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Abstract: The ‘Equivariant Tamagawa Number Conjecture’ formulated by
Flach and the present author is a natural refinement of the seminal Tama-
gawa Number Conjecture that was originally formulated by Bloch and Kato
and then subsequently extended and refined by Kato and by Fontaine and
Perrin-Riou. We explain how the additional information implicit in this re-
finement entails a variety of explicit predictions concerning both the leading
terms and values of equivariant motivic L-functions and the module struc-
ture of integral motivic cohomology groups. We also discuss several con-
crete applications of this approach in the setting of Artin and Hasse-Weil
L-functions.
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1. INTRODUCTION

Let K/k be a finite Galois extension of number fields and set G := Gal(K/k).
For any motive M (in the sense of §4.1) that is defined over k we regard the
motive My := h%(Spec K) ®@po(speck)y M as defined over k and endowed with
a natural left action of the group ring Q[G] (via the first factor). We write
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¢(C[G)) for the centre of C[G] and L*(Mf) for the leading term in the Taylor
expansion at s = 0 of the natural ((C[G])-valued L-function of M. Then the
‘Equivariant Tamagawa Number Conjecture’ that is formulated by Flach and the
present author in [23, Conj. 4] predicts for the pair (Mg, Z[G]) an equality of
the form

O(L*(Mk)) = x(Mk)- (1)
Here § is a canonical homomorphism from the unit group of ((R[G]) to the relative
algebraic K-group of the ring extension Z[G] C R[G] and x(Mg) is an Euler
characteristic that is defined by using virtual objects (in the sense of Deligne)
arising from the various motivic cohomology groups, realisations, comparison
isomorphisms and regulators associated to both Mg and its Kummer dual. This
equality refines the seminal ‘Tamagawa Number Conjecture’ that was originally
formulated by Bloch and Kato in [9] and then extended and refined by both Kato
[64, 65] and Fontaine and Perrin-Riou [47].

Flach’s article [45] contains a survey of evidence in support of the Equivariant
Tamagawa Number Conjecture. Our aim in the present article however is to
help explain the interest of the conjecture by describing some general methods
for converting the rather involved conjectural equality (1) into predictions that
are much more explicit in nature. As such, this article is also in part a survey of
known results but in addition contains a variety of results and explicit predictions
that are, as far as we are aware, completely new. These predictions concern Euler
characteristic formulas, restrictions on the structures of natural arithmetic mod-
ules, formulas relating components of the leading term L*(Mf) to the Fitting
ideals of such modules and congruences between components of L*(Mg) that
involve natural algebraic height pairings. Most of the explicit relations we derive
from the conjectural equality (1) will depend on the fact that it is formulated
using structures in My that are projective with respect to Z[G] rather than a
maximal order in Q[G] (so, in particular, most of the relations that we describe
for Tate motives do not follow from the Tamagawa Number Conjecture for Artin
motives that is described, for example, in [61, §1.2]) and hence do indeed re-
flect consequences of (1) that do not follow from the original ‘non-equivariant’
conjecture of Bloch and Kato.

Our basic approach to deriving explicit consequences of (1) is to abstract exist-
ing results and techniques from special cases to the general setting of ‘augmented
trivialized extensions’ that we introduce in §3. There are several ways in which
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this approach seems to be useful and interesting. Firstly, it shows that a wide
variety of well known, comparatively explicit and hitherto seemingly unrelated
conjectures (including, for example, conjectures formulated by Stark [90, 94],
Gross [56], Chinburg [29, 30, 31], Lichtenbaum [71], Chinburg, Kolster, Pap-
pas and Snaith [33], Brumer, Coates and Sinnott [36], Gross [55], Popescu [82],
Rubin [86], Tate [95] and Mazur and Tate [73]) are manifestations of a single
underlying principle. Secondly, it gives rise to concrete refinements of several
of these much studied conjectures and also to the formulation of new conjec-
tures of a rather concrete nature. These new conjectures include, under certain
hypotheses, Euler characteristic formulas for Tate motives (Remark 6.2.4) and
elliptic curves (Remark 6.2.5), restrictions on the module structure of algebraic
K-groups (Proposition 7.2.5) and Mordell-Weil groups (Remark 7.1.5 and Propo-
sition 7.2.6(i) and (iii)), an interplay between orders of Tate-Shafarevic groups
and orders of vanishing of motivic L-functions (Proposition 7.2.6(ii)) and a ‘strong
main conjecture’ of the kind that Mazur and Tate ask for in [73, Remark after
Conj. 3| (see Remark 8.2.5). Other explicit consequences of the approach de-
veloped here that will be considered in detail elsewhere include the predicted
existence in natural non-abelian contexts of ‘special elements’ in algebraic K-
groups and Mordell-Weil groups that are related to the first derivatives of Artin
and Hasse-Weil L-functions (Remark 5.1.5) and predicted congruences between
higher derivatives of Hasse-Weil L-functions (Remark 9.5.4). Further, modulo
certain standard expectations, our approach applies to motives far more general
than Tate motives and those obtained from elliptic curves (cf. §4.4) and in each
such case our methods should allow the formulation of similarly explicit predic-
tions. The third respect in which our approach is useful is that any evidence
for the explicit consequences of (1) that we derive would also constitute evidence
for the conjectures formulated by Fukaya and Kato in [51] and also for the main
conjecture of non-commutative Iwasawa theory formulated by Coates, Fukaya,
Kato, Sujatha and Venjakob in [35]. Indeed, whilst it is clear that (1) is a con-
sequence of the ‘non-commutative Tamagawa number conjecture’ formulated in
[51], in [28] Venjakob and the present author have shown that the relevant special
case of (1) also follows from (a natural refinement of) the central conjecture of
Coates et al in [35].
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In a little more detail the main contents of this article is as follows. In §2 we
review necessary algebraic preliminaries. In §3 we introduce a notion of ‘aug-
mented trivialized extension’ (or ‘a.t.e.” for short) and in §4 we prove that in
many natural cases the conjectural equality (1) is equivalent to the vanishing of
the ‘Euler characteristic’ of a suitable a.t.e. In §5 we state our main algebraic re-
sults. These results describe certain explicit consequences of the vanishing of the
Fuler characteristic of an arbitrary a.t.e. and are proved in §6-§9 using a suitable
abstraction of arguments that have already been used in special cases by pre-
vious authors. In these sections we also discuss several arithmetic applications
and formulate a variety of new and explicit conjectures (see Remark 5.1.2 for
more details regarding these conjectures). In an attempt to stress the principles
which underlie our general approach we choose to postpone the proofs of several
technical results to the end of the article. Such results include a natural ‘Hasse
Principle’ for morphisms in derived categories (in §10), the answer to a question
posed by Chinburg et al in [33] (in §11) and a detailed study of the conjectural
equality (1) for motives arising from elliptic curves (in §12).

An early version of this article was first circulated in 2004 and the article was
completed in 2007 when the author held a Leverhulme Research Fellowship. It is
a pleasure to thank Adebisi Agboola, Werner Bley, Matthias Flach, Dick Gross,
Kazuya Kato, Masato Kurihara and Jan Nekovaf for stimulating discussions. I
am also very grateful to Griff Elder for providing me with a proof of Proposition
7.2.1, to Daniel Macias Castillo for corrections to an earlier version of §9.4 and to
the referee for several helpful remarks. John Tate has provided much inspiration
and generous encouragement to me and it is certainly a very great pleasure to

dedicate this article to him on the occasion of his eightieth birthday.

2. ALGEBRAIC PRELIMINARIES

In this section we quickly review some necessary algebraic preliminaries. All
modules are to be considered, unless explicitly stated otherwise, as left modules.

2.1. Basic categories. Let R be any (associative unital) ring. We write PMod(R),
resp. PMod(R)®, for the category of finitely generated projective R-modules,
resp. of bounded complexes of such modules. We also write D(R) for the de-
rived category of complexes of R-modules and DP°(R) for the full triangulated
subcategory of D(R) consisting of those complexes which are ‘perfect’ (that is,
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isomorphic in D(R) to an object of PMod(R)®). We say that an R-module N is
‘perfect’ if the complex N[0] belongs to DP°™(R).

2.2. Virtual objects. In [39] Deligne proves that there exists a ‘universal de-
terminant functor’ [|, from the subcategory of PMod(R) where morphisms are
restricted to isomorphisms to the category V(R) of ‘virtual objects’ associated
to PMod(R). We recall that V(R) has a canonical bifunctor (L, Ly) +— LjLo
and ‘unit object’ 1z which induce on V(R) the structure of Picard category. In
particular, for each object L of V(R) there is an ‘inverse object’ L=! in V(R) that
is unique up to unique isomorphism and an isomorphism LL~! = 15 in V(R).
The groups mo(V(R)) and 71 (V' (R)) are naturally isomorphic to the Grothendieck
group Ko(R) of PMod(R) and to the Whitehead group K;(R) of R. We recall
that K1 (R) can be described explicitly in terms of generators of the form (M, p)
where M is any finitely generated projective R-module and p is any element of

Autr(M) (cf. [37, (38.28))).

If R is commutative, then V' (R) identifies with the category of graded invertible
R-modules (and isomorphisms of such) and [, with the determinant functor
described by Knudsen and Mumford in [67] (see §8 for more details).

For further details concerning the general (non-commutative) case and the
extension of [-], from PMod(R) to DP*{(R) see [23, §2].

2.3. Relative algebraic K-theory. Let A be a Dedekind domain of character-
istic zero and write F' for its quotient field. We fix a finite dimensional semisimple
F-algebra A and a A-order 2 in A (so 2 is a subring of A that is finitely generated
as a A-module and generates A as an F-module). For any extension field E of F'
and any A-module N we set Ng := FE ®p N, regarded as an Ag-module in the

natural way.
Following [23] we define V (U, Ag) to be the fibre product category
V(Q[, AE) = V(Q[) XV(AE) Po E— 770

| |~

V() L V(Ap)

where Py is the Picard category with unique object 1p, and Autp,(1p,) =0, F>
is the (monoidal) functor sending 1p, to 14, and Fy([L]y) = [E®a L] 4, for each
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object L of PMod(21). Then V (2, Ag) is a Picard category and (from [23, Prop.
2.5]) there is a natural isomorphism of (abelian) groups

tay s mo(V(A, AR)) = Ko(U, Ag).

The ‘relative algebraic K-group’ Ko(2(, Ag) used here is defined as a quotient
of the free abelian group on symbols of the form (Q1,Q2;¢) where Q1 and Q-
belong to PMod(2l) and ¢ is an isomorphism of Ag-modules E®j Q1 = E ®x Q2
(see [92, p. 215] for an explicit description of the relations used to define this
quotient). For each object X of DP®f(2() and morphism \ : [E ®x X] — 14, in
V(Ag) we set

[X, )\] = LQ[7AE((X, )\)) € Ko(Ql, AE).

(In Lemma 3.2.1 we give a description of such elements in terms of the explicit
generators of Ko(A, Ag)).

There is a natural commutative diagram of exact sequences of the form

1 0

O k& Oy g
K1) - Ki(Ag) —— Ko, Ap) —— Ko() — Ko(Ag)

H & | u | @)

1 0
F

Ki2) — Ki(A) 25 K@ A) 2 Ko@) —  Ko(A)

(cf. [92, Th. 15.5]). Here the homomorphisms tg and ¢}, are induced by the
scalar extensions ¢ — F ®p ¢ and (Q1,Q2;¢) — (Q1,Q2; E @F ¢) and are both
injective (indeed, we often regard these maps as inclusions). The homomorphism
3%&  sends the class of an automorphism ¢ of A% to (A", A™;¢) and 83[7 p sends
(Q1,Q2;9) to (Q1) — (Q2) where (@) denotes the class in Ky(2() of each @ in
PMod(21).

2.4. Reduced norms. We write ((R) and R* for the centre and unit group of
aring R. If R is a finite dimensional semisimple algebra over either a global field
or the completion of such a field, then one can compute in K;(R) by using the
injective reduced norm homomorphism Nrdg : Ki(R) — ((R)* (as discussed in
[37, §45A]).

If G is a finite group, then the square of every element of ((R[G])* belongs to
im(Nrdgg) but the inclusion im(Nrdgg)) € ((R[G])* can be strict (see (13)).
However, for each finitely generated subring A of Q there always exists a canonical
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‘extended boundary homomorphism’
da  C(R[G])™ — Ko(A[G], R[G])

which satisfies

I o Nrdrjg) = Oyjgym (3)
on K (R[G]) and is such that ((Q[G])* is equal to the full pre-image of Ko (A[G],
Q[G]) under 65 (cf. [23, §4.2]). If A = Z, then we often abbreviate dp to ¢.

The Wedderburn decomposition of C[G] induces a canonical decomposition

«eep= ]I ¢ (4)

x€Irr(G)
where Irr(QG) is the set of irreducible finite-dimensional C-valued characters of G.
We write = (xy), for the corresponding decomposition of each element x of

¢(CIGD).

2.5. Involutions. Let G be a finite group and A a finitely generated subring of
Q. If @ belongs to PMod(A[G]), then the linear dual @Q* := Homy (@, A) also
belongs to PMod(A[G]) when endowed with the natural contragredient G-action.
Hence, one obtains involutions ¢* of both Ky(A[G],R[G]) and K((A[G]) by set-
ting ¢¥*((Q1,Q2;¢)) := (QF, Q3; Homg (¢, R) 1) and ¢*(Q) := (Q*) respectively.
With these definitions it is clear that E)/O\[GMg oyY* =1*o 8R[G]’R.

We write & +— 7 for the involution of ((C[G]) that is induced by the C-linear
anti-involution of C[G] sending each element of G to its inverse. Then (27), = 25
for each x € Irr(G), where X is the contragredient of x. In addition, [23, Lem.
16] implies that for each x in ((R[G])* one has

U (0a(2)) = ~0a(a™) € Ko(A[G],R[G]). ()

2.6. Cohomological-triviality. Let G be a finite group and A a Dedekind do-
main. We say that a A[G]-module M is ‘cohomologically-trivial’, or occasionally
just ‘c-t’ for short, if for each subgroup J of G and each integer i the Tate co-
homology group H (J, M) vanishes. This condition is equivalent to M having
finite projective dimension as a A[G]-module and is automatically satisfied in, for
example, each of the following cases:-

e M is a projective A[G]-module;
o M = A[G] ®a N for any A-module N;



90 David Burns

e M is a finite module of order prime to the order of G;
e The order of G is invertible in A.

If M is finitely generated, then it is cohomologically-trivial if and only if it
is perfect (in the sense of §2.1). Further, if M is any such module, and P* is
any object of PMod(A[G])® that is isomorphic in D(A[G]) to M][0], then the
Euler characteristic (M) := >, ,(—1)/(P") is an element of Ko(A[G]) that is
independent of the precise choice of P°.

2.7. Further notation. Unadorned tensor products are to be considered as
taken in the category of Z-modules. If A is clear from context, then for any
finite group G and A[G]-module N we set N* := Homy(N,A) and NV :=
Homyp (N,Q/A), each endowed unless explicitly stated otherwise with contra-
gredient G-action. We also let Nior denote the A-torsion submodule of N and
set Nif := N/Nior. We also write N G resp. Ng, for the maximal sub-module,
resp. quotient module, upon which G acts trivially. If F is a number field, resp.
discrete valuation ring, then Of will denote its ring of algebraic integers, resp.
valuation ring. For each prime p we write Z,) and Z,, for the p-localisation of Z
and the ring of p-adic integers respectively. The cardinality of a finite set X is
denoted | X|.

3. 2-EXTENSIONS

In this section we introduce the algebraic construction that plays an essential

role in our approach to describing explicit consequences of the conjectural equality

1).

3.1. The definition. As in §2.3 we fix a Dedekind domain A of characteristic
zero and quotient field I, an extension field E of F', a finite dimensional semisim-
ple F-algebra A and a A-order 2 in A.

Given finitely generated -modules H® and H' we shall say that an element e
of Ext3(H', HO) is ‘perfect’ if it can be represented (as a Yoneda extension) by
an exact sequence

0—-H' - M- M' - H'—>0
in which the 2-modules M and M! are both perfect.
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Perfect extension classes arise naturally in arithmetic in the following way.
If C* is an object of DP°™ () that is acyclic outside degrees 0 and 1 and u; :
H(C®) = H' is an isomorphism of 2-modules for both i € {0,1}, then the

tautological exact sequence
0— HYC®*) — C/B°(C*) — Z*(C*) — HY(C®) — 0

(where B%(C®) and Z'(C*®) are the boundaries and cocyles of C* in degrees 0
and 1) combines with 1y and ¢ to specify an element e of Ext3(H!, H?). Tt
is straightforward to check that e is perfect and also unchanged if one replaces
(C*,10,¢1) by any similar triple (C’®,,¢)) for which there is an isomorphism
L2 C® =2 C" in DP(A) with i} o H?(1) = ¢; for both i € {0,1}. We shall say that
any such triple is a ‘representative’ of e.

If now e € Exti(H', HY) is perfect and ¢ : E®y H® = E ®, H' is an
isomorphism of Ag-modules, then we set

e, ] = 1,4, (([C*las; Y1viv)) € Ko(2A, AR) (6)

where (C*, 9, t1) is any representative of € and 1y, is the composite

[E@x C*lag — [[IH(E @2 5 = (B @a HO)a,lE @a HYZL
€L
— [E®A Hl]AE[E(X)A Hl];‘}a — 1a,

where the first arrow is the canonical morphism that is induced by the semisim-
plicity of the E-algebra Ag (for an explicit description of this morphism see [12,
Rem. 3.2]), the second arrow is the morphism induced by the given isomorphisms
1o and ¢ and the fact that H(E ®, C*) = 0 if i ¢ {0,1} and the third arrow is
the morphism induced by 1. (It is easy to check that this definition of [e, )] is
independent of the precise choice of (C*®, g, t1).)

Definition 3.1.1. An augmented E-trivialized extension of 2-modules is a triple
7 = (er, Ar, LX) comprising a perfect 2-extension e, € Ext3(HL, H) of (finitely
generated) A-modules, an isomorphism A, : E®@p H? = E®y H! of Ag-modules
and an element L% of ((Ag)*. If F = Q, then by an a.t.e. of A-modules we
shall mean an augmented R-trivialized extension of A-modules. We define the
Euler characteristic x(7) of an augmented E-trivialized extension of A-modules
T by setting
X(7) == [er, Ar] — 0A(LS) € Ko(A, AR).
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The arithmetical examples of augmented trivialised extensions that are to be
discussed in §4 show that it is reasonable to regard [e;, A\;] and 0o (LE) as the
‘algebraic’ and ‘analytic’ components of x(7).

3.2. An explicit interpretation. The definition of the element [e,?] in (6) in
terms of virtual objects is important both for comparison to the general con-
structions of Flach and the present author in [23] and also for the purposes of
routine calculations using the Euler characteristic formalism developed by Bre-
uning and the present author in [12] and by Breuning in [11]. However, in arith-
metic applications it is also often advantageous to use the following description
of the Euler characteristic of an a.t.e. in terms of explicit generating elements
of Ko(A[G], F[G]). We note in particular that claim (ii) of the following result
shows that the vanishing of the Euler characteristic of an a.t.e. 7 implies that
the element £} satisfies a certain type of congruence relation.

For any G-module N and natural number d we write N9 for the direct sum
of d copies of N.

Lemma 3.2.1. Let G be a finite group and A a finitely generated subring of Q.
Let T be an a.t.e. of A[G]-modules for which H? is torsion-free.

(i) There exist finitely generated projective A[G]-modules P° and P! lying in

an extension
0-H 5P L pl T gl g (7)
of class €; and for which
[er, Ar] = (P, Py0).
Here 1 denotes the composite isomorphism
R®y PY = (R®p HY) @ (R®, im(d))
>~ (Roy HY) ® (R®, im(d) 2 R @, P!

where the first and third isomorphisms are induced by a choice of R[G]-
equivariant sections to the surjective homomorphisms R @5 PY —
R ®p im(d) and R®p Pt — R®a HY that are induced by d and T respec-
tively, and the second isomorphism is (—\;) @ id.



Equivariant Leading Terms and Values 93

(ii) Letd, € {1,2} be the least strictly positive integer such that (L)% belongs
to the image of Nrdgjg). If dr-x(7) = 0, then in claim (i) one can choose
PO and P* so that P*'4r) = PXdr) is o finitely generated free A[G]-module
and in ((R[G])* one has

T

(L£3)% = Nrdgig) (R @5 PO, (4)))

modulo the image under Nrdg(q of im(K1(A[G]) — Ki(R[G])), where
A97) is the automorphism of R @ P4 that is induced by ¢, resp. by
L@, ifd, =1, resp. d. = 2.

Proof. We set € := e, \:= \; and H® := H! for i =0, 1.

If one computes Ext?\[G] (H', H°) by means of a projective resolution of H!,
then it is clear that one can choose a representative (7) of € in which P! is a finitely
generated free A[G]-module (of arbitrarily large rank). Then, having fixed such a
module P!, the fact that e is perfect implies that there exists a quasi-isomorphism
of complexes of A[G]-modules of the form a : Q* — P*® where Q°® belongs to
PMod(A[G])® and P* denotes the complex P° 2 P!, where PV is placed in degree
0. From the acyclicity of the mapping cone of a one then deduces that P° is both
finitely generated and cohomologically-trivial as a G-module. But, since both P!
and (by assumption) H° are torsion-free, the exactness of (7) implies that P? is
also torsion-free. Thus, by [2, Th. 8], P° is a finitely generated projective A[G]-
module, as claimed. In addition, the claimed equality [e, A\] = (P°, P';1) follows
from results of [12]. Indeed, the element [e,\] = tx[qrie)(([P*]a[q); AMTriv)) 18
equal to the element x x(q) ric(P*, A) defined in [12, Def. 5.5], whilst (P%, P*;.) is
equal to the element —x°'4(P*, (—\)~1) that is defined at the beginning of [12, §6].
The equality [e, \] = (P°, P';¢) thus follows upon combining the results of [12, Th.
6.2 and Rem. 6.4] with the fact that x°9(P®, (=\)~1) differs from x°!4(P*, A71)
by the image under 811\[G]7R of the element (R @, HY, —id) of Ki(R[G]). This
completes the proof of claim (i).

To prove claim (ii) we assume that d; - x(7) = 0. Then in Ky(A[G]) one has
0= 8/0\[0],[@(0) = R[G},R(dr : X(T)) = aR[GLR(dT : [67 )‘]) - 8/(]\[G],R(5((£:)dT)) =
OR[G],R(dT e, A]) = (P%dr)) — (PYdr)) | where the penultimate equality follows
from (3), the exactness of the upper row of (2) and the containment (L)% €
im(Nrdpg¢) and the last equality from the description of [e, A] that is given in
claim (i).
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Using the same argument as in the proof of claim (i), we now choose P! to be
a finitely generated free A[G]-module of rank at least two. From the existence of
Ar we may deduce that the Q[G]-modules Q ®5 H? and Q ®, H! are isomorphic
(cf. [37, Exer. 6, p. 139]). In addition, for each prime p the algebra Q,[G] is
semisimple and so we may choose splittings of the exact sequence that results from
applying Q, ® — to (7): in this way, one finds that Q,®, P is isomorphic to the
free Q,[G]-module Q, ®x P'. Thus, since P? is projective, Swan’s Theorem [37,
Th. 32.1] implies that Z,®, P is a free Z,[G]-module for each prime p € Spec(A).
From Jacobinski’s Cancellation Theorem we may therefore deduce that Pd) ig
isomorphic to PY%) as a A[G]-module: indeed, the equality (P%r)) = (P1{dr))
in Ko(A[G]) implies that PY%dr) is stably isomorphic to P14 and then, since the
A[G]-rank of PYd7) is at least two, this implies that P47} is isomorphic to P(4r)
by [37, (49.3), (51.30)]. Hence we can assume that P%4r) = PHdr) is a finitely
generated free A[G]-module, as asserted in claim (ii). Further, in this case the
element d, - (P°, P1;.) is equal to 8}\[@ ,R((R ®@a PY4r) {47}y and so the exactness
of the upper row of (2) implies that if d, - x(7) = 0, then (R ®, POdr) ,ldr))
differs from the inverse image of (£%)% under the (injective) map Nrdg(g) by an
element of im(K;(A[G]) — K1(R[G])). It is then clear that the latter condition
is equivalent to the stated congruence. [l

Remark 3.2.2. The element (P°, P'; 1)

Since the isomorphism ¢ defined in Lemma 3.2.1(i) involves the homomorphism
d the element (P°, P';1) depends upon the complex P° 4, p1 (and the identifi-
cation of its cohomology with H? and H! via the sequence (7)) rather than just
on the modules P° and P!.

