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Abstract: Given a modular embedding j : A\H/H N K — I'\G/K asso-
ciated with an equivariant embedding (H,H/H N K) — (G,G/K) of sym-
metric domains with actions of a semisimple Lie group G and a reductive
subgroup H, both defined over Q compatibly, together with some other
conditions. Starting from a certain harmonic left H-invariant “spherical”
current on G/K with sigularity along HK /K, we can define a Poincaré se-
ries. Apply 00 operator to the analytic continutation of this with respect
to the parameter of eigenvalues of the “Laplacian”. Then as an analogue of
the Kronecker limit formula, we can construct a Green current for the cycle
defined by j. This is a continuation of the previous paper [26], and here we
treat the case of higher-codimensional cycles with compact I'\G// K.

Keywords: Green current, modular embedding, modular cycle, spherical
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1. INTRODUCTION

Arithmetic quotients of hermitian symmetric domains are important objects
to investigate. For example, the moduli spaces of abelian varieties with certain
endomorphisms and polarization types, and the moduli spaces of K3 surfaces, are
realized as such. To understand the cohomology groups and the cycle geometry
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of these quotients is a very interesting arithmetic problem. There is a history
of investigating this theme around the time of establishment of the Matsushima
isomorphism. The construction method of cycles by means of equivariant embed-
dings of locally symmetric spaces is called ‘generalized modular symbols ’. (cf.
[18]).

If both the embedded and the ambient spaces are of hermitian type, there
is an extensive study by Satake [30] for possible embeddings. Sometimes they
have been called modular embeddings. The Hirzebruch-Zagier cycles are typical
examples ([12], [23]). Let

j:A\H/HNK - T'\G/K

be a modular embedding with G a semisimple Lie group, K a maximal compact
subgroup of G, H a symmetric subgroup such that H N K is maximally compact
in H, and I, A are compatible arithmetic subgroups of G, H respectively. Let n
and m be dimensions of the symmetric spaces H/H N K and G/K respectively.
Then, for each degree ¢, j yields the restriction map of cohomology

J& HL(N\G/K,C) — H,(A\H/H N K,C),

where © € {empty, c,!} is a support condition of cohomology theories. Then we
have the Poincaré dual map

jz : H;"fq(A\H/H NK,C)— H::q(F\G/K, C)
with @& the support condition dual to . We propose here a
Problem: Construct the Poincaré dual map ji explicitly.

This problem seems to be quite difficult to answer generally. But at least
for some special cases, we have a tractable method: to use Poincaré series and

derived Green currents.

In a previous paper [26], we discuss the case when the complex codimension
of A\H/H N K in I'\G/K is one. We can extend the similar construction for
the higher codimensional case associated with the symmetric pair U(p, ¢), U(p —
1,q) x U(1) in this article. We note that its dual symmetric pair U(p + g —
1,1), U(p — 1,1) x U(q), which yields a class of higher codimensional cycles in a
discrete quotient of a complex hyperball, is already treated in [32] by a similar
method. This paper is a continuation of our previous works [26] and [32], which
we follow technically and logically.
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Let us explain the organization of this paper briefly. The aim of this paper is
twofold: one is a local investigation of the secondary spherical function (§§4-5),
and the other is a global investigation of the associated Poincaré series (§§6-8).
Our spherical functions are left H-invariant smooth functions on G which have
special right K-types and are eigenfunctions under the Casimir operator. The
secondary spherical functions have similar properties, but they are distributions
on G with singularities along HK. These kinds of functions play a crucial role

in our construction of Poincaré series and Green currents.

Here is a more detailed explanation of each section. The second section is
preliminary, where we fix basic notations and assemble relevant facts about our
symmetric pair (G, H) = (U(p, ¢), U(p—1, ¢) xU(1)), and also fix a normalization
of Haar measures. In §3, we study a certain invariant tensor associated with the
submanifold H/H N K by means of representation theory of compact groups.
The §4 is an analytical preliminary, where we give a concrete expression of the
Hodge Laplacian and the operator &9 on the symmetric space G/K in terms of
the ‘polar coordinates’ on H\G. The secondary spherical function is studied in
§5. In Theorem 18, we define the secondary spherical function cpgd) for each 0 <
d < q as a family of H-invariant (d, d)-forms on G/K with singularities along the
submanifold H/H N K which holomorphically depends on a complex parameter
s and satisfies the five characterizing conditions (i)—(v). We explicitly construct
such a family by using the Gaussian hypergeometric series. The characterizing
conditions in Theorem 18 are effectively used to prove the equation in Theorem 26,
which is important to show the Green’s equation (7.1) in §7 Theorem 35.

The remaining sections are occupied by the investigation of global currents.
We study a modular cycle C% : TNH\H/HNK — I'\G/K defined by a uniform
lattice I" of G such that ' H\ H is also compact. In order to obtain the Poincaré

dual of CL, in §6, we define a (g, q)-current W}, (s) = @g?g and the related (d, d)-

currents <I>sflr) on I'\G/K as the Poincaré series using the secondary spherical

function cpgd) as the seeds of the ‘geometric current ’ constructed in the last part of

the paper. After establishment of its L'-convergence in the range Re(s) > p+q—1,
in Proposition 31, we show the generalized Poisson equation for <I>§‘f).

Although the form \I/FH(S) is not square-integrable itself, we can establish the
(d)

square-integrability for the auxiliary currents ®;; with sufficiently large r by a
similar way to [26]. We obtain the spectral decomposition of the square-integrable
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form @gf? as a Fourier series of the eigenfunction of the Hodge Laplacian, which
eventually yields the meromorphic continuation of Wk, (s) from the original con-
vergence region Re(s) > p+ ¢ — 1 to the whole complex plane.

In §7, we establish Green’s equation (7.1) in Theorem 35, which, together with
the generalized Poisson equation, is used in Theorem 36 to show the current WL, =
LgflResszpﬂ_llllll;(s) is harmonic and is cohomologus to the fundamental class
of CII;. We also show that the constant term of <I>g?0_ Uat s = p—+q— 1 yields
a Green current of CL in the sense of Gillet-Soulé [5], though the conditions at
singularities are different.

In §8, we study some representation theoretical aspects of our global construc-
tion \1;1;1 We collect miscellaneous remarks and perspectives related to the theme
of this paper in §9.

Finally, we should say a few words about existing works related to the theme
of this article.

When the complex codimension of H/H N K in G/K is one, the modular
construction of a Green current of Ck is obtained in [26] in the same way as
this paper. If G/K and H/H N K are type IV symmetric domains and if I" is
a discriminant group of some rational quadratic form, Bruinier [2] constructed
a Green function for a ‘Heegner divisor’ (which is a member of the divisor class
group of I'\G/ K expressed as a linear combination of CII;Z, for various H;’s defined
over Q) by a ‘regularized theta lifting’. It turns out the Green function in [2]
is built from the one in [26] according to the formation of the relevant Heegner

divisor.

Though the relation is somewhat indirect from technical point of view, there
are some results strongly related from the geometric point of view, which are
worked in the context of Weil representation and the theta correspondence ([23],
[24], [14], [15], [4], [16], [17]). To explain the connection in detail takes some
space; therefore, we leave that to the readers.

The paper [13] is also related to this paper. There we also considered modular
symbols derived from the injection H — G for a symmetric pair (G, H). But in
this case the image of the locally symmetric space associated with the subgroup
H is totally real, in contrast with the fact that here in this paper we consider
the holomorphic embedding. Actually we have some evidence to believe that the
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modular symbols considered in [13] have the extremal Hodge components (i.e.,
(m, 0)-type components), but our cycles are algebraic hence have only (p, p)-type
Hodge components. In this sense, the two results in this paper and [13] might be

the two edges of some more general phenomena.

Based on a work of Oshima-Matsuki, Tong-Wang [33] provides a fairly general
and simple method to construct an automorphic realization of a discrete series
of a symmetric space, which yields a modular construction of the Poincaré dual
form associated with a cohomology class defined by the symmetric subgroup in
a cohomology group with a local coefficient system. For analytical reasons, they
need to assume that the coefficient system should be sufficiently regular. The
assumption is related to the L!-condition of the discrete series, which is indis-
pensable to guarantee the convergence of the Poincaré series they use. This is a
serious technical limitation to obtaining the Poincaré dual forms in the cohomol-
ogy with constant coefficient. To be more concrete, let us pick the representation
Aqlp
expect the convergence of the Poincaré series ‘Y s ¥u(79)" used in [33].

defined in §8. It is easy to see that Ag,, is not integrable; so one can not

Though the secondary spherical function s has a singularity, it will be shown
in this papaer that 1 is good enough to assure the convergence of the Poincaré
series U (s;9) = > vernmr ¥s(vg) for large Re(s). We can recover the object
‘Z%FOH\F Y (vg) properly by taking the residue at s = p + ¢ — 1 after the
meromorphic continuation of the series W1, (s). This regularization procedure re-
minds us of the ‘Hecke’s trick” which is used to obtain an Eisenstein series with
low weight in the classical theory of elliptic modular forms ([37]). In this analogy,
the construction of the automorphic Green current can be regarded as a kind of
the second limit formula of Kronecker ([37]).

Acknowledgement: The authors thank Professor Eric Stade for linguistic help.

Notations:

The number 0 is included in the set of natural numbers: N = {0,1,2,...}. We
understand all the marix in this paper have complex coefficients. For any matrix
B = (b;;), B* = (bj;) denotes its conjugate-transpose matrix. For a poistive
integer p, 1, denotes the identity matrix of size p. For r matrices A; (1 < j <),
diag(Aji,...,A,) deontes the ‘block diagonal matrix ’corresponding to the linear
endomorphism A1 @ --- D A,.
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We follow the usual convention that the Lie algebra of a real Lie group G is
denoted by the corresponding German letter g.

2. PRELIMINARIES

2.1. Unitary group and its symmetric space. Let G be the unitary group of
the Hermitian form I, , = diag(1,, —1,) with signature (p+,q—), i.e., G = {g €
GLp1+4(C)| ¢*Ipq9 = I, 4}. We assume p > ¢ > 2 from now on.

The inner automorphism 6 : g — I, , g I, 4 is a Cartan involution of G' and its

fixed point set
K = {diag(k1, k2)| k1 € U(p), k2 € U(q) }

yields a maximal compact subgroup of G. The (—1)-eigenspace of df : g — g
denoted by p is identified with the tangent space of the G-homogeneous manifold
G/K at its origin o = K. The adjoint action J = Ad(z,)|p by the element
zo = diag(v/—11,,1,) in the center of K yields a K-invariant complex structure
on p = T,(G/K), which propagates a G-invariant complex structure on G/K.
The complexification pc is decomposed to its holomorphic and anti-holomorphic
subspaces: pc = p4 ® p_ with px = {X € pc| J(X) = £V/—1X}. If we identify
gc = glp+¢(C) naturally, we have

P+ ={p+(a) = [8 %/] € glp14(C)| 2" € M, 4(C)},
p- = {p- (x”) = [tg(g)" 8} € 9[p+q((c)| LS Mp,q(c)}~

Let X +— X be the complex conjugate in gl,1,(C) with respect to its real form g.

Then X = —1,,X*I,, (VX € gc) and py(z) = p(*z*) (Vo € M, 4(C)). The non-
degenerate R-bilinear form By(X,Y) = 271tr(XY) on g entails a positive definite
K-invariant inner product By on p, which propagates a G-invariant metric on
G/K. The mertic on G/K is Kéhlerian and the associated 2-form is given by

wp(X,Y) = By(X,JY), X,Y €p (2.1)

onp =T,(G/K). Let By be the complex bilinear extension of the inner product
By« on p* dual to By. Then pg is equipped with the hermitian inner product
&lgH) = By, (&,&), which is extended to the exterior algebra /\ pg canonically.
Note the natural decomposition of A p¢ to its bidegree (a,b) part

a,b a b
Avre=Ari® \pt

is orthogonal.
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The Hodge star operator  is defined to be the C-linear endomorphism of A p¢
such that *&@ = ¥a and such that (a|B)vol, = a A *3. Here vol, = @wgq
is the Kéhler volume form. For a € Apg, let us define e(a) : Apg — Ape
by e(a)f = a A 3. The operator L = e(wy) is commonly called the Lefschetz
operator. The adjoint of e(a) with respect to the hermitian inner product of
Ap¢ is denoted by e*(cr). In particular, the operator e*(wy), the adjoint of the

Lefschetz operator, is denoted by A (cf. [1, Chap.II, §4]

2.2. A symmetric subgroup. Let us consider the involution o of G defined by

o(g) = diag(1,-1,—1,1,) gdiag(1p—1, —1, 14).

