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1. INTRODUCTION

In Sections 2 to 4 of this paper we describe a computation expressing the
L-invariant of Greenberg in an explicit form for the symmetric n-th power for
n < 2 of the Tate module of an elliptic curve over a totally real field F. In
the last section, we generalize our computation to the case where n > 2. Our
result is conjectural if n > 2 in the sense that if we have the expected structure
theorem of the nearly ordinary Galois deformation ring of the symmetric power,
it is likely that the conjecture holds. Indeed, after having written this paper,
the author found a proof (under mild assumptions) of this implication: Conjec-
ture 5.4 (on the structure of the deformation ring) implies Conjecture 1.3, which
can be found in [H09] and [HO7b]. Though the discussion in [H09] and [HO7b]
of the material treated in Corollary 3.5 and Section 5 of this paper is simpler
(and Galois cohomological), we keep our original approach of this paper because
(i) it is intriguing to have two essentially different proofs of Corollary 3.5 (one
automorphic presented in this paper and the other Galois cohomological given
in [HO7b] Corollary 1.11) and (ii) our approach in Section 5 to the factor £(m)
might indicate its independence of m, though the discussion in Section 5 is less
elaborated than the computation in the proof of [H09] Theorem 1.14. Our con-
jecture generalizes the conjecture of Mazur-Tate-Teitelbaum [MTT] in the case of
n =1and F = Q, and our computation generalizes the one by Greenberg-Stevens
[GS1] again in the case of n =1 and F' = Q. A principal point of the conjecture
is that the L-invariant of a power of a Tate curve is basically independent of n.

Let p be an odd prime and F' be a totally real field of degree d < oo with
integer ring O. Order the prime factors of p in O as p1,...,p.. Throughout this
paper, we study an elliptic curve E,r with multiplicative reduction at p; lp > 2
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for j =1,2,...,band ordinary good reduction at p;|p for j > b. When b =0, as a
convention, we assume that E/r has good ordinary reduction at every p-adic place
of F. We assume throughout the paper that E does not have complex multipli-
cation. Some cases of complex multiplication are treated in [HMI] Section 5.3.3.
Take an algebraic closure F of F. Writing pg : Gal(F/F) — GL2(Q),) for the Ga-
lois representation on T, E' ®z, Q, for the Tate module T),F = lgnn E[p"], at each
prime factor p|p, we have pg| Gal(Fy /) ™~ (6 ;‘, ) for an unramified character a.
Let S be the set of prime ideals of O prime to p where E has bad reduction. Let
K /Q, be a finite extension with p-adic integer ring W. We may take K = Q,, but
it is useful to formulate the result allowing other choices of K. We consider the
universal locally cyclotomic deformation p : Gal(F/F) — GLo(R) with a pro-
Artinian local universal K-algebra R having the residue field R/mpr = K. Writing
D, = Gal(F,/F,) and I,, for its inertia group, the couple (R, p) is universal among
the following (p-adically continuous) deformations p4 : Gal(F/F) — GLo(A) for
a local Artinian K-algebra A with A/my = K for its maximal ideal m 4 such that

(K1) unramified outside S, oo and pj;

(K2) for each prime p|p, pA’Gal(Fp/Fp) =~ (0 ans, ) for aap =y mod my with
@A pl1, factoring through Gal(Fy" [up]/Fy") for the maximal unramified
extension F'"/F} (the local cyclotomy condition);

(K3) det(pa) =N for the p-adic cyclotomic character N

(K4) pa = (pp ® K) mod my.

In other words, for any p4 as above, there exists a unique K-algebra homomor-
phism ¢ : R — A such that ¢ o p = p4. Here we have written pp ® K for the
K-linear Galois representation on T,F ®z, K. The existence of the universal
deformation p : Gal(F/F) — GL2(R) can be shown in a standard manner.

We write p|Ga1(F,,/Fp) = (33;) with 4, = ap mod mg. If p = p;, we of-
ten write d; (resp. «j) for &, (resp. ayp,). For simplicity, we write F; for the
pj-adic completion Fy,, of F. Let Ty, = T'; C N(Iy,) C Z, be the group iso-
morphic (by N') to the maximal p-profinite subgroup of the inertia subgroup of
Gal(F}" [upe]/ F}"). Choose a generator vy, = ; € Z,; of I'; and identify W/[[I';]]
with W[X;]] for a variable X; = X, by 7; <> 14 X}. Since p‘Gal(Fj/Fj) >~ (os;)
with §; = a; mod mg, 6ja]71 : 'y — R induces an algebra structure on R over
W[[X;]]. Thus R is an algebra over K[[Xy]ly, = K[[X;]]j=1,.. If we write
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¢ : R — K for the morphism with ¢ o p = (pg ® K), by our construction,
Ker«o) 2 (X17 M 7X€)'

Conjecture 1.1. We have R = K[[X1,..., X.]] = K[[X}]]p[p-

When F' = Q, by a result of Kisin [K] 9.10, [K1] and [K2] 3.4 (generalizing
those of Wiles [W] and Taylor-Wiles [TaW]), we always have R = K[[X,]]. In
general, assuming Hilbert modularity of E and the following condition:

(ai) The FF,-linear Galois representation p = (T,E mod p) is absolutely irre-
ducible over Gal(F'/F[u,)).

Combining results of Fujiwara (see [F] and [F1]) with that of Lin Chen [C],
we can prove R = K[[Xyl],, (see [HMI] Theorem 3.65 and Proposition 3.78).
Instead, by potential modularity proven by R. Taylor and C. Virdol [V], we have
R = K[[Xy]]y, under the following condition stronger than (ai) but without
assuming modularity over F' (see [HO8] Proposition 3.2):

(ns) The image Im(p) C GL2(F),) is non-soluble.

We let 0 € Gal(F/F) act on the three dimensional Lie algebra of SL(2)x
slo(K) = {z € My(K)|Tr(zx) =0}

1 This three dimensional represen-

by conjugation: x — oz = pg(o)zpg(c)”
tation is written as Ad(pg) and called the adjoint square representation of pg.
We have Ad(pg) = Sym®?%(pp) @ N 71 = Sym®?(pg)(—1). By using a canonical
isomorphism between the tangent space of Spf(R) and a certain Selmer group of

Ad(pg), we get

Theorem 1.2. Assume Conjecture 1.1. Suppose that the Hilbert-modular elliptic
curve E has split multiplicative reduction atp; for j =1,2,...,b (b < e) with Tate
period q; at p; (in [T]) for j < b and has ordinary good reduction at p; with i > b.
Then for the local Artin symbol [p, Fj] = Froby, and the norm Q; = Nr;0,(4),

we have
L(Ind% Ad(pg))
T} o (0l ED) | log, (1)
1 ordy(Q5) 0X; isbj>b 1 X=0 [Fi s Qplei((p, Fil)

for local Artin symbol |p, F;].
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Here E(Indg Ad(pg)) is Greenberg’s L-invariant defined in [Gr], and all the
assumptions in [Gr] made to define the invariant can be verified under Conjec-
ture 1.1. The argument in [HMI] Section 3.4 essentially gives this claim, although
in [HMI], we have some seemingly redundant assumptions (to make the book
self-contained). The assumption in the theorem that E has split (multiplicative)
reduction at p; with j < b is inessential, because Ad(pg) = Ad(pr ® x) (for a
K*-valued Galois character x) and we can bring any elliptic curve with multi-
plicative reduction at p; to an elliptic curve with split multiplicative reduction
at p; by a quadratic twist.

We will prove a refined version of this theorem in Section 5.1 as Theorem 5.3.
The following conjecture is a generalization of the above theorem for symmetric

powers of pg:

Conjecture 1.3. Let the notation and the assumption be as in Theorem 1.2.
Suppose that the n-th symmetric power motive Sym®"(Hy(E))(—m) with Tate
twist by an integer m is critical at 1. Then if Ind%(Sym®”(pE)(—m)) has an
exceptional zero at s = 1, we have

L(IndE(Sym® (pg)(—m)))

lo i ; )
(I, 25425 ) £m)  for £0m) € @ if n = 2m with odd m,

log,, (Q; .
H?:l orfll;,((Qi)) Zf n ?é 2m.

If b= e, we have L(m) = 1, and the value L(1) is given by
. . log, (v;
= (D) 05,0
an i>b,j>b X1=Xo==X=0 b [.FZ : Qp]ai([p, Fz])

for the local Artin symbol [p, F;|, where ; is the generator of I'; by which we
identify the group algebra W[L';]] with W[[X;]].

R. Greenberg proved the conjecture for his L-invariant of symmetric powers of
Tate curves F over QQ with multiplicative reduction at p. His proof is well hidden
in his remark in page 170 of [Gr]. C.-P. Mok [M] has computed the analytic
L-invariant of p-adic analytic L-functions (when n = 1) of elliptic curves E,p
(while this paper was being written), following the method of [GS], and his result
confirms the conjecture in some special cases. The expression of the L(pg /) in
[M] and E(Indg pr) here appears to be different, but indeed the two formulas
are equivalent for the following reasons: Though L(s, pg) = L(s,Indg pE), the
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modification (vanishing) Euler p-factor computed over Q following [Gr| (6) and
the corresponding Euler p-factor over F' are different if O/p # F,. Indeed, the
vanishing factor over Q, is of degree 1 for each p|p (at which E has split multi-
plicative reduction) and is given by Hp|p a _1(1 —ap). However over F' at p, it is
of degree f,, := [O/p : Fp], and is given by (1 — af”) =(1-ayp) HliCeﬂfp (1—Cayp).
Thus we have the following identity of the nonvanishing factor

& (Ind% PE) H H O)E+( PE/F H fo)E+ PE/F)
plp,ap=1 1#6% plp.ap=1

under the notation in [H07a] Conjecture 0.1, because f, = Hl#@tf (1—-20¢).
p

Thus the expression of the L-invariant L(pg,r) over F is slightly different from

E(Ind(% pg) over Q, and indeed,

Llppp) = [] fo)L(ndF pp),
p\p,ap—l

since we have limg_,; %5(1308) = L(p)ET(p) Lgﬁl)’(‘{))) conjecturally for p = pg and
Ind% pe- Then our formula as above formulated for L(pg/r) takes the following
shape:
log,, (qp) log,,(qp)
L =JT—=22% (& £(Ind? =|1—===),
(IOE/F) HOI‘dp(Qp) ( ( FpE) Hordp<qp))
plp plp
where ﬁordp(qp) = ordy(Qp). C.-P. Mok [M] has computed the analytic £-
invariant for some Tate curves E over F' following the method of Greenberg—
Stevens and got the formula using ord,(Q,) as above under some assumptions.
His formula confirms the expression in Conjecture 1.3 for n = 1 if we take
E(Ind% pEe) in place of L(pg,p) in [M]. For the same reason, the L-invariant
L(Ad(pE),r) defined for Ad(pg) : Gal(Q/F) — GL3(K) has the following form

(1.1) L(Ad(p);r) = ([ fo)£(1nd% Ad(pp)).
plp

The motive Sym®*(H;(E))(—m) is critical at 1 if and only if the following
two conditions are satisfied:

e 0 <m < n;
e cither n is odd or n = 2m with odd m.

