ¢. For instance, the Bergman kernel K above is invariant of weight n + 1.
This follows from the well-known transformation rule for the Bergman kernel

(43) Ka(z,y) = Jo(2) Jo(y) Koa(o(2), ¢(y))-

The Szegd kernel Sq as defined above is not invariant, but can be made so upon
using instead of the Hausdorff measure an appropriately chosen “invariant” sur-
face element 7 on 9€2; namely, 7 is uniquely determined by

T Adp = J[p|V/ ™) AV on 09,
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where dV is the Lebesgue volume in C™. Then Sq is of weight n. The solution
u = ug of the Monge-Ampere equation (7) is an invariant domain functional of
weight —1. The Bergman invariant

_ det[0d1og Kq)]

D O

is an invariant domain functional of weight 0. More generally, if fq is a nonvan-

Ba :

ishing invariant domain functional of any weight o € R, then
Q — det[00log fa
is always an invariant of weight n + 1. Hence, for instance, the “Szeg6 invariant”
det[001og Sq)|

ﬂQ,Sz =
Sg()n+1)/n

(with Sq the “invariantly” defined Szego kernel) is of weight 0. Another invariant
of weight 0 is the scalar curvature of the Bergman metric,

R := Aperg log det [00 log Kq,
where Aperg is the Laplace-Beltrami operator with respect to the Bergman metric.
One can also get new invariants from old ones by means of weighted Bergman

kernels.

Proposition 10. Let fo be a positive domain functional which is invariant of
weight a, @ € R. Then the weighted Bergman kernel Ky, (z,z) of L*(, fo)
restricted to the diagonal is an invariant domain functional of weight n + 1 — a.

Proof. If ¢ : Q@ — ¢€) is a biholomorphism, then

Q _ 70
Kfsz - K‘J¢|2a/(n+l)f¢ﬂo¢

_2a Q
= gl 7T K00
2— 29 Q)
= [Ty T K 0 6.
Here the second equality used the fact that

Kgi2o(®,y) = g(z) " g(y) T Ku(z,y)

for any zero-free holomorphic function g, and the third follows from the general-

ization

Kgoqb(xa y) = J¢(.’E) J¢(y) K39(¢($), ¢(y))
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of the transformation rule (43). O

Thus, for instance,
Q— Kuya(z,2), a > —1,

is an invariant domain functional of weight n + 1 4 «. Similarly, Kg,(x,x) is of
weight n + 1, and so is Kg,, (z,z); and KKl_a/(nH)(fL‘,x) is of weight «, for any
Q

o > n.

For further discussion of invariant domain functionals, we refer to Hirachi and
Komatsu [16] and Hirachi [15].

The boundary behaviour of the kernels from the last proposition for the various
invariants fo mentioned above can be obtained from the results in the preceding
section. Recall that we have introduced the notation A,,, m = 1,2,..., for the

collection of all smooth functions on 2 of the form

o0

wa Y (pP"logp)n;, ;€ C%(Q),
j=0
with A} the subset of those w € A,, for which w|gg > 0 (i.e. molgq > 0); and
abusing the notation slightly we also used the same symbol for the analogous col-
lection of functions on 2 x ) (with p interpreted then as p(x,y) rather than p(z)).

Example 11. As was already noted in the Introduction,

u < pA;kLJrla
with (u/p)|aq = J[p] /D). Thus for a > —1, w = u® is of the form (9), with
vi= pow = (u/p)® € AL,

Since A, is, modulo functions vanishing to infinite order at OS2, isomorphic
to the ring of formal power series C*°(Q)[[p" log p]], with A}, corresponding pre-
cisely to the subgroup of its invertible elements, it follows that v € Ay , | implies

that also v=! € A% ;. By (14), we thus get

oo
K 35 0 g
J,k=0

with some vg, Voo € C®(2 x ), where

T 1
voaz) = LEAED o oyiraln) vy e .