4. ARITHMETIC EXAMPLES

In this section we show that the algebraic construction of Definition 3.1.1 arises
naturally in interesting arithmetic contexts. At a first reading, the reader may
prefer to look only at the general discussion of §4.1 and at the statements of
Propositions 4.2.2, 4.2.5, 4.2.6 and 4.3.1 (and perhaps also the discussion of §4.4)
and then pass straight on to §5.

We now fix a number field £ and an algebraic closure k¢ of k£ and set Gy :=
Gal(k“/k). We also fix a finite Galois extension K of k inside k¢ and set G :=
Gal(K/k).
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4.1. Motives. To formulate the Equivariant Tamagawa Number Conjecture it
is sufficient to regard motives over k as specified by their realisations and motivic
cohomology groups and the usual maps between these groups (that is, by a ‘mo-
tivic structure’ in the sense of Fontaine and Perrin-Riou [47]). In this subsection
we review a few details of this approach, referring any interested reader to [23,
§3] for further details.

If M = W"(X)(r) for a smooth projective variety X over k together with
an integer r and a non-negative integer n, then its realisations are as follows.
A filtered k-space Hqr(M) := Hiy (X)) with the natural decreasing filtration
F'Har(M) := F'H (X 1,) shifted by 7; for each prime ¢ a compatible system of
(-adic representations Hy(M) := HZ (k¢ x5, X, Qe(r)) of Gy; for each embedding
o : k — C a Q-Hodge structure H, (M) := H"(c X(C), (27mi)"Q) over either R or
C according to whether ¢ factors though the inclusion R C C or not.

For each motive M over k there is a natural left action of Q[G] on the motive
My := h%(Spec K) ®no(speck) M, where the tensor is the tensor product in the
category of motives (so, for example, if M = h"(X)(r) as above, then Mg =
h™(K x X)(r)). For the realisations one has Hqr(Mgk) = K ® Har(M) where
G acts in the natural way on K; H,(Mg) = ([[, Qv) ®q, He(M) where 7 runs
over the set of k-embeddings K — k¢, G acts only on the first factor (via pre-
composition with the embeddings) and G}, acts diagonally on both factors (on the
first factor via post-composition with the embeddings); H,(Mgk) = ([[, Q) ®q
H, (M) where o’ runs over all embeddings K — C which restrict to o on k and
G acts in the natural way on the set of such embeddings o.

In now A is any finitely generated subring of Q and 2 any A-order in Q[G] that
contains A[G], then the approach of [23] leads, in general modulo the validity of
certain standard conjectures, to the definition of a canonical element TQ(Mg, )
of Ko(2A,R[G]). The conjecture ‘ETNC(Mg,2)’ formulated in [23, Conj. 4(iv)]
for the pair (Mg, 2l) simply asserts that the element T'Q(Mp, ) vanishes. From
the functorial properties of the elements TQ(Mp, ) it therefore follows that if A’/
is any finitely generated subring of Q that contains A and % any A’-order in Q[G]
that contains A, then ETNC(Mg, ) implies ETNC(Mg,B) (and in particular
therefore that ETNC(Mg, Z|G]) implies ETNC(Mg,2A) for all such orders ).
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4.2. Tate motives. For each integer » we always abbreviate the ‘Tate motive’
h%(Spec K)(r) to Q(r) k. We recall that for any A-order 2 in Q[G] with A[G] C 2
the definition in [25, §3.1] of TQ(Q(r)x, Q) is unconditional.

Remark 4.2.1. Supporting evidence

Before proceeding, we recall that there is by now a fair amount of evidence
in support of ETNC(Q(r)x, Z[G]). In particular, this conjecture is known to be
valid in each of the following cases.

e 1 is any integer, K is any abelian extension of Q and k is any subfield of
K: this is proved by Flach and the present author in [25, Cor. 1.2].

e r =0, k is an imaginary quadratic field of class number one and G is an
abelian group of order divisible only by primes which split completely in
k/Q: this is proved by Bley in [6, Th. 4.2].

e r=0andr =1, k=Q and K belongs to a certain infinite family of fields
for which G is isomorphic to the Quaternion group of order eight: these
cases follow from results of Flach and the present author in [24, Th. 4.1]
and [25, (1) and Cor. 1.5] and rely heavily on results of Chinburg in [32].

e r =0, k=Q and K is a particular field for which G is isomorphic to the
alternating group of order twelve: this is the main result of Navilarekallu
in [76, Th. 3].

In addition to the above cases in which ETNC(Q(r)x, Z[G]) has been verified
completely, Nickel [79] has recently described evidence in favour of the conjecture
in the case that r = 0 and K is a tamely ramified CM Galois extension of a totally
real field k.

We now fix a finite set S of places of k that contains the set S, of archimedean
places and also all that ramify in K/k. For each character ¢ € Irr(G) we write
Ls(1, s) for the S-truncated Artin L-function as defined (using the arithmetic
Frobenius!) in [94, Chap. 0, §4]. For each integer r we set L}/kﬁ(r) =
(Ls(p,r))y € C(CIG])* where Lg(,r) is the leading term in the Laurent ex-
pansion of Lg(1),s) at s = r. Then, since L’g(@, r) is equal to the complex con-
jugate of Li(v,r) for each character ¢, the element L7, s ¢(r) actually belongs
to C(R[G])*.
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4.2.1. Q(0)x. We write Yk g for the free abelian group on the set S(K) of places
of K which lie above those in S and X g for the kernel of the homomorphism
Yk s — Z that sends each element of S(K) to 1. We write Ok s for the subring
of K consisting of those elements that are integral at all places outside S(K') and

OIX(? ¢ for the group of units of O s.

Proposition 4.2.2. There exists an a.t.e. of Z|G]-modules 1o with all of the

following properties:-

o H) = Of g (Hj )tor = Pic(Ok,s) and (H} )y = Xk.s;
o )\, s induced by —1 times the Dirichlet regulator map;
Ly =Ly s(0)7;

X(10) = 0 if and only if ETNC(Q(0) g, Z[G]) is valid.

Proof. The construction of [22; Prop. 3.1] defines a canonical object Wg of
DPe(Z[G]) that is acyclic outside degrees 0 and 1. Indeed, whilst the definition
of Wg in [22] explicitly mentions the assumption Pic(Ok g) = 0, it is straightfor-
ward to check that if Pic(Og, g) # 0, then the methods of [22] define objects ¥ g
and Wg of D(Z[G]) which satisfy all properties described in [22, Prop. 3.1] (with
the exception that in [22, (29)] the term Xg is replaced by a G-module which is
a l-extension of X g by Pic(Og,s)) and also lie in exact triangles of the form
22, (31), (32), (85)].

To define 7 := 79 we first set H: := H'(Ug) for i = 0,1 and then let ¢, denote
the element of Ext%[G](HTl, HY?) that is represented by (U, idpowg), idg1(ug)) in
the sense of §3.1. We also define A\; and L} to be as in the statement of the
Proposition. Then [24, (29)] implies that

PH(TQ(0)k, Z[G])) = x(70) (8)
and so ETNC(Q(0)k, Z[G]) is indeed equivalent to the equality x(70) =0. O

Remark 4.2.3. Weil-étale cohomology

In [18, Rem. 3.7] the 2-extension €, constructed above is interpreted in terms
of Lichtenbaum’s conjectural theory of the ‘Weil-étale cohomology with compact
support’ of Z on Spec(Ok,g).

Remark 4.2.4. Tuate sequences
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In [16, §2.3] it is shown that the conjectural vanishing of x(79) is equivalent to
the ‘Lifted Root Number Conjecture’ formulated by Gruenberg, Ritter and Weiss
in [58]. In the same direction, Parker [81] has recently shown that the complex
Ws used in the proof of Proposition 4.2.2 can be interpreted as a ‘Tate sequence’
in the sense described by Ritter and Weiss in [83].

4.2.2. Q(1)g. We fix a finitely generated projective Z[G]-submodule £ of O
such that for each non-archimedean place v in S the exponential map induces a
well defined injective homomorphism exp,, : £, — K. We let Trp : £ — Z
denote the restriction of the trace map Trg /g : K — Q. We write exp, ¢ for the
composite [[,cqg Lo — [[,e5 K — Cs(K) where the first arrow is [[,cgexp.,
(with £, = K, if v is archimedean), Cs(K) is the quotient of the idele class
group of K by the subgroup HU¢ g O[X<v (this quotient is the group belonging to
the S-class formation discussed in [74, Chap. I, §4]) and the second arrow is the
natural projection. We use the isomorphism

As i R @ ker(exp, ) = R ®q ker(Trg q)
induced by the natural projection [] ¢ L, — R®q K (cf. [13, Lem. 3.1(iii)]).

Proposition 4.2.5. There ezists an a.t.e. of Z[|G|-modules 7 with all of the
following properties:-

o (H? )tor = cok(Trz)Y, (HY )¢ = ker(Trp)*, (H} )tor = cok(expy )Y and
(H} )it = ker(expp g)*;

o )\, is equal to the R-linear dual of \s;

o L = Ly (D

e [f there exists a finite Galois extension K' of Q with K’ complex, K C K’

and such that K' wvalidates Leopoldt’s conjecture, then x(m1) = 0 if and
only if ETNC(Q(1) k, Z[G)) is valid.

Proof. We recall that [13, Lem. 3.1] defines an object Eg(£) of DP*{(Z[G]) and
we set C* := RHomy(Eg(L),Z) and H: := H'(C®) for i = 0,1. It is clear
that C* belongs to DP*f(Z[G]). Also, in each degree i the universal coefficient
spectral sequence gives natural isomorphisms H*(C*®)or = (H™ Y (Eg(L))tor)
and H'(C®)y = H'(Eg(L))*. The explicit descriptions of H? and HZ given
above thus follow from the descriptions of the groups H*(Eg(L)) in [13, proof of
Lem. 3.1]. The same argument shows that C* is acyclic outside degrees 0 and
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1 and hence that C'* corresponds to a canonical element €, of Exté(HTll,H%).
Thus, if we define A\, and £} as in the statement of the Proposition, and use
the element TQ(K/k, 1) = [Es(L), \g'] + 5(L*K/k g(1)) defined in [13, §3.2], then

(5) implies that

VHTQE /1)) = [en, An] = 0(Lie,5(1)7) = x(11). 9)
The final claim of the Proposition thus follows from the equality TQ(K/k,1) =

TQ(Q(1)k, Z[G]) that is proved (under the stated hypotheses) by Breuning and
the present author in [14]. O

4.2.3. Q(r)x withr < 0. In this case, for each odd prime ¢ and integer i = 1,2 the

Quillen-Lichtenbaum Conjecture predicts the existence of natural isomorphisms
[70, Conj. 2.5]

) A 1
chy, 1 Zy ® Ka—i—2,(Ok 5) — Hét(spec(oK,S[Z])v Zy(r)), (10)

where K,(Og,s) denotes Quillen’s K-theory of the ring Ok g. Such homomor-
phisms have been constructed by Soulé [89] and by Dwyer and Friedlander [41]
and proven to be surjective and to have finite kernel. Soulé used higher Chern
class maps, which approximate the maps ch},r7 and Dwyer-Friedlander used étale
K-theory. In the case ¢ = 2 maps chévr as above have been constructed and
studied by Kahn [63] and by Rognes and Weibel [84] and have been shown to be
bijective if, for example, K is totally imaginary (and shown not to be bijective in
general).

In the following result we set Z' := Z[1].

Proposition 4.2.6. Let r be a strictly negative integer. If the Chern class maps
in (10) are bijective for all odd primes €, then there exists an a.t.e. of Z[G]-
modules T, with all of the following properties:-

e If K is totally imaginary, then ng = Ki_2,.(0k) and (HTlT)wr: K_5.(Ok,s)
and (H} )it = (Bpom(x.c) (2m1) " 2) /B where in the last term Gal(C/R)
acts diagonally on the direct sum. This description of HQT, resp. (H! )ior,
is also wvalid in any case for which r = 0,1 (mod 4), resp. r = 0,3
(mod 4), and in all cases one has Z' ® H? = 7' @ Ki_5,(O) and Z' ®
(H ior = 2 @ K—5,(Oxc,5) and Z' @ (H1 )it = (Bpgomqc.cy (2m) 72 GNE/R);

e )\, is induced by —1 times the Beilinson regulator map (as described in

[15]);
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o L7 = L s
e x(7) =0 if and only if ETNC(Q(r)k, Z[G]) is valid.

Proof. See §11. O

Remark 4.2.7. The Quillen-Lichtenbaum Conjecture

If 7 is odd, then the bijectivity of ch%’fl, resp. chifl, has been proved by
Levine [69] and Merkuriev and Suslin [75], resp. by Tate [93]. The more recent
(2-adic) work of Kahn [63] and of Rognes and Weibel [84, 85] depends upon the
fundamental work of Voevodsky, Suslin and Rost on the Milnor and Bloch-Kato
conjectures and it seems widely believed that these methods should extend to
prove the bijectivity of chzr for all odd ¢, all strictly negative r and both i = 1, 2.

Remark 4.2.8. Q(r)x withr > 1

If r is any integer with » > 1, then it remains an open problem to construct
an a.t.e. of Z[G]-modules 7, for which both £} = L/ s(r)¥ and x(r;) = 0 if
and only if ETNC(Q(r)x, Z[G]) is valid.

4.3. Elliptic curves. Let E be an elliptic curve that is defined over Q and K
a finite Galois extension of Q for which the Tate-Shafarevic group (£ k) of E
over K is finite. We set G := Gal(K/Q) and write disc(K) for the discriminant
of K/Q, cond(E) for the conductor of E' and Sel(E/ k) for the ‘integral Selmer
group’ of E, g that is defined by Mazur and Tate in [73, p. 720]. We recall in
particular that there is a canonical exact sequence of G-modules

0 — II(E/k)" — Sel(E,x) — Homz(E(K),Z) — 0 (11)

where F(K) is the Mordell-Weil group of /i and therefore also canonical iso-
morphisms Sel(E  )tor = II(E k)" and Sel(E/k )it = Homgz(E(K),Z).

We write Spam for the (finite) set of prime divisors of disc(K) and for each
character ¢ in Irr(G) we let Lg (E,1,1) denote the leading term in the Tay-
lor expansion at s = 1 of the Siam-truncated -twisted Hasse-Weil L-function
Lg,,.(E 1, s). For each such ¢ and each prime ¢ in Sp,y, we also define, fol-
lowing [49, Chap. IV, §1], a ‘non-ramified characteristic’ element ng, of Q°*
in the following way. We fix a place w of K above ¢ and write G, and I, for
the decomposition and inertia subgroups of w in G and Fr,, for the Frobenius
automorphism in Gy, /I,,. For each x € Irr(G,,) we fix a representation space Vj,
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of character x and then for each ¢ € Irr(G) we set

det(—Fl“w | (‘/resng[))lw)7 if (V gw’tll)lw ;é 07

n i res
by -— .
1, otherwise.

For each character ¢ in Irr(G) we then define a ‘modified Galois-Gauss sum’ by
setting

W) =1) [] ng)

ZGSram

where 7(7)) is the Galois-Gauss sum defined in [49, Chap. I, §5].

We also set Q(E) := | fﬁwl where 41 is a generator of the submodule of
H,(E(C),7) fixed by complex conjugation and w is a Néron differential.

For each prime ¢ we write E; for the reduction of the minimal model of F
at ¢ and F, for the finite field of cardinality ¢. If ¢ divides cond(F), then for
each subfield F' of K that is Galois over Q we write ¢/(E, F') for the Tamagawa
factor at £ of the pair (h*(E,f)(1),Z[Gal(F/Q)]) (for a definition of this non-
zero integer see §12.1). For each prime ¢ in Syam we also write Py(E, K) for the
element of ((Q[G])* given by the value at s = 1 of the equivariant Euler factor
(Le(E,1, s))y at £, where 9 runs over Irr(G).

Proposition 4.3.1. Let E be an elliptic curve defined over Q. Let K be a finite
totally real Galois extension of Q and A a finitely generated subring of Q in which

2 is invertible and assume that at least one of the following conditions (A) and
(B) is satisfied.

(A) Any prime which either divides the degree of K/Q, or divides both disc(K)
and cond(FE), is invertible in A.
(B) All of the following conditions (i)-(v) are satisfied:
(i
(ii) disc(K) is coprime to both p and cond(FE);

) The degree of K/Q is a power of an odd prime p;

)
(i) p 1 |E(Q)tor] H£|disc(K) |Ee(Fe)l;

)

)

(iv) p1cond(E);
(v) pt Hé\cond(E) a(E,Q).

Set G := Gal(K/Q). Then then there exists an a.t.e. of A[G]-modules Tp A
with all of the following properties:-
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e One has
HY = (A®E(K)) & (A® (B(K)ior)") @ ch 5 (K),
HY, = (A®Sel(E/k)) & ch 5 (K)

where c%yA(K) and CE’A(K) are finite A[G]-modules which satisfy the fol-
lowing condition: if q is any prime divisor of |c%(K)||cL(K)|, then either
q divides disc(K)cond(E) [[jcona(r) ce(E, K) or for some prime divisor
¢ of disc(K) the image of Py(E, K) in ((Qq[G])* = K1(Q4[G]) does not
belong to the image of the natural map Ki(Z4|G]) — K1(Qq[G]). If con-
dition (B) is satisfied, then also p does not divide |E(K )tor|, |c%7A(K)] or
e A ().

® Ay, 18 induced by the Néron-Tate height pairing.

o (Lx )yp= Q(E)_w(l)T*(@D)L*Sram (E,,1) for each v in Irr(G).

TE,A

e x(7g,A) vanishes if and only if ETNC(h!(E k)(1), A[G]) is valid.

Proof. See §12. O

Remark 4.3.2. Conditions (A) and (B)

The significance of condition (A) in Proposition 4.3.1 is that, for a given el-
liptic curve E, it shows that our techniques can be used to derive explicit con-
sequences of ETNC(h!(E/ ) (1), A[G]) for any totally real Galois extension K/Q
for which TI(E,f) is finite. The more restrictive condition (B) is important
because, for a given FE, it shows that there are natural families of extensions
K/Q for which our techniques can be used to derive explicit consequences of
ETNC(hl(E/K)(l),Z[%][G]) and working with Z[3][G] (rather than with A[G]
for a ring A in which |G| is invertible) is essential, for example, when dealing
with the G-valued height pairings we discuss in §9. In this regard we reassure the
reader that for any given elliptic curve E there are infinitely many primes p and
extensions K /Q which together satisfy all of the conditions listed in (B) above.
To explain this we first fix a finite set ¥ of primes which does not contain any
prime divisor of cond(E) and consider the condition

(iii") p12/B(Q@)sor| [Trex | Ee(Fo)].

Then it is clear that conditions (iii’), (iv) and (v) rule out only finitely many p.
Hence, if we fix any prime p that does not belong to ¥ and satisfies conditions
(iii"), (iv) and (v), then one can ensure that all of the stated conditions (i)-(v) are
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satisfied by simply choosing K to be any totally real Galois extension of Q which
is of p-power degree, unramified at p and such that disc(K) is divisible only by
primes that belong to .

Remark 4.3.3. Supporting evidence

If K =k, then ETNC(h!(E/x)(1), Z[Gal(K/k)]) is equivalent to the famous
conjecture of Birch and Swinnerton-Dyer for E/x (cf. [44, §5.4]). In the general
case it is known that ETNC(h!(E,k)(1), Z[Gal(K/k)]) is a consequence of (a
natural refinement of) the ‘main conjecture of non-commutative Iwasawa theory’
formulated by Coates, Fukaya, Kato, Sujatha and Venjakob in [35] (cf. the Intro-
duction). In addition to these compatibilities, Navilarekallu [77] and Bley [7] have
recently obtained convincing numerical evidence in support of the conjecture for
certain elliptic curves E and certain non-abelian Galois extensions of k& = Q.

4.4. General motives. Modulo certain standard expectations the statement of
ETNC(Mg, A[G]) should be equivalent to the vanishing of the Euler character-
istic of a natural a.t.e. of A[G]-modules in far greater generality than already
described in §4.2 and §4.3.

To explain this we first recall that to each motive M over k (in the sense of
§4.1) there is associated a finite dimensional ‘motivic cohomology’ Q-vector space
HY(k,M). For example, if M = h™(X)(r) as in §4.1 then one possible explicit
definition of this space is

(CH"(X)/CH"(X)hom~0) ® Q, if n=2r

0, otherwise

HO(k,M) :=

and for more general M one expects that an appropriate generalisation will be
given by defining H%(k, M) to be the group of homomorphisms from Q to M in
the ‘category of mixed motives over k’.

Then, since the category of motives My, over k is expected to be semisimple,
for any M in M} there should exist an object M of My, such that the spaces
HO(k, M) and HO(k, M*(1)) both vanish and M decomposes in M, as a direct
sum

M = Qo) el (6AD) g () dimeUH (M (D) g

In view of Propositions 4.2.2 and 4.2.5, when attempting to explicate the state-
ment of ETNC(Mg, A[G]), one can therefore assume that both of the spaces
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HO(k, M) and H°(k, M*(1)) vanish. There are then two methods of applying the
approach of §3 to such M. The first extends the approach of §4.2.3 to motives
whose tangent space is also trivial (see Remark 11.3.1). The second generalises
the approach of §4.3. Indeed, whilst the latter approach extends directly to (suit-
able) abelian varieties, it can also be generalised to critical motives by replacing
the ‘finite support cohomology’ used in §12 by the ‘Selmer complexes’ introduced
by Nekovar in [78]. This aspect of the theory will be developed further elsewhere.

5. STATEMENT OF THE MAIN ALGEBRAIC RESULTS

Motivated by the discussion of §4, and in particular by the final assertions
in each of Propositions 4.2.2, 4.2.5, 4.2.6 and 4.3.1, in §6-89 we will investigate
certain explicit consequences of the vanishing of the Euler characteristic of an
arbitrary a.t.e. In each such case we will also discuss the (conjectural) conse-
quences which thereby arise in the context of the arithmetic examples described
in §4.

5.1. The general case. For the reader’s convenience, in the next result we
collect together some of the main algebraic results that are to be proved in §6-§9.

Theorem 5.1.1. Let A be any finitely generated subring of Q and T an augmented
R-trivialized extension of A[G]-modules for which the Euler characteristic x(T)
vanishes. Then each of the following assertions is valid.

(i) (Algebraicity) Fiz a A[G]-module homomorphism ¢ : H: — HC for which
Q ®a ¢ is bijective. For each character ¢ € Irr(G) choose a complex
vector space Vi, which realizes 1 and set

AT () = (L5 4) " detc((C @r Ar) o (C @4 )| Homgyy(Vy, C @4 Hy)) € C*.
Then for every ¢ € Irr(G) and w € Autg(C) one has
A;(w o)) =w (A;(w)) .

