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Global Regularity of O on an Annulus between a
Q-pseudoconvex and a P-pseudoconcave Boundary

Heungju Ahn and Giuseppe Zampieri

Abstract: We consider the 0 problem over an annulus 2 CC C" between
an internal p-pseudoconcave and an external g-pseudoconvex hypersuface
respectively. We prove that the C*(£)-cohomology of 0 on antiholomorphic
forms of degree k for ¢+ 1 < k < p — 1 is finite-dimensional.
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1. INTRODUCTION

Let 7 and €5 be two domains of C™ with Q9 CC €y CC C" and let Q be
the annulus Q = Q; \ Q2. We assume that Q is g-pseudoconvex at 9Q; and p-
pseudoconcave at 92y where the indices g and p satisfy 0 < ¢+2 <p <n—1.
For an antiholomorphic form f in C*(Q) of degree k with ¢ +1 < k < p—1
and which satisfies the compatibility condition 0f = 0, we look for solutions u
of degree k — 1 of the inhomogeneous Cauchy-Riemann equation du = f. We
prove solvability of this equation in C°°(2), modulo harmonic forms H, that
is solutions of (9,0%). If one strengthens the hypotheses and assumes strong g-
pseudoconvexity and strong p-pseudoconcavity at 9€2; and 9y respectively, it is
classical that local hypoellipticity at the boundary for (9, 9*) follows: a solution
w which is orthogonal to ker d is smooth precisely in the part of 9 where f is.
In particular, when f is in C®°(£2), then the so called “canonical” solution is also
in C*°(Q). The basic tool of the paper is the d-Neumann method by Kohn. In
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Section 3 we establish the L? estimates for the weighted d-Neumann problem.
For any s, by the use of the weight ¢, = (ts+c)|z|?, they guarantee the existence
of a “O-Neumann operator” Ny, the “quasi” inverse of [J;, = 55;; + 5;';5 in the
Sobolev space H® weighted by ;. as it was proved in [1] and [2]. This permits to
solve the d-problem in the Sobolev spaces H®, modulo H the finite-dimensional
space of harmonic forms. By a procedure of approximation due to Kohn [10]
this yields the C°°(£2) solution modulo H out of the H*® solutions. In § 4 , we
restrict our discussion to the case where 921 and 029 are strongly g-pseudoconvex
and p-pseudoconcave respectively. Though the regularity at the boundary of 0 is
classical in this case (cf. e.g. [6]), our appoach carries some novelty and puts the
discussion into a unified frame with § 3. Finally, in § 5, we introduce a criterion
of decomposition of d-closed forms. By this, we get, in some cases, a better

description of the solution.

We wish to describe in what extent our results are already contained in the
literature. First, the estimates of Section 3 and the boundary regularity of 9 were
already established by Shaw in [14] in case 9§21 and 92y are weakly pseudoconvex
and pseudoconcave respectively, which corresponds to ¢ = 0 and p = n — 1 in
our terminology. As for Section 4, we notice that when the assumptions on g¢-
pseudoconvexity and p-pseudoconcavity are strong, then 2 satisfies Z (k) for any
kst.g4+1 <k < p—1 and hence the d-problem satisfies the %— subelliptic
estimates according to Kohn [12], Hérmander [8] and Folland-Kohn [6].

2. (Q-PSEUDOCONVEXITY / P-PSEUDOCONCAVITY

We consider a bounded annulus of C™ of type 2 = \Qg where )1 CC Q9 CC
C" are domains with C* boundary. We choose two equations r! = 0, 72 = 0 for
My, My so that € is defined by 7' < 0, 2 > 0. Let TM, h = 1,2 be the
tangent bundle to Mj,, T®M;, the complex tangent bundle, T1OM;, and T M,
the subbundles of C ® TCM of forms of type (1,0) and (0,1) respectively. Let
L.n h =1,2,resp. Ly, be the Levi forms of r". resp. M), which are the hermitian
forms represented, in a system of coordinates z of C™, by the matrices

h h
(821.85].7" )ij, resp. (821.85j7“ )ij ‘TCM'