7-[-71
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For « noninteger, this means that

(44) Koo € p" =070 AL, + CF(@X D),
in full accordance with (16). For « =0,1,2,..., we get
Kyo ~ P_"_a_1< >, p IR (log p)*
(n+1)k+j<nta+1
+ > p IR (log p)FH1 nkj),
(n+1)k+j>n+a+1

with ng; € C®(Q x Q). fa=(n+1)a+bwitha,b € Z, a>0,0<b<n, then
we can rewrite (upon a small manipulation) the last formula as

a+1
Kua e p—n—a—l <~AZ+1 + an+oc+1(log p)k—i-l e + p(n+1)(a+2)(10g P)a+3u4n+1>,
k=0

with some 7, € C°°(Q x Q); hence,

(45) Kyo€p @t (AZH + (p"* log p)t! logpAnH).
Example 12. It was shown by the present author [8] that
. . n -+ 1)"g"
Ba € Ay, with Balaa = (n')

Thus for K, we get the same result as in the preceding example with o = 0, i.e.

Kpy€p ™! (AZH +p" (log p)QAnH),

with
127 1p)
il g __n%Jlp
(P"" Ko )loa (n+ Dy
Similar result holds also for Kg,, since
RQ S A:+17 RQ’BQ =n,

cf. Theorem 1 (g) in [8].
Example 13. More generally, for any a,b,c € R with b — (n + 1)e > —1,
w = Ful K

is of the form p®Ay ,, with o = b — (n +1)c, and K, has the form (44) if o ¢ Z
or (45) if =0,1,2,....
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Example 14. The invariantly defined Szego kernel Sq satisfies

— 1!
So€pm A (p"Sa)lon = P o),

n
A similar analysis as in Example 11 shows that for any o > —1,
Kgoam € pTETIAE + O (X Q)
for o noninteger, and
Kgoom € p et (Aii + (p" log p)*t 10gp«4n)
if = na + b, with a,b integers, a > 0, 0 < b < n.

Example 15. The kernel in this example is not an invariant domain functional,
but involves higher order derivatives in a manner which is very natural from the
geometric viewpoint (cf. the remark after this example). Consider the Hilbert
space H of all holomorphic functions on §2 for which

1= [ LFP+ Bpergl 2
is finite. Here as before
n
ABerg = Z gkjajgk
Jk=1

denotes the Laplace-Beltrami operator with respect to the Bergman metric, i.e. gEj

is the inverse matrix to g,

n p—
> g"g5 = 0kj,
=1

where
2
(Z) = 8Zj 0Zy,

The same computation as in (41) shows that

9%

log Kq(z).

(Ku, Kv)y = (Tqu, v)aq,

for any u,v € Cpe(09), where

n
Q=A+ Z Zil 5, 7.
k=1



Weighted Bergman Kernels... 809

We have seen that Z;, Z are differential operators of order 1, with symbols on

> given by ng‘”rj and %?k, respectively. On the other hand, it was shown in

Theorem 1 (d) in [8] that

RF
n+1’

9" € pAny1, with (p7'g")|oq = —

where pREj is the inverse matrix to p = 8]-5/,C log p; further, it transpires from
Lemma 6, Proposition 7 and Lemma 8 in [8], and from the formula after (38) on
page 35 there, that

n Foi—
Zj,k:lgjrkrjﬂ 1
o0N

n
kizir: € p* A 'th( .
3™ Friry € A, with (ZH -

jk=1
The first of these facts implies that Zj,k ZZAggj Zj is a YDO on 0 of order
ord(Z;) +ord(Z;) — 1 — (the order of vanishing of gk at N)=14+1-1-1=0,
whose symbol restricted to X is

S

rer ‘
[orlP 2= """ "5 Lo

— that is, the corresponding Toeplitz operator is in fact of order —1; and the
second then implies that the principal symbol of this Toeplitz operator is simply

