Pure and Applied Mathematics Quarterly
Volume 6, Number 3

(Special Issue: In honor of

Joseph J. Kohn, Part 1 of 2)

677—692, 2010

The Heat Kernel for Gravitational Potential

Operators in One and Two Variables

Ovidiu Calin* and Der-Chen Chang'’
Dedicated to Professor J.J.Kohn on the occasion of his 75th birthday and retirement

Abstract: In this article we find closed form formulas for the heat kernels
of the operators 392 + %2 and 3(02 + 85) - $2)‘7+2y2 We are using a geometric
method and the expansion over eigenvalues method.

Keywords: heat equation, Fuler-Lagrange equation, Hamiltonian, La-

grangian, Van Vleck determinant, Laguerre polynomials.

1 Introduction

In the first part of this paper we shall obtain the heat kernel for the operator

1 A
L= §a§+ﬁ, A ER, (1.1)
involving a geometric technique presented in [1]. An approach using path inte-

grals can be found in [4]. An extension to a propagator involving time-dependent
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harmonic oscillator was done by using path integrals in [5]. The authors of this
paper have been inspired to work on this problem after getting acquainted with

the problem from [6].

This operator owes its physical significance to its relation to the two body
problem. Consider two unit mass particles described by the coordinates £ and
& on the real line with an interaction which varies as the inverse square of the
distance between the particles. The problem is characterized by a Lagrangian

which is the difference between the kinetic energy and the gravitational potential
1, : 27
L(i,x)==(+&) - ———, 1.2

where A > 0 is the strength of the interaction.

With the change of coordinates

x:§1—€2 y:§1+52
V2 2

the Lagrangian (1.2) becomes the following sum of two Lagrangians

.. . 1, A
L(iﬁ,y,.T,y):yQ—i- (§$2_ ?) :L0+L1-

The momenta associated with the coordinates x and y are

_OL _ 9L _9L _0Lo
T o T Hy T 6i

Dz = = 29.

Then the associated Hamiltonian is obtained by applying the Legendre transform

on the Lagrangian L

H(pxapyvxa y) = DT +pyy - L= (pyy - LO) + (pzft - Ll)
= Ho(py,y) + Hi(pz, v),

with

2
p 1 A
Ho(py,y)zzy, Hi(pg,x) = 51%254'?-
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Quantizing the Hamiltonian H = Hy + Hi, i.e., replacing p, — 0, and
py — Oy yields the following operator

A

x2’

1 1
P= 185 + 583 + (1.3)

Separating the variables, the heat kernel of P can be written as

P _ tro24t(102+ 3
€ 5(10,y0)_e o (2 * )

8(20,40)

1492 t(L1o24 A
:et4ay§y0 Re (2 z+x2)5$0

1 (y—v0)? 1420 A
= e~ ylg? ®et(261+x2)5

V167t o

We need to compute the second term of the above convolution which is the heat

t > 0.

kernel of the operator (1.1). We recall in the following section a geometric method

for computing heat kernels.

In the second part of this paper we shall treat the heat kernel problem for the
operator
)\2
2 + y2 :
The method is using Laguerre polynomials and the expansion over the eigen-

1
L= 5(&3 +02) - (1.4)

functions. The exact summation is given by the Hille-Hardy’s formula, see [2].

2 Heat kernels for some operators with potential

The following variational method is related to the geometry generated by the
differential operator. In the following we shall briefly describe the method. This

shows the interrelation between the geometry of an operator and its heat kernel.
In this section the differential operators will be of the form

L==-— +U(x) (2.5)

with U(x) at most quadratic. We associate the Hamiltonian function

Hp,2) = o0+ U(x). (2.6)
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Hamilton’s equations are
T =H, =p,

p=—H, =-U'(x), and hence & =p=—U'(x).

For any two given points xy and x, the geodesic joining them is obtained solving

the equation

i =-U'(z),
z(0) = zo, (2.7)
z(t) = .

We shall assume that U(x) is such that the system (2.7) has a unique solution

x(s). The classical action between xg and z in time ¢ is obtained integrating the

Lagrangian L = pi — H = 342 — U(z) along the above geodesic z(s)

Sei(xo, x;t) = /0 L(i(s),z(s))ds = /0 %9&2(3) —U(xz(s)) ds.