We denote by )\? < )\3 < ..., h =1,2, the ordered eigenvalues of Lz, . We pass to
describe our geometric hypotheses on 0€2. We start from the “exterior” boundary
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defined by r' = 0, fix a boundary point, consider in a neighborhood of this point
an orthonormal basis {w;};—1

goeay =1,...,

(1,0) vector fields and denote by (rilj(z)),-7j:17,.,7n the matrix which represents
Ly, in this basis. Following [16] and [1] we introduce the following notion. In
the neighborhood of a boundary point, we suppose that there exists a C? smooth
bundle V C THOM; of rank ¢, say V = Span {0,,, ..0u, }, such that

q+1
(2.1) D A=) =D r(e) =
=1 i=1

We also consider the situation in which (2.1) holds with strict inequality > 0.

It is evident that (2.1) implies A\;11 > 0; hence (2.1) is still true if we replace
the first sum Z‘Hl by Z?Zl- for any k such that ¢ +1 < k < n — 1. For
ordered multiindices J = j; < ... < ji of length |J| =k, let us consider k-vectors
w = (wy)y. We assume that w is tangential to My, that is, ws|p, = 0 when
n € J. If the multiindex is no more ordered, then it is chosen to be alternant: if
J decomposes in jK, then w; := sign (j‘;()wj. Now, (2.1) is equivalent to

1. ! 1 25
sz'leij— Tjj‘wJ’ =

Vw tangential of degree q + 1,

where >’ denotes the sum over ordered indices. By what we have remarked after
(2.1), it follows that (2.2) is in fact true for any w tangential of degree k > g+ 1.
Sometimes, we also use a variant of (2.2) which is still sufficient for regularity at

the boundary:

!
1 _ 1 2
E E rzjwinjK — E E rjj|ij| >0

|K|=¢ij=1,....n |K|=qi<q

Vw tangential of degree g + 1 .

Again, (2.2) is in fact true for any tangential form of degree k with ¢ +1 < k <
n— 1.

Definition 2.1. M; is said g-pseudoconvex when in a neighborhood of any
boundary point either of (2.2) or (2.3) is satisfied. M; is said strongly g¢-
pseudoconvex when either of (2.2) or (2.3) hold with strict inequality.
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We pass now to the “interior” boundary M, fix a point, and choose a local
system of smooth forms with w, = dr?: this vector points inside € since r? > 0
on . Let p be an integer < n — 1.

We consider the situation in which, in the neighborhood of a boundary point,
there is a C2-bundle W in T%! My of rank p, say W = Span {d,,, <y O, } such
that
(2.4) M- >0

Jj<p-1 J<p
We consider also the case in which (2.4) holds with strict inequality > 0.

In the same way as we have seen that (2.1) is equivalent to (2.2), we can see
that (2.4) is equivalent to:

(2.5) Z Z rfjszij — Z Zr Jwy? >0

|K|=p—2tj=1,...,n |J|=kj<p

for any tangential form w of degree p — 1.

Similarly as for pseudoconvexity, we also consider the following variant of (2.5)

(2.6) Z Z rfjszw]K - Z Z |ng|2 >0

|K|=p—2ij=1,...,n |J|=ki<p

for any tangential form w of degree p — 1.

In all (2.4), (2.5) and (2.6) we can replace p — 1 by any k < p — 1.

Definition 2.2. M> is said p-pseudoconcave when in a neighborhood of any
boundary point, either of (2.5) or (2.6) are satisfied. My is said strongly p-
pseudoconcave when (2.5) or (2.6) hold with strict inequality.