(ii) (Explicit Euler characteristics) Assume the notation of claim (i). Fix
Y € Irr(G) and let E be any subfield of C which is both Galois and of finite
degree over Q and also large enough to ensure that, with O A denoting
the integral closure of A in E, there exists a finitely generated Op A[G]-
lattice Ty, for which the C|G]|-module C ®oy , Ty is isomorphic to Vy.
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Then AZ(v) belongs to E* and in E one has
AT (1)Op,a = charp,, , (cok(¢™)))charp,, , (ker(p™)))~!, (12)
where go(d’) denotes the composite homomorphism

> gec 9
Homoy, , (Ty, Op,a @5 H})g =" Homoy, , (Ty, Opa @ Hy)"

— Homoy, , (Ty, Opa @1 HY)C.

Here the last arrow is induced by ¢ and for any finite O A-module F we
write charo,, , (F) for the (unique) ideal of Op a which at every mazimal

ideal p of Op A satisfies charoy , (F)p = (p(’)Eyp)lengthoEm ()
(iii) (Galois module structures) If U9 and ¥! are any finitely generated cohomo-
logically-trivial A[G]-modules lying in a 2-extension
O—>HB—>\IIO—>\111—>H_}—>O
of class €, then the Euler characteristic

X(er) = (9°) — (¥') € Ko(A[G))

depends only upon the signs of L7, for each irreducible complex symplectic
character k of G. In particular, one has

e x(€;) =0 if G has no irreducible complex symplectic characters,

L4 2X(€T) = O,
o (* —1)(x(er)) = 0 where * is the involution of Ko(A[G]) defined
mn §2.5.

(iv) (Strong main conjectures) Let G be abelian, let e, denote the sum over
all primitive idempotents of C[G] which annihilate C @ H? and set

L :=Lre,.
Then the element L. belongs to Q[G] and if (H)ior has finite projective
dimension as a A[G]-module one also has
Fitaie) (H)tor) - £7 = Fitajq)(H)}).

Here we write Fityiq(M) for the (initial) Fitting ideal of any finitely
generated A[G]|-module M.

(v) (Explicit congruences) Let G, L, and A be as in claim (iv), fiz an element
o of Fitai)(HY)or) and set

ny = dimQ(Q QA H;,G)'
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Then, with Ig a denoting the augmentation ideal of A[G], one has
a-L; € Ig{A
and the image of o - L+ in Ay @p Ing satisfies
a- L; =disce(7) (mod Ay @p Igfxrl)

where Ay, and discy (7) are the subring of Q and the algebraic discriminant

defined in (32) and (33) respectively.

Remark 5.1.2. New conjectures

In §6-89 we will see that the predictions obtained by combining Theorem 5.1.1
with the results of §4 and the assumed validity of (relevant cases of) the Equi-
variant Tamagawa Number Conjecture recover a wide variety of well-known, and
hitherto seemingly unrelated, conjectures that have been much studied in the
literature. In several interesting cases we will also find that they give rise to
new conjectures that are of a very explicit nature. For example, as far as we are
aware, the conjectures discussed in each of Remarks 5.1.5, 6.2.4 (with 7 = 1),
6.2.5, 7.1.5, 8.2.4, 8.2.5, 8.2.6, 9.5.3 and 9.5.4 and in Propositions 7.2.3(ii), 7.2.5
and 7.2.6(ii) and (iii) are new.

Remark 5.1.3. The ETNC

The arguments in §6 will show that if one applies Theorem 5.1.1 in the setting
of the examples of §4, then the relations described in claims (i) and (ii) follow
from the validity of ETNC(Mg, ) where 90t is any choice of maximal order in
Q[G] with A[G] C M (see Remark 6.2.2). However, the relations described in
claims (iii), (iv) and (v) of Theorem 5.1.1 and also in Theorem 5.2.1(iv) below
are in general finer and do not follow from ETNC(Mg,9M) for any such 9.

Remark 5.1.4. Ezxplicit congruences

Since Ig,a C A[G], the containment a- £, € 157, in Theorem 5.1.1(v) provides
an explicit bound on the ‘denominator’ of the element £, of Q[G]. Further,
given the definition of discy(7) in §9.2, the displayed congruence in Theorem
5.1.1(v) amounts to an explicit congruence relation between Lfe, and Lleq,
where eg = |G|} >_gec 9 is the idempotent of Q[G] associated to the trivial
character of G. With further effort, our approach shows that the vanishing of
X(7) implies more general congruence relations between the different components
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of L% (cf. Remark 9.5.4) and it seems likely that such congruences can be related
to congruences of the form studied by Kato in [66].

Remark 5.1.5. Special elements

We use the notation of Theorem 5.1.1(i) and (ii), we assume that 1 is such that
dimg¢ (Homgg) (Vy, C ®4 HY)) = 1 and we fix an element x of H;tf. In this case
it can be shown that if the equality A7,(wo1) = w(A7L(¢)) of Theorem 5.1.1(i) is
valid for every w € Autg(C), then for each element d of E, there exists a unique
element e(1), z,d) of Q ®5 H? such that in R ®, H} one has

Ale(,a,d) = > Y A(d) (v o) (9)Lh e - g(a).
veGal(E/Q) geG

It can also be shown that the validity of (12) translates into an explicit upper
bound on the denominator of d which ensures that €(1, x, d) belongs to the sub-
lattice HO of of Q®p H?. Now if 7 = 79 as in Proposition 4.2.2, k = Q and 1 has
degree one, then the elements €(1, z,d) of Hgtf = (Of )i can be constructed
explicitly by using cyclotomic elements. Also, if 7 = 79, kK = Q and ¢ is an
odd irreducible complex representation of Gal(Q°/Q) that is of degree two, then
it is shown in [20] that this approach specialises to predict the existence of the
‘Stark units’ in O that are discussed by Stark in [90] and conjectured to exist
by Chinburg in [30, Conj. 1]. However, if the degree of the irreducible character
1 is greater than one and 7 = 7, as in Proposition 4.2.6, resp. 7 = Tg A as in
Proposition 4.3.1, then the predicted existence of special elements €(v¢, z,d) of
Z[3 ](X)HOtf = Z[5]® Ki_2:(Ok ), resp. of HOtf = A® E(K)g, which are explic-
itly related to derivatives of L-functions via the above displayed formula is new
and will be considered in detail elsewhere. For another prediction concerning the
existence of modules of ‘special elements’ see Theorem 5.2.1(iv)(c).

5.2. The cyclic case. In addition to the general results described in Theorem
5.1.1 in certain special cases our methods can also give structural information of
a very explicit nature. To state an example we recall that if G is abelian, then a
Zp|G)-module is said to be a ‘permutation lattice’ if it is isomorphic to a module
of the form

D zic/n"
J

where J runs over the subgroups of GG, each ny is a non-negative integer and
Z,(G/J)"7) denotes the direct sum of n; copies of Z,[G/J].
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We recall that if 2 is an order in Q[G], then a finitely generated 2-module
N is said to be ‘locally-free’ if for every prime p the associated Z, ® 2A-module
Zp ® N is free (and of rank independent of p).

For each subgroup J of G we write e for the idempotent |J|~! >_ges 9 of Q[G].

Theorem 5.2.1. Let G be a cyclic group of p-power order for some prime p
and A a finitely generated subring of Q in which p is not invertible. Let T be an
a.t.e. of A[G]-modules and set H* := H' for i = 0,1. Assume that H. . is a
cohomologically-trivial G-module and that for every non-trivial subgroup J of G

the module of coinvariants Z, @ H} 1s torsion-free.

(i) Then Z, @x HY is a permutation lattice.

(ii) The endomorphism ring Endgg (HS) is generated over A[G] by the set
{ej:J <G and H} = (H})’}.

(iii) The following conditions are equivalent:-
(a) dimc(ey (C @y H?)) is independent of x € Hom(G, C*);

(b) dimc(ey(C®p HY)) is independent of x € Hom (G, CX);

¢) HY is a locally-free A|G)-module;

) H is a cohomologically-trivial G-module;

)

(f) HS is a locally-free Endgg (HS)-module.

(iv) Assume that the conditions of claim (iii) are satisfied and that the FEuler
characteristic x(7) vanishes.

(a) In Ko(A[G]) one has (H) = (HY).

(b) Let A’ be a finitely generated subring of Q which contains A and is
such that N' @, HY . and N @, HL, both vanish. Then the N'[G]-
modules A' ®p H® and N @5 H' are isomorphic.

(c) Let d be the (common) rank of the free Q[G]-modules Q @5 HY and
Q®a H'. If the G-module H(, is cohomologically-trivial, then there
exists a free rank one A[G]-submodule & of A?\[G] H?f which satisfies
both

Lp) @A (/\ﬁ‘é[a])‘r)(g) = Zp) On (LE - Fitty g (Hiy) /\i[c] H)
and

Zipy @ Annp ey (AR o1 HiE) /€) = Zp) @ Fitta ) (Hyor)-
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6. ALGEBRAICITY AND EXPLICIT EULER CHARACTERISTIC FORMULAS

In this section we prove claims (i) and (ii) of Theorem 5.1.1 and also discuss
arithmetic applications of these results in the setting of the examples described
in §4. The argument in this section is an abstraction of that given by Flach and
the present author in [24, §3] and is therefore closely modelled on previous work
of Stark, Tate [94], Gross [56], Chinburg [32] and Chinburg, Kolster, Pappas and
Snaith [33].

At the outset we recall that a character x in Irr(G) is said to be ‘symplectic’
if the subfield E, of C that is generated by the values of x is totally real and
Endgg (Vi) is isomorphic to the division ring of real Quaternions. We let Sym(G)
denote the subset of Irr(G) consisting of those characters that are symplectic.
Then, if F is either Q or R, the decomposition (4) combines with the Hasse-
Schilling-Maass Norm Theorem to imply that

im(Nrdgq) = ¢(E[G])* N II ®% x 11 (E.R)* (13)
kE€Sym(G) k€Irr(G)\Sym(G)

where Rio is the multiplicative group of strictly positive real numbers (cf. [37,
(7.48)]).

For typographic simplicity, in this section we shall usually omit explicit refer-
ence to the finitely generated ring A which occurs in Theorem 5.1.1, preferring
instead to write O in place of Oz and ® in place of ®x etc.

6.1. The proof of Theorem 5.1.1(i). The existence of the isomorphism A,
implies that the Q[G]-modules Q ® H? and Q ® H! are isomorphic (cf. the
proof of Lemma 3.2.1(ii)). We may therefore fix a G-module homomorphism
@ : HY — H? for which Q ® ¢ is bijective.

For each ¢ € Irr(G) we define A7 (1)) € C* as in Theorem 5.1.1(i).

Lemma 6.1.1. The element x(7) belongs to Ko(A[G],Q[G]) if and only if for
every ¢ € Irr(G) and w € Autg(C) one has

AT(wo ) = w (AL()). (14)
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Proof. In view of the explicit description of im(Nrdpg)) given by (13), the Weak
Approximation Theorem guarantees the existence of an element & of ((Q[G])*
with

{ﬁi S 1m(NrdR[G}) (15)

We fix such an element &, set x := {£5 and define y = (yy)y in ((C[G])* by
setting

yy := detc((C @r Ar) o (C® )| Homgiy(Vy, C® HY))

for every ¢ € Irr(G). Then 6(LE) — d(x) = —46(&) belongs to Ko(Z[G], Q[G]).
Also y = Nrdgjg(9) where § € Ki(R[G]) corresponds to the automorphism
Ao (R®¢p) of R® H! and so [16, Prop. 1.2.1(iv)] implies that [e,, \;] — §(y) =
[e-, 071 € Ko(A[G],Q[G]). Hence one has x(7) € Ko(A[G],Q[G]) if and only if
S(yr~1) € Ko(A[G],Q[G]). Now 6(yz~1) belongs to Ko(A[G], Q[G]) if and only if
¢yx~! belongs to ((Q[G]) = H°(Autg(C), ((C[G])). But for each ¢ € Irr(G) one
has (Syz~1), = A7 (1) and so the Autg(C)-invariance of ¢yx~1 is thus equivalent
to the validity of the equalities (14), as claimed. O

6.2. The proof of Theorem 5.1.1(ii). We assume henceforth that x(7) belongs
to Ko(A[G], Q[G]). We fix a field E and lattice Ty, as in Theorem 5.1.1(ii) and
set O := Op. Then Lemma 6.1.1 implies that A7(¢) belongs to £ and we now
investigate the fractional O-ideal that is generated by this element.

For each ¢ € Irr(G) we define a left, resp. right exact functor on A[G]-modules
X by setting

XY := Homp(Ty, 0 @ X)°,
Xw = Hom@(Tw, o® X)G

(where the Hom-sets are endowed with the natural diagonal G-action). For each
map of A[G]-modules f : X — Y we write f, and f¥ for the induced maps of
O-modules X, — Y, and X ¥ — YV respectively. There is a natural map of

O-modules

(X))
—_

Xy X (16)

that is induced by multiplication with > gec 9 on Homo (T, O®X) and this map
is bijective if X is perfect because Homp (T}, O ® X) is then a cohomologically-
trivial G-module.
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As in Theorem 5.1.1(ii), for each 1 € Irr(G) we define ¢(¥) to be the composite

homomorphism

t(H7 )
—_

¥
Hiﬂ/} HM RN Hg’d’

and then define an Euler characteristic ideal by setting

q;(l/z) := charp (cok(«p(w)))char@ (ker(go(d’)))*l.

Proposition 6.2.1. If x(7) belongs to Ko(A[G],Q[G]), then it has finite order
if and only if for each ¢ € Irr(G) one has

AL()O = q5(¥). (17)

Proof. By replacing E by a larger field if necessary, we may (and will) assume
henceforth that for every ¢ € Irr(G) the lattice Ty, is a free O-module.

We write 9 for the maximal O-order [[, ¢y () Endo(Ty) in the E-algebra
[Tyern(e) Ende(E ®o Ty) = E[G]. Setting T}, := Homo(Ty, O), the theory of
Morita equivalence implies that the functor (Hwelrr(G) T;;) ®m— induces a group
isomorphism Ky(9M, E[G]) = D) Ko(O, E) (cf. [23, (37)]). In addition, for
each perfect Z[G]-module X one has a canonical isomorphism of O-modules

qu ®m (M @pjg) (O ® X)) D

and so [23, Lem. 11d)] implies that an element of K¢(A[G], Q[G]) has finite order
if and only if for every ¢ € Irr(G) it belongs to the kernel of the homomorphism

that is induced by the functor X — X%¥. It therefore suffices for us to prove that
equality (17) is equivalent to the containment x(r) € ker(p¥).

To do this we set A := A, and € := ¢,, fix a representative of € of the form
(P°,id,id) where ¥’ is finitely generated and of finite projective dimension for
i €{0,1} and ¥¢ =0 for i ¢ {0,1}, and we set H' := H. and tjp = (W%, ) for
i € {0,1}. Then the tautological exact sequence

0 HY S0 Lol T gl (18)
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induces a commutative diagram of O-modules with exact rows

d T
0 i 1 ¥ 1
\Ilw — ey ‘Ifw Hw 0
t%l t}pl

0 — HOY _L PO ¥ L 2

Both vertical morphisms here are bijective since the A[G]-modules ! are perfect
and so the diagram gives rise to an exact sequence of O-modules

o(t} )1
0 — HO N p0-¥ v, gl M) H&) - 0. (19)
Now QO is a Dedekind domain and so any finitely generated O-module N is perfect
and hence gives rise to an associated object [IN] of the category V(O). If X and
Y are any finitely generated O-modules and p : C ®»p X — C ®p Y is any
isomorphism of C-modules, then we set

CIO(X7Y;M) = ([X] [Y]iluultriv) € KO((/)?C)

where iy is the morphism [C ®p X][C ®o Y]_l — 1¢ induced by pu.

Hence, if we set t¥ := C ®p t(H},), then the exact sequence (19) implies

pE([er, Al) = [B9*,AY] = clo(H™, Hyj; 71 o AY)
= —clo(Hy, H*V;1¥) + clo(Hy, Hj; ). (20)

b
Here U¥* is the complex WO¥ 47, y1¥ where the first term occurs in degree 0
and the cohomology is identified with H%¥ and H 1}} via the maps in (19), and the
third equality follows from the defining relations of Ky(O, C).

To deduce the claimed result from (20) we use the natural isomorphism ¢ : [p =
Ky(O,C) where Ip denotes the multiplicative group of invertible O-modules in
C. (This isomorphism is induced by the exact sequence (2) with 2 = O and

E = C together with the canonical isomorphisms K;(C) = C* and K;(0O) =
O*). Indeed, one has t(qg(v)) = clo(Hi,Hg;C ®0 Py) + Clo(Hg,Ho’w;tw) and
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WO-Lr )= p¥ (£3) and hence (20) implies that

pY(x(7))
=p¥ (Jer, Ar]) — p¥ (LF)
=(UqZ (1)) + p¥ (ler, Ar)) — e(al () — p¥ (LE)
=clo(Hj, Hj;; A o (C®0 ¢y)) — tap(¥) — 1O - L)
=1((L} ) detc((C @R A) o (C® )| Homeye) (Vis, C© HY)) - g (1))
S AORACH S

Thus (17) is valid if and only if x() belongs to ker(p¥), as required. O

Remark 6.2.2. Maximal orders

If 9 is any maximal A-order in Q[G] with A[G] C M, then Ko(A[G], Q[G))tor
is the kernel of the natural homomorphism Ky(A[G], Q[G]) — Ko(IM, Q[G]) [24,
Lem. 11d)] and TQ(Mg, ) is the image of TQ(Mg, A[G]) under this homomor-
phism [24, Th. 4.1]. From (8), (9), Lemma 11.1.2 and (60) it therefore follows
that, in the context of §4, the relations described in Theorem 5.1.1(i) and (ii) are
consequences of ETNC(Mg, ).

Remark 6.2.3. Degree zero components

If 4 is such that Homg(g)(Vy, C ® H}) = 0, then (14) implies that A;(qp)—l =
E;w belongs to E*. In addition, since in this case both HS*”’ and H. iw are finite
O-modules, one has g,(¢)) = charp (H>Y)charp (H rl,w)_l and hence (17) simplifies
to give an equality of fractional O-ideals

Lk, - O = charo(HYY) 'charo(H} ).

Remark 6.2.4. Tate motives

e If 7 = 79 as in Proposition 4.2.2, then it is clear that (14) is equivalent to the
main conjecture of Stark at s = 0 (as reformulated by Tate in [94, Chap. I, Conj.
5.1]) and that (17) is equivalent to the ‘Strong-Stark Conjecture’ formulated by
Chinburg in [29, Conj. 2.2], and hence also to a special case of the conjecture
formulated by Lichtenbaum in [71]. In recent work of Johnston and the present
author [27] it has also been shown that in this case the equality (17) gives rise to
a natural Stickelberger-type theorem for non-abelian extensions.
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e If 7 = 7 as in Proposition 4.2.5, then [13, Prop. 3.6(i)] combines with (9)
to show that (14) is equivalent to the main conjecture of Stark at s = 1 (as
reformulated by Tate in [94, Chap. I, Conj. 8.2]). However, in this context the
(conjectural) equality (17) is new.

o If 7 = 7, with » < 0 as in Proposition 4.2.6, then (14) is easily shown to
be equivalent to the main conjecture formulated by Gross in [56] (cf. also [33,
Conj. 6.7]). In addition, in §11 we will show that (17) is in this case a refinement
of the conjecture formulated by Chinburg, Kolster, Pappas and Snaith in [33,
Conj. 6.12]. The final claim of Proposition 4.2.6 thus shows that [33, Conj. 6.12]
is a consequence of ETNC(Q(r) g, Z[G]). This observation answers the question
posed by Chinburg et al [33, top of p. 357] of how their conjecture [33, Conj.
6.12] is related to Tamagawa number conjectures.

Remark 6.2.5. Elliptic curves

We assume the notation and hypotheses of §4.3 and fix a character ¢ in Irr(G).
For each Z[G]-module N we write N¥ and N, in place of (A®zN)¥ and (A®zN )y,
respectively.

e The rank zero case. Assume first that L(E, v, 1) # 0. Then [23, Conj. 4(ii)]
for the pair (h'(E/k)(1),Q[G]) implies that E(K)¥ (and hence also Sel(E,x)y)
is finite. Thus E(K)Y = (E(K)ior)? and so if p is any prime ideal of O which
does not divide the order of E(K)or, then Op®0 E(K)¥ vanishes. Hence Remark
6.2.3 combines with Proposition 4.3.1 to imply that if [23, Conj. 4(ii)] is valid for
the pair (h'(E/k)(1), Q[G]), if ETNC(h!(E k) (1), A[G]) is valid and if II(E, )
is finite, then Sel(E/k ), is finite and for all prime ideals p as above one has

valy(Q(E) VW7 (¢) L., (B, $,1)) = lengthe, (O ©0 Sel(E)x )y)-

This explicit formula is in the same spirit as the predictions made by Coates,
Fukaya, Kato, Sujatha and Venjakob in [35, Cor. 5.10]. In particular, it should
be possible to obtain numerical evidence in support of the above formula by using
the kind of techniques developed by Dokchister and Dokchister in [40].

o The higher rank case. If L(E,1,1) = 0, then the statements of Theorem
5.1.1(i) and (ii) with 7 = 7p A can be interpreted as asserting the existence of
elements of A ®z E(K) that are related (via the Néron-Tate height pairing) in
a precise way to the value at s = 1 of an appropriate derivative of L(E,1,s).
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Numerical evidence in favour of such predictions has recently been obtained by
Fearnley and Kisilevsky [43] and Bley [7].

7. EXPLICIT MODULE STRUCTURES

In this section we prove both Theorem 5.1.1(iii) and Theorem 5.2.1 and also

discuss several explicit arithmetic applications of these results.

7.1. The general case. In this section we prove Theorem 5.1.1(iii). To this
end we recall that the image of the connecting homomorphism 9 := 8/0\[(;]7]1@ in
diagram (2) is equal to the locally-free class group ClI(A[G]) of A[G] (as discussed,
for example, in [37, §49]). We also set

x(€r) = 8/({([&7 Ar])
and
w(7) := (A (L}))-

We recall (from §2.6) that each finitely generated cohomologically-trivial A[G]-
module N gives rise (via a choice of projective resolution) to an associated element
(N) of Ko(A[G]). In particular, one has

X(er) = (9°) = (¥1) (21)

where U9 and W' are any finitely generated cohomologically-trivial A[G]-modules

lying in any representative (18) of the class €;.

Before stating the next result we note that, in terms of the description (13),
one knows that £} . belongs to R* for each x in Sym(G) (as £} € ((R[G])™).

Proposition 7.1.1. If x(7) belongs to ker(@R), then all of the following claims

are valid.

(i) x(er) depends only upon the sign of L . for each k in Sym(G). In par-
ticular, if L3 . is strictly positive for each such k, then x(e;) = 0.
(ii) If Sym(G) is empty, then x(e;) = 0.
(i) 2x(er) = 0.
(iv) (* — 1)x(€er) = 0 with ¥* the involution of Ko(A[G]) defined in §2.5.
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Proof. Tt is clear that x(7) belongs to ker(8%) if and only if
x(er) = w(r) € CLAG]). (22)

To prove claim (i) it therefore suffices to prove that w(7) is determined by the
signs of L7, for each & in Sym(G) (and is trivial if none of these numbers
L3 . is negative). To show this we choose { € ((Q[G])* satisfying (15). Then
A(ELE) = QX[G]’R(Nrdﬂg[IG} (ELY)) € im(a}\[G}’R) = ker(0}) and so the explicit
description of dx in [23, §4.2] implies that w(7) = —0A(§) = — > espec(n) (&)
where, for each such p, we write J, for the natural composite homomorphism
(QIEN* = CQIE)* = Ki(QIG]) — Ko(ZlG), QlG]) © Ko(AlG],QIG)),

where the isomorphism is given by the bijective reduced norm map Nrdg,g]-

We next recall the idelic descriptions of Ko(A[G],Q[G]) and CI(A[G]). To
do so, we write J;(C(Q[G])) for the group of elements (up), € [, {(Q,[G])*
(product over all primes p in Spec(A)) such that u, € ((Z,[G])* for almost
all p. We regard ((Q[G])* as embedded diagonally inside J¢({(Q[G])) and
let Nrd(U;(A[G])) denote the subgroup of J¢(((Q[G])) consisting of those el-
ements (up)p with u, € Nrdg, (g (im(K1(Zp[G]) — K1(Qy[G]))) for all primes
p € Spec(A). Then there is a commutative diagram

J; (¢(Q[G])) h
Ned (T (NG —— Ko(A[G], Q[G])

l” lafO\[GLQ

Jr (¢(Q[G)]) c
fn(Nedg () Ned(U 7 (ALGT) CL(A[G)),

where 7 is the natural projection map and h and ¢ are the isomorphisms described
in [37, 49.17]. In terms of this diagram one has }_ 6,(£) = h(§) and so w(r) =
—c(8)-

The equality (13) (with £ = Q) makes it clear that the class ¢(§) depends
only upon the sign of the real number £, for each symplectic character k €

Sym(G), and in conjunction with (15) further implies that, for each such &, one
has §,L7 ,; > 0. This proves both claims (i) and (ii).