Let H = G be the o-fixed point subgroup of G. Since # commutes with o, the
restriction §|H provides H with a Cartan involution. The #-fixed points

H? = HN K = {diag(h1,u, ho)| h1 € U(p — 1), u € U(1), hy € U(q)}

is a maximal compact subgroup of H. The Cartan decomposition of the Lie
algebra h of H is h = (ENh) @ (pNh). Since the element z, defining the complex
structure J of p belongs to the center of H N K, J yields an H N K-invariant
complex structure of the real vector space hNp = T,(H/HNK), which propagates
an H-invariant complex structure of H-homogeneous manifold H/H N K. We
put H/H N K the H-invariant metric coming from the restriction of By, to hNyp.
The metric is Ké&hlerian and the associated 2-form on pNh = T,(H/H N K) is
wpnp = wp|(P M) X (p N H).

As a consequence of the constructions so far, the inclusion H/HNK — G/K is
a holomorphic map between Kéhler manifolds and codim¢(G/K; H/HNK) = q.

In the following subsection, we recall the standard set up to investigate the
affine symmetric pair (G, H) (¢f. Rossmann [29], Oshima-Sekiguchi [28] and
Schlichtkrull [31]).

2.3. Root vectors. For 1 <14,j <p+gq,let E;; = (§ia0;3)1<a,8<p+q denotes the
matrix unit in My, 44(C). The matrices E; ; comprise a C-basis of the complexified
Lie algebra gc = gly4+4(C).

Let q be the (—1)-eigenspace of do : g — g. Since 6 and o are mutually
commutative involutions, g is decomposed to their joint eigenspaces: g = (¢N
he(pNg) @ (pNh) @ (ENq). The pair (g,h) is a symmetric pair of split rank
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one, and a = RYy with Yy = Ep 11 + Epy1,p is a maximal abelian subspace of
p N g. The set of a-roots in g is ¥(a) = {£A, £2A}. Here A € a* is the unique

simple root such that A\(Yp) = 1. The multiplicity ([28]) of each root is computed
mT\) mT (2N _ [ 2(g—1) 1
S m-oymen) =~ L2p-10) -

Set M = Zyni(a). Then
M = {diag(z1,u,u,x2)|z1 € U(p — 1), u € U(1), xz2 € U(qg — 1)}

coincides with Zx (a).

Fori<i<p—landl1<j<qg—1,set
X = Epp+1, Xg = Epi1p; Z(? = \/jl(Ep,p = Ept1p41),
X} =Epprjr1,  X] = Epijiip,
Z] = ~Epr1p+i1, Z) = Bprjrip,
Xih = Lipt1, zh Epi1,
Z} = E;p, 7] =—E,,,
X}, = Eiprjrr,  Xjj = Epajiri

This notation is consistent with the complex conjugation, and

prNge = (X

(X1(0<j<qg—1)c,
p-Nge=(X] (0<j<g—1))c,
prNbhe=(X](1<i<p—1)ce (X 1<i<p—1,1<j<g—1)c,
p-Nbhe=(X](1<i<p—1)ce(Xj1<i<p-1,1<j<qg—1)c,
(Enh)e=(Z), 2], Z) (1<j<q—1)c®me,
((nq)c=(Z], Z] (1 <i<p—1)c.

Here is a list of useful bracket relations, which is checked by a direct computation:
Fori<i<p—-landl1<j<qg—1,

] Xo] X3]
20,20 = —v/—12%, (X8, 2] =0, (X§, 2)] = - X1,
(20, X3 = V=1XJ, [XJ, X} =-2], (X3, X7 =0,
[ZS,Z?]:—V—1Z?,[XS,Z?]:O, [Xgaqu]:_Xib7
(20, X0 = v=1X), [XJ, X)) =-27, (X3, X0 =0,
[ngXihj] =0, [X(l)]’thJ] =0, [Xg’th]] =0.
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Consider the one parameter subgroup

a0 = exp(tYy) = diag (1,1, [t 5] 1,0), (€ R)

of G. Then by general theory, the group G is a disjoint union of double cosets
Ha;K (t > 0) and the Lie algebra g = Ad(a;)~'h +a+ €if t > 0. By direct

computation, we have

1 \/7 —1 b \/71 h(2t) b
X(gl - Yb 2 sinh(2t) Ad(at) ZO 2 Zi:h(%) Z (22)
X = mwhda) 1 2) - 20, (1<j<q-1),

h_ 1 —1ybh inht .
Xi = mAd(Cbt) Xz - zloréhtZiq’ (1 <i1<p— 1)

Lemma 1. For 1 < i,a<p—1and1 < j5,6<qg—1 andt > 0, the following
hold in U(gc) modulo (Ad(at) Yhe) U(ge):

XIX§ = 1v2 + L(tanht + cotht)Yy + s (tanht + cotht)?(Z])? — Y512,

X3X) = —tahty, 78 VL] 4 tanh®0) 20 28 — 27,
X)X§ = —tahty 74 4 VoI 4 tanh?)Z) 22,
XJX§ = —cothty, 70 — —(1 +coth®t) 20 Z) — 7)),

XOX§ = —cothty, 79 4 VZL(1 4 coth®t) 29 27,

XPXD = 050 200y 4 tanh®t Z3 28 — YL(1 + tanh®)0;0 20,
XIX3 = 0,50y, + coth®t ZJ 2] — Y7L (1 + coth®t)d;5.2],
XIX) =237,

X)Xi=207).

Proof. By using the formulas (2.2), we prove this lemma in a similar way to [26,
Lemma 7.1.2]. O

The definitions and formulas of this section are used in §4.

2.4. Invariant measures. Let dk and dkg be the Haar measures of the compact
groups K and HN K with total volume 1 respectively. Then we can take a unique
Haar measure dg (resp. dh) of G (resp. H) such that the quotient measure %
(resp. ;—k}g) coincides with the invariant measure on the symmetric space G/K
(resp. H/Kj) determined by the Kéhler volume form.
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Lemma 2. For any integrable function f on G, we have

+oo
/f(g) dg:/ dh/ dk:/ f(haik) o(t) dt (2.3)
G H K 0
with dt the Lebesgue measure of R and

o(t) = 12?;) (sinht)??~ 1 (cosht)?P~1. (2.4)
Proof. Similar to [32, Lemma 4.1]. O

3. CERTAIN INVARIANT TENSORS

For a C°°-manifold U, let A(U) denote the space of C*°-differential forms on
U and A.(U) the subspace of those forms with compact support; when necessary
we topologize these spaces in the usual way. When U has a complex structure,
A®P(U) denotes the space of C*-differential forms of bidegree (a,b).

In this section, for U = G/K we define some element dual to A.(U) by the
H-orbit in U. Some of the contents of this section may be not found in the

literature.

3.1. A current defined by the symmetric subgroup. Let j: H/HN K —
G /K be the natural inclusion. Then a (g, g)-current 6z /g on G/K is defined
by the integration

i) = [ ja a € ALG/K).
H/HNK
Lemma 3. For a € A.(G/K), we have

(AT 31 s ) = /H (A (svolyng)|a(h)) dh.

Here
1) (p—1)g,(p—1)q
VOlpﬂh = mwgﬂpb S /\ p(*c

is the KNH -invariant tensor corresponding to the Kdahler volume form of H/ HNK .

Proof. We may assume the bidegree of « is (d,d). Let vy pnix be the Kéhler
volume form of H/HNK and %y the Hodge star operator of H/HNK. Then the 0-
form {*j* (A9~ %xa)} on H/HNK corresponds to the function (A9~%(x&(h))[volyng)
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on H. By this remark, we compute
(N6 y s, *a) = (Op/mni, A (+a))

_ / (A= (xa(h)) volynp) dh
H/HNK

_ / (volynp| AT (xau(h))) dh
H/HNK

_ / (AT (svolyny)|a(h)) dh.
H/HNK

g

3.2. K-spectrum of a certain cyclic K-module. For our purpose, it is im-
portant to understand the nature of the tensor A9~%(xvolynp) in some detail.
The aim of this subsection is to obtain an (¢-eigendecomposition of the tensor
A9~ 4(xvolynp). Here Qg is the Casimir element of K corresponding to the invari-
ant form Bg. For the construction of the secondary spherical function in §5, we
need the decomposition of A9~%(*volyny) given in Proposition 11.

The coadjoint representation of K on pg is naturally extended to a unitary
representation 7 : K — GL(/A p{) in such a way that 7(k)(a A B) = 7(k)a A
7(k)B holds for a,3 € Apf and k € K. For (a,b) € N2, 7% denotes the

subrepresentation of 7 on /\a’b pe-

For 1 <i<p,1<j<q, let us define wy; € p¢ by wij(Eaprs) = diadjg (1 <
a<p 1<F <), wijlp- = 0. Then w;j’s and their complex conjugates w;;
comprise a C-basis of pi: dual to the basis of matrix units in pc.

Lemma 4. (1) The family 27 (w;j+@i;), 27V —1(@;—wij), (1 <i<p, 1<
J < q) is an orthonormal basis of p* with respect to By« and is dual to
the orthonormal basis E; py; + Epyji, \/—71(Ei7p+j —Eptji) of p.
(2) We have (wijlwag) = (@0ij|wap) = 20003 and (w;jlwag) = 0.
(3) The action of the matriz units in tc on w;; (1<i<p, 1<j<q) is given by

,a < p),

T(Epa)wij = —0inwaj,  T(Epa)Wij = i@y, (1< p
1< 1,8 <),

T(Eptvp+p)Wis = 0jpwiv,  T(Eptvptp)wij = —0juwig,  (

Proof. Direct computation. O
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For 1 < p, a0 < p, set

1,1

q
/—1 _
Yua = Y3+ Y Wi A@aj € \pE.
j=1
We have a concise expression of Kéahler forms in terms of 7,q:

Lemma 5. We have
p
Wp = Z'Yuw Wpnp = Wp — Vpp-
p=1
The tensor ~ypp is H N K-invariant.
Proof. Direct consequence of definitions.

The action of £c on the tensors 7, is given as follows.

Lemma 6. For1<i,a,u<p—1, we have

T(Z{) Ve = i T(Z)vpp = Yips

T(Z)Yap = —Oiatop +Yais  T(Z])pa = —diaVpp + Vias
7(Z)Vpa =0, 7(Z])Vap = 0,

T(qu)%zu = —0iaYpu 7( _iq)’Yau = —0ipYap

F07‘1<]}ﬁ<q—17 1<M704<p7 we have

T(Z;‘))'yua = T(Z;'))'Yua =0,
T(Eptjt1p46+1) Yo = T(Ept+1,p+1)Ypa = 0.

For1<i,a<p, 1< u,A<p, we have

T(Ei0)Yux = —0ipYar + OarVui-
Proof. This follows from Lemma 4 readily.

For v € /\1’1 pe, the r-fold wedge product v Ay A--- A~ is denoted by +".