With these notations the heat kernel of the operator (2.5), which is a path integral,

is given by the formula

K (xg, z;t) = V (t)e et (zo:zit) (2.8)

" 27 0z Oxg

If the Lagrangian is at most quadratic, then V(t) = \/ det ( L 025 ) is the
Van Vleck determinant. Otherwise, the function V' depends on t,x¢ and z and

satisfies a transport equation, see section 4.

3 Finding the classical action

The geodesic joining the points x¢ and z in time ¢ satisfies the Euler-Lagrange

equation associated with the Lagrangian L;

2

t=23
z(0)=xz9, x(t)==x.
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Since the regions {x < 0} and {z > 0} are separated, in order to have connectiv-
ity, we have to assume that either xg,x > 0 or xg,z < 0. We can show that the

energy is a first integral of motion, so

1.
ixQ(s) + () E, s € [0,t].

Under the assumption xg,z > 0 the above relation becomes

z(s)x(s) = V2Ez2(s) — 2.

Let u(s) = 22(s), ugp = 3, uy = 22(t) = 22. Then u(s) verifies the ODE

U=2vV2Eu — 2\

w(0) =wup, u(t) = uy.
We note that @ > 0, so the right side must have positive sign. Integrating yields

=2t <~

ut du
/uo V2Eu — 2\

V2Eu; — 2X\ — \/2Eug — 2\ = 2Et.

Eliminating the square roots we obtain
2
<(u0 o) — 2Et2> — 4(ugus — 2M2), (3.9)

where we assume the condition

2,.2
THT

2t2

Solving for F in (3.9) yields

po B0t at | et -2 (3.10)

2t2 t2

The classical action S,; satisfies the following Hamilton-Jacobi equation

atScl = _Ea
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with F given by (3.10). We can write Sy = Sy + 51, where

2 2 2 2

1’0+$ xo‘i'x

= Sy= —— 3.11
212 0 2t (8.11)

01So=—

Vasz? — 2\t2
98y = Y10 — =27 (3.12)

$+2
t
We shall solve (3.12) as a homogeneous equation. Let 7 = ——, and define
rox

Sa(1) = Sl(;c%x)' Then

d V1—2A72

d—SQ(T) =

T T

With the substitution 7 = \/% sin ¢, integrating yields

SQ(T):/\/l;WdT:\/ﬁ/COtQQZ)dqb
:\/ﬁ/(—l—cot’d))d(b:—\/ﬁ(¢+COt¢)
— _\/ﬁ{ sin = (V2\7) + @}7

V2T
and hence
—2y/zdz? — M2 t
S1(z0, 2, 7) = xo;; — V2\sin™! (V2A—). (3.13)
0

From (3.13) and (3.11) we obtain the classical action

2 2 9 /2222 — N2
Sa(wo,a,t) = DT _ xozt A /Zhsin ! (Vo). (3.14)

2t Tox

By the general theory, or by a direct computation, the classical action S

satisfies the Hamilton-Jacobi equation

1 ;A
815501 + 5(61501) + ? = 0. (315)

We also note that for A — 0 we obtain the Euclidean action

(x — a:o)Q'

Scl(.%'(],.l‘,t): o
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4 The transport equation
We shall assume that the heat kernel of L is of the type
K(zo,z,t) = V(z,t)e 5 @02,
Then a computation shows
8th = G_S (@V -V OtS)
92K = e*5<agv — 20,V 0,5 + V(9,5)2 — V(a§S))
and hence
(0 —L)K = (0 — 50— )k
= e*S{ — V[0S + 1(aIS)2 + i] (by (3.15))
2 x2
=0
e Lo o2
FOV — SOV + 0,V 0,8 + SV axs}.
We shall ask V' to satisfy the following transport equation
1 1
oV — 5a;v + 0, V0,8 + 5V 928 = 0. (4.16)

