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Eta Invariants and Class Numbers

Roberto J. Miatello and Ricardo A. Podestd

Abstract: Let M be a compact flat spin Riemannian manifold, having cyclic
holonomy group of odd prime order p. If D is the Dirac operator acting on
spinor fields of M, we give explicit expressions for the eta series n(s) and
the eta invariant 7 = 7(0). We prove that 7(s) = e(s)L(s, x) where e(s) is
a linear combination of exponentials and L(s, x) is the Dirichlet L-function
attached to x(k) = (%), the Legendre symbol.

Furthermore, for p # 3, we show that 7 is an explicit integral multiple of the
class number h_, of the imaginary quadratic field Q(y/—p). We also provide
alternative expressions for 7 as finite cotangent or cosecant sums.
Keywords: Eta invariants and eta series, compact flat manifolds, spin

structures, Dirac operator, class numbers

INTRODUCTION

If A is a self-adjoint elliptic differential operator on a compact n-manifold
M, then A has a discrete spectrum, denoted by Specy (M), consisting of real
eigenvalues A with finite multiplicity dy. The spectrum is said to be asymmetric
if for some A\ € Specs(M) one has that dy # d_,. To study this phenomenon,
Atiyah, Patodi and Singer introduced ([2]) the eta series

(0.1) na(s) = Y sign(A)|A7".
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This series converges for Re(s) > %, where d is the order of A, and defines a
holomorphic function 74(s) which has a meromorphic continuation to C having
(possibly) simple poles at s = n — k, with £ € Ny. It is a remarkable fact that
na(s) is finite at s = 0, i.e. its residue vanishes at the origin (see [2] for n odd,
[11] for n even). The number 74(0) is a non-local spectral invariant, called the
n-invariant. It gives a measure of the spectral asymmetry of A.

In this paper we take A to be the Dirac operator D, which is a first order
elliptic essentially self-adjoint operator defined on sections of the spinor bundle
over a spin manifold M. It is known that if n #Z 3 (mod 4) then 7n(s) = 0 (see
[9]), thus we shall only consider manifolds of odd dimension n = 4r + 3. The
determination of the associated eta function 7(s) and of the eta invariant 7(0)
is in general a difficult task and the explicit computation has been carried out
for a very small class of Riemannian manifolds. The aim of this paper is to
give explicit expressions of these spectral invariants for compact flat manifolds
with cyclic holonomy group Zj,, p an odd prime, and to show connections with
classical number theory. Any compact flat manifold is isometric to a quotient
Mr :=T\R", with T" a Bieberbach group. If A denotes the translation lattice of
I, then F' = A\T is a finite group, the Riemannian holonomy group of Mp. In
the terminology adopted by Charlap ([6]), a compact flat manifold having cyclic
holonomy group isomorphic to Z, will be called a Z,-manifold. Any Riemannian
manifold with holonomy group Z, is necessarily flat, hence of the form Mr as

above.

We will explicitly compute the spectral invariants n(s) and n for an arbitrary
Z,-manifold, for every odd prime p and any dimension n. Our main tools are the
formulas in [17] giving the multiplicity of the eigenvalues of the Dirac operator
D (see (2.9) in Theorem 2.5), together with expressions for variations of classical
character Gauss sums (see the Appendix). We shall also make use of the known
classification of Z,-manifolds (due to Charlap ([6])) that will make it possible to
get a general result for eta invariants in the present case. The manifolds involved
will correspond exactly to those Bieberbach groups called ezxceptional in [7].

In one of the main results of this paper, we will compute the eta series 7(s)
for an arbitrary Zp-manifold. For those Z,-manifolds that may possibly have
asymmetric Dirac spectrum, and for the two existing spin structures &1, &9, we
will prove that n(s) = e(s)L(s, x), with e(s) a linear combination of exponentials,
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L(s,x) a Dirichlet L-function and x the quadratic character associated to the
Legendre symbol (see Theorem 3.3). Alternatively, they can be written as linear
combinations of differences of Hurwitz zeta functions, with coefficients given by
Legendre symbols (see Corollary 3.4). In particular, this implies that n(s) is

entire.

In Section 4, using the expressions of 7(s), we compute the corresponding
n-invariants, expressing them in terms of class numbers of imaginary quadratic
fields. Indeed, let Q(§,) be the cyclotomic field with &, a primitive pP-root of
unity, with p an odd prime. One has that Q(,) contains the quadratic number
field Q(iy/p) = Q(v/—p). Let h_, and w_, denote respectively the class number
and the number of roots of unity in Q(y/—p). In Theorem 4.1 we show that, if
n=a(p—1)+1 with a odd and p = 4t + 3, then

as1 h_ 0 D
o = (AT and g,
P —21¢, D

=7 (mod 8)
3 (mod 8).

where r = ”T_?’. We note that w_, = 6 for p = 3 and w_,, = 2 for any p > 3.

In the case n = p = 3, this gives n,, = —% and 7., = %, in coincidence with
the values obtained by Pfaffle ([18]).

We also give alternative expressions for 7., 7.,, as finite cotangent or cosecant
sums with coefficients involving Legendre symbols (see Proposition 4.3).

At the end of Section 4, we show how to get the formulas for the n-invariants
involving class numbers, directly from the expressions involving trigonometric
functions (4.4) and (4.5). This argument was pointed out to the first author by
Prof. F. Hirzebruch during a stay at the M.P.I.M. The authors wish to thank
Prof. Hirzebruch for his help.

