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1. INTRODUCTION

One of the most interesting applications of the Atiyah-Bott-Segal-Singer
fixed point formula is the vanishing theorem of Atiyah and Hirzebruch [AH].
This theorem was vastly generalized to vanishing and rigidity theorems for el-
liptic genera, see [BT], [Lil], [Li2] and [LiM]. The purpose of this paper is to
prove similar results for odd dimensional manifolds. We will first derive fixed
point formulas on odd dimensional manifolds, then we combine them with the
modularity arguments to prove vanishing and rigidity theorems for elliptic gen-
era associated to Toeplitz operators on odd dimensional manifolds. We believe
our results should have applications to the study of topology of odd dimensional
manifolds.
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In Section 2.1, we state an equivariant odd index theorem for Toeplitz oper-
ators and prove an Atiyah-Hirzebruch type theorem for odd dimensional mani-
folds. Rigidity theorems for ellipitc genera on odd dimensional manifolds stated
for Toeplitz operators are given in Section 2.2. In Section 3, the rigidity theorems
are generalized to the nonzero anomaly case. In Section 4, we prove an equivariant
odd index theorem for Dirac operators with involution parity which is a general-
ization of Freed’s odd index theorem in [Fr| and another Atiyah-Hirzebruch type

theorem for odd dimensional manifolds is given.

2. RIGIDITY THEOREMS FOR TOEPLITZ OPERATORS ON ODD DIMENSIONAL
MANIFOLDS

2.1 An Atiyah-Hirzebruch vanishing theorem for odd dimensional man-

ifolds

In this section, we first state a generalization of the equivariant odd index the-
orem for Toeplitz operators proved by Fang in [Fa] (for more details, see [Fa]).
Let X be a closed oriented spin manifold of dimension 2r + 1, with a fixed spin
structure. Let A(T'X) be the canonical complex spinor bundle of X and E be
a complex Hermitian vector bundle with a Hermitian connection V¥. Let D
be the associated twisted Dirac operator which is a self adjoint first order ellip-
tic differential operator acting on I'(A(7TX) ® E) (the smooth sections space of
A(TX) ® E), so it induces a spectral decomposition of L?(A(TX) ® E) which
is the L? completion of I'(A(TX) ® E). Denote by L2 (A(TX) ® E) the direct
sum of eigenspaces of D associated to nonnegative eigenvalues, and by Pt the
orthogonal projection operator from L*(A(TX)® E) to L2 (A(TX)® E). Given
a trivial complex vector bundle CV over X, D¥ and P, extend trivially as op-
erators on ['(A(TX) ® E® CV). Let g : X — U(N) be a smooth map. Then g
extends to an action on N(A(TX)® E®RCY) as Id(a(rx)2E)®9, still denoted by g.

Definition 2.1. The Toeplitz operator associated to DY and g is
T,®F = (P1@Idan)g(Py@Iday) : L2(A(TX)RE@CY) — L2 (A(TX)2E2CY).

It is a classical fact that T, @ I is a bounded Fredholm operator between the given

Hilbert spaces. Next, we will state the equivariant index theorem for Toeplitz
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operators.

Consider a compact group H of isometries of X preserving the orientation
and spin structure. Let F be a H-vector bundle with H-invariant Hermitian
connection. There is a lift of h € H acting on D(A(TX) ® E) which commutes
with DF so it commutes with P,. We also assume that

g(hx) = g(x), for any h € H and any = € X, (2.1)

Then,
(Ty @ EYh = h(T, ® E).
Definition 2.2. The equivariant index associated to Ty @ E and h is
Ind(h,T, ® FE) = tr(hlker(Ty; ® E)) — tr(h|coker(T, ® E)). (2.2)

Let F, be the fixed point submanifolds of X under the action of any h € H and
for simplicity, we assume only one fixed point component F' (the same discus-
sions for many components), and N(F') be the normal bundle of F' in TX. Let
dimF = 2¢gp+1 and dimN(F') = 2s. In any local coordinate system, RN(F) s the
curvature matrix of the bundle N(F') and © is the rotation matix of h acting on
N(F). Let A(F) and chy,(E) be the A characteristic form on TF and the equi-
variant Chern character of E respectively. Let ch(g) be the odd Chern character
of g. The following theorem is a generalization of Fang’ odd equivariant index

theorem, its proof follows the same argument as in [Fa].