—5/¢/7*. Thus

1
Ord(TQ) = —1, O'(TQ) =1+ m,

and the total symbol of @ is of the same form as for K, in the proof of Theorem 1
with w € C°(Q) +p"log p Apsr1 C A%, where w|pg = Z—ﬁ Applying Theorem 5,
we thus conclude that H = L2 () is in fact the Bergman space, and using (14)

we get for the corresponding reproducing kernel
Ky € p_n_l.A:L.
Remark. Note that the norm in H can be written as

|W%=AUFHWMJM

since for f holomorphic, Apeg|f|> =Y ik gki 9 fOr.f is the norm of the covariant
derivative Vperg f with respect to the Bergman metric. Thus, naively, one might
view H as a “covariantly defined” first order holomorphic Sobolev space. That
it turns out to coincide with the Bergman space, as the last example shows,
is therefore perhaps mildly surprising.
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We remark that the same conclusion holds also for the variant when Apgiyc,
the Laplace-Beltrami operator with respect to the Poincare metric 95 = 8j5k log %,
is used instead of Aperg.

At least for  the unit ball of C", it seems that the same conclusion as in the
last example is also obtained if one uses higher powers A™|f|? of the Laplacian,
m=2,3,.... U

We conclude by mentioning one more extension of our method, namely, to weights

of the form

) mj
(46) wr Y p%Y (logp) nik, Mk € C(9),
=0 k=0

with noolaq > 0, m; finite integers, mo = 0, and «; € R satisfying a; " +o00.
In the language of formal series used in the Introduction, this admits the following
description. For any ring R with identity e, let R{{p}} stand for the ring of all

“power series with real exponents” over R, i.e. of all formal sums
oo
R=> Rjp™, R;€R, a;€R,
j=0

where a; /" +oo. The last condition ensures that there are only finitely many
a; less than any given real number, and thus one can define addition and mul-
tiplication of such formal sums in the usual way. Finally, ep® € R{{p}} is the
identity for R{{p}}, and R is invertible in R{{p}} if and only if Ry is invertible
in R. With these notions, (46) can be rephrased as

w is an invertible element of C°°(9€)[log p]{{p}}

modulo functions in C°°(£2) that vanish to infinite order at the boundary.
A computation similar to (37) then reveals that for any u,v € CpS(052),
(Ku, Kv)q ., = (Tou, v)aq,

where @ is a YDO with total symbol of the form

oo Ny

S5 s i) 1675 logle)* o el > 1,

j=0 k=0
where n; < 0o, ng =0, a_g, 0 > 0, and 3} is the sequence obtained by rearranging
the set {a;+m+1:j,m > 0} in increasing order. It is easily checked that all the
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proofs in the preceding sections remain valid even for YDOs of this “multistep”
form (see e.g. [26] for the complex powers of such operators), and, consequently,
yield an analogue of (14) to the effect that if

o0 kj
(47) wtm > iy (logp)F ks kg € C(09),

j=0 k=0

then

%) nj
Ky =Y plm 1Y (log p)F vgj + Voo,
=0 k=0

where §; is the sequence obtained upon rearranging the set {v; + 1 : j,l > 0}
in increasing order, n; = max{k; : v +1 = §;}, and vgj,vee € C®(Q x Q).
(These extra shifts by positive integers appear due to the fact that the symbol
b(x,y,t) for the Szegd kernel in (22) contains powers of ¢ increasing by one, and
also the construction of parametrix of an elliptic DO involves induction over
orders going down with step one.) An extension to Sobolev-Bergman kernels is
likewise straightforward.

Example 16. Let w € C*°(£2) be a positive weight function of the form

w = pYwy + wa, wy,wy € C™(Q),

where 0 < a < 1 and ws|po > 0. This is of the form (46) with ag; = j,
a9j+1 = j + a. The inverse w™! is of the form (47) where ~; is obtained upon
rearranging the set {l + ka : [,k > 0} in the increasing order. Consequently,
oo
K, =~ Z p[l+ka—n—1] Ukl Vgl € COO(M),
1,k=0
or

Kw — Z pkcx—n—lvk + Z pka—n—lvk logp

n+1 n+1
0<k<2tL 2l <f<oo

for some v € C(Q x Q), with vg|diagan > 0.
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