1. PRELIMINARIES

Compact flat manifolds. We first review some standard facts on compact flat
manifolds (see [6] or [23]). A Bieberbach group is a discrete, cocompact, torsion-
free subgroup I' of I(R™), the isometry group of R™. Such I' acts properly dis-
continuously on R"™, thus Mp = I'\R" is a compact flat Riemannian manifold
with fundamental group I". Any such manifold arises in this way. Any element
v € I(R™) = O(n) x R"™ decomposes uniquely as v = BLy, where B € O(n) and
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Ly denotes translation by b € R™. The translations in I" form a normal, maximal
abelian subgroup of finite index, L, A a lattice in R™ that is B-stable for each
BLy € T. The restriction to I' of the canonical projection r : I(R™) — O(n)
given by BLj +— B is a homomorphism with kernel Ly and F' := r(I') is a finite
subgroup of O(n). The group F' ~ A\I is called the holonomy group of I' and
gives the linear holonomy group of the Riemannian manifold M. We shall as-
sume throughout this paper that Mr is orientable, i.e. F* C SO(n). The action
by conjugation of A\I' on A defines an integral representation of F', called the

integral holonomy representation.

For A a lattice and p > 0, we put A, = {\ € A : ||| = u}. Also, if B € O(n)
we set AP ={Ae A:Brx=\}, (AP =A,NAP, and

(1.1) np := dimker(B — Id) = dim(R")%.

If I' is a Bieberbach group then the torsion-free condition implies that ng > 0
for any v = BLy € I

Spin group. Let Cl(n) denote the Clifford algebra of R"™ with respect to the
standard inner product. If eq, ..., e, is the canonical basis of R™ then Cl(n) has

basis {ej, ---e;; 1 11 < -+ < i;}, with e;e; = —eje; for i # j and e? = —1 for

J

1 <i < n. Inside the group of units of Cl(n) we have the spin group given by
Spin(n) = {g =wvi---ve : ||vj]| =1, j =1,...,2k} which is a compact, simply
connected Lie group if n > 3. There is a canonical epimorphism

(1.2) w2 Spin(n) — SO(n)

given by v — (z — vzv~!) with kernel {£1}. It is easy to check that, for
t1,...,tm € R, m = [ 5], the elements

m
(1.3) T(t1,y ... ty) = H(costj +sint; egj_1€2;) € Spin(n)
j=1

satisfy x(t; + 7w, to, ..., tm) = —x(t1,t2,...,ty) and, for k € Z, also
(1.4) z(ty, .. tm)* =a(kty,. .. kty).
For convenience, if a € N, we shall use the notation

(1.5)  za(tisto,... ts) = a(ti,to,e ot ti oyt bty E).
1 2 i a
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Now, let B(t) =[5!~ S8 ] with t € R. For t1,...,tm € R, if n. = 2m + 1, set
xo(ti, ... tm) = diag(B(t1),...,B(tm),1), and omit the 1 if n = 2m. Maximal
tori in Spin(n) and SO(n) are respectively given by T' = {x(t1,...,tn) : t; € R}
and Ty = {xo(t1,...,tm) : tj € R}. The restriction p: T — Tj is a 2-fold cover

and we have

(16) ,U,(J}(tl,...,tm)) :$0(2t1,...,2tm).

Spin representations. Consider (L, S,) an irreducible complex representation of
the complexified algebra Cl(n) ® C, restricted to Spin(n). The complex vector
space S, has dimension 2™ with m = [§]. If n is odd, then (L, S,) is irreducible
for Spin(n) and is called the spin representation. If n is even, then S, = ST @S
where each S is irreducible of dimension 2”1, The representations L := Lin g
are called the half-spin representations. If n = 2m, the values of the characters
X, + of the half-spin representations on the torus 7" are given by (see [17], Lemma

n

6.1)

m m
(1.7) X, (z(ty,... ty)) =2m"1 ( H cost; +i™ H sintj).
Jj=1 Jj=1

Spin structures on flat manifolds. It is a well known fact (see [9], [14] or [18])
that if M is a compact flat spin manifold, the spin structures on M are in a

one-to-one correspondence with group homomorphisms
(1.8) e: ' — Spin(n) such that poe =r,
where r(y) = Bif v = BLy € T" and p is as in (1.2). Throughout the paper

we shall denote by (Mp,e) a spin Bieberbach manifold endowed with the spin
structure induced by e.

We recall that the n-torus admits 2" spin structures ([8]), while a general flat
manifold Mt need not admit any ([3], [15], [13], [16]).

Spectrum of the Dirac operator. Consider the vector bundle S(Mr,¢e) :=I'\(R" x
S) — I'\R™ where the action of I" is given by
v (@ w) = (v, Lo(e(y))(w)),  fory el w €Sy

Then S(Mr,¢) is called the spinor bundle of Myp. The space I'*°(S(Mr,¢)) of
smooth sections of S(Mr,¢e) can be identified with the space of smooth functions

f:R™ — S such that f(yz) = L,(e(7))(f(x)).
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The Dirac operator D acts on smooth sections f of the spinor bundle S(Mr, ¢)
by Df(x) = Y1, e g—i (x) where e; acts by Ly(e;) on S,. One has that D is
an elliptic first-order differential operator, symmetric and essentially self-adjoint.
Furthermore, since M is compact, D has a discrete spectrum consisting of real
eigenvalues +27u, of finite multiplicity dff. In [17], Theorem 2.5, we obtained
explicit expressions for the multiplicities dff for any compact flat spin manifold

(Mp,e) with translation lattice A and holonomy group F.