In a similar way, claim (iii) is a consequence of the fact that the square of any

element of ((Q[G])* belongs to ker(d% o dy).

Finally we note that if ¢ is any element of ((Q[G])*, then ¢*(c(£)) = —c(£7)
(see §2.5) and so claim (iv) simply follows from the fact that (£7), = & = &, for
each k£ in Sym(G). O
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Remark 7.1.2. Ezxplicit structural restrictions

Claims (ii) and (iii) of Proposition 7.1.1 combine with locally-free cancellation
to constitute strong restrictions on the structures of the A[G]-modules ¥° and ¥!
in (21). For example, if we assume (as we may) that ! is a finitely generated free
A[G]-module and choose a resolution of W0 of the form 0 — P — F — ¥ — 0
where F' is a finitely generated free A[G]-module, then the relation described in
claim (ii), resp. (iii), of Proposition 7.1.1 would imply that the A[G]-module P,
resp. P @ P, is free.

Remark 7.1.3. Tate motives

We assume the notation of §4.2. Then LF(/k,S(t) belongs to im(Nrdgg)) for
each strictly positive integer ¢ and hence, for each integer ¢ < 0, the functional
equation of Artin L-functions implies that the question of whether L7 /k,S(t)
belongs to im(Nrdg¢) is determined by the signs of epsilon constants at elements
of Sym(G) (this was first observed by Chinburg in [29]). This fact combines with
the argument of Proposition 7.1.1(i) to show that w(7,) is equal to 0, resp. to
the Cassou-Nogues-Frohlich root number class w(K/k) defined in [31, p. 358], if
r>1,resp. r < 0.

e If S is large enough to ensure Pic(Og g) vanishes, then [22, Prop. 3.5]
implies that x(er,) is equal to the element Q(K/k,3) defined by Chinburg in
[29, 31]. Thus x(70) belongs to ker(d9) if and only if the ‘Q3-Conjecture’ of loc.
cit. is valid for K/k.

e From (9) and [13, the proof of Prop. 3.6(ii)] one has x(er, ) = ¥*(QK/k, 1))
where Q(K/k,1) is the element defined by Chinburg in [31]. Thus x(71) belongs
to ker(d9) if and only if the ‘Q;-Conjecture’ of loc. cit. is valid for K/k.

o If r <0, then x(er,) is equal to the element Q_, (K /k) defined by Chinburg
et al in [33] (see §11 for a proof of this fact). Thus x(7.) belongs to ker(99) if and
only if the conjectural equality Q_,(K/k) = w(K/k) discussed in [33, Question
1.3] and [34] is valid.

Remark 7.1.4. Classical Galois module theory

Set x'°¢(er,) = ¥*([€ry, AMy]) + [€r0> Arg]- Recall also that if K/k is at most
tamely ramified, then the Z[G]-module O is projective (by Noether’s Theorem).
Now the descriptions of x(€;,) and x (€, ) in Remark 7.1.3 combine with results of
Chinburg in [31] to imply that if K/k is at most tamely ramified, then the element
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99(x'*(er,)) = ¥*(x(en)) + x(€r) is equal to Ug i = (Ok) — [k : Q] - (Z[G]). In
this special case therefore, the predictions obtained by combining Propositions
4.2.2,4.2.5 and 7.1.1 (for 7 = 79 and 7 = 71) recover the result that Ug/, = 0
if Sym(G) = 0, resp. that 2- Uy, = 0, resp. that Uy, = ¥*(Uk/;). The last
three results are due to M. Taylor and are amongst the central results of classical
Galois module theory (for more details see, for example, [49, Chap. I, §6]). The

loc(

element x'°°(e.,) is also itself of some independent interest and there is by now

an extensive theory related to it (cf. [1, 8, 10, 87]).

Remark 7.1.5. Elliptic curves

Using the notation and hypotheses of Proposition 4.3.1 we set 7 := 7 r. We
assume that Sym(G) is empty (as is automatically satisfied if, for example, |G|
is 0dd) so that Proposition 7.1.1(ii) shows ETNC(h!(E,)(1), A[G]) implies that
X(€r) vanishes. If now ¢ is any prime in Spec(A) which does not divide the order
of either E(K)tor,c%’A(K) or ch(K), then the conjectural vanishing of x(e;)
implies the existence of an exact sequence of finitely generated Z[G]-modules
of the form

0— Z(f) ®E(K) —-F—-F — Z(Z) ®Sel(E/K) — 0,

where F is free. This shows, for example, that if ETNC(h' (E, ) (1), A[G]) is valid
and II(E/ k) is finite, then for each such £ the Z[G]-module Zy) ® Sel(E/k)

admits a presentation with the same number of generators and relations.

7.2. The case of p-groups. We assume throughout this section that G is a
group of p-power order for some prime p. We first prove Theorem 5.2.1 and
then discuss explicit arithmetic applications of this result in the context of the
examples described in §4.

We always abbreviate ‘cohomologically-trivial” to ‘c-t’.

7.2.1. The proof of Theorem 5.2.1. In this subsection we assume the notation
and hypotheses of Theorem 5.2.1. Thus G is cyclic and p € Spec(A).

At the outset we note that for each subgroup J of G the Tate cohomology group
H —1(J,H") is a finite group of p-power order (which is trivial if .J is the trivial
group) and hence identifies with a finite submodule of Z, ® H} Hence, our
hypothesis that Z, ®x H} is torsion-free for each non-trivial subgroup J implies
that H~1(J, H') vanishes for all subgroups J.



Equivariant Leading Terms and Values 119

When considered in conjunction with the Tate cohomology of any sequence
of the form (18) this fact implies (since the G-modules ¥° and ¥! in (18) are
c-t) that ﬁl(J, H%) = 0 for all J. But, since J is cyclic, its Tate cohomology
is periodic of order 2 and hence one also has H “1(J,H%) = 0. Finally, using
the assumption that the G-module HY . is c-t, we deduce from the tautological

exact sequence 0 — H? — HY — Htof — 0 that ﬁfl(J, Htof) vanishes for each

tor

subgroup J of G.

To prove Theorem 5.2.1(i) we need only therefore apply the following result
with N = Z, @ HS.

Proposition 7.2.1. Let G be a cyclic group of p-power order and N a finitely
generated torsion-free Zy|G|-module. Then N is a permutation lattice if and only

if for every non-trivial subgroup J of G the group I:I*I(J, N) vanishes.

Proof. This is a consequence of a more general result of Yakovlev in [97] and can
also be proved directly [42]. O

At this stage we know that there is an isomorphism of Z,[G]-modules of the
form
Z, ®n H = P 2,[G/ 7)) (23)
J<G

for certain non-negative integers n ;.

To prove Theorem 5.2.1(ii) we write 2 for the A-order of Q[G] that is generated
over A[G] by the idempotents {e; : J < G and H} = (H})’} and M for the
(unique) maximal A-order in Q[G]. We also note that, since HY is a finitely
generated A[G]-module, the ring B := Endgg(H{) is a A-order in Q[G] that
contains A[G]. Hence one has 2 C B C M and so it suffices to prove that
Zg @n B C Zg @ A for all primes ¢ in Spec(A).

If ¢ # p, then Z; @) A = Z; @p M = Zy[G] and so there is nothing to
prove. To deal with the case ¢ = p we use the fact that Z, @x 9 is generated
over Zy|G] by the idempotents {e; : J < G} (cf. [5, §2.2, Lem. 2]). Indeed,
with this description, it is straightforward to check that Z, ®x 2 is the maximal
subring of Z, ®x 9 which preserves the right hand side of (23) (with respect
to the natural multiplication action). Hence the isomorphism (23) implies that
Ly @7 B C Zg Q4 2, as required.
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Next we consider Theorem 5.2.1(iii). The isomorphism C ®g A, : C @5 HY =
C®p H! of C[G]-modules shows that the properties (iii)(a) and (iii)(b) are equiv-
alent. Now dimc(e,(C @ HY)) is independent of y if and only if C @, H? is
a free C[G]-module, or equivalently (by [37, Exer. 6, p. 139]) that Q, ®x H°
is a free Qq[G]-module for any (and therefore every) prime ¢ € Spec(A). This
makes it clear both that (iii)(c) implies (iii)(a) and, given the isomorphism (23),
that (iii)(a) is itself equivalent to asserting that Z, @, HY is a free Z,[G]-module.
Also, if Z, ®x HS is a free Zy[G]-module, then Q ®5 HY is a free Q[G]-module
and hence Q, @y HY} is a free Q,[G]-module for all primes ¢ # p. But for any
q # p the ring Zy[G] is regular so Z, @ H{} is a projective Zy[G]-module and
hence [37, Th. 32.1] implies that Z, ®x H{} is a free Zy[G]-module. Thus (iii)(a)
implies (iii)(c).

Now property (iii)(c) implies that HY is c-t and hence, since H{ is (by as-
sumption) also c-t, that HY is itself c-t. On the other hand, the isomorphism
(23) makes it clear that if the module H°, and hence also Z, ®, HY, is c-t, then

Z, @a HY is a free Zy|G)-module. Hence (iii)(c) is equivalent to (iii)(d).

Since the modules ¥° and ¥! in the exact sequence (18) are both c-t, it is also
clear that H° is c-t precisely when H' is c-t and hence that properties (iii)(d)
and (iii)(e) are equivalent.

Next we note that (iii)(c) implies (iii)(f). Indeed, if HY is a locally-free A[G]-
module, then Endgg)(H{}) = A[G] and so (iii)(f) is clear. To complete the proof
of Theorem 5.2.1(iii) it is thus enough to prove that (iii)(f) implies (iii)(a). But
if Hy is a locally-free Endgje(H)-module, then C®p Hy is a free C[G]-module
and so (iii)(a) is clear.

We now consider Theorem 5.2.1(iv). We therefore assume that the (equiv-
alent) conditions of claim (iii) are valid. Then claim (iv)(a) follows directly
upon combining Proposition 7.1.1(ii) with equality (21) and the fact that, since
all modules in the exact sequence (18) are finitely generated and c-t, one has
(V%) — (') = (H°) — (H') in Ko(A[G)).

If A’ is as in (iv)(b), then (iv)(a) implies that (A’ ®x H}) = (A ®, HY) in
Ko(AN'[G]). But (iii) implies that A’ @y H} and A’ @, H]; are locally-free A’[G]-
modules (of the same rank). Hence, by locally-free cancellation [37, (49.3)], the
N'[G]-modules A’ @ H® = A @, Htof and A @y H' = N @, H,Elf are isomorphic.
This proves claim (iv)(b).
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We defer the proof of Theorem 5.2.1(iv)(c) to §8.3.

7.2.2. Arithmetic applications. Before describing some arithmetic applications of

Theorem 5.2.1 we record the following useful result.
Lemma 7.2.2. Let G be a group of p-power order.

(i) For each intermediate field F' of K/k we write Tpo for the a.t.e. that is
described in Proposition 4.2.2 with K/k replaced by F/k. Then for each
subgroup J of G there is a canonical isomorphism of Z,|G/J])-modules
Zp @ (H}K’O)J ~7,® H;KLO.

(ii) The same assertions are valid if in claim (i) one replaces Ty by either
7, for a strictly negative integer r (as in Proposition 4.2.6) or Tg A for
an elliptic curve E (as in Proposition 4.3.1), where in the latter case we
use the fact that if the pair (K/Q, E) satisfies either condition (A) or
condition (B) of Proposition 4.3.1, then so does the pair (K’ /Q, E) for
any subgroup J of G.

Proof. For each subgroup J we write Wy g for the object of DPe(7[G/J]) that
occurs in the proof of Proposition 4.2.2 with K /k replaced by K“/k. Then there
is a canonical ‘projection formula’ isomorphism Z[G/J] ®Hi[G] Vs = Wiy gin
D(Z|G/J]) (cf. [22, Lem. 11]). Also, since H*(V g) = 0 for all ¢ > 1, there is
a canonical isomorphism of G/.J-modules H' (Vg g); = HY(Z]G/J] ®]£Z‘[G’} Uk ).
Claim (i) thus follows from the fact that the construction of Proposition 4.2.2
gives Hy, = H'(Vf 5) and HiKJYO =H' (Vg g).

Claim (ii) is proved by a very similar argument. Indeed, if 7 = 7, as in
Proposition 4.2.6, then the same assertions as in claim (i) follow from the explicit
construction of 7 in §11 and the fact that for each prime p there is a ‘projection
formula’ isomorphism in D(Zy,[G/J]) of the form

LG/ 7] 85 RHomzpmrc(oK,s[;L Zy(r)), Zy[~2)

~ RHomZp(RFC(OKJ’S[;], Z,(r)), Zy[=2).

Lastly, if 7 = 7 A is as in Proposition 4.3.1, then the required isomorphisms are
a consequence of the explicit construction of 7 at the end of §12 and the fact that
for any subgroup J of G the definition of the complex RI';(Q,Z,[G] ®z, T)(E))
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via (54) ensures that there is a natural isomorphism in D(Z,[G/J]) of the form

2,[G/J) @7, 16) RV §(Q, Zy[G) @z, Tp(E)) = RU§(Q, Zy[G/J] @z, Tp(E))-

7.2.3. Q(0)k.

Proposition 7.2.3. Let G be a group of p-power order and write S for the (finite)
set of places of k comprising Se and those places which ramify in K/k.

(i) Assume G is cyclic and that p does not divide either |k, | or [Pic(O g)|
for any non-trivial subgroup J of G. Then (legs)tf is a locally-free Z|G]-
module if and only if there exists a unique place of k which ramifies in
K/k and the decomposition subgroup of this place is equal to G.

(ii) Assume that p is odd and that there exists a unique place of k which rami-
fies in K/k and that the decomposition subgroup of this place is equal to G.
If p does not divide |Pic(Oy,s)|, then the G-modules O ¢ and Pic(Ok,s)
are both c-t. If ETNC(Q(0)x, Z[G]) is also valid, then in Ko(Z[G]) one
has

(0F.5) — ISl - (ZIG)) = (Pic(Ox.s)):
In particular, if A is any finitely generated subring of Q for which both
A® (Oﬁﬁs)tor and A ® Pic(Ok,s) vanish, then A @ OIX(,S is a free A[G]-

module of rank |Ss|.

Proof. Let 7 denote the a.t.e. 79 defined in Proposition 4.2.2.

We first assume the hypotheses of claim (i). Then, since G is a p-group and
the order of k. = HY

tor T,tor

is prime to p, the order of K

tor is also prime to p.

In addition, Lemma 7.2.2(i) implies that the torsion subgroup of (H!); is iso-
morphic to Pic(Og g) for each subgroup J of G and so the stated hypotheses
imply that 7 satisfies the hypotheses of Theorem 5.2.1. From Theorem 5.2.1(iii)
it therefore follows that (O )i = Hg,tf is a locally-free Z[G]-module if and
only if dimc (e, (C® H})) = dimc (e, (C ® Xf 5)) is independent of y. But every

X
tor

archimedean place splits completely in K/k (since the condition p { |k, | im-
plies that |G| is odd) and so the explicit structure of Xx ¢ makes it clear that
dimc(ey(C ® Xk ,g)) is independent of x precisely when there exists a unique
place of k which ramifies in K/k and the decomposition subgroup of this place is

equal to G. This proves claim (i).
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Next we assume the hypotheses stated in the first two sentences of claim (ii).
Then, since p is odd, all archimedean places of k split completely in K/k and
so H i’tf = Xk is a free Z[G]-module of rank |So|. This fact combines with
Lemma 7.2.2(i) to imply that (Z, ® Pic(Ox.s))a = Zp @ (H}
to Zp ® (HTI)G,tor = 7y, ® Pic(Oy,s) = 0 and so Nakayama’s Lemma implies that
Z, ® Pic(Ok,s) = 0. It is thus clear that the G-module H}, . = Pic(Ok.g) is c-t.

T,tor
Since H i’tf is a free G-module it follows that H! is also c-t. By considering Tate

)G is isomorphic

cohomology of the sequence (18) this then implies that H? = O g is c-t.

We now assume in addition that ETNC(Q(0)x, Z[G]) is valid. Then Proposi-
tion 4.2.2 shows that x(7) = 0 and so, by the same argument as used to prove The-
orem 5.2.1(iv)(a), we deduce that 0 = (H?) — (H}) = (HY) — (H},,) — (Hletf) =
(Ok s) — (Pic(Ok,s)) — [Sxo|(Z[G]) in Ko(Z]G]). This is the equality in claim (ii).

Lastly, we fix a ring A as in the statement of claim (ii). Then A ® OIX(,S is a
torsion-free c-t A{G]-module and Q® O ¢ is isomorphic to the free Q[G]-module
Q ® Xk,5. Taken together, these facts imply that A ® (’)1? g is a locally-free
A[G]-module (cf. the proof of Lemma 3.2.1). But the displayed equality in claim
(ii) induces an equality (A ® OIX(,S) = |Sso|(A[G]) in Ky(A[G]) and so locally-free
cancellation implies that A® O ¢ is indeed a free A[G]-module of rank [Sx|. O

Remark 7.2.4. FEzxplicit unit structures

Let p be an odd prime and K a p-power degree abelian extension of kK = Q in
which precisely one (non-archimedean) prime ¢ ramifies. Then G := Gal(K/Q)
is necessarily cyclic, the inertial subgroup of ¢ is equal to G and for any subgroup
J of G the unique place of K above ¢ is principal. Further, it is known that
the cardinality of Pic(Ogs g) = Pic(Og) is coprime to p (cf. [48]) and that
ETNC(Q(0)k, Z[G]) is valid (see Remark 4.2.1). Proposition 7.2.3(ii) therefore
specialises to imply that (O ¢) — (Z[G]) = (Pic(Ok)) in Ko(Z[G]). This equality
recovers the result of Frohlich in [50, Th. 5] and the same approach also gives
analogous results in the case that & is an imaginary quadratic field of class number

one.

7.2.4. Q(r)g with r < 0.

Proposition 7.2.5. Let p be an odd prime and G a group of p-power order. Let
S denote the (finite) set of places of k comprising Sx and those places which
ramify in K/k.
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Fiz a strictly negative integer r and assume that the Chern class maps in (10)
are bijective for all odd primes £. Let s1 and so denote the number of real and
complex places of k respectively and set dj, , = so + %(1 + (=1)")s1.

Ifp does not divide |K_5,(Oy s)|, then the G-modules K;_2,(Ok) and K_3,(Ok,s)
are both c-t. Further, if EINC(Q(r)k, Z[G)) is valid, and we set Z' := Z[3], then
in Ko(Z'|G]) one has

(Z/ & KI—ZT(OK)) - dk,r : (Z/[GD = (Z, ® K—QT(OICS))'

In particular, if A is any finitely generated subring of Q which contains Z' and is
such that both A®@ K1_9,(Ok )tor and A®K_2,(Ok 5) vanish, then A& K1_2,(Ok)
is a free A[G)-module of rank dj, .

Proof. Let T denote the a.t.e. 7, defined in Proposition 4.2.6.

We note first that no archimedean place ramifies in K /k (since |G| is odd) and
hence that Z' @ H!; = (@Hom(K,C)(27ri)*TZ’)Gal((C/R) is a free Z'[G]-module
of rank dj,. This fact combines with Lemma 7.2.2(ii) to imply that (Z, ®
K_5.(Ok.5))G = Zy®(H} )¢ is isomorphic to Zy® (H2) G ror = Zp®@K_2,(Op 5)
) = Zp & K_QT(OKﬁ) van-
and hence also K_9,(Ok g), is

= 0 and so Nakayama’s Lemma implies Z, ® (H}
ishes. It is thus clear that the G-module H}}tor,
c-t. Since H Tl,tf is also c-t we deduce that H! is itself c-t. By considering Tate

cohomology of the sequence (18) this then implies that K;_9,(Ok) is also c-t.

We now assume that ETNC(Q(r) g, Z[G]) is valid. Then Proposition 4.2.6 im-
plies that x(7) vanishes and so, by the same argument as used to prove Theorem
5.2.1(iv)(a), one has equalities 0 = (Z' ® H?) — (Z' ® H}) = (Z' @ HY) — (Z' ®
HY ) = (2 @ H ) = (2 @ K1_0,(Ok)) = (2 © K_5,(Ox.)) = dy - (Z'[G]) im
Ko(Z'|G]). This is the displayed equality in the Proposition. Also, the final as-
sertion of the Proposition can be deduced from this equality in just the same way
that the final assertion of Proposition 7.2.3(ii) was deduced from the displayed
equality in that result. ([

7.2.5. Elliptic curves. In this section we assume the hypotheses and notation of
Proposition 4.3.1. In particular, we assume that condition (B) of Proposition
4.3.1 is satisfied and take (as we may in this case) A = Z' := Z[3].
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Proposition 7.2.6. Under the above conditions we further assume that G is a
cyclic group of p-power order and that p does not divide the order of HI(E/KJ)
for any non-trivial subgroup J of G.

(i) Then the Z,|G]-module Z, ® E(K) is a permutation lattice.

(ii) If [23, Conj. 4(ii)] is valid for the pair (h'(E;k)(1),Q[G]), then as x
varies over Hom(G,C*), the order of vanishing of L(E, x,s) at s =1 is
a decreasing function of the order of x. Further, the order of vanishing of
L(E,x,s) at s =1 is independent of x if and only if E(K )y is a locally-
free Z|G]-module and if this is the case, then p does not divide the order
of (K k).

(iii) Assume that [23, Conj. 4(ii)] is valid for the pair (h'(E/k)(1),Q[G]) and
that the order of vanishing of L(E,x,s) at s = 1 is independent of x.
Then each of the Z'|G)-modules Z! @ E(K),Z' ® HI(E/K),C%Z,(K) and
C}EZ,(K) 18 both finitely generated and c-t. In addition, if the statement
of EINC(hY(E )k )(1), Z'[G]) is valid, then in Ko(Z'[G]) one has

(1= v")Z @ B(K)) = (Z' @ I(E)g)) — (¢pz(K)) + (cp 2 (K))

where ¥* is the involution of Ko(Z'[|G]) defined in §2.5. In particular, if
A is any finitely generated subring of Q in which 2 is invertible and the
modules A® E(K )tor, AQUI(E) k), A®z c%,Z,(K) and A ®z C}EZ,(K) all
vanish, then the A[G]-modules A® E(K) and A® E(K)* are isomorphic.

Proof. We let T be the a.t.e. 77 defined in Proposition 4.3.1 and for each G-
module M set M’ := 7Z' ® M. Then Lemma 7.2.2(ii) implies that the torsion
subgroup of (H1); is isomorphic to IH(E/KJ)V, ® ClE,Z, (K”) for each subgroup
J of G. Further, the module H?(,, = E(K)j,, & (E(K)ior)"' & ¢, 5,/(K) is of
order prime to p and hence is c-t. The stated hypotheses therefore imply that
7 satisfies the hypotheses of Theorem 5.2.1 and so Theorem 5.2.1(i) implies that
Zy, @7 HY = 7, ® E(K) is a permutation lattice of the form described in (23).
This proves claim (i).