Lemma 7. For 0 <d <gq,

Aq_d(*volpmh) = (q;!d)! 'ygp.
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Proof. For any subset M of {(,j)[1 <i < p, 1 <j < g}, set wy = [[; jyens wis A
@;j. Then from [38, p.20,p.21], we have

2v(M)—pq
Mwn) = A5 > war—g (3.2)
neM

with v(M) the cardinality of M, and M’ the complement of M.
If suffices to show
#volpry = 21V (3.3)
A(p) =dlg—d+1)7 ", (1<d<g). (3.4)

Since

— pq_qpfl q q
volynp = (T_ ) II1Twines v =a []ws o

i=1j=1 Jj=1
by (3.1), we compute
pa—q [P a4
*volpnp = (@) * H H wij Nwij | = (@) H"Jpj N Wpj = %%ﬁlp'
i=1j=1 Jj=1

This completes the proof of (3.3). Let Sy be the set of all M C {(p,j)|1 < j < ¢}
d
with v(M) = d. Since ’ygp = <@) dl Y pres, wm, by (3.2), we compute

d
A(vpp) = (@) d! M;‘ \/2?1%1”1\/1—{#}
d

d—1
= (G dg-d+1) Y ww=dlg—d+ 1t
NeSq_1

to have (3.4). O

In order to have a decomposition of ’ygp into eigenvectors of the Casimir opera-
tor Q, we first analyze the K-spectrum of U (Ec)fygp, the cyclic U (k¢ )-submodule
of A\%4 p¢ generated by ygp.

Since tc = gl,(C) @ gl,(C), the highest weight of an irreducible representation
of ¢ is supposed to take the form

)\:[ll,lg,...,lp]@[ml,mQ,...,mq] (35)
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with l;,m; € Zsuch that [y > 1o > --- > 1,, m1 = mg > ---my.

Lemma 8. Let 0 < d < q and V an irreducible K-submodule of U(E(C)'ygp. Then
the highest weight of V' is of the form [k,0,...,0,—k] ®[0,...,0] with an integer

0< Kk <d.

Proof. Let us fix a K-invariant inner product on U(E(c)vgp and take the orthogonal
complement V+ of V in U (P@)’ygp. Since the projector pr: U ({?(C)’ygp — V associ-

ated with the decomposition U(tc)y4, = V@V is a surjective K-homomorphism

Y,
and since ygp is H N K-invariant, tfﬁa vector v = pr(vgp) € V yields an H N K-
invariant U (€c)-cyclic vector of V. In particular, v # 0 and VZ™ o£ [0}, Let
A be the highest weight of V', which is supposed to have the form (3.5). Since
tc Nhe = (glp—1(C) ® C) @ gl,(C), the condition VHEE £ {0} yields that the
irreducible gl,(C)-module of highest weight [I1,...,l,] contains the trivial repre-
sentation of gl,—1(C) and that the irreducible gl,(C)-module with highest weight

[ma,...,mg] is trivial. Hence
li=0(Mief2....,p—1}), mj=0(je{l,....q}) (3.6)

by the gl,_; — gl, branching law ([6, Theorem 8.1.1 (p.350)]). The center of K
acts on V trivially because a central element of K fixes the tensor Vgp' Hence
the sum Iy + - -- 4 [, should be zero. This, combined with the condition (3.6),
forces that A = [k,0...,—k] & [0,...,0] with some x € N. It remains to show
0 € k < d. For that, we examine the T-weights occurring in V, where T" =
{diag(t1,...,tp+q)|t:i € U(1)}. For 1 < i < p+gq, let ¢ : T — U(1) be the
character defined by e;(diag(t1,...,tpt+q)) = ti. From Lemma 6, the T-weight of
the element 7,4 (1 < i, a0 < p) equals €, —€,. Lemma 6 also shows that U(E@)vgp
is contained in C[I']®, the subspace of A p& spanned by the products of d of p
tensors yua (1 < p, 0 < p). In particular the highest weight A = r(e; —¢€,) of V/
is one of T-weights occurring in C[I'](®. It is obvious that a T-weight of C[I')(4),
especially r(e1 — €p), is a sum of d weights of the form €, — €, (1 < p,a < p).
This implies 0 < k < d. |

For 0 < s < d, let V,.@(d) be the [k,0,...,0,—k] @ [0, ..., 0]-isotypic part of
U ({’(C)ng- Then Lemma 8 implies

d
Ul(tc)vs, = @ A58 (3.7)
k=0
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Note that Vo(d) is a trivial representation of K.

Lemma 9. For 0 < d < q, the K-module Vd(d) 1s irreducible.

Proof. We have T(Z{l)d’}/gp = d! 'y{lp by a short computation using formulas in
Lemma 6. Hence the tensor 'y‘fp belongs to U({’C)ng. Let u be the nilpotent
subalgebra of gl,,,(C) formed by all the lower triangular nilpotent matrices.
Then by the formulas in Lemma 6, it is easy to see that 'y{lp is annihilated by
all the matrix units E,g € €c Nu. This proves that ’y{lp is an extremal vector of
tc lying in U (E@)ygp, which generates an irreducible K-module of lowest weight
—d(e1 — €p). Therefore Vd(d) # {0}. It is easy to show that the d(e, — €1)-
weight space of C[I'](9 coincides with the one dimensional space (C’y{lp. This
implies d(e, — €1)-weight space of Vd(d) also coincides with (C'yfp. Hence Vd(d) is
irreducible. O

Corollary 10. Let 0 < d < q. Then the operator Hizo(—él_l(lg +r(k+p—1))
annihilates the tensor ’ngf

d

H(—Aleg +r(k+p—1)) 'ygp =0.
k=0

Proof. Write the element ygp as the sum

d
Vo =Y Vs, g €V (3.8)
k=0

along the decomposition (3.7). Since the eigenvalue of € on an irreducible K-
module of highest weight [x,0,...,0,—&]®[0,...,0] is 4k(k +p— 1), the element
v, is annihilated by —4'Q¢+x(k+p—1), a factor of Hizo(—4—1ﬂg+m(f@+p—1)).
The conclusion follows from this remark and the decomposition (3.8). O

For0<d<q, 0<k<d,set

—d)! 470+ ala+p—1 o
g(d):(q ) H etala+p )) d 6/\%- (3.9)

.
K | Q Q Ypp
o<a<d ( ’i)( k=P 1

a#k
Proposition 11. Let 0 < d < q.
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(1) For each 0 < k < d, the tensor 9,({d) is a nonzero eigenvector of Qg with

the eigenvalue 4k(k +p — 1), i.e.,
Q0D = dk(k +p—1)0D, 6D 0.

The tensor H,Qd) is H N K-invariant and is a U(8c)-cyclic vector of V,.g(d).
(2) We have

d

AT (xvolpnp) = Y 00 (3.10)
~k=0
Moreover, the tensors Ql(id) (0 < d < q) are primitive, i.e., Aﬁéd) = 0; we

have AG,(Qd) = 9£d_1) (0 < Kk < d).

Proof. Let T be an indeterminate and consider the polynomial Fy(T) = HZZO(T—i—
k(k+p—1)). The d+ 1 integers a, = —k(k +p — 1) (0 < k < d) are mutually
distinct and coincides with the set of roots of Fz(T'). Hence the formula % =

Zi:o m, or equivalently
d
1= Fiax) " Fyu(T) (3.11)
rk=0

holds, where Fy(T') = (T — o) Fy x(T). A computation shows

0D = (i) Fyp(—4710) U5yd (3.12)

K

The substitution 7' = —471Q¢ in the identity (3.11) yields yet another identity
of operators on A p&; apply this to the element A9~ (xvolynp). Then we obtain
the identity (3.10) by (3.12) and Lemma 7.

Since (T'+ k(k +p — 1)) Fy . (T) = Fy(T), we compute

{471+ wlx+p— DO = Fifan) " Fa(—47'020) 1501 = 0

using Corollary 10 to prove the second equality. This shows the second statement
of (1). Since ¥4, is H N K-invariant (Lemma 5), the defining formula (3.12) shows
the H N K-invariance of G,Ed).

Lemma 7 implies

—d)! _d —d+1)! _d—
A((qd! ) Vop) = (q(d—l)!) Pp n
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Let 0 < k < d. Then Fj(ax) = (o +d(d+p — 1))F)_ (o) and Fy(T) =
(T'+d(d+p—1))F4-1,(T). Using these formulas and noting that A commutes
with g, we compute

ABD) = Flon) ™ Fao(—47" Q) A2 ) (3.13)
= Fjlow) ™ Fyu(—4710p) Gyt (3.14)

={a,+dd+p—-1D}1F (o) !

X Fy1,(—47'Qe) {—47"Qe + d(d + p — )}((ddTI pzj

={oe+dd+p—1)}"H{=4"'Q¢+d(d +p— 1)} 64
= g1,

Note we use Qg&,&dil) =4kr(k+p— 1)9,({d71) to obtain the last equality. This proves
the last statement of (3). In the computation above, the first two equalities (3.13)
and (3.14) are true even for k = d. Since Fy4(T') = Fy_1(T), the right-hand side
of (3.14) equals zero by Corollary 10. This proves A(Hc(ld)) =0.

The element vy in the decomposition (3.8) has to be a U(€¢)-cyclic vector of
V9 Both (3.8) and (3.10) give Qg-eigenvector decomposition of 'ygp; comparing
them we obtain 9( —_C ;,d)!v,{ because the relevant eigenvalues —4a, of Q¢ are
dlfferent for different k. Consequently H(d) yields a U (tc)-cyclic vector of V(d)
SIDCG V 7é {O} (Lemma 9), H(d # 0. When k < d, the formula A%~ “(H(d))

#OShOWSH # 0.

O

Remark: The £-module V,{(d) with 0 < k < d is not necessarily irreducible. For
example, when p = ¢ = 2, V0(2) = C & C is two dimensional and contains a non

trivial K-invariant tensor orthogonal to wg.

Example: Consider the case of the rank 2 unitary group G = U(p,2) (p > 2)
as an example. We can make the invariant tensors 9,(42) defined by (3.9) more
explicit:

0y =

2p(erl)(AJJB C—-E),

o) = s {A (p—2)B+(p—1)C +pD - E},



994 Takayuki Oda and Masao Tsuzuki

where
p—1p—1 p—1
A:_ZZ%@/\’YM? B:_Z%p/\'}/pi? C:’Vgp,
i=1 a=1 i=1
D:C(Jp/\'ypp, E:wg

4. POLAR DECOMPOSITION OF SEVERAL DIFFERENTIAL OPERATORS

In this subsection we have an expression of several differential operators acting
on the space of H-invariant forms A((G — HK)/K).

4.1. Differential forms. For a right K-stable open subset S of G and a unitary
representation (p, W) of K, let C*°(S/K;p) denote the space of all the C*°-
functions ¢ : S — W such that

p(gk) = p(k)"plg), (Vg€ S, VkeK).

For g € G, let Ly : K — gz K be the left translation on G/K by g. Its tangent
map T,(Lgy) at the origin o = K is regarded as a linear map p — Tyx(G/K).
Given a € A(S/K), a function & € C*>°(S/K; ) is defined by the formula

(@(9),€) = ((gK), {NTo(Lg)} €), (Vg € 8, V¢ € [\ p).

The map « ~ @ yields a linear bijection from the space of forms A**(S/K)
onto the space of functions C*(S/K;7%); we identify these two spaces by this

isomorphism.

Since G — HK is a left H-stable and right K-stable open subset of G, both
A (G — HK)/K) and C*®((G — HK)/K; 7%") have natural left actions by H,
and the isomorphism A%*((G — HK)/K) = C*((G — HK)/K;7%") preserves
the H-actions.

Lemma 12. Let o € C®((G—HK)/K; 7). Then for eacht > 0, the value p(az)
belongs to the M-invariant part (\pE)™M. Conversely, given a C*-function ¢ :
(0,+00) — (Ap&)M, there exists a unique function ¢ € C*((G — HK)/K;7)!
such that ¢(at) = ¢(t) (Vt > 0).

Proof. Let t > 0. Since any m € M commutes with a; and since M C HN K, we
have p(a;) = p(maym=) = 7(m)p(ar) (Ym € M), which implies ¢(t) € (A pg)M.
Let us show the converse. Given a C*-function ¢ : (0,+00) — (ApE)M, we



The Secondary Spherical Functions and Automorphic Green ... 995

define a function @ : H x (0,+00) x K — Apg by @(h,t, k) = 7(k)"Lo(t).
Obviously, ¢ is a C*°-function and is constant on an M-orbit in H x (0, +00) x K
with the M-action m - (h,t, k) = (hm~1 t,mk). Since (h,t, k) — hask induces a
diffeomorphism (H x (0,4o00) x K)/M = G — HK ([29, Theorem 9,10]), ¢ yields
a function ¢ € C®((G — HK)/K; 7)™ such that ¢(a;) = ¢(t) (vt > 0). O

Lemma 13. We have ¢ (Zo)f 0(V¢ e (/\ddpc) ) for any d € N.