We will make in the text one more conjecture (with less ambitious goal in appear-
ance) similar to Conjecture 1.1 for the deformation ring of p, o = Sym®"(pg)
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which is closely related to the above conjecture (see Conjecture 5.4). The value
L(m) with m > 1 can be conjecturally given by a formula similar to (but more
complicated than) the formula of £(1) in terms of the universal nearly ordinary
deformation of py, 0. There is a wild guess asserting that £(m) is independent
of m and is given by £(1). We hope to present a general formula for £(m) and

some evidence for this wild guess in our future paper.

Here are some additional remarks about the conjecture:

(1) When n = 2m with even m, the motive associated to Sym®"(pg)(—m) is
not critical at s = 1; so, the situation is drastically different (and in such
a case, we do not make any conjecture; see [H00] Examples 2.7 and 2.8).

(2) The above conjecture is a generalization of the conjecture of Mazur-Tate-
Teitelbaum (see [MTT]) and applies to arithmetic and analytic p-adic
L-functions.

2. GALOIS DEFORMATION AND L-INVARIANT

Here is a theorem proved in [HMI] as Theorem 3.73:

Theorem 2.1. Suppose R = K[[Xy]lp,- Then, if po p = pg, for the local Artin
symbol [p, F] = Froby, we have the following formula of Greenberg’s L-invariant:

L£(nd2 Ad(pp)) = det (W)
Py’

logp(%)
x=0-, [Fy - Qplap([p, Fp])

The statement in [HMI] Theorem 3.73 is

£(Ind2 Ad(pp)) = det (W)
p,p

logp(’Yp)
z=0" ap([p, Fp])

The variable z; is defined by ,([7p, Fy]) = (1 + xp) and has relation (1 + zy)

= (1+ X))@l and thus we get [F, : Qp]_laan)X:O = aan ' Indeed,

by local class field theory, [y, Fpllger = [NE, jq,(7), Q] = [Vp, @) %@ and
for an element o € I, with 0'|ng = [u, Fy] and Np,/q,(u) = 7p, we have
[u,FpHng = [, Q). Thus 8,([u, Fp]lF: %)) = §,([vp, Fp)), and on the other
hand, ,([u, Fy]) = (1+ X;) by definition. In other words, we have ,([vp, F}]) =

Sp(p "

las. Also some more conditions are assumed in [HMI] Theorem 3.73 to assure

) = (1 + X))@l This explains the equivalence of the two formu-
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R = K[[Xp]]p|p, but the proof given there is valid only assuming R = K[[Xp]]p|,-
Indeed, the (seemingly redundant) condition (vsl) in [HMI] Theorem 3.73 is equiv-

alent to R = K[[Xy]],), by [HMI] Proposition 3.78.

We recall briefly an F-version (given in [HMI] Definition 3.85) of Greenberg’s
formula of the L—invariant for a general p-adic totally p-ordinary Galois represen-
tation V (of Gal(F/F)) with an exceptional zero. This definition is equivalent to
the one in [Gr] if we apply it to Ind% V' as proved in [HMI] (in Definition 3.85).
When V' = Ad(pg), the definition can be outlined as follows. Under some hy-
pothesis, he found a unique subspace H ¢ H'(Q, Ind(% Ad(pg)) of dimension
e = |{p|p}|. By Shapiro’s lemma, Hl(Q,Indg Ad(pg)) = HY(F, Ad(pg)), and
one can give a definition of the image Hy of H in H'(F, Ad(pg)) without refer-
ence to the induction Ind% Ad(pg) ([HMI] Definition 3.85) as we recall the precise
definition later. The space Hp is represented by cocycles ¢ : Gal(F/F) — Ad(pg)
such that

(1) ¢ is unramified outside p;

(2) c restricted to the decomposition subgroup D, C Gal(F/F) at p|p is
upper triangular after conjugation, and c| p, modulo nilpotent matrices
becomes unramified over Fp[uy~] for all p[p.

This subspace Hp coincides with the locally cyclotomic Selmer group Sel?*(Ad
(pr)) whose precise definition will be given in the following subsection. By the
condition (2), ¢| p,, with a prime p’|p (expressed in a matrix form taking a ba-
sis so that pg = (6 of;, )) modulo upper nilpotent matrices factors through the
cyclotomic Galois group Gal(Fy [pp=]/Fy), and hence c|p,, modulo upper nilpo-
tent matrices becomes unramified everywhere over the cyclotomic Z,-extension
F/F. In other words, the cohomology class [c] is in Selr,_ (Ad(pg)) but not in
Selp(Ad(pg))-

Take a basis {cp}p|, of Hr over K. Write

ap(o)

cp(o) ~ <ag(a) * ) for o € Dyy.

Then ayp : Dy — K is a homomorphism. We now have two e x e matrices with
coefficients in K: A = (ap([p, Fp/]))p,p’|p and B = (Ing('VP’)_lap([W/7FP/]))p,pqp'
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Under Conjecture 1.1, we can show that B is invertible. Then Greenberg’s L-
invariant is defined by

(2.1) L£(nd% Ad(pg)) = det(AB™Y).
The determinant det(AB™!) is independent of the choice of the basis {cp}p.

Let Qs /Q be the cyclotomic Z,-extension, and put Fu,/F for the composite
of F' and Q. Choose a generator v of N(Gal(Fi/F)) C Z, for the p-adic cyclo-
tomic character NV, and identify A = W[[Gal(Fu/F)]] with W[[T]] by v +— 1+T.
The adjoint square Selmer group Selp,_(Ad(T,E) ® (Q,/Z,)) has its Pontryagin
dual which is a A-module of finite type. Choose a characteristic power series
ot (T) € A of the Pontryagin dual. Put L (s, Ad(pg)) = ®*ith (415 — 1).
This p-adic L-function corresponds to the Selmer group Selp, (Ad(pg)*), and
hence we need to use the L(Ad(pg),r) in (1.1) in place of E(Ind%(Ad(pE)) to
describe its property at s = 1. The following conjecture for the arithmetic L-
function Lg”th(s, Ad(pg)) is a theorem (except for the nonvanishing E(Indg Ad
(pE)) # 0) essentially under (mild but possibly restrictive) conditions (see [Gr]
Proposition 4 and Theorem 5.3 in the text for a precise statement):

Conjecture 2.2 (Greenberg). Suppose (ds) and that p is absolutely irreducible.
Then Lgmh(s, Ad(pg)) has zero of order equal to e = |{p|p}| and for the constant
[,(Ind% Ad(pr)) € K* specified by the determinant as in the theorem, we have

Ly (s, Ad(pp))

lim

s—1 (8 — l)d

up to units.

= L(Ad(pg),r)|ISelr(Ad(pg)")]| /!

Note here that Ind% pE is not ordinary in the sense of [Gr| if p ramifies in
F/Q; so, Greenberg made the above conjecture under the extra hypothesis of
unramifiedness of p in F'/Q. In the above conjecture, the modifying Euler factor
at the p-adic places p; of good reduction (j > b):

£ (Ad(p)) = [[(1 = a7 2(Frob) N(p;)(1 — a7 2(Froby))
j>b
does not appear. However, taking the Bloch-Kato Selmer group Sp(Ad(pg)*)
over F' (crystalline at p; for j > b) in place of Greenberg’s Selmer group Selp(Ad
(pE)*) = SelQ(Ind% Ad(pg)*), we have the relation

[1Sel(Ad(pi) )|, %) = £+ (Ad(pr)||Sr(Ad(pe)) | I
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up to p-adic units (as described in [MFG] page 284). Thus if one uses the for-
mulation of Bloch-Kato, we do have the modifying Euler factor in the formula,
and the size of the Bloch-Kato Selmer group is expected to be equal to the
primitive archimedean L-values (divided by a suitable period; see Greenberg’s
Conjecture 0.1 in [HO7a]). Though Selp(Ad(pg)*) = SelQ(Indg Ad(pg)*) by
[HMI] Proposition 3.80, the nonvanishing modification factor 8+(Ind(% Ad(pg))
and T (Ad(pg)) could be different as explained above (1.1); so, we need to use
L(Ad(pg)/r) in place of L:(Ind% Ad(pg)/r) in the above conjecture.

2.1. Selmer Groups. First we recall Greenberg’s Selmer groups. Write F(5) /F
for the maximal extension unramified outside S, p and co. Put & = Gal(F(%) /F)
and &)y = Gal(F(S) /M). Let V be a potentially ordinary representation of &
on a K-vector space V. Thus V has decreasing filtration ]:f;V such that an open
subgroup of I, (for each prime factor p|p) acts on ng/ ngV by the i-th power
N of the p-adic cyclotomic character N'. We fix a W-lattice T in V stable under
&.

Write D = D, C & for the decomposition group of each prime factor p|p. Put
.7:;“V = ng and F, V = ng. We have a 3-step filtration:

(ord) VD F,VDOFSV {0}
Its dual V*(1) = Homg (V, K) ® N again satisfies (ord).

Let M/F be a subfield of F(%) and put &, = Gal(F) /M). We write p for
a prime of M over p and q for general primes outside p of M. We write I, and
I, for the inertia subgroup in &j; at p and q, respectively. We put

A
Ly(A) = Ker(Res : H'(M,, A) — H*(I,, ——)),
p(4) er(Res (My, A) — H (I, f;r(A)))
and
Lg(A) = Ker(Res : H' (M, A) — H'(I4, A)).
Then we define the Selmer submodule in H'(M;,V/T) by

Mq,A )< 1 H(Mp, A)

(22)  Sely(A) = Ker(H'(&, A H L) )

for A=V, V/T. The classical Selmer group of V' is given by Sely;(V/T), equipped
with discrete topology. We define the “minus”, the “locally cyclotomic” and the
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“strict” Selmer groups Sely,(A), Sel}7°(A) and Seli;(A), respectively, replacing
Lp(A) by

L, (A) =Ker(Res : H'(M,,V) — H'(I,, fp_V(A))) D Lyp(A)
LY°(A) =Ker(Res : L, (A) — HY (I o0, .7-':/(14))) CL,(A)
p
L (A) =Ker(Res : L, (A) — H'(M,, %)) D Ly(A),

where I, o is the inertia group of Gal(M,/My[pye]). Then we have
Sel¥“(A) = Res;,;/F(Sele (A)).

Lemma 2.3. Suppose R = K[[Xplly,- Then we have Selp(Ad(pg)) = 0 and
Seli?“(Ad(pp)) = Homg (mp/m%, K).