Now if [23, Conj. 4(ii)] is valid for (h'(E,k)(1),Q[G]), then for each charac-
ter x in Hom(G,C*) the order of vanishing ords—1L(F,x,s) of L(E,x,s) at
s = 1 is equal to dimc(eg(C ® E(K))). But the isomorphism (23) implies
that the C[G]-module C ® E(K) is isomorphic to @ ;.o C[G/J]™/) and so it
is clear that ords—;L(E,,s) is a decreasing function “of the order of x. For
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the same reason, Theorem 5.2.1(iii) implies that ords—1 L(E, x, s) is independent
of x precisely when E(K)i; is a locally-free Z'[G]-module. Further, if E(K)i;
is a locally-free Z'[G]-module, then it, and hence also its linear dual E(K)*',
is a projective Z'[G]-module and so the image under Z' ® — of the exact se-
quence (11) splits to give an isomorphism Sel(E, )" = HI(E/K)V/ ® E(K)*. The
module of G-coinvariants (III(E/, )V is therefore isomorphic to a subgroup
of Sel(E/k )G 1or (HDGtor = IH(E/Q)V' P C}EVZ,(Q). Since, by assumption,
[TII(E,g)| is prime to p and, by Proposition 4.3.1, |CIE’Z,(Q)| is prime to p, it
follows that |III(E, )V is also prime to p and hence (by Nakayama’s Lemma
and the fact that p is odd) that [III(E, k)| is prime to p. This proves claim (ii).

We now assume the hypotheses of claim (iii). Then claim (ii) implies that
the Z'[G]-module E(K){;, and hence also HTI,tf =~ Homgz(E(K ), Z) = E(K)*,
is locally-free and therefore c-t. Since E(K)i,, is also c¢-t (by Proposition 4.3.1
and the fact that G is a p-group) we deduce that the module F(K)' is itself c-t.
From claim (ii) we also know that the Z'[G]-module TII(£, )Y has order prime
to p and so is c-t and Proposition 4.3.1 implies that the same is true for the
modules COE,Z’(K) and C}Ez/(K). Further, if ETNC(h'(E,k)(1), Z/[G]) is valid,
then Proposition 4.3.1 implies that x(7) vanishes and so Theorem 5.2.1(iv)(a)
implies that in K((Z'[G]) there are equalities

0= (HO) — (HY) = (HY) — (H: o) — (Hly) =
(BKY) + (E(K)wor) ") + (& 2 (K)
(B R)) — (e (K) — (E(K)™).

’

To deduce the displayed equality of claim (iii) we thus need only note that the
Cassels-Tate pairing induces an isomorphism of G-modules III(E, )" = I(E/ k)
and that if N is any finitely generated Z'[G]-module for which both N, and
Nyt are c-t, then N* and (Nior)Y are also both c-t and in Ky(Z'[G]) one has
*(N) = (N*) = (Nior) ).

Finally we fix A as in the statement of claim (iii). Then the above displayed
equality implies that there is an equality (A® E(K)) = (A® E(K)*) in Ko(A[G]).
But A ® E(K), and hence also A ® E(K)* = Homp (A ® E(K),A), is a locally-
free A[G]-module (by claim (ii)) and so the equality (A ® E(K)) = (A® E(K)*)
combines with locally-free cancellation to imply that the A[G]-modules A ® E(K)
and A ® F(K)* are isomorphic. O
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8. STRONG MAIN CONJECTURES

In this section we prove Theorem 5.1.1(iv) and Theorem 5.2.1(iv)(c) and also
discuss some explicit arithmetic applications of these results. We assume through-
out that G is abelian.

8.1. Preliminaries. We first quickly recall some details concerning the deter-
minant functor used by Knudsen and Mumford in [67]. For any commutative
associative unital ring R we write P(R) for the category of graded invertible R-
modules and isomorphisms of such and Detg for the determinant functor of loc.
cit.

We let A be a finitely generated subring of Q. Then [23, §2.5] implies that
Ko(A[G],R[G]) can be identified with the multiplicative group of invertible A[G]-
lattices in R[G]. In addition, the reduced norm map Nrdp(qy is bijective (since G
is abelian) and, with respect to the above identification, the equality (3) implies
that

oA(z) = 8/1\[G]7R(Nrdﬂg[101 (z)) = A[G] - ¢ C R[G]
for every z in ((R[G])*. Further, the element [¢, ¢] defined in (6) (with A = A[G]
and E = R) can be computed in the following manner. The isomorphism

induces an isomorphism in P(R[G])
Uy R@p (Detpje C*) = (RG], 0)

by means of the composite

R QA (DetA[G} C.)
= Detgg (R @4 H(C*®)) @p(r(q)) Detrie(R @4 H'(C*)) ™
— Detgj)(R @a H'(C*)) ©pm(c)) Detrig) (R ©a H'(C*)) ™!

~

— (R[G],0).

Here the first, resp. second, resp. third, isomorphism is induced by [67, Rem.
b) following Th. 2] and the fact that the algebra R[G] is semisimple, resp.
the isomorphism Detg(g (1) @ id, resp. the evaluation pairing on the module
Detgjq(R ®x H'(C*)). The element [e, 4] is then equal to the invertible A[G]-
submodule of R[G] which underlies ¥, (Dety (g C*).
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Remark 8.1.1. Ezplicit computations

Assume the conditions and notation of Lemma 3.2.1. If GG is abelian, then the
above observations regarding the A[G]-lattice [¢, )] lead to the following method
of explicit computation. We set Pj := HomA[G}(Pl,A[G]), P = Ry PY,
P} :=R®, P! and Pip == R®) Pl It is enough to compute Z,) @, [e, 9] at
each prime p € Spec(A). But, for each such p, the Z,)[G]-modules Z,) @4 po
and Z,) ®a Pf are both free of the same rank, n say. After choosing ordered
bases {a;}1<i<n and {b}1<j<, for each of them, and identifying NP1 r with
HomR[G}(/\ﬁé[G]Pﬁa R[G]) in the natural way, Z,) @ [¢, 1] is the Z,[G]-sublattice
of R[G] generated by the image of the element AJL;¢(a;) ®gjg AJ—1b; under the

evaluation pairing
Niiey P ®ric) Homgia) (Mg Pi. RIG]) — R[G]

(where ¢ is the isomorphism P — Pi defined in Lemma 3.2.1(i)).

8.2. The proof of Theorem 5.1.1(iv). For each x € Irr(G) we set e, :=
|G|t >_geG x(g9)g~! € C[G]. We then obtain an idempotent of Q[G] by setting

er 1= Z ey
XEYT -
where T, is the subset of Irr(G) comprising characters x with e, (C ®5 H?) =0
(and e, belongs to Q[G] since Y, is a union of orbits under the natural action of
Autg(C) on Irr(G)). We also define
L; = Lle; € RG] e, = (R[G]er)™

and to study this element we set 2 := A[GJe, and A := Q[GJe,. For any A-
module W we set W* := Homp (W, A), endowed with its natural structure as
2-module (that is, a(f)(w) = 0(aw)). For brevity we shall also often identify
graded invertible 2-modules of the form (7,0) with the underlying invertible
module 1.

For any commutative ring R and finitely generated R-module N we write
Fitg(N) for the (initial) Fitting ideal of N.

Theorem 8.2.1. Assume that G is abelian and that x(7) vanishes.
(i) If ¥* is any complex as in (18), then in (R[G],0) one has
(A[G] - £7,0) = ¥, (Detaie U°).
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(il) L, belongs to Q[G].
(ili) If (HY)or is A[G]-perfect, then Fityjq((H2)tor) - L7 = Fitpjq(H7).

Proof. Claim (i) is an easy consequence of the explicit descriptions of [e,, A;] and
da(LE) given by the discussion in §8.1. Regarding claim (ii) we first observe that,
since C ®5 H} is isomorphic to C ®4 H? as a C[G]-module, for each ¢ € T, the
space Homgg)(C[Gley, C®p H}) vanishes and hence, in the notation of Theorem
5.1.1(i), one has AZ(y) = (E;w)*l for each such ¢. Claim (ii) thus follows
directly from Lemma 6.1.1 and our assumption that the Euler characteristic x(7)

vanishes.

We now turn to claim (iii). If W is any A[G]-module, then we endow W @, 2
with its natural structure as (A[G],2()-bimodule (so, in particular, each element
g of G acts on the tensor via g @5 g~'). We also let W2 and W denote the
associated 2-modules (W @5 ) and (W @5 A)g = W ®@p[q) A We recall that
if N is any finite 2-module of projective dimension at most one, then Fitg(N) is
an invertible ideal of 2 and in P(2() one has

Dety(N) = (Fite(N) ™1, 0). (24)
We fix a concrete complex W*® as in claim (i) and set WU := ¥® ®,5 A. Then,
since each term of WU® is a perfect A[G]-module, there is a natural isomorphism
in DPe{(2A) between Wy and W* ®HJ§[G] 2 (see the proof of Lemma 8.2.2 below).
Claim (i) therefore implies that in A one has
L, A= 19)\7 (DetA[G] \I’.)Ql

= 97 ((Detaje) U*) @ajq) A)

= 99 (Deta(¥* @A)

— 90(Dete ), (25)
where 90 := 9 ®p(g R[Gle,.

To compute this expression we observe that the same kind of argument as used

just after (18) gives an exact sequence of 2A-modules
0— H - v) - vl - H) —o0. (26)

where we set H' := H: for i = 0,1. Now our choice of e := e, implies that
the modules HX’Q[ and H}\ o in this sequence are finite. This implies both that

HR’Q[ = T%% where we set T0 := H‘?or’

and also that R ®, W§ is acyclic so
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that the isomorphism ¥ in (25) is the isomorphism R®, (Detg ) = (R[G]e, 0)
that is induced by scalar extension and the obvious equality Detg(g)(R ®a Ug) =
DetR[G’}e(O) = (R[G]e,(])

We now assume that the A[G]-module T° is perfect and recall that the A[G]-
modules U and W! are also perfect. Then (since H** = T%%) Lemma 8.2.2
below implies that the first three modules in (26) are of projective dimension at
most one. The exactness of (26) then implies that the projective dimension of the
2-module Hj is finite and hence (by the argument of Lemma 8.2.2) at most one.
When taken in conjunction with [67, Rem. b) following Th. 2] and equalities of
the form (24), the exact sequence (26) thus implies that

99 (Dety Uy) = Fitg(T%*) I Fite(Hy) C A.
Now Fitting ideals commute with scalar extension and so both
Fito(Hy) = Fitaig(H")2% = Fitpiq)(H")e
and
Fite(T%%) = Fito(T3) = Fitag(T°)e.

Putting things together, we deduce from (25) that

Fitaje)(T°) - £ = Fitaie) (H')e, (27)
and so it is enough to prove

Fitpiq(H')e = Fitpg(H").

Hence, since 1 = e + (1 — e), it suffices to prove Fityjq(H')(1 —e) = 0, or
equivalently that in C[G] one has Fityq(H')e, = 0 for every x € Irr(G) \ 1.
To do this we fix such a character x, set 2, := A[x][G]ey, (where A[x]| denotes
the ring generated over A by the values of x), and choose a resolution of the

A[G]-module H? of the form A[G]™ LN A[G]™ — H! — 0. This sequence induces
an exact sequence
BX 1
AV — AT — H, — 0,
where 6, = 0 ®5 (g Ay and H)lc =H'® Alq) Ay The latter sequence implies that
Fitpjq)(H') - Ay, = Fity, (Hy) is equal to the image I(6y) of A 0y in Af (A}) =
2. But, since x ¢ T,, the /,-rank of H}( is at least one and so the exactness
of the last displayed sequence also implies that the 2, -rank of im(6, ) is at most
n — 1. The module AY im(f,) is thus finite and so therefore is its image I(6,) in
X
2,. But &, is torsion-free and so I(#y) = 0, as required. O
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Lemma 8.2.2. If N is a perfect A[G]-module, then the A-modules Ny and N%
are isomorphic and have projective dimension at most one.

Proof. If B is any A-order, then for each prime p € Spec(A) the ring Z, ® B is a
product of local rings of Krull dimension one. The result of [4, Th. 1.9] therefore
implies that the projective dimension of any finitely generated B-module is either

infinite or at most one.

In particular, our assumption that N is A[G]-perfect implies that there exists
an exact sequence of finitely generated A[G]-modules 0 — P — @ — N — 0
in which P and @ are both projective. Now Tor[lx[G](Q,Ql) = 0 and so there is
an associated exact sequence of 2-modules 0 — Tor/l\[G](N J2A) — Py — Qo —
Ny — 0. But Torllx[G} (N, ) is finite and Py is A-torsion-free and so one must have
Tor[l\[G](N ,20) = 0. Since both Qg and Py are projective A-modules the latter
exact sequence therefore implies that the 2A-module Ny has projective dimension
at most one. (This fact lies behind the natural isomorphism in DP*™(2() between
U and W* ®H/§[G] 2 that is used in (25).)

Finally we note that the G-module N @52l is c-t and hence that the tautological
exact sequence of A-modules

0— H Y (G,N®)A) — Ny — N* = HY(G,N @, A) — 0
induces an isomorphism Ny =2 NZ. O

Remark 8.2.3. Perfection

Regarding Theorem 8.2.1(iii), we note that the module (H?)o; is A[G]-perfect
if the order of H(.J, (H®)4;) is invertible in A for every subgroup J of G and every
integer i and hence a fortiori if the highest common factor of |G| and |(H?)tor] is
invertible in A.

Remark 8.2.4. Tate motives

We assume that k is totally real and that K is a CM field and let x denote
the (unique) non-trivial element of Gal(K/K™) where K is the maximal real
subfield of K. For each integer r with » < 0 and each character ¢ € Irr(G) the
function Lg(1, s) is holomorphic at s = r and so we may define Ly, 5(r) to be
the (unique) element of RG] with Lg s, 5(r)y = Ls(1,7) for every character .
We set Z' := Z[%] and N’ := Z/ ® N for each G-module N.
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e Set 7 := 79 (as in §4.2.1). Then [94, Chap. I, Prop. 3.4] implies that
ﬁT = LK/k,S(O)# AAISO7 HO

T,tor

is the (cyclic) group px of roots of unity in K and
s0 Fitgq)(HY or) = Anng g (px ). We assume that p is a perfect Z'[G]-module.
Then Theorem 8.2.1(iii) implies Anngy(q)(iy) - Li/k,s(0)* = Fitg g ((H})). If
now k is contained in the decomposition subgroup of every place v in S (so
K/k is ‘nice’ in the terminology of Greither - see [52] or [53, §3]), then e; =
e_ := (1 —k)/2 € Z'[G] and it is easy to check that e_(H!)" = e_Pic(Ok)'.
Thus, in this case, Theorem 8.2.1(iii) specializes to show that the validity of
ETNC(Q(0)x, Z'[G]) implies the following refinement of Brumer’s Conjecture

Anng (e () - Licr,s(0)* = Fitggpe_ (e-Pic(Ok)').

Greither [54] has in fact recently refined this approach to show that for any CM
abelian extension K/k the validity of ETNC(Q(0)x,Z'[G]) implies a similarly
explicit formula for Fitz . (e—(Pic(Ox)Y)’).

e Set 7 := 7y (asin §4.2.2). Then e; = 0 unless £ = Q in which case e,, = e;,
where 1 is the trivial character of G. In particular, in this case the equality of
Theorem 8.2.1(iii) with A = Z is easy to verify directly (but see Remark 8.2.6
below).

e Set 7 := 7, with < 0 (as in §4.2.3). Then e, = (1 — (—1)"k)/2 € Z'[G],
Z/®HY,,. = H'(Gk,Q/Z'(r)) and L, = L, 5(r)*. In this case it can be shown
that if ETNC(Q(r)x, Z[G]) is valid, then the equality of Theorem 8.2.1(iii) both
refines and generalizes the inclusion conjectured by Coates and Sinnott in [36,

Conj. 1]. For further details in this regard, and also a discussion of connections
to other related work, see [26, §5].

Remark 8.2.5. Elliptic curves

In the setting of Proposition 4.3.1, the module
(HEE,A)tor = (A ® E(K)tor) D (A ® (E(K)tor)v) D COE,A(K)

has order prime to |G| and so Theorem 8.2.1(iii) can be applied. Thus, since
Fit i) (A ® E(K)tor) = Fitpq)(A @ (E(K)ior)") (as can be seen by applying [26,
Lem. 6]), we deduce that if III(E, ) is finite, then the conjectural vanishing of
X(7g,a) implies that
, Fita(g) (ch A (K))

Fitaiq)(cp A (K))

Fitpig)(A @ E(K)tor) Loy, = Fityg)(A @ Sel(E/k))
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where (L7 )y = Q(E)~YWr*(4) L, (F,¥,1) for all ¢ € Irr(G). This (conjec-
tural) equality is a ‘strong main conjecture’ of the kind that Mazur and Tate ask
for in [73, Remark after Conj. 3]. It would be interesting to know the precise
relation between the above formula and the explicit conjectural formulas for the
Fitting ideals of Selmer groups that are formulated by Kurihara in [68].

Remark 8.2.6. Q(1)x

If 7 is equal to 7, with < 0 as in Remark 8.2.4, then Y, is equal to the subset
of Irr(G) comprising those characters ¢ at which (Ei)j is equal to the value at
s = r of the appropriate Artin L-function. If 7 = 75 A as in Remark 8.2.5, then a
similar description of Y would follow as a consequence of the validity of [23, Conj.
4(ii)]. However, if 7 is equal to 71 as in Remark 8.2.4 then, unless K = k = Q,
T, is not equal to the subset of Irr(G) comprising those characters ¢ at which
(Ej)i is equal to a multiple of the value at s = 1 of the Artin L-function and
this accounts for the fact that the formula of Theorem 8.2.1(iii) is trivial in this
case. Nevertheless, in this case a more interesting variant of Theorem 8.2.1(iii)
arises if one replaces e, by a different idempotent. Indeed, in his recent thesis
[62] Andrew Jones has shown that the image under multiplication by e_ of the
equality of Theorem 8.2.1(1) with 7 = 71 implies a natural refinement of the
‘integrality conjecture’ that is formulated by Solomon in [88].

Remark 8.2.7. Generalisations

In his recent thesis [81], Andrew Parker has proved generalisations of Theorem
8.2.1 (and of the explicit examples discussed in Remarks 8.2.4 and 8.2.5) in both
of the following contexts.

e Gorenstein rings. If A := A[G]e, is isomorphic to Homp (A, A) as an A-module,
then there is an analogue of Theorem 8.2.1(iii) even if the A[G]-module (H. B’ A)tor
is not perfect.

e Non-abelian extensions. If G is non-abelian (but (HY , )ior is still perfect), then
there is an analogue of Theorem 8.2.1(iii) that involves a natural notion of Fitting

invariant for modules over non-commutative rings.

8.3. The proof of Theorem 5.2.1(iv)(c). We now use the notation and hy-
potheses of Theorem 5.2.1(iv)(c).
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Under the stated hypotheses the A[G]-modules HY . and H( are finite and of
projective dimension at most one and the A[G]-modules HY and H/; are locally-
free of rank d. Thus, if U® is any complex as in (18), then [67, Rem. b) following

Th. 2] induces a canonical isomorphism
Det(g)(¥*) 2 Detajq) (H?) @p(aja)) Detage (H) ™,
whilst (24) implies that for i = 0,1 one has
Deta(g)(H') = Fittie)(Hio) ™ (A{jey Hit» d)

in Detqe)(Q ® AH') = (Q ®4 /\i[G}Hi, d). In this case the equality of Theorem
8.2.1(i) is thus equivalent to an equality of the form

N1 (Fittaiey (Hor) Ay Hi) = L5 - Fittae (Hy

tor

) Aie) Hit-

Now the A[G]-module Fittq(H{,,) /\jl\[G] H{ is locally-free of rank one (indeed,
the second factor is obviously locally-free of rank one, whilst the first factor
is an invertible ideal of A[G] since the projective dimension of H{ . is at most
one). In particular, the last displayed equality shows that the L) [G]-submodule
Ep = L) O Fitt o (HL,,) /\jl\[G} H; of Zyy @4 /\fl\[G]Htof is both free of rank one
and such that

Nt (Ep) = Ly @4 Ly - Fittaje1 (Hin) Al Hir

For this choice of &, it is also clear that there is an isomorphism of finite Z
modules (/\%(p) @] (Z(p) QA Htof))/gp = Z(p) QA A[G]/FittA[G](Hl

D) [G]'
ior) and hence an

equality
d
Anng 61 ((Az,) 161(Zp) @A H{)/Ep)

= Z(p) ©n Anny (g (A[G]/Fittaie) (Heoy)

=Zp) @A FittA[G](Htlor).
Thus, to complete the proof of Theorem 5.2.1(iv)(c), and hence also of Theo-
rem 5.2.1 itself, it only remains to choose a free rank one A[G]-submodule & of
FittA[G](H1 ) /\j{[G} Htof for which one has Z,) @ & = &,. Indeed, such a mod-

tor
ule & exists as a consequence of Roiter’s Lemma [37, (31.6)] and the fact that
Fitt g (Hi,) /\j{[G} HE is a locally-free A[G]-module of rank one.
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9. EXPLICIT CONGRUENCES FOR THE DEGREE ZERO COMPONENT

In this section we prove Theorem 5.1.1(v) and then discuss arithmetic appli-
cations in the setting of the examples discussed in §4. The argument used in this
section is a natural abstraction of that used in [17].

We assume that the A[G]-module (H?)c, is perfect (cf. Remark 8.2.3) and set
Ny = dimQ(Q®AHT1’G). Then the composite surjection H! —» HTI’G — (H,}’G)tf =
A™ implies Fityjq(H;) C Fityg(A") = Fityg)(A)" . But Fityg)(A) is equal
to the kernel Ig o of the homomorphism of A[G]-modules € : A[G] — A with
€(g) =1 for each g in G. Hence, from Theorem 8.2.1(iii), one has

Fit ) (HOtor) - L7 C 127y (28)

We note in passing that this inclusion provides an explicit bound on the denom-
inator of the element £, of Q[G].

For the rest of this section we fix an element o of Fit ¢ ((H?)tor) and describe
the image of a - £, under the projection I, — IgTA/IgTil in terms of the

discriminant of a natural algebraic height pairing.

9.1. G-valued height pairings. The pairing we define here is motivated by the
formalism of height pairings developed by Nekovar in [78, §11].

At the outset we fix a bounded complex of perfect A[G]-modules C* and set
Ce = A ®HK[G} C* and C*C .= RHomp (A, C*®). Then, since each term of
C* is perfect, there is a natural isomorphism in D(A) between C¢, resp. Cc*“,
and the complex which in each degree i is equal to (C?)g, resp. (Ci)G, and in
which the differentials are induced by those of C®. For this reason, the action of
Tre == ) cc 9 € Z[G] on each module C" induces an isomorphism in D(A) from
C¢ to C*G,

Taken in conjunction with the isomorphism Cg, = C*% described above, the
tautological exact sequence 0 — Ig A — A[G] — A — 0 induces an exact triangle
in D(A[G]) of the form

Iga ®fp C° — C* = C*F — Iga e C°[1] (29)

If now C* is also acyclic outside degrees 0 and 1, then there are natural iden-
tifications H°(C*%) = HO(C*)%, H'(Iga @ C%) = Iga e H'(C*) and
HY(C*)g =2 HY(Cg) = H(C*Y) (where the second isomorphism is induced by
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the isomorphism Cg, = C*C described above). In this case the cohomology se-
quence of (29) therefore induces an exact sequence of A[G]-modules

Trg

HO(C*) =% HY(C*Y) — Iga @ajq) H'(C®), (30)
as well as a G-equivariant ‘Bockstein homomorphism’

Beea - HO(C')G = HO(C"G) — Iga QG HI(C”) — IG,A/Ié',A QA Hl(C.’G),
where the last arrow is induced by passing to G-coinvariants and then identifying
HY(C*)g with H(C*%) in the manner described above. We set H'(C*%)* :=
Homy (H'(C*%), A) = Homp (H'(C*%)t, A) and write

poec H(C*) x HY(CY)" — Iga/IE
for the pairing induced by Bce . Then, in keeping with the philosophy of Mazur

and Tate in [73] and of Gross in [55], the canonical isomorphism I A/ Ié’ A 2 ARG
allows one to regard pcs ¢ as taking values in the group A® G C G.