For n odd and p > 0, we showed that the multiplicities are given by

gra-h( L 0% ey @)

n—1
v = BL, € A\I' UE(A;M)B
B¢ F

Z Z o—2miub XLia(u,I'y)(x’y)>.
n—1

v = BL, € A\I' v€(AZ )P -
Be R
The terms in the formula are defined as follows. First, F} = {B € F : ngp = 1}
and, for each v = BLy € T', (A, M)B denotes the set of elements of norm p fixed
by Bin Af = {u € A* : (L)) = e X\ € A}. If \y,..., \, is a Z-basis of A
denote by A}, ..., A/, the dual basis and put JF := {i € {1,...,n} : e(Ly,) = £1}.
We then have

(1.10) A =P zyye @@+ N,

jeJd jeJs

Furthermore, for v € I', 2 is a fixed element in the maximal torus of Spin(n —
1), conjugate in Spin(n) to £(v). Finally, o(u,z,) is a sign, depending on u and
on the conjugacy class of z in Spin(n — 1) (see Definition 2.3, Remark 2.4 and
Lemma 6.2 in [17] for details).

2. Z,-MANIFOLDS

Our main goal in this paper will be to obtain several explicit expressions for the
eta series and eta invariants of an arbitrary Z,-manifold, p an odd prime. Using
the classification given by Charlap in [6], we shall first describe the Z,-manifolds
that may possibly have asymmetric Dirac spectrum. For such manifolds, we shall
compute the eta series 7(s) explicitly, proving that, up to a multiple, it is given by
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a Dirichlet L-function L(s, x), where x is the Legendre symbol. As a consequence,
we show that 7(s) can also be written as a linear combination of differences of
Hurwitz zeta functions, with Legendre symbols as coefficients. Such expressions
automatically imply that 7(s) is everywhere holomorphic in C.

We shall first recall Charlap’s classification of Bieberbach groups with holo-
nomy group Zjy, p an odd prime (see [6] or [7]). The Z,-modules of rank n were
classified by Reiner in [20], who showed that the integral representations of Z,
have the form

(2.1) A=a® (a—1)O@VL[Z,) & cld,

where a, b, ¢ are non negative integers with n = a(p—1) +bp+1, §, is a primitive
ptP-root of unity, O = Z[&p) is the full ring of algebraic integers in the cyclotomic
field Q(&p) and a is an ideal in O. If a is principal then one can change a by the
full ring O. As usual Z[Z,] denotes the group ring over Z, and Id is the trivial
Zy-module.

The Z,-actions on the modules are given by multiplication by §,. In the bases
L&, ..., 5_1 of Z[Zp) and 1,&p,. .., 5_2 of O, the action of the generator is

represented, in matrix notation, respectively by

0 1 0 -1
10 0 10 -1
1 0 1 -1
Jp = .| € GLy(Z), Cp = .| €GL(2),
00 01
10 1-1

Clearly, we have that ny =1 and nc = 0 (see (1.1)).

It is known (see [6]) that any Z,-manifold is of the form M = I'\R" where

I' = (BLen, A) is torsion-free, B € O(n) of order p, Be, = e, and A as given
P

in (2.1), is B-stable. Furthermore, the torsion-free condition on I' imposes the

restriction ¢ > 0 on the holonomy action.

Recall that we are looking for n-dimensional Z,-manifolds having asymmetric
Dirac spectrum. By Corollary 2.6 in [17], we have that n(s) = 0 unless np = 1
for v = BLen, the generator of F. Hence, since ng = b+ ¢ and ¢ > 0, we have
that np = 1pif and only if b = 0 and ¢ = 1. Thus, from now on, we will assume

that A is an orthogonal sum

(2.2) A, =a® 08 - ®0&Ze,.
’ N——

a—1
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Weset Ay :=a@ 0@ - ®O = (Ze,) .
1

We thus consider the torsion-free group

(2.3) I8, =(CLen,AS,) C Aff(n), C = diag(Cp,...,Cp,1) € GL,(Z).
b p K

a

a
b,a

Bieberbach group. Using that the eigenvalues in each block of A are exactly

The group I'® , is not contained in I(R™), however it can be conjugated into a
the primitive roots of unity, one shows that there exists A € GL,(R) such that
B = ACA~! € SO(n) with B = diag(By, ..., Bp,1) and

—_———

Now, if we set ') , := AfgﬂA*l, then I') , = (v,A5 ;) C I[(R"), with v = BLen

- P
and Aj , = AAJ . In this way, we get an orientable Riemannian n-manifold

(2.4) Mg, :==T8% \R",

which is the most general Z,-manifold which may possibly have spectral asym-
metry for the Dirac operator D. These manifolds correspond to the so called
exceptional Bieberbach groups, in the terminology of [7].

Set p=2¢+1. Sincen =2m+1=4r+3 and n = a(p — 1) + 1, we have that
m = qa is odd, hence a and ¢ are both odd and p = 4t + 3.