Proof. Let V = Ad(pg). Then we have the filtration:
VD F,VDFFV {0},

where taking a basis so that pg| D, = (8 a*p ), Fy V is made up of upper triangular
matrices and .7-"; V' is made up of upper nilpotent matrices, and on 7, V/ .7:,;" V, D,
acts trivially (getting eigenvalue 1 for Froby). We consider the space Derg (R, K')
of continuous K-derivations. Let K[e] = K|[t]/(t?) for the dual number ¢ = (¢
mod ¢?). Then writing each K-algebra homomorphism ¢ : R — Kle] as ¢(r) =
¢0(7) + 0p(r)e and sending ¢ to 0y € Derg (R, K), we have Homg_,15(R, K[e]) =
Derk (R, K) = Homg (mp/m%, K). By the universality of (R, p), we have

Hom g1 (R, K [e]) &2 {p: Gal(F/F) — GLa(K|[e])|p satisfies (K1-4)}

1%

by Hompg a1s(R, K[e]) 3 ¢ — pyp = ¢ o p = pg + cdyp. Pick p = p, as above.
Write p(o) = po(0) + p1(o)e with pi(o) = % = 9yp(0). Then c, = (O4p)p5"
can be easily checked to be a 1-cocycle having values in Ms(K) D V. Since

det(p) = det(pr) = Tr(c,) =0, ¢, has values in V' = slp(K'). By the reducibility

H' (Mp,A)
Ly (A)

(K2), [c,] is unramified over Fi,. For q € S, first suppose that E has potentially

condition (K2), [¢,] vanishes in . By the local cyclotomy condition in
good reduction at q. Then pg(/g) is a finite group. Take a finite Galois extension
L/F4 over which E has good reduction. Then the inertia group I of Gal(F4/L)
acts trivially on T, F (see [ST]), and H'(I4/1,V) = 0 because I4/I is a finite group
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(and V is a Qp-vector space). We have the inflation-restriction exact sequence
(made of F'robg-linear maps):

0=H'(I,/I,V) —» H' (I, V) 2% HY(I,V) = Hom(Z,(1), V).

The Frobenius F'robq acts on I and its p-profinite quotient Z,(1) by conjugation.
Restricting ¢, to I, we get a homomorphism of the p-profinite Tame inertia group
¢y : Zp(1) — V compatible with the action of Frobg. Since E has good reduction
over L, after restricting V' to I, the action of Froby on V and on Z,(1) does
not match; so, Res(c,) = 0, which shows that c, is unramified at q. If E has
potentially multiplicative reduction at q € .S, the unramifiedness of c, follows
from the following lemma. Thus the cohomology class [c,] of ¢, is in SelZ“(V).
We see easily that p = p' & [c)] = [cy].

We can reverse the above argument starting with a cocycle ¢ giving an element
of Sel¥“(V) to construct a deformation p. = pg+e(cpg) with values in GLay(K|e]).
Thus we have

{p: Gal(F/F) — GL2(K|e])|p satisfies the conditions (K1-4)}

~

&~ Sel¥°(V).

The isomorphism Derg (R, K) = Sel?“(V) is given by Derg(R,K) 2 0 —
[ca] € Sel¥°(V) for the cocycle ¢y = ¢, = (3p)pg', where p = pg + £(dp). Since
the algebra structure of R over W{[Xy]l, is given by dpay, ! the K-derivation
0 =04 : R — K corresponding to a Ke]-deformation p is a W[[X,]]-derivation if
and only if 8p\Gal(E/Fp) ~ (¢ 6 ), which is equivalent to [cy] € Selp(V'), because
we have already shown that Tr(csp) = Tr(c,) = 0. Thus we have Selp(V)
Deryx,(R, K) = 0.

O IR

Lemma 2.4. Let q be a prime outside p at which E has potentially multiplicative
reduction. Then for a deformation p of pg satisfying (K1-4), the cocycle c,
(defined in the above proof) is unramified at q.

Proof. By our assumption, pE|Ga1(Fq JFy) ~ ("év ;) for a finite order character
n. Since Ad(pg ®n~') = Ad(pg), twisting by a character, we may assume that
the restriction of pg to the inertia group Iy has values in the upper unipotent
subgroup; so, it factors through the tame inertia group = Z(?(1). By the theory
of Tate curves, pg ramifies at q. The p-factor of Z(@ is of rank 1 isomorphic to
Zp(1). Then p(Iq) is cyclic, and therefore dimg p(Iy) = 1 = dimg pr(ly). Thus



L-invariants of Tate Curves 1355

the deformation p is constant over the inertia subgroup, and hence c, restricted
to Iq is trivial. O

Let ppm = Sym®"(pr)(—m), and write V for the representation space of py, .
For each prime q € S U {p|p}, we put
(2.3)

Ker(H'(F;,V) — HY(F;, =Y=)) C Ly,(V) ifq=p; and j <b,
L) = ex(H(Fj, V) = H(Fjy 7)) © Ly (V) if g =pj and j <

Lq(V) otherwise

Once Lq(V) is defined, we define Lq(V*(1)) = Lq(V)! under the local Tate
duality between H!(Fy, V) and H'(F,, V*(1)), where V*(1) = Homg (V,Q,(1))
as Galois modules. Then we define the balanced Selmer group Selp (V') (resp.
Selp(V*(1))) by the same formula as in (2.2) replacing Ly(V) (resp. Lp(V*(1)))
by Lp(V) (resp. Lp(V*(1))). By definition, Selz(V) C Selp(V). We have

Lemma 2.5. If V = p,, ;,, is motivic and critical at s =1,

Selp (V) = 0= mi(e.v) = TT L V) | 1y HA V)
V) 1(V)=0= HY&,V) lgg o) xg )

Proof. Since Selp(V) C Selp(V), the assumption implies Selp(V) = 0. Then the
Poitou-Tate exact sequence tells us the exactness of the following sequence:

o Hl(Flv V) o * *
Selp(V) — HY(®,V) — 2 — Selp(V*(1))*.
’ teslu_{[mp} L(v) ’

It is an old theorem of Greenberg (which assumes criticality at s = 1) that
dlmQF(V) = dlm@F(V*(l))*

(see [Gr] Proposition 2 or [HMI] Proposition 3.82); so, we have the assertion
(V). In [HMI], Proposition 3.82 is formulated in terms of @Q(Indg V) and
@Q(Ind% V*(1)) defined in [HMI] (3.4.11), but this does not matter because we
can easily verify @@(Ind%?) = Selp(?) (similarly to [HMI] Corollary 3.81). O

Here we note that there is an error in the definition of U,,(Ind% V') in [HMI] page
265 at line 8 from the bottom. It has to be the pull back image of F+ H(Q,, V) x
Hom(D, /I, K)" x Hp(Qp, K(1))" € H'(Qp,Y) decomposing Y = Y @ K @
K (1) for the product ) of nontrivial extensions of K by K (1) (see the errata
list of [HMI] posted at the author’s web page for more details).
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2.2. Greenberg’s L—invariant. In this subsection, we let V = Ad(pg). As-
suming for simplicity that F,/Q, is a Galois extension for all prime factors
plp, we recall a little more detail of the F-version of Greenberg’s definition of
C(Indg V) (which is equivalent to the one given in [Gr] if we apply Green-
berg’s definition to Ind%V as explained in [HMI] 3.4.4 without assuming the
simplifying condition). Write &, = Gal(Q,/Q,) and &, = Gal(F,/F}); so,
&, surjects down to Dy. The long exact sequence associated to the short one
Fo VIFSV — V/FFV — V/F, V gives a homomorphism

FoV FoV

F—&—V)QSP _ (Qjab

1
HY(F,, a ’]—"*V

) 2, Hl(va V)/Ly(V)

“j) regarding ;‘}g as the trivial &,-module; so, its

where &, acts on H'(Fp, ;‘i

action on ¢ € Hom (&% fp_v) is given by ¢ +— 7 - ¢(c) = ¢(ror™1). Note that

p 7f+v
canonically
F, V Fo V FoV
Hl }77 p By , ™ Ho Qjab, p ~ Ho ><7 p o~ K2
o ) e Hom(®, ) = Hom( @y 7o)
by ¢ — (qsl(o[;’%) ,&([p, Fp])). Here [z, Fy] is the local Artin symbol. Identi-
fying Hl(Fp, )61’ with Hom(@%b, ;‘i“;), a homomorphism ¢ : Qﬁgb — ;‘;“ﬁ

in Ker(tp) is unramiﬁed; so, the image Yo tp is one-dimensional (those ramified
classes modulo unramified ones). In other words, the image of ¢, is isomorphic
to Fy V/FS V=K.

Suppose R = K[[Xp]|]yp- Then by (V) in Lemma 2.5 (and Lemma 2.3), we
have a unique subspace Hp of H(&,V) projecting down onto

HIm Lp) <—>H Fp’

Then by the restriction, Hgr gives rise to a subspace L of

2
FrV
[[ Hom(egt, 7, v/ 7 v)® =[] Hom(e, 7, v/Fiv) =] ( ;W)
p p i

isomorphic to [],(F, V/ FJ V). If a cocycle ¢ representing an element in Hp is
unramified, it gives rise to an element in Selp(V'). By the vanishing of SelF(V)
-y
]:‘F
(via ¢ = (¢([v, Fp])/ log,(7))p) is surjective. Thus this subspace L is a graph ofa

(Lemma 2.3), this implies ¢ = 0; so, the projection of L to the first factor Hp
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K-linear map £ : [], 7y V/FSV — [1, Fy V/FF V. We then define £(Ind} V) =
det(£) € K. This is a brief description of the direct construction of Hy assuming
normality of F},/Q, for all p|p. The general non-Galois case is treated in pages
273-274 of [HMI] (or Section 1.2 of [HO7b]).

Now we return to the general setting allowing prime factors p|p with non-Galois
extension Fy/Qp. By R = K[[Xy]lpp,
For cocycles ¢ in Hp, (c/[p, mod F, V) is a &,-invariant homomorphism of &,
into K; so, it extends to &,, and hence it factors through &4° = Gal(Qp[p~]/Qp).
Thus c is locally cyclotomic, and we have Hp = Sel¥“(V).

we have dimg Sel?¥“(V) = e by Lemma 2.3.

Let p : &p — GL2(R) be the universal nearly ordinary deformation with

. ko ok _ ap 1. .
p}Dp/ = (0 5p') . Then ¢, = X, ‘X:opE is a 1-cocycle (by the argument proving

Lemma 2.3) giving rise to a class of Hp (by (K2)). The cocycles {cp}, give a
basis of Hp over K (by Lemma 2.3). We have

Sy ([u, Fy]) = (1 + Xp) 5N rap (/108 C0)

for u € OFX, (because N ([u, Fy]) = Nr., /g, (u)~1). Writing

—ap ¥\ _
cp = < Opa > pE1 over Dy,
p
_1dd,

we have ap = 6, ﬁb(:g over Dy, and from this and (2.1) we get the desired

formula of E(Ind% Ad(pg)) in Theorem 2.1 (see the proof of Theorem 3.73 in
[HMI] for computational details).