The equation (4.16) might be hard to solve since the action S and its deriva-
tives are complicated. In the following we shall consider a shortcut for these
computations. We note that the action S = Sy + S;, where the term S; is a
function of #4%. Then

t
for some function W. Then it makes sense to look now for a heat kernel of the

type

2 2
ToT, _Zote
) %

e S = W(

)

zg+12

K(xo,z,t) = V(z, t)e ™ = V(x,t)e 2

)

where V(z,t) = %Z (%9%), for some function Z, satisfies the following extended

transport equation

683
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A

8V — %agv +0,V0,S0 + %V(@ﬁb‘o) — V[3:So + %((3,,350)2 +5]1=0. (417)

In the following we shall solve the equation (4.17). Let 7 = %. Then we

have

1
V=—Z
7 (1)
11 ,
oV = (370 +72()
1
0,V=—-2
i (1) o
1 x3
o7V =—=2"(r) L.
V=17 (m)~
Since
x3+x2

8,8 = — 8,8 = % 928 =

22 7
the equation (4.17) becomes after cancelations

Multiplying by —222t3 yields
27" (1) + Z(1)[2A — %] = 0. (4.18)

Let U(r) = T_%Z<T). A computation shows

220" () = 3%2(7) — 73 2(r) + TV/T 2" (7)
U(r) = =5 7= 2(r) + V72 (7).

and using (4.18) we have

20" (1) + 7U' (1) = \% (7’22"(7') + %Z(T))
_ \% (2()(> ~ 22) + 7 2())
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Hence U(7) satisfies the modified Bessel equation
20" + 71U + (—7'2 — ’y2)U =0,

with v = %\/1 —8Xland A < %. The general solution can be written as a linear

combination

U(r) = ol (1) + K, (1), a,BeR

where (1) and K, (7) are the modified Bessel function of the first and second

type. Hence the general solution of (4.18) is

Z(1) =VTU(1) = aV/TL,(7) + BVTE,(T),

where

1
L(1) ~ | —¢€, K (1) ~ 1/% e as T — 00, (4.19)

2rT

see Haberman [3], p. 323.

Consequently, the solution of the extended transport equation (4.17) will be
given by
o

V(xo,x,0) =t 3 Z(1) = ff“ (Mﬂ@) + BKV(T)), (4.20)

with «, 6 € R.

5 The heat kernel for L = 102 + &

22
In this section we shall state and prove the first main result of the paper.

Theorem 5.1. The heat kernel for the operator I = %&% + 2, with A < é and

IQ,

zg,x > 0 s

/ x2+m2
K(xg,z;t) = xtoxl7 (%) e , t>0, (5.21)

where I is the nonsingular modified Bessel function of order v = % 1—8A.
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Proof. We have shown already in the previous section that
(0y — L)K(zg,z,t) =0, t>0,

with
z%+22

K(zg,z,t) = V(zg, z,t)e” 2t , (5.22)

and V given by (4.20). We need to choose the constants o and 3 such that
li t) =9
t{% IC(:C(]v z, ) o

in the distributions sense. Let K = K7 + K9 with

ac2+x2
Ki(xo, z,t) = > xacolﬂ{(mzo)e_ 2

t t
2 2
/XX TTo\ _ = tTp
ICZ(x07$7t) :/8 t K’V(T)e 2.
Then
\/TT zz (z—w0)?
hmlC1(x0,x,t)—hn(1)a " 0.@(@)6 : .

where we have used the first relation of (4.19). Hence we shall choose o = 1.

A similar computation, using the second relation of (4.19) yields

N2
\/$$0KV(QZQZ0)€_@€_(¢ 21;0)

lim &C t)=1i
t{% 2(3)0,1‘, ) t{%ﬁ

t
. . 1 _(@=ep)?
=0 T]ggo VTK,(T)e %1\141(1) %e 2t
1 (z=2g)?

= 7 lim e 2" lim
ﬂf T—00 tN\O /27t

e 2t

=0.