We now deal with the spin structures. It is known that every F-manifold with
|F'| odd is spin (see [22], Corollary 1.3). In [21], the case of Z,-manifolds with
p is odd (not necessarily prime) and n = p (i.e. @ = 1) is considered, showing
the existence of two spin structures. In the next proposition we give the spin
structures on the manifolds My, defined above.
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Proposition 2.1. Let p = 2q + 1 = 4t + 3 be prime. Then My, (see (2.4)) has
exactly two spin structures ey, h = 1,2, given by

en(Ly) =1 for any X € (Zen)l, en(Le,) = (—1)h+1,

en(y) = ()" al(E 2,0,

in the notation of (1.3) and (1.5).

Proof. For simplicity, in the proof we will write A, A, T, T instead of AD /NX;’Q,

pae fg}a, respectively.

Assume ¢ is a group homomorphism I' — Spin(n) as in (1.8) such that poe = r.
Then ¢ is determined by the action on A and on v = BLen. We have (L)) €
{£1}, for A € A and, in the notation of (1.5), £(y) = axi(” .., with

P> pTp
o€ {£1}.
Now, since 77 € Ly, the character €|, satisfies the following conditions

(1) e("?) = (ama(£7217"‘7q1))p
(25) P’ p p

(2) g(L(BfId))\) = ]., for any A €A
Conversely, if 6 € Hom(A, {£1}) verifies conditions (1) and (2) then ¢ extends to
a spin structure € on I' ([19], Proposition 2.2, see also [16]).

To determine restrictions on ¢ acting on (Ze,)*, we use condition (2) and the
integral matrix C. For this, define & : I' — Spin(n) by é = ¢ o I4 where I is
conjugation by A. Since e(L(p_ia)a) = E(AL(C_Id)]\A*I) = é(L(C_Id);\) we have
that

e(L(p-mayp) =1 if and only if z—f(L(CiId)]\) =1.

Now for any summand of type O in (2.2), there is a Z-basis of the form

{e,&pe, ..., P=2 1. Hence by condition (2) we must have
L= E(Ge—e) = = e~V e) = A e — &),
Thus
p—2 '
Ee) =é(ge) = =alg ) = [[ é(ge),
j=0

which implies £(e)?~2 = 1, and hence &(e) = 1 since p is odd. Therefore, E(f{; e) =
1 forevery 0 < j<p-—2andthusé(A\)=1forany \e O --- & O.
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Now, given a summand of type a, there exist ey, ea € a such that a = Oe;+Oes.
By the same argument as in the case of O, we conclude that £)p., = €0e, = 1.
Hence £, = 1.

In this way, for any \ € (Ze,)" we have

€(L/\) = E(LA)\) = E(AL/\A_l) = &:(L/\) = 1.

This implies the first claim in the proposition.

Relative to the second claim, since v = L., , condition (1) implies that
e(Le,) = ()P = oxa(F, 2?”, s TP =owg(m, 2w, .. qm) = o(—1)tt
where we have used (1.4) and the commutativity in Cl(n) of the elements eg;_1e2;

and eg;_1eg; for i # j.

Hence, Mr has 2 spin structures given by
1
£y = (1, oo L (=D Ul‘a(%, e q—”))

with o € {£1} and the proposition now follows. O

3. ETA SERIES

We now get into our main task, that is, to explicitly compute the eta series
of the manifolds M} ,. We begin by giving two identities, possibly known, con-
cerning products of special values of sines which are necessary in the proof of
Theorem 3.3. We include the proofs, for completeness.

Lemma 3.1. For any d € N one has

S

s

4]
(3.1) [sin(5) = ==
j=1 27

Proof. We make use of the wellknown identities:

T d—1
2

(3.2) sin(mz) = T =2) (2m)

d—1
(z) = d* 2 [T (EH).
=0

If dy := [4], it follows that
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and, since I'(1) = 1, taking z = 1 in the second expression in (3.2) we get

d—1

HF% e

Now, if d = 2dy+1, expression (3.1) readily follows. If d = 2dy, since F(d%ddo) =
I’(%O) and I'(3) = /7, we have the expression

do d—1
[Irere) =va [T
j=1 7j=1
from which the lemma follows. O

Next we consider a similar product as in the previous lemma, but now depend-
ing on an integer k, for p an odd prime.

Lemma 3.2. Let k,p € N and suppose p is an odd prime. Then we have

5 (—1)(]“71)@2771) <E> L if (k,p)=1
(33)  sin(®r) = o

L P

=1 0 if (k,p)>1

where (5) is the Legendre symbol.

Proof. If (k,p) =t > 1 then k = tm, p = tn with m,n € Z, (m,n) = 1 and
1<n< b= L Then, for j = n we have that ]k = m € Z and hence s1n(]l;7r) = 0.

Thus, assume that (k,p) = 1. For each 1 < j < p — 1, there exist unique
¢j,7rj € Z such that jk = ¢jp+ r; with 0 < r; < p. Since (k,p) = 1 we have that
T1,72,...,7p—1 is a complete system of residues modulo p. Furthermore, mod p,

{1,2,...,p—1} ={k,2k,...,(p— D)k} = {r1,re,...,7p—1}.