If one restricts ¢ € Hp to &, = Gal(F®)/F,), its ramification is exhausted
by I' = Gal(Fi/F) (because of the definition of Sel¥“(Ad(pg)) and Hp) giving
rise to a class [c] € Selg_ (V). The kernel of the restriction map: H'(&,V) —
HY(6,V) is given by HY(T, H%(G,V)) = 0 because H(G,,V) = 0. Thus
the image of Hp in Selp_(V/T) gives rise to the order e exceptional zero of
Lo (s, Ad(pg)) at s = 1. We have proved a weaker version of [Gr] Proposition 3:

Proposition 2.6. Suppose R = K[[X,]]

factors of p in F', we have

plp-  LThen for the number e of prime

ordgs—1 L;mh(s, Ad(pg)) > e.
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3. HECKE ALGEBRAS FOR QUATERNION ALGEBRAS

We make some preparation for the proof of Theorem 1.2, gathering known
facts. We assume that F' # Q (otherwise the theorem is known by [H04] and
by Greenberg-Stevens [GS] and [GS1]). Take first a quaternion algebra Dy,
central over F unramified everywhere such that Dy ®g R = Ma(R)" x HY~" with
0<r<1(sor=d mod?2). Let S be an open compact subgroup of GL3(O)
with S = S, x S® such that S, = GL2(0,). For an ideal N C O, we make the

following specific choice of S):
(3.1) s = {(44) € GLy(0W)[c=0 mod N}

for O®) = [1y, Or Then we consider the automorphic variety (either a Shimura
curve (r = 1) or a 0-dimensional point set (r = 0)) given by

Xu(p") = Dg\Dg o /S11(p") 24 Cox,

where Zy = F is the center of Dy, C is a maximal compact subgroup of the
identity component of D¢, and identifying D[()O[O) = Dy ®q Fy with My(Fy) for

all primes [, and S11(p") is given by
{(‘Zg) € S| (‘C’Z) =(ps) modp" with NFj/@p(a/d) =1 mod p”}

for O = [[,01. Let B (resp. Z) be the upper triangular Borel subgroup B C
GL(2) and the center Z C GL(2). Write S11(p™) = o=y S11(p™). Then

B(0p)/S11(5)p = Im(A (Gal(Fy/ ) € Z;

by sending (§ 4) to N, /@p(ad_l) € Z, . Consider M,, = H,(X11(p"), Zp) which is
the Pontryagin dual of H"(X11(p"), Qp/Zy). The Zy,-module M, is a free module
(if » > 0) having the action of the following three type of linear operators:

e Hecke operator T'(n) for each integral ideals n outside p,

e the U(p)-operator given by the double coset S11(p") (B (1)) S11(p™) C D(T,A
(along with U(pp) for the p-component p, € O, of p associated with
Su(™) (%9) S (p™) € D, and U(p) associated with Sy1(p™) (%7 ) S11(p™)
for (a choice of) a uniformizer wy € Oy),

e the diamond operator action (z) coming from (§9) for z € O}

By the above remark on B(O,)/S11(p™)p, the action of (z) for z € 1+pO; factor
through I'y C Z. Let e = limy, . U(p)™ as an operator acting on M,, (U(p) =
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[[,U(py)). Let M2 be the direct summand eM,,. We have natural trace map
M, — M, for m > n compatible with all Hecke operators and all diamond

operators. By the diamond operator action, Mgg;d = @n Mﬁ’”d naturally become
a W/[[I'r]]-module. Here is an old theorem of mine (see [HMI] 3.2.9):

Theorem 3.1. The W{[['r]]-module M2 is free of finite rank over W ([T r]].

Let h be the W|[[I'r]]-subalgebra of EndW[[pF]](Mggd) generated over W{[I'r]]
by T'(n) for all n prime to p and U(p) for all prime factors p of p. Then we have

Corollary 3.2. The algebra h is torsion free of finite type over W{[I'r]|] with
hp/(Xp)pphr pseudo isomorphic to the Hecke algebra of H.(X11(p), W).

Actually if p > 5, h is known to be free over W[[I'r|], and the pseudo isomor-
phism as above is actually an isomorphism (see [HMI] 4.3.9).

We take N to be the prime-to—p part of the conductor of E. Let T be the
local ring of the universal nearly ordinary Hecke algebra h acting nontrivially on
the Hecke eigenform associated to E. Let P € Spec(T)(K) corresponding to pg,
that is, pr mod P ~ (pg ® K). Let ﬁfp = linn Tp/P"Tp for the localization
Tp of T at P. Since pg is absolutely irreducible, by the technique of pseudo
representation, we can construct the modular deformation pr : & — GLQ(’]TP)
which satisfies (K1-4); in particular, det pr = N, because the central character
is trivial. Since F is modular over F', we have the surjective K-algebra homo-
morphism R — T p for the localization-completion 'ﬁ‘p. Since T p is integral and

of dimension e, we have

Corollary 3.3. If R 2 K[[X]ly, then R = Tp.

plp>

The isomorphism R = K[[Xy]],, is often proven by showing R = Tp first (sce
[HMI] Theorem 3.65 and Proposition 3.78).

Take a quaternion algebra Dy such that D1 1= D1 ®@gR = Ma(R)? x Hé—a
with ¢ < 1 and D; is ramified only at p; (among finite places). At pj, we have
a unique maximal order R; in Dy, . Identify Dﬁ&oo) with My (F éploo)). Then we
define S}, (p™) to be the product of Si;(p™)*) and Ry and define

Vi1 (p") = DI\Dy' 4 /S11(0") ZaCoo,

where Cy, is again the maximal compact subgroup of the identity component
of Df . Let Upt)) = [I;51U(py,) for the Hecke operator U(pp) associated
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to 57 (p™) (% ?) 1(p™), and define e; = lim,, .o, U(p®))™ acting on the dual
N, = Hy(Y11(p"™), Zp) of the cohomology group H¢(Y11(p"),Qp/Zy). Put Nog =
lim N,. Then e; and U(p®)) act on Ny. Let Ty = [1pzp, - We go through
all the above process and define hy C Endyp ) (lim e;Ny,) by the W{[I'1]]-
subalgebra generated by T'(n) for all n prime to p and U(p) for all prime factors
p of p. Here U(p1) is associated to Si;(p")w15],(p") C Dy, for (a choice of)
w1 € Ry whose reduced norm is equal to wp,. Since pg (or more precisely, the
corresponding Hilbert-modular automorphic representation 7p with L(s,7g) =
L(s, E)) is Steinberg at p;, by the Jacquet-Langlands correspondence (e.g., [HMI]
2.3.6) combined with the Eichler—Shimura isomorphism (e.g., [PAF] 4.3.4), we
have a Hecke eigenvector fi in HY(Y11(p),Z,) giving rise to E. Then we define
T; to be the local ring of h; acting nontrivially on f;. Let P; € Spec(T1)(W) be

the point associated to pp. We then have a deformation pr, : & — GLo(Tq p) of
pE. Since the central character is trivial, we have det pr, = N.

Theorem 3.4. We have

(1) hy is torsion-free finite over W[[I'1]], and Tl,ﬂ ~ K[[Xo,..., X.]];

(2) pr, restricted to Gal(F1/Fy) is isomorphic to (<) *), where e = %1 is
the eigenvalue of F'roby, on the étale quotient of T E;

(3) There is a surjective algebra homomorphism T/XT — T; inducing an
isomorphism TP/X1TP = Tl,Pl ;

(4) There is a surjective algebra homomorphism T/(U(p1) — )T — Ty send-
ing T'(n) to T(n), where U(py) is given by the action of the double coset
S1i(p™) (5 9) S11(p™) for a prime element @ of p10y, .

Here is a sketch of proof (see [HO0] Proposition 7.1 and [HMI] Corollary 3.57
for a detailed proof). The first assertion follows from construction; in other
words, it can be proven by the same way as the proof of Corollary 3.2. By the
Jacquet-Langlands correspondence, T covers T;. Any Hilbert-modular automor-
phic representation 7 corresponding to a point of Spec(T1)(Q,) C Spec(T)(Q,)
is Steinberg at p; because D; ramifies at p;. Since points corresponding classical
automorphic representations are Zariski dense in Spec(T;), the Galois represen-
tation has to have the form as in (2) (see [HMI] Proposition 2.44 (2)). Thus
the eigenvalue of U(p;) of 7 is +1 and the corresponding Galois representation
has the form as in (2). The assertion (1) implies (3). By (2), U(p1) is either
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+1. Since U(p;) is a formal function on the connected Spf(T1), U(p1) = € is a
constant, which implies (4). O

Note that [w, F1]* = [p, F1] on any unramified abelian extension of Fj for
the ramification index e; of p; over Qp, and hence U(py,) = U(p1)'. By The-
orem 3.4 (3-4) (and Theorem 2.43 in [HMI]), we find U(p1) = 01([w, F1]) =
e+ X10(X1,..., X,) for & € W[[X1,...,X.]], and hence, we get aU(p*’l)y Xy=0 =

%L)fjl)‘xlzo =0 for all j > 2. In other words,

96i([p, Fi]) _ (1R g
(an“’) = (o).
Thus we have

90i([p, Fi) ) _ 991 (lp, F1]) 99:([p, Fi])
(o 0) = PR o (BH0)

Inductively, we can continue choosing a quaternion algebra D; exactly ramifying
at ¢ p-adic places pi,...,p; and D; ®g R = My(R)" x HY" with 0 <7 < 1 and
prove the theorem similar to Theorem 3.4. See [H00] Proposition 7.1 and [HMI]
Corollary 3.57 for the exact statement, which yield the following result given in
[HMI] as Proposition 3.91:

Corollary 3.5. Suppose the Hilbert modular elliptic curve Ep has multiplicative
reduction at py for k =1,...,b and ordinary good reduction at p; for j >b. Then
we have

06,([p, F, b 964 (Ip, Fr)) 95;(Ip, F))
det <3 ) H kan R (0) x det <8ij(0))i>b,j>b'

J —

Although we have given an automorphic proof of the above factorization for-
mula (over p-adic places) of the £-invariant, there is another Galois cohomological
proof, which is discussed in [H09] Section 1.3 and [HO7b] Corollary 1.11.

4. EXTENSIONS OF Q, BY ITS TATE TWIST

Let L be a p-adic field with p-adic integer ring W. We start with an extension
of local Galois modules

0—-K1)—-T—-K—0
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over Gal(Q, /L) for a finite extension L/Q,. This type of extensions (for K = Q,)
can be obtained by the p-adic Tate module T = T, E ®z, Q, of a Tate elliptic
curve E/; with multiplicative reduction.

We prepare some general facts. The following is a slight generalization of [GS1]
Section 2: Let L and K be a finite extension of Q, inside a fixed algebraic closure
Q,/Q, and T be a two dimensional vector space over K on which D := Gal(Q,/L)
acts. We write H'(?) for H'(D,?). By definition, H'(M) = Extjep (K, M) for
a D-module M, and hence, there is a one-to-one correspondence:

nontrivial extensions 1-dimensional subspaces
—
of K by M of HY(M)

From the left to the right, the map is given by (M — X — K) + dx (1) for the
connecting map K = HY(K) X, Hq L(M) of the long exact sequence attached
to (M — X — K). Out of a 1-cocycle ¢ : D — M, one can easily construct
an extension (M — X — K) taking X = M @ K and letting D acts on X by
g(v,t) = (gv+1t-c(g),t), and [¢] — (M — X — K) gives the inverse map.

By Kummer’s theory, we have a canonical isomorphism:

1 ~ [ n
HY(K (1)) = (@LX/(LX)I’ ) @, K.
n

We write v, € H'(K (1)) for the cohomology class associated to ¢® 1 for ¢ € L*.
The class v, is called the Kummer class of ¢. A canonical cocycle &, in the class
vq is given as follows. Define &, : D — pyn by &,(0) = (¢*/P")7=1, which is a
l-cocycle. Then § = lim &, having values in Zy(1) C K(1).

Suppose we have a non-splitting exact sequence of D-modules K(1) — T — K

with the splitting field |, L[y, ¢"/?"] for ¢ € L with 0 < |g|, < 1. We have

proven

Proposition 4.1. If T is isomorphic to the representation o — <Né") 54%‘”),
then for the extension class of [T] € H*(K (1)), we have K[T] = K~,. In partic-
ular, K+, is in the image of the connecting homomorphism H°(K) S, H'(K(1))

coming from the extension K(1) — T — K.