Hence

lim IC t) =1lim KC t) + lim K t) = ad
tl\rf(l) (.Z'(),x, ) tl\rf(l) 1(.1'0,.%', )+t1\1;% 2(.1'0,.%', ) A0z,
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so we need to choose o = 1. In order to find 3 we shall consider the limit A — 0,

case in which we recover the Gaussian kernel

1 (z=zq)*
e 2t =lim K(xg,x,t
V2t ol (o, 1)
1 \fl (T)e _(z—zq) 48 1 fJ (T)e _(1—29;0)2
=—v7li(T)e e —/1J1(T)e e
t 2 Vit 2
1 (e=wg)? 1 (z=q)
= e + B—v/TJ1(T)e Te 2
orT ﬂ\/i\f 1(7)
since we take v = % in
1 %<72*%> -2
L(r) = A U
A7) ==
Hence we need to choose # = 0. Then (4.20) becomes
V(l‘o,l‘,t) = ~=0 I'V (@>7
t t
and hence (5.22) provides the heat kernel (5.21). O

Remark 5.2. Since I, > 0 it follows that the heat kernel K(xzo,x;t) > 0 for
t>0.

6 The two dimensional case

We shall extend the above results in the case of two variables, where the operator

becomes )
1 A
L=2(02 +02)— ——.
2 ( Tl xQ) .’L‘% + LU%
We note that in this case the constant A2 > 0. In order to find the heat kernel of

I we shall recall first a few basic properties of special functions.

The Laguerre polynomial L¢ of degree n and parameter a can be defined

either by the Rodrigues’ formula

eTx~® d"
n!  dx”

a

n

(e " te) =
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or equivalently, by the generating function formula
1 _

n>0

Applying integration by parts several times yields

0, if n £ m;
o0
/ Ly(x) Ly (z)e “z% dx =
0 MNa+n+1) .
———~ifn=m.
n!
Hence
n! _
fn(l’) = m@ z/2Ia/2L?I($), n = O, ]_, e (624)

form an orthogonal system for £2(0,00). One can show that this system is also

complete. Using that y = L% (x) verifies the Laguerre equation equation
vy’ +(a+a—x2)y +ny=0,

one can show that the functions (6.24) are eigenfunctions for the operator

9 1 a?
L=20;4+0, — —(x + —), (6.25)
4 T
with the corresponding eigenvalue \,, = — (n + "TH)

The following result is known under the name of Hille-Hardy’s formula, see
Erdelyi [2], p. 189:

If L% denotes the Laguerre polynomial, and I, is the modified Bessel function,

then for |z| < 1 we have

© n! 1 _(z+y)z 2\/@
n a/2La Le _ T2 J )
5 e B - o 1 (A

Proposition 6.1. Let a,b € R. The heat kernel of the operator

2 Lo a’
Lb:x8$+(9x—1(b x—|—;)
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s given by
b/2 by/
/ Tox ) £>0. (6.26)

___Ye —Q(xo—i-x)coth(bt/Q)I _ VU
Ky(zo,,1) sinh(bt/Q)e : a(sinh(bt/?) ’

Proof. We shall first find the heat kernel of the operator

a2

1
2
Then using the homogeneity property we shall determine the heat kernel for L

In the following we shall let z = e~! and use that

Vz 1 22 1+e
- 1 = coth(t/2
T—2  2snh(2) T ios T 1o oth®/2)

Then the heat kernel for the operator L; on (0,00) is given by the following

expansion over the eigenfunctions (6.24)

Ki(zo, 2,t) =Y M fu(0) fu(x)

n>0

!
_ e—nte—%te—% n L (20)LE a/2€—$o/2xa/2€—x/2
> L @)

=iy m”uwz)“%z(m)m(w)

:e*%(’m*“)i ~l@otn) = (2,/1:055 vz ) (by Hille-Hardy’s formula)

1—2z
1 —Lzota)(14+22) 1
= — —z I(I -
2sinn(t/2)¢ S (v (t/2)>
_ 1 efé(onr:L‘) coth(t/Z)Ia ( V20T ) .
2 sinh(t/2) Sinh(/2)

In order to compute the heat kernel of the operator L, we take & = bx as a

new variable. A computation shows L, = bL;. Then

(e £)(z0) = (e thla F @ / K (bxo, bz, bt) f (z0)bd,

and hence the heat kernel of e is bK; (tzg, tz,tb), that is
b/2 b by/Tox
1) = (zo+z) coth(bt/2) I, 9
Ko(zo,z,1) sinh(bt/2) ’ (smh(bt/2)) (6.27)

Therefore the heat kernel of the operator L; is given by formula (6.27)

e
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2
Corollary 6.2. The heat kernel for Lo = x0° + 9, — Z— is given by
x