Theorem 2.3. We have

= ~ N(F)
YLyt (g) A(F)PE(2sin( e + 1@))}1chh<E>> 7]

Ind(h, T,QF) = (( Ary/—1 ' 2

Next we assume H = S! and let h = e2™ be a generator of the circle group.
Then the tangent bundle TX and E have decompositions into sum :

TX‘F:El@---@ES@TF;E‘F:Ll@"-@LlO, (24)

where E; --- E, are S'-invariant 2-planes and L; - -+ Lj, are complex line bun-
dles. Assume that h acts on E; and L; by e?mm; and e?™e respectively.
Let 2mv/—1y;, —2mv/—1y;, (1 < I < qp) be the Chern roots of TF ® C and
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21/ =1z, —2m/—1xz;, (1 <1 < s) be the Chern roots of NF®C and 27/ -1z, (1 <
v < ly) be the Chern roots of F|r. Now we give the Chern root expression of odd
equivariant index theorem for H = S case.

Ind(h, Ty ® E) = <(_\/jl)qo+1lch(g) lq_OI Y]

27 (—2)s sinmry;

s lo

1
. H sin[m(x; + m;t)]

62w¢fl(cut+zV) [F] (2‘5)
1

Using (2.5), by the same method as in [AH] or [BT], we can prove an Atiyah-
Hirzebruch type theorem for odd dimensional spin manifolds:

Theorem 2.4. Let X be an odd dimensional connected spin manifold which ad-
mits an nontrivial S* action and g : X — U(N) satisfying g(hx) = g(x), for any h €
S and any x € X, then we have

/ A(TX)ch(g) = 0. (2.6)
X

Proof. Let h = ¢?™ be the topological generator of S' where ¢ is a irrational
number. Let I' be the subgroup of S! generated by h, then the closure of T
is S' and fixed point sets F(h) = F(h™) = F(S') for any m € N. Since

indg1 () := [kerT,] — [cokerT}] is a virtual representative space of S, then its
character
N
indo (Ty) = Y mkzh (2.7)
k=—N

where zg € S' and k, ny, are integers. By (2.4) and (2.5) for untwisted case, for
any z = h"™ € I', we have up to a constant
- 1
. _ 7 1
ndo(8) = [ $AFE) Y S
]:

(2.8)

Considering the Taylor expansion of —— l_m,/z —, the right hand of (2.8)
z e~ T

et—z 7
equals
> 1 22 4 a2

X
Zl ij'/Q _ —mj/2 Zm]-/2 _ Z—m]'/Q ’
Jj=

- (2.9)
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zmj/2+z7mj/2
Zm]~/2_z—m]~/2

ij/2+zfmj/2
ij/Z_Z—mj/2 .

where f( We extend the right

hand of (2.7) and (2.9) as meromorphic functions on the complex plane. Since

) is a polynomial on

they are equal on I', they must be equal on the complex plane. Z,ivz_ N n,z* has
poles at 0, oo and (2.9) has poles at |z| = 1, so they have no poles on C U oo
and are constant. When z goes to zero, then (2.9) is zero. So ind,,(Ty) is zero,

especially,

ind(T,) = /X A(TX)ch(g) = 0. (2.10)

2.2 Rigidity theorems of elliptic genera for Toeplitz operators

First we recall the Witten elements. For a vector bundle E on X, let
S{(E) =1+tE+t*S*E 4 --- |
ANE)=1+tE+t* N> E+--- (2.11)
be the symmetric and exterior power operations in K (M)[t]. Let
O4(TX) = @2y Agr (TX) @y Sgm (TX),
O4(TX) = @pzy A_ ey (TX) By S (T'X),
O_g(TX) = @21 Aoy (TX) @iy Sy (TX). (2.12)
Furthermore, let V' be a real vector bundle on X with structure group Spin(2k)
and the action lift to V. So we have

ViF=Vi®--- & Vi, (2.13)

where Vj - -V}, are Sl-invariant 2-planes and h acts on V,, by e2™"  Denote the
Chern root of V,, by 2mwiu,. Let

Oy (TX|V) = @52y Agn (V) @izt Sym (T X),

Ou(TX|V) =@pZ1 Aoy (V) @—y Sgm(TX),

q"
O_(TX|V) = @52, /\qn—% (V) @m=1 Sqm (T X)),
@;(TX“/) = ®$ZO:1 /\7qn (V) ®$§:1 Sqm (TX) (214)

Let p1(.)g1 denote the first S'-equivariant Pontrjagin class and A(V) = A= (V)@
AT (V) be the spinor bundle of V', then we have the following rigidity theorems.
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Theorem 2.5. a) For an odd dimensional connected spin manifold with non-
trivial S' action, assume that it has only 1-dimensional fized submanifolds, then
the Toeplitz operators Ty @ A(TX) @ Oy(TX), T, ® 04(TX), Ty ® ©_4(TX) are
rigid.

b) If the action lifts to V and p1(V)s1 = p1(X)g1, the operators T, @ A(V) ®
O,(TX|V), Tya(AH(V)=A~(V)@O:(TX|V), g®@ (TX|V), T,00_q(TX|V)

are rigid.