Corollary 4.2. Let E/y, be an elliptic curve. If E has split multiplicative reduc-
tion over W, the extension class of [T'] for the p-adic Tate module T is in Qpyq,
for the Tate period qp € L*.
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Write D = Gal(Q,/Q,) D D. We consider V = Ind}” T := Ind3 T. Then we
have a D-stable exact sequence 0 — F*T — T — T/FTT — 0 such that D acts
by N on FTT. Thus FT is one dimensional. We then have the exact sequence

of the induced modules:
0 — IndY” F4T — Ind}* T — IndP* (T/F+T) — 0.

We put FTV = Ind%p F*T, and define F%V by the maximal subspace of V
stable under D such that D acts on F0V/F+V trivially. In other words, we have
HO(D,V/FtV) = FOV/FHV.

Similarly, we define 7'V C V to be the smallest subspace stable under D such

that D acts on FTV/F1V by N; so, we have

Ho(D,FTV(-1)) = (FTV/F1V)(-1).
Since we have Ind o (T/FFT) = Ind % 1 and Ind¥ 7+7 = Ind¥ 7+ = (Ind? 1)@
N, we find dimg (FHV/F1Y) = dimg (FOV/FTV) = 1, because HO(D,Ind(%p 1)
Hy(D, Ind%p 1) = K. Thus we get an extension
(4.1) 0— Fry/Fy — FOp/Fy — FOY/Fty — 0
of K[D]-modules.

Let K := Kle] = K[t]/(t2) with ¢ < (¢t mod t2). A K[D]-module T is called
an infinitesimal deformation of T if T is K-free of rank 2 and T/ eI 2Tas K [D]-
modules. Since the map ¢ : T—>TcT given by v — ev is Galois equivariant,

we have an exact sequence of D-modules
0T —>T—T-—0

if 7 is an infinitesimal deformation of 7. Pick an infinitesimal character P
D — K* with 1 mod (¢) = 1. Define K (1) for the space of the character .
Obviously, % D — Kis a homomorphism; so, % € Hom(D,K) = HY(K).
Since the extension T is split if and only if % =0, we get

Proposition 4.3. The correspondence K (1)) < % € HY(K) gives a one-to-one
correspondence:

Nontrivial infinitesimal 1-dimensional
<
deformations of K subspaces of H'(K) [’

and we have K[T(1)] = K% in HY(K).
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We have the restriction map Res : H'(D, K(m)) — H'(K(m)) and the transfer
map Tr : H'(K(m)) — HY(D,K(m)). They are adjoint each other under the
Tate duality. Thus we have the cup product pairing giving Tate duality and the

following commutative diagram:

(,y: HYK(1) x HYK) — H*K(1) =K
Tr | T Res I
() :HY(D,K(1)) x HY(D,K) — H*(D,K(1)) = K.

By Shapiro’s lemma (and the Frobenius reciprocity; cf., [HMI] Section 3.4.4), we
get

Lemma 4.4. We have Tr([T]) = [FOV/F1V] € HYD,K(1)) for the class
[T] € HY(K (1)) of the extension K(1) — T — K.

Proof. Decompose D = | | .y, Do; so, ¥ = Homﬁeld(L,@p). Then for 7 € D,
we have o7 = 7,0’ for ¢/ € ¥ and 7, € D. We look at the matrix form of the
induced representation. If the matrix form of T is given by (/8[ g) for a 1-cocycle
¢ : D — K(1), the cocycle giving the extension K (1) «— FOV/F1y - K is
given by 7 — > s &(75)?, which represents the class of Tr([¢]). Here D acts
on the right on Z,(1) = thn ppr following the tradition of right Galois action on
roots of unity ¢ — (°. (]

Corollary 4.5. Let E/p, be an elliptic curve with p-adic Tate module T'. If E
has split multiplicative reduction over W, the extension class of [FOV/F1V] for
Y = Ind(%” T is in QP'YNL/QP (qz) for the Tate period qp € L*.

Proof. We keep the notation introduced in the proof of the above lemma. Con-
sider the cocycle &, (1) = (q}i/ P n)T_l of D with values in j,». Then we have

Tr(6)(0) = [[ @) 17 = TL@d")7"™ = (i, (an) ")
ocEY oceEX
Thus Tr([T]) = [FOV/F1V] is represented by the cocycle ¢ given by lim,, Tr(&,)

for Tr(&,)(7) = (N /q, (qr)/P")™=1, which implies the identity Tr([T]) = N1 g, (a5)-

Note that

HY(D,K) = Hom(D, K) = Hom(D%, K) = K?,
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where the last isomorphism is given by

Hom(D™, K) 5 6 s (W’W’ Q) € K?

for v € Z; of infinite order. This follows from class field theory. Since the Tate
duality {-,-) is perfect, for any line ¢ in H!(D, K), one can assign its orthogonal
complement ¢+ in H'(D, K(1)). Thus we have

Proposition 4.6. Suppose L = Q,. The correspondence of a line in H*(D, K)
and its orthogonal complement in H'(D, K (1)) gives a one-to-one correspon-
dence:

{ Nontrivial extensions } { nontrivial infinitesimal }
— .

of K by K(1) as K[D]-modules deformations of K over D

Normalize the Artin symbol [z, Q)] so that

o N([u,Q]) =u" forueZ,
o [p,Q,] is the arithmetic Frobenius element.

Let 0, = [q,Q,]7'. Then we have (v,,&) = £(o,) for v, € HY(D,Q,(1)) and
¢ € Hom(D,Q,) = H'(D,Q,). Now we are ready to prove the following version
of a theorem of Greenberg-Stevens (cf. [GS1] 2.3.4):

Theorem 4.7. Let E/;, be an elliptic curve with split multiplicative reduction,
and let 1 : Gal(@p/(@p) — vax be a nontrivial character which is congruent to
1 modulo . Let T = T,E ® Q, for the p-adic Tate module T,E of E, V be
the induced Galois representation Ind(%p T and qp € L™ be the Tate period of E.

Then the following statements are equivalent:

d

(a) %(UNL/QP(‘]E)) =0; -

(b) W = FOV/FIYY corresponds to Q,(b) under the correspondence of
Proposition 4.6;

(c) There is an infinitesimal deformation w of W and a commutative dia-

gram:
Q) —— W —= Q)
| | |
Qp(1) w Qps

s —»
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i which the top row is an exact sequence of @;[D]-modules and the ver-

tical map is the reduction modulo .

Proof. Since (7,,&) = &(ay) for € € HY(D,Q,) and v, € H'(D,Q,(1)), applying
these formulas to £ = %, we get (a) < (b) by the definition of the correspondence

in Proposition 4.6.

The equivalence (b) < (c) can be proven in exactly the same manner as in the
proof of [GS1] 2.3.4. Here is the argument proving (b) = (c). Let ¢ be a 1-cocycle
representing 7 for Q = N /g,(¢r). Then D x D 3 (0,7) + C(O’)%(T) € Qp(1)
is the 2-cocycle representing the cup product yoU [@;(w)], which vanishes by (b).
Thus it is a 2-coboundary:

C(U)%(T) = 0¢(0,7) =&(07) = N(0)&(7) — (o)

~2
for a 1-chain £ : D — Q,(1). Then defining an action of o € D on Q, via the
matrix multiplication by (N(()U) C(Uq)z}ﬁgak), the resulting @;[D]—module W fits
well in the diagram in (c).
Conversely suppose we have the commutative diagram as in (c), which can be

written as the following commutative diagram with exact rows and columns:

0 0 0
! ! !

0— Qy(1) — W —Q, —0
| LS
0—Qp(1) — W —Tp—0
1 ! !

0— Q1) —mW—Q,—0
! ! !

0 0 0

The connecting homomorphism d : H(D,Q,(1)) — H?(D,Q,(1)) vanishes be-
cause the leftmost vertical sequence splits. On the other hand, letting dy :
H°(D,Q,) — HYD,Q,) stand for the connecting homomorphism of degree
0 coming from the rightmost vertical sequence, and letting &; : H'(D,Q,) —
H™Y(D,Q,(1)) be the connecting homomorphism of degree i associated to the
bottom row (and also to the top row), by the commutativity of the diagram, we
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get the following commutative square:

H(D,Q,) = Q, —2— HY(D,Qy(1))

| J=

H\(D.Q) —— HYD.Qy(1)).

Since (1) = %, we confirm % € Ker(61). By Proposition 4.1, ¢ is the in

the image of §y. Thus the assertion (b) follows if we can show that Ker(d7) is
orthogonal to Im(dp).

Since V = Ind% T is the p-adic Tate module of the principally polarized abelian
variety A = Resy g, £/, (the Weil restriction), V' is self dual under the polariza-
tion pairing, which induces a self duality of W and also the self (Cartier) duality
of the exact sequence 0 — Q,(1) = W — Q, — 1. In particular the inclusion
¢ : Qp(1) — W and the projection 7 : W — Q, are mutually adjoint under
the pairing. Thus the connecting maps dp : H(D,Q,) — H'(D,Q,(1)) and
61 : HY(D,Q,) — H*(D,Q,(1)) are mutually adjoint each other under the Tate
duality pairing. In particular, Im(dy) is orthogonal to Ker(d). O

Take a prime p|p in F, and let D = Gal(F/Fp) (L = F}) and D = Gal(F,/Q,).
We write Z (resp. I) for the inertia group of D (resp. D).

Lemma 4.8. Let py : Gal(F/F) — GLy(A) be a deformation of pg for an
artinian local K -algebra A with residue field K. Write palp = (§ 6y ) with 64 =
ap mod my. Suppose that ap can be extended to a character a, : D — K*.
If dalr factors through Gal(Fy[up=]/Fy), the character 04 extends to a unique
character gA of D with values in A* such that gA = ap mod my.

Proof. Let ng (resp. Fy") be the maximal abelian extension of Fy (resp. the
maximal unramified extension of F},). Then we have

Fp[ﬂp‘x’} - F;”[upoo] = FPQZT[NPOO] = Fszb-
So Gal(F,QU" [upe=]/Fy) is identified with the subgroup Gal(Q4’/Q% N Fy) of
Gal(Q4"/Qp) of finite index. Since 4 is a character of Gal(FyQU [uy~]/Fyp),
regarding it as a character of Gal((@gb/(@gb N Fy), we only need to extend it to
Gal(@gb /Qp). Since F| pﬁ(@gb /Q, is a finite Galois extension with an abelian Galois

group A, by the theory of the Schur multiplier, the obstruction of extending
character lies in H?(A, A*) (see [MFG] Section 3.3.5). Since 4 = ap mod my,
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the obstruction class Ob(64) = Ob(ay) =0 mod my. Thus Ob(d4) € H*(A, 1+
my). Since 1 4+ my is uniquely divisible (by log : 1 + myg = my4 as K-vector
spaces), we get the vanishing H 2(A,1+m4) = 0 for the finite group A. Then we
can extend d4 to 5A with 5A = ap mod my as proven in [MFG]| Section 5.4. If
¢" is another extension with ¢’ = @, mod my, we find 5,415/ is a character of A,
which has to be trivial by the condition SA = ap mod my. Thus the extension

is unique. O

5. SYMMETRIC POWER OF TATE CURVES

In this section, we state a conjectural formula of the L-invariant of the L-
function of symmetric power p-adic L-functions of elliptic curves with semi-stable
ordinary reduction at p. We prove the conjecture for the adjoint square arithmetic
L-function under mild assumptions (Theorem 5.3).