Now, since sin(%) =(-1)% sin(%) and ¢; = [%] we get
p—1 p—1 p=1 p—1
2 i 2 0 2 o aulk) 2 o
in(2£™) — — in(22) = (—=1)°r - @
HSIH( p ) - 111( 1) P HSIH( p ) - ( 1) L F(Q)F(pfrj)a
j= j= j= j=1"1p 2

p—1

where s, (k) := Z]:Tl [%] and in the last equality we have used (3.2).
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We now compare r; and 7,_; for 1 < j < %. We have

(p—Jk=(k—-q)p—r;j=(k—-—q¢—Lp+(p—r1j).

p=1 o p-1 .
Thus r—; = p—7;. This gives [[,2, T(:2)I(%2) = [[;2, T()T(%7) and hence

p p
p=1 ‘ p=1 ,
21 sin(%) =112 sin(%). Now, using Lemma 3.1 we arrive at the expression
p—1 p—1
2 2
(3.4) [] sin(Zx) = (—1)® [ sin(Z) = (—1)%(’“)2;/;.
j=1 j=1
Finally, by Gauss’ lemma (see [1], Theorems 9.6 and 9.7) we have
(k) 2 (2] (k-1)(25) (&
s _( il vl RO - =) (k
(3.5) (=1)%) = (=% 5] — (1) =DET (8
which completes the proof. O

We are now in a position to compute the eta series and the eta invariants for
the Dirac operator D. By (0.1), we can write

df(T,e) —d;, (T,¢)
(3.6) 77(1“,5)(5) = (271r)5 Z = |l .
1

where df(F,e) are as given in (1.9) and A denotes the asymmetric spectrum,
that is A = {\ € Specp(M) : dy # d_»}.

We recall the L-function associated to the quadratic character xy = (1;) modulo

p:

B7) Lso=3 X0 5
=1

ls
=1

()

Y~

[s
We now state one of the main results in this paper.

Theorem 3.3. Letn=2m+1=4r+3, p=2¢+1=4t+3 a prime and a € N
odd such that n = a(p — 1) 4+ 1. Let €1 and ey be the two spin structures of Mg,

(see (2.4)) as in Proposition 2.1. Then the corresponding eta series are given by

. 2pa;1
(3.8) My (s) = (1) WL(W,

(39) nea(s) = (1" o (14 (2)27) Lls. ) = (=127 = 1) e (5).
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In particular, ne,(s) and ne,(s) are everywhere holomorphic in C.

Proof. We need to compute the ingredients in the expression (3.6), so we shall
first write down the eigenvalue multiplicity formulas (1.9) in the case at hand.
We have that B, B%,..., BP~! € F}. Hence, according to (1.9), if by, is defined by
k= B’“Lbk7 we obtain

p—1
(3‘10) dfj(F,s) — % (Qm—l ’A:,/L| + Z Z e_2mu-bk XLig(u,z’Yk)(x,yk))
k=1 A*

k n—1
u€(Ag )8

where 271 [AX .| 1s the contribution of the identity element.

Now, since A = Ay @ Ze,, and (R”)Bk = Rep, 1 < k < n—1, we have (see

(1.10)) that AZ = Ze,, if e = 1 and A? = (Z + 3)e, if € = 5. Hence, we get
* k
(AE,M)B = {iﬂen}

with p € N for 1 and p € Ng + % for es.

Furthermore, since £(7%) = e(y)* € T, taking

m iy k
ye = en(y)" = ()M (B, 2 TR (h=1,2)

(see (1.5)) one has that o(en,z,x) = 1 for every 1 <k <n — 1, by the definition
of o (see [17]).

In this way, using that by = k%, expression (3.10) reduces to

p—1
dF(Tppen) = 1 (27 AL+ 3 S
k=1

where we have put

_ 2mipk 2mipk

(3.11) SE(u):=e " XpE (k) +e P XL,T_l(xv’“)'

1

Now, by (1.7) we have

q " q A .
X+ (ka) = (*l)k(“rh) om—1 < H cos(jkT”)) + zm( H sin(JkT”))
Jj=1 j=1

n—1

Thus, substituting in (3.11) and using that m = 2r 4+ 1 we see that S,:ct(,u) equals

(—1)kt+h) 2’”{ COS(%#) ( ﬁ cos(%))a +(-1)" sin(%%) ( ﬁ sin(%))a}.
j=1

j=1
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hence we obtain

p—1
df (en) — dj (en) = % Z(—l)k(Hh sin( %W (Hsm )a.
k=1
By Lemma 3.2, using that 2—— = ¢+ 1 (mod 2) and aq = m, we arrive at

3
L

d(en) — dy, (en) = 2(—=1)" ! (\/Iz?)a (—1)k(h+) (g) sm(%;f“)
1

B
Il

Thus, since
p=1 forh=1 and w=1+ for h = 2,

with [ € N, using Corollary 5.2 we get

(3.12) df(en) —d, (en) =

o (L
(3.13) Ne, (8) = (=1)r Tttt 2p 2 Z <p>

o0 (3.8) holds, and furthermore

(3.14) Hey(s) = (—1)7 222§

For the second eta series, note that f,(l) = (%) is a p-periodic function.
Thus, we have

()= ) = () (5
-6 ()= () )

since (%) = —1 for p = 3 (mod 4).