Example 1. Let M be an even dimensional spin manifold with nontrivial S ac-
tion preserving orientation and spin structure and its fixed points set is isolated.
Let X = M x S' with S! acting on X by trivial action on S'. g¢ is a smooth

function on S*.

For 7 € H= {7 € C;Im7 > 0}, ¢ = ¥ let

o0

ba(0.7) = clq) [T (14" 2™ 110+ TreP),
n=1

00 ) .
ba(v.7) = (o) [[ (1 - " He2) [ - g2,
n=1 n=1

0 00
91(1}77—) ( q82COS TV H 1+qn 27T’L’U H 1+qn —27r'w ,
n=1 n=1

[e.e]

o0
O(v, 1) = q828111 T H g et H (1 —q e 2™), (2.15)

be the classical theta functions (see [Ch]), where ¢(q) = [[,2,(1 —¢").
Now we define some functions on C x H

q0 S
01 (v, 7) oy Or(myt + 25, 7)
Fy (t,7) =ch Il F
4. (t,7) = ch(g) L1 0(y;, 7) i O(mjt + xj, ) [F],

Folt,) = chiy) [ ULT) [T 0 £

e Oy, 7) e O(mjt + x5, 7)

Fp(t,7) = ch(g) [ [ a0l 7) 7] So(mit £ 25, 7)

P 0y, 7) e O(m;t + xj,7)
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q0 k
_101(nut +uy, 7)
FY (1) = ch(g) T % LLo= Do
" 111 0<yl’ T) H,j:l Q(m]t + xj’ 7_) [ ]
q0 k
_ Oa2(nut +uy,7)
FY(t.7) = ch Doy Oa(nut + 7)o

40 k

1 fa(nut 4wy, 7)
FYp(t,7) = ch(g) Y ]_[,{9_1 e
’ ( l[[l 0<yl77—) Hj=1 H(m]t+x]77.) [ ]

Vo e T T Ot + w,7)
FY.(t,7) = h(g)lgl&(ym)l_[ 0(mjt + xj,7)

[F]. (2.16)

By (2.5) and [LaM,page 238], for any irrational number ¢ € [0,1] and h = >

up to some constants, we get
Ind, (T, ®A(TX)®G) (TX))=Fy.(t, 1),
Ind;, (T, ® O,4(TX)) = g5 F (t 7),
Indp (T, ® ©_4(TX)) _p(t,7),
Ind, (T, @ A(V) @ O4(TX|V)) = ( (g )qg)’”"“Fst(t, ),

Indy,(Ty ® Og(TX|V)) = g5 (c(q)) FFp (¢, 7),

Ind,(Ty ® O_o(TX|V)) = q5(c(q))" " FVp(t,7),
Indy, (T, © (AT (V) = A™(V)) @ ©5(TX|V)) = (c(q Jas ) EER (1) (2.17)

As in [Lil], [LiM], we extend these F and (F") to meromorphic functions on
C x H, then the rigidity theorems are equivariant to the statement that these F

||
OOH

and FV are holomorphic by the following lemma

Lemma 2.6. a) Fy_(t,7), Fp(t,7) and F_p(t,T) are invariant under the action
U: t—t+ar+0. forabe?2Z

b) If p1(V)g1 = p1(X)gr, then F) (t,7), Fy(t,7), FY(t,7) and Fp.(t,T) are
invariant under U.

Proof. Recall that we have the following transformation formulas of theta-

functions (see [Ch]):

Ot +1,7)=—-0(t,7); 0(t+7,7) = —q_%e_QﬂitH(t,T),
Or(t+1,7) = —0,(,7); O1(t+7,7) = ¢ 2e 270, (¢, 7),
Oa(t +1,7) = Oa(t,7); Oa(t +7,7) = —q~ e 2 Ga(t, 7),



1146 Kefeng Liu and Yong Wang

O3(t +1,7) = O3(t,7); O3(t +7,7) = ¢~ 2e” 25 (t, 7), (2.18)
From these formulas, for 6, = 6, 0y, 62, 03 and (a,b) € (2Z)2, | € Z, we get
O,(x + 1(t+ ar +b),7) = ¢ ™Rl t2Pat+Pa)g (14 1y 7, (2.19)
which proves (a).
To prove (b), note that since p1(V)g1 = p1(TX)g1, we have

k

q0 S
D (u+nt)? =D g+ (g +myt)?. (2.20)
=1 j=1

v=1

This implies the equalities:

k s k s
Znyuy = ijxj; an = Zmi (2.21)
v=1 j=1 v=1 j=1

By (2.16),(2.19) and (2.21), we can prove b). [J
Let @, be scaling homomorphism from A(T*F) into itself: g™ — 7= glml,
Write

q0 s
91(3/[,7‘) Gl(m’t+x~,7)
Fy(t,7)mo] = ch(g)lmol TT T I LR o) 2.22
( ) ( ) 11;11 0y, 7) =1 9(mjt+xj77-) [ ] ( )
0 s ' '
@1 Fy (1,7) = @ [eh(g)] [ [ AT TP AR 20Ty (g )