5.1. A general conjecture and a proof of the theorem. Take an elliptic
curve E' with multiplicative reduction over the finite extension L,qg,. Let T =
T,E ®z, Qp. Let T'(n,m) be the symmetric n-th power of 7" with (—m)-th Tate
twist:

T(n,m) = (Sym®"T)(—m).
We then put V(n,m) = Ind(%p T(n,m). Suppose 0 < m < n. We have a de-
creasing filtration F*X of X = T(n, k) and V(n, k) stable under D = Gal(Q,/L)
so that an open subgroup of the inertia group I of D acts on ]:kX/]:k“X
by the k-th power of the p-adic cyclotomic character. We have F/V(n,m) =
Inde FIT(n,m). Weput F*X = F'X and F~ X = F°X. We define FV(n, m) C
V(n,m) so that FOV(n,m) > FrV(n,m) and %m = (Qp,%)
Similarly, we define 7'V (n, m) C F*V(n, m) so that

FrV(n,m)/F'V(n,m) = Ho(Qp, FV(n,m)(—1)).
Put D = Gal(Q,/Qp).
Lemma 5.1. We have
dimg, FV(n,m)/F"'V(n,m) = dimg, FV(n,m)/F V(n,m) =1
and a Tate extension of D modules

0 — Qu(1) — FOV(n,m)/F 'V (n,m) — Q, — 0.
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.y . FOOV(n,m) .
Moreover, writing q for the Tate period of E, we have Fy(nm) | © Qpyg with

Q = Nrjq,(q) and [%} = Tr([T]) € HY(D,Q,(1)) for the transfer map

Tr: HY(D,Q,(1)) — HYD,Q,(1)).

Proof. Write the representation pp on D as (J(\)f 51‘?) (with respect to the basis
(x,y) and the Tate period ¢ € L). Then the matrix expression of p, o on D with

n—1

respect the basis (z",2" 'y, ...,y") of T(n,m) is given by
Nn nNn—lgq % *
0 anl (n_l)/\/’n72£q e %
Dol e
0 0 0 1
Thus we get an extension Q,(m +1) — F™T'(n,0)/F™+2T(n,0) — Q,(m) of D-
modules on which D acts by (N 7;“ (mﬂ}ﬁ/ " ) . The extension class of the twist:

Qp(1) — ]fnﬁzi:%(—m) — ), is described by the 1-cocycle (m+1)&, : D — Q.

Since (™ (1))71 (%f (mﬁ1)£q> (myt0) = (%/ 51(1)’ we have an isomorphism of D-
modules

F~T(n,m)/FT(n,m) = (F™T(n,0)/F"2T(n,0))(—m) = T.

This proves F~T(n,m)/F+tT(n,m) 2 Q, as D-modules. By induction from L
to Qp, we get

FOV(n,m)/F'V(n,m) = FOV/FY

forV = Ind(%’ T. Then all the assertions follow from Lemma 4.4 and Corollary 4.5.
O

We restate Conjecture 1.3 in a slightly different fashion: Order the prime
factors of p in F as pq, ..., Pe-

Conjecture 5.2. For an elliptic curve E, suppose that E is split multiplicative
at p; for j =1,2,...,b (0 < b < e) with Tate period q; € FjX and has ordinary
good reduction at p; with i > b. Suppose that the motive Sym®"(Hy(E))(—m)
for an integer m with 0 < m < n is critical at 1 (< either n is odd or n = 2m
with m odd). Then if Ind%(Sym@@”(pE)(—m)) has an exceptional zero at s = 1,
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we have

L(IndF(Sym®"(pg)(—m)))

(H?‘:1 i‘;i’;gﬁ) L(m) for L(m) € Qy if n = 2m with odd m,

log,(Q;) .
[T s ifn 7 2m,

where Qj = Np,/q,(q;)- We have L(m) =1 if b= e, and when m = 1, assuming

that R

L(1) = det < ox,

= K[[X]]

plps We conjecture that L(1) is given by

06:([p, F]) > log,, (7:)
i>b,7>b

[ : Qplai([p, Fi])

X1=Xg==X=0 4
i>b

for the local Artin symbol |p, F;].

Here are some more remarks about the conjecture:

(1)

(3)

As we have said, the above conjecture applies to the (often hypothetical)
analytic p-adic L-function of Ly(s,T(n,m)) and the arithmetic p-adic L-
function Lg”th(s,T(n,m)). The analytic p-adic L-function interpolates
the complex L-values of L(1,T(n,m)®¢) (up to a power of the Néron pe-
riod of E and a power of the Gauss sum G(¢)) over finite order characters
e+ Gal(Flup=]/F) — ppo=(Qy).

Write v € Z, for the image under the p-adic cyclotomic character of a
generator of I' = Gal(F/F), and identify Z,[[[']] with Z,[[T]] by v —
1+ T. Then the arithmetic p-adic L-function is defined by

arith _ 1-—s
Lp (S>T(n>m)) - (I)(’}/ - 1)

choosing a characteristic power series ®(T") € Z,[[T]] of the Pontryagin
dual Iwasawa module of Selg ((Sym®"T,E)(—m) ®z, Qp/Zy). Thus in
the arithmetic case, the L-invariant is the one defined by Greenberg in
[Gr]. We will heuristically show in the following section the prerequisites
to have well-defined Greenberg’s L-invariant for 7°(2m, m) with m odd.
As already remarked, if F' = Q, the assumption R = K[[X,]] is shown,
without any other assumptions, by Kisin. If F' # Q, by Fujiwara, this
assertion R = K[[Xy]]y|, is shown under (ds) and (ai).

To prove a stronger version (with additional information) of the theorem in the in-

troduction, we prepare some notation. Let W = Z,,, and write p,, : Gal(F/F,) —

GLy(F,

) (resp. @ : Gal(Fy/F,) — F)) for (p, mod p) (resp. (ap mod p)). We
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consider the representation p,, : Gal(F/F,) — GL2(Z,) = GL(T,E). Here F,/F
is the n-th layer in Fuo; so, [F, : F] = p™ (we exclusively use n for the in-
dex of the n-th layer F), to avoid confusion with the p;-adic completion F}, and
the completion is either denoted by Fj or Fj). Write (R, 0n) for the couple
universal among the following couples (A4, pa) of a p-adically continuous repre-
sentations p4 : Gal(F/F,) — GLy(A) and a local pro-artinian Z,-algebra A with
A/my = F, such that

(W1) unramified outside S, oo and p;

(W2) for each prime factor p|p of F, pA|Ga1(Fn,p/Fn,p) >~ (0ay, ) for any =
ap mod my with ay s, factoring through Gal(Fy[up=]/FyY) for the
maximal unramified extension F)"}/Fy, , (the local cyclotomy condition);

(W3) det(pa) = N for the p-adic cyclotomic character N;

(W4) ps =p, mod my.

Then under (ai) and (ds), the universal couple (R, o) exists. Writing

~ [ * %
Qn’Gal(fn,p/Fn,p) = (0 an,p)

with oy, p = @p mod mg,, we confirm that the character aoypagl Ty = Ry
induces W[[Xy]]-algebra structure on Ro. Since au,p|r, factors through the in-
ertia group Gal(Fy%[pupe]/FyY), it factors through Gal(ng/ F,). Thus we may
evaluate auy,p at [p, Fp]. In particular, we may think of the closed subalgebra
A, of R, generated topologically over W by oy, ,([p, Fp]) for all plp. Since
0, factors through agyp, Ag covers the closed subring Ay of R topologically
generated over W by d,([p, Fy]) for all p|p. If ﬁ(Ind% Ad(pg)) # 0, we have
det(%zfm)pm/ # 0, and Ag is a power series ring of e variables over W; so,
Ao = Ay. Since 90|Gal(F/Fn) is a deformation classified by (R, 0n), we have
a local W-algebra homomorphism m, : R, — Ro. Since Rg is generated by
trace of gg, m, is surjective. Then 7, induces a surjective morphism: A, — Ag;
so, if L'(Ind(% Ad(pg)) # 0, we have A, = Ag = W/[tp]],, for variables ¢,. Let
P € Spec(Ry) be the point corresponding to pg; so, o, mod P 2 pg. Via m,, we
may regard P € Spec(R,,) forn =1,2,...,00. We consider the module of contin-
uous 1-differentials Qg g ®r, A for A =R, /P = W, which will be written as
M 7‘?/ p hereafter (for simplicity). Here the continuity of 1-differentials on R,, over

B is under the profinite topology. As shown in [HMI| proposition 3.87, MOA/W is
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canonically isomorphic to the Pontryagin dual of Sel¥“(Ad(po) ® (Qp/Zy)). Sim-
ilarly, M4 /w18 isomorphic to the Pontryagin dual of Selr, (Ad(po) ® (Qp/Zp))
(because there is no difference between the locally cyclotomic Selmer group and
the standard Selmer group over Fi. If p is unramified in F//Q, M2, / A, 18 isomor-
phic to the Pontryagin dual of Sel$:_(Ad(po) ® (Qp/Zp)) by the same argument
which proves [HMI] proposition 3.87.

We state a stronger version (with additional information) of the theorem in
the introduction. Note here that T'(2,1) = Ad(pg).

Theorem 5.3. Suppose n = 2 and m = 1. Suppose that the Hilbert-modular
elliptic curve E has split multiplicative reduction at p; for j =1,2,...,b (b<e)
for j < b and has ordinary good reduction at p; with i > b. If Conjecture 1.1
holds for pg, then Selp(T(2,1)) = 0 and the formula in Conjecture 5.2 gives the
L-invariant of Greenberg defined in [Gr]. If we assume further the following siz

conditions:

(0) each prime factor p|p is unramified in F/Q (so, p fully ramifies in Foo /F);
(1) o = (po mod pZy) is absolutely irreducible over Gal(F/F|u,));
(2) the semisimplification Ofpolcal(fp /Fy) s the sum of two distinct characters
for each prime factor p of p;
(3) if E has multiplicative reduction at a prime q outside p, p, restricted to
the inertia group Iy at q is indecomposable;
(4) E is semi-stable over O,
(5) One of the following equivalent conditions:
(a) The Pontryagin dual of Sel_(Ad(T,E)®(Qp/Zy)) has no nontrivial
pseudo-null submodule non-null;
(b) HO(T, M;;/A ) =0 for T = Gal(Fy/F).

we have ®UH(T) = TW(T) in Zy[[T]] and

-1

U(0) = L(Ad(pE)/F) Hlogp ) | 1Selp(Ad(T,E) @ Qp/Zp)|

up to units for the characteristic power series ® " (T) of the Pontryagin dual
Twasawa module of Selg, (Ad(T,E) ®z, Qp/Zy). Without assuming the assump-
tion (5), the number ¥(0) is a factor of the right-hand-side of the above formula.
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A formula almost identical to the ones in the above theorem (covering more
general cases of nonadjoint type) have been proven (with a different set of assump-
tions) by Greenberg as [Gr] Proposition 4, but our method of proof is different
via Galois deformation theory (and infinitesimal p-adic calculus).