3. UNIFORM ESTIMATES UP TO THE BOUNDARY FOR WEAKLY
Q-PSEUDOCONVEX /P-PSEUDOCONCAVE BOUNDARIES

For a bounded domain with smooth boundary €2 C C™, we consider antiholo-

morphic forms u = > w0, of degree k with coefficients u; in C*°(Q) where
=

@y stands for @j, A @j, A .... We denote by C°°(Q)¥ the space of such forms and
consider the d-complex

(3.1) LOX(Q)F1 2 oo & ooyt 2
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We extend the action of 0 to forms with coefficients in L?, possibly endowed with
a weight e~%, denote by || - ||go the corresponding norm, and by 9* the adjoint
operator. We denote by Ds. the domain of 0*. If Q is defined, in a neighborhood
of a boundary point, by » < 0 with dr # 0, and wy, ..., w, is a basis of orthonormal
forms in which w,, = Or, we can check that v € Dg. if and only if us[gpq = 0
whenever n € J. We call tangential a form which belongs to Dg.. We suppose
that our domain is an annulus = Q; \ s, and first define the weight which fits
our needs. For a choice of a constant ¢ which will be clarified later, we want ¢ to
coincide with ¢! := ¢|z|? at My and ? := —¢|z|? at M5. This can be achieved by
taking, e.g., x1 and xo smooth, with y; = 1 at My, xo = 1 at Mo, x1+x2 = 1, and
putting ¢ = x1¢" + x2¢?. Under this choice of ¢ we obtain our basic estimates

Theorem 3.1. Let M; be q-pseudoconvexr and Mo p-pseudoconcave for 1 < q +
1 <p—1<n—2. Then, for suitable Q' CC Q and for any u € C°*°(Q)* N (Dg. )k,

we have

(3:2) ullfpoq) + ulli oy < 10ullFoiqy + 118" ulffo0qy + [ullfr-10r)

ifg+1<k<p-1.

As usual, “<” denotes inequality up to a multiplicative constant (independent
of u).

Proof. We take a local “frame” wy, ...,w, with w, = Or where r = r! or r = 12

We denote by ¢, the adjoint of —0g, in the weighted Hg inner product; hence
0w; = Ouw; — pj where we have put ¢, := 0,,;¢. By using the adjunction relations
between J; and d,, as in [9] ch. IV, we get for any u tangential

— 2 — 2 / _ -
(33) 10ulfy +105ully > > 3 [ (i
ij=1,..,n|K|=k—1
!/
— O, uik 0oyt ) AV + Y Y /e—¢|awjuj|2dv+
j=1,...,n|J|=k
where dots denote an error term in which never occur products of derivatives
of u. We perform twice integration by parts for all indices ¢j in the first sum
in (3.3). We make also twice integration by parts in some of the terms of the
second sum whose choice is different in the two components of the boundary and
in the interior. We first remark that by a partition of the unity one can prove



652 H. Ahn and G. Zampieri

(3.2) separately for forms which have support in neighborhoods of points of Mj,
My and in the interior of Q. The first is done in [1] or [2] and the third is a
consequence of the elliptic estimates in the interior. We will spend later a few
words about these two cases, but first point our attention to forms u with support
in a neighborhood of a point of M. We assume that YW = Span{wy, ...,w,} and
remember that ¢ is defined as —c|z|? in a neighborhood of Ms. We suppose that
p-pseudoconcavity holds in the form of (2.5); the variant for (2.6) is obvious. In
this case, we apply double integration by parts to the terms of the second sum

in which j < p and continue the inequality (3.2) by

(3.4)
S| XY e baosuady - S [ eela, 00, lufdv
~ \ij=1,...n|K|=k—1 i<p|J|=k
/ /
(DD /e“péw].uj|2dv+ > /eﬂa@juﬂ?dv + ...
i<p|J|=k Jj>p+1|J|=k

We denote by S the second line of (3.4). Now, we can express the commutators
as

0w+ O] = @i + 1ij (0w, — Oz,) + ..
We interchange d,,, and 0, and get

/ e‘“”rijdwnuJaIdV = / e_wrij?”nUJﬂ[dV
Q +0Q

- / e rijusOg,urdV + ...
Q

Thus we continue our estimates by

(3.5) Z/ Z / e rijuiktjgdS — Z/Z/ e_@rjj‘UJPdV
L Joa 00

|K|=k—1ij=1,...n— |J|=kj<p
! —p B ! —p 2
+ Z Z e goijuiKqudV—ZZ e Ppjilus|“dV
ij=1,..n|K|=k—1"¢ i<plJ|=k "<

+S+..