=1 Q(th-) =1 e(mjt+;pj’7-)

where ch(g)l™] denotes the [mg]-degree component of ch(g). Similarly we can
define Fp(t, 7)™l F_p(t, 7)™ and ®*Fp(t, 1), ®*F_p(t, 1),

b
For go = ad € SLy(Z), we define its modular transformation on C x H
c
by
t at +b
t,7) = —,—— | . 2.24
90( 7T) <CT+d’CT+d> ( )

The two generators of SLa(Z) are

S:<O_1>,T:<11), (2.25)
10 01

which act on C x H in the following way:

St ) = (=N ) = 6+ 1), (2.26)

T T
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Lemma 2.7. a) We have following identities:

t 1
Fds(;a —;) =i" O Fp(t,7); Fy,(t, 7+ 1) = Fy,(t, 1),
t 1 T
F_D(;, —;) = i"®*F_p(t,7); Fp(t,7+1) = F_p(t,7)e G (2.27)

b) If p1(V)g1 = p1(X)g1, then

FV(—, ——) = (%)(kfr)mir(IJ:FLX(t,T); FCZ(t,T +1)= ef(%)(’n*k)FX(t, T),

St T

1 us s
FVp(2, =) = ()62 @r Yy o, 7); B (b7 +1) = e O FYp (1,7),

FE(2,=2) = ()P R B (1, 7); PR +1) = DUPEE(1,7).
(2.28)

Proof: By [Ch], we have the following transformation formula for the Jacobi
theta-functions:

ok, Ly 1,\ﬁeﬂt2/fe(t,7); O(t, 7 + 1) = e™/40(t, 7),
T T 2 1
t 1 T rit?/r wi/4
91(*, _7) = —€ 92(t,7’); 91(t,7’ + 1) =€ Hl(t,T),
T T 1
l 1 T mit? /T
92(;, —;) = ;6 91(75,7’); 92(t,7‘ + 1) = (93(t,7‘),

1 A
oL~ Ly = \ﬁemﬁ/fey,(m); Bs(t, 7 + 1) = B (t, 7). (2.29)

T T
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The action of T on the functions on F' and FV is easy, we omit it. By (2.17), we
have

Fds(77_7)

T
:Ch(g)ﬁwyl&(ylﬁf) 01 (mjt)7 + 2j,—1)
=1 H(yl,—l) 1 H(Tnjt/T—l—xj,—%)

[F]

s

_ i"ch(g) H Trylﬁg Tyl, H o(mjt + T2, 7) 7]

Py O(ty,, =1 O(mjt + 725, 7)
[2q0+1—mpg)
2qo+1 q0 s
. 7Ty192(7'yl,’7') Hg(mjt+7-:nj,r)

=" Z ch(g)mo! H [F]

mo=1 =1 H(Tyl,T) i=1 e(mjt—i-TiL'j,T)

[2q0+1—myo]
2qo+1 s
qi: ch(g [mo lq—OI w1y 02 (7Y, T) Oz (mjt + T24,7) 7
— O(Ty;, 7) i O(mjt + T4, 7)
[2go+1—mg]

2qo+1 q0 s . .
=47 Z ch(g)[mo]iTw H my02(y1, 7) Oa(mjt + x5, 7) [F]

= T P Oy, 7) et O(mjt + x5, 7)

2qo+1 q0 s

-m ) 0 it ;

=iy en(g)lmoly 5 [ A% T) T Ot 8, 1)

= paley 0y, T) i O(m;t + xj,7)

= i"®* Fp(t, 7). (2.30)

Using the same trick, we can get other identities. [J

Remark. When dimF' = 1, then mg = 1 and there is no ®; in Lemma 2.7.

Lemma 2.8 I[f TX and V are spin, then all of F and FV above are holomorphic
n (t,7) € R x H.