1 2/moTy
Ko(zo,z,t) = —e~ 1@+, WC t>0. (6.28)
t

Proof. The heat kernel of L is obtained making b — 0 in the relation (6.27).

bt /2
U lim ———— =1 yields (6.28). ]
sing i (orj2) — L Yields (6.28)

1 1 2
Proposition 6.3. The heat kernel of P = 5(83 + —0p — %) is given by
r r

1
G(ro,r,7) = 3¢ —2- 3+ (y), 7> 0. (6.29)

T T
Proof. Changing of variable 2 = 72 in Lg yields

2 2

2 a® 1,9 1 a

Let 7 = t/2. Since the following relation holds among the heat kernels

ot (@02 +00— 5(8%1&——) — o301 &——)

456) s

then the heat kernel of %(63 + %@ — ‘;—;) is obtained from the heat kernel of
202+ 0, — % by making the substitutions z¢g = 73, * = r? and 7 = /2 in formula
(6.28). O

As an application of formula (6.29) we shall find the heat kernel of the operator

L—1(82+82)—A72 (6.30)
=50+~ .

which in polar coordinates becomes

1 1 1 A2
= 5(53 +oo0r+ ﬁag) -

If IC is the heat kernel of the above operator, then applying a partial Fourier
transform with respect to 6, we obtain that K = FpK is the heat kernel of the

operator

a2

=)

r2

2)\

2 _72 Loz ly
(a+ a 56 = 55 = 50 + =0
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with a? = 2\2 + ¢2. The heat kernel of €' can be obtained from formula (6.29)

N 1
K(ro,r,1;8) = 2767%(T3+T2)Ia (?i) )

T

Applying the inverse Fourier transform yields the heat kernel of the operator
(6.30)

1 . 1
IC(ro,Qo,r,H,T):2/ez(e—eo)£2e—2ﬁ(7~g+rz)l 1 (@) gt

T T (2A24¢2)2 T
ror

= ie—%(ﬁ%ﬂi) /ei(9—90)£[ (7) de.
Arr 2,205 \ T
(222 +¢2)

To conclude, going back to the variables x¢ and z, we obtain:

Proposition 6.4. The heat kernel of the operator (6.30) is given by

1
K(xzg,xz,7) = —e*%(m'z*'x'z)v(arg(xo,1:), @» T >0,
Amr T
where arg(xg,x) = cos™! < el ), and
|| |0l
Vewp) = [ (e
(2X324¢2)2

7 Directions to further studies

We suggest here a few open problems related to this paper. We first ask how
can the method be extended to find the heat kernel for an elliptic operator with

potential

0 )\2
(— — ‘Zl ij(2) O, Or; — W)K(m,x,t) =0, t>0

li t) =0g,-
t{%’C(l‘o,Q?, ) 0

In particular, we are interested in the role played by the geometry. Can we
find the heat kernel for L = 1 >° o2 — %, with A # 0 and z € R" with n > 37

691



692 Ovidiu Calin and Der-Chen Chang
References

[1] Calin, O., Chang, D. C., Geometric Mechanics on Riemannian Manifolds,
Birkhéuser, (2004).

[2] Erdélyi, A., Higher Transcendental Functions, McGraw-Hill, vol. 2, (1953).

[3] Haberman, R., Elementary Applied Partial Differential Equations, 3-rd ed.,
Prentice Hall, (1988).

[4] Khandekar, D.C., Lawande, S. V., Path integration of a three body problem,
J. Phys. A: Gen. Phys., Vol. 5, (1972).

[6] Khandekar, D.C., Lawande, S. V., Exact propagator for a time depen-
dent harmonic oscillator with and without a singular perturbation, J. Math.
Phys., Vol. 16, No. 2, (1975).

[6] Schulman, L. S., Techniques and Applications of Path Integration, Dover,
(2005).

Ovidiu Calin

Department of Mathematics
Eastern Michigan University,
Ypsilanti, MI, 48197, USA

E-mail: ocalin@emich.edu

Der-Chen Chang
Department of Mathematics
Georgetown University,
Washington DC 20057, USA

E-mail: chang@math.georgetown.edu