The first line is > 0 because k < p—1 and by the assumption of p-pseudoconcavity.
The second is > (p—k)cl|ul[3;0 =: ¢/|[u]|3;0 since k < p—1. As for the error terms
@ @
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denoted by dots, they can be estimated by Ic| |uH§Ig +sc S where lc and sc denote
a large and a small constant respectively. Thus, for sc< 1 and if ¢ is chosen so
large that ¢ >lc, (3.5) is > HuH?{8 which completes the proof of (3.2) for forms
supported in neighborhoods of points of M.

At points of M; we choose our frame wi, ...,wy, so that w, = Or' and V =
Span{wi, ...,w,} and the weight ¢ such that ¢ = c|z|?>. We suppose that (2.1) or
(2.2) hold. We interchange in the second sum of (3.3) the derivatives d;, with
0y, for 1 < j < g and get (3.5) with p replaced by g. Since k > ¢ + 1 and M is
g-pseudoconvex, the first line is > 0. The second is > (k — q)cHuH%{g =: c’HuH%Ig
and the error can be estimated as above by 1c|\u||§{g + scS. For sc< 1 and by

choosing ¢ s.t. ¢ >lc, we get (3.2) at M.

As for the points in the interior of €2, we observe that no boundary integrals
occur. Also, terms involving ¢;; can be regarded as error terms. We interchange
%||8@jUJ||2 with %||6ijJ‘|2 for all j = 1,...,n in (3.3). In this case S turns into
%|]|u|\|%{1 where |||u||| g1 is the L? norm of the derivatives. On the other hand, as

a consequence of the Sobolev inequalities, we have
[[ullFro < sellul [F + lellul 7.

Now, the first line of (3.5) is missing, the second is > —||u|[%, and the third

> ||ul[3;1 — |[u|[3;0- The proof of Theorem 3.1 is complete.

O

Theorem 3.1 implies C°°(€2) solvability of 0 as stated in the subsequent The-
orem 3.2. For the convenience of the reader we give the outline of the proof for
whose full detail we cite [10] and [13]. First, the estimate (3.2) can be transfered
from L? to H*. For this, we remark that the derivatives which are tangential to
the boundary, that we denote by 7;, preserve tangentiality of forms: if u € Dj.
then Tij u € Dg.. For the normal derivative, say N, we have the estimate

2 A, 112 A%, 112 2 2
[N ullFo < [|0ullF0 + 110%ullFr0 + D | Toul 30 + llul o,
i
because of the “non-characteristicity” of the boundary for (9, 0*). So, what is
really needed for the control of the H® norm, is to estimate the ||7;°u||go’s.

For this, we apply (3.2) to the 7;*u’s and consider the commutators [9, 7;°] and
[0, 77]. Now, the part of order s is independent of ¢ which only enters in the
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lower order term. By taking t = ¢, large enough to compensate the first term, we

get
(3.6) lullFs < 110ullms + 1107 ullms + csllul Fro-1-
We define now the space of harmonic forms of degree k, H* = H}, as the space

of u € (H*)* such that du = 0, 9*u = 0, denote by H*" the orthogonal com-
plement and by T': H® — H?® the orthogonal projection respectively. (Remark
that all these definitions depend in fact on the weight ¢ which is omitted in the
notations.) If we restrict (3.2) to H*® we get in particular ||u||gs < ||u||gs—1. Thus,
when (2 is an annulus which satisfies the assumptions of Theorgrn 3.1 and k has
the restraints ¢ +1 < k < p — 1, we obtain, by Rellich’s theorem, dim(H}) < oc.
If, instead, we restrict (3.2) to Hit, we get

(3.7) lullfrs < [|0ullF + 1107 ul[Fe  Vu € M.
Otherwise, there is a sequence {u,}, in H;* such that

3.8 L > [|0uy|[3s + [|0%uy||7

(3.8) Nl 2 [[0unllzrs + 110w |7

If we plug (3.8) into (3.2), we get ||uy||« < ||uy||3s—1 and hence, by the com-
pactness of the embedding H® < H* !, there is a convergent subsequence
Mﬁ — up in (H*71)*. Now, ||uo||grs—1 = 1, u, € Hit and also u, € H; by
(3.8). This is a contradiction.