Proof. The proof is the same as the proof of Lemma 2.3 in [LiM] except that
we use Theorem 2.3 instead of their equivariant family index theorem. [J

Proof of Theorem 2.5. We prove that these F and F" are holomorphic on C x H
which implies the rigidity of Theorem 2.5. We denote by F' one of the functions:
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{F, F V}. Since ch(g) does not add poles, we know the possible polar divisors of
F in C x H are of the form t = (n/l)(ct + d) with n, ¢, d, [ integers and (c,d) = 1
orc=1and d=0.
We can always find integers a,b such that ad — bc = 1. Then the matrix
d —b
go = ( ) € SLy(Z) induces an action
—c a
t dr —b

F(go(t =F
(90(t, 7)) = F(—— ==

). (2.31)

Now, if ¢ = (n/l)(cr + d) is a polar divisor of F(t,7), then one polar divisor of

t n( dr —b >
— == c——+d
—ct+a l —cT 4+ a

By Lemma 2.7, since dimF = 1, we know that up to some constant, F(go(t, 7))

F(go(t,)) is given by

which gives t =n/l.

is still one of F, FV. This contradicts Lemma 2.8, therefore, this completes the
proof of Theorem 2.5. [

Remark: We may consider Theorem 2.5 as an odd analogue of rigidity theorems
for even dimensional manifolds with isolated fixed points. When dimF > 1, by
Lemma 2.7, in order to prove rigidity theorems, we need prove Lemma 2.8 for X F
and ®*FY. That is equivalent to prove Lemma 2.8 for ®*Fl™ol and (¢xFV)lmol,
But it is not an equivariant index of some elliptic operator, so Lemma 2.8 does

not apply.

3. JACOBI FORMS AND VANISHING THEOREMS

In this section, we generalize the rigidity theorems in the previous section
to the nonzero anomaly case, from which we derive some holomorphic Jacobi
forms. As corollaries, we get many vanishing theorems for odd dimensional spin
manifolds, especially an odd U -vanishing theorem for loop space. In this section,
we will give odd analogues of some results of Section 3 in [Li2].

Recall that the equivariant cohomology group Hg, (X,Z) of X is defined by

2(X,Z) = H*(X xg1 ES',Z), (3.1)
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where ES! is the usual universal S'-principle bundle over the classifying space
BS! of S*. So H%\(X,Z) is a module over H*(BS', Z) induced by projection
7 X xg1 ES' — BSL. Similarly an S'-bundle V over X extends to bundle
V xgq1 ES over X x g1 ES', then the equivariant characteristic classes of V' are
defined by the characteristic classes of V' x g1 ES in Hg,(X,Z). Let u be the
generator of H*(BS,Z). We still use the notation of Section 2. We suppose
that there exists some integer n € Z such that

pi(V)gt — pi(TX) g1 = n.r*u?. (3.2)

where we call n the anomaly to rigidity as in [Li 2, §3].
Similar to [Lil], we introduce the following elements in K(X)[[q%]]

O, (TX|V), = @52y Agn (V —dimV) @771 Sgm (TX — dimX + 1),

Oy(TX|V), =@, Ay (V —dimV) @) Syn(TX — dimX + 1),

O_((TX|V), = @524 /\q"* (V —dimV) ®@p_q Sgm (T'X — dimX + 1),
O,(TX|V)y = @21 Agn (V —dimV) @571 Sgm (T'X — dimX +1). (3.3)
For h = ¥ ¢ = > with (t,7) € R x H, we denote the equivari-
ant index of T, ® A(V) ® O(TX|V),, Ty ® 04(TX|V),, Ty ® 0_((TX[V),
Ty @ (AT(V) = A™(V)) @ O5(TX|V),, Ty ® @p_1Sqm(TX — dimX + 1) by
QkFLV(t,T), Fgw(t,r), FYDjy(t,T), (—1)’“Fg*7y(t, T), H(t,T) respectively. We
can extend these functions to meromorphic functions on the complex plane. For
a=1,2,3,let

[N

[N

0
0'(0,7) = ae(tﬂ')’t:m 04(0,7) = 0,(t,7)|1=0- (3.4)
Similar to (2.13), we can get
6'(0,7)"
|4 _ r ’ 14
Fds,u(t7 T) - (27‘-) 91 (O, T)deS (ta 7_)7
. 0'(0,7)"
P (t.7) = (20 g ST P )
00, 7)"
Fp(t7) = (2n) " ST P07
FI‘D/*, (t 7—) = (27T)k—r9/( 7T)T_kFg* (ta 7_)7
QO Y1 9/(0’ 7_)7“

H(t,7) = cich(g) [ | 7 [F], (3.5)

I—1 (yla 7—) Hj’:l H(m]t + Zy, T)
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where ¢ is a constant.

Recall that a (meromorphic) Jacobi form of index m and weight [ over L x T,
where L is an integral lattice in the complex plane C preserved by the modular
subgroup I' C SLs(Z), is a (meromorphic) function F(t,7) on C x H such that

< t at +b

— d l 27rim(ct2/(c7'+d))F t
c7’—i-d’c7'+d> (cr +d)e (t,7),

F(t+ A+ p,7) = e 2mmN 220 (g o), (3.6)

b
where (A, 1) € L and ad € I'. If F' is holomorphic on C x H, we say that F'
c

is a holomorphic Jacobi form.
Recall the three modular subgroups

To(2) = { < :Z) € SLy(Z)| c=0 (mod2)} :

r2) = { < ZZ) € SLy(Z)| b=0 (mod2)} :

Iy = {(:Z) € SLy(Z)] (:Z) (01(1)> or (f;) (modZ)}. (3.7)

Now we state the following theorem which is a generalization of Theorem 2.5

to the nonzero anomaly case.