S
—
/

)
|7
—
I

SN
—
/-\

Now, splitting sums we have

(L)
[s - Z

=1 | even

=: Le(s,X) + Lo(s, X)-

%
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In this way, we get

(3.15) i<q;l) =—(2)2° N @ —

—(1+3) P (2t 1)

Since by definition, Ly(s, x) = L(s, x) — Le(s, x), and

> (&) )

Le = b — 2P P-—(2)27° L
(5,x) Gl > s () (5,x)

=1 =1
we have that
(3.16) Lo(s,x) = (1= (2)27) L(s,x).
By substituting (3.15) in (3.14) and using (3.16), and the fact that (2%) =

2_

(-1)"5 : = (—1)*1 we finally obtain (3.9), and the theorem follows.

Corollary 3.4. The eta series of Mg, (see (2.4)) can be written in the following

way

a—1

_ r 2p 2 j j ]
() = ()L > (2) (¢t d)—cts 1= 1)),
(3.17)
. 2p“51 ., . : :
TNeqy (8) = (_1) + (27‘(’]})5 jgo <%) (C(S7 2]27;;1) - C(Sa - %)) ;
where, if o € (0,1], ((s,) = 372, ﬁ, the Hurwitz zeta function. The func-

tions ne, (s) and ne,(s) are entire.

Proof. Starting from expressions (3.13) and (3.14) and setting | = pt + j, with
0<j<p—1, we get

a=1 p—1
() = (-1 22 S gy s
1 (27p)* p (t + i)s
(3.18) s
1 2pa51 — j
— (_1)rtt+ J J
= () G > (£) ¢ts. 9.
Proceeding similarly, we get
a—1 p—1
(3.19) (5) = (2 S (5 (s, 22
. 7762 (27Tp)8 P ) 2}7 .
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Now, since (%) = —1 for p = 3 (mod 4), we have

(5)-@)-G)6)--0)

Also, if '=p—(1+1) with 0 <] < qthen g —1'"=—(q—1). Thus

()= (3) () = (5)

From these relations, together with (3.18) and (3.19), we obtain expressions (3.17)
in the statement. The last assertion follows from the fact that, for each «, ((s, @)

is a meromorphic function on C with a simple pole at s = 1, with residue 1. [

4. ETA INVARIANTS AND CLASS NUMBERS

Here we compute the n-invariants of any Z,-manifold, p an odd prime. We
shall see, as a consequence of Theorem 3.3, that they admit simple expressions in
terms of the class number h_, of the quadratic field Q(y/—p) (see Introduction).

Theorem 4.1. Let n = a(p — 1) + 1 with a odd and p and odd prime. The n
invariants of Mg, (see (2.4)) are given as follows. If p = 3,

e, = (—1)TT12. 3% and 1, = (—1)T4-3°7.
Ifp>T1,
3 p_l 1
(4.1) ne = (<1 F2pt 3k (E) = (<1 2p e,
k=1
0 p =17 (mod8)

(42)  mp= (D" 1) 0, = -
(-1)**4p=2 h_, p=3(mod3)

where h_, denotes the class number of the quadratic field Q(/—p).

Proof. We shall use Theorem 3.3. By (3.8), since for a non-trivial character y,
L(0,x) = —I% Zf:_ol Ix(l) (see [1], pp. 268), we get the first equality in (4.1). Now,
by (3.9), the first equality in (4.2) is obvious. (This also follows by evaluating
the expressions (3.18) and (3.19) at s = 0 and using that ((0,e) =  — a and

S (E) =0).
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To verify the remaining identities we will use the Dirichlet’s class number
formula for an odd prime p = 3 (mod 4) (see for instance [4], pp. 377) given by

~1
h_ 1%
(4.3) e W (i)
Wp iz Y
where w_, is the number of roots of unity in Q(v/—p). Note that w_3 = 6 and
w_p=2forp>7.

Thus, by (4.3) and the first equality in (4.1) we have

p—1
o\t =t [ 1 1\t ﬂh
My = (1) 2p"3 <pl§$z(p))—< 1y’ 7

from which (4.1) follows directly for p > 7 and, for p = 3, we see that 7., =
(—1)m+2. 3% since h_3 = 1.

Finally, introducing the second expression in (4.1) into (4.2) we get 7., =
(=1)"4- 32" for p =3, and

0 D
Ney =
p

=7 (mod 8)
—21¢, 3

(mod 8)

for p > 7, and the theorem follows. O

Remark 4.2. (i) In [18], Pfiffle computes the eta invariants of all 3-dimensional
compact flat manifolds. In [21], the authors consider the case of a family of Z,-
manifolds of dimension n, arriving at an expression of the eta invariant in terms
of solutions of certain congruences. Also, in [16], Proposition 3.4, the eta series
and eta invariants are computed for all Z5-manifolds.

(ii) Note that, from the expressions in the theorem, we see that n € 2Z except in
the case when p = 3 and a = 1. In this case, for the 3-dimensional Zs-manifold
we have 7., = —% and 7., = %. These values coincide with those obtained in
[18] and [17]. We note that always 7., — 7., € 2Z and, if p = 3 (mod 8), then

Ney = _27781 .

In [17], Theorem 5.1, we have derived an expression for the eta invariants 7,
and 7., in the case n = p, involving cotangent or cosecant sums, together with
Legendre symbols. Here, for any n = a(p — 1) + 1, we will obtain, in a different

way, a generalization of such expressions.
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Proposition 4.3. The n-invariants of My , can be written:

o=z a—2 5
(4.4) ., = (1)t p 2 (%) cot(%’) = (—1) L cot(%),
k=1 k=1
a—2 271
(4.5) Ney = (_1)7’+t+1p 3 (_1)k (%) CSC(%).
k=1

Note. We point out that by (4.2), 7., can also be written in terms of cotangents.
On the other hand, 7., has an expression in terms of cosecants only for p = 3 (8).