Proof. The operator 7(Wy) with Wy = v/—1diag(1,, —1,) € € acts on p+ by the
scalar +21/—1; hence 744(W;) = 0. Since the difference

- W() =V —1diag(—1p_1, 0, 0, 1q—1)
belongs to m, T(Zg — W) is zero on (A™ pi)M. From these, the conclusion

follows. O

4.2. Laplacians. Let {2y, Q¢, Qyne and 2y be Casimir elements of M, K, HNK
and G respectively, corresponding to the invariant form Bgy. Then

q—1
Qe = Qm — (20)2 2> (2020 + 2)2)),
j=1
q—1 p—1
Qo= — (202 —2> (2)Z)+ 2)2Z)) -2 (2027 + Z}Z}), (4.1
j=1 i=1
q—1 p—1
Qg =Qe+2) (XIXT+ XIXT) +2> (XPX) + X X)) (4.2)
§j=0 i=1
p—1qg—1
23 Y (5 + XX
i=1 j=1
Let us introduce the operators
p—1
Sezq = % T(ququ + ququ) - _Tl{T(QE) - T(Qemh)}, (43)
=1
q—1
Sen =1 T(Z)Z) + 20 7]) = Z{r(Qerp) — T(m) + 7(23)*} (4.4)

1

J

acting on A\ p¢. Let A be the Hodge Laplacian acting on A((G — HK)/K).
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Proposition 14. Let ¢ € C®((G — HK)/K;7)" and set ¢(t) = o(a;) (t >
0). Then (Ap)(ar) = —Dip(t) (t > 0) with Dy the (\pg)™ -valued differential
operator

D, :% + ((2p — 1)tanht + (2¢ — 1)cotht) %

48 —4Se 4
sinh?¢ cosh?t

+ +1 (cotht—tanht)2 (ZS) + 7(Qm).

_'_

Proof. By Kuga’s lemma ([1, Chap.II, Theorem 2.5]), the action of Laplacian A
on A(G/K) = C°(G/K; ) is given by the action of the Casimir Rg . Hence
the formula follows from (4.2), (4.1) and Lemma 1 by a direct computation. [

The next lemma, which is obtained by integration-by-part, will play a key role
in this paper (c¢f. Propositions 23 and 31).

Lemma 15. Let o, 3 € C°°((0,+00); (A pg)™) and 0 < € < R. The formula
R R
[ (@D oft) dt = (a5 6) a5 R) + [ (Dea(®)]3(0) oft) i
holds, where

R(a, B5t) = o(t) {(o/(1)]B(1)) — (a(t)]B'(1)) } -

Proof. Fix 0 < € < R. In the following computation we use the relation dTZ +
((2p—1)tanht + (2¢ — 1)cotht) L = o(t) "' L o(t) 4 and the fact that the operators
St Seq, T(Zo) and 7(y) are self-adjoint. Then by applying the integration-by-
part twice, we have

R
/ (a(t)|DiB(t)) o(t) dt
R
_ / (a(t)| L o(t) A1) dt

R
/ (a(t)|{ 2Bep. 4 Ota y (cothlotanht)? (7002 4 7 (Q)}B(E)) oft) dt

R
= —(a(e)lg(f)ﬂ/(E)H(a(R)IQ(R)B’(R))—/ (fra®e(t) §6(¢)) dt

R
+/ ({i«:flg + :jigq + (cotht—4tanht)2T(Zg)2+T(Qm)}a(t)|ﬁ(t)) g(t) di

—(a(e)e(e)3'(6)) + (a(R)|e(R)F'(R)) — (e(R)o/ (R)|B(R)) + (e(€)a(e)[B(e))
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R
-+/‘a§mw3auﬂﬂu»dt

R
_|_/ ({ifﬁ;t 4 C;lsigq + (cotht 4tanht) (28)2 +T(Qm)}a(t)‘ﬂ(t)) Q(t) dt

R
— (. fie) = K B R) + [ (Dra(0]5(0) oft) i
g
4.3. d0-operator. Since (G—HK)/K is an open subset of the complex manifold

G/K, we have the usual operators 9, d and their formal adjoints 0*, 9* acting
on A(G—-HK)/K) =2 C>®((G—-HK)/K;T):

=1 j=1 =1 j=1
p q p q
a - € (wZJ>REp+j,7L7 a - € (wZJ)REz p+7
=1 j=1 =1 j=1

In order to describe the composite operator 90 and 0*9* on the H-invariant
forms concretely, let us introduce operators acting on A pg:

p—1 p—1 p—1
Py = e(win)r(Z)), P-= Ze(wil) (Z] Ze wit A Wit),
i=1 i=1 i=1
q—1 q—1
Ri=Y e(@pju)7(Z)), Ro=> elwpjs1)7(Z),
=1 j=1
q—1
e(ng) = e(wp,j+1 A @pjt1),
=1
and
A = e(ny) + ge(wo A @) — e(@o)P- + e(wo)Ps, (4.5)
B = e(nq) + 3e(wo A @o) — e(@o)R— + e(wo) R+, (4.6)
C= (wo)(P+ + R+) + P_R+ + R_P+. (47)

Here we set wg = wp 1.
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Proposition 16. Let p € O°((G — HK)/K;7)! and set ¢(t) = ¢(a;) (t > 0).
Then (00¢)(ar) = E19(t) (t > 0) with & the (\pg)™ -valued differential operator
& = te(wo A @o) Ly + L(tanht A+ cotht B) &

+ tanh?t P_P, + coth®t R_R, +C

+ \/T_T(l + tanh?t) (\/%e(m)) —e(wo)P- — e(wo)P+) T(Z(?)

+ (1 + coth®t) (se(ng) — e(@0)R- — efwo) Ry ) 7(Z])

+ @e(wo A (D())T(Zg) + = (tanht + COtht)2T(Zg)2.
We have (0*0*p)(ar) = E;p(t) (Vt > 0) with &F the formal adjoint of &; defined
by

+00 +oo
| Eatipoy = [ @olesn) o at
0 0
(Va, B € C((0,+00); (/\ pe)™).

Proof. Using the expression of @ and 0 above and also the formulas in Lemma, 1,

we prove the formula (90¢)(a;) = €;¢(t) by a direct computation. O

Lemma 17. Let o, 3 € C%°((0,+00)); (Ap&)M) and 0 < € < R. The formula

R R
/<&mmmmmww=6ﬁa—a@+/<mm$mmmwa
holds, where

&(t) = L2 {(e(wo A @0)B'(8)](t)) — (e(wo A wo)B(E)]e (1))
+ tanht ((24 — (2p — 1)e(wo A @0))B(t)|a(t))
+ cotht ((2B — (2¢ — 1)e(wo A @0))B(¢)|(t)) }.

Proof. Similar to the proof of Lemma 15. O

5. THE SECONDARY SPHERICAL FUNCTIONS

Set po = p+ ¢ — 1. In this section, we fix an integer 0 < d < g and set

DY =C —{py—2(¢ — d+n)|n € N}.

Here is the main theorem of this section.
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Theorem 18. (1) There exists a unique family gpgd) (s € D(d)) of functions

with the properties:
(i) Fors e D@, o\ € C>°((G - HK)/K;7%)H.
(ii) For each g € G — HK, the value go(sd) (9) depends on s € D holo-
morphically.
(iii) For each s € D,

Qi (9) = (5> = )p P (9), (9 € G— HE).
(iv) It has the ‘small-time behavior’

Jim 207D (a) = A1 (svolyey)

(v) It has the ‘large-time behavior’
AD(a0) = O™ <), (1 to0)

(2) The radial value cpgd)(at) is given by the explicit formula

d

P (a) =Y Fa(si) 00, (¢>0). (5.1)
k=0

Here for each k € N, s € C and t > 0, we set
T2 4 )52 + g — k)
s+ DI(g— 1)
x (cosht) (/) Fy (SJF% 6, S g — ks 41— ) :

cosh?t

Fi(s;t) =

The next corollary says that only the function gogq) is essential, from which

others gogd) with smaller bidegree (d, d) are obtained by successive application of
A.

Corollary 19. We have Agogd) = gpgd_l) whenever 1 <d < gq, s € D@

Proof. This follows immediately from the explicit formula (5.1) and the last state-

ment of Proposition 11 (2). Another proof is first to check that Agpgd) has the

same properties (i) to (v) as ap‘(gdfl), which is easy, and then to use the uniqueness

of gogd_l). O
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5.1. Some properties of the secondary spherical functions. In this sub-
section, we fix a family of functions Lpgd)(s € D) satisfying the conditions (i),
(ii), (iii), (iv) and (v) in Theorem 18. Starting with these five properties, we de-
duce several substantial results which will be used not only to prove Theorem 18
but also to study Poincaré series in the next section .

First of all, to study the local behavior of gogd)(at) near the boundary points

t = 0, 400, we introduce the local coordinate z = tanh?t around ¢ = 0 and the

one ( = % around ¢t = +o0.

osh?t

Proposition 20. (1) There exist 0 < € < 1 and a (\** pi)™M -valued holo-
morphic function R(s, ) on D@ x {|¢| < €} such that

oW (ay) = CETPI2R(s5,¢), (s € DD, ¢ € (0,¢)). (5.2)

(2) There exist N € N, 0 < 6 < 1 and (A*? pi)M —valued holomorphic func-
tions Pp(s,2) (0 < h < N) on D@ x {|z| < &} such that Py(s,0) =
A7 4 (xvolyny) and

2(log 2)" Pu(s,2)}, (s € DY, z € (0,9)).

M=

oD (az) = 2~V {Py(s, 2) +

>
Il

1
(5.3)

Proof. Set V= (Apg)™. From the condition (iii), ¢(t) = wgd)(at) satisfies the
differential equation Dy (t) = (s? — p3)é(t) on t > 0. Here D; is the differential
operator given in Proposition 14. By the change of variable z = tanh?¢, which
yields a diffeomorphism from ¢ > 0 to 0 < z < 1, the equation D;p(t) = (s? —

p?)¢(t) becomes

{L+(t+2)E+Qsafoz) =0, (0<z<1)  (54)

with

_ 82— 2
Q(s; 2) = z(ff'g) + z%fz) + 42(11220)21‘/ (€ End(V)).

This implies that the function ®(z) = [zﬁﬁfi)] (€ V29) is a solution of the first

order differential equation

9 (2) = A(s: 2)2(2), A(s;z>=[ZQ(s;z) (tjl__p;J)lV]. (5.5)
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Since z = 0 is a simple pole of A(s;z), z = 0 is a regular singular point of
the equation (5.5) ([3, Theorem 2.(p.111)]). The integer —(q — 1) is one of its
characteristic roots at z = 0, which are the eigenvalues of the operator

0 1
Res.—0A(s;2) = Ao = | _g, (17(}/)1‘/] . (5.6)

By Lemma 21 below, the characteristic roots are integers; hence by [3, Theorem
4.2(p.121)] the solution ®(z) has to be of the form ®(z) = 22 S (log z)"Fj (s, 2)
with Ao the smallest characteristic root. Here Fy(s, z)’s are V2®-valued holomor-
phic functions on D) x {|z| < §} with small § > 0. Let Py(s,z) be the first
projection of Fp,(s, z) to V. Then we obtain this local expression of ¢(z):

N
¢(z) =22 (log2)"Pu(s,z), (0<z<9).

h=0
By the condition (iv), the function 297'¢(z) has the limit A9 4(xvolynp) as
z — 40 with z € R. This implies that Pg(s,z) = 22T7"1Py(s, z) should be
holomorphic at z = 0 with constant term A9~ (xvolyny) and that TP, (s, 2)
should be of the form zP(s, z) with Pp(s, 2) holomorphic at z = 0. This com-
pletes the proof of (5.3). The proof of (5.2) is similar. O

Lemma 21. The eigenvalues of the linear operator Ag coincides with the set of
numbers A € C such that det(Sgp+ AM(A+q— 1)) = 0, which consists of integers.