Theorem 3.1. a)For an odd dimensional spin manifold with nontrivial S' ac-
tion, assume that it has only 1-dimensional fixed points submanifolds and p1 (V) g1 —
p1(TX)g1 = n.r*u? withn € Z, then nyy(t, T), ngy(t,T), FYDJ/(t,T) are holo-
morphic Jacobi forms of index § and weight r over (2Z)% x T with T equal to
T'o(2), T2), Ty respectively, and Fl‘)/*’y(t, 7) is a holomorphic Jacobi form of
index % and weight v — k over (2Z)* x SLy(Z).
b) If p1(X)g1 = —nu?, then H(t,T) is a holomorphic Jacobi form of index 5

and weight v over (2Z)% x SLy(Z).

In this Section, we always assume dimF = 1. Similar to Lemma 3.2 in [Li2]
and using the same trick in Lemma 2.7, we have:
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Lemma 3.2. a) The following identities hold
Fy (t,r+1)=F) (t,7); Fp,(t,7+1) = F¥p (t,7);
Fh.,t,7+1)=Fp. (t,7); H(t,7+1) = H(t, 7). (3.8)

b) If p1(V)g1 — p1(TX)g1 = n.w*u?, then

t 1 ;
R sy !
\% t 1 r_mint? /T oV
FfD,z/(;7 —;) =Te Flp,(t,7);
\% t 1 r_mint? /T oV
F o (2=2) = 7R, (1,7) (3.9)

H(=,—=) =7"e™*ITH (¢, 7). (3.10)

Proof. By (3.5) and (2.29) and the equality 6'(0,7 + 1) = 6%9/(0,7') , we can
prove (3.8). Consider the condition on the first equivariant Pontrjagin classes

implies the equality

k s

40
Dy ) = 7o = Y (g +mgt)? = nt?, (3.11)
=1

v=1 j=1

which gives the equalities
k s
E nyuy — Z m;xj;
v=1 j=1

S

k q0
2 2 2.
doup=) v+ o
v=1 1=1 j=1

k
Zn?, - im? =n. (3.12)
v=1 j=1
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By (3.5),(2.16),(3.12) and dimF = 1, we have

t 1
v
Fds,y(;7_;)

A (O o ry T, 00wt/ 4wy, —1/7)
EY0) —l)kCh( 0~ T otmtre 2y, 1) )

_ (27T) (T/Z)3r/20/(0 T H Y1
wnmez 0,m)h T B Fer 0 (ry, )
V . \/?eﬂ'i(nut'i‘TuV) /7—02 (nl,t + TUY, T ) Ia
j > fewz(m3t+TIJ) /TH(m]t + TZj, T )

r [20]
0'(0,7)" © w1, O2(nut + Tu, )
2r)"" remntz/f ) ch [1] Ié—l v v F
= (2m)" (0, 7)F (9) _ll_Il O(tyi, 7) [[j=1 0(myt + 725, 7) [F]
r [2q0]
0'(0,7)" © o ry T1E Ga(nut + uy,7)
2 r remntz/f ) ch [1] ’;—1 v ) F
= (2m)” 02(0,7)k (9) _H Oy, 7) IT;=1 O(mjt + x5, 7) 7]

= Tre”th/TFg’l,(t, 7); (3.13)

Using the same trick, we can prove the other identities.[]

Lemma 3.3 a)For an odd dimensional spin manifold with nontrivial S* action,
assume that it has only 1-dimensional fized points submanifolds and p1(V)g1 —
p1(TX)g1 = n.m*u? with n € Z, then ch,u(tv T), ng(t,T), FYD’V(t, T) are Ja-
cobi forms of index & and weight r over (2Z)*xT with T equal to T'o(2), T°(2), Ty
respectively, and Fg*y(t,T) is a holomorphic Jacobi form of index 5 and weight
r —k over (2Z)% x SLy(Z).
b) If p1(X)s1 = —nu?, then H(t,7) is a Jacobi form of index % and weight r
over (2Z)% x SLy(Z).
Proof: Using (2.19),(3.5) and (3.12), similar to Lemma 2.6 b), we can prove these
V- and H satisfy the second equation of the definition of Jacobi form (3.6).
Recall that T and ST2ST generate 'g(2), and also I'’(2) and I'y are conjugate
to I'g(2) by S and ST, respectively. Then by Lemma 3.2, we can get that these
FY and H satisfy the first equation of the definition of Jacobi form (3.6). O
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b
For gy = < :d) € SLy(Z), we write

(3.14)

—1_—2mimct?/(cT 3 aT+b
F(go(t, 7))l = e +d) e 2mimet*/ ”)F(CTWCTH)’

which denotes the action of gy on a Jacobi form F' of index m and weight [.