Here are some more remarks on the theorem:

e We use in place of E(Indg Ad(pg)) the L-invariant L(Ad(pg)/r) in (1.1)
for the reason explained after stating Conjecture 2.2.

e The unramifiedness in the condition (0) is probably inessential (we can
presumably remove it, though we need to replace [p, Fy| in the definition
of Ay, by [wy, Fp] for a prime element w, € F,* which is the universal
norm from Fg , if p ramifies in F/Q wildly). We hope to treat general
cases in our subsequent paper.

e The condition (3) can be removed if we assume the full level lowering
statement at q (in other words, if we assume to have a Hilbert modular
Hecke eigenform of weight 2 of level N/q whose Galois representation is
congruent to pr modulo myy if (3) fails at q, where IV is the conductor of

e In the condition (5), (a)=(b) is easy because H(T', M4

oy A..) is pseudo-
null W[[I']-module (as we will see below) and M2 /A, is isomorphic to
the Pontryagin dual of Selj_(Ad(po) ® Qp/Zy) as already remarked. The
reverse direction is [HMI] Lemma 5.24 (3).

e In [HOO] Theorem 6.3 (4), the second assertion is claimed without assum-
ing the condition (5), but the proof there also requires this condition (so
omission of the condition (5) there is an error).

e The last assertion of the theorem is just the restatement of [HO0] Theo-

rem 6.3 (3).

Proof. At the beginning, to give heuristics for the conjecture, we do not suppose
n=2and m = 1. Let T = T, ®z, Q, for the p-adic Tate module T,F of
E, and put T(n,m) = (Sym®"T)(—m) for 0 < m < n. The global represen-
tation V(n,m) = Ind(% T(n,m) has decreasing filtration F*V(n,m) such that an
open subgroup of the inertia group I, at p acts on F'V(n,m)/FF1V(n,m) by
the i-th power of the cyclotomic character N" and F'V(n,m) C V(n,m). Put
FtV(n,m) = F'V(n,m). Recall D = Gal(Q,/Q,). Let FV(n,m) be the max-
imal D-stable subspace of V(n,m) containing F1tV(n,m) such that any vector
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in FOOV(n,m)/F*tV(n,m) is fixed by D. Similarly, let 11V (n,m) be the mini-
mal D-stable subspace of V(n, m) contained in F+V(n,m) such that D acts on
FtV(n,m)/F'V(n,m) by N. We may regard T as a Gal(F;/F;)-module, and
consider V; = Ind% T. Then again we have fOOVj O F HVj as defined above
(4.1) for L = F;. From [HMI] (3.4.4) in page 263 and the fact that the eigenval-
ues of [p, Fj] on V(n,m) can be 1 or p only for j < b if n # 2m, we see easily
that

@;’-:1 % if n # 2m,

e FOOV; .
=y ifn=2m
@]*1 ]_‘ij

(5.1) FOV(n,m)/FHLV(n,m) =

as D-modules. Fix an index j, and write D = Gal(Q,/L) for L = F;. We
consider the universal couple (R, p) of pg under the conditions (K1-4). Put m; :=
(X1, Xj-1, X2, Xj41,...,Xe) C R = K[[Xj]]j=1,.... Consider Tj(n,m) =
(Sym®*(p)(—=m) mod m;). Write

V(n,m) = (Sym®"p) @ N™™.

Then taking the filtration F?V(n,m) stable under D such that D acts on the
j-th graded piece F'V(n,m)/F TV (n,m) by 5?_2i_2m/\/i.

Pick j < b. Again we consider 17j (n,m) := Ind% Tj(n, m). We put ]-""17]- (n,m)
= Ind%’ ]:+Tj(n,m). We have a D-stable filtration fif}(n,m) C fj(n, m) such
that D acts on the i-th graded piece FiT;(n, m)/F*1T;(n,m) by 5;7_2i_2m/\/i
for the nearly ordinary character

5j = (6] mod (Xl,. . .,Xj_l,XJZ,Xj+1,...,Xe)).

The character §; satisfies §; = a; =1 mod (X;) for the trivial character 1 of D.
Since «; can be extended to1 : D — (@;j, by Lemma 4.8, §; has a unique extension
5;:D—Q, withd; =1 mod (X;) (identifying Q, with Q,[X;]/(X;)?). Thus
we have

ndQP Fﬁz}(rh m)

Qp sn—2m ‘Tn—2m Q
L L — Ind® 572 o §r=2m @ g 1,
£ FtTj(n,m) Fi J Fj

and we have a unique subspace F Ooﬁj (n,m) C %(n, m) such that

FOV;(n,m)/FV;(n,m) = HO(D,%(n,m)/F+§j(n,m)(5;"+2m)),
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The (@p—module fﬂoljj (n,m)/ Ind%’ .7:+1~’j(n, m) is free of rank 1 over @,. Simi-
larly we have a unique subspace F 11]~Jj (n,m) C F +]7j (n,m) such that

Hy(D, .7:+1~/j(n, m)(gj2~+2m_"/\/'71)) = .7:+17j(n, m)/}"nljj(n, m).
Again FHV;(n,m)/F1V;(n,m) is @,—free of rank 1.

Since by the fixed determinant condition (K3), we have the D-equivariant
duality pairing Tj(n,m) X Tj(n,m) — @;(n — 2m), the duality extends to a
D-equivariant duality pairing gj(n,m) X 17]' (n,m) — @;(n —2m), and we have
Fllﬁj(n,m) C Ind% f*@(n,m) given by (fooljj(n,m))J-. The matrix form of
]:oogj(an) i (3;72sz~ *
FUY, (n,m) 0 Fn—2m

the D-representation ) Twist Fooljj(n,m) / _7:11%.

(n,m) by x = 52+2m " then, the quotient Wgnmi( ) has the matrix form
52 FOO; (n,m) OV;(n,m)
< 0 v, ) for ¢; = 65. Then W()(X) is an infinitesimal extension of W()

making the followmg diagram commutative:

Qp(1) ——— FOV;(n,m)/F V;(n,m)(x) —— Qp(¥y)

| ! !

Q1) ——  FVi(n,m)/FVi(n,m) —— Q.
This diagram satisfies the condition (c¢) of Theorem 4.7, and by Lemma 5.1
WillQ Q| _ 5 00(Q Q)| _,_ 99(Q Q)
8Xj X;=0 I an X;=0 an
Write Q; = p®u for a = ord,(Q;) and u € Z;. Then log,(u) = log,(Q;).
Write dj = [Fj : Q] and N; = Np; g, : F;* — Q) for the norm map. Since
[P, Qp)% = [Nj(p), Qp] = [p, Fillgg and [u, Qp)% = [N;(u), Q] = [u, Fj]lgg, we

have

= 0.
X;=0

0[N (a7), Qpl) = 0;([p, F31)*0; ([, F5))
8;([p, Fj))“(1 + Xj)—logp(N([uij]))/logp(w)
= 85([p Fy1)7(1 + X;) 7 0800/ 108 )

(because N ([u, F}]) = u~%). Differentiating this identity with respect to X, we
get from 6j([u7 Fj])‘XjZO = 5([ 7FJ'])’XJ‘:0 - aj([ 7Fj]) =1
09, djlog,,(u)
8X ([Pa i) — m
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From this we conclude

08,00 F)| ;
5.2 AU Al d-11 Nea(Ip. Fs)) 1 =

( ) 8X] X;=0 j ng(fy‘?)a]([pa ]]) Ordp(Qj)’

since a;([p, Fj]) = 1 (by split multiplicative reduction of E at p; with j <b).

We now assume that n = 2 and m = 1. Then T'(2,1) = Ad(pg), and by
Lemma 2.3, Selp(Ad(pg)) = 0, assuming that R = K[[X}]],,. By the formulas
in Theorem 2.1 and Corollary 3.5 combined, we get

Xi:od;l logp(%)ai([p’ Fi])_l

61([ 7FZ])> -1 -1
x det < d;log,(v;)e,([p, Fj]) .
0X; i>b,j>b ‘Xzoj-l;[b ! PRI ’

From this and (5.2), the desired formula follows.

The second assertion of the theorem follows from [Gr| Proposition 3 by Propo-
sition 2.6 if the L-invariant as above vanishes. If the L-invariant does not vanish,
it follows from [HOO] Theorem 6.3 (4) (adding the assumption (5) here). We shall
give a proof of the formula different from that of [HO0] Theorem 6.3 (4) based
on our more recent work [HMI] Theorem 5.27 (because in [HOO] some redundant
conditions are assumed). The Galois representation py : Gal(F/F) — GLa(Zy)
satisfies the assumptions (h1-3) and (sf) of [HMI] Theorem 5.27 by the semi-
stability of F over O, satisfies the assumption (h4) of the theorem by (3) and
satisfies the assumption (aig,,)) by (1); so, we can apply [HMI] Theorem 5.27
to the present setting. Here we have pp = po ® Q,. Let us recall some no-
tation of [HMI]. The couple (R, 0n) = (RE,,0r,) (resp. (Roo,0c0)) is the
locally-cyclotomic universal couple over W deforming pg over Gal(F/F),) (resp.
Gal(F/F,,) studied in [HMI] 3.2.8 (resp. [HMI] Proposition 5.1). Then by [HMI]
Theorem 3.50, if n is finite, R, is free of finite rank over W[[Xp]],,- The de-
formation ring R (over K) is isomorphic to the P-adic localization-completion of

Ro ([HMI] Theorem 3.65) and PR = (Xp)yp-

We identify W[[I']] = W[[T]] via v — 1+ T by choosing a generator y of
I' := Gal(Fw/F). Thus under the notation in Theorem 5.27 of [HMI], taking
W =Z,, we have A =Ry/P = W and

(I)am‘th (T) = Chal“w[[T]] (Moi/W) = CharW[[T]} (Lfo) CharW[[Tﬂ (M(fw),
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where L? = (Ker(m,)/Ker(m,)?) ®r, A and M;‘/B = Qr,/B ®r, Rn/P for
a closed subalgebra B of R,. Recall that the module M f/W is isomorphic to
the Pontryagin dual of Sel“(Ad(po) ®z, Qp/Zp) (cf. Lemma 2.3 and [HMI]
Proposition 3.87). Thus, by Lemma 2.3, the W{[[T]]-module Mé‘}w is pseudo-
isomorphic to Z;, whose characteristic power series is 7. When n = oo, we have
Selfg{; (Ad(po) ®z, Qp/Zp) = Selp,, (Ad(po) ®z, Qp/Zy); so, Lgrith(SaAd(PE)) =
garith(y1=s — 1), Thus, writing ¥(T') = chary (L2 Jw)s We have Parith(T) =
U(T)T°. Again by [HMI] Theorem 5.27, we have ¥(0) # 0.

As shown in [HMI] Definition 5.22, we have a canonical W [[T']]-linear surjective
map M;;‘/An — LA with kernel Xf/An. Indeed, we have L2 = T(M;;‘/An) by
Definition 5.22 in [HMI], and the map MrI:‘/An — L7 is given by x +— Tz. Since

T =~ —1, we have
(5.4) X;‘/An :HO(F,Mf/An) forn=1,2,...,00.