9.2. Statement of the main result. If ¥* is any complex as in (18), then the
assumed containment x(7) € Ko(A[G], Q[G]) implies that Detgjg) A; restricts to
give an isomorphism in P(Q[G])

Detge) (H*(¥*) @4 Q) = L - Detgje)(H' (¥°) @4 Q),
and hence also (after multiplying by Trg) an isomorphism of Q-lines
N XE < N (W) 04 @) 5 5 - Ay (' (1) 04 Q).
In particular, after fixing ordered A-bases =z, := {z; : 1 < i < n;} and y :=

{y; : 1 <j < n.}of (HO(U*)9) and H(U*Y)y respectively, we may define a
rational number r, . , by means of the equality

aly - M<ign ¥i = Taw.y, - (ARAT) (Mi<j<n 25) € AgT(H' (T2F) @A R).  (31)
We then define a subring of Q by setting
Ay =Alraz v (32)

(this subring is indeed independent of the choice of ordered bases z. and y.) and
a ‘discriminant element’ by setting

disca (T) 1= Tau_y - det(pye (@i, y)1<ijan,) € Mo @A TN /IEF (33)

where y denotes the element of H L(W*)* that is dual to y; (so, for all indices
i and j, one has y;(y;) = 1 if i = j and y;(y;) = 0 otherwise).
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Lemma 9.2.1. discy(7) is well-defined and depends only upon o and p.

Proof. If W, z_ and y. are fixed, then det(pwe (@i, y})1<ij<n,) is well-defined
because (H?)ior is A[G]-perfect. Indeed, this combines with the exactness of (30)
(with C* = ¥*) to imply that (H°(¥*)%)ior = (HDwor)? = Trg((H))tor) C
ker(Bys q).

We must show that disc,(7) is independent of the choices of ¥*®, x and y.. But
if U* is fixed (as in (18)) then the definition of r, , , combines with standard
formulas for the change in discriminant resulting from a change of bases to ensure
that disc,(7) is independent of the choices of ordered bases x and y. On the
other hand, if U® is any other choice of complex as in (18), then there is an
isomorphism ¢ : W® 2 ¥* in DPf(A[G]) such that H'(¢) is the identity map
for ¢ = 0,1. The naturality with respect to ¢ of the construction of Bockstein
homomorphisms thus implies that Pie G = PU*,G; 8S required. (|

We can now state the main result of this section.

Theorem 9.2.2. If « is any element of FitA[G]((HQ)tor), then the image of a- L+
in Mo @p 157, satisfies o - Ly = discq(7) (mod Ay ®p Igf;l).

This result is clear if n, = 0. Indeed, in this case the augmentation map
€ : A[G] — A induces an isomorphism Ing/Igjil = A[G]/Ig,a = A and both
disco(T) = Taw y = €(a- L) and €(e;) = 1 and so the stated congruence is
equivalent to the obvious equality e¢(a - £;) = e(a - LF).

In the remainder of the argument we therefore assume (and without further
explicit comment) that n, > 0. In particular, since in this case I&TA / IgTI Lis
a quotient of the n,-th symmetric power of A ® G, it is a finite group of order
dividing a power of |G|. The argument we use in this case is closely modelled on
that given in [17, §5.3-5].

9.3. An explicit version of Theorem 8.2.1(i). We set n := n, and for any
natural number m let |m| denote the set of integers i« with 1 < i < m. We also
set T := (H?)sor-

Lemma 9.3.1. There exists a complex V® as in (18) and an endomorphism
¢ of a finitely generated free A[G]-module F which satisfy both of the following
conditions.
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Let F* denote the complex F 2, F', where the first term is placed in degree 0.

(i) There is a short exact sequence of perfect complexes of A[G|-modules
0—F* 2 0° - Q0] —0

where @ is a finite cohomologically-trivial A[G]-module which contains T
and is such that |Q/T| is coprime to |G|.
(ii) There exists an integer n' with n’ > n and an ordered A[G]-basis {b; : i €
[n'|} of F which satisfies both of the following conditions.
(a) The A[G]-module Iy generated by {b; : i € |n|} satisfies F& =
ker(¢%) and, for each i € |n|, Trg(b;) is a pre-image of y; under
the composite homomorphism

FE C FY - cok(¢%) — HY(U*Y)y,

where the second map is tautological and the third is induced by
H'(RHomy g (A, 0))-

(b) The A[G]-module Fy generated by {b; : n < i < n'} satisfies ¢ (F§') C
FE,

Proof. We first fix a complex ¥* as in (18) for which U! is a finitely generated
free A[G]-module (this is always possible) and set F' := W!. Then, since T is
a perfect A[G]-module, P := W°/T is a finitely generated A[G]-module which
is both cohomologically-trivial as a G-module and torsion-free as a A-module.
Any such A[G]-module P is projective [3, Th. 8]. In addition, the Q[G]-modules
Q ®x HO(¥*) and Q ®, H'(¥*) are isomorphic and so, just as in the proof of
Lemma 3.2.1(ii), we may deduce from Swan’s Theorem that for each prime ¢ in
Spec(A) the Z4[G]-modules Z,; ® P and Z; ®, F are isomorphic. We may thus
apply Roiter’s Lemma [37, (31.6)] to deduce that there exists a A[G]-submodule
P’ of P for which the quotient P/P’ is finite and of order coprime to |G| and there
is an isomorphism of A[G]-modules ¢ : F = P’. We choose a lift 7 : F — ¥ of ¢
through the tautological surjection ¥ — P and then set ¢ := d%o7 € End g (F)
with d® the differential in degree 0 of W*.

&) — 0 splits

G).

The exact sequence of A-modules 0 — ker(¢%) — F% — im(s
and so there is a submodule D of F& which ¢¢ maps bijectively to im(s
Also, if N is the pre-image of cok(¢%)to; under the tautological surjection F& —
cok(¢¥), then the exact sequence 0 — N — F& — cok(¢%)ys — 0 splits and so
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there is a submodule D’ of F& which maps bijectively to cok(¢%)i under the
natural surjection. Now D’ and ker(¢®) have the same A-rank since there are
isomorphisms Q @4 D’ =2 Q ® cok(¢¥) =2 Q @ cok()® =2 Q @4 ker(¢)¥ =2 Q @
ker(¢%). The direct sum decompositions ker(¢) @ D = F¢ = N @ D’ therefore
imply that there exists an automorphism 1 of F¢ with both ¢/(N) = D and
Y/ (D') = ker(¢®). Then one has ¢/ 0<% (D) C D and ker (¢’ 0<%) = ker(¢%) maps
bijectively to cok(1)' 0¢%)¢ under the tautological surjection F& — cok(¢)' 0¢%)ys.

Since F' is a free A[G]-module we may choose 1 in Aut g (F) with PG =,
We set ¢ := 1pog € Endyg)(F') and let ¢ denote the morphism of complexes from
the complex F'* described in the statement of Lemma 9.3.1 to W® that is equal
to  in degree 0 and to 1;_1 in degree 1. It is easily checked that this gives rise to
a short exact sequence as in claim (i) in which Q/T = P/P’.

Now ¢¢ = ¢/ 0<% and so the above remarks imply both that ¢“(D) C D
and that the natural map ker(¢p¥) — cok(¢%)¢s is bijective. We next observe
that the decomposition F& = ker(¢¥) @ D lifts to a direct sum decomposition
F = Fi @ F» of A[G]-modules in which both F; and F, are free (of ranks n and
n' — n respectively), F¥ = ker(¢%) and F{ = D. We write  for the displayed
composite homomorphism in claim (ii)(a). Then the above observations imply
K is bijective and so {7 1(y;) : i € |n|} is a A-basis of F¥ = Trg(F1). It is
then easily shown that there exists a A[G]-basis {b; : i € |n|} of F} such that
Tre(b;) = v~ (y;) for each i € |n|. To complete the proof of claim (ii) we then
simply let {b; : n < i <n'} be any choice of (ordered) A[G]-basis of F5. O

For any A-module X, resp. homomorphism of A-modules x, we set Xg :=
R ®A X and kg := R ® . Then, by applying Dety (g to the exact sequence in
Lemma 9.3.1(i), one finds that

O, (Detprg U*) = Fit(e)(Q) e (Detyc) F*)
= Fitajq)(T) " Fitaie((Q/T)) " ze (Dety (g F*)

where \? denotes the composite isomorphism

H'(0)g" 0 Ar 0 H(o)r : H'(F*)g = H'(F*)R.
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On the other hand, an explicit computation (or [17, Lem. Al]) shows that

U e (Detpjq F*) = detrig)((A2; @)iyin) - A[G]

where ¢; and 12 are a choice of R[G]-equivariant sections to the tautological
surjections Fg — im(¢)r and Fr — cok(¢)r and (A, ), ., is the (unique)
element of Autgg)(Fr) that is equal to 307 on ker(¢)r and to ¢r on ¢1 (im(P)r).
The assumed equality of Theorem 8.2.1(i) therefore implies the existence of an
element ¢, of Q[G]* with both

all=cq- detR[G](<)\£7 D)ruz) € RG] (34)
and

A[G] - ca = aFityq)(T) " Fitaiq((Q/T)) " C Fitpi((Q/T))™"  (35)

(where the last inclusion is valid because o belongs to Fitq(7T')).

9.4. The e,-component. Since the C[G]-module C®p ker(¢) is isomorphic (via
CoAHY(s)) to CopHO(¥*) = C®, H? the definition of e, at the beginning of §8.2
ensures that for each 9 € Irr(G) one has eye, # 0 if and only if e, (C®p ker(¢)) =
0. It follows that (A?,¢), ., agrees with ¢r on e Fr and that detpig)(¢) =
erdety(q(¢) and hence that (34) implies

a- L =ae LT =cq-detrig (A7 Q)i | €rFR) = ca - detpig)(¢).  (36)

This equality is key to the proof of Theorem 9.2.2. Indeed, Lemma 9.3.1(ii)
implies that the matrix of ¢ with respect to the ordered basis {b; : i € |n/|} of F

()

where A € M, (Ig.a), D € M,y_,(A[G]) and all entries of both B and C' belong
to Iga. But al; € I, (by (28)), det(A) € If ) and ¢, acts naturally on
I&A/ng (by (35) and the fact that |@Q/T| is coprime to |G|) and so the matrix
representation (37) combines with (36) to imply that

is a block matrix of the form

a- L = e(cq)e(det(D)) - det(A) (mod Igﬁxl). (38)

To compute the term €(cy)e(det(D)) we first multiply (34) by the idempotent
eq = |G| ' Trg to get

aLs - e = e(ca)detz (A2 8)rs | FE) - cc (39)
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Now, by making a suitable choice of sections ¢; and ¢ and then computing with
respect to the ordered A-basis {Trg(b;) : 1 < i < n'} of F&, one finds that the
restriction of (A?, @), ., to FRG is represented by a matrix of the form

Al B

0le(D) /)"
Here €(D) € M,y_,(A) is the matrix with €(D);; = e(D;;) for all i and j and
A" € M,,(A) is the matrix of the composite isomorphism

R HO G
R ® FC = R @y ker(¢%) 2220 g o, HO(9*)C
G
XL Rgy HL(U%C) — Ry FE

where we set ¢¢ := RHom Aj@) (A, 0) and the last arrow denotes the inverse of the
composite isomorphism in Lemma 9.3.1(ii)(a). But det(A’) is the determinant of
the matrix of the map

NBAC : R @ NL(H(0)(FE)) — R @y ALH(U%C),
as computed with respect to the R-bases /\j€|n|HO(QG)(TI“G(bj)) and Ajejp|Yi-
Thus (39) implies that

all - Nign|¥i = aLrec - Nigjn|Yi (40)
= ¢(ca)e(det(D))det(A") - Aigjnyi
= €(ca)e(det(D)) - (ABAT) (Ajejn H (0%) (Trc (b))
= €(ca)e(det(D))det(b) - (AGAT) (Ajejnjz5),
where the matrix b := (b;;) € My, (A) is defined via the equalities

HO(¢%)(Tra(bi) = Y _ bijay € (HO(T®))ys. (41)
Jj€ln|
Comparing (40) with (31) shows that rq , , = €(cq)e(det(D))det(b) and so

a-L;= Ta’m_,y'det(b)_ldet(A) (mod Igj\l)
by (38).
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9.5. Completion of the proof. Given the congruence at the end of the last sec-
tion our proof of Theorem 9.2.2 will be completed if we can show that disc,(7) :=
Tae.y.det(pwe (T, Y5 )1<ij<n) is equal to the image of Ta,z.y det(b)"tdet(A) in
Ao ®2 I&A/Ig’*]&.

As a first step we compute explicitly the pairing pre g.

Lemma 9.5.1. With respect to the ordered A-bases {Trg(b;) : ¢ € |n|} and
{(H (0" () : 7 € In|} of HY(F*)Y and HY(F*Y)* respectively, the matriz
of pre g is equal to the image of A in Mn(IG,A/I%’A).

Proof. We write m and 7’ for the tautological surjections Trg(F) = F¢ —
cok(¢%) and I — IG,A/IéA respectively. Then Bpe ¢ can be computed as
the connecting homomorphism which arises when applying the Snake lemma to
the following commutative diagram (in which both rows and the third column

are exact and the first column is a complex)

0
ker(¢)C
0 —— Iga ®A[G’}F S F Trg FG& — 0
lid@%[am l¢> ¢C
- Trg G
0 —— IG,A ®A[G} F F F — 0

lﬂJ@A[G] (7roTrG)
2 G
Io.a/1G A @ cok(7).

By computing this connecting homomorphism using the matrix representation
of ¢ given in (37) and observing that Lemma 9.3.1(ii) implies 7 factors through
the projection F& — FlG , one finds that

Bre a(Tra(b) = D (Ayj (mod I3 1)) @4 7(Tra(by)).
Jj€ln|
This then implies the claimed result since H'(o%)(m(Trg(b;))) = y; by Lemma
9.3.1(ii)(a). O
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We write det(A) for the image of det(A) under the natural projection If; y —
Ao @A T GA / Igj&l. Then the description of Lemma 9.5.1 combines with the natu-
rality with respect to the morphism p of the height pairing pre ¢ to imply that
in Ay Qa I&A/Igjt\l one has

Fa. g det(A) =raz y det(pre a(Tra(b), (H (09)5" (4)))1<ij<n)
=Ta,z.y det(pue c(H(0%)(Tra (b)), ¥} )1<ij<n)
=Tqz y det(b)det(pwe ¢z, y;)lgi,jgn)
=det(b)discq(T)

where the third equality is a consequence of the definition of the matrix b via the
equalities (41).

Now {Trg(b;) : 1 <i < n} is a A-basis of HO(F*%) (by Lemma 9.3.1(ii)(a))
whilst {z; : 1 < i < n} was chosen to be a A-basis of (H(¥*)%); and so the
definition of b implies that det(b) - A = Fitp(cok(H®(0%)")) where HO(o%) is
the map HO(F*%) — (H°(¥*)%)y = (H°(¥*)/T)¢ induced by H°(o%). But,
since |Q/T| is coprime to |G|, the long exact sequence of cohomology of the
exact sequence in Lemma 9.3.1(i) implies that | cok(H®(0%)")| is coprime to |G].
Since I¢; o /Igjzl is a finite group of order dividing a power of |G| this means
that multiplication by det(b) induces an automorphism of Ay @ 17 5/ Igj\l. In
particular, we may multiply the last displayed equality by det(b)~! and in so doing
deduce that disc,(7) is equal to the image of the element 7, , det(b) ~1det(A)

in Ap ®a I&A/Igj\l, as required.

This completes the proof of Theorem 9.2.2.

Remark 9.5.2. Tate motives

If 7 = 79 as in Proposition 4.2.2, then H?

7tor 18 equal to the torsion subgroup

px of K* and there are ‘natural’ choices of « in (Theorem 5.1.1(v) and) Theorem
9.2.2. Indeed, if T' is any finite set of places of k disjoint from S and such that the
(finite index) subgroup of O[X(’ g comprising those elements congruent to 1 modulo
all places in T(K) is torsion-free, then the element ar := [ (1 — Fr; 'No)
belongs to Fityq(px ), where Fr, and Nv are the frobenius automorphism of v
in G and the absolute norm of v. In addition, n,, = |S| — 1 and the explicit
computation of Bockstein homomorphisms provided by [17, §5.5] shows that if
the conjectural equality x(79) = 0 is valid, then the congruence of Theorem 9.2.2
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implies the ‘refined class number formula’ conjectured by Gross in [55, Conj.
4.1]. With further effort the hypothesis that the Z[G]-module g is perfect can
be removed from this argument. For full details see [19].

Remark 9.5.3. Elliptic curves

If we assume that the conjectural equality x(7) = 0 is valid for 7 = T[] 38
defined in Proposition 4.3.1 under condition (B), then the congruence of Theorem
9.2.2 is in precisely the same spirit as the ‘Birch-Swinnerton-Dyer type conjecture’
formulated by Mazur and Tate in [73, Conj. 4].

Remark 9.5.4. Congruences for higher order derivatives

If e = 0, then the congruence of Theorem 9.2.2 is satisfied trivially (since (38)
implies that both sides of the congruence vanish). However, in such cases it is
still sometimes possible to derive from the conjectural vanishing of x(7) a non-
trivial congruence relation for the element Liel with el := 3 e, where x runs
over characters in Irr(G) with dime (e, (C @4 H?)) = min{dimc(e,(C @4 H?)) :
¢ € Irr(G)}. The extent to which such congruences can be made explicit then
depends upon the structure of (H!)i as an abstract G-module. For example, if
T =70, then (H!)y = X K,s has a very explicit structure and such an approach
can be used to prove that ETNC(Q(0) g, Z[G]) implies a natural generalisation
and refinement of the conjectures formulated by Gross in [55], by Rubin in [86], by
Popescu in [82] and by Tate in [95] and of the conjecture discussed by Hayward in
[60]. For further details in this regard, and also for details of explicit connections
between this approach and other ‘refined abelian Stark conjectures’, see [19]. (In
the same setting, Macias Castillo has also recently shown that in many cases for
which e, = 0 a variant of the approach of [19] shows that ETNC(Q(0)x, Z[G])
implies a generalisation of Stickelberger’s Theorem in which the values of higher-
order derivatives of L-functions are used to construct annihilators of natural
class groups.) In the context of elliptic curves E and extensions K/Q which
together satisfy condition (B) of Proposition 4.3.1 the same approach shows that
ETNC(h'(E k)(1), Z'[G]) with Z' = Z[}] implies explicit analogues of Theorem
9.2.2 in which £;_, is replaced by an element which interpolates the values at
s =1 of derivativ;es of Hasse-Weil L-functions. This interesting aspect of the

theory will be further developed in a subsequent article.
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10. A HASSE PRINCIPLE FOR MORPHISMS

In this section we prove a natural local-to-global principle for morphisms in
derived categories. This general result will be used in §11 and may well also be
of some independent interest.

10.1. Statement of the result. We fix a Z-order 2 in a finite dimensional Q-
algebra A. For each prime p we set A, := Z, ® A and A, := Q, ®gp A. We also
set ® := D(A) and D, := D(,).

Theorem 10.1.1. (A Hasse Principle for morphisms) Let C} and C5 be bounded
complexes of finitely generated A-modules and, for each prime p, suppose given
an element v, of Homp, (Zy, @ CT,Zy ® C3).

(i) There exists an element vz of Homg(Ct,C3) with Z, ® vz = 1, for all
primes p if and only if for every integer d there exists an element W@é of
Homu(HY(Q® CY), H(Q® C3)) with Q, @q ¢ = Q, @z, H(¢y) for all
primes p.

(ii) If a morphism vy, exists as in claim (i), then it is unique.

(iii) If a morphism vy exists as in claim (i), then it is an isomorphism in D
if and only if ¢, 1s an isomorphism in D, for all primes p.

The proof of this result will occupy the rest of this section.

10.2. A preliminary result. As a first step in proving Theorem 10.1.1 we con-
sider a special case. More precisely, we assume to be given data of the following
kind:-

e for cach i € {1,2} we are given an exact triangle in © of bounded com-
plexes of finitely generated 2A-modules

n— G — Oy — Call]; (42)

e we are also given a commutative diagram of homomorphisms of the form
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Homgp(Cty, C3y) =% Homgp(Ct3, C35)

H |

Homp(CTy, C3) = Homp(CTy, C3) — Homgp(Chy, C33) (43)

o | |
Homp(CTy, C3) — Homgp(Cy, C3,)

in which all unlabelled arrows represent the homomorphisms that are

induced by the relevant exact triangles in (42).

Example 10.2.1.

(i) For each ¢ € {1,2} we suppose that there is a finitely generated 2A-module C;
such that C% = C;[0] and we take C = (Cy)10r[0] and Cfy = (C;)4t[0] respec-
tively. We take a; and a3 in (43) to be the obvious maps that are induced by
the natural isomorphisms Homg(C?Ty, C3;) = Homgy(C1, C2), Homgp(Cty, C3;) =
Homg((C1 tor, Cator) and Homg(Cts, C35) = Homgy(Ch ¢, Co ). We take (42) to
be the triangle induced by the tautological exact sequences

0— (Ci)tor — C; — (Cy)ee — 0.

(ii) For any complex C*® and integer m we write 0<,,C® and o, C*® for the
truncations of C°® in degrees less than or equal to m and in degrees greater
than m respectively (so H'(0<,,C*) = H(C*®) and H'(0%,,C*) = 0 if i < m and
H(0<nC®) = 0and H'(05,C*) = H(C*) if i > m). We suppose given bounded
complexes of finitely generated 2A-modules C7, and C3, and for both ¢ € {1,2}
we set CF 1= 0<;C% and C3 := 0-;,C}, for some fixed integer k. Then we can
take a7 and a3 in (43) to be induced by the functors o< and o~ respectively
and (42) to be the canonical exact triangle which relates o<, C%, C% and 05,C%

(ct. 59, Chap. I, §7, (2)]).

With the above notation, for both j = 1 and 7 = 3 there is a natural commuting
diagram

(] (] A (] [ ]
Homgp(CPy, C3;) —— Hp Homp, (Zp ® C1y, Zy ® C3,)

o | | (44)

A .
Homp(C};,C3;) —— ], Homs, (Z, ® C3;,Z, ® C3;)
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in which A and A are the obvious diagonal maps, and o = [[(Z, ® o).

Proposition 10.2.2. We assume to be given data as in (42) and (43). We also
assume that there exists an integer k such that the following three conditions are
satisfied:-

(a) For both i € {1,2} one has H*(C%) = 0 in all degrees a > k and
H®(C%) =0 in all degrees b < k;

(b) Home(H*(Cty), H*(C3))) is finite;

(c) Homa(H*(Cty), H*(C33)) = 0.

Then for any element 1 of Hp Homp, (Zy @ Cty,Zy @ C3,) one has i € im(A)
if and only if o (¥) € im(A;) for both j € {1,3}, where o and A; are as in
diagram (44).