By Lemma 3.2, for F' € {FY, H}, its modular transformation F(go(t, )|z,
(or F'(go(t,7))|z r—) is still one of the F' € {FY,H}. Similar to Lemma 2.8, we
have the following Lemma,

Lemma 3.4 For any go € SL2(Z), let F be one of the {FY} or H, then
F(go(t, 7))z (or F(go(t, 7))z r—x) is holomorphic on R x H.

ct+d’ ct+d
the same poles. As in [Li2] or [LiM], by Lemma 3,4, similar to the proof of The-

orem 2.5, we may prove Theorem 3.1.

The proof of Theorem 8.1: By (3.14), F(go(t,T))|m, and F( t ‘”+b> have

Next we will prove a vanishing theorem for loop space. The following lemma
is established in [EZ, Theorem 1.2].

Lemma 3.5 Let F' be a holomorphic Jacobi form of index m and weight . Then
for fized T, F(t,T), if not identically zero, has exactly 2m zeros in any funda-
mental domain for the action of the lattice on C. when m =1 and | is odd, then

F is identically zero

By this lemma, if m < 0, then F' must be identically zero. If m = 0, then F
must be independent of ¢.

Corollary 3.6 Let X, V, n and the assumption condition be as in theorem 3.1.
If n = 0, the equivariant index of the Toeplitz operators in Theorem 3.1 are in-
dependent of h € S'. If n < 0 orn =2 and r = % 1s odd, then these
equivariant index are identically zero; in particular, the index of these Toeplitz

operators is zero.
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The following theorem is an odd analogue of U -vanishing theorem for loop

space.

Theorem 3.7 Let M be a compact odd dimensional spin manifold with a nontriv-
ial S* action and 1-dimensional fized points submanifolds. If p1(X)g1 = —nm*u?,
then the Lefschetz number, especially the index of Ty@®9°_; Sqm (T X —dimX +1)
18 zero.

Proof: By p1(X)g1 = —n7*u?, then Zm? = —n, thus n < 0. When n = 0,
then m; = 0 and S'-action has no fixed point. By (3.5), H(t,7) is zero. When
n < 0, by Theorem 3.1 b) and Lemma 3.5, H (¢, 7) is also zero. [J

4. AN EQUIVARIANT ODD INDEX THEOREM FOR DIRAC OPERATORS WITH
INVOLUTION PARITY

In this section, we will prove an equivariant odd index theorem which is the
generalization of Freed’s odd index theorem in [Fr| by a direct geometric method
in [LYZ] ( also see [Wa]). As in Section 2, Let X be a closed (connected for
simplicity) oriented spin manifold of dimension 2r+ 1, with a fixed spin structure
and A(T'X) be the canonical complex spinor bundle of X. A compact group
H of isometries of X preserves the orientation and spin structure. Let E be a
H-vector bundle with H-invariant Hermitian connection VZ. There is a lift of
h € H acting on D(A(TX) ® E) which commutes with DE.

Suppose that 7 : X — X is an orientation-reversing isometric involution which
preserves the Pin structure induced by the Spin structure and commutes with any
h € H. We also assume that there is a lift of 7 on E which commutes with any
h € H. We may take V¥ is also 7-invariant. As in [Fr] and [Wa], we have there
exists a self-adjoint lift 7: I'(X; A(TX) ® E) — I'(X; A(TX) ® E) satisfying

72 =1; D7 = —7D” 7h = h7 (4.1)
Then the +1 and —1 eigenspaces of T give a splitting of the twisted spinor fields
I'(X;A(TX) ® E) =2 TH(X; A(TX) ® E)YAPT™ (X; A(TX) ® E) (4.2)

and the Dirac operator interchanges I' (X;A(TX) ® E) and I' (X;A(TX) ®
E). By (4.1), h preserves 't (X; A(TX) ® E). The purpose of this section is to

compute the equivariant index

index;,[D¥T: TT(X;A(TX)® E) - T~ (X;A(TX) ® E)] (4.3)
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The simplest example is X = M x S with 7 the reflection £ — —z on S and
H = S! acting on the spin manifold M. By the equivariant index theorem in the
following (cf. Theorem 4.1), we have Ind, D" = Ind; DM,

By the Mckean-Singer formula, we have
Ind),(DET) = Tr(Fhe 1 P?) = Tr(e 1P 7) (4.4)

Let T = hT be an orientation-reversing isometric, then T has a lift Tonl+ (X5;A(TX)®
E). Next, for T' and the twisted coefficient E, using the method in [LYZ] (also see
[Wal), we can get the following index formula. For simplicity, we also assume that

T has only one fixed point component Fy with dimension 2¢gy and codimension
2s0+1

Theorem 4.1. We have

N (Fo) 1
+ —
4w/ —1 2

where ¢y is a constant and © is the rotation matriz of T. Here the Pfaffian is
taken on the first 2sy coordinates of N(Fp).