Proof. From (3.18), by using that ((0,a) = 5 —a (see [1], pp. 268), we have that

a—1 . .
ne, = (=1)rtt+lop 2 Z?;%(%)(% — £). Now, consider the sawtooth function
defined by

x—|z] -3 ifz e R\Z,
((z)) = ,
0 itz € Z.
Note that since 0 < | <1 and 1 §Z Z we have ((,p)) % — 1 and thus

a—1 %"
(4.6) Ny = (—1)"2p 2 Z

Also, ((z)) is odd and 1-periodic. Thus, as a function of k, ((%)) has a finite
Fourier expansion given by (see [12], pp. 98-99)

p—1

(4.7) ((8)) = =35 Y sin(*3E) cot(35).

k=1
Substituting (4.7) into (4.6) we get

1 _
a3p

Ne, = (1) p 2 Z sin 27;’”) COt(%)
k=1 \ j=1

and, by Corollary 5.2, the first identity in (4.4) follows.

Now, using the identity Zi;i cot(’rT]fQ) = —% Zi;i k(%) (see [4], pp. 42) and
(4.1) we get the second identity in (4.4).

On the other hand, from (3.19) we have that

= p—1 a3 Pl
(4.8) Ney (O) _ ( r—i—t 3 T] l 2J+1) ( 1)7"+t+1 2p 3 ](q J)
i=0 7=0

.
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where we have used that Z?;é (q_j )= Zp;é (j ) = 0. Using Corollary 5.2 again,

P J P
we have
pfl
q 1 (2j+1)mk
) = = in [ =22 .
p VP S ( P
k:l

Thus, substituting this expression in (4.8) we obtain

p—1 p—1
—4
.o 2j+1)mk
My = (1) 2p" T Y (~1F(E) 3 sin (*‘ LI )
k=1 7=0

Now, using the identity

p—1
Zj sin <7(27+;)“k) =-2 csc(%“)
j=0
(see [17], pp. 33) we finally obtain (4.5), and thus the proposition follows. O

An alternative approach. In this subsection, we will show how to get ex-
pressions for 7.,, 7., in Theorem 4.1, involving class numbers, directly from the
trigonometric expressions in Proposition 4.3. In particular, this gives an alterna-
tive way to obtain (4.1) and (4.2).

Let D be a negative discriminant. If xp is the Kronecker symbol, the Dirichlet

L-function

— X (n)
nS

(4.9) L(s,xp) == , Re(s) > 1,

n=1

can be analytically continued to the whole complex plane to an entire function.
We will use the class number formula (see [24], Satz 5, pp. 72)

(4.10) 2nh, =w,+/|D|L(1,x,)

where w,, denote the number of roots of unity lying in the quadratic imaginary
field Q(\/ﬁ) We note that w, = 6,4 for D = —3, —4 respectively and w, = 2
for D < —4.

We will make use of the following classical class number formulas. We include

a proof for completeness (see also [5]).
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Theorem 4.4. (cotangent and cosecant formulas) Suppose that D is odd and
Xp(—1) = —1. Then we have

(4.11) ﬁ > xp(k) cot(ﬁ)—%’.
k mod D D
8h .
-2 ZfXD(Q):_l
(4.12) Xp (k) csc (Z) = ¢ %P
\/'3;“%17 (i) 0 ifx,(2) =1

If x,(—1) =1 the cotangent expression in (4.11) is obviously 0.

Proof. We will use the well-known expansion mcot(rz) = > ., -1, where the

summation collects the summands for n, —n, with n # 0. This convention is used

throughout and makes the following calculation rigorous. We have

7r Z X5 (k) cot ( % Z Z (k)

kmod D méeZ kmodD
:|D|ZIXD<n> — 4w |D|hD’
n Yp
ne”L

where we have used (4.9), (4.10) and x,(—1) = —1, from which (4.11) follows.

By the expansion 7 csc(mz) = Z;ez (2__17):, the expression

s Z (—l)kXD(k:) csc (rr—Dk‘)

kmod D

equals

Z Z E— |2?J|D| Xp (k Z Z E— (2m+1)|D| Xp (k) =

meEZ kmod D me€EZ kmod D
!
CRRRCED DS
22 Z E—2m[D] Xp (k) (k).
meEZ kmod D n€Z kmodD

The expression (—1)*y , (k) csc (‘ D|) depends only on the residue class of k
mod D. Since even numbers represent all residue classes we can replace k by 2k

in the above expression, hence by (4.9) we have

S o (2k) = D] X, (2) LX),

meZ kmod D
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Thus, the previous calculations together with (4.10) imply

- h
T (DX, (R) ese () =47 (x,(2) = 1)V/] ==
kmod D D
and thus (4.12) follows. O

We thus see that, starting from expressions (4.4) and (4.5), and using (4.11)
and (4.12) with D = —p, we arrive at an alternative proof of formulas (4.1) and
(4.2) for the n-invariants in terms of class numbers.