Proof. For each pair of complexes of 2-modules X*® and Y* we set (X*,Y*) :=
Homgp(X*®,Y*®). Then from the given exact triangles (42) we obtain a commuta-
tive diagram of abelian groups with exact rows and columns

(Ch[,C5) — (Chll],C5) — (Ch1],C%) —  (Ch[1],C3,[1])
(C13,C31) - (C13,C%)  —  (C15,0%) — (C13, €31 [1])
f2

<Cl.27 02.1> - <Cl.2a 02.2> - <01.27 02.3> - <Cf2> 02.1[1]>

[ ] [ ] f [ ] [ ] [ ] [ ] [ ] [ ]
(C11,C31) = (Ch,C3) —  (C1,C33) — <0117021[1D)

(Crs[—1],C3)) — (C13[—1],C3) — (C5[—1],C33) — (C3[—1], C3[1]).

To analyse this diagram we use the following observations.

Lemma 10.2.3.

(i) For any integers r and s with r > s one has (C,[r], C35[s]) = 0.
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(ii) The group (Cts,C3;) is finite.

Proof. There are natural isomorphisms
(Ch[r], O3s[s]) = (O, Cssls — r]) = HO(RHomg(Cy, Os[s — 7)), (45)
and the latter group can be computed by using the spectral sequence

EY? = [ Exth(H'(CH), H*+7(C33)) = HPM(R Homa(CFy, C5]s — 1))
teZ
from [96, II1, 4.6.10]. But condition (a) implies that H'(C$,) = 0 for t > k and
that HITHs5=7(C8;) = 0 for t < k+ (r — s) — q. Hence, since both r > s and
Exth (—, —) = 0 for p < 0, it follows that

0, ifr>s

H(RHomg(C}y,CSls — 7)) =
H Homg(H*(Cfy), HE(CS)), if r = .

Claim (i) is therefore a consequence of condition (c¢) in Proposition 10.2.2.

Claim (ii) is proved by making a similar calculation of (C75,C3;) and then
using both condition (b) of Proposition 10.2.2 and the following fact: for any
finitely generated 2A-modules M and N and any strictly positive integer p the
group Ext} (M, N) is finite. O

Lemma 10.2.3(i) implies that the maps labelled f; and f in the above com-
mutative diagram are bijective. When combined with the given commutative
diagram (43) this fact gives rise to an exact sequence of the form

° ° ° ° (a1,03) ° ° ° °
<Cl37 C21> - <0127 CZZ) ;) <Cll7 C21> S5 <Cl37 CZ3> - Q (46)
with @ := cok((aq,as)).

For each prime p and each set of integers 4, j, r, s we define (ij; rs), := Homp, (Z,®
Cl-'j,
p a precise analogue of the exact sequence (46) with each complex Cl’j replaced

by Z, ® C?,

13

Zp®Cr,). Then by repeating the above argument one obtains for each prime

and hence a natural commutative diagram

(a1,a3)

(C13,C31) — (C1y,C03) ——— (C}1,C3) ©(C13,C33) —  Q

I sen o

[1(13;21), — [1(12;22), —  JI((11;21), @ (13;23)p) — [1Qp



Equivariant Leading Terms and Values 149

in which the products run over all primes p and both rows are exact. To analyse
this diagram we use the following result.

Lemma 10.2.4. If X and Y are bounded complexes of finitely generated 2A-
modules, then for each p the canonical homomorphism Z, ® Homg(X,Y) —
Homp, (Zy @ X,Zy, ®Y') is bijective. In particular therefore, the canonical map
from Homg(X,Y) to Hp Homp, (Zy ® X, Z, ®Y)), where p runs over all primes,
is injective, resp. bijective if Homgp(X,Y') is finite.

Proof. See [22, proof of Lem. 17]. O

In the context of diagram (47), Lemma 10.2.4 implies that @, is canonically
isomorphic to Z, ® @ for each p and hence that the map k2 is injective. In
addition, Lemma 10.2.4 also combines with Lemma 10.2.3(ii) to imply that the
map k; in (47) is bijective. Using these facts the result of Proposition 10.2.2
follows by an easy diagram chase using (47). O

10.3. The proof of Theorem 10.1.1. To prove Theorem 10.1.1(i) we set £(C?)
:={d € Z: HYC?) # 0} and argue by induction on [¢(C?)| + [£(C3)|. If firstly
[4(C?)| + [£(C3)| = 0, then the complexes C},C3,Z, ® C} and Z, ® C3 are all
acyclic and so Theorem 10.1.1(i) is obvious. To deal with the inductive step we
observe first that unless ¢(C7) = ¢(C5) and |[¢(C7)| = 1, then there exists an
integer k such that [((0<xC})|+|(0<xC5)| and |[¢(0=,CT)|+ |¢(0=1C3)| are both
strictly less than [¢(CY)| 4 |¢(C3)|. Hence, if either £(CT) # £(CS) or |[¢(C?)| # 1,
then Theorem 10.1.1(i) can be deduced by fixing such an integer k, applying
Proposition 10.2.2 in the context of Example 10.2.1(ii) (it is easy to check that
the conditions (a), (b) and (c) of Proposition 10.2.2 are satisfied in this setting)
and then using the inductive hypothesis with CT and C3 replaced by 0<,C} and
o<, C3, resp. by 0-;Ct and 0-,C3. On the other hand, if ¢(C}) = ¢(C3) = {d}
for some integer d, then there exist finitely generated A-modules X and Y such
that C? and C3 are isomorphic in ® to X[—d| and Y[—d] respectively. Hence, in
this case Homp(C7, Cy) and Homgp, (Z, ® C7,Z, @ C3) are naturally isomorphic
to Homgy(X,Y') and Homg, (Z, ® X, Z, ®Y') respectively, and so the assertion of
Theorem 10.1.1(i) is equivalent to the following result.

Lemma 10.3.1. Let X andY be finitely generated A-modules and for each prime
p let ¥y, be an element of Homgy, (Zp® X,Zy,®Y). Then there exists an element
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Y of Homy(X,Y') with Z, @ =1, for all primes p if and only if there exists an
element ¢Yg of Homa(Q® X,Q®Y) with Q, ®q g = Q, ®z, 1, for all primes p.

Proof. This follows by applying Proposition 10.2.2 (with £ = 0) in the context
of Example 10.2.1(i) (it is easy to check that the conditions (a), (b) and (c) of
Proposition 10.2.2 are satisfied in this setting). Indeed, in this case Lemma 10.2.4
implies that the map A; in diagram (44) is bijective and so Proposition 10.2.2
implies that Hp 1 belongs to im(A) if and only if there exists an element )¢ of
Homg (X, Yie) with Zy, @ ¥t = (Zp ® a3)(10p) for all primes p. But the existence
of such a homomorphism 1y¢ is easily seen to be equivalent to the existence of a
homomorphism g as in the statement of the lemma. O

This completes our proof of Theorem 10.1.1(i). Further, if the morphism )y
exists as in claim (i), then Lemma 10.2.4 implies that it is unique (and this proves
Theorem 10.1.1(ii)). In addition, it is clear that 1z is an isomorphism in D if
and only if the homomorphism H%(1)z) is bijective in all degrees d. Claim (iii) of
Theorem 10.1.1 thus follows directly from the fact that Z, ® ker(iz) = ker(y)
and Z,®cok(1z) = cok(1)p) for all primes p. This completes our proof of Theorem
10.1.1.

11. TATE MOTIVES OF STRICTLY POSITIVE WEIGHT

In this section we prove Proposition 4.2.6 and the relevant claims in both
Remarks 6.2.4 and 7.1.3.

11.1. The proof of Proposition 4.2.6. At the outset we fix a finite set of
places S of k as in §4.2 and a strictly negative integer r and define a G-module
by setting
+ . -\ —rr7\Gal(C/R)
H: (@Hom(m)(m) Z)

where Gal(C/R) acts diagonally on the direct sum. For each prime p we also set
o 1
Cp,r = RHomZp (RFC(OK,S[EL Zp(T‘)), ZP[_2])

where RFC(OK’S[%],ZP(T)) is the complex of Z,[G]-modules given by the coho-
mology with compact support defined in [23, p. 522]. We assume throughout
that the Chern class maps ch}w and chfm, in (10) are bijective for all odd primes

p.
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Lemma 11.1.1. The complex C3, belongs to DP™(Z,[G]). It is also acyclic
outside degrees 0 and 1 and there are canonical isomorphisms of Z,|G)-modules
of the form.:-

(i) HO(C’;’T) =7, ® Ki1_9,(Ok) if either p is odd, or p=2 and K is totally
imaginary, orp =2 and r = 0,1 (mod 4);
(ii) Hl(C’;ﬂn)tor = Zp ® K_9,(Ok.s) if either p is odd, or p = 2 and K is
totally imaginary, or p =2 and r = 0,3 (mod 4);
(iii) HI(C;’T.)tf >~ Z, ® H if either p is odd, or p = 2 and K is totally
imaginary. In general one has Qy ®z, H'(C3, )i = Qo @ H,T.

Proof. For each prime p set D}, := RPC(OK,S[I%LZ])(T))' Then it is well known
that D3 ., and hence also its (shifted) linear dual Cy ., belongs to DP*™(Z,[G])
and that Dj, is acyclic outside degrees 1,2 and 3 (indeed, for more general
results see [44, Th. 5.1]). One also knows that HS(D;M) is finite and it is
straightforward to show that H* (D3 ) is Z,-torsion-free and, taken in conjunction
with the universal coefficient spectral sequence, these facts imply that Cp . is
acyclic outside degrees 0 and 1. Further, global duality induces (via, for example,
the long exact cohomology sequence of the central column of the diagram in
[22, Prop. 4.1]) canonical isomorphims H?(Cy,) = Hélt(Spec((’)K,g[%]),Zp(r))
and H(C3)ior = Hézt(Spec((’)K,g[%]), Zy(r)) and also A ®z, H'(Cp, )i = A ®g,
@D, H(Kwy, Zy(—r)) where in the last sum w runs over all archimedean places of
K and A is equal to Z, if either p is odd or K totally imaginary and is otherwise

equal to Qo.

Given the above description of H O(C;;,r) the isomorphism in claim (i) results
from the fact that the natural localisation map Ki_9,.(Ox) — Ki-2,(Ok,s) is
bijective (see, for example, [33, Prop. 5.7]), our assumption that chzlm, is bijective
if p is odd and the fact that Chi,, is known to be bijective if either K is totally
imaginary or r = 0,1 (mod 4) and that in all cases Q2 ®z, Ch%,r is known to
be bijective [63, Th. 1]. In a similar way, the isomorphism in claim (ii) results
from our assumption that ch[z,,r is bijective if p is odd and the fact that ch%T is
known to be bijective if either K is totally imaginary or = 0,3 (mod 4) [63, Th.
1]. Lastly, the isomorphisms in claim (iii) are obtained by combining the above
description of A®z, H 1 (Cyp )1t with the canonical p-adic comparison isomorphism
@D, H (K, Zy(—1)) = Z, ® H (which depends on the choice of a topological
generator of Z,(—r)). O
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The descriptions of Lemma 11.1.1(i) and (iii) combine with [37, Prop. 4.21]
to prove the existence of a (unique) full Z[G]-sublattice N, o of Q ® K;_2,(Ok)
and N, 1 of Q® H, with the property that for both a = 0,1 the maps in Lemma
11.1.1(i) and (iii) induce isomorphisms

a - Zp & Nr,a = HG(C;’T)tf

for all primes p. From the descriptions of Lemma 11.1.1(i) and (ii) we also know
that, for both a = 0, 1, the module @p H®(C} , )tor is finite, where in the sum p

runs over all primes.

Now for any finitely generated G-modules M and N and any strictly positive

integer 7 there is a natural isomorphism
Exthe (N, M) = P Ext}, (Z, ® N, Z, ® M). (48)
plIG|
In particular, for both @ = 0,1 this observation (with ¢ = 1, N = N,, and

M =@, H*(C}, )tor) proves the existence of a finitely generated G-module Ny,
such that for every prime p there exists an isomorphism of Z,[G]-modules

:u;,a : Zp ® N7,‘,a = HQ(C]:,T‘) (49)
which induces on Z, ® (N o)tf the isomorphism p, o fixed above.

By now applying (48) with ¢ = 2, N = NJ qand M = N;,Ov the isomorphisms
[y and pu, ; combine to give an isomorphism

EXt%[G]( r1s N, @EX% c)( (H' (Cpr)s HO(CZ,T))~ (50)
plIG|
Hence we may define an a.t.e. of Z|G]-modules 7, by means of the following

conditions:-

e H* = N, for both a = 0,1;

® ¢, is the element of Eth[G] (H: ,HY) that corresponds under (50) to
@D, Cp. (note that e, is perfect since Cp . belongs to DPe(7,[G]) for
each prlme divisor p of |G|);

e )\, is induced by —1 times the Beilinson regulator map;

o [ _L}(/kS( r)#

With this construction of 7, the descriptions of H? and H} given in Propo-
sition 4.2.6 are an easy consequence of the isomorphisms /‘;w for a = 0,1 and
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the descriptions of H*(Cj ) in Lemma 11.1.1. The proof of Proposition 4.2.6 is
therefore now completed by the following result.

Lemma 11.1.2. ¢*(TQ(Q(r)x, Z[G])) = x(7r).

Proof. By [13, Lem. 2.1], it suffices to prove that for each prime p and em-
bedding j : R — C, one has ¢;(TQ(Q(r)x, Z[G])) = ¢j(¥*(x(7+))) with ¢; the
homomorphism Ky(Z[G],R[G]) — Ko(Zy,[G], Cp[G]) induced by j.

But (5) implies that ¢;(¢*(x(7+))) = [Dj ., Aj] + Lj((S(L*K/k,S(T‘))) with D} . :=
RT(Ok s[3], Zp(r)) and A; : [Cp @z, H' (D} )] [C, @z, H*(Dj )] — 1g,[q) the
morphism in V(Cp[G]) that is induced by (the C,-linear duals of) C, ®g ; A7, and
the image under C, ®z, — of the isomorphisms in Lemma 11.1.1. The required

equality thus follows because [D?

> Aj] is equal to the image under ¢; of the

element

TUQ(r) K, Z|G]) — 6(L i, 5(r))
= (TQ(r)x, Z[G]) = 6(L 15, (1) = (L1 s(r)/ L ji, 50 (7))

Indeed, if G is abelian, then the latter claim can be proved by comparing the
definition of [Djp ., A;] with the definition of TQ(Q(r)k, Z[G]) — 6(L2/k75m (r))
via [25, (9)] and [23, Conj. 4(iii)] and then using [22, (11),(12)] and the fact that
(in the notation of loc. cit.) 1 — Nv™" f, belongs to Z,[G]* for each place v of k
above p. The formalism of virtual objects then allows a direct extension of this
argument to the general non-abelian case. [

11.2. Justifying Remark 7.1.3. In this subsection we prove the equality x(e,,) =
Q_,(K/k) that is used in Remark 7.1.3. To do this we apply Theorem 10.1.1 in
the setting of [22, §4]. We therefore first recall that

Q_(K/k) = X(K(1 ~ 7)) — (Z5) € Ko(ZIC)), (51)

where K (1 —r7) is the perfect complex of Z[G]-module which occurs in [22, (106)]
and Yo is the G-set Hom(K,C). We also recall from loc. cit. that there ex-
ists a perfect complex of Z|[G]-modules A := A(1 — r) with all of the following

properties:-

(a) For each prime p the left hand column of [22, Prop. 4.1] combines with
the isomorphisms 7, and o), of [22, (106), resp. Prop. 4.2] to give an exact
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triangle in D(Z,[G]) of the form
7, Al 5 2,0 K(1— 1) — C, — Z,® A[2];

(b) [22, Prop. 4.2] implies that in each degree i there exists a homomorphism
of Q[G]-modules ¢f, : Q@ H(A) — Q@ H'(K (1 —r)) which makes the
following diagram commute

Qp®o¥h
—

Q, ® H(A) Q,® H(K(1—r))
Hi+1(@p®A) Qp®z, H (¢¥p) Hi(@p(@K(l—T)),

where the vertical arrows are the canonical isomorphisms;
(¢) A is isomorphic in D(Z[G]) to a complex ZY¥ o, — Z¥s — LY, Where
the first term is placed in degree 1 (cf. [22, Lem. 18]).

Property (b) implies that the criterion of Theorem 10.1.1(i) is satisfied with
A =Z[G],Cy = A[l],C3 = K(1 —r) and 9, as in property (a) and hence there
exists a morphism ¢z : A[l] — K(1 —r) in D(Z[G]) with Z, ® 17 = 1, for all

primes p.

Using the terminology of §3, we now fix a representative (¥°, ¢g,¢1) for the
extension class €. defined just prior to Lemma 11.1.2. If X is any complex of
Z|G]-modules which lies in an exact triangle in D(Z[G]) of the form

Al] 2 K(1—r) — X — A2, (52)

then for each prime p there exists an isomorphism A, in D(Z,[G]) which makes
the following diagram commute

Zy o All] 22 7 o K(1—1) — Z,9X — Z,®A[2

H H g H

ZyoAll] Y Z,oK(1-r) — Z,® 0 — Z, o A[2).

Here the upper row is the scalar extension of (52) and the lower row is the exact
triangle induced by property (a) and a choice of isomorphism 6, : Cor EZpy20*
in D(Z,[G]) for which, for both a = 0,1, the composite (Z, @ t,) o H*(,) is
equal to the inverse of the isomorphism s, , in (49). (Note that the existence of
such an isomorphism 6, is an easy consequence of the definition of €;..) Now the
commutative diagram of [22, (115)] combines with the above diagram to imply
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that the criterion of Theorem 10.1.1(i) is satisfied if one takes 2 = Z[G],C} =
X,C5 = V¥* and ¢, = A, for all p and so by Theorem 10.1.1(i), (iii) there
exists an isomorphism X = ¥*® in D(Z[G]) and hence also an exact triangle in
DPe(Z[G]) of the form A[l] — K(1 —r) — ¥* — AJ[2]. By the additivity of
Euler characteristics on exact triangles of perfect complexes one therefore has

X(V®) = x(K(L=7)) = x(Al]) = Qo (K/k) + (ZX) + X(A) = Q_(K/k)

where the second equality is by (51) and the third by the description of A given
in (c) above. Since, by definition, x(e;.) := x(¥®) we thus deduce the required
equality x(er,) = Q_r(K/k).

11.3. Justifying Remark 6.2.4. At this stage it only remains to prove that, as
claimed in Remark 6.2.4, the equality (17) with 7 = 7, refines [33, Conj. 6.12].
(We recall that this observation answers the question raised by Chinburg et al in
33, top of p. 357].) To do this we set A := Z[3] and X, := A® X for any module
X and use the notation of [33] (but with ‘N’ and ‘r’ of loc. cit. replaced by K
and 1 — r respectively). Then [33, Prop. 3.9] implies that the map ch; induces
an isomorphism Kj_9,(Ox s)a = (K7_5, Nker(dy))a. Also each of the modules
Y3 2,7, Divz(Xso)a and Yi_9, o which occur in [33] are projective A[G]-modules.
Hence, for each character ¢ € Irr(G), the diagram of [33, Cor. 6.3] induces a
commutative diagram of A ® O-modules of the form

0 — (Kidr,/\)w - (DiVZ(Eoo)A)w - (Y172T,A)1p — 0
¢Y-ot1 l (¢/)¢0t2l wotgl
0= Yypa — (K g0)" — Kio(Oks)y =0

in which ¢1,%2 and t3 denote t(Y3_9, A, %), t(Divz(Xsc)a, ) and t(Yi—2,a,%) in
the notation of (16), and each vertical arrow in the diagram is injective (and thus
has finite cokernel). We write ¢ for the composite HTlh A~ (HTlmtf)A = H:A —
Yi—2r A — K1-2,(Ok,s)a where the first arrow is the tautological projection, the
second is the isomorphism induced by multiplication by (27i)" and the third is in-
duced by the map ¢ in diagram [33, (6.6)]. Then by applying the Snake lemma to
the above diagram and taking account of both [33, (6.10)] (with V' = V};) and the
equality K_o,(Ok,s)a = K’ 5, 5 one finds that the ideal (A7 (1))g7 (4)~1)a which
occurs in (17) is equal to the image under A ® — of the ideal A(Vy, ¢')qr, (¢') !
which occurs in [33, Conj. 6.12]. Hence, from the conjectural equality (17) with
T = 7, we deduce that the ideal E(Vy,¢') - O in [33, Conj. 6.12] should be
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supported entirely above 2. It is clear that this refinement of [33, Conj. 6.12] is
consistent with the result of [33, Cor. 6.16].

Remark 11.3.1. Generalisations

Let M be any motive defined over k for which both of the spaces H°(k, M)
and H(k, M*(1)) vanish. Then for every prime p, every full Galois stable Z,-
sublattice T}, of H,(M) and every large enough finite set of places S of k it
can be shown that the complex RHomZp(RFC(OkS[%],Zp[G] ®z, Tp), Zp|—2])
belongs to DP*(Z,[G]) and is acyclic outside degrees 0 and 1. If now M has
trivial tangent space (that is, Hqr(M) = FYH4r(M)) and also satisfies certain
standard expectations (including the ‘Coherence hypothesis’ of [23, p. 525]), then
it is possible to mimic the construction of 7, given above to obtain an a.t.e. of
Z|G]-modules 73; with the property that ETNC(Mp, Z[G]) is valid if and only if
X(7ar) vanishes.

12. THE PROOF OF PROPOSITION 4.3.1

Throughout this section we assume the notation and hypotheses of Proposition
4.3.1. To prove this result we adapt the argument given in [21, §1.5.1, §1.7].

For convenience, we shall therefore adopt the notation of [21, §1.5]. In par-
ticular, if ¢ is any odd prime which does not divide disc(K)cond(FE), then we
define a finitely generated (free) Z,[G]-module by setting Dy := Deyq(Ty) =
Ok.q ®z, Derg(Ty(E)) where Ok 4 := Zq @ Ok and Dy 4 is the quasi-inverse to
the functor of Fontaine and Lafaille that is used by Niziol in [80]. For each such
q we also write ¢, for the natural (Z,[G]-equivariant) Frobenius on D,.

We write Syam and Spaq for the (finite) sets of primes which divide disc(K)
and cond(E) respectively and also define S := Siam U Shad-

12.1. Tamagawa factors. We first define the Tamagawa factors of the pair
(W' (E/r)(1), Z|Gal(F/Q)]) which occur in Proposition 4.3.1.

For each prime ¢ we write T;(E) for the ¢g-adic Tate module of E and for each
finite degree Galois extension F' of Q we set Ty p = Z4[Gal(F/Q)] ®z, Ty(E)
which we regard as a (left) module over Gg x Gal(F/Q) in the natural way. For
each prime ¢ we write Qj" for the maximal unramified extension of Qy in a fixed
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algebraic closure Qf and set I, := Gal(Qj/Qp"). We then consider the group

Cy(E, F) := P H(Qu, H' (I, Ty, )tor)
q

where in the direct sum ¢ runs over all primes. This group is finite: indeed,
each summand is clearly finite and it is known that almost all summands are
isomorphic to a subgroup of the direct sum over all characteristic ¢ residue fields
k of F' of the (finite) group of connected components of the special fibre of a
Néron model of £ over « (cf. [57, Exp. IX, (11.3.8)]). We may therefore define
the Tamagawa factor at £ of the pair (h'(E,p)(1), Z[Gal(F/Q)]) by setting

CZ(EaF) = |C€(EaF)|

12.2. Cohomology with finite support. If F' = K, then in the sequel we shall
always abbreviate T r to Ty and set V;, = Q, ®z, T}, (again regarded as a (left)
module over Gg x G in the natural way).

For each pair of primes ¢ and ¢ we write H} (Q¢, T,)BK for the finite support
cohomology group defined by Bloch and Kato in [9]. If ¢ is any prime which does
not divide |G| we then define for each prime ¢ a complex of Z4[G]-modules by
setting

RT 4 (Qq, Ty) := H{(Qq, Ty)Bx[—1].
If condition (B) of Proposition 4.3.1 is satisfied, in which case |G| is a power of
a prime p, then for each prime ¢ we also define a complex of Z,[G]-modules by

setting

Ti T L g2
ROpQeT) =4 7 7

F'D, —%D,, ifl=p

where Fr, is the natural Frobenius in Gal(Q};"/Qy), d)g is the restriction of ¢, to
FODp C D, and in both cases the first term is placed in degree 0. (Note that in
defining RI"¢(Qp,T},) in this way we are using the conditions (B)(ii) and (B)(iv).
For further observations regarding our definitions of the complexes RI'¢(Qy, T5)
see Remark 12.4.2 below.)