Proof. For a given w = (v1,v2) € V2, the equation Agw = Aw is equivalent to
the system of equations vo = Avi, {Sep + A(A + ¢ — 1)}vy = 0. This shows the

first assertion of our lemma.

Let Apg = @;c; Wi be a K N H-irreducible decomposition. Taking M-fixed
part, we have the decomposition V' = @, ; WiM , by which the Casimir operator
Qgnp is diagonalized. Since Sgp = %T(th) on V by (4.4), the eigenvalues of Sg j
on V' are computable from this decomposition. Identify ¢c Nhe = gl,—1(C)®C @
gl;(C) and m¢ = gl,—1 (C)&Caogl,—1(C) naturally; then by gl,—1 — gl,-branching
rule ([6, Theorem 8.1.1(p.350)]), the highest weight of W; such that WM £ {0} is
of the form [a,0,--- ,0,—a]®[0]®[0,...,0] with a € N. The eigenvalue of Qg on
this W; is easily calculated as 4a(a+q—1). Hence Sgp|WM = —a(a+p—1). The
argument so far shows an eigenvalue of S¢ on V belongs to {—a(a+¢—1)|a € N}.

If A satisfies det(Sgp+A(A+¢g—1)) =0, then A\(A+¢—1) = a(a+qg—1) with
some a € N. Hence A = a,1 — ¢ — a, in particular \ € Z. O
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(d)

Since HK is a zero set of G with respect to the Haar measure, the form g
is regarded as a measurable form on G/K.

Lemma 22. The measurable form gogd) on G/K 1is locally integrable.

Proof. Let {Up}nen be an open covering of H by relatively compact subsets.
The sets G, = Upexp([0,€]Yp)K, (e > 0,n € N) form an open covering of G
by relatively compact sets. Fix ¢ > 0 and n € N. From the property (iv), there
exists a constant C. > 0 such that ||<,o‘(S (ag)|] < Ct=2a=D (vt € [0,¢]). Using
this estimation, by Lemma 2, we have

/G 1o (g) ] dg = vol(Us,) /O 1@ (an)llo(t) dt < Covol(Uy) / 17200 (1) dt.

0

Since t=20=Vp(t) = O(t), (Jt| < €) by (2.4), the last integral is convergent. [

Proposition 23. Assume Re(s) > po. Then the (d,d)-current gogd) on G/K
satisfies the differential equation:

(A+ 52— pd) l¥ = F(Lg:ql)Aqid‘sH/HﬂK‘
Proof. Let f € A.(G/K). Then

(A + 82— pR)pD s« f) = (0D (A + 52— p3) * f) (5.7)
+0oo
_ /0 (6 (ar) / (A + 5 p2)f (hay) dh) olt) dt.

Since f is of compact support, the integral f¥(g) = [y f(hg)dh(g € G) con-
verges absolutely and defines an H-invariant functlon e C*(G/K;m)
Moreover, f +— fH is a Z(gc)-homomorphism from A.(G/K) to C®(G/K; )"
Here Z(gc) is the center of the universal enveloping algebra of gc. By this remark
and Proposition 14 , we have

/H (A + 8 — ) f(hg) dh = (B + 5 — p2) 1" (ar)
= (=D¢ + 5% — p3) fH (ar)

for t > 0. Use this formula to obtain the expression of the paring (5.7) in terms
of fH

+oo
(D + " = o)l +f) = /0 (Pl (@) |(=De + 8% — p) S (ar) e(t) dt. (5.8)
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Fix 0 < € < R and apply Lemma 15 with «a(t) = wgd)(at) and B(t) = f7(ay).
Then

R
| 0@ =Dt = s @) o) dt = RE) - () (59)

€

since (—D; + s2 —pg)cpgd) (at) = 0(Vt > 0) by the property (i) and Proposition 14.
Here

R(t) = —o(t) (pi” (ar) | g 7 (ar)) + o) (Gl (ar) 7 (ar)). (5.10)
Let us compute the limit of R(e) as € — +0. By differentiation of (5.3), we have
N
Lol (a) = —(q — 1)z {Po(s,2) + > _ 2(log 2)"Py (s, 2)}
h=1

N
4 patl dz 8Po )+ Z log z + h)(log Z)h 1Ph(5 z)
h=1

+ ) z(log z)haph (s,2)}

WE

>
Il

1
for small 2. Since Py(s, z) = A9=4(xvolyny) + O(2), Pi(s,z) = O(1), Fr(s,2) =
)

O(1) and & = 225(1 — z), we have the estimation

N
Lo (ar) = —2(q = 1)2579(1 + O(2)){ AT % (xvolyny) + O(2) + 3 O(2(log 2))}
h=1

N
+270(1) + Y O((log 2)" +Zo (22 (log 2)")

=-2(q— 1)2%_qu_d(*volpmh) + O(zl_q(log 2)M)
= —2(q — 1)t 2 AT (svolpnp) + O(12 2 (log 1))

for small ¢ > 0. Since %fH(at) is continuous at t = 0 and gpgd) (ay) = O(t~24%2),

o(t) = 12?;) t24=1(1 + O(t)) for small ¢, the first term of (5.10) is majorized by
O(o(t)t=24%2) = O(t). Hence

lim R(e) = lim o(t)($0 (a)] " (a0)) (5.11)

= {@‘”i) (AT (svolyng) [ 7 (e)).

Let us compute the limit of JR(R) as R — +o00. Since f is of compact support

in G and H exp([0,R)Yp)K, (R > 0) is an open covering of G, there exists an
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Ro > 0 such that supp(f) C H exp([0, Ro]Yo)K. Hence f7(a;) = 0(Vt > Ry).
This yields R(R) = 0 (YR > Ry), especially
1 = U. .1
Jim R(R) =0 (5.12)
By (5.8), (5.9), (5.11), (5.12) and Lemma 3, we obtain

(A +5* - P%)@gd), +f) = r(4q7f1) / (Aq_d(*V01pﬁb)|f(h)) dh
H

= %mq*d@qﬂmm «f).

5.2. The proof of Theorem 18.

5.2.1. The construction of a solution. By Proposition 14 and Lemma 12, finding

a function cpgd) with the properties (i) and (iii) is equivalent to finding the function

o(t) = gpgd) (a) on t > 0 which takes its values in the vector space (A pg)™ and

satisfies the ordinary differential equation

De(t) = (5* — pg)o(1). (5.13)

We search for a solution of (5.13) assuming the form

d
$(t) =D du(t) 6D (t>0) (5.14)
k=0

with d + 1 unknown functions ¢,(t). By (3.10), the condition (iv) for (5.14) is
equivalent to requiring

; 2(g-1) —
[Jim ¢ Pr(t) = 1. (5.15)

For the function (5.14) to meet the condition (v), we also have to require
G (t) = O(e”Rel+rlty (1, 4o0). (5.16)

By Lemma 13 and H N K-invariance of H,Sd) (Lemma 5), the operators T(Zg), Seps

7(Qenp) and 7(y) are all zero when applied to o\ By (4.3) and Proposition 11
(1), we have queff) = %T(Q{g)@,&d) = —k(k+p-— 1)05@‘1). Hence the equation
(5.13) is simplified as

{% + ((2p — 1)tanht + (2 — 1)cotht) & + % + p3 — 52} bn(t) = 0.
(5.17)
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Lemma 24. Let p,q, A, B,C € C and choose o and 3 such that

F+@-1)8+4 =0, (5.18)
(a+B)a+B+p+qg-1)+5 =0 (5.19)
Then, by the change of variable ( = rslhgt, the ordinary differential equation
{% + ((2p — 1)tanht + (2 — L)cotht) & + (ﬁ + B+ c) } fH)=0

for a unknown function f(t) ont > 0 is transformed to the Gaussian hypergeo-

metric equation
C(L=QF"(Q) +{c—(a+b+1)CHF(C) —abF(() =0 (5.20)
with

(a+b,ab,c) = (—2a —p+1, 042+(p—1)04—%, —(p+q+2a+26-2),
(5.21)

for the unknown function F(¢) = (cosh?t)~(sinh?t) =P f(t) on 0 < { < 1.
Proof. A direct computation. (|

Let us apply this lemma to our equation (5.17) taking A = 4k(k+p—1), B=10
and C = p2 — s?. Then 8 =0, = —3(po + s) satisfies (5.18) and (5.19). We can
easily find

(a,b,c) = (%—i—m,% —K,,S—Fl).

satisfies (5.21). The condition (5.16) is equivalent to the condition that F'({) =
(cosht)stP0 ¢, (t) should be bounded as ¢ — +0. The solution of (5.20) given by
the hypergeometric series

o0

F(¢) = 2F1(a,b;6:¢) = iy O Fromar™¢™, (¢l < 1)

n=0

meets this requirement. Thus we have shown that the function

¢ (t) = Cy (cosht)~(5Fr0)y By (sﬂ’;q_l + g, AL s 41, #)

cosh?t
with a constant C,, € C satisfies all the conditions we require except (5.15). For
this function to satisfy (5.15), the constant C has to be
~1 - 1
I«(s-l-p-gq + IQ)F(S p-g(H— _ I{)
I'(s+1)I'(¢—1)

C, =
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by a formula in [19, p.49]. This completes the proof that the function given by
(5.1) satisfies all the conditions in Theorem 18.

5.2.2. The uniqueness. Let us prove the uniqueness of <p§d) (s € D(d)) satisfying
the conditions (i) to (v) in Theorem 18. For that, take another family ¢§‘” (s €
D@) with the same properties as <pgd). Fix s € C such that Re(s) > pp and
consider the difference fs(g) = gogd) (9)— () (g), which defines a (d, d)-current on
G/K by Lemma 22 and satisfies the differential equation Afs = (pg — s?) fs by
Proposition 23. Since A is an elliptic differential operator, fs is automatically

real analytic on G/K.

Let 0 < € < R. We obtain D;fs(a;) = (& — s?)fs(ar) (V¢ > 0) from Afs =
(p? — s%) fs by Proposition 14; thus, Lemma 15 yields the identity

R
(2 &) / 1 ulan) | ot) dt = §(6) — F(R) (5.22)
with

3@) = Q(t){(fs(at)‘%fs(at)) - (%fs(at)’fs(at))}~

Since fs is real analytic on G/ K, the function ¢ — fs(a;) is smooth on R. Noting
this, the limit of F(e) as € — 40 is easily computed as

ELiIEO S(e) =0. (5.23)

By (5.2), the function t — fs(a;) as well as its derivative %fs (at) is majorized by
O(e~(Re(s)+0)t) for Jarge t. Hence F(R) = O(o(t)e (Re(s)+ro)ty = O (e~ (Rels)=po)t),
which implies
li =0. .24
Rlim F(R) =0 (5.24)
By (5.22), (5.23) and (5.24), we obtain

“+o0
st — 5 at 2 = 0.
=) [ Il ear—o

This identity yields 0+°° | fs(as)]|? o(t)dt = 0 as long as s> ¢ R. Since the
function || fs(as)||?e(t) on t > 0 is continuous and non-negative, the vanishing of
its integral implies the vanishing of the function itself: || fs(a¢)||%0(t) = 0 (V¢ = 0).
Noting o(t) > 0(Vt > 0), we consequently obtain fs(a;) = 0 (V¢ > 0) under the
assumption Re(s) > po, s> € R. By the decomposition G = H{a;|t > 0} K and
by the equivariance fs(hgk) = 7(k)"1fs(g9) (V(h,k) € H x K), the value fs(g)
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has to be zero for all ¢ € G and for all s such that s> ¢ R, Re(s) > po. Using
the condition (ii), we finally conclude ol (9) = () (9) (Vg € G — HK) for all
s € D@ by analytic continuation.

5.3. A finer form of small-time asymptotic. By the explicit formula (5.1),
we obtain a finer small-time asymptotic than (5.3).