Let O, +0;. 0+009;. . (3.7) is equivalent to ||ul|%;. < (O, u, u) g for any u € Hi*
and this implies ||ul|gs < ||O¢ul|ps for any v € H;t. Thus Oy, has a “quasi”

H?®-inverse. It fails to be an exact inverse because of the constraint u € sz'. In
other terms, there is defined an operator N;, which satisfies I = Uy Ny, + 7. It
satisfies also the commutation relations ON;, = N; 0 and 5t*sNts = Ntség‘s. By
means of Ny, we get that if 0f € Hi1, then u;, = 5;‘5Ntsf is a solution of the
equation Ju = f modulo Hj. By a procedure of approximation (cf. [10]), we get
a C=(Q)* solution u from the (H*)* solutions wu;,, though it is not clear whether
it is canonical. In particular it is not clear whether it is orthogonal to harmonic
forms. Let H = H"; what we have obtained is the content of the following

Theorem 3.2. Let Q = Q1 \ Qs be an annulus q-pseudoconvexr at My and p-
pseudoconcave at Mo. Then, for any k satisfying q+1 < k < p—1, the following
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holds. For any f € C>®(Q)* which is orthogonal to Hy, and with Of € Hy_1, there
is u € C°(Q)*1 such that Ou = f modulo Hy.

Since dim(Hz) < oo, Theorem 3.2 implies that the cohomology of 0 over

C>(Q) forms is finite-dimensional for any & such that ¢ +1 <k <p— 1.

We turn now our attention to the domain € with g-pseudoconvex boundary.
If our interest is confined to the J-problem over €, the estimate (3.2) can be
improved. For this purpose, we have to adapt the weight and choose a single
positive function ¢ = (t + ¢)|z|? where c is used as before to control error terms,
and t is a big parameter which raises the left side (3.2). We get in this case

Theorem 3.3. Let Q be g-pseudoconvex. Then, for any u € C®(Q)* N (Dg.)¥,

we have

(3.9) t|ullFo < 10ul[F0 + ||0%ul|go if k > g + 1.

Proof. In (3.3), we interchange 05, with d,, for 1 < j < g. The first line of (3.5)
is still > 0 by ¢-pseudoconvexity. The second is > (k — q)(c+t)||u||3. Errors are
controlled by c|ul|%, + Su. This yields (3.9) at the boundary 8Q;. At the interior
points we do not perform any commutation of 9, with 4,,;, and just notice that

X Stz ke + Ol
K|=k—11j

O

We then follow the same argument as the one which led to Theorem 3.2 but
without the constraint u € Hzl in our estimates and obtain

Theorem 3.4. ([1], [16]) Let 1 be g-pseudoconver and let k > q+ 1. Then for
any f € C®(Q)F with 0f =0, we can find u € C®(Q)*~1 such that Ou = f.

Thus the cohomology of 9 over C*(Q) forms for k > ¢ + 1 is 0 in the present

case.