Remark 4.5. The main approach in this paper applies to flat manifolds with
more general holonomy groups. On the other hand, since there is no known
classification of such manifolds even in the case of cyclic holonomy groups (except
when the order is p or p?, p prime) a general result for the eta invariant seems
out of reach. We plan to deal with the computation of eta invariants in a more
general setting in a continuation of this paper.

5. APPENDIX: MODIFIED (GAUSS SUMS.

In this section we prove some identities involving sums of special values of
sines, which are slight modifications of Gauss sums and which have been used in
the development of the formulas for the eta series and eta invariants in Sections

3 and 4.

Consider the character Gauss sum G(I, p) associated to the quadratic Dirichlet
character given by the Legendre symbol modulo p, and the quadratic Gauss sum
g(l,p) modulo p, where I,p € N. As it is known, in the case when p is odd
and squarefree, and furthermore [ and p are coprime, these two sums coincide.

Namely,
p—1 L\ 2milk Pl o2

(5.1) GLp)i=> (L) r =3¢ 7 =glp).
k=0 k=0

However, if (I,p) > 1 these two sums differ since G(I,p) = 0 while g(l,p) = p. We
will need the identities:

VP (%) 1 (mod 4)

(5.2) g(l,p) = (é) 9(1,p) = i/ (%)

p
p

3 (mod 4).
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We now introduce some variants of G(l,p). Let I,p € N with p odd. The
alternating Gauss sum, shifted Gauss sum and alternating shifted Gauss sum are
respectively defined by

_ L /) 2ok
Gllp) =Y (-1 (L) e v,
k=0
p—1 (2l+1) ik
(5.3) Hp) =Y (E)e 7
k=0
~ p—1 (214-1) ik
A(lp) =Y (-1} (5)e 7
k=0

In the next result we give alternative expressions for these sums.

Theorem 5.1. Letl € N and p =2q+ 1 be an odd prime. If p /1, then

p—1
(5.4) G(L.p) = a2 (5) tam (45)

k=1

p—1

i 2(k+0)+1)7w

(5.5) H(l,p) = &ap) (%) cot (%>

k=1
(5.6) A1) = ot (%)

On the other hand, if p|l, all the sums above vanish.

Proof. We use the same method for all three identities, which is simply to multiply
by G(1,p) the modified Gauss sum to be computed.

First, consider the product G(1,p) G(l,p). Since for each k fixed, with 1 < k <
p — 1, there is a unique t = t,(j, k) such that j =tk (mod p), we have

[y

p—1 p—1

G(L,p) GlLp) = > (-D" (£) () e =3 (1) 3 (-ukh,

i

2mwi(t+1) . .
where z;; := e » . Since 2}, = 1 and z;; # —1 for any ¢,1, by geometric

summation we get Zi;é (—1)k 2k, = LA Thus, by using that Zf;& <£> =

Pl = Tz p

0 and i;g:z = —itan(3), we finally obtain

p—1 p—1

GLp) Gllp) = 3 (5) Tt = =i (5) tan (42)

t=0 t=0
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from which the first identity in the theorem follows.

Now, consider the product G(1,p) H(l,p). Proceeding as before, we have

p—1 p—1 p—1 1+
!
Gp Hp) =3 (5) Dt =3 (5) 7=,
(Lp P) Z Z ti = P) 11—
t=0 t=0 t=0 ’
(2(t+D)+1)wi
where z;; = e P and where we have used that xf ;= —1land z;; # 1, for

any t,l. In this way, we get

G(1,p) H(l,p) —ZZ (£> cot( tH)H) )

from which the second equality follows.
Finally, we consider the product G(1,p) H(l,p). As before we have

p—1 p—1

G(Lp) Ap) =Y (5

t=1 k=1

N———
—
—_
~—
=
8
S
~

Note that xf’l = —1lifand only if p| 2(¢+1)+1, that is, if and only if 2(¢+1)+1 =
ap, with « odd. In this case, « =1 or a = 3. Thus, t+]=qgort+!=3¢g+1 and
hencet=qg—lforl<qgandt=3¢—Il+1=p+(¢g—1)forg<l<p—1=2q.

Suppose that [ < ¢. Since f = —land z;; # 1, we have that > 7 _ ( 1)k :Ufl =

0. In this way, we get

G(Lp) ALp) = (%) Y (-DHDF =p ()

from which the last equality follows.

In the remaining case, ¢ < | < p — 1, the computations give the same result
since (W) = (‘%l), thus Theorem 5.1 follows. O
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Corollary 5.2. Let l € N and p an odd prime. If p /1, then

o
—_

s (2mky 0 p =1 (mod 4)

(7) sin(22k) — \/]3(%) o3 (i)
_ kY wip (27k) _ ;;19 h (%) tan ((k—;l)w) p =1 (mod 4)
( 1)k (2) s1n(2lpk) _ : P
(5) sin (M) — % ko (%) cot (W) p =1 (mod 4)
’ " 0 p =3 (mod 4)

. - 0 p =1 (mod 4)

(_1)k (%) - (W) B —VP (qT?l) p =3 (mod 4)

On the other hand, if p|l, all these sums vanish.

Proof. Simply note that the left hand side of the expressions in the statement

are the imaginary part of different types of Gauss sums, namely they are equal,
respectively, to Im G(1, p), Im G({, p), Im H (I, p) and Im H (1, p). The result readily

follows by using (5.1) and (5.2). O
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