Proposition 25. There ezists a unique family c,(s) (0 < a < ¢ — 2) of tensors
in (/\d’d pE) 0K such that the following properties hold.

(1) There exist (/\pg)2"E -valued holomorphic functions P(s,z) and Q(s, z)
on DD x {|z] < 1} such that
q—2

PP (ar) =Y cals)z ™1 4 P(s,2) +log 2 Q(s, 2), (5.25)

a=0

(s € DY, z = tanh?t € (0,1)).

(2) We have co(s) = AT%(xvolyny), and cu(s) satisfies the recurrence rela-

tion:

a—1
da(g —a—1)ca(s) = D {7(Q) + (@ = &)(pf — 5) (5.26)
k=0

—4(po—1)(g—r—D}eals), (0<a<qg-2).

(3) For a,7 € N such that 0 < a < inf(r — 1,q — 2),
(%%)r ca(s) = 0.

Proof. The formula (5.25) follows readily from our explicit formula (5.1) combined
with a property of the hypergeometric function [19, p.49].

The recurrence formula (5.26) is obtained first by substituting the expansion
(5.25) to the equation (5.4) and then by equating the coefficient of z=9+~! in
the left-hand side with 0.

By (2), it is obvious that c4(s) (0 < @ < ¢—2) is a polynomial function in s € C
such that c,(s) = co(—s) and degcq(s) = 2a. Hence c,(s) = b(s?) with some
polynomial b(¢) of degree a.. If we set t = s2, then (%%)r cals) = (—%)T b(t) =
0 since r > «. This shows (3). O
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5.4. A differential relation. The functions ¢5 = gogq_l) = Agp( and Vg = ! (@
are of particular importance in our investigation of the modular cycles arising

from H. They are related by the simple formula:

Theorem 26. Let s € D@, Then we have
= /(82— 2
000,(g) = =)y (g), g€ G- HK,

In order to prove this, it suffices to show that 1 = 2¢/—1(s? — p3)~100¢s
has the properties (i) to (v) for d = ¢ which characterizes the function s by
Theorem 18.

The property (i) for s is obvious by definition. The property (ii) is also
obvious by the explicit formula (5.1) and Proposition 16. The property (iii) for
s follows from the corresponding equation for ¢, because {1 is commutative
with the operators 0, . The large-time asymptotic of @Z;S(at) is easy to prove by
Proposition 16, because (5.2) shows that any derivative 2
O(e~(Re(s)+r0)t) for large t. It remains to show

L= ¢s(ar) is majorized by

tlir}rlo 217198 ¢,(ar) = M * volyng. (5.27)
The rest of this subsection is devoted to the proof of (5.27).
From the equation Q4¢5(g) = (s*—p2)¢s(g9) (9 € G— HK) and Proposition 14,

we have

L2o(t) = —((2p — Dtanht + (2g — 1)cotht) $6(t) + -t 6(t) + (5 — pf)6(1)

with ¢(t) = ¢s(ay). By this, we eliminate the second derivative ¢”(¢) in the
formula €;¢(t) in Proposition 16 to obtain

85¢s(at)
= {—21((2p — 1)tanht + (2q — 1)cotht) e(wy A o) + 3 (Atanht + Beotht) } ¢/ (t)

6 ¢ wp A @0)} (1)

+ {Ms tq + P_P+tanh2t + R_R+C0th2

cosh?

By the coordinate z = tanh?t, this becomes

85¢3(at)
—(1—2){Z((2p— 1)z +2¢ — 1) e(wo A @0) + (Az+B) 49(2)
+{(1 - 2) elwn A B0)Seq + PPy 2+ R_Ry 27 +C+ T3 efwn A o) } 4(2).
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Using this and (5.25), we can compute the first two terms of the singular part of
00¢s(az) in the z-expansion, which is of the form

ag—;(s)
y2

M@

00¢s(a;) =

+ Pi(s, z) + (log z) Pa(s, 2) (5.28)

—_

<.

with some polynomial functions a;(s) and some holomorphic functions Py (s, z),
Pa(s, z). We are interested in ag(s) and ai(s). A short computation yields

a0(s) = {~(¢ = 1) (~ 25> e(wo A &0) + B) + R_Ry. | cols),
ai(s) = {—(q —1) (—27’—2_1 e(wo A @) + A) (g—1) (—— e(wo A @) + B)
+e (wo/\wo)qu—l—C—i- pO e(wo/\wo)}co(s)

{-RRy+(-2) (-2 te(wonm) +B) } als),  (a>2),
{2 e(wo nao) + B} Q(s,0),  (g=2).

By (5.26), we have

—1\7! _ _
(4= Dleols) =" = (5)" (@ Adp +mg)"
s2—pk - -
(4= D a=2er(s) = {8+ (a— Do - D} i +Seatly s (a>2),

Q(S,O) =2 1 + Sé,q’)/ppa (q = 2)

. _ q—]_ _
with ng =372 wpjt1 A Wpjei

Lemma 27.

{qule(wo ANwg) — B} 73;1 ={(q - 1)wp1 A @p1 — Uq} A ’YS{I —0.
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Proof. Since 7, is H N K-invariant, Ry, ' = 0. Hence we have
{2%;16@)0 A Qo) — B} *y;;’;l
(¢ — Dwpt A@p1 — ng} A ’7351

{(q = Dwp1 A @p1 — nq} A (wp1 A@p1 + 19)7

Since co(s) and ci(s) are H N K-invariant (Proposition 25),
Rico(s) =Rxci(s) =0.
Therefore, by Lemma 27, ag(s) = 0.
By (4.5), (4.6), (4.7) and Lemma 27, noting that Rc;(s) = 0, we have
(¢ —Dlai(s) (5.29)

— ¢ — _ _m = — 52_9% — q—1
=q—(¢g—1) 5—e(wo Awo) +A) + e(wo A wo)Seq+ C + —2e(wo A o) ¢ Vi

+ {—2‘12—_16@00 A @) + B} S(;,q"}/ggl

= (a— 1) {(p— De(wpt A wp1) + e(@p1)P- — e(wp1)Pr — e()} 7y '
+ {e(wp A @pl)SEq + e(wp1)Py + R-Py} 73;1

+{=(g = Dwp1 A@p1 +1g} A Seqrfy !

s*—ng " q—1
+ —2e(wp /\wpl)'ypp.

Lemma 28. Set B = — Zf:_ll Ypi N\ Yip- Then

" -1 _ 2 _gq
e(wpl/\wpl)prp - q\/_*lpr;m

p—1

Pyt =(a=1) wit A Ay s
=1
p—1

Pyt = (g — 1) @i Avip A2,
=1
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p—1
R_Pirdl = (g 1) {\/__%B A2 = wp ABin Ayip A fyglj?} ,

=1
p—1
SE,q'Vg;TIZ(ql){( Vpp +Z’7u/\/ypp (q2)BA’Yg;73}7
=1
—\¢!
(52)" LSeqnt = A{-(p—1 vpp+2'm (¢ —1)B A%

—wp1 Nwpr A quvpp — 6(77[))’7pp + (p — 1)wp1 N wp1 A ’}/gp 1

p—1
+ (g = D@p1 A (Z wil A vpi> A2

i=1
p—1

— (g = Dwpr A <Z Wi A %'p> A2
i=1

Proof. A direct computation with the aid of Lemma 6. O

By this lemma, a direct computation yields the identity
(a = 1) {(p— De(wpt Awpr) + e(@p1)P- — e(wpt) P+ — e()} i '
+ {e(wp1 A Bp1)Seq + e(wp1) Py + R_Py L1
+{=(g = Dwp1 A@p1 +nq} A Sé,q%(f;l

1\ ! g1
- (g) o Sealls

which simplifies (5.29) considerably:

T\t -
(4= Dtar(s) = () L Seqns +
_ $°—pp
- Qq\ﬁo%ap

s2 fpo

= 2\/_7((]— 1)! % volpng,

_ 2 _
1 Oe(wpl A ‘Dpl) ’ng !

where the second equality follows from 7§ = 0 combined with the first formula in
Lemma 28 and the third equality follows from Lemma 7. Summing up, we obtain

ap(s) =0, ai(s) = w % volpnp.

This, combined with (5.28), implies the desired limit (5.27). As explained at the
begining of this subsection, this completes the proof of Theorem 26.
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6. POINCARE SERIES

From now on, we fix a Q-structure on G such that the involution ¢ defining H
is defined over Q. Let I" be an arithmetic subgroup in G. Then H is a Q-subgroup
of G and the intersection I' N H is an arithmetric subgroup of H. The quotient
spaces I'\G and I' N H\ H have finite invariant volumes. For simplicity we set
I'y =I'NH and Ky = H N K, and suppose that I' is neat. Then, the Kéahler
manifold structures on the discrete quotients I'y\ H/ Ky and I'\G/K are pushed
down from those on their universal coverings H/Kpy and G/K. Moreover, I'H is
a closed subset of G and the inclusion I' N H\ H — I'\G has the closed image.

6.1. Currents defined by Poincaré series. Let (pgd) (s € D(d)) be the sec-

ondary spherical function of bidegree (d,d) constructed in Theorem 18. For

(d)

r € N, we define an auxiliary function ¢sr by

eD(g) =L (L) o(g), (seDD geG-HE).

Let us consider the Poincaré series
2{(9) ="5" D @) (6.1)
yELg\T
for (s, g) belonging to the set {s € C|Re(s) > po} x (G—THK), where the series

is L'-convergent as the next proposition shows. Note Re(s) > pg is contained in
the domain D@,

Proposition 29. Suppose Re(s) > po. Then

/ S ¢ (g)] dg < +oo.
r\

G ’YGFH\F

In particular, the measurable function <I>( )( ) on T\G/K is integrable.

Proof. By the integration formula (2.3), the integral in question equals

/FH ) ||dg—/FH\Hdh/dk/ 16 (hack) | ) dt

Since <p§f9 (hgk) = T(l{:)_lcpg )(g) (V(h,k) € H x K), and since 7 is unitary, the
integral over '\ H yields the factor vol(I'g\ H), which is finite as we remarked
above, and the integral over K yields the factor 1. To complete the proof, it
suffices to show the convergence of the integral f Hcps 7 (ar)]o(t) dt
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By applying the differential operator (%%)T to the formula (5.25), noting
Proposition 25 (3), we obtain the estimation ||\ (a)|| = O(t~29+2+2) on (0, 1].
Hence the function ||<pgfl2(at)|| is majorized by O(p(t)t~24+2+2) = O(t>"*1) on
(0, 1], especially integrable there.

By applying (5—51%)” to the formula (5.2), we easily see that gogfi,?(at) is still
majorized by O(e~(Re()+r0)t) on the interval [1,400). Hence H(p&d)(at)Hg(t) =
O(e*(Re(s)*pO)t), which implies the convergence of the improper integral over
[1,+00) when Re(s) > pg. This completes the proof. O

Therefore the measurable (d, d)-form CIDng on I'\G/K yields a current, denoted

by the same notation @gf?, by the integration:

(@, a) = / o Na, (Vo€ A(\G/K)).