4. SUBELLIPTIC ESTIMATES FOR A STRONGLY g-PSEUDOCONVEX AND
p-PSEUDOCONCAVE ANNULUS

When the boundary of the annulus satisfies conditions of strong convex-

ity /concavity, then we have %—subelliptic estimates for (0, 0%).
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Theorem 4.1. Let Q = Q1 \ Qo be an annulus such that My is strongly gq-
pseudoconvexr and Ms is strongly p-pseudoconcave for 1 <q+1<p—1<n-—2.
Then, for suitable Q' CC Q and for any u € C°°(Q)* N (D5.)*, we have

(4.1) ||UH2% ) S 10l 30y + Il 300y + HUlliI fq+l1<k<p-1

(@ @)

Proof. We need to modify the proof of Theorem 3.1. We still use a weight ¢ which
is c|z|? at My and —c|z|? at M and first turn our attention to a neighborhood
of My: thus, we consider forms u with support in a neighborhood of a point of
M. By double integration by parts, we interchange the terms H&;J.UHZ in the
following manner

(4.2)
H&—ujuHQ =(1- e)H(Sw].uHQ + eH&;,J.uHQ—(l — e)/ge“"[@wj,(?@j]]u\QdV + ..

for 1 <j <p,

10, ul? :€||5wju|y2+(1—e)|awju||2—e/ge—w[awj,awj]|uy2dv+...

forp+1<jij<n-—1.

\

Hence, the estimate (3.5) turns into

(4.3)

oul%0 + [|0%ul|%0 > / —(1—c¢ /'—6 /
0wl + 107wl = | 30 f o m @O e 3 [

ij<n—1 pH1<j<n—1

n Zﬂ/ﬂ._(l_e)z/ﬂ._e 3 /Q

ij=1,..., i<p p1<j<n—1

2 2
+ Z HawjuHHO + Z H‘?@juHHO + .
ij=1,....,n—1 ij=1,...,n
The right side of the first line is > 0 for € small and k < p — 1 by the strong
p-pseudoconvexity of M. As for the second line, recall that ¢ = —c|z|? at Ma;
thus, it is > (p— (n—1)e—k)c||ul|3;0 which is positive, for small €, since k < p—1;
we denote by ¢/ ||u]|%{0 this positive quantity. We finally denote by Su the term
between parentheses in the third line. In conclusion, the right side of (4.3) is
> Su + c|Ju||3,. Again, by the strong p-pseudoconcavity, the Levi form of M,
has finite type 2: commutators of the d,’s and 4,,,’s for all j < p — 1, generate
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a vector field N € C ® T My which is transversal to C @ TCM,. It is readily seen
that this implies (cf. [11])
||/\/'u||2 1 < Su.
H2 ~

On the other hand, the systems {95, };<n and {0, }j<n—1, supplemented by N,
span all the tangent vector fields. This implies

el < Su-+ N ul

Also, the error terms can be estimated by scSu + I¢||u[3,0. Thus, if sc< 1 and ¢
and € are chosen so that ¢’ >lc, the estimate (4.1) follows at Mo.

As for M;, we make the similar commutations as in (4.2) but, this time, for
j < g in the first line and for ¢+ 1 < j < n —1 in the second. We get the similar
conclusion as in (4.3) but with the first and second terms in the right replaced

by

@y |3 1/@9-—(1—@2/39._6 > [

=1, — i<q g+1<j<n—1

. /Q“(l‘ﬁ)Z/Q"E 3 /Q

G=1,m i<q g+1<j<n—1
respectively. The first line of (4.4) is > 0 for € small and k > ¢+ 1 by the strong
g-pseudoconvexity of Mj. For the second line, recall that ¢ = c|z|? at Mj; thus
this is > (k— (n—1)e—q)c||ul|3;0. Again, this is positive, say > ¢/||u[30, for small
€, because k > ¢ + 1. The rest of the proof of the estimate at M; goes through
by the same argument as for Ms.