Indy (D™ © E) = | coA(Fp)[PE(2sin( 0))Lchr(B)| [Fo],  (4.5)

When h = id, we get the Freed odd index theorem. By the Lichnerowicz for-
mula for Dirac operators, we get

Corollary 4.2. Let X be an odd dimensional compact oriented Spin manifold
and T : X — X be an orientation-reversing isometric involution which preserves
Pin structure. Suppose that Fy,--- , Fr are components of the fixed point set with
codimension 2m9- + 1 and chA(Nj;) is the Chern character of the spinor bundle
on N(Fj). If the scalar curvature of X is nonnegative and positive at one point
then

T
> [ AT R A o (4.6)
j=17F;
Now we let H = S and h = 2™t is a generator of S', then we have

Lemma 4.3. The following statements hold:
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a) Let F(-) denote a fix point set, then

F(h™7) = F(h7) = F(SYYNF(?), for any m € Z,

b) The normal bundle N (Th) has a TS'-invariant decomposition N(Th) = No@®1<;
Nj where Ny is a real vector bundle and N; is an oriented 2-plane bundle and Th
acts on Ny by —1 and N; by e2mi(m;t+a;) yhere m; #0€ Z and a; =0 or %

Proof. a) If h7r = =, then (h7)%x = z. Since 72 = id;7h = h7, we know
h*r = x. Since F(h™) = F(h) = F(S!), we have hz = z and 7o = 2. Thus
F(h7) C F(SY) N F(7) and the inverse inclusion is trivial. Similarly we can get
F(h™7T) = F(SY) N F(7).

b) By a), we have N(h7) is a S'-representative bundle, so N(h7) has a S'-
invariant decomposition Ny ©1<; IN; and Ny is a real vector bundle and Nj is
an oriented 2-plane bundle and h acts on Ng by 1 and N; by e2mmit  wwhere
mj # 0 € Z. Since T is an involution isometry and commutes with h, so 7 pre-

serves the above decomposition acting by +1 or —1. [J

Now we give a Chern root expression of (4.5) for H = S' case. We assume

E has also h7-invariant decomposition G F, and h7 acts on E, by e2mi(cvitbu)

where ¢, € Z and b, = 0 or % Let 27z, is the Chern root of F,, then we have:

s lo
H . 1 2V (eutbut2y) 7).
sin |7 ( f

%
7 Y
Ind,(D"®F) = | ¢ .
nl ) 0 11_11 sinmy; xj +mjit + a;)]

v=

j=1

(4.7)
By Lemma 4.3, similar to the proof of Theorem 2.4, we can get another Atiyah-
Hirzebruch type theorem.

Theorem 4.4. Let X be odd dimensional connected spin manifold which admits
an nontrivial S' action and 7 : X — X be an orientation-reversing isometric
involution which preserves the Pin structure and commutes with S' action, then

7

Z/F (v=1)™~" A(TF;)[chA(N;)] ! = 0. (4.8)

j=171%i
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Proof. Let h be the topological generator of S'. By Lemma 4.3, F(h™7T) =
F(h7) = F(SY) N F(7). By (4.1),(4.2) and (4.3), then indg: (D7) := [kerD7] —
[cokerD?] is a virtual representative space of S, then its character

N
indz, (D7) = > npzf (4.9)
k=—N

where zop € S' and k, nj are integers. By (4.7) for untwisted case, for any
z=h"™ €T, we have up to a constant

s

= -~ 1
. N 1 ~
ind. (D7) = /F sty AESINF@) Z 3 i gy e i
(4.10)
Considering the Taylor expansion of e l_m]_ 73 , we see that the right
z eter —z e e T

hand of (4.9) equals

S ij/2€71'iaj + zfmj/Qefﬂiaj

1
X .
'21 mj/2emia; _ ,—m;/2o—Tia; LM /2emia; _ ,—my;/2o—Tia; )’ (4 11)
j=
mj/2€7riaj+zfmj/2€77riaj ij/Zeﬁiaj+z7mj/2€fﬂia~

. . J
) is a polynomial on * >zt C = Note
z 7' e I %e J

where f(= ;
z —Zz
that (4.11) also has poles at |z| = 1, so similar to Theorem 2.4, we can prove

Theorem 4.4 O

mj/Qewza]- _z—mj/Qe—Trzaj
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