6.2. The Poisson equation. Let C, : 'y\H/Ky — I'\G/K be the holomor-
phic map obtained from the inclusion H/Kpy — G/K by passing to the discrete
quotients. Since we assume that I' is neat, the map C’Il; is an inclusion and its

image is a closed complex analytic subset of I'\G/K. The integration
(Gor s a) = / (C%)a,  ae A(T\G/K)
" p\H/Kg
defines a (g, g)-current on I'\G/K.
Lemma 30. For a € A.(I'\G/K), we have
(A5 #a) = (AT (xvolpny) [a" 1V (e)),
where

A OE / a(hg) dh.
Ty\H

Proof. This is proved by a similar way to Lemma 3. See also [32, Proposition
6.1]. O

(d)

For a while, we use the simpler notation C for C'Il}. Our currents @, satisfy
the generalized Poisson equation:
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Proposition 31.
(B + 52— ) el — 4075,

NS
for Re(s) > po, m € N.
Proof. The proof is similar to the local counterpart Proposition 23. For « €

A(T\G/K), set I.(a) = (A + s — pg)”l@g}, «@). Then it suffices to prove
I.(a) = I,_1(a) (¥r = 1) and Ip(a) = (4A9" %, xa). We have

= - /F\G Y @RI +5 — pg) alrg) dg

~yEr g\l
— D) / (D (A + 52 = p)*alg)) dg
I'u\G
+oo
=0 [ 0] [ (645 dyHaha) dh eft) dt. (62
0 'g\H

Since the support of the function « is compact modulo T and since 'y \H is
closed in I'\G, the integral ol # \H (g) converges absolutely and defines a function
o'\ ¢ 0°(G/K;7)". The map a — o'\ is a Z(gc)-homomorphism from
A(T\G/K) to C*(G/K;7)H. By this remark and Proposition 14, we have this
expression of I,.(a) in terms of the integral o #\1:

—+00

I(a) = Tzl i (DD (ar)] frr1(t) olt) dt (6.3)

with f.(t) = (—=D; + 52 — p2)"ar#\M (a;). Fix 0 < € < R. Then by Lemma 15, we
have

R
/ (0D ()| fra () o(t) (6.4)

R
— R(R) - R(e) + / (=Ds + 52 — )l (a) £, (1)) o(t)
with
() = o) {— (¢ ()| 12(0) + (L@ (an)l (1) ).

Let us compute the limit of fR(e) as € — +0. As we noticed in the proof of Propo-
sition 29, we have the estimations Q(t)gagfir) (ay) = O(p(t)t=2aF2r+2) = O(¢?r+1)
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and Q(t)%cpgiir)(at) = O(t?") for small t > 0. Since f,(t) is continuous, we have
fr(t) = O(1). Hence if r > 0, then R(t) = O(t) for small ¢ > 0, which implies
lime+99R(e) = 0. When r = 0, we compute the limit exactly the same way as
in the proof of Proposition 23. Summing up, we obtain

Jim R(e) = 7255 (AT (evolpp) | fo(0)) 3. (6.5)

Let us compute the limit of R(R) as R — +oo. By (5.2), the estimations
o)\ (ar) = O(e=Be=r0)t) and o(t) Lol (ar) = O(e=Re(=)=r0)t) hold for
large ¢. Since f,(t) is bounded on t > 0, we have

lim R =0. .
alim, P(E) =0 ©9
By the formula [s2, (52 4)r) = (T_ll)!(_—sl%)’"*l, we have

(—Ds + 52— 2ol D(ar) = & (T2 L) (—=Dy + 8% — p2)elD(ar) + %) (ar)

using (—D; + s — p%)gogd)(at) = 0(Vt > 0). Hence taking the limit as e — 40,
R — 400 of (6.4) and using (6.5), (6.6) and (6.7), from (6.3), we obtain

I (@)

+oo
= 4(A(xvolyy) fo(0)) B0 + H5 /0 ((=De + 5% = ph)pifd (an) | f(2)) o(t) dt

= (AT vl " () o+ M0 [T (D a0 et
0
= <4Aq7d(*volpnh), *a) 6p 0 + Ir—1(av).

Note the last equality is by Lemma 30. U

6.3. Spectral expansions of Poincaré series. In order to obtain a mero-
morphic continuation of the function s +— @gfg beyond the convergence region
Re(s) > po, we want to use the L2-theory, i.e., the spectral decomposition of
the Laplace-Beltrami operator acting on the Hilbert space of square integrable
(d,d)-forms. Unfortunately, the form @gflg is mot square-integrable, even when

I'\G is compact. This difficulty is circumvented by considering q>§fQ with a large

r (cf. [8]).
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Proposition 32. Let r > g — 1. Suppose one of the conditions (a) and (b) is
satisfied:

(a) T\G is compact, and Re(s) > py.
(b) T\G is non compact, and Re(s) > po(3 —2p~1).

Then the measurable (d,d)-form <1>§f? on T\G/K is L**¢ for some € > 0.

Proof. From Proposition 25 (3), the term 9% c,(s)2z~9"**! in the formula
(5.25) is annihilated by (;—Sld%)T if r > g — 1. Hence

gogfl (a;) = P,(s, tanh?t) 4 log(tanh?t) Q, (s, tanh?t)

T

for small ¢ > 0 with P,(s,2) = L(FZ4)"P(s,z) and Q,(s,2) = L(F2 L) Q(s, 2).

rI\2s ds !
For large ¢t > 0, the estimation gog(fg(at) = O(e~(Re(s)+ro)ty holds as we noticed
(d)

in Proposition 29. Using these estimation of ¢y (at), we can argue exactly the
same way as [26, Section 5] to have the conclusion. O

Remark: Since vol(I'\G) < +o0, Holder’s inequality yields the inclusion

L*TYT\G) C L*(T\G).

Let A‘(jé‘)j(F\G/K) be the completion of the space Ag’d(F\G/K) by the inner
product

(al) = / N

From now on, we further assume that I' is a uniform lattice, i.e., the manifold
I'\G/K is compact. Then the Hodge Laplacian A with the domain A%%(T'\G/K)

is essentially self-adjoint operator on the Hilbert space A'(ié‘)i(F\G /K). The do-
main of A, the minimal closed extension of A, consists of all a € A(gf(f‘\G /K)
such that the distribution A« belongs to A?;)I(F\G /K). There exists an orthonor-
mal basis {ap, fnen of A?ﬁ?(F\G/K) consisting of eigenvectors of A; let {\,} be
the corresponding system of eigenvalues: A«,, = \,au,. Note ay,’s are C*°-forms

and \,’s are non-negative real numbers because the differential operator A is
positive, formally self-adjoint and elliptic.
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Theorem 33. Let r > q¢ — 1 and Re(s) > po. Then

i 4(NI450, xauy,)

q)d
(A + 82 — p2)rtt

ST

n:[)

is the spectral expansion of @ s Add(F\G/K)

Proof. Since I'\G/K is compact by assumption and since @&?} € Ap)('\G/K) by
Proposition 32, we have <1>§f9 = Zn<<13gd,2 |an) au, in & weak sense. By Theorem 31,

we can evaluate the coefficient of «, concretely :

4<Aq7d(5(; *Qu )
dWq,) = T
< s,r|a > ()\n+82 _pg)r—l—l

0

The spectral expansion immediately yields a meromorphic continuation of s —

<1>§‘f) if r > g — 1. After a bit more argument, we can remove the restriction on 7.
Theorem 34. Let r € N and § € A(I'\G/K). The function s — <<I>gd2|ﬁ> has
a meromorphic continuation to the whole complex plane C. A point sg € C with
Re(sg) = 0 is a pole of (<I>§d2 ) if and only if there exists an index n € N such
that (A=96c, %ay,) # 0, (an|B) # 0 and st — p3 = —\,. The function

@@ Y AT )

~ (An + 5% — p2)r+1
2

)\nng—so

is holomorphic at s = sg. We have the functional equation <I>( ) = @ES{T.

Proof. Suppose first r > g—1 and fix a point sy € C such that Re(sg) > po. Given
a relatively compact open set U disjoint from the discrete set S = {s € C|s? =
P2 — A\ (3n € N)}, there exists a constant Cyy > 0 such that |\, — p3 + s3| <
Culdn — p3 + s?|(Vn € N, Vs € U). Using this and the Parseval equality, we
obtain

AN %y, 4Aqd§,n2
> sup Etesdall [(a,]8)] < G LY [{anlB)I7H2- {Z Bt Y2
[An+s2—pj| [An+s3—pil

nENseU neN

= CE B 195, < +oo.

sor‘



1018 Takayuki Oda and Masao Tsuzuki

This shows that the series
d 4N 250 xa
(@018 = Y it (anlf)
n
converges absolutely and uniformly on arbitrary compact set disjoint from .5,
providing a meromorphic analytic continuation of <<I>gd,2| B3) to the whole C. The

remaining assertions are also obvious from this formula.

We use a downward-induction to establish the theorem for r, assuming it
holds for » + 1. Fix § € A(I'\G/K). Then there exists a meromorphic func-
tion Fry1(s) on C such that Friy(s) = (@, ,]5) (Re(s) > po) and Fryi(s) +

4(ANT=5 0k,

An=p§—5§
implies the residue of sF,;1(s) at its arbitrary pole is zero, which guarantees that

(| B) is holomorphic at s = sy for each sy € C. This

the integral

Frls) = =20r+1) | CFria(Qd¢+ (@40,19) (6.8)
is independent of the choice of a path L, connecting sgp and s in C — S. Since
m%@&? B) = Fr11(s) on Re(s) > po, the function F,.(s) defined by (6.8)
establishes a meromorphic analytic continuation of <<1>ng B) (Re(s) > po) to the
whole C. All the assertions except the functional equation F,(s) = F.(—s) are

obvious from (6.8). It remains to prove the functional equation. By induction-
assumption, F,;1(s) = Fr4+1(—s) holds. Therefore,

s (Fr(s) = Fr(=s)) = Fl(s) + Fl(=s) = =2(r + 1)s{Fr11(s) — Fr1(—5)} = 0.

This implies the difference F,(s) — F,.(—s) is a constant, which should be zero
since F,.(s) — F.(—s) is an odd function of s. Hence F,(s) = F,.(—s) as desired.

O

7. AUTOMORPHIC POINCARE DUAL FORMS AND GREEN CURRENTS

Set G%,(s) = @g?o_l) and UL (s) = @g?g.
Theorem 35. The equations
(& + 8 = ) Gly(s) = 4Adr
(& + 8 = 03) Wh(s) = 46
ded Gy (s) + (2 = p3) Whi(s) = 43r (7.1)
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hold for s outside the poles of GL;(s) and WY (s).

Proof. Since the first two equation is already proved in Theorem 31, it suffices to
show the third equation (7.1). Let a@ € A (T'\G/K). Then, in the same way as
the computation (6.2),

(1d.d G (s), a) = 5 (00 GY(s), xa) (7.2)
(G (5),00 * &)

= LG (s), #0707 a)

0 lﬁ

+o0
= ng(ql)/o o(t) (és(a)| (90" )"\ (ay)) at

= e /;OO o(t) (9s(ar)|(870" (")) (ar)) dt

+o00
— =) /0 o(t) (6s(a) €] {aT1\F (a,))) dt.

Here we use Lemma 16 to obtain the last equality. Fix 0 < ¢ < R. Then by
Lemma 17, using Theorem 26 and Proposition 16, we have
R Y
| Gutanier o) ety dt = () + 60 + 2 [ e r(6) eft) at,
‘ ‘ (7.3)
with f(t) = a7\ (q;) (V¢ > 0) and
&(t) = 22 { (e(wo A @0) 6s(ar)| F(1)) — (e(wo A @o)ds(ar)| f'(£) (7.4)
+ tanht (24 — (2p — 1)e(wo A @0))ds(ar)| (1))
+ cotht (2B — (2¢ — 1)e(wo A @0))ds(ar)| f(t)) }-
We have
S(t)
= 24P {(elwo A @0) §6s(ar) S (1))
T cotht (28 — (2q — 1)e(wo A @0))ds(ar) £(£)} + O(tlog )
= i% ({—2(g — 1)e(wo A @o)A(*volpnp)
+ (2B — (29 — 1)e(wo A @o))A(xvolyng) }| £(0)) + O(tlog t)
= 1 (e(wo A Go)A(xvolyny)| £(0)) + O(t log ),
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since (2B — (2¢ — 1)e(wo A @o))A(*volpny) = 0 by Lemma 27 and Lemma 7.
Therefore, we obtain

Jim S(e) = (o (e(wo A wo)A(xvolyn)| £(0)) (7.5)

= p(_qitql) (e(wo A QO)ﬁVgJZl’f(O))

_ra
= i At (1l (0))
= =ity (volpnp | £(0))

by the first formula in Lemma 28 and Lemma 7. Since f(t¢) is bounded,

lim 6(R)=0 7.6
plim S(R) (7:6)
is proved similarly to the corresponding part in the proof of Proposition 31. From

(7.2), (7.3), (7.5) and (7.6),
2_ 2 +oo
(1dcd G (s), ¥a) = (svolynp| £(0)) — 5o TlazD) /0 (¥s(ae)| £(1)) o(t) dt

= (b, xa) — (Ul (s), *a).