We fix a place w of K above £ and write G, for the decomposition subgroup
of win G (which we identify with Gal(K,,/Q)) and I, for the image of I, in G,.

Lemma 12.2.1. For all primes ¢ and q the complex RI'¢(Qy,Ty) belongs to
DP(Z4[G)).
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Proof. If q { |G|, then the algebra Z,[G] is regular and so RI'f(Qy, T,) belongs to
DPe(Z,[G]) simply because H} #(Qe, Ty)BK is a finitely generated Z,|G]-module.

We shall therefore assume that condition (B) is satisfied and restrict to the
case ¢ = p. To deal with the case ¢ = p we note that Ok ), is a free Z,|G]-module
(as p is unramified in K/Q by condition (B)(ii)). Thus both F'D, = Ok, ®gz,
F'Dey p(T,(E)) and D), = Ok Rz, Derp(T,(E)) are finitely generated Z,[G]-
modules that have finite projective dimension and so it is clear that RI't(Qp, 1))
belongs to DP*{(Z,[G]).

If ¢ # pand £ ¢ Sram, then T = Z,[G] ®z, T,(E)" is a free Z,[G]-module and
so the result is also clear. It thus suffices to prove that if (¢ # p and) ¢ € Sram,
then RI';(Qy, T}) is acyclic. To do this we let d0 denote the differential (in degree

0) of RI'¢(Qg,Tp). Then ker(do ) = Gal(@f/ QZ) vanishes and hence it is enough
to show that cok(do,p) vanishes or equwalently7 since both G and cok(dgp) are
finite p-groups, that cok(dzp)g vanishes. Now condition (B)(ii) implies that E
has good reduction at £ and so T = Z,[|G /1)) ®z, Ty(E). The (finite) Zy-module
cok(d?vp)g is therefore isomorphic to the cokernel of the (injective) endomorphism
of the (free) Z,-module T),(E) that is induced by the action of 1 — Fr, ' and so
|cok(d2,p)g| is equal to the maximum power of p which divides detz, (1 — Fr, ' |
T,(E)) in Z,. But the latter determinant is equal to the value at t = 1 of the
Euler factor 1 — (£ 4 1 — |Ey(Fy)|)t + £t> and this value is |Ey(Fy)| which, by
condition (B)(iii), is a unit in Z,,. O

For all primes ¢ and ¢ we write RF(ZS[%],T[]) and RI'(Qy,T;) for the usual
complexes of continuous cochains. Then if either ¢ { |G| or ¢ = p and con-
dition (B) is satisfied, the argument of [21, §1.5.1] gives a natural morphism
wpq @ RU§(Qe, Ty) — RI(Qy, Ty) in D(Z4[G]). Following [21, (1.33)], we define
RT¢(Qg, Ty) to be a complex of Z,[G]-modules which lies in an exact triangle in
D(Z4|G]) of the form

RT(Qe, T,) =% RU(Q, T,) —% RLp(Qp, Tg) — RTp(Qe, T)[1]. (53)

We then define the complex RI'¢(Q,T;) so that it lies in an exact triangle in
D(Z4|G]) of the form

RFf(QT)—’RF(ZS[q = @ RI;(QuT,) — RT4(Q, T[]  (54)
LeSU{q}
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where the /-component of 6 is equal to the composite of the natural localisation
morphism RF(ZS[%], Ty) — RT(Qr, Ty) and the morphism @y .

In each degree ¢ we set H}(Q,Tq) = H'(RT¢(Q,T,)).

Lemma 12.2.2. [f either q 1 |G| or condition (B) is satisfied, then the complex
RT¢(Q,T,) belongs to DP*(Z,[G]). Further, it is acyclic outside degrees 1,2 and
3 and there are canonical isomorphisms

Z,® E(K), ifi=1,
H{(Q,T,) =1 Z ®Sel(E/K), ifi =2,
@ (B(K)or)Y, ifi=3.

Proof. We first consider the cohomology modules. In fact, if either ¢ ¢ {1,2} or
q 1 |G|, then the description of H® +(Q, ;) given above follows immediately from
the argument of [21, p. 86-87]. For the remaining case that condition (B) is
satisfied, ¢ = p and i € {1,2} the argument of loc. cit. gives a canonical exact

sequence of Z,|G]-modules

0— H}Q,T)) — Z ® B(K) — @ H*(Q¢, H' (I, Ty )1or)
les

— H}(Q,Tp) — Zp @ Sel(E k) — 0
and so we must show that H°(Qg, H'(Iy, T})tor) = O for all £ in S. The natural

isomorphism
HO(QZle(IZva)tor) = Zp[G] ®Zp[Gw} HO(K{F: Hl(KwQ?n7Tp(E))tor)

therefore implies that we must prove that H O(Ki,j CHY (K WwQ™, T, (E))tor) van-
ishes for all ¢ in S. Now if £ & Shaq, then the group H'(K,Qp",T,(E)) =
Homeont (Gal(Qf/ K Qy™), Tp(E)) is torsion-free and so the result is clear. On
the other hand, if ¢ € Spaq, then condition (B)(ii) implies that ¢ ¢ Siam.
This implies K{Uj = K, and K,Q}" = Q)" and hence we must show that
HY(Ky, HY (I, Ty(E))tor) = 0. But Gy, is a p-group and so this is true be-
cause HO(Ky, H (I, Ty(E))tor)* = HO(Qq, H'(I;, T,(E))tor) = 0, where the
last equality follows from condition (B)(v) (and the definition of c,(E,Q)).

At this stage it suffices to prove that RI';(Q,T,) belongs to DP*(Z,[G]). If
q 1 |G, then Z,[G] is regular and so RT'¢(Q, T,) belongs to DP*'{(Z,[G]) by virtue
of the fact that each module H f((@, Ty) is a finitely generated Z,[G]-module (which
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is zero for almost all 7). Lastly, if ¢ = p and condition (B) is satisfied, then (g
is odd so) each complex RF(ZS[%],TQ) and RI'(Qy,T,) belongs to DP*{(Z,[G])
(see, for example, [44]) and so Lemma 12.2.1 combines with the exact triangles
(53) and (54) to imply that the same is true of R ¢(Q, Ty). O

12.3. An auxiliary a.t.e. We assume first that condition (B) of Proposition
4.3.1 is satisfied. Then G is a p-group and so, if p € Spec(A), then Lemma 12.2.2
combines with (48) to give a canonical isomorphism

Extie (A @ Sel(E/k), A © B(K)) = Ext (H}(Q,T,), H}(Q, T,)).  (55)
Now the cardinality of F(Q)i = E(K)G, is prime to p by condition (B)(iii).

tor
Hence (since G is a p-group) the cardinality of E(K )i is also prime to p and so
Lemma 12.2.2 implies that RI"¢(Q,T}) is both perfect and acyclic outside degrees
1 and 2. We may therefore define an a.t.e. of A[G]-modules 7" with the following

properties:-

(a) HY = (A® E(K)) ® (A® (BE(K)tor)") and HY, = A @ Sel(E ) );

T

(b) €, is the element of
Ext} g (Hy, HY) = Ext3 o) (A ® Sel(E) k), A @ B(K))

that corresponds under (55) to the shifted complex RI'¢(Q,T})[1];
(¢) A is induced by the Néron-Tate height pairing;
(d) (L£%)y = L*(E,,1) for each ¢ € Irr(G).

If on the other hand either condition (B) is satisfied and p is invertible in A or
condition (A) of Proposition 4.3.1 is satisfied, then |G| is invertible in A and so
all groups of the form Exti[G](—, —) vanish. In these cases therefore we simply
let 7/ be the unique a.t.e. of A[G]-modules which satisfies the conditions (a), (c)
and (d) above.

We also set M := h!'(E k) (1) and tar(M) := H'(E/, OF,, ) = Hag(M)/F°
and define a free rank one A[G]-module by setting

Hj \ := A[G] © H(Gal(C/R), Homg (H, (E(C), Z), 2miZ))
> H°(Gal(C/R),Homz( @ Hi(0E,x(C),Z),2wih)),
0:K—C
where the last isomorphism follows from the fact that K is assumed to be totally
real. We also write £ for the Néron model of E over Ok. Then A® H! (., O¢y)
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is a full sublattice of tqr (M) which is also a projective A[G]-module (see Lemma
12.5.1 below) and so we may define an element of K(A[G],R[G]) by setting

&= x(r') + TQM, A[G)) + (HE \,A® H' (Ex, Og );m) — D er.
Zesram

Here m: R®p HE A = R®qtar(M) is the canonical period isomorphism described
by Deligne in [38, §4.1] and for each prime ¢ we set

€q := 0A(Lq(qie1 M, 0)) € Ko(A[G], Q[G]),

where Lq(gigM,0) € ((Q[G])* is the value at s = 0 of the equivariant local
L-factor Ly(gjaM, s) defined in [23, §4.1, Rem. 7).

Lemma 12.3.1. £ belongs to the subgroup Ko(A[G], Q[G]) of Ko(A[G], R[G]).

Proof. We write RQ(M,A[G]) for the image in Ky(A[G],R[G]) of the element
RQ(M,Z]G)) of Ko(Z[G],R[G]) that is defined in [23, §3.4, just before Lem. 7].
Then TQ (M, A[G]) is, by definition, equal to RQ(M, A[G])+6 (LY ). Hence, since
x(7') = [er, A\p] — 6A(LY) and each ¢ belongs to Ko(A[G], Q[G]) it is enough
to show that the sum [e,/, A\] + (HEA,A ® HY(Ex, Og,.); ) + RQ(M, A[G]) be-
longs to Ko(A[G],Q[G]). It is therefore enough to show that the images under
the natural map Ko(A[G],R[G]) — Ko(Q[G],R[G]) of the elements [e;/, \;/] +
(HEA,A ® HY(Ek, Og,. );m) and —RQ(M, A[G]) coincide. But, unwinding def-
initions, it is easily seen that the image of both of these elements is equal to
(Q® E(K),Q® E(K)*; 1)+ (Q ®x HEA,th(M);W) where ¢ is induced by the
Néron-Tate height pairing. OJ

We recall (from, for example, [23, (13)]) that there is a natural direct sum
decomposition of abelian groups

Ko(A[GL,QIG) = € KolZ|G), QG)).

LeSpec(A)

Following Lemma 12.3.1 we may therefore define for each prime ¢ € Spec(A) an
element & of Ky(Z¢[G],Q¢[G]) by setting

E= > &

LeSpec(A)
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12.4. Computation of the elements &,. For each prime ¢ we write t,(V;) for
the tangent space DRy(V,)/F° of V, and ky : Q ®q tar(M) = t,(V,) for the
canonical comparison isomorphism. We also define a space H 1(Qq, ) = Qg®z,
Hf (Qq, T,)BK and write eXpBK tq(Vy) — Hf (Qq, V;) for the isomorphism given
by the Bloch-Kato exponential map. For each embedding j : R — C,; we write
mj: Cq®n HE,A = Cy ®q, tq(Vy) for the composite (C,; ®q, kq) o (Cq ®r ;7). We
also set J, := kq(Zq @ H' (Ek, O¢,.)) C t4(Vy) and let Z, denote the intersection
of eXp (jq) with Hf(@qa )BK tf C Hf(@q, )

In order to state the next result we note that if ¢ { |G|, then Z4[G] is a regular
ring. Hence for any finitely generated Z,|G]-modules X and Y, extension field F'
of Qq and isomorphism of F[G]-modules p : F'®z, X = F ®z, Y we can define
an element cl,(X,Y;u) := ([X][Y]™}, priv) of Ko(Zy[G], F[G]) just as in §6. In
particular, for any finite Z,[G]-module X we may set cly(X) = cly(X,0;0) €
Ko(Z,[G), Q,[G).

Lemma 12.4.1. Recall that in §12.3 we defined for each prime q an element €, of
Ko(A[G], Q[G]) and for each prime q in Spec(A) an element &§; of Ko(Z4|G], Qq[G]).

(i) If q does not belong to S and does not divide 2|G|, then the image of €, in

Ko(Z4|G],Qq[G]) is equal to clq(equ (Jq)/Zq) — cly Hl(Qq, 7)BK/Zg).
(ii) If ¢ € Spec(A) does not divide |G|, then &, is equal to

G+ D dg(HYQu H' (I, Tor)) + >, clg(cok(l — Fr,t | T)1))

2€Spaa\{q} £€Sram\{q}

with £, = 0 if ¢ ¢ S and

& = [clg(H}(Qq, Ty)nr/Zq) + clg(Ag)] — [cly(expg™ (T4) /Z4) + clg(By)]

if ¢ € S, where Ay and By are finite Zy|G|-modules such that cly(Aq) —
cly(Bgq) is equal to 0, resp. to the image of € in Ko(Zq[G], Qq[G]), if
q € Stam, resp. q € Spad.

(iii) If condition (B) is satisfied and p € Spec(A), then &, = 0.

Proof. We first fix any odd prime ¢ which does not belong to S (= Sram U Sbad)-
Then the theory of Fontaine and Messing [46] implies that J, = D,/F°D,. In
this case it is also known that there is a natural short exact sequence of perfect
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complexes of Z,[G]-modules (with vertical differentials)

(0,id) (id,0)
—_—

0 —— D,/F°D, D, ® D,/F'D, D, 0
T (1*¢q’7")T 1—¢qT (56)

id
q Dq 0

0 —— 0 — D,

in which the term D,/ FODq in the first complex occurs in degree 1, 7 is the tau-
tological projection and exp]q3K maps the cohomology in degree 1 of the second
complex bijectively to H} (Qq, T;)Bk- Now the differential 1 —¢, of the third com-
plex in (56) is injective and so the associated long exact sequence of cohomology
gives both an inclusion expP¥(J;) C H}(Qq, T,)BK (so that Z, = expP¥(7;)) and
an isomorphism H} (Qq: Ty /expg™ (Tq) = cok(1 — ¢q | Dy). To deduce claim
(i) from this we therefore need only note that if also ¢ 1 |G|, then the descrip-
tion of Ly(gigM, s) in terms of the action of 1 — ¢, on Q; ®z, D, implies that
—clg(cok(1l — ¢4 | Dy)) is equal to the image of €, in Ko(Z,4[G], Qq[G]) (cf. [23,
§4.1, Rem. 7]).

To prove claim (ii) we fix a prime ¢ in Spec(A) with ¢ 1 |G| and set
C = RU(R,T,) & RT (Qy, Ty) = H*(Gal(C/R), T,)[0] & H' (RT 4(Qq, Ty))[-1].

Then the definitions of RFC(ZS[%], T,) and RI'#(Q,T;) combine to give a natural
exact triangle in DP*'(Z,[G]) of the form
1 .
RUo(Zs[ ], Ty) = RUf(Q.T;) - CF @ P rry@Q.1,)—. (57

teS\{q}
For each embedding j : R — C, we write ¢; for the induced embedding of rela-
tive K-groups Ko(A[G],R[G]) — Ko(Z4|G],Cy[G]). Then the very definition of
RQ(M, A[G]) makes it clear that
1
L (RQU(M, Z|G])) = [RFC(ZS[g]aTq)aeq] € Ko(Z4[G), Cy[G])

where the morphism 6, : [C, ®z, RTC(ZS[%],TQ)] — 1¢, (@) s constructed using
(57), the canonical comparison isomorphisms associated to M and the morphism
Aj 1 [Cy®z, RT¢(Q, T,)] — 1¢, | that is induced by the displayed exact sequence
in the proof of Lemma 12.2.2 and the image under C; ®g ; — of the Néron-Tate
height pairing. On the other hand, the definition of the a.t.e. 7/ in §12.3 implies
that

tj(lerr, M) = [RT£(Q, Ty)[1], 7] = —[RT#(Q, Ty), Aj] € Ko(Zg[G), C4[G]).
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Now, as recalled in the proof of Lemma 12.3.1, TQ(M, A[G]) = RQ(M, A[G]) +
OA(L%) and therefore [e;/, A\p/] + RQU(M,A[G]) = x(7') + TQ(M, A[G]). Hence,
upon combining the above displayed formulas for ¢;(RQ(M, Z[G])) and ¢;([e;7, A]),
making an explicit comparison of all of the maps involved and taking account of
the remark which immediately follows [23, (24)] one finds that

L(x(r') + TQM, A[G])) (58)
= tj([er, Ar] + RQ(M, A[G]))
= —cly(Z, ®a HBA,H (Qq, Ty)BK; expy ™ o ;)

+ Z tj(€r) Z CIQ(Hf(Q€7Tq)BK)~

tesSu{q} teS\{q}
One also has
cly(Zy @a HE 5, Hi(Qq, Ty)BK; expg - 0 ;)
=t (Hf 2, A @ H' €k, Og, )5 m))
+clg(Zq ® H' (Ex, Ogy ), H (Qq, Ty)BK; €xpy - 0 Kig)
=4 ((H 5 A @ H €k, O, )i m))
+clg(expg ™ (Jq) /Zq) — clg(Hf(Qq, Ty)BK /Zy)-
In addition, for each ¢ € S\ {q} the exact sequence
0 — cok(1 —Fr, " | T7¢) — H}(Qp, Ty)k — H(Qg, H' (I, Ty)tor) — 0
of [21, (1.38)] combines with [23, Rem. 7] to imply that

cly(Hf(Qe, Ty)Bk) + tj(er) = clg(H*(Q, H' (I, Ty)tor))-

Taking account of these formulas, and noting that H%(Qq, H'(Iy, T})tor) vanishes
for every £ ¢ Spaq, it is straightforward to check that (58) implies the explicit
formula for £, given in claim (ii).

To prove claim (iii) we now assume that condition (B) is satisfied, that ¢ = p
and that p € Spec(A) (the latter condition being automatically satisfied if, for
example, A = Z[1]). Then Lemmas 12.2.1 and 12.2.2 combine to imply that
there is an exact triangle of perfect complexes of Z,[G]-modules of the form (57)
(here we are also using the fact that p is odd). In addition, our assumptions
(B)(ii) and (B)(iv) on p together imply that p ¢ S and hence both that there is
a short exact sequence of perfect complexes of the form (56) with ¢ = p and that
tip(Zp ® HY (E, Og,.)) = D,/ FOD,. By using these facts an argument similar to
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the above shows that if j is any embedding R — C,, then the correct analogue
of (58) is the formula

L (x(7') + TQ(M, A[G])) (59)
= — (Zp ®a HE,A’DP/FODM ;) + Z Lj(€e)
eesram
=— ((Hf o\, A® H' (Ex, O )im) + > 15(er),
éesram
or equivalently, ¢;(§) = 0. It is therefore clear that £, = 0, as required. O

Remark 12.4.2. Finite support cohomology

The second complex in the sequence (56) is naturally quasi-isomorphic to the
0

complex FODq 4, D, in which the first term occurs in degree 0. In addition,
it is acyclic in degree 0 and so equBK induces a quasi-isomorphism from it to
the complex H} (Qq, Ty)BK [—1]. This shows that for any odd prime ¢ which does
not belong to S it is possible to define the complex RI'f(Qq,T;) introduced at
the beginning of §12.2 in exactly the same way as we defined RI'¢(Q,,7},) under
condition (B).

12.5. Completion of the proof.

Lemma 12.5.1. Under the conditions of Proposition 4.3.1 the A|G]-module A ®
HY(E, Og,.) is projective of rank one and in Ko(A[G],R[G]) one has

(Hp po A @ H' (Ex, Og,);m) = Sa((UE) YD1 (1)71)y)-

Proof. Under either condition (A) or (B) of Proposition 4.3.1 the highest common
factor of cond(FE) and disc(K) is invertible in A and so £k A is isomorphic to
Ok A xz € where £ is the Néron model of E over Z (cf. [2, Cor. 1.4]). Hence
A ® HY(Ek,Og,.) is isomorphic as a A[G]-module to Ok ® HY(E,Og). Thus,
since either |G| is invertible in A (under condition (A)) or K/Q is tamely ramified
(under condition (B)), Noether’s Theorem implies that the A[G]-module Ok a,
and hence also O A ® H'(E,0¢) 2 A ® H' (€, Og,.), is projective of rank one.
We fix a free (rank one) O [G]-submodule F of Ok 4.

Now, by Serre duality, H'(£,0¢) is canonically isomorphic to the linear dual
HY(&,Q})* := Homg (HY(&,Q}),Z). Further, by choosing Z-bases 6 and ¢ of the
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groups H°(Gal(C/R), Homgz(H:(E(C),Z),2miZ)) and H(E,QL)* and a A[G]-
basis « of F, and then computing the matrix of = with respect to the A[G]-bases
1®6 and a ® ¢ of HEA and F @ H°(E,QL)* one finds that

(Hjpo A @ H'(E, Ogye )i )
= (Hj o, F @ HY(E,9)";7) + (F; Ofc p51d)
=0 ((UE)YM)y) = (F, A[G); #) + (F; Ok a;1d)
=0A((E)"M)y) — Ok, AlG); 7)

where 7 is the canonical isomorphism R ®g K = []gomx,c) R = R[G] (which

)~
) -

exists since K is totally real). It remains to compute the element (Og s, A[G]; 7)
and to do this we use results of Bley and the present author from [8]. Indeed,
if condition (B) is satisfied, then K/Q is tamely ramified and the results of [8,
Cor. 7.7 and Rem. 3.5] combine to imply that (Og,Z[G];7t) = 0((7*(¢)))y). On
the other hand, if condition (A) is satisfied, then |G| is invertible in A and the
results of [8, Cor. 7.6, Prop. 7.1 and Rem. 3.5] can be combined to deduce that
(Ok.n, A[G]; ) = 0A((7*(¥))y). The claimed equality is now clear. O

To proceed we write X for the set of all primes in Spec(A) which do not divide
|G|. We then define A[G]-modules by setting

C%,A(K) = @ [Bq @eXPEK(jq)/Iq]

qgeXNS
and
coa(K) = €D [Aq © H}(Qq, Ty)px/T,)
geXNS
e 69 HOQe H (I, To) & @D cok(l — By " | 7).
ZGSbad\{q} eesra?n\{q]’

Here we use the notation of Lemma 12.4.1 and in the last direct sum ¢ runs
over the finite set of primes in ¥ for which there exists a prime ¢ in Syam \ {¢}
such that the image cl,(cok(1 — Fr; " | quf)) of —ey under the natural projection
K(Z|G],Q|G]) — Ko(Z4|G],Qq|G]) is non-zero. Note that, in terms of the nota-
tion used in Proposition 4.3.1, the last condition is equivalent to asserting that
the image of P(E, K) in ((Q4[G])* = K1(Qq4[G]) does not belong to the image
of the natural map K;(Z,[G]) — K1(Q,[G]). Now whilst c%’A (K) is clearly finite
the module cb A(K) is also finite because for each prime ¢ in Sp,q the direct



Equivariant Leading Terms and Values 167

sum @qEE HO(Qg,Hl(Ig,Tq)mr) is finite (see §12.1). Hence we can define 7 A
to be the a.t.e. of A[G]-modules which differs from 7’ only in the respect that
HY =HY® C%J\(K), H! =H.® 0}57/\([() and

TE,A TE,A

(Lrp e = (L) - QE) W7 (y) H Ly(gia M, 0)y
£E€Sram

= QE) W)Ly (E,9,1)

for each ¢ in Irr(G). A straightforward computation shows that, with this defi-
nition of 7g A, the results of Lemmas 12.4.1 and 12.5.1 combine to imply

X(tBa) = =TQ(h (E/k)(1), A[G) (60)

and hence that all of the claims made in Proposition 4.3.1 are valid.
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