Finally, for the points in the interior, the estimate is the same as in Theo-

rem 3.1.
O

Remark 4.2. If, instead of the annulus €2, we consider only the domain {2; with
strongly g-pseudoconvex boundary, then we use a single weight ¢ = c|z|? all over

Q) and get a much better conclusion. The first part of the above proof yields, for
any u € C*°(Q)* N (Dy.)¥,

lull? 3 < lloullfo + 110" ullfo  if k> g +1.
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We derive now the main consequences of (4.1). Notice that it implies readily,
(cf. [11]), the hypoellipticity of the system (9, 9*): u is smooth if du and d*u
are smooth. In particular, for the harmonic forms Hj, we have H; C C®(Q)*.
We can also restrict (4.1) to u € H;, as we have already seen in Section 3,
and obtain a d-Neumann operator N in H ,8 which satisfies I = ON + T where
T : H) — My, is the orthogonal projection. By the above remarks, if f € C>=(Q)F
and Of € Hy41, then the canonical solution u := 0*N f, which is a priori only
HY is in fact C*°(Q). This follows from the fact that du = f + T'f € C>®(Q)
and 0*u = 0. Thus u is the C*°(Q2) solution of Ju = f, modulo H, orthogonal to
ker 0. We have thus showed

Corollary 4.3. Let Q = Qq \ Q2 be an annulus such that My is strongly q-
pseudoconver and Ms strongly p-pseudoconcave respectively and let k satisfy q +
1 <k <p—1. Then for any f € C®(Q)* with f = 0, we have that u = O*N f
is the C®(Q)*=1 solution, modulo H, of Ou = f which is orthogonal to Hy_1.

In particular, the cohomology of 0 is finite-dimensional in the specified degrees.
If we go back to Remark 4.2, we see that if ; is strongly g-pseudoconvex, then
harmonic forms on ; are 0 and therefore the C°°(Q) cohomology of 0 is 0 for
k > q+ 1 which we already know from Theorem 3.4 for a more general weakly
g-pseudoconvex domain. However, what we have more, is that we know now
that the canonical solution is smooth. More generally, we know that (9, 0*) is
hypoelliptic in degree k > g + 1.

5. AN EXAMPLE

We first state a general result on decomposition of d-closed forms.

Theorem 5.1. Let Ay and As be domains of C", and define B := A; N Ao,
C:= A1 UAy. Assume

(5.1) the C°°(C) cohomology of 0 is 0 in degree k + 1
(5.2) (A1\ B)n (A2\ B) = 0.

Then, for any f € C®(B)* satisfying Of = 0, we can find f, € C®(Ap)F, h =
1,2, satisfying 0fn, = 0 and such that

(5.3) f=hfh+f2inB.
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Proof. We take a pair of functions y; and 2 in C°°(C') such that
x1+x2=1inC,
Xn=01in Ay \ B for h =1,2.

It follows, for h = 1,2

xnf € C®(Ay),
(5.4) d(xnf) € C=(C),
d(xnf)lers = 0.

Because of (5.1) we can find uj, such that

Aup, = d(xnf), un € C*(C)*.

From the third of (5.4) we get

I(u1 +uz2)|c\p = 0.
On the other hand

INw +u2)|lp =001 f + x2f)|B
=0f|lp =0.

Thus, in conclusion, d(u; + u2) = 0 in C. We then put

fii=0af—w),  fai=(af —u2) + (w1 + ug),
and get the desired decomposition (5.3).
O

Remark 5.2. For forms which are smooth in the interior but not at the boundary,
the conclusion of the theorem is still true, even if we release the assumption (5.2).
This is the so called “Mayer-Vietoris” decomposition. However, condition (5.2)
is needed in our Theorem 5.1. In fact, at any point of (A1 \ B) N (A2 \ B), the
function x1 4+ x2 would be forced to take both the value 0 and 1.

We want to end our discussion by setting up in a different way our 0-problem
for an annulus = Q; \ Q2 which is (weakly) g-pseudoconvex at M; and strongly
p-pseudoconcave at My. We choose a ball B” DD €y, define Q3 = B™ \ Q3 and
remark that Q = Q; N Q3 and B® = Q; U Q3. Since 90 N Q3 = ), then (5.2)
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follows; also, the C*°(B) cohomology of d is 0 in any degree k > 1 as it is classical
(and is also ensured, e.g., by Theorem 3.4). Let us consider the equation

(5.5) ou = f for f € C(Q)F satisfying df = 0.