By the universality of R,,, we have the canonical morphism 7, : R, —
R, (m > n) inducing Q"|Ga1(f/Fm) = Tpn © Om- This morphism in turn in-
duces T @ XA P X;;‘/ A,- By [HMI] (5.2.7) (valid for all finite n), if
E(Indg Ad(pg)) # 0, | X 7‘;‘/ A, | is a non-zero constant independent of finite n; so,
X4 A =lim X7, isapseudo-null W([T]]-module; so, ¥(T') = charwry (M2 /5 _)-
This in particular shows that H°(T, M O‘i / Aoo) is pseudo-null as we claimed al-
ready, because ¥(0) # 0 by [HMI] Theorem 5.27. By [HMI] Lemma 5.24 (3),
under E(Ind% Ad(pg)) # 0 and the assumption (5), M2 /A., has no nontrivial
pseudo-null W{[[T]]-module non-null. Moreover, by [HMI] Proposition 5.6, we
have Mo‘i/Aoo/T]WO";/AOo = MJ}AO. Thus, up to units,

98:([p, Fi])

— A —
(5.5) ¥(0) = [Ma,| = ndet( ZHEZD|

for n = |Selp(Ad(po @ Qp/Zp))| = [Qre/w(ix,),, EW(ix,)) Al (cf. [HMI] Proposi-
tion 3.87 and (5.2.6)). Indeed, if W[[zp]],, and W{[ty]],|, are two subrings of R
isomorphic to a power series ring of e variables, we have

ot,
[0 Wyl ERo Al det(5

) X=0 - ’QRO/W“tP”mP ®RO A‘?

and applying this to t, = apa, ' ([p, Fy)) — 1 and X, = apay'(vp) — 1 for our

chosen generator 7, of I'y, we get |M6‘> Ayl = ndet(%ﬁfi])) o The formula
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(5.5) is equivalent to the desired formula by Theorem 2.1, because by (1.1),

der( PRI ctadtor 1] g, (1)1 )

for f; = fp; and the ramification index % of p;/p is equal to 1 under the unram-
ifiedness condition.

In the above proof of the evaluation formula of ¥(0), the assumption (5) is
used only where we relate the value ¥(0) with \Mof} A, |- Without assuming (5),
we can replace M o/:) JAm by its maximal quotient N modulo the maximal pseudo-
null submodule of Mvo/Aoo' Then ¥(0) = |[N/XN| up to units, and Méq/AO =
MA/AOO/T]\/.I'O‘i/AOO surjects down to N/T'N; so, ¥(0) is a factor of

o0

96i([p, Fi])

A _
[ M p,| = ndet( X, ) o’

proving the last assertion. O

By the above proof, heuristics for the conjecture in the cases n # 2m and

n = 2m with m = 1 are clear.

5.2. The global invariant £(m). At the end of this section after some prepara-
tion, we will describe our heuristics for the factorization of the L-invariant (in the
formula of Conjecture 1.3) into the product of the local terms involving the Tate
periods ¢; and the global factor £(m). Thus we study Ad(ppm) and T'(2m,m)
for odd m in this section.

Consider J; = ((1) 51). We then define J, = Sym®"(J;). Since ‘aJia =
det(a) 1 for a € GL(2), we have 'p,, o(0)Jnpno(c) = N"(0)Jy,, where p,o =
Sym®"(pg). Define an algebraic group G,, over Z, by

Gn(A)={ac GLnH(A)’taJnoz = v(a)Jn}

with the similitude homomorphism v : G,, — G,,. Then G, is a quasi-split
orthogonal or symplectic group according as n is even or odd. The representation
pno of Gal(F/F) has values in G,,(Z,). Let S, be the derived group of G,,, and
consider the Lie algebra s, of S,. Then ¢ € Gal(F/F) acts on s, by X
pn0(0) X pro(o)~t. Write this Galois module as Ad(p,). Then we have (cf.
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[HOO] Examples 2.8 and 6.2)

(5.6) Ad(ppp) = T(25,5)-
jodd, 1 <j<n

We study as before the universal Galois deformation ring of deformations of
pn,o With values in G,, (note here that G; = GL(2)). For simplicity, we assume
that

(st) E is semi-stable over O.

Write PE|Ga1(fp/Fp) ~ (BO" ;p) with unramified ap. Start with p,o and con-
sider the deformation ring (R, p,,) which is universal among the following de-
formations: Galois representations p4 : Gal(F/F) — G, (A) for Artinian local
K-algebras A, such that

(K1) unramified outside S, co and p;
Qap, A, * *
N 0 p arap * i )
(K,2) PA|Gal(fp/Fp) o : Lo (ai,ap = By ap, mod my4) with
0 0 anap

aiapl, (i = 0,1,...,n) factoring through Gal(Fy"[upe]/Fy") for the

maximal unramified extension Fy" /Fy for all prime factors p of p;
(Kp3) vopa=N" for the p-adic cyclotomic character N;
(Kn4) pa = pno mod my.

Since py, o is absolutely irreducible as long as E does not have complex multipli-
cation (because Im(pg) is open in GL2(Z,) by a result of Serre) and all aéﬂg*i
for i = 0,1,...,n are distinct, the deformation problem specified by (K, 1-4) is
representable by a universal couple (R, p,,). Write now

bop x -k
0 b1p - %
Prlca®, k) = o
0 0 - 6
with 6;, = ﬂg_ia; mod my4. Note that ,Bg_iafg = N”_iagi_”, because apfy =
N. Write n = 2m — 1 if n id odd and n = 2m if n is even. Since we have a

relation 8; p0p—ijp = N, 8;p : I'y — R for i = 0,1,--- ,m — 1 could induce
an independent algebra structure over W[[I'y]] = W[[X,]]. Thus the number of
variables coming from the inertia character d;, of R, is at most the number of
odd integers j in the interval [0, n].
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Conjecture 5.4. We have

Ry = K[[Xplllp, jrodd, 1< j<n

for variables Xy in particular, dim R, = e -rank S,, = e [”TH]

As we explain later, we have a good reason for indexing the variable Xj ,
by odd integers j € [0,n] if n is odd. Since G; = GL(2) is the spin cover of
G2 = GO(1,2), Conjecture 5.4 is known for 1 < n < 2 in almost all cases by
the result of Kisin and Fujiwara already quoted. An exposition of this type
of results is given in [HMI] as Theorems 3.50, 3.65 and Proposition 3.78. In
[HMI], to make the book self-contained, some redundant assumptions are made
(for example, the condition (sf) in page 183), but the general case follows from
[F] and [F1], or we can reduce the general case to the cases treated in [HMI] by
base-change to a soluble totally real extension of F. Since G3 = GSp(4) is the
spin cover of G4 = GO(2,3) and some progress has been made in [GeT] and [Ti]
towards the identification of Galois deformation rings and GSp(4)-Hecke algebras
(for FF = Q), there is a good prospect to get a proof of Conjecture 5.4 when
n = 3 and 4. More generally, letting n denote an odd integer, the Gpin-cover
én+1 of Gp+1 and the symplectic group G, = GSp(n + 1) are Langlands dual
each other. The symplectic group G,, has associated Siegel-Shimura varieties;
50, if pp+1,0 is modular with respect to Gy, (and each discrete series automorphic
representation of G,,(F) has the associated Galois representation into G,,11), we
know the dimension of the universal locally cyclotomic Hecke algebra to be equal
to e - (“41) as expected. Taylor et al ([CHT] Theorem B and [Ta] Theorem A)
have proved potential automorphy of p, o when F' = Q with respect to én+1.

Let us write m,, for the maximal ideal of R,. Then in the same manner as in
the proof of Lemma 2.3, we get

Lemma 5.5. Suppose Conjecture 5.4. Then we have

Sel?“(Ad(pn,0)) = HomK(mn/m%, K) = Derg(R,K)
9 ~ cyc ..
- . @ @K X,y = . @ SelZ(T'(24, 7))
j:odd,1<j<n p|p ? jrodd,1<j<n

and Selp(T(24,7)) = 0 for odd j with 1 < j < n.

By Lemma 2.5, we also have
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Lemma 5.6. For an odd integer m > 1, we have for primes | of F

HY(F,T(2m,m))
H L(T(2m,m))

Selp(T(2m,m)) = 0 = HY(&, T(2m,m)) =
[

The two lemmas combined verifies the essential prerequisite ([Gr] Conjec-
ture 1) for Greenberg’s L-invariant to be well-defined for T'(2m,m) (under Con-
jecture 5.4), and the rest of the hypothesis in [Gr] (Hypothesis S, T and U in [Gr]

obviously holds in our setting of elliptic curves).

Conjecture 1.1 implies dimg, SelY(T'(2,1)) = e. Then the two lemmas im-
plies (by induction on n) that dimg, Sel¥“(T(24,j)) = e for all odd j and that

we can normalize the variable X;, so that the cocycles { ;ij"p P %} | span
P plp
Sel?(T'(24,7))-

If n is odd (given by n = 2m — 1), we can make another natural choice of the
variables {X p} j.p of Ry,. Recall the upper triangular shape of

So,p * o o
0 61p -
Polca(r, k) = o
0 0 - 8np
with &;, = 8y~ ‘ 1 mod m,. Note that 37~ ‘ ’ = N""a Z " because apﬁp =
N. Thus the characters By~ ‘ Z are all distinct, and hence 61 P (z =1,2,...,n)are
all distinct. We also have the relatlon 0ipOn_ip=N"fori=0,1,...,n. The set

of variables { X’ ,};.0ad,p is induced by & . In other words, 4 p(ﬁ” J ‘,73)

/
14+ Xj,p‘

(’Yp) =

Here is the heuristic supporting Conjecture 1.3. Let m > 1 be an odd inte-
ger, and write ém+1 for the Gpin cover of the orthogonal group G,,+1. Note that
Gont1(C) is the L-group of Gy,,. The Greenberg’s cocycles in Hp=Sel¥*(T'(2m, m))

6mp

for T'(2m,m) (with odd m) can be described in terms of 73 v Lo

, and using

the derivatives gélp JUN a formula similar to the one in Theorem 2.1 holds
for Ad(pm,) (by thiz same reason behind the proof of Theorem 3.73 in [HMI]).
The exact formula is discussed in [H09] Section 1.3. Once an analogue of The-
orem 2.1 is established for Ad(pm.,), a C:’mﬂ—analogue of the result proven for
the Hecke algebras on GL(2) in Section 3 should be also true for Gmi1, be-

cause for primes p; with j < b (at which E has multiplicative reduction), the
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automorphic representation of the Langlands dual C~¥m+1 of Gy, (conjecturally)
associated to pp, o is Steinberg at p;. Then, combined with the argument given in

the proof of Theorem 4.7, we should be able to factorize C(Ind% Ad(pm,)) into
94 p

Xy I x7=0
for £ > b and the local term coming from p, with g < b which is a product of
{70252((82)) }i<p with multiplicity. Since Ad(pm,0) = D;.0ad,0<j<m I'(24: ), We can
factor E(Indg Ad(pm,0)) into the product of £(T'(27,j)). By the argument in the

proof of Theorem 4.7, the local term (for E(Indg Ad(pmp)) and L(T'(2m,m))) is

the product of % as in Conjecture 1.3. If the choice of the variables {X ,}

adjusted to the decomposition in Lemma 5.5 coincides modulo m? with the vari-
ables { X} induced by &;p, we might be able to prove that £(m) = L(1). We
hope to discuss more details of these points in our future papers (see [H09] and
[HO7D]).

the product of a global determinant factor similar to £(1) involving
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