Here the last equality follows from Lemma 30 and by a similar computation we
did to prove (6.2). This completes the proof. O

Since G4 (s) and Wi (s) are meromorphic on C with at most simple poles
at s = pg, we can consider the constant term and the residue of their Laurent

expansion:
Gl = 10T, Gl (), U = 2 Ress—p, Uiy (s).
Theorem 36. We have
AGy =ANoor, AWy =0, dedGy+ ¥y =dcr.

Proof. The first equation is obtained by comparing the constant terms of the
Laurent expansion at s = pg in both sides of the first equation of Theorem 35.
The last equation is justified by the equation (7.1) in the same way. The second
equation is proved by taking the residue at s = pg of the second equation of
Theorem 35. (]

Remark 1: By the Hodge theory for compact Kéhler manifolds, the fundamental
class of the cycle O} has a unique harmonic representative in A%4(I'\G/K) called
the Poincaré dual form of C}L}. Our result tells an explicit way how to construct
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that harmonic form. Indeed, the second equation in Theorem 36 shows the (g, q)-
form \I/% is harmonic and the third one means \I/% is cohomologus to the current
502 . Therefore, \I/EI meets the requirements of the Poincaré dual form.

Remark 2: Theorem 36 also tells that (¢ — 1,¢ — 1)-current Gk is a Green
current for the cycle Cl; in the sense of Gillet-Soulé [5]. Though there are many
Green currents for 011;17 our construction fixes a choice, whose dependence on I is
tractable. Another advantage of our choice QII} is that the form \I/% is harmonic.

8. SOME GLOBAL CONSEQUENCES ON CYCLE GEOMETRY

Along the K-module decomposition (3.7), the current \I/FH(S) is decomposed as
q
Uh(s) =Y Wp(s), Wi.(s) € CP((G—THK)/K; VT
k=0

Each component function \If% ..(8) is also meromorphic in s € C and the Poincaré
dual form WY is a sum of forms \Il%ﬁ = %OResS:pO\I/E,K(s) (0 < k < q), each
of which is also harmonic. Moreover \Ill;{’q is primitive, i.e., A\Iﬂ;{’q = 0. The
aim of this section is to study these forms \IJFH .. by using the knowledge on the
(gc, K)-module they generate in the space of L2-automorphic forms.

The form \IIE, o is fairly easy to deal with.

Proposition 37. We have

I vol(Cu\H/Kzx) ,(q)
Vo = “Satmeris 0 -

In particular, \IIELO # 0.

Proof. Since 9((;]) is a K-fixed tensor, it is obvious from the construction that
\IfrHvo(s; g) = ®%(g) 9((;1)’ where
og) ="E1 Do #09), Re(s) > pn
vl g\l
with ¢ € C°((G — HK)/K), a scalar valued function, such that ¢%(a;) =
Fy(s;t) (V¢ > 0). Set f(g9) = Ress—p,®%(g). Then f € L*(I'\G/K) and ‘I’Ei,o =
%Of(g) 9((](]). From A\IIELO = 0, the function f(g) should be a harmonic function
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of the compact Riemanian manifold I'\G/K. Hence f(g) has to be a constant,
say C. To determine this constant C, we compute the integral

Vol(rlH\H) /I“\G (I)(S)(g) dg

_ 1 I'(g-1) / 0
~ vo T Ps\g dg
LA R A (9)

= ql)/ Fy(s;t) o(t)dt

LG )

— L 0 . 2¢—1 —(s+po—2p+1)
g1 F(S+1)F(q i) /0 (sinht) (cosht) 0

X2F1 <5+PO S— PO +q,8+1, COSh2 ) dt

- 1
D(0)T ("5 +q) _q smeo=2 _
=1 T+ DT (1) 3 ; (1—2)"12 2 oF (S50, 520 4 ¢354+ 152) dz

_ 1 DEI(L ) D(s+ 1) (S52)T(g)
a1 D(s+DP(a=1)  p(2L0 4 g)n(220 41)r (1L 1)

D))
TSRy gy

Here we use the integration formula (2.3) to have the second equality, make a
change of variable z = ﬁ to obtain the fourth equality and use the formula [9,
7-512,3(p.806)] to prove the fifth equality when Re(s) is sufficiently large. Taking
the residue at s = pg, we have

vol(\G) v _ PO (o)
ol C = Ress Por(minr(@ﬂ) = 200011
Hence \If%0 =2C H(SQ) = %9((1) as desired. O

To investigate the other components \111;1,,,,C (1 < k < ¢q), we recall basic facts
about cohomological unitary representations (Vogan-Zuckerman [34], Wong [36],
Vogan [35]).

Let T (=2 U(1)P*9) be the compact Cartan subgroup of G formed by all the
diagonal matrices in G. For a tc-root 3 € (., let ge(t; 3) = {X € g¢|[Z, X] =
B(Z)X (VZ € t)} be the corresponding root space in gc. Note a t-root 3 is real
valued on v/—1t. For Hy € v/—1t, let q(Hp) be the f-stable parabolic subalgebra
of g with Levi part [(Hp) = {X € gc|[Ho, X| = 0}, and whose radical u(Hp) is
the sum of those root spaces gc(t; 3) such that 3(Hy) > 0. The 6-stable parabolic
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subalgebra q = q(Hp) determines a unitarizable irreducible (gc, K)-module A,
with non trivial cohomology H*(gc, K; Aq) # 0; Aq is characterized as a unique
irreducible unitarizable (gc, K)-module with the two properties: (1) A4 contains
the K-type of highest weight A(q) = 2p(u(Hop) N pc), the sum of those T-roots [
occurring in u(Hp) N pc; (2) Qg acts by 0 ([34, Proposition 6.1]).

About the intermediate forms ‘1127,$ (1 < kK < ¢—1), we have the vanishing

theorem.

oy T
Proposition 38. For 0 < k < g, we have Vi, =0.

Proof. On the contrary, suppose that \11%7,$ # 0 with 0 < kK < q. Let V
be the closed G-submodule of L?(I'\G) generated by the coefficient functions
\Ilgﬁ(v;g) = (\IIEIH(g)h)) with v € V?; by assumption V # {0}. Since I'\G is
compact, the unitary representation L*(T'\G) is discretely decomposable, a for-
tiori its closed submodule V is. In particular, ¥ has an irreducible closed subspace
H # {0}. By definition of V), there exists a v € V,i(q) such that the orthogonal pro-
jection of \IIET ..(v) to H is nonzero. Let 7,; be the irreducible K-module with the
highest weight x(e; — €,). Then 7,; occurs not only in A7 pg by Proposition 11
but also in the K-module H{. Moreover, since A\IJ% . = 0, the Casimir element
Qg annihilates the space H. Hence H?9(gc, K; H) = Homg (A" pc, H) # {0}
([1, Proposition 3.1(p.52)]). Then by [34, Theorem 4.1], there exists an ele-
ment Hy € +/—1t such that the (g, Kc)-module Hg is isomorphic to Aq with
q = q(Hop). Set u = u(Hp) for simplicity. Since T-weight A(q) is the highest
weight of the unique K-type shared by Ap&(= Apc) and Aq ([35, Corollary 5.3,
Theorem 5.6]), and since 7,; occurs both in A??p& and in Hx = Ay, we must
have \(q) = k(€1 — €p).

Let X be the set of eigenvalues of 7(Hy) acting on A pg. Since both A(q)
and q(e; — €p) are T-weights of A p¢, the numbers (A(q), Ho) and (q(e1 — €p), Ho)
belong to the set X.

If the space u M pc were zero, then HO(gc, K; Aq) # 0, which yields A4 = C,
a contradiction. This shows u N pc # {0}, which in turn implies (A(q), Hy) >
0, because the number (A\(q), Hp) is the maximal element of the set X ([35,
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Proposition 5.2]). We have the inequality
0 < (X(a), Ho) = K (e1 — €, Hy) < q{e1 — €p, Hp),

which contradicts the maximality of the number (A(q), Hp) in X mentioned above.
O

The remaining is the primitive form \I/% o Which can be regarded as the essen-
tial ingredient of the Poincaré dual form.

Lemma 39. The secondary spherical function s = cpgq) has a simple pole at
s = po with Yy = Ress—p,¥s such that

Vi (ar) = 20 gty (cosht) 0 6{0), (vt > 0). (8.1)

The (q,q)-current 1y is a harmonic form belonging to the space AT (G/K)*.
The coefficient functions g — (Yu(g)|v) (v € Vq(q)) belong to L?*(H\G) and to-
gether with their right U(gc) translates span a (gc, K)-submodule 7, of L*(H\G)
isomorphic to Ag,, with q1, = q(q(e1 — €p))-

Proof. The formula (8.1) follows directly from (5.1) by taking the residue. The
formula (8.1) shows first that the singularity of 15 along HK vanishes in the
level of the residue g, second that the K-type of ¢y is q(e1 — €p) (see Propo-
sition 11). Moreover, from the equation in Proposition 23, ¢¥gz € A®Y(G/K)H
is harmonic, i.e., Ay = 0. By a direct computation using the integration for-
mula (2.3), we can easily confirm that ¢y is square-integrable on H\G. From
these properties, by the characterization of A4, recalled above, we conclude that
Tq is Agy,-isotypic. Irreducibility of m, follows from [33, Lemma 5.3] since the
K-module Vq(q) is irreducible. g

Proposition 40. Our global construction \I/Fg, if non-zero, yields an automor-
phic realization of Ag,, in the space of L?-automorphic forms L*(T\G).

Proof. The U(gc) translates of the coefficient functions of \IJEI 4 Spans a (gc, K)-
submodule IT of L*(T'\G); II contains the K-type 7, and is annihilated by .
Use the characterization of Ag,, and [33, Lemma 5.3] to conclude IT = Ay, . O

Remark: It is a subtle and difficult arithmetic problem to find whether the

primitive form \IIEI 4 18 zero or not for a fixed T'.
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Non-vanishing statements of the Poincaré series constructed from an ordinary
spherical function with regular spectral parameter (for small I') are found in
Oshima [27] and Tong-Wang [33].

9. REMARKS AND FURTHER OBSERVATIONS

o Let us discuss the case when G = U(2,2), K = U(2) x U(2) and H =
U(1,2) x U(1) in some detail. Since the complex dimension of the as-
sociated symmetric space G/K is 4, the fundamental class of the cycle
C1; is in the cohomology group H*(I'\G/K;C) of middle degree 4. It
is known that a non-trivial (gc, K)-modules contributing degree 4 co-
homology group is a member of the discrete series representations with
the same infinitesimal character as C. By the classification, there exist
6 such representations 7(A), labeled by the Harish-Chandra parameters
A=A;(j€{1,2,3,4,5,6}):

[\GI[V]

=3
2

The highest weight of the minimal K-type of the representation 7(A) is

given by [A1+1/2,)\2—1/2]@[)\3—1/2,)\44-1/2] if A = ()\1,)\2,)\3,)\4). The
representation A

1
’ DRI

3), As=(
1
2

)7 AGZ(%7%37%7

|
D[ M‘n—\

qi» defined in the last section is 7(A3), which is one of
two ‘middle discrete series representations ’ m(Ag) and m(A4) contributing
the (2,2) Hodge component of the cohomology group.

The K-type decomposition of \I/% in this case is

Uy = %ﬁ(wp + 71+ 732 + 2712 A ya1) + Vo

If the primitive form \11%72 is nonzero, it generates a middle discrete se-
ries m(A3) in L?>(T'\G). In order to investigate this form, the detailed
knowledge about various spherical functions on U(2,2) ([7], [11]) should
be basic.

e Though our global results after Proposition 33 in this paper are stated
under the assumption that I'\G is compact, the same statements (except
a proper modification of the functional equation of @gf?) should be true
for arithmetic non-uniform lattices I'. But the situation is technically

more sophisticated.
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