We first decompose f = f1 + f3 with 9y = 0 for h = 1,3. We denote by u; the
solution in C’Oo(Ql)k*1 of Quy = f1 whose existence follows from Theorem 3.4. We
denote by N3 the 0-Neumann operator on H°(23) whose existence follows, for
instance, from Theorem 3.1, and also denote by T35 the orthogonal projection T3 :
HY(Q3) — H(23). (We do not need to use here the full strength of Theorem 4.1.)
We get

f=h+1fs
= Ouy + O(0*Nsf3) + Ts fs.

So far, we did not use the advantage of replacing Q1 \ Q2 by Q3 \ Q2 which is
strongly g-pseudoconvex at the “exterior” boundary. We do it now and remark
that this implies, by Theorem 4.1, that 9*N3f € C*(Q3)*~'. Thus, we have

obtained a C*>(Q)*~! solution of du = f modulo H in the more explicit form
uw=u; + 0" N3f.

REFERENCES

[1] H. Ahn—Global boundary regularity of the d-equation on g-pseudoconvex domains,
Math. Reich. 280 (2007), 343-350

[2] L. Baracco, G. Zampieri—Regularity at the boundary for  on ¢-pseudoconvex domains,
J. d’Analyse Math. 95 (2005), 45-61

[3] A. Boggess—CR manifolds and the tangential Cauchy-Riemann complex, CRC Press
Boca Raton FL. (1991)

[4] S.C. Chen, M.C. Shaw—Partial differential equations in several complex variables, Stud-
ies in Adv. Math. - AMS Int. Press 19 (2001)

[5] M. Derridj—Regularité pour 9 dans quelques domaines faiblement pseudo-convexes, J.
Differential Geometry 13 (1978), 559-576

[6] G.B. Folland, J.J. Kohn—The Neumann problem for the Cauchy-Riemann complex,
Ann. Math. Studies, Princeton Univ. Press, Princeton, N.J., 1972

[7] G.M. Henkin—H. Lewy’s equation and analysis on pseudoconvex manifolds (Russian),
I, Uspehi Mat. Nauk. 32-(3) (1977), 57-118

[8] L. Hérmander—L? estimates and existence theorems for the 0 operator, Acta Math.
113 (1965), 89-152

[9] L. Hormander—An introduction to complex analysis in several complex variables, Van
Nostrand, Princeton N.J., 1966



Global Regularity of 0 on an Annulus... 661

[10] J.J. Kohn—Global regularity for d on weakly pseudo-convex manifolds, em Transactions
of the A.M.S. 181 (1973), 273-292

[11] J.J. Kohn—Methods of partial differential equations in complex analysis, Proceedings
of Symposia in pure Mathematics 30 (1977),215-237

[12] J.J. Kohn—Subellipticity of the d-Neumann problem on pseudoconvex domains: suffi-
cient conditions, Acta Math. 142 (1979), 79-122

[13] J.J. Kohn, L. Nirenberg—Non-coercive boundary value problems, Comm. on Pure and
Appl. Math., 18 (1965), 443-492

[14] M.C. Shaw—Global solvability and regularity for 0 on an annulus between two weakly
pseudo-convex domains, Trans. of the A.M.S. 291 (1) (1985), 255-267

[15] M.C. Shaw—Local existence theorems with estimates for 8, on weakly pseudoconvex
boundaries, Mat. Ann. 294 (1992), 677-700

[16] G. Zampieri—Q-Pseudoconvexity and regularity at the boundary for solutions of the
O-problem, Compositio Math. 121 (2000), 155-162

Heungju Ahn

Department of Mathematics, Seoul Nat. University,
San 56-1, Shinrimdong Kwanak-gu Seoul, 151-747,
Korea

E-mail: hjahn@math.snu.ac.kr

Giuseppe Zampieri
Dipartimento di Matematica,
Universita di Padova,

via Belzoni 7, 35131 Padova,
Ttaly

E-mail: zampieri@math.